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Abstract: This article is devoted to the development of generalized methods of estimations of lubricants influence on the tri-
botechnical characteristics of friction pair “steel-steel” and its usage for selection of the best lubricating material out of set 
of materials “Litol-24”produced by different manufacturers.  

1. INTRODUCTION 

To the main raw materials for manufacture plastic lubri-
cants of various purpose serve: 
1. mineral oils of various viscosity and a degree of clear-

ing; 
2. hydrocarbonic thickeners (petrolatums, cherezins, paraf-

fins); 
3. soaps of the fat acids allocated from natural fats,  

and natural fats of an animal and a phytogenesis; 
4. soaps of synthetic fat acids; 
5. various products of chemical synthesis (silicon-organic 

liquids, complex ethers, dyes, etc.). 
Besides the additives improving their separate proper-

ties or some of different properties (multipurpose), and also 
inhibitors of oxidation are entered into plastic lubricants 
(PL), inhibitors of corrosion and other components. 

In this connection plastic lubricants have the complex 
chemical compound defining their operational properties.  

 During the production process of any lubricant S, 
its manufacturer follows the requirements of the state stan-
dard. As any lubricant can be produced by a different man-
ufacturer, that is why in a number of cases, it is necessary 
to compare the influence of different grades of lubricant 
Son tribotechnical characteristics of friction pair. Thus, 
the Department of Machine Science and machine Compo-
nents of Saint-Petersburg State Polytechnic University 
carried out estimation of the influence of different grades 
of lubricant “Litol-24” on the tribotechnical characteristics 
of friction pair “steel-steel”.  

Complexity of chemical compound PL is one of the ma-
jor factors influencing distinction of properties of same 
products at different manufacturers. 

 
 

2.  RESEARCH METHODOLOGY 

The research of the influence of the lubricating mate-
rials from the set {Smi |1, 2, ..., p} (S – name of the lubri-
cant material, mi – grade of the lubricating material S,  
p – quantity of grades (manufacturers) of the lubricating 
material S) on tribotechnical characteristics of the friction 
pair "steel-steel" is carried on the basis of grades numbering 
scheme according to the following algorithm: 
1. Wearing test of the lubricant S of the manufacturer “p” 

is carried out on the friction test machine CH_SH_M 
3,2 (GOST 9490-88). 

2. Microhardness measurement of the sample friction 
surfaces is conducted using microhardness-meter PMT-
3 (GOST 9450-76). 

3. Two best lubricants from p are selected and then tear 
index test is carried out (GOST 9490-88). 

4. Selection of the best lubricating material in the ex-
amined set is performed. 
Friction pair elements, which are used in the wearing 

tests and tear index tests, are balls of the bearings GOST 
3722. These balls are made of material “steel SHKH15”, 
with diameter dm = (12,70 +/– 0,01)mm. Normal ball load-
ing at wearing tests is P = 196 N. Time for one test opera-
tion is ∆t = (60,00 =/– 0,50) min.  

Length l j(mi) and width hj(mi) of the wear spot # j (j = 1, 
2, 3), which was formed at lubricant Smi tests, were meas-
ured with the microscope "Prima-expert". The diameter 
of wear spot # j corresponding to Smi is defined as follows: 
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Mean diameter of the wear spot for lubricating mate-
rialSmi is calculated by the following formula: 
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Initial data, measurement and calculation results 
are given in Table 1. 

Tab. 1. Wear test results 

No 
(i) 

P 

dj(mi) mm DИ(mi) 
mm 

Limiting 
wear 

dr + 0,15 
mm 

N k 

Sm1 

1 196 20 d1(m1), d2(m1), d3(m1) DИ(m1) 0,39 

... 

... ... ... ... ... ... 

Smp 

p 196 20 d1(mp), d2(mp), d3(mp) DИ(mp) 0,39 

Microhardness measurement of the sample friction sur-
faces is conducted according to “restored dent method" 
(GOST 9450-76) using microhardness-meter PMT-3. Three 
(3) surface areas of the sample are tested: initial surface; 
friction surface without mass transfer section that is typical 
of abrasive wear; friction surface with mass transfer sec-
tions that is typical adhesive wear. The “q” (q – quantity 
of the dents) dents are marked in each area of the test sam-
ple subject to established distance between their centers.  

Indentor diamond point is lowered by the counter-
clockwise turn of the loading unit rod handle till its contact 
of the test sample surface during tK = 10 ... 15 s. Then 
the indentor is held down during ty∂ = 30 s under the load.   
Measuring of indentor dent parameters (Fig. 1) is carried 
out by the microscope with 100 x magnification [1-7]. 

 

d 1
 

d2 
 

Fig. 1. Indenter dent parameters 

Tab. 2. The results of microhardness measurements (i = 1, 2, ..., p, 
             this complex symbol means the availability of p tables  
             of reduced type) 

Lubricating material · Smi 

 Abrasive wear Adhesive wear Initial surface 

k d1,k d2,k dk d1,k d2,k dk d1,k d2,k dk 

1 d1,1 d2,1 d1 d1,1 d2,1 d1 d1,1 d2,1 d1 
... ... ... ... ... ... ... ... ... ... 

q d1,q d2,q dq d1,q d2,q dq d1,q d2,q dq 

d d d 

Microhardness HVa∂ HVa∂ƨ HV 

 

The results of the measurements and calculations 
are listed in Table 2. 

The diagonal length of k (k = 1, 2, ..., q) indentor dent 
in the selected area is defined by the formula: 

2
,2,1 kk

k

dd
d

+
= .                                                        (3) 

Mean length of the indentor dent diagonal in the same 
area: 

∑
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After the measurement of obtained dents parameters and 
calculations using of relations (3) and (4), microhardness 
is defined by the formula (Glazov and Vigdorovich, 1969): 

2
1854

d

F
HV ⋅= ,                                                              (5) 

where F gf – force, acting on indentor, F = 50gf = const,  
d – mean length of the indentor dent diagonal (µm),  
HV – microhardness value (kgf/mm2). 

By comparing the results, listed in the Tables above, 
the selection of the two best lubricating materials  
{ Sma; Smb} is carried out from the set {Smi | i = 1, 2, ..., p}. 

Tear index tests of the selected lubricating materials 
Sma; and Smb are conducted as per GOST 9490-75.  

From the load series {Pα | α = 1, 2, ..., 23} the set of ad-
jacent loads {Pβ | 1 ≤ β  ≤ 23} = {Pγ | γ = 1, 2, ..., n} is se-
lected. The elements of this set are renumbered and located 
in the monotone increase or monotone decrease order. 
The length of the tests at fixed load from the set is  
∆t’ = (10,0 +/– 0,2)s. The diameter of j – wear spot for 
lubricating material {Smi | i = a, b} at fixed load Pγ, taking 
into consideration (1), is defined as follows: 

2
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Mean diameter of wear spots is similarly (2): 

∑
=

+
⋅=

3

1 2

),(),(

3

1
)(

j

ijij
iИ

PmhPml
md γγ

γ .                    (7) 

According to GOST 9490-88 the limiting wear values 
series dnpα = drα + 0,15 mm is put as one-to-one depentaniz-
er to the load series 1. Thereby, for the set: 

mmdd rпр
15,0+= γγ ,                                           (8) 

where drγ – diameter of the balls’ elastic range of stress 
according to Herz (mm), at load Pγ, H(kgf). 

Conditional load, corresponding to axial load Pγ, at lu-
bricating material {Smi | i = a, b} tests can be found from 
the following relation: 
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Tear index is calculated by the following formula: 
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Initial data, measurement and calculation results are 
presented  in Table 3.  

Tab. 3. The results of tear index tests (i = a, b; this record means 
             that this table is used twice) 

No 
(γ) 

Pγ dj(mi, Pγ) dИγ(mi) dnpγ Pγ·drγ Qγ(mi) N kgf 

1 P1 

d1(mi, P1) 
d2(mi, P1) 
d3(mi, P1) 

dИ1(mi) dnp1 P1·dr1 Q1(mi) 

2 P2 
d1(mi, P2) 
d2(mi, P2) 
d3(mi, P2) 

dИ2(mi) dnp2 P2·dr2 Q2(mi) 

... ... ... ... ... ... ... 

n Pn 
d1(mi, Pn) 
d2(mi, Pn) 
d3(mi, Pn) 

dИn(mi) dnpn Pn·drn Qn(mi) 

Tear index И3(mi) 

By the difference ∆И3 = И3(ma) – И3(mb) the best lubri-
cant can be found. 

3. PROCESSING OF RESEARCH RESULTS 

For comparative researches it is expedient to use the 
plastic lubricants most widely presented in the market. 

„Litol-24” was selected as tested lubricating material S. 
The grades quantity (the number of manufacturers) for the 
research was taqen as p = 4. The lubricant material grades 
were as follows, m1: “OLLRIGHT”, m2: “Misma Ross”,  
m3: “ARGO” and m4: “BMP auto”.  

After wear tests of the lubricants and calculations using 
equations (1) and (2) the following values of mean diameter 
of the wear spot were obtained: 

1. mmOLLRIGHTD
И

50,0)( = ;  

2. mmRossMismaD
И

33,0)( = ;  

3. mmARGOD
И

35,0)( = ; 

4. mmautoBMPD
И

41,0)( = . 

These data confirm distinctions of a chemical com-
pound which can be caused not only character of produc-
tions, but also changes during ageing lubricants. 

Influence test specifications of lubricants and render al-
so properties of used metal samples. 

For microhardness measurement the quantity of inden-
tor dents in each of the tested surface area was taken  
as q = 5. After marqing and measurement of indentor dents 
and calculations applying (3), (4) and (5), the following 
values of microhardness in the initial surface area were 
obtained: 

1. 2\03,181)( mmkgfOLLRIGHTHV = ; 

2. 2\09,146)( mmkgfRossMismaHV = ; 

3. 2\88,138)( mmkgfARGOHV = ; 

4. 2\05,188)( mmkgfautoBMPHV = . 

The microhardness values in the abrasive wear area: 

1. 2\85,153)( mmkgfOLLRIGHTHV
аб

= ; 

2. 2\04,126)( mmkgfRossMismaHV
аб

= ; 

3. 2\36,95)( mmkgfARGOHV
аб

= ; 

4. 2\21,151)( mmkgfautoBMPHV
аб

= . 

The microhardness values in the adhesive wear area: 

1. 2\91,138)( mmkgfOLLRIGHTHV
адг

= ; 

2. ∅=)( RossMismаHV
адг

; (The sign ∅  (empty set) 

means the absence of adhesive wear area.) 
3. ∅=)(ARGOHV

адг
; 

4. 2\40,174)( mmkgfautoBMPHV
адг

= . 

Fluctuations of microhardness are caused by anisotropy 
of mechanical properties of metal samples and character  
of adsorption of surface-active substances on a surface  
of friction. Influence can render and the maintenance polar-
ly active products of oxidation of components PL. 

Considering the values of wear spot mean diameter 
and microhardness values (the absence of adhesive wear 
areas) the following lubricating materials were selected for 
tear index tests – Sm2: Litol – 24(Misma Ross) and Sm3: 
Litol – 24(ARGO). From the load series 1 the set of em-
ployment {Pγ | γ = 1, 2, ..., 6} = {32 kgf, 40 kgf, 50 kgf,  
63 kgf, 80 kgf, 100 kgf, } was chosen. Its elements were 
arranged in the monotone increase order. 

After tear index tests of these lubricating materials 
and taking into consideration the formulas (6), (7), (8), (9) 
and (10) the following values of tear index were received: 

1. NRossMismaИ
З

323)( = ; 

2. NARGOИ
З

343)( = . 

Material: Litol – 24(Misma Ross) has less tear index 
than material. The difference is the following:  
∆И3 = И3(m3) – И3(m2) = 343 N – 323 N = 20 N. 

Thus, in case of lubricating material change from lubri-
cant: Litol – 24(ARGO) to lubricant Sm2: Litol – 24(Misma 
Ross) the tear index decrease, by 5 – 6%. 

It is possible to assume, that in lubricant Litol - 24 
(ARGO) contains more anti-adhesion polarly-active com-
ponents, than in plastic lubricant Litol - 24 (Misma Ross).  
It can be caused both production, and process of ageing 
during storage of a product. 

As products of ageing there can be such polarly-active 
components as: 
1. Fat acids; 
2. Spirits; 
3. Complex ethers; 

The given products are formed and change properties of 
plastic lubricants. 

4. CONCLUSIONS 

1. The developed generalized methods allow us to estimate 
the influence of any liquid or semisolid lubricating ma-
terial of different grades on tribotechnical characteristics 
of friction pair "steel-steel” and choose the best lubricat-
ing materials. 
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2. The lubricating material Sm2: Litol – 24 (Misma Ross) 
has the best anti-wear properties, mean diameter of wear 
spot – 0,33mm. 

3. Anti-adhesion properties lubricant Litol - 24 (ARGO) 
has shown the best. 

4. In communication with complexity of a chemical com-
pound of the given lubricants there is a distinction anti-
adhesion properties and character of influence of sur-
face-active substances on a surface of friction of exami-
nees of samples. 

5. Differs and the bearing ability of the lubricant layer 
expressed in occurrence of zones of adhesive deteriora-
tion in case of use of one lubricants and absence of giv-
en zones at use of others. 

6. In communication with complexity of a chemical com-
pound of the given lubricants there is a distinction of an-
ti-wearing properties and character of influence of sur-
face-active substances on a surface of friction of exami-
nees of samples. 

7. Differs and the bearing ability of the lubricant layer 
expressed in occurrence of zones of adhesive deteriora-
tion in case of use of one lubricants and absence of giv-
en zones at use of others. 

8. Following the executed analysis of microhardness mea-
surements in the three areas it was established that:  
− initial surface has the highest microhardness;  
− microhardness of the worn area with abrasive type 

of wear is 15 – 20% lower than microhardness  
of the initial surface;  

− microhardness of the adhesive wear areas differs 
in extensive limits between the microhardness of the 
above mentioned areas. 
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Abstract: The paper presents the design and experimental test of a tripod type-3UPRR pneumatic parallel manipulator. This 
manipulator consists of three identical kinematic chains (pneumatic axes) connecting the fixed base and the moving platform. 
The tool center point TCP of the moving platform is a resultant of relocation of three pneumatic rodless cylinders independ-
ently controlled by servo-valves. For simulation purposes a solid model of pneumatic tripod parallel manipulator 
in SolidWorks was constructed. Since the application of 3-CAD in modelling kinematics and dynamics of parallel manipula-
tors is restricted further simulation was carried out by means of SimMechanics library and Matlab-Simulink package. 
The experimental research focused on determining the precision of positioning of manipulator's end-effector point 
of the moving platform during point-to-point control. 

 

1. INTRODUCTION 

The development of automation and robotics has in-
creased interest in multi-axis pneumatic systems which are 
highly dynamic and reliable. However, due to unsatisfactory 
positioning accuracy of pneumatic servo-cylinder, their 
application in multi-axis manipulators is restricted. Pneu-
matic servo-cylinders used in multi-axis electro-pneumatic 
systems and referred to as pneumatic axes perform opera-
tions and function as supporting structure. Cartesian ma-
nipulators with pneumatic axes connected in series are clas-
sified as open-loop chain kinematic mechanisms. In serial 
kinematic chain elastic strains accumulate on particular 
pneumatic axes, which lowers the positioning accuracy 
of pneumatic manipulators. Parallel mechanism is a closed-
loop mechanism in which the moving platform is connected 
to the fixed base by independent kinematic chains. Kine-
matic structure in the form of a closed-loop chain finds 
application in parallel kinematic robot (PKR) and parallel 
kinematic machine (PKM) (Hebsacker, 2000). Manipulators 
based on parallel kinematics structure can achieve better 
accuracy of repeatability and they can apply larger forces 
than conventional serial manipulators because of the higher 
stiffness of their mechanical structure. By using parallel 
kinematics in machine tools, high stiffness and high ma-
chine dynamics is achieved. With Stewart-Gough Platform 
as a base, numerous kinematic structures of parallel manipu-
lators (Nonapod, Hexapod, Tripod) and hybrid manipula-
tors (Tricept, Dyna-M, LinaPod) were formed. The names 
of kinematic structures of parallel manipulators are related 
to the kind of kinematic joint and the number of degrees of 
freedom (DoF). Six basic kinematic joints used in parallel 
manipulators were presented by Merlet (Merlet, 2000). 
In order to calculate degrees of freedom of parallel manipu-
lators the formula proposed by Tsai is used (Tsai, 1999). 
The family of parallel manipulators includes translational 
parallel manipulators (TPM) based on three degrees 

of freedom (3-DoF) and containing at least one prismatic 
joint. In the group of 3-DoF TPM manipulators the most 
common are – spatial parallel mechanism of the structure: 
3-PUU, 3-UPU, 3-UPS, 3-CPU, 3-PUS, 3-PCRR and planar 
parallel mechanism of the structure: 3-RPR, 3-PRR,  
3-PPR, 3-RRR (Company, 2000).  

2. PROTOTYPE PNEUMATIC  PARALLEL  

MANIPULATOR 

 
Fig. 1. Prototype of 3-UPRR pneumatic parallel manipulator:  

1 – supporting structure, 2 – rodless pneumatic cylinder,  
3 – proportional directional control valve, 4 – universal 
Cardan joint, 5 – moving platform, 6 – control panel,  
7 – positioning axis controller, 8 – axis interface, 9 – axis 
connector 

 
A prototype of pneumatic translational parallel manipu-

lator (PTPM) of tripod kinematic structure was constructed 
in the Division of Mechatronics (Kielce University 
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of Technology, Poland) (Dindorf and Łaski, 2005). 
The prototype of tripod parallel manipulator with Festo 
servo-pneumatic precision positioning systems is presented 
in Fig. 1. The manipulator possesses a supporting structure, 
fixed base, moving platform and three pneumatic linear 
motions (servopneumatic axis). Each servo-pneumatic axis 
consists of: rodless pneumatic cylinder type DGPIL-25-600 
with integral feedback transducer (built-in Temposonic 
encoders for continual positioning feedback to the master 
control unit), 5/3 servopneumatic valve (directional propor-
tional control valve) type MPYE-5-1/8-HF-010B, axis in-
terface type SPC-AIF, positioning axis sub-controller type 
SPC-200 (the use of a sub-controller card permits control 
of up to four axes) and Ethernet/Can Bus interface. Kine-
matic structure and structure control of the prototype of 3-
DoF pneumatic translational parallel manipulators is shown 
in Fig. 2 and Fig. 3.  

 
Fig. 2. Kinematic structure of 3-UPRR pneumatic parallel  
           manipulator 

 
Fig. 3. Structure control of 3-UPRR pneumatic parallel  
           manipulator 
 

Each of the three identical closed-loop chains of the ma-
nipulator consists of serial kinematic chains: universal car-
dan joint (U), prismatic joint (P), formed by a rodless 
pneumatic cylinder and two revolute joints (2R) formed 
after universal cardan had been parted. The slide of rodless 
cylinder was connected with fixed base by means of articu-
lated joints of U cardan and the end cap of cylinder were 

connected by revolute joint R to the moving platform. 
The second revolute joint R was placed in tool center point 
(TCP) of the moving platform. The presented construction 
of the parallel manipulator ensures parallel position 
of the moving platform to the fixed base for optional posi-
tion of pneumatic cylinder. The kinematic structure 
of a new prototype of 3-UPRR pneumatic parallel manipu-
lator is an interesting solution expanding the architecture 
of parallel manipulators, type 3-DoF TPM. 

3. MODEL RESEARCH ON PNEUMATIC 
PARALLEL MANIPULATOR 

Software – CAD (SolidWorks, Mechanical Desktop, 
Solid Edge) commonly used by constructors enables design-
ing solid models of complex mechanisms of parallel kine-
matics. A solid model of 3-UPRR pneumatic parallel ma-
nipulator obtained by SolidWorks is presented in Fig. 4.  

 
Fig. 4. Solid model of 3-UPRR pneumatic parallel manipulator 

A revolute joint R is connecting the end cap 
of pneumatic cylinders with moving platform in point TCP 
and a U joint is connecting the slide pneumatic cylinder 
with a fixed base. In order to record geometric and kine-
matic relations holding for pneumatic parallel manipulator  
of 3-UPRR kinematics, its kinematic model presented 
in Fig. 5 was used (Dindorf et al., 2006). By means of Dy-
namic Designer Motion, which possesses graphic interface 
SolidWorks the simulation of pneumatic parallel manipula-
tor’s motion was conducted. In order to simulate the ma-
nipulator’s motion it was necessary to define the basic pa-
rameters, kinematic joints and motion restrictions. For solid 
model a few composite relations were defined which en-
abled assigning them kinematic joints. In some cases it was 
necessary to introduce joints describing the construction’s 
stiffness. Relying upon material properties and the shape 
of particular solids, the mass of the solid model was calcu-
lated. The simulation of manipulator’s parallel mechanism 
motion was saved in avi format. The simulations conducted 
on a solid model aimed at position analysis of TCP point 
of the moving platform. The position of TCP point results 
from linear motion of pneumatic rodless cylinder, inde-
pendently controlled by servo-valves. 
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Fig. 5. Kinematic model of 3-UPRR pneumatic parallel  
           manipulator 

 
Fig. 6. Equivalent model of 3-UPRR pneumatic parallel  
           manipulator 
 

 

Fig. 7. Block-diagram of kinematic model of 3-UPRR pneumatic parallel manipulator 

The solution of manipulator's kinematic reverse problem 
used in the design of control algorithm enabled to determine 
lengths of the movable links L1,L2.L3 (displacement of linear 
pneumatic actuators) in relation to the coordinates of end-
effector point P(x,y,z) of tripod parallel manipulator:  
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where: x, y, z – coordinates of end-effector point; P, r  – ray 
of the circle circumscribing the equilateral triangle 
at the point where pneumatic servo-motors are fixed; z, U, 
W – geometric dimensions of the manipulator for the initial 

position of P point for the pneumatic actuators at their 
maximum stroke; L1,L2.L3 - lengths of the movable links. 

Since the application of SolidWorks in modeling kine-
matics and dynamics of parallel manipulators is restricted, 
further simulation was carried out by means 
of SimMechanics library of Matlab-Simulink package. 
The library enables the construction of complex mecha-
nisms of parallel manipulators excluding mathematical 
descriptions of their kinematics and dynamics. In simula-
tions based upon SimMechanics library an equivalent model 
of pneumatic tripod manipulator with its spatial orientation 
indicated was constructed. In SimMechanics library all 
the solid elements of the manipulator were described 
by substitute geometry by means of ellipsoids and assigned 
both masses and inertial tensors. In Matlab-Simulink envi-
ronment tripod-based parallel kinematic manipulator was 
connected with its control system. On the basis of this 
scheme, the equivalent model of 3-UPRR pneumatic paral-
lel manipulator was worked out (Fig. 6). The equivalent 
model retains kinematic joints and spatial orientation de-
fined in solid model in SolidWorks. In order to create the 
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equivalent model, it was necessary to define the gravity 
centre of solids in central and local coordinates.  

 
Fig. 8. Workspace of 3-UPRR pneumatic parallel manipulator 

The kinematic model of 3-UPRR manipulator obtained 
by means of SimMechanics library is presented as simula-
tion block in Fig.7. The kinematic model was used to ana-
lyse TCP trajectory of pneumatic parallel manipulator. 
The workspace of 3-UPRR pneumatic parallel manipulator 
in Cartesian coordinates is shown in Fig. 8. 

4. EXPERIMENTAL RESULTS 

The experimental research focused on determining 
the precision of positioning of manipulator's end-effector 
point of the moving platform during point-to-point control 
(Laski and Dindorf, 2007). The position and orientation 
of manipulator's end-effector point is dependent upon con-
trol of three pneumatic linear actuators (rodless cylinders). 
The maximum velocity of pneumatic actuators was 
vmax=1,5m/s, but their acceleration did not exceed 
amax=10m/s2. The exemplary trajectory of end-effector from 
P1 point of coordinates [0,25; 0,44; 639,36] mm to P2 point 
of coordinates [-91,46; 0,61; 408,22] mm, for the mass load 
m =  0,2 kg, is shown in Fig. 9.  

 
Fig. 9. Trajectory of the end-effector from point P1 to point P2 

Fig. 10a and 10b presents the velocity and acceleration 
trajectories of the analyzed end-effector point in Cartesian 
space. The solution of manipulator's kinematic reverse 
problem was conducted by means of Matlab/Simulink pack-
age and toolbox SimMechanics. To control end effector 
from P1 point to P2 point in the Cartesian space XYZ it was 
necessary to control pneumatic linear actuators in order to 
change their positions according to the trajectory presented 
In Fig. 11a and the velocity corresponding to the trajectory 
given in Fig.11b. 

 

 
Fig. 10. Trajectories of velocity (a) and acceleration  
             (b) of the end effector point of a moving platform 

The positioning accuracy of 3-UPRR manipulator's end-
effector point from the position selected plane to the posi-
tion measurement plane for different control velocity 
of linear pneumatic actuators was analyzed. For the purpose 
of the analysis 5 measurement series of manipulator's posi-
tioning accuracy were conducted. They comprised 30 meas-
urement points fixed on measurement plane of the dimen-
sions of 12x10 mm with a mapped grid of 2mm. The analy-
sis was based upon the European Standard EN 29283: 1992 
(Industrial Robots - Performance Criteria and Related Test 
Methods), which is the equivalent of ISO 9283: 1998. 
Fig. 12 presents the distribution of P points on measurement 
plane situated at the distance z=490mm from 
the manipulator's fixed base. The points were determined 
at the velocity of linear pneumatic actuators v15=0,15vmax. 
On the basis of computations it may be concluded the posi-
tioning accuracy of the analyzed prototype of 3-UPRR 
manipulator is ∆xy =2,095±1.32mm. 
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Fig. 11. Trajectories of position (a) and velocity  
             (b) of pneumatic linear actuators 
 

 
Fig. 12. Distribution of points on measurement plane  
             at the distance z = 490mm from the fixed base 

The results of positioning accuracy obtained 
for different trajectories of end-effector point for the control 
of linear pneumatic actuators with v15 velocity were very 
similar. The differences in positioning accuracy result from 
different velocities of linear pneumatic actuators, 
for example for the velocity v10 the positioning accuracy 
is ∆xy = 1.397±0.893 mm, while for the velocity of v30 
the positioning accuracy reaches ∆xy = 3.616±2.025 mm. 

5. CONCLUSIONS 

The paper presents the prototype of tripod pneumatic 
parallel manipulator of 3-UPRR kinematic structure. 
The tripod pneumatic manipulator consists of a supporting 
structure, fixed base, moving platform, prismatic joints  
(P-joints) – three servo-pneumatic axes, Cardan joints  
(U-joints) and rotary joints (R-joints). The single servo-
pneumatic axis of the manipulator is composed of rodless 
pneumatic cylinder integrated with magnetostrictive meas-
urement of position, proportional directional control valve, 
axis interface and axis connector, positioning axis control-
ler. The aim of the project was to carry out model tests 
and simulations on a virtual model of tripod manipulator as 
well as conduct experimental research on a prototype of 
pneumatic parallel manipulator of 3-UPRR kinematics. 
Both the model tests and the experimental results show that 
the pneumatic parallel manipulator of 3-UPRR type fulfils 
the constructional assumptions and has satisfactory kine-
matic and dynamic properties. Further research will be 
directed towards improving the control accuracy of end-
effector's trajectory by means of fuzzy logic control system 
(FLC) with real time interpolator and dSPACE software. 
The research conducted on the prototype of the pneumatic 
parallel manipulator of tripod kinematic structure is an 
original contribution towards development of parallel kine-
matic structures of pneumatic manipulators. The presented 
prototype of pneumatic parallel manipulator will find its 
application in both manufacturing and rehabilitation ma-
nipulators. 
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Abstract: In the paper three graph-based methods of planetary gear modeling are discussed. The following methods have 
been considered: Hsu’s graph, contour graph and bond graphs-based methods. The theoretical ideas of the mentioned ap-
proaches were shortly revised and compared. Two of them were applied for analysis of an exemplary planetary gear. 
The consistency with traditional Willis method was checked. Advantages of the proposed approaches are highlighted. 

1. INTRODUCTION 

Design of gears especially planetary gears is a challeng-
ing engineering task. The computer or Artificial Intelli-
gence (AI) aided approaches to design are more and more 
needed nowadays. In case of gears, graph-based methods 
for modeling of planetary gears seem to deliver a very effi-
cient aid. The main advantages of graph-based models 
of planetary gears are as follows: the methods are algorith-
mic, they allow for comparison of results within a concep-
tual stage of design e.g. for kinematical analysis. They 
deliver algebraic structures to encode a planetary gear what 
allows in turn for evolutionary (Rao, 2000) or neuronal 
networks approaches to design (Zhang et al., 2010). They 
allow for creation of complete atlases of design solutions 
(functional schemes of planetary gears) which can not be 
done by means of any other tool (Tsai, 2001). The aim 
of the present paper is to present a rough comparison 
of three chosen graph based methods used for modeling 
of planetary gears and additionally an application of two 
of them for an analysis of an exemplary planetary gear. 
The practical engineering task e.g. kinematical analysis 
shows some details of modeling. Moreover, it allows 
for proving of usability of the proposed approach. 

2. GRAPH-BASED MODELS  
OF PLANETARY GEARS 

In the present paper, the graph-based methods of model-
ing of planetary gears were utilized for their kinematical 
analysis. The obtained results were compared with the tra-
ditional Willis method and the method of geometrical 
scheme of velocities. Three considered graph-based me-
thods are as follows: 
− Hsu graph-based (Drewniak and Zawiślak, 2009a, 

2009b, 2010a; Zawiślak, 2008) which can be also called 
linear graph-based method; the original method were 
tailored by the authors to the analysis of some special 
types of planetary gears; 

− contour graph-based  (Marghitu, 2005; Drewniak 
and Zawiślak, 2010b; Zawiślak, 2010); 

− bondgraph-based method (Cervantes et al., 2009,  
Wojnarowski et al., 2006). 

Moreover, other tasks of planetary gear analysis (e.g. 
analysis of dynamics) can be performed by means of other 
graph-based approaches: 
− vector network method  (especially forces and moments 

of forces) (Lang 2005, Prahasto 1992); 
− flow-graphs method (Nagaraj and Hariharan, 1973; 

Wojnarowski and Lidwin, 1975). 
The ideas of three first mentioned methods are roughly 

compared in Tab. 1. The detailed description of the theoret-
ical background for these methods can be found in cited 
references (Marghitu 2005, Tsai 2001) as well as in other 
works of the authors of the present paper. The application 
of these methods for an analysis of the exemplary planetary 
gear (Fig.1) is presented  underneath. 

3. EXEMPLARY PLANETARY GEAR 

The exemplary planetary gear is presented in Fig.1 
and Fig. 2. It has the following elements: main axis I with  
gear wheel 1, planet carrier (arm) h, special rotating ele-
ments carried by the planet carrier (suns) i.e. on levels b 
and d. These elements have two toothings mounted on 
common axes i.e.:  2 and 3  as well  as 4 and 5, respectively 
- corresponding to axes b and d. Wheel 6 has an internal 
toothing. 

 
Fig. 1. Exemplary planetary gear; general layout  

Other aspects of the gear are not taken into account in the 
considerations. Several modes of operation of the planetary 
gear are usually possible. If we brake a particular element 
(link) then the obtained ratio changes. In our case we con-
sider the mode when link 6 is braked, e.g.: element I is 
considered as an input. An output is the arm h which exter-
nal surface can be consider as a drum for a rope. Planet 
carrier h creates a housing form for majority of the gear 
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elements. The numbers of teeth for the considered planetary 
gear are as follows: z1=18; z2=36; z3=24; z4=36; z5=18; 
z6=90 or -90 – in case of Willis-method notation. We  
assume that modules are: m1=1; m2=1.5 and  m3=2mm, 
respectively.  

Additionally we consider two modes of working (oper-
ating) conditions: 
(mode 1) - inputs: links I and h; output element 6;  
 W – mobility (DOF – degree of freedom); 
 W = 3n – 2p5 – p4 = 3·5 – 2·5 – 3 = 2;  
(mode 2) - input: link I,   output: link h   and   element 6    

is braked (is fixed); 
 W = 3n – 2p5 – p4 = 3·4 – 2·4 – 3 = 1; 

where: n – number of movable links, p5 , p4 : numbers  
 of full and half joints. 

 

Fig. 2. Exemplary planetary gear; second operational mode 

Tab. 1. Comparison of ideas of three graph based models of planetary gears 
 
Task 

 
General 
Comments 
 

 
Graph-based methods 

 
Hsu’s graph Contour graph Bond graph 

1 2 3 4 5 
Abstracting 
Discretization 
Modeling 

Rules  
of 
assignment 

Relation between planetary 
gear elements, consideration 
of kinematical pairs: 
- meshing pair (gear pair),  
- rotating around common  
   axis   and  
- ‘arm-planetary wheel’ pair 

Closed sequence of pairs  
of planetary gear elements e.g. 
starting and ending in fixed 
elements (e.g. bearings), relative 
rotational speeds of theses  
elements (links )are taken into 
account 

General rules of assign-
ment of bondgraphs  
to technical systems;  
in our case to mechanical 
system. 

Generation  
of special 
graph  
structures: 
e.g: 
f-cycles,  
contours, 
… 
and cuts, paths 
etc. 

Subgraphs 
used in modeling  
routines 

f-cycles (Tsai, 2001) so 
called fundamental cycles in 
the meaning of their usage 
for representing some im-
portant features of mechani-
cal system which is modeled 
via a graph with f-cycles 

 
contours - (Marghitu, 2005) they 
can be recognized also as cycles 
but due to several books of 
Marghitu, the original notion is 
used 

Assignment of physical 
properties and parame-
ters to the set of nodes 
(bondgraph elements).  
Bonds (corresponding  
to the edges of common 
graph). Analysis of 
power flow paths.  

Method of making  
a representative set   

Every meshing pair is taken 
into account  
plus  
additionally traditional 
meshing pairs (what is just 
considered) 

All independent contours are 
taken into account. Every con-
tour generates several equations 
e.g. sum of relative rotational 
velocities, sum of vector prod-
ucts: arm multiplied by an ade-
quate rotational velocity 

Bond-graph rules for 
creation of equations for 
particular types of nodes 

Generation  
of codes 
Transfer  
of knowledge 

Numerical/symbolical 
codes 

Code of f-cycle: (a,b)c 
where: 
(a,b) meshing pair; 
a,b – geared wheels or a 
pinion or a ring with internal 
tooth, 
c – arm (planet carrier) 

0→1→2→…→0; 
string of descriptions of consec-
utive gear elements; where: 
every of them passes rotary 
movement and power alongside 
a gear 

Constitutional equations 
of bondgraph elements 

 
 
Solution  
of the  
considered 
problem 

 
Generation of 
Equations 

E.g.: 
ωa – ωc = ±Nba (ωb – ωc) 
where: 
+  for internal and 
–  for external meshing. 

E.g.: 
 
Σ ωij = 0 
where: 
ωij - relative velocities 

Generalized Kirchhoff 
laws 

Solution Solution of system of alge-
braic equations 

Turning of vector equations into 
scalar ones, 
e.g. due to the fact that all vec-
tors act along the same direction. 
Solving the system of algebraic 
equations 

Solution of DAE (diffe-
rential and algebraic 
equations) system  

Further 
possibilities 

Different tasks: e.g.: 
synthesis, enumeration; 
which are possible 
especially due to graph-
based methods 

Enumeration according to 
functions, atlases of solu-
tions, evolutionary design, 
neuronal network based 
analysis (graphs deliver a 
code of mechanical object) 

Analysis of forces and moments; 
e.g. via contour method 

Analysis of forces and 
moments, 
analysis of vibrations 
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Fig. 3. Linear graph assigned to the exemplary gear 

 
Fig. 4. Contour graph assigned to the exemplary gear 

 
Fig. 5. Scheme of linear and rotational velocities  

 
Fig. 6. Scheme of forces and moments  

3.1. Linear-graph-based model of planetary gear 

The linear graph assigned to the planetary gear is pre-
sented in Fig. 3. This type of graph was introduced by Hsu 
(enclosing a polygon instead of a clique) but the method 
was slightly updated (Zawiślak, 2008). The polygon 
represents the links rotating around the main axis of the 

planetary gear. Stripped line-edges represent pairs of links 
which are in mesh. Continuous line-edges represent pairs: 
planet wheel and planet carrier (arm). The notions ‘in’ and 
‘out’ in Fig. 3 represent inputs and outputs, respectively. 
The paths from inputs to the output were introduced what 
was not considered by Hsu. 

The graph based-method is performed in the following 
steps (Tab. 1): (a) abstraction i.e. process of generalization 
by reducing the information content – taking into 
consideration only gear kinematics and consideration of the 
moving chosen gear links; (b) discretization performed 
simultaneously with the step “a”; addionally  – labeling 
the links; (c) distinguishing of relations among the elements 
(gear links); (d) assignment of a linear graph to a planetary 
gear – represented via its functional scheme; (e) transfer 
of knowledge from mechanics to graph theory; (f) 
generation of needed graph structures e.g. distinguishing 
of f-cycles; (g) generation of their codes; (h) generation 
of equations; (e) solving of equation system receiving – in 
the considered case – ratio or the output rotational velocity 
of the modeled planetary gear. 

The structures related to a graph of the planetary gear 
are: so called f-cycles: (1,2)h and (5,6)h. Moreover we 
consider a pair (3,4) which represents two mating elements 
i.e. toothings 3 (on the link 2/3) and toothings 4 (on the link 
4/5). For the last considered pair, the wheels have axes 
mounted on the arm which are not moved in mutual relation 
to themseves (axes fixed in relation to the arm h). However, 
they move always simultaneously with the arm. We 
consider the case when the gear works in the mode 1. 
Therefore, for the first mode of operation, the obtained 
system of equation is as follows: two equationns for two  
f-cycles plus one equation for traditional meshing of two 
geared wheels: 
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where: ωi (i = 1,2, …, 6) and ωh rotational velocities of the 
links; Nij  = zi/zj local ratios; sign ± depends on external  
(-) or internal (+) meshing of a geared pair. 

Taking into account ω2 calculated from the first and ω5 
calculated from the second equation we have: 
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Taking into account the equations (2),(3) and after some 
transformations we can calcutate the wanted ω6: 
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The same formula was obtained by means of the Willis 
method. 
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3.2. Contour-graph-based model of planetary gear 

Contour graph method consists in the following steps:  
(a) distinguishing of independent contours; (independence 
is considered here in the light of graph theory); (b) listing 
the codes of the contours and sets of indexes; (c) generation 
of system of equations; (d) solution of this system of equa-
tions. The similarities and differences between linear-graph 
and contour-graph based methods are listed in Tab. 1. 
The main advantage is: that they are algorithmic some pro-
cedures can be turned into computer programs. The con-
tours for the planetary gear presented in Fig. 2 can be writ-
ten upon the contour graph assigned to the considered pla-
netary gear (Fig. 4). These contours are as follows: 

(I): 0 → h → 2/3 → 1 → 0 
(II): h →  2/3 → 4/5 → h          (5) 
(III): 0 → h → 4/5 → 6 → 0 

Every contour generates a system of equations concern-
ing velocities, forces and moments (Marghitu, 2005). Here, 
we analyze kinematics, only, therefore we assign two equa-
tions to every contour. We consider the second mode 
of operation. The code of a contour generates a list of in-
dexes – e.g. (I): (h,0); (2,h); (1,2); (0,1). Therefore the sys-
tem of equations for the contour graph based method 
is as follows: 
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where the following formulas – coming off the method – 
are necessary to solve the system: 
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          (7) 

where: ωij – is a relative rotational velocity of the link i 
in relation to the link j. 

Let’s take into account ωi0 - so we consider a relative 
velocity in relation to the support (0) then we can omit this 
0 and  consider a general rotational velocity. The adequate 
notions were placed in the respective equations e.g.: 
the first in the system (6). 

The last equation of the set (7) means that we consider 
the cylindrical geared wheels and we do not assume any 
corrections – therefore  the distance between axes is equal 
to the sum of respective radiuses (pitch radiuses). 

Originally, the equations of the system (6) enclose the 
vector quantities. However, cross products can be turned 
into scalar ones due to the physical and geometrical proper-
ties of planetary gear: rotational velocities as vectors act 
along the same axis and angles between radiuses and rota-
tional velocities are equal to 90º. So, the transformed sys-
tem is discussed for simplicity reasons. Solving the system 
(6) we eliminate all relative velocities which are not impor-
tant for us, leaving only the general rotational velocities. 

The solution of the system is as follows: 
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The equality of the expressions for radiuses and num-
bers of teeth holds due to the fact that there are the pairs 
of teeth being in mesh - in the numerator and denominator 
of the fraction so modules are pairwise reduced. So, it is 
interesting feature that the ratio does not depend on mod-
ules in consecutive geared pairs. Therefore we have finally: 
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The obtained result will be compared with the tradition-
al methods of an analysis of planetary gears. 

3.3. Willis formulas for the considered planetary gear 

In case of the second mode of operation for the consi-
dered planetary gear, the Willis formulas are as follows: 









−=

ω−ω
ω−ω

=









−⋅








−=

ω−ω
ω−ω

=

5

6

h6

h5h
56

3

4

1

2

h4

h1h
14

z

z
i

z

z

z

z
i

      (10) 

Additionally, we have: 

656 0 ω=ω=ω         (11) 

The first condition from (11) confirms that this is 
the second mode of operation. The next expression means 
that elements 5 and 6 are stiffly mounted on the same axis. 
The solution is as follows: 
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Traditionally in the Willis method, the number of teeth 
for an internal toothing is consider as negative. Therefore 
the formulas (8) and (12) are equivalent because it was 
assumed that z6 = ─ 90. 

In the same manner the Willis formula was generated for 
the first mode of operation of the considered planetary gear. 

4. GRAPHICAL-PHYSICAL ANALYSIS  
OF THE PLANETARY GEAR 

Graphical physical analysis of planetary gear can also 
be performed. It allows for additional confirmation 
of the obtained results as well as for further insight into the 
working conditions of a gear. 

Like it was mentioned above also this phase of consid-
erations can be done via graph based approach (Prahasto, 
1992) but it is beyond the scope of the presented paper. 

The scheme of  linear and rotational velocities is pre-
sented in Fig. 5 and the scheme of forces and moments 
in Fig. 6, respectively. Based upon the Fig. 5 the following 
formulas can be written: 
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The value of ωI is the input velocity which is passed on 
the gear from the drive system (motor). 

The next three relationships can be deduced upon the 
scheme presented in Fig. 5. 

( ) ( )

3

3,2,h3

2

3,2,h1

r

vv

r

vv −
=

+
                 (14) 

( )

5

5,4,h

54

3

r

v

rr

v
=

+
                     (15) 

( ) ( )

54321

5,4,h

21

3,2,h

rrrrr

v

rr

v

++++
=

+
                    (16) 

Finally we can calculate the output rotational velocity: 
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Solving the system of the above formulas the searched 
ratio of the gear can be calculated: 
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The same result as previously was obtained. 
Based upon the scheme of forces and moments further 

analyses of the planetary gear can be performed. Taking 
into account geometrical relationships as well as equili-
brium conditions e.g.: P1,2 = – P2,1 we can deduce that input 
and output rotational velocities have opposite directions 
and that the arm is a passive link. 

5. CONCLUSIONS 

Based upon the above presented considerations and ref-
erences review, the following conclusions can be drawn: 
1. the goals of modeling of planetary gears by means 

of graphs are versatile, for example: 
− derivation of calculation methods equivalent to tra-

ditional ones which however are algorithmic and al-
low for comparison of results; 

− performance of some tasks which could not be done 
in any other way e.g.: creating of complete atlases 
of design solutions; 

− creation of algebraic models for further theoretical 
analyses e.g.: isomorphism of structures representing 
gears (equivalence of kinematical schemes of rele-
vant planetary gears); 

2. there are many different methods of assignment ‘plane-
tary gear’ ↔‘graph’; 

3. some tasks can be done via several different graph-
based methods, some of them are dedicated for particu-
lar purposes; 

4. due to the fact that assignment of a graph generates 
inevitably an algebraic code of a planetary gear it – in 

consequence – allows for evolutionary, neuronal net-
work and immune analysis of gears; 

5. three graph methods were theoretically compared; 
6. two methods were used for kinematical analysis  

of an exemplary gear;  
7. compatible results were obtained for them and the tradi-

tional Willis method as well as the graphical-physical 
analysis; 

8. the graph-based methods of modeling of planetary gears 
are just recently after a constant development due to  
a possibilities of artificial intelligence consequences  
of this modeling – e.g. possibility of algorithmic synthe-
sis of gears. 
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Abstract: This paper concerns formulating and solving the problem of synthesis of vibrating discrete mechanical systems 
with two – terminal damper. In this paper a method of synthesis to determination of structure and inertial, elastical, damping 
parameters has been presented. Such task may be classified as a reverse problem dynamics of vibration subsystems. 

 

1. INTRODUCTION  

Vibration damping occupies a significant place among 
the extensive issues of machinery and apparatus dynamics. 
It is one of the factors of mechanical energy dissipation, 
inseparably connected with mechanical systems movement.  
A proper selection of frequency and operation outside 
the resonance range solve the problem of vibration avoid-
ance. Leaving the resonance zone is the basic condition 
of apparatus functioning, however, it does not eliminate 
the problem completely. In many machines a lot of free 
vibration frequencies appear. In these cases damping 
is of crucial importance, because it lowers vibration ampli-
tude significantly. 

Equally important phenomenon, in which damping plays 
a major role, is the phenomenon of transition through 
the resonance zone (Buchacz, 1995, 2004, 2006; Buchacz 
et al., 2005). A number of components are adapted to oper-
ate in supercritical zone i.e. at frequencies higher than re-
sonance frequency. In such a case transition through the 
resonance zone occurs during machine movement. Then 
poorly damped components are becoming temporarily sub-
jected to strong vibrations. When damping phenomenon 
limits vibration amplitude insufficiently, additional damping 
is introduced (Buchacz, 2004, 2006; Buchacz et al., 2005; 
Dymarek and Dzitkowski, 2005; Dzitkowski, 2004; 
Dzitkowski and i Dymarek, 2005). The problem of search-
ing damping component values, existing in mechanical 
systems, is a typical task of parametric synthesis due 
to required dynamical properties (Bellert and Woźniacki, 
1968; Berge, 1973; Buchacz, 1991, 1997, 1995; Dymarek, 
2000, 2004; Dymarek and Dzitkowski, 2005; Dzitkowski, 
2001, 2004; Dzitkowski and Dymarek, 2005). 

In the study the methods for synthesis of discrete vibra-
tion systems (Bellert and Woźniacki, 1968; Berge, 1973; 
Buchacz, 1991, 1997, 1995; Dymarek, 2000, 2004; Dyma-
rek and Dzitkowski, 2005; Dzitkowski, 2001, 2004; 
Dzitkowski and Dymarek, 2005) with damping was pre-
sented.  

The synthesis was done, using well-known methods 
of discrete vibration systems synthesis and by introduction 
of an assumption concerning damping type element, exist-
ing in the sought after system, and taking rheological 
Voigt’s-Kelvin’s model and Rayleigh’s damping assump-
tion as a mass damping model (Dymarek, 2000; Dymarek 
i Dzitkowski, 2005). 

2. THE SYNTHESIS OF MECHANICAL SYSTEM 
WITH DAMPING 

In this section the algorithm for actions taken during dis-
crete damping systems synthesis will be presented.  

In order to start the synthesis of damping systems (Dy-
marek, 2000; Dymarek i Dzitkowski, 2005; Dzitkowski 
and Dymarek, 2005) we should specify the properties of the 
sought-after system and the damping model, in accordance 
with the presented course of action: 
1. Specify the values of resonance and anti-resonance fre-

quencies in case of free vibration, i.e.: 
 





ωωω
ωωω

.
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21

21
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,...,,

,...,,
       (1) 

 

2.  Determine the value of dimensional vibration factor λ, 
in case of V-K model: 

 

ici cb λ= ,        (2) 
 

nω
<λ< 2

0 ,        (3) 

 

where: bci – damping, ci – stiffness resulting from the syn-
thesis carried out, λ=idem – dimensional vibration factor 
3.  Determine the parameter corresponding to damping 

in the system hn in case of V-K model: 
 

2

2
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nh
ωλ

= ,        (4) 
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or by providing damping decrement for the individual re-
sonance frequencies and anti-resonance frequencies: 
 

n

n
n

h

ω
πδ 2≈ .        (5) 

 

4.  Determine the value of dimensional vibration factor h 
in case of mass model of damping: 

imi mhb ⋅= 2 ,        (6) 

where: bmi – damping, h – parameter corresponding 
to damping in the system, having frequency dimension,  
mi – the value of inertia element determined as a result 
of synthesis. 

The h parameter in the discussed case is constant, i.e.: 
 

idem=h ,         (7) 
 

and its value should be chosen from the following bracket 
 

min0 ω<< h ,        (8) 
 

where: |ωmin|≠0 – the smallest value of resonance frequency, 
when the system restrained is synthesized or the smallest 
value which is equal to anti-resonance frequency when the 
half-defined system is synthesized.   
5.  Determine the value of dimensional vibration factor h 

in case of Rayleigh model of damping:  

hhh nRn +=            (9) 

The examined characteristics are immobility U(s) and 
mobility V(s) built on the basis of assumed dynamic proper-
ties as described in 1-5. 

The immobility function U(s)  
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and the mobility function V(s)  
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where: l-odd or even numerator order with  l-k=1,  k- de-
nominator order, H- any real positive number. 

In order to determine elastic and inertial values, charac-
teristic functions describing free vibrations in the form 
of immobility U’ (s) (12) and mobility V’(s) (13) should 
be subject to the synthesis. 

The immobility function U’ (s)  
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The mobility function V’(s) 
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Then, the values of two-terminal damping type are to be 
determined on the basis of the relationship between (2) 
and (6), using inertial and elastic elements obtained 
in the first step of the synthesis 

3. EXAMPLE  

The assumed requirements of the desired system struc-
ture are:  
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In order to determine the analytical form of dynamical 
characteristics, the following assumptions should be taken. 
Assumption 1 
The characteristic sought after function is slowness U(s). 
Assumption 2 
The requirements concerning damping for the two cases are 
assumed: 
The mass model of damping: 
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The V-K model of damping: 
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The Rayleigh model of damping: 
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The dynamical characteristics takes the form as follows: 
- when the assumption of (14) is met: 
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- when the assumption of (15) is met: 
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- when the assumption of (16) is met: 
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What should be submitted when carrying out the synthe-
sis of characteristics (17), (18) and (19) is immobility, 
which describes free vibration in the form of:  
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then, assumptions concerning damping (13), (14) and (15) 
should be taken into account. 

As a result of synthesis carried out with the use 
of the method of characteristics function (21) distribution 
on continued fraction the values of inertial and elastic ele-
ments are obtained: 
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Assuming that damping should be proportional to two-
terminal inertial type: 
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the values elements of the system obtained (Fig. 1.) 
are as follows: 
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Fig. 1. Synthesised mechanical system with the mass model  
            of damping 

Assuming the V-K model of damping: 
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the values of damping elements are in the form of: 
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The structures of mechanicals systems with damping were 
created and its parameters are presented in Figs. 2, 3. 
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Fig. 2. Synthesised mechanical system with the K-V model  
           of damping 
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Fig. 3. Synthesised mechanical system with the Rayleigh’s model 
           of damping 

where: 
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4. CONCLUSION 

As a result of damped systems synthesis, when damping 
is proportional to stiffness and to values of mass, in case 
of synthesis of immobility, systems with cascade 
and branched structure are received. Received as a result 
of the synthesis inertial, elastic and damped parameters 
of the model are not the only ones which meet the assumed 
requirements referring to resonant frequencies – polars 
and zeros (Dymarek, 2000, 2004). Development of synthe-
sis methods gives the possibilities of designing more 
and more complex mechanical systems with regard to re-
quested dynamic features. 
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Abstract: A transient thermal analysis is developed to examine temperature expansion in the disc and pad volume under si-
mulated operation conditions of single braking process. This complex problem of frictional heating has been studied using 
finite element method (FEM). The Galerkin algorithm was used to discretize the parabolic heat transfer equation for the disc 
and pad. FE model of disc/pad system heating with respect to constant thermo-physical properties of materials and coefficient 
of friction was performed. The frictional heating phenomena with special reference to contact conditions was investigated. 
An axisymmetric model was used due to the proportional relation between the intensity of heat flux perpendicular to the con-
tact surfaces and the rate of heat transfer. The time related temperature distributions in axial and radial directions are pre-
sented. Evolution of the angular velocity and the contact pressure during braking was assumed to be nonlinear. Presented 
transient finite element analysis facilitates to determine temperature expansion in special conditions of thermal contact in axi-
symmetric model. 

 

1. INTRODUCTION 

The automotive application of the disc brakes is suscep-
tible to relatively high and stability of the friction coeffi-
cient. However its value affects the temperature rise, which 
is firmly intensive during repetitive braking process 
or emergency, high-speed stops. It is essential to predict 
the impact of the real geometrical set of the disc brake sys-
tem to facilitate evaluation of the heat expansion with spe-
cial operation conditions. High temperature exceeding per-
mitted values may cause premature wear, brake fade, ther-
mal judder or thermal cracks in the rotor material. 

The calculation of the heat generated between two bod-
ies in sliding contact such as disc brake systems necessitates 
appropriate model including contact conditions to obtain 
reliable outcomes. Various techniques have been employed 
for the computation of sliding surface temperatures. Ana-
lytical methods of heat conduction problem are limited 
of the half-space or the half-plane. More accurate for finite 
object, transform technique have been used, but numerous 
mathematical difficulties implies simplifications in geome-
try. The finite element method among numerical techniques 
is held as the most suitable for thermal problem investiga-
tion recently. 

Talati and Jalalifar (2008, 2009) proposed two models 
of frictional heating in automotive disc brake system: 
namely macroscopic and microscopic model. In the macro-
scopic model the first law of thermodynamics has been 
taken into account and for microscopic model various char-
acteristics such as duration of braking, material properties, 
dimensions and geometry of the brake system have been 
studied. Both disc and pad volume have been investigated to 
evaluate temperature distributions. The conduction heat 

transfer was investigated using finite element method (Talati 
and Jalalifar, 2008). The same authors solved heat conduc-
tion problem analytically using Green’s function approach 
(2009). 

For simulation cause of the experimental results, the fi-
nite element method is proposed as a relevant numerical 
simulation of disc/pad interface temperature estimation by 
Qi and Day (2007). Special effort is employed in the real 
and apparent area of contact between two sliding bodies due 
to topography of the friction surface. Authors attempt to 
determine range of the affection on its performance includ-
ing temperature growth and wear presence. 

Choi and Lee (2004) deal with the thermoelastic behav-
iour of disc brakes. Contact problems in disc/pad interface 
including heat transfer and elastic problem have been stud-
ied. In addition, the influence of the material properties 
were analysed. Based on numerical results, the carbon-
carbon materials with expected excellent characteristics 
were compared. 

Heat transfer problem in the mine winder disc brake us-
ing FE modelling technique has been developed by Ścieszka 
and Żolnierz (2007). Temperature distributions including 
thermoelastic instability phenomena were analysed. Wide 
variety of the parameters used in the computations were 
adopted from examinations comprising infrared mapping. 
The numerical simulation was confirmed in the experimen-
tal investigations. 

In this paper the finite element method for temperature 
assessment due to frictional heating in an axisymmetric 
arrangement of the disc brake model is developed. Irresisti-
ble advantages of this numerical technique are reported by 
Grześ (2009). Perfect contact conditions of thermal beha-
vior of disc/pad zone have been established. 
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2. STATEMENT OF THE PROBLEM 

Considering physical substance of the friction systems, 
the energy conversion should be noticeable as a dominant. 
The large amount of the thermal energy are transferred into 
kinetic energy to decelerate vehicle being in motion. In the 
disc brake systems two major parts may be distinguished: 
rotating axisymmetric disc and immovable non-axisymme-
tric pad (Fig. 1). While braking process occurs total heat 
is dissipated by conduction from disc/pad interface to adja-
cent components of brake assembly and hub and by convec-
tion to atmosphere in accordance to Newton’s law. In com-
mon the radiation is neglected due to relatively low temper-
ature and short time of the braking process. 

 
Fig. 1. The schematic assignment of disc brake system 

The procedure of the temperature distribution assess-
ment utilizing finite element method, adapted in an axi-
symmetric model is an efficient method which has already 
been reported in the area of frictional heating problem 
(Choi and Lee, 2004; Grześ, 2009; Ramachandra Rao et al., 
1989). Grześ (2009) analyzed two types of the disc brake 
assembly related to different boundary conditions including 
evolution of contact pressure and velocity of the vehicle for 
validation purposes of the developed numerical technique. 

In this paper temperature distributions in the disc 
and the pad volume have been studied. Material properties 
are assumed to be isotropic and independent of the tempera-
ture. The real surface of contact between a brake disc 
and pad in operation is equal to the apparent surface 
in the sliding contact. Perfect contact conditions for simpli-
fication purposes were assumed.  

Single disc with pad presence has been analyzed with 
its simplification to symmetrical problem. Hence one side 
of the disc has been insulated in the FE model. Furthermore 
adiabatic boundary conditions are prescribed on the boun-
dary of the inner radii of the disc and on the piston side 
of the pad. 

Excluding both thermally insulated boundaries 
and the area of sliding contact where the intensity of heat 
flux has been established, on all remaining surfaces to con-
sider realistic heat conditions, the exchange of thermal 
energy by convection to atmosphere has been implied. 

It is assumed that the pressure varies with time (Chichi-
nadze et al., 1979) 
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where: p0 is the nominal pressure, tm is the growing time,   
ts is the braking time. 

The angular velocity corresponding to pressure (1) 
equals (Yevtushenko et al., 1999) 
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where: ω0 is the initial angular velocity, ts
0 is the time 

of braking with constant deceleration. 

3. MATHEMATICAL MODEL 

To evaluate the contact temperature conditions, both 
analytical and numerical techniques have been developed. 
The starting point for the analysis of the temperature field 
in the disc and pad volume is the parabolic heat conduction 
equation given in the cylindrical coordinate system which 
is centered in the axis of disc and z points to its thickness 
(Nowacki, 1962) 

 

0,,,
11

,0,0,,
11

2

2

2

2

2

2

2

2

><<≤≤
∂
∂=

∂
∂+

∂
∂+

∂
∂

><<≤≤
∂
∂=

∂
∂+

∂
∂+

∂
∂

tzRrr
t

T

kz

T

r

T

rr

T

tzRrr
t

T

kz

T

r

T

rr

T

dpp
p

ddd
d

δδ

δ
 (3) 

 

where kd,p is the thermal diffusivity, δd,p is the thickness, rd,p 
and Rd,p are the internal and external radius of the disc 
and pad respectively, δ = δd + δp. The subscripts p and d 
imply the pad and the disc respectively. The substantiation 
of the axisymmetric arrangement of the problem has already 
been reported as a relevant foundation (Grześ, 2009). 

Two-dimensional model of disc brake is presented 
in Fig. 3. The boundary and initial conditions for the disc 
and pad are given as follows: 
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where (Ling F. F., 1973) 
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f is the friction coefficient, p is the contact pressure, 
ω is the angular velocity, t is the time, r is the radial coordi-
nate, z is the axial coordinate. 

The above cases are two-dimensional problem for tran-
sient analysis. The boundary and initial conditions 
are specified for disc and pad volume respectively. 

4. FE FORMULATION 

Understanding of overall formulation is crucial for the 
solution of the considering thermal problem. In Fig. 2 
the interface conditions of contact model are shown. 
In order to simulate perfect contact during braking process, 
two terms at the subsequent pair of nodes on the contact 
surfaces have been imposed 
1) the equality of the temperature at any instant of time 
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2) and the following heat balance condition at each of the 
contact surfaces given by 
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The object of this section is to develop approximate 
time-stepping procedures for axisymmetric transient go-
verning equations. The detailed description of the two-
dimensional discretization was presented by Grześ (2009). 

Using Galerkin’s approach the following matrix form 
of the Eq. (3) is formulated (Lewis et al., 2004) 
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where [C] is the heat capacity matrix, [K ] is the heat con-
ductivity matrix, and {R} is the thermal force matrix. 
 

 
Fig. 2. Contact model for the thermal problem 

In order to solve the ordinary differential equation (18) 
the direct integration method was used. Based on the as-
sumption that temperature {T} t and {T} t+∆t at time t and 
t+∆t respectively, the following relation is specified 
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Substituting Eq. (19) to Eq. (18) we obtain the following 
implicit algebraic equation 
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where β is the factor which ranges from 0.5 to 1 and is 
given to determine an integration accuracy and stable 
scheme. 

 
Fig. 3. FE model with boundary conditions  
           for the transient analysis: a) pad, b) disc 

The finite element formulation of the disc brake with 
boundary conditions is shown in Fig. 3. Disc and pad com-
ponents described below were analyzed using the MD Pa-
tran/MD Nastran software package (Reference Manual MD 
Nastran, 2008; Reference Manual MD Patran, 2008). In the 
thermal analysis of disc brake an appropriate finite element 
division is indispensable. In this study eight-node quadratic 
elements were used for the finite element analysis. The disc 
brake FE model consists of 576 elements and 1933 nodes 
of disc and 663 elements and 2118 nodes of pad. High order 
of elements ensure appropriate numerical accuracy. For the 
purpose of providing perfect contact conditions between 
each pair of nodes in the disc/pad interface, 103 Multipoint 
Constraints (MPC) were used. 
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To avoid inaccurate or unstable results, a proper initial 
time step associated with spatial mesh size is essential (Ref-
erence Manual MD Nastran, 2008). 
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where ρ is the density, c is the specific heat and K 
is the thermal conductivity, ∆t is the time step, ∆x is the 
mesh size (smallest element dimension). In this paper fixed 
∆t =0.005s time step was used. 

5. RESULTS AND DISCUSSION 

In this paper thermal FE models of the disc brake with 
pad presence have been investigated. Proposed FE model-
ing technique (Grześ, 2009) was confronted with the analyt-
ical solution (Talati and Jalalifar, 2009) and FEA (Gao 
and Lin, 2002). The simulation includes conductive 
and convective terms of the real brake exert. Temperature 
distributions were predicted for the operation conditions 
given in Tab. 2. Material properties adopted in the analysis 
for FE model are specified in Tab. 1. The transient solution 
was performed for the pressure p and angular velocity 
of the disc ω evolution shown in Fig. 4.  

 
Fig. 4. Evolution of the pressure p and angular velocity ω 
          during braking 

The temperature distributions in arbitrarily specified in-
stants of braking time are presented in Fig. 5. The equilib-
rium of the temperatures on contact surfaces at the z posi-
tion of 0.006mm is noticeable in the solution. The intensity 
of heat flux entering into the disc and pad respectively ex-
cites growth of the temperature from the contact zone, 
which in subsequent measures extends particularly into 
the disc volume. Temperature variations through braking 
duration in z coordinate are relatively smooth in the disc 
area and rapid in the pad zone. The dissimilarity of heat 
dissipation between disc and pad volume in axial coordinate 
at the each step of the analysis are fundamentally dictated 
by the properties of materials adopted in this study. At the 

time of t=4s temperature distribution of the disc is approxi-
mately equal at any position in radial direction. Tempera-
ture field of the pad is constant upwards of r=0.010m at any 
moment of presented results. The highest value of the tem-
perature obtained in the analysis occurred at radius 
of r=0.127m at the contact surface. The results are believed 
to be physically justifiable values. 

 
Fig. 5. The temperature distribution in the disc  
            and pad volume at specified instants of braking time 

Axial temperature distributions at the radius of 0.127m 
of disc brake are presented in Fig. 6. Within the analysis 
time of ts=4.274s heat was generated due to friction beha-
vior at the disc/pad interface. Therefore temperature in-
crease is noticeable. Over the final time step of braking 
(t=3.5-4.274s) the interface temperatures can be seen to 
decrease slightly. This effect corresponds intermediately 
to the intensity of heat flux, which rises with time until the 
value of velocity and pressure product attains highest, criti-
cal value at the particular, radial position. The temperature 
expansion is significantly affected by the thermo-physical 
properties of materials submitted to the thermal load.  
As it can be seen the differences in axial directions are 
sufficiently high, particularly in pad zone. The gradient 
of temperatures in subsequent periods of time during single 
braking action is an issue of transformation of large 
amounts of the kinetic energy into heat energy in relatively 
short time. In addition, temperature of the disc and pad 
are affected by external convective conditions and decreas-
es due to Newton’s law of cooling. This phenomenon may 
be intensified when the vehicle is still moving and cooling 
is forced by the air flow. 

Comparison of the radial temperature values at the con-
tact surfaces including free surface of the disc during brak-
ing process is illustrated in Fig. 7. Maximum temperature 
rise up to 496.6°C at 0.127m of radial position and 3.375s 
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of time However, it can be seen that at the external location 
of the radius in the range of 0.001m, the temperature varies 
slightly. The impact of the intensity of heat flux entering the 
disc and pad respectively is noticeable above the radial 
location of 0.077m. Presented isotherms validate the adia-
batic boundary condition at the inner radius of the disc 
where the temperature value is constant during braking 
process. 

 
Fig. 6. Axial temperatures profiles at radius of 0.127m 

 
Fig. 7. Radial isotherms at the disc/pad interface 

In Fig. 8 axial temperature evolution in the period 
of single braking process is shown. Fundamental differences 
of the temperature expansion between two considered zones 
of the disc and pad are noticeable. Temperature of the disc 
in axial coordinate rises relatively rapidly in the entire 
thickness at considered radius of 0.127m, while majority 
of pad area remains unheated. The isotherm of the highest 
value of temperature of 490°C obtained in the analysis 
outlines slight area near to the contact position of z direc-
tion. 

In Fig. 9 disc temperature at r=0.127m and at different 

axial positions are presented. The symmetry in axial coordi-
nate z has been assumed. Profiles from z=0m which indi-
cates central location of the real disc to its maximum thick-
ness of z=0.006m are evaluated. At the initial period 
of braking process maximum temperature appears at the 
disc/pad interface (z=0.006m). Tendency to convergence 
of temperature at different axial positions at the end of brak-
ing process is noticeable. It is connected with alignment 
of temperatures in disc area in subsequent stage of the 
process when the intensity of heat flux descents. 

 
Fig. 8. Axial isotherms at radius of 0.127m 

 
Fig. 9. Evolution of the disc temperature  
            at different axial distances and at radial position of 0.127m 

In Fig. 10 the pad temperature distributions at r=0.127m 
in different axial positions are shown. As it can be seen 
the pad temperature at the contact surface (z=0.006m) has 
the highest value obtained during simulation process 
and gradual decay of the temperature should be noticed 
at different axial positions up to z=0.010m (0.004m of pad 
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thickness), where temperature remains  approximately con-
stant. 

 

 
Fig. 10. Evolution of the pad temperature at different axial  
             distances and at radial position of 0.127m 

Tab. 1. Material properties [2] 
Thermo-physical properties Disc Pad 

Thermal conductivity, Kd,p 

[W/mK] 
48.46 1.212 

Specific heat, cd,p [J/kgK] 419 1465 
Density, ρd,p [kg/m3] 7228 2595 

Tab. 2. Operation conditions [2] 
Operation conditions Disc Pad 

Inner radius, rd,p[mm] 32.5 77 
Outer radius, Rd,p [mm] 128 
Cover angle of pad, φ0  64.5 
Thickness δd,p [mm] 6 12.5 

Initial velocity ω0 [s
-1] 88.46  

Time of braking, ts [s] 4.274 
Pressure p0 [MPa] 3.17 

Coefficient of friction f 0.5 
Heat transfer coefficient h[W/m2K] 100 

Initial temperature T0 [
0C] 20 

Ambient temperature Ta [
0C] 20 

Time step ∆t [s] 0.005 

6. CONCLUSION 

In this paper transient thermal analysis of disc brake 
in the single brake application was developed. The friction-
al heating phenomena using the finite element method of the 
thermal contact problem was performed. This study pro-
vides an evaluation of temperature distribution during brak-
ing action including both the disc and pad presence 
in an axisymmetric arrangement. 

The outcomes obtained in the analysis show inequality 
in the temperature distribution of axial positions at the sub-
sequent values of radial locations considering the disc and 
pad areas due to the different thermal properties of mate-
rials. 

The influence of the convective heat transfer terms has 
been found relatively insignificant in the temperature distri-
butions of considering behavior of single, emergency brak-
ing. 

In view of the disc geometry aspect the results shows 
negligibly low temperature variations in the area of the disc 
beneath internal radius of the pad. 

However imposed terms of perfect contact of disc/pad 
interface specify special, idealized conditions neglecting 
wear and debris (third body), the behavior of considering 
phenomena characterizes nature of the heat expansion 
and facilitates predicting the magnitude of the temperature 
rise during braking process. 
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Abstract: The paper presents selected issues relating to movable dentures with their general characteristics of fixings. Refer-
ence was made to the most important material-constructional aspects and the problems that arise with this type of solutions. 
In the work the method of durability and reliability evaluation and selection of materials for the kinematics connections 
of this type of structure was proposed. 

1. INTRODUCTION  

Modern dental prosthetics is a very vast area of science 
that makes it possible to reconstruct the shortcomings 
of teeth in the form of fixed or movable additions. 
The group of prosthetic permanent additions includes: 
crowns, bridges, inlays. In the group of movable dentures 
are: partial, complete and skeletal. As regards of design, the 
construction of each of these elements can be distinguished 
on: skeleton, prosthetic superstructure and fixing elements 
(Ciaputa, 2009). Fig. 1 shows the modules of the traditional 
components of a prosthetic bridge. In sense of the opera-
tional life and reliability, the key technological process 
elements include: material, design and technology imple-
mentation. The process of securing dentures in the oral 
cavity and clinical aspects are also important, but these 
problems are not the subject of work. 

Crowns and bridges are permanently embedded, without 
need to remove it from the mouth. They do not perform 
well, when the shortcomings are more extensive, covering 
several cavities. In case of several teeth lost, the denture 
making is considered. At present, the most popular are 
acrylic prosthesis in which the artificial teeth are mounted 
in acrylic plate lying on the palate and gums (Ciaputa, 
2009; Hupfauf, 1997). Such a structure is a burden on the 
bone and soft tissues and does not provide a stable support 
in the mouth. Much better results provide skeleton denture 
application. Metal, individually matched frame by braces 
and prosthetic thorns tightly embeds the patient's own teeth. 
Such a solution minimizes the chewing forces, transferred 
to the soft tissues and bone. In order to strengthen the loca-
tion of the prosthesis in the mouth, a number of precise 
fixing elements such as latches, slides, telescopes and mag-
netic fastening is applying. These details allow easy remov-
ing off the prosthesis, ensure its stable maintenance and 
fully comfortable use.  

Constantly evolving dental technique makes it impossi-
ble to present in this work all types of kinematic connec-
tions currently used in the overlay dentures. Thus, only 
selected types of precise elements are presented, with ob-
jective of assessment of their possible approximations im-
mutability and operational reliability. In this context, 
the author’s method of assessment their durability is pro-
posed. 

a)  

b)  

c)  

Fig. 1. The construction of prosthetic bridge: a) the pillar  
of a bridge, b) bridge span, c) buckle (fixing elements) 

2. OVERLAY DENTURES JOINTS 

It is well known that the precise fastenings are applying 
to stable or movable prostheses. There are fixed on the 
prosthetic pillars (natural teeth or implants). They are con-
structed with two main elements forming the mechanical 
connection between them. One part is the matrix – seated 
on the tooth or several teeth, the root of the tooth or at im-
plant, and the second part – quite often is fixed in the mo-
bile denture. In comparison to clasps, precise fasteners have 
many advantages, for example (Ciaputa, 2009; Hupfauf, 
1997; Raszewski, 2009; Sajewicz, 2008):  
− they allow to get a good aesthetic effect (avoid metal 

on the vestibular surface of tooth), 
− during the dynamic phase of mastication, precise com-

ponents ensure impact of only vertical forces on the pil-
lar teeth and preferred stimulation of the toothless seg-
ments of prosthetic foundation in a static phase, causing 
that the prosthesis rely only on the mucous membrane, 
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− the denture track introduce is always a parallel trajecto-
ry to the long axis of resistance tooth,  

− in case of the deterioration of prosthesis maintenance, 
the individual connectors elements can be activated 
or replaced.  

 
Fig. 2. The denture operational durability  

using engineering conditions 

a) b)  

c)  

d)  
Fig. 3. The examples of precisely constructional joints:  

a) inside the tooth, b) outside the crown, c) root clasps,  
d) crosspieces 

) b)  

c) d)  

Fig. 4. The overlay dentures fixing methods: a) friction forces,  
b) mechanical, c) magnetical, d) using screw 

In addition, they can be used in many constructions, 
such as (Ciaputa, 2009; Hupfauf, 1997; Raszewski, 2009): 
− skeletal prostheses, 
− overdentures, 
− partial settling denture,  
− stable fastenings.   

As mentioned earlier, durability and reliability of teeth 
prostheses in engineering terms depend primarily on three 
aspects: construction, material and technology. It is illu-
strated by the pattern set in Fig. 2. 

For the manufacturing process of dentures, noble metals 
(platinum gold, platinum-iridium gold) and chrome-nickel 
steels are used. In recent years plastic materials (such 
as teflon, nylon, silicone) are utilized.  

  
 

 
 

  

  
Fig. 5. The examples of the overlay dentures fastening 

In case of construction process, the applied connectors 
are divided into few groups taking into account their physi-
cochemical action (Hupfauf, 1997; Raszewski, 2009; Cia-
puta, 2009):  
− inside the tooth – stiff joints, screwing, fastening  

(Fig. 3a),  
− outside the crown – screwing joints, hinge and screwing  

–  rotating (Fig. 3b) connectors, 
− root clasps – rigid screwing and screwing – rotating 

(Fig. 3c), 
− crosspieces – rigid and  resilient ( Fig. 3d). 

For durability and operational reliability, the fixing type 
of moving parts of overlay dentures is of high importance. 
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Those fixing (connections) are obtained by using (Ciaputa, 
2009; Hupfauf, 1997; Raszewski, 2009):  
− friction forces (Fig. 4a),  
− mechanical retention (Fig. 4b),  
− the use of magnetic forces (Fig. 4c), 
− the use of forces from the screwing (Fig. 4d). 

Above (Fig. 5) some fastening construction solutions 
of overlay dentures are presented. Having in mind research 
targeted for the purpose of this study these are mainly fixa-
tions which use a friction forces. It should be noted that 
studies of this type of fixations for dentures are now one 
of the main areas of research of the Department of Mate-
rials and Biomedical Engineering at Bialystok Technical 
University. 

3. RESEARCH CAPABILITIES  
OF ELEMENTS OF DENTURES 

For the purpose of assessing the performance of mate-
rials for dentures in engineering term, various tribological 
testers are applied. It should be noted that variations in the 
use of materials, the scope of external conditions during 
their real work, or a specific of micro-and macro environ-
ment leads to the fact that the overwhelming number 
of testers are the testers that combine the multiplicity 
of factors. Often these are testers, in which the construction 
of a working node is based on the already known schematic 
friction nodes, such as: pin / disc, ball / disc, pad / roller, 
roller / disc, etc. As a result, a newer modifications of al-
ready known friction testers are constructed, the use 
of which is addressed primarily to assess the performance 
of friction elements, not the team of elements, as dental 
prosthesis. As an example of such a tester is UMT-2 tester 
presented in Fig. 6 (CETR Tribometers). 

 
Fig. 6. Micro-tribometer model UMT-2 (CETR Tribometers) 

Presented in Fig. 6 tribometer is the universal device 
for evaluation of tribological characteristics and selected 
mechanical properties of biomaterials, including dentures 
materials, tools and medical instruments. However, in spite 
of its versatility and wide range of research opportunities, 
this device works in the couple of pin/disc or ball/disc. 
Moreover, studies involving this tester are limited to the 
evaluation of two co-partners.  

 
Fig. 7. Cibirka’s carousel device (Cibirka, 2001) 

 
Fig. 8. The example of machine for denture’s operational  

reliability test (Behr, 1999) 

 

 
Fig. 9. An example of model for prosthetic bridges tests (Fischer, 

2004): a) stable part of bone, b) movable part of bone 

In view of the fact that the dental prosthesis is a team 
of various interconnected components, there is a need to 
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study under the same conditions the external extortions and 
kinematics of the load of team elements simultaneously. 
In Fig. 7 the tester used by the Cibirka (Cibirka, 2001) 
in which 10 elements were analyzed simultaneously (dental 
implants) is shown. The studies were conducted in a fatigue 
cycle to determine the operational durability of the ana-
lyzed elements. However, this research was orientated only 
for a rapid review of implant materials, thus in effect only 
the implant was tested. Aspects of more elaborate construc-
tion dentures were omitted. 

Further research focused on the operational reliability 
of dentures resulted in the appearance of works, which used 
a simple linear bridge restorations. 

An example of a more advanced device is shown  
in Fig. 8. This machine reflects in a greater degree 
the working conditions of dentures in the mouth. However, 
the modeled load takes into account only the movement 
in the vertical plane, which greatly simplifies the real con-
ditions of the prosthesis work. 

Some modification of the device shown in Fig. 8  
is an apparatus model whose view is given in Fig. 9 (Fisch-
er, 2004). The advantage of this solution is the ability of a 
deviation from the equilibrium position (vertical) of the 
bearing screws mounted in tooth socket. 

 
Fig. 10. The examples of errors resulting from load-bearing pillars in teeth sockets (Pietrabissa, 2000): a) an error of the implant’s fastening  

 distance, b) bend to OY axis, c) an error of implant fastening depth, d) screwing to OX axis 

 
Fig. 11. The example of test machines and types of modeled  

external extortions (Pietrabissa, 2000): a) the simulation 
of error of the implant’s fastening distance, b) straighting 
the implants, c) bending, d) screwing, e) the element  
to incorrect modeling of implants in X and Y axis  
determine, f) an element for double-axis screwing 

Other interesting proposal was submitted by the authors 
of work (Pietrabissa, 2000). They established that the most 
common form of errors in the functioning of prosthetic 
bridges are errors resulting from different axis fixation 
of load-bearing pillars in relation to the geometry of the 
prosthetic bridge. Fig. 10 shows the analyzed errors. 

The analysis of cases presented in Fig. 10, allowed au-
thors of work (Pietrabissa, 2000) to build a model test 

which integral part is shown in Fig. 11 (11e and 11f). This 
figure illustrates the diagrams of machines enable to get 
analyzed earlier states of deformations. The test stand pre-
pared in this way provides much more research combina-
tions and gives better opportunities to assess the real state 
of a prosthesis, taking into account the possible, future 
implantologist’s errors. However, it lacks a constant refer-
ence to the quality of service of the dental prosthesis. 

Another example of the dentures diagnostic test stand is 
an instrument shown in Fig. 12 (Kuchta, 2006). The advan-
tage of this instrument is that it allows richer kinematics of 
the motion and putted loads, but the simulation of the con-
ditions of micro-and macrosurroundings corresponding to 
the mouth environment is missing. It is mostly long-term 
effects of various types of liquids and gases, such as saliva, 
alcohol, juice, coffee, tobacco smoke, etc. In this solution 
there is also no reference to co-partner, which is the oppo-
site jaw. However it is worth to remember that the instru-
ment is intended to prosthetics diagnosis and not to assess 
their operational strength.  

On the above examples of different instruments for the 
dentures evaluation, the best seems to be a device presented 
in Fig. 13 (Studium Famulaturen&Auslandsaufenthalte). 
The main advantage of this model is the using in its con-
struction the classical testing machine. There is no need to 
build a separate, specialized facilities and it provides 
an easy way to rebuild the test stand for other kind of tests. 
In addition, it is possible to assess both the whole – com-
plete dentures, as well as smaller sets, which in a sense 
indicates the test stand universality. 
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Fig. 12. The laboratory stand for dentures diagnostic (Kuchta, 2006): a) the stand’s diagram, b) view of apparatus and system register 

 
Fig.13. The stand for denture tests – artificial mouth  

(Studium Famulaturen&Auslandsaufenthalte) 

It is also worth mentioning that the operating system is 
locked in a casing, which also makes it possible to use 
liquid and gaseous media. As a drawback of this test stand 
(shown in Fig. 8) can be considered very small movement 
kinematics of the analyzed elements. Indeed, it is confined 
to put loads in the vertical plane and turnover in the axis of 
the prosthesis. 

Given by the examples presented above and the litera-
ture analysis of utilized methods and apparatus for testing 
dentures a device of own design was proposed.  

4. THE PROPOSITION OF OWN DEVICE  
FOR ASSESSMENT THE OPERATIONAL  
RELIABILITY OF THE DENTAL PROSTHETICS 
ELEMENTS 

Due to the patent process started, this paper shows only 
a simplified working area of the device with the possibili-
ties of movement and load (Fig. 14). Designed device 
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is intended to serve both the individual components like 
crown or permanent fillings, through simple and diagonal 
bridges to full dentures. Fig. 14a illustrates view of the 
working node of the device in lateral position. This projec-
tion shows the load pins movement (up-down) in the vertic-
al plane. Because of the possibility of three or more (op-
tional) pins, Fig. 14b and 14c presented the placement 
and the full range of designed moving elements. Working 
pins are driven by a special mechanism, which makes their 
movement is shifted in phase. This gives the so-called 
‘wave’ effect. Thus, in Fig. 14b is indicated the swinging 
movement of the lower table in relation to horizontal sur-
face. At the same time the lower table has the ability 
to perform lateral movement (right-left) and rising and 
sinking to the bottom (Fig. 14c shows the example of fitting 
the prosthesis to match its location on one of the tables). 
Normal operation of the device intersects with each other 
all these movements, thereby making the complex move-
ments of the test pieces - both sinusoidal in longitudinal and 
transverse table axis. 

Optionally, the removal of the lower table is expected 
in case of evaluating of the individual components like 
crown or materials on permanent dental fillings. In such 
cases, the test sample is fixed onto the table top in front 
of the loading pin. 

 Another important element of the designed tester is the 
possibility to choose the number of pins. Minimally it may 
be one, with maximum of 5 pins, as illustrated in Fig. 14c. 
Starting situation involves the use of three pins, but there 
is the possibility to use also five pins. There is also an op-
tion of changing the position of pins, depending on the size 
of the prosthesis.  

With respect to the external forcing parameters it should 
be mentioned that the load on test samples will be regulated 
by appropriate setting of the upper table, the number 
of working pins cycles, electric motor’s speed, therefore 
time of device work may be set in any way. 

Fig. 14. The working couple of the device for exploitation stability 
              assessment of the dentures elements: a) view of the side, 
              b) view of the back, c) section A-A   

It is assumed that the tester's work will enable the mea-
surement of maximum force. In addition to the loading 
force measurement the possibility of the measurement 
of friction force between the cooperating elements is antic-
ipated. During analysis the generalized friction force will be 
taken under account - as the resultant of the all partial fric-

tion forces. Tests can be conducted either within a specified 
time or until the first of any damages of assessed elements. 
It is envisaged that the quality of prostheses will be decided 
by reliability coefficients or tribological factors. It should 
be noted that the entire work space will be closed  
in a transparent chamber with the corresponding connecting 
pieces, which can be pressed distorting medium, such as: 
tobacco smoke. By the droplet method or aerosol will be 
added liquids such as alcohol, tea, coffee, artificial saliva, 
etc. In addition there is the possibility of heating the system 
to the temperature of 37 ° C.  

 The designing tester in such a way gives a good ap-
proximation (with respect to the kinematics of motion 
of working elements and micro- and macrosurroundings) 
of dental prosthetics elements work in the real conditions 
of mastication in mouth. At the same time the usage 
of various media will enable to assess their impact on the 
reliability of tested items, but above all it is necessary 
to model a real "microclimate" of the mouth. 

5. SUMMARY AND CONCLUSIONS 

In the work the closer construction problems of overlay 
dentures fixings was elaborated. The sustainability 
and reliability of this type of construction in terms of re-
search opportunities was discussed. A few types of testers 
for assessing the performance of biomaterials used in denti-
stry and the durability and reliability of prosthetic dentistry 
elements was presented. The existence of numerous test 
stands, which kinematics of motion is based on the well-
known for a long time tribological testers, such as: stem / 
disc, ball / disc, etc was indicated. The presented test 
equipments are helpful in evaluating of the materials 
and components of dental prosthetics, but in their construc-
tion it is not possible to simulate the complex movements 
of the stomatognathic system, or simulate the microclimate 
of the mouth.  

According to above testers analysis, the own construc-
tion solution of tester which asses the reliability of dental 
prosthetics elements was proposed. Due to the patent pro-
cedure taken, this paper presents only the simulated condi-
tions of external forcing in the form of a simplified kine-
matic scheme. It should be noted that the tester is designed 
to allow simulation of complex movements of the tested 
components, and additionally it is envisioned to maintain 
artificial -model climate corresponding to the microenvi-
ronment of the mouth. 
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Abstract: The positive switched 2D linear systems described by the general models are addressed. Necessary and sufficient 
conditions for the asymptotic stability of the positive switched system are established for any switching. The considerations 
are illustrated by numerical examples. 

1. INTRODUCTION 

In positive systems inputs, state variables and outputs 
take only non-negative values. Examples of positive sys-
tems are industrial processes involving chemical reactors, 
heat exchangers and distillation columns, storage systems, 
compartmental systems, water and atmospheric pollution 
models. A variety of models having positive linear behavior 
can be found in engineering, management science, econom-
ics, social sciences, biology and medicine, etc. 

Positive linear systems are defined on cones and not 
on linear spaces. Therefore, the theory of positive systems 
is more complicated and less advanced. An overview 
of state of the art in positive systems theory is given 
in the monographs Farina and Rinaldi (2000) and Kaczorek 
(2009). 

The most popular models of two-dimensional (2D) lin-
ear systems are the discrete models introduced by Roesser 
(1975), Fornasini and Marchesini (1976, 1978) and Kurek 
(1985). These models have been extended for positive sys-
tems in Kaczorek (1996; 2005) and Valcher (1997). 
An overview of standard and positive 2D systems theory 
is given in Bose (1985), Gałkowski (2001) and Kaczorek 
(1985) and some recent results in positive systems have 
been given in Kaczorek (1996, 2001, 2002, 2005, 2007a, b, 
2009). The stability of switched linear systems has been 
investigated in many papers and books (Colaneri, 2009; 
Liberzon, 2003, 2009; Sun and Ge, 2004). The disturbance 
decoupling problem for switched linear continuous-time 
systems by state-feedback has been considered in Otsuka 
(2010) and the stabilizer design of planar switched linear 
systems in Hu and Cheng (2008). 

In this paper the positive switched 2D linear system de-
scribed by the general models will be considered. We shall 
analyze the following question: When is a positive switched 
2D linear system defined by linear general models 
and a rule describing the switching between them asymp-
totically stable. It is well known (Liberzon, 2003, 2009) 
that a necessary and sufficient conditions for stability under 
arbitrary switching is the existence of a common Lyapunov 
function for the family of subsystems. This result will be 

extended for positive switched 2D linear systems described 
by the general models.  

The paper is organized as follows. Preliminaries and the 
problem formulation are given in section 2. The main re-
sults of the paper are presented in section 3, where neces-
sary and sufficient conditions are established for the asymp-
totic stability of the positive switched  2D linear systems 
described by the general model for any switching. Illustrat-
ing examples are presented in section 4. Concluding re-
marks are given in section 5. In Appendix the definition 
of equilibrium point is given and the formula determining 
the point is derived. 

To the best of the author’s knowledge the positive 
switched 2D linear systems have not been considered yet. 

2. PRELIMINARIES AND THE PROBLEM 
FORMULATION 

Let mn×ℜ  be the set of mn×  real matrices. The set 
mn×  matrices with nonnegative entries will be denoted 

by mn×
+ℜ  and 1×

++ ℜ=ℜ nn . A  matrix  mn
ijaA ×ℜ∈= ][  

(vector x) is called  strictly  positive  and  denoted  by A > 0 
(x > 0) if aij > 0  for  i = 1,…,n; j = 1,…,m. The et of non-
negative integers will be denoted by Z+ and the n x n iden-
tity matrix will be denoted by In. 

The general model of 2D linear system has the form 
(Kurek, 1985): 

1,2,11,0

1,2,11,01,1

++

++++

+++

++=

jijiji

jijijiji

uBuBuB

xAxAxAx
                      (2.1a) 

jijiji uDxCy ,,, += , ., +∈ Zji                                    (2.1b) 

where n
jix ℜ∈, , m

jiu ℜ∈,  and p
jiy ℜ∈,  are the state, 

input and output vectors and 

2,1,0,, =ℜ∈ℜ∈ ×× kBA mn
k

nn
k ; ,npC ×ℜ∈  

mpD ×ℜ∈ . 
Boundary conditions for (2.1a) have the form  
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+∈ℜ∈ Zix n
i ,0  and +∈ℜ∈ Zjx n

j ,0                        (2.2) 
 

The model (2.1) is called (internally) positive general 

model if n
jix +ℜ∈, , and ++ ∈ℜ∈ Zjiy p

ji ,,,  for any non-

negative boundary conditions 
 

,,0 ++ ∈ℜ∈ Zix n
i  ++ ∈ℜ∈ Zjx n

j ,0                             (2.3) 

and all input sequences .,,, ++ ∈ℜ∈ Zjiu m
ji  

Theorem 2.1. [13] The general model is positive if and 
only if 
 

mpnp

mn
k

nn
k

DC

kBA

×
+

×
+

×
+

×
+

ℜ∈ℜ∈

=ℜ∈ℜ∈

,

,2,1,0,,
                             (2.4) 

  

The positive general model (2.1) is called asymptotically 
stable if for any boundary conditions (2.3) and zero inputs 

0, =jiu , +∈ Zji ,   
 

0lim ,
,

=
∞→

ji
ji

x                                                                  (2.5) 

 

Theorem 2.2. (Kaczorek, 2009) The positive general model 
(2.1) is asymptotically stable if and only if  there exists 

a strictly positive  vector n
+ℜ∈λ  such that  

 

0][ <− λnIA , and 210 AAAA ++=                            (2.6) 
 

Theorem 2.3. (Kaczorek, 2009a, b) The positive general 
model (2.1) is asymptotically stable if and only if the posi-
tive 1D linear system  
 

ii xAx =+1                                                                       (2.7) 
 

is asymptotically stable, where matrix A  is given by (2.6). 
Theorem 2.4. (Kaczorek, 2009) The positive general model 
is asymptotically stable if and only if one of the following 
equivalent conditions is met: 

− Eigenvalues nzz ,...,1  of the matrix A  have modules 

less than 1, i.e. 
 

1<kz  for nk ,...,1=                                                   (2.8a) 
 

− All coefficients 1,...,1,0, −= niai  of the characteristic 

polynomial  
 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
n ++++=−+= −

−  (2.8b) 
 

are positive, i.e. 1,...,1,0,0 −=> niai .  

− All principal minors of the matrix  
 



















=−=

nnnn

n

n

n

aaa

aaa

aaa

AIA

ˆ...ˆˆ

ˆ...ˆˆ

ˆ...ˆˆ

ˆ

21

22221

11211

⋮⋮⋮⋮
                            (2.8c) 

 

are positive, i.e. 
 

0ˆdet,...,0
ˆˆ

ˆˆ
,0ˆ

2221

1211
11 >>> A

aa

aa
a                            (2.8d) 

 

Consider the switched positive system consisting  
of q autonomous positive general models of the form 
  

1,2,11,01,1 ++++ ++= jiljiljilji xAxAxAx , ql ,...,1=      (2.9) 
 

It is assumed that in the point qiZtptp iiii ,...,1,,),,( =∈ +  

the matrices of the general model jump instantaneously 
from ikA  to jkA  for some ji ≠ , qji ,...,1, = ; 2,1,0=k . 

The following question arises: when the switched positive 
general model (2.9) is asymptotically stable for every 
switching if every positive general model of the set is as-
ymptotically stable. 

3. PROBLEM FORMULATION 

To simplify the notation it is assumed q = 2. In this case 
the switched positive system consists of two positive gen-
eral models 
 

1,12,111,101,1 ++++ ++= jijijiji xAxAxAx                     (3.1a)  

1,22,121,201,1 ++++ ++= jijijiji xAxAxAx                    (3.1b) 
 

where nn
lkA ×

+ℜ∈ , 2,1=l ;  2,1,0=k  and the switching 

between them occur in the points 
 

),...,(),,(),...,,( 1111 ++ kkkk tptptp                                   (3.2) 
 

satisfying the condition 
 

kk pp ≥+1 , kk tt ≥+1  and kkkk tptp +>+ ++ 11 ,        (3.3) 

,...2,1=k                               
 

Theorem 3.1. (Kaczorek, 2001) The solution of the 
autonomous ( 0, =jiu , +∈ Zji , ) positive general model 

(3.1a) with boundary conditions (2.3) is given by  
 

∑+

∑+∑+

∑+=

=
−−

=
−−

−

=
−−−

−

=
−−−−−

j

v
vvji

i

t
tjti

j

v
vvji

i

t
tjtijiji

xAT

xATxAT

xATxATx

1
02,1

1
011,

1

1
001,1

1

1
001,10001,1,

               (3.4) 

 

where the transition matrix ijT  is defined by 
 









<<
>+≥

==
++= −−−−

0or0

)0(0,

0

for

for

for

0
1,1,121,10

ji

jiji

ji

TATATA

I

T jijiji

n

ij

(3.5) 
 

Using (3.4), (3.5) and the boundary conditions (2.3) 
we can compute the state vector ijx  for +∈ Zji , . 
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Theorem 3.2. The switched positive system (3.1) is asymp-
totically stable for any switching (3.2) satisfying (3.3) only 
if both positive models (3.1) are asymptotically stable. 
Proof. Without loss of generality we may assume that the 
first model (3.1a) is asymptotically stable and the second 
(3.1b) is unstable. For any bounded boundary conditions 
(2.3) using (3.4), (3.5) and the first model we may compute 
boundary conditions for the second model which will be 
bounded since the first model is asymptotically stable. 
In the similar way we may compute the boundary condi-
tions for the first model but those boundary conditions will 
be greater than those for the second model since it is unsta-
ble. Therefore, the switched positive general model will be 
unstable. 

In (Kaczorek, 2007) it was shown that for positive 
model (2.1a) as a Lyapunov function a linear form 

ij
T

ij xxV λ=)(  can be chosen, where n
+ℜ∈λ  is strictly 

positive. 
For the switched positive system consisting of positive 

models (3.1) we choose Lyapunov functions in the form  
 

ij
T

ij xxV 11 )( λ=  and ij
T

ij xxV 22 )( λ=                           (3.6) 
 

where  the strictly positive vectors 1λ  and 2λ  satisfy the 

equations 
 

nA 1111 += λλ , 1222 λλλ += A , nT
n +ℜ∈= ]1...11[1   (3.7) 

 

and 210 kkkk AAAA ++= , k = 1,2. 

If A1 and A2 are Schur matrices then from (3.7) we have 
 

nn AI 1][ 1
11

−−=λ  and 1
1

22 ][ λλ −−= AI n                  (3.8) 
 

Remark 3.1. From the comparison of (3.3) and (A.2), (A.3) 
it follows that as λ1 we can choose equilibrium point xe 
for Bu = 1n and as λ2 the vector ex  for Bu = λ1. 

Lemma 3.1. The function 
 

ij
T

ij xxV 22 )( λ=                                                              (3.9) 
 

is a common Lyapunov function for the both positive gen-
eral models (3.1) if  
 

1221 AAAA =                                                                 (3.10) 
 

Proof. The function (3.9) for both positive Roesser models 

(3.1) for strictly positive n
+ℜ∈2λ  is positive if and only 

if 0≠ijx . Note that the dual general models 

1,12,111,101,1 ++++ ++= ji
T

ji
T

ji
T

ji xAxAxAx           (3.11a)  

1,22,121,201,1 ++++ ++= ji
T

ji
T

ji
T

ji xAxAxAx          (3.11b) 
 

are positive and asymptotically stable if and only if the cor-
responding general models (3.1) are positive and asymp-
totically stable (Kaczorek, 2007). Taking into account 
Theorem 2.3 and using (3.9) for the positive general model 
(3.1a) we obtain  
 

ijn
T

ij xIAxV ][)( 122 −=∆ λ                                          (3.12)  

and  
 

1
212 ][ −−= AI n

TT λλ                                                  (3.13) 
 

since 1222 λλλ += TA . 

Substitution of (3.13) into (3.12) yields 
 

0][1

]][[

][][)(

1
2

1
211

1
1

212

<−−=

−−=

−−=∆

−

−

−

ijn
T

n

ijnn
T

ijnn
T

ij

xAI

xAIIA

xIAAIxV

λ

λ

                       (3.14)  

 

for every n
ijx +ℜ∈ , 0≠ijx , since (3.10) implies  

[A1 – In][ In – A2] 
–1=[In – A2]

–1[A1 – In]  and the sum of en-
tries of each column of the matrix 1n

T[In – A2]
–1 is positive 

for the positive asymptotically stable general model (3.1b) . 
Similarly, using (3.9) for positive general model (3.11b) 

we obtain 
 

0][)( 222 <−=∆ ijn
TT

ij xIAxV λ                                (3.15)  
 

for every n
ijx +ℜ∈ , 0≠ijx , since ]0...0[][ 22 <− n

TT IAλ . 

Theorem 3.3. Let the matrices A1 and A2 of (3.1) satisfy the 
conditions (3.10). The positive switched system (3.1) 
is asymptotically stable for any switching (3.2) satisfying 
(3.3) if and only if the positive models (3.1) are asymptoti-
cally stable. 
Proof. Necessity follows immediately from Theorem 3.2. 
If the condition (3.10) is met and the models (3.1) are as-
ymptotically stable then by Lemma 3.1 the function (3.9) 
is a common Lyapunov function for the positive models 
(3.1) which satisfies the conditions (3.14) and (3.15). 
Therefore, the positive switched system (3.1) is asymptoti-
cally stable.  
Remark 3.2. It is well-known (Kaczorek, 2001) that substi-
tuting B1 = B2 = 0 into (2.1) we obtain the first Fornasini-
Marchesini model and substituting A0 = 0 and B0 = 0 
we obtain second Fornasini-Marchesini model. 

Consider the positive 2D Roesser model (Kaczorek, 
2001):  
 

1, 11 12 , 11
,

, 1 21 22 , 22

h h
i j i j

i jv v
i j i j

x A A x B
u

x A A x B
+

+

      
= +      

         

                      (3.16a) 

[ ] ,
, 1 2 ,

,

,
h
i j

i j i jv
i j

x
y C C Du i j Z

x +

 
= + ∈ 

  

                     (3.16b) 

 

where 1
,

nh
jix +ℜ∈  and  2

,
nv

jix +ℜ∈  are the horizontal 

and vertical state vectors at the point ),( ji  m
jiu +ℜ∈,  

and p
jiy +ℜ∈,  are the input and output vectors 

and ,2,1,, =ℜ∈ ×
+ lkA lk nn

kl  ,, 21
2211

mnmn BB ×× ℜ∈ℜ∈  
mpnpnp DCC ××× ℜ∈ℜ∈ℜ∈ ,, 21

21 . 

The positive 2D Roesser model (3.16) is a particular 
case of the positive second Fornasini-Marchesini model for  
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00

2221
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A ,                       (3.17a)  

,
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22
1 








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B
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






=

0
11

2
B

B                                            (3.17b) 

 

Therefore, the presented results are also valid for the 
positive Fornasini-Marchesini models and the positive 
Roesser model. 

4. ILLUSTRATING EXAMPLES 

Example 4.1. Consider the positive switched system con-
sisting of two general models (3.1) with the matrices 
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,
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,
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222120
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(4.1) 
 

and the boundary conditions 
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0

0
,

1

1
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
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
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
= jixxx ji                        (4.2) 

 
 
The switching occurs between them in the points  
 

),...6,6(),4,5(),3,3(),1,2(                                                  (4.3) 
 

The first model is unstable since the matrix 









=++=

4.00

12
1211101 AAAA  has one diagonal entry 

greater than 1 (Kaczorek, 2009) and the second model 
is asymptotically stable. By Theorem 3.2 the positive 
switched system is unstable since lim xi,j = ∞ (Fig.1). 
Example 4.2. Consider the positive switched system con-
sisting of two general models (3.1) with the matrices 
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222120

121110
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 (4.4) 

 

and the boundary conditions (4.2). 

 

Fig. 1a. State variables of the first system with A1 

 
Fig. 1b. State vector for second system with A2 
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Fig. 2. State variables of the system with switches 

 
 
Fig. 3. State variables of the system with switches

The switching occur between them in the points (4.3). 
In this case both general models are asymptotically sta-

ble and the matrices satisfy the condition (3.10). By Theo-
rem 3.3 the positive switched system with (4.3) and (4.2) 
is asymptotically stable (Fig. 2). 

The presented considerations can be easily extended to 
the positive switched linear systems consisting of q (q > 2) 
autonomous general models. 

5. CONCLUDING REMARKS 

The positive switched 2D linear systems described 
by the general models have been addressed. Necessary 
and sufficient conditions have been established for the as-
ymptotic stability of the positive switched systems for any 
switching. 

The considerations for positive switched 2D linear sys-
tems described by the Fornasini-Marchesini models and the 
Roesser 2D model are particular cases of the positive 
switch 2D linear systems described by the general model. 
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APPENDIX 

Consider the positive asymptotically stable general 
model (2.1) for the positive constant input ui,j = u. 
Definition A.1. A state xe satisfying the equation 
 

210210 ,, BBBBAAAAuBxAx ee ++=++=+=   (A.1) 
 

is called the equilibrium point of the positive asymptoti-
cally stable general model (2.1) for u > 0. 
Theorem A.1. The equilibrium point of the positive general 
model (2.1) is given by 
 

uBAIxe
1][ −−= .                                                         (A.2) 

  

Proof. If the system is asymptotically stable then the matrix 
][ AI −  is invertible and from (A.1) we obtain (A.2).  

From (A.1) it follows that for positive general model xe 
is strictly positive if Bu is strictly positive vector. 
In particular case from (A.2) for nuB 1= , 

nT
n +ℜ∈= ]1...1[1  we obtain strictly positive vector 

 

01][ 1 >−= −
ne AIx .                                                    (A.3) 
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Abstract: The article is devoted to the elastostatic three-dimensional problem of an interface sheet-like inclusion (anticrack) 
embedded into a periodic two-layered unbounded composite. An approximate analysis is carried out within the framework 
of the homogenized model with microlocal parameters. The formulation and the method of solving the general problem 
for an arbitrarily shaped inclusion is presented. As an example illustrating this method, the problem for a rigid circular inclu-
sion under perpendicular  tension is solved explicitly and discussed from the point of view of failure theory.  

 

1. INTRODUCTION 

Problems dealing with stress concentrations in  deform-
able solids containing different kinds of defects attract 
the attention of specialists from many areas, such as geome-
chanics, metallurgy, materials science. In recent decades 
interest in the study of interface fracture phenomena has 
grown considerably (see, for example, the proceedings 
edited by Rossmanith (1997)). Rigid inclusions (called 
anticracks) are the counterpart of cracks. From the stand-
point of inhomogeneities in solids, these defects are the two 
dangerous extreme cases, namely, for a rigid inclusion  
µ → ∞, and for a crack µ → 0, where µ is the shear modulus 
of the inhomogeneity phase. Interfacial inclusions play 
a significant role in the failure behavior. As well known, 
serious stress concentrations occur near the sharp edges 
of the inclusions, from which cracking, debonding, damage 
and so on may emanate. Therefore,  the studies in this area 
with the aim of obtaining the theoretical solutions of the 
problems involving rigid inclusions under different loading 
conditions are important for structural integrity assessments. 
In comparison with crack problems, the investigation 
of anticracks problems is rather limited, and basic research 
has been performed on two-dimensional problems involving 
rigid line inclusions in elastic homogeneous media (see 
the monographs by Berezhnitskii et al. (1983) and Ting 
(1996)). The corresponding, more practical three-
dimensional problems dealing with rigid sheet-like disc 
inclusions seem to remain inadequately treated and have 
been performed to a much lesser extent. Much of the past 
works related in this field can be found in Kassir and Sih 
(1968), Selvadurai (1982), Silovanyuk (1984), Podil’chuk 
(1997), Rahman (1999), and in the basic monographs by 
Mura (1981) and Panasyuk et al. (1986). The studies of 3D 
problems of rigid inclusions at the interface a bimaterial 
have been found only in Gladwell (1999), Selvadurai 
(2000), Li and Fan (2001), Chaudhuri (2006). The results 
show that the asymptotic stress elastic fields near the rigid 
inclusion front exhibit the oscillatory singularity similar 
to that for interface cracks. This physically anomalous be-
haviour does not occur in numerous  problems of interface 

cracks or anticracks in a periodically layered space (see, 
for example, Kaczyński and Matysiak  1997, 1999) treated 
within the framework of linear thermoelasticity with micro-
local parameters (Woźniak, 1987; Matysiak and Woźniak, 
1988).  

This paper is devoted to a three-dimensional static prob-
lem of an arbitrary shaped rigid inclusion lying on one 
of the interfaces in a periodic two-layer laminated space 
subjected to some external loads. An approximate analysis 
is based on the concept of microlocal homogenization that 
leads to a replacement of the considered periodic composite 
by some homogenized model with microlocal parameters. 
In Section 2 we review governing equations and formulate 
the anticrack problem within this model. Section 3 presents 
a general method of solving the resulting boundary value 
problem. As an illustration, a closed-form solution is given 
and discussed in Section 4 for a circular rigid inclusion  
subjected to tension at infinity.  

2. GOVERNING EQUATIONS AND FORMULATION 

The composite being considered is a periodic laminated 
space consisting of thin repeated fundamental layers 
of thickness δ  which is composed of two bonded homoge-
neous isotropic layers denoted by 1 and 2 as shown  
in Fig. 1. In the following, all quantities (material constants, 
stresses, etc.) pertinent to these sublayers will be denoted 
with the index l or (l) taking the values 1 and 2, respective-
ly. Let λ1, µ1 be the Lamé constants, and δ1 be the thick-
nesses of subsequent sublayers, thus δ = δ1 + δ2.  

Referring to the rectangular Cartesian coordinate system 
OX1X2X3 with the X3 – axis directed normal to the layering 
and the X1X2 – plane being one of the interfaces of the 
materials, denote at the typical point x = (x1, x2, x3)  
the components of the displacement vector and stress tensor  
by wi and σi j, { }, 1,2,3i j ∈ , respectively.  

Suppose that a rigid sheet-like inclusion (anticrack) 
serving as a mechanical defect in this periodically layered 
composite occupies a domain S  with smooth boundary at the 
interface x3 = 0 and is subjected to some external loads. 
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To analyze the elastic field disturbed by this defect, a direct 
analytical approach becomes intricate because of the com-
plicated geometry and complex boundary conditions. There-
fore, the special homogenization procedure called microlo-
cal modelling will be employed in order to seek an ap-
proximate solution within the homogenized model of the 
considered composite. Next, we recall only some relevant 
results from this approach (see Matysiak and Woźniak 
(1988), Kaczyński (1993) for more details).  

 
Fig. 1. Two-layer periodic space with an interface anticrack 

  In the subsequent considerations the following notation 
will be used: Latin subscripts always assume values 1, 2, 3 
and the Greek ones 1,2. The Einstein summation convention 
holds and a comma followed by an index denotes the partial 
differentiation with respect to the corresponding coordinate 
variable. 

The microlocal modelling is based on the following dis-
placement representations: 

( ) ( ) ( ) ( )3 .i i iw u s x d= +x x x  (1) 

Here the unknown functions ui and di are interpreted 
as macro-displacements and microlocal parameters, respec-
tively. Moreover, the postulated a priori function s, called 
the shape function, characterises the special approximate 
model of the treated composite. It is chosen to be section-
ally linear, δ  – periodic, defined as 

( ) ( ) ( )
3 1 3 1

3 1
1 3 1 3 1

0,5 , 0,
; / .

/ 1 0,5 , ,

x x
s x

x x

δ δ
η δ δ

δ η η δ δ δ
 − ∈= =

− − − ∈
 (2) 

The underlined term in Eq. (1) represents the micro-
displacements due to the microperiodic material structure 
of the composite. Note, that for thin layers (δ is small) this 
term may be treated as small and can be neglected, but the 
derivative s’ is a sectionally constant function (taking the 
value 1 if  l = 1  and  –η/(1 – η)  if  l = 2) that is not small 
even for small δ. Hence, the following approximations 
for the displacements and stresses (according to Hooke’s 
law) hold: 

( ) ( )
( )

( )( )

, , ,3 ,3

, , , 3

3 ,3 3,

33 3,3 3 ,

, , ,

,

,

2 ,

i i i i i i i

l l i i

l

l l l

w u w u w u s d

u u u s d

u u s d

u s d u

α α

αβ α β β α αβ

α α α α

γ γ

σ µ δ λ

σ µ

σ λ µ λ

′≈ ≈ ≈ +

′≈ + + +

′≈ + +

′≈ + + +

 (3) 

where δαβ  is the Kronecker delta.  
By using methods of the nonstandard analysis to the 

homogenization procedure, the asymptotic approach to the 
macro-modelling of the laminated space under study leads 
to the governing relations of certain macro-homogeneous 
medium (the homogenized model), given by means of ma-
cro-displacements (after eliminating the microlocal parame-
ters) and taking the following form (in the absence of body 
forces and in the static case): 

( ) ( )
( )

( )

1 1
11 12 , 11 12 ,2 2

44 ,33 13 44 3,3

13 44 , 3 44 3, 33 3,33

0,

0

c c u c c u

c u c c u

c c u c u c u

γ γ α α γ γ

α α

γ γ γ γ

 + + − +
+ + + =


+ + + =

 (4) 

( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3 44 , 3 3,

33 13 , 33 3,3

1,2 2,112

1,1 2,2 3,311 11 12 13

1,1 2,2 3,322 12 11 13

,

,

,

,

.

l
l

l l l l

l l l l

c u u

c u c u

u u

d u d u d u

d u d u d u

α α α

γ γ

σ

σ

σ µ

σ

σ

 = +

 = +



= +

 = + +

 = + +

 (5) 

Positive coefficients appearing in the above equations, 
describing the material and geometrical characteristics 
of the subsequent layers, are given in Appendix A.  

The advantage of the governing equations is their rela-
tively simple form resembling fundamental equations for 
a transversely isotropic body. Moreover, the condition 
of perfect mechanical bonding between the layers (the con-
tinuity of the stress vector at the interfaces) is satisfied, 
so hereafter we shall omit the index (l) in the components 
σi3. Note, however, that the stress components σ

(l)
αβ are 

discontinuous at the interfaces. Finally, putting λ1 = λ2 ≡ λ, 
µ1 = µ2 ≡ µ  entails c11 = c33 = d(l)

11 = λ + 2µ,  c11 = c33 = 
d(l)

11 = d(l)
13 = λ , c44 = µ,  and  Eqs (4) and (5) reduce to the 

well-known equations of elasticity for a homogeneous iso-
tropic body with Lamé’s constants λ, µ.  

Within the scope of the presented homogenized model 
we are concerned with the problem of a rigid inclusion 
occupying a region S at the interface x3 = 0 and subjected 
to external loadings. In order to satisfy the global mechani-
cal boundary condition ensuring that the faces of inclusion 
are free from displacements, superposition is applied 
to separate this problem into two parts: the first one (at-
tached by  0) relating to a basic state of the homogenized 
space with no  inclusion subjected to the given loads and the 
second, corrective part (with tilde) in which the displace-
ments along S are prescribed as the negative of those gener-
ated in the first part. In addition, the displacement and rota-
tion of the inclusion as a rigid body ought to be taken into 
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consideration. Thus, the complete field of the displacements 
ui and stresses  σij  in the composite with the inclusion can 
be represented in the form 

00 ,i i i i j i j i ju u u σ σ σ= + = +ɶ ɶ  (6) 

and in the following we assume that 0
iu and 0

i jσ are known 

from the solution to the first problem. In fact, only the val-

ues of  ( ) ( )0
1 2 1 2, ,0 , ,iu x x x x S∀ ∈  are needed in the sub-

sequent analysis. Next, special attention is paid to the sec-
ond non-trivial perturbed problem involving the local dis-
turbance due to the presence of the anticrack S. 
The mathematical formulation of this boundary value prob-

lem is as follows: find fields iuɶ  and i jσɶ , decaying at infin-

ity,  suitable smooth on R3 – S, such that Eqs (4) and (5) 
hold subject to the boundary conditions on  S 

0

0

0

1 1 1 3 2

2 2 2 3 1

3 3 3 2 1 1 2

,

,

u u x

u u x

u u x x

ε ω

ε ω

ε ω ω

= − + −

= − + +

= − + − +

ɶ

ɶ

ɶ

 (7) 

where εi  and  ωi  are the unknown components of a small 
displacement vector and a small angle of rotation describing  
a motion of the inclusion as a rigid whole under the action 
of external loads. These parameters will be determined later 
in the course of solving the problem in hand from the equi-
librium conditions of the anticrack (no resultant forces 
and zero-moments).  

To reduce the above problem to mixed boundary value 
problems of potential theory associated with a half-space 
region (say, at x3 ≥ 0) and further, to integral equations 
(Kaczyński, 1999), we invoke the relevant symmetry prop-
erties about the plane x3 = 0 and can split the problem into 
two subproblems: 

(A) – the antisymmetric problem with the mixed conditions 

( )
( )
( )

0
3 3 3 2 1 1 2 1 2

2
1 2 1 2

2
33 1 2

, , ,

0, , ,

0, ,

u u x x x x S

u u x x R

x x R S

ε ω ω

σ

= − + − + ∀ ∈

= = ∀ ∈

= ∀ ∈ −

ɶ

ɶ ɶ

ɶ

 (8) 

and  supplemented by the corresponding equilibrium condi-
tions to determine ε3, ωα 

( ) ( )
( ) ( )

33 1 2 33 1 2 1 2

3 33 1 2 33 1 2 1 2
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 (9) 

(B) – the symmetric problem with the mixed conditions 
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( )
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2 2 2 3 1 1 2
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31 32 1 2
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u u x x x S
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u x x R
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σ σ

= − + − ∀ ∈

= − + + ∀ ∈
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= = ∀ ∈ −

ɶ

ɶ

ɶ

ɶ ɶ

 (10) 

and additional equilibrium conditions to determine εα, ω3 

( ) ( )
( ) ( ){
( ) ( ) }

3 1 2 3 1 2 1 2

2 31 1 2 31 1 2

1 32 1 2 32 1 2 1 2

, ,0 , ,0 0,

, ,0 , ,0

, ,0 , ,0 0.

S

S

x x x x dx dx

x x x x x

x x x x x dx dx

α ασ σ

σ σ

σ σ

+ −

+ −

+ −

 − =  

 −  

 − − =  

∫∫

∫∫

ɶ ɶ

ɶ ɶ

ɶ ɶ

(11) 

3. SOLVING THE ANTICRACK PROBLEM  

For the solution of the problems (A) and (B) we use the 
potential function approach based on representing the com-
ponents of displacements iuɶ  in terms of quasi-harmonic 

functions that satisfy the governing equations (4) and are 
well suited to the mixed boundary conditions (8) an (9).  

According to the results obtained by Kaczyński (1993) 
the potential displacement representation is dependent on 
the material constants of the sublayers. Hereafter, only the 
general case u1 ≠ u2 will be considered in which the dis-
placements and stresses are expressed in terms of three 
harmonic potentials ϕi(x1, x2, zi), zi = tix3,                   as  

( ) ( )1 1 2 3,2 2 1 2 3,1,1 ,2

2

3
1

,

,

u u

u m t
z
α

α α
αα

φ φ φ φ φ φ

φ

=

= + − = + +

∂= ∂∑
 (12) 

( )

( )

( )

2 2
31 3

3
44 3 21 ,1

2 2
32 3

3
44 3 11 ,2

2 2
33

244 1

1 ,

1 ,

1 ,

m t t
c z z x

m t t
c z z x

m
c z

α
α α

αα

α
α α

αα

α
α

αα

σ φ φ

σ φ φ

σ φ

=

=

=

 ∂ ∂= + − ∂ ∂ ∂  

 ∂ ∂= + + ∂ ∂ ∂  

∂= +
∂

∑

∑

∑

 

 

( ) ( )
( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )
( )

1 2 3, 11 3, 2212 , 12

1 2 1 211 11 12, 11 , 22

2 2
2

3, 1213 2
1

1 2 1 222 12 11, 11 , 22

2 2
2

3, 1213 2
1

2 ,

2 ,

2 ,

l
l

l l l

l
l

l l l

l
l

d d

d m t
z

d d

d m t
z

α
α α

αα

α
α α

αα

σ µ φ φ φ φ

σ φ φ φ φ

φ µ φ

σ φ φ φ φ

φ µ φ

=

=

 = + + −  

= + + +

∂+ −
∂

= + + +

∂+ +
∂

∑

∑

 (13) 

where the constants ,it mα are defined in Appendix B.  

We now proceed to construct the potentials separately 
in subproblems (A) and (B) with the aim of their reducing 
to some mixed problems of potential theory. 

Subproblem (A) 

An appropriate displacement representation in terms  
of a single harmonic function f(x1, x2, x3) that frees the plane 
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x3 = 0 of the displacement uαɶ  is obtained by taking in the 

general solution (12)  

( ) ( ) ( )1 2 1 2 3, , 1 , , , 0.x x z f x x zα
α α αφ φ= − ≡  (14) 

Then the displacement and stress components are 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 1 2

1

2 1 2
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1

22 1 2
3 44

1

22 1 2
33 44 2

1

2 1 2
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1 21

2

11 11
1

, ,
1 ,

, ,
1 ,

, ,
1 1 ,
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1 1 ,

, ,
2 1 ,

1

l
l

l l

f x x z
u

x

f x x z
u m t

z

f x x z
c m t

z x

f x x z
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z

f x x z

x x

d

ββ
α

ββ

ββ
β β

ββ

ββ
α β β

β αβ

ββ
β

ββ

ββ

β

β

β

σ

σ

σ µ

σ

=

=

=

=

=

=

∂
= − ∂

∂
= − ∂

 ∂
 = − + ∂ ∂ 
 

 ∂
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 ∂
 

∂
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= −

∑

∑

∑

∑

∑

∑

ɶ

ɶ

ɶ

ɶ

ɶ

ɶ
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2
1 2 1 2

122 2
1 2

22 1 22
13 2

1

2 22 1 2 1 2
22 12 112 2

1 21

22 1 22
13 2

1

, , , ,

, ,
1 ,

, , , ,
1

, ,
1 .

l

l

l l l

l

f x x z f x x z
d

x x

f x x z
d m t

z

f x x z f x x z
d d

x x

f x x z
d m t

z

β β

ββ
β β

ββ

β ββ

β

ββ
β β

ββ

σ

=

=

=

 ∂ ∂
 +
 ∂ ∂
 

∂
+ −

∂

 ∂ ∂
 = − +
 ∂ ∂
 

∂
+ −

∂

∑

∑

∑

ɶ

 (15) 

Across the interface 3 0x ±=  equations (15) become 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )
( )

3

3

3

3

1 2

3 2 2 1 1 ,3 1 2 3 0

3 44 2 2 1 1 ,3 1 2 3 0

33 44 2 1 ,33 1 2 3 0

12

2 2
11 22 2 2 1 1 ,33 1 2 313 0

1
313

0,

, , ,

, , ,

, , ,

0,

, ,

substitute  for

x

x

x

l

x

u u

u m t m t f x x x

c t m t m t f x x x

c m m f x x x

d m t m t f x x x

d x

α ασ

σ

σ

σ σ

±

±

±

±

±
=

±
− =

±
=

± ±
=

= =

 = −  

 = + −  

 = −  

=

 = = −  

ɶ ɶ

ɶ

ɶ

ɶ

ɶ

ɶ ɶ

( )( )2
3130 , for 0 .d x+ −= =

 (16) 

The application of conditions (8) leads to the boundary 
conditions 

( )

( )
( )

( )

( )

0

3

3

1 2

3 1 2 3 2 1 1 2
,3 1 2 3 0 2 2 1 1

2
1 2

,33 1 2 3 0

–     for  ,

, ,0
, , ,

–     for  ,

, , 0 .

x

x

x x S

u x x x x
f x x x

m t m t

x x R S

f x x x

ε ω ω
+

+

+

=

=

∈

− + − +
  =  −

∈ −

  = 

 (17) 

The mixed boundary value problem posed by the above 
equations is regarded as the classical one appearing in typi-
cal electrostatic and punch problems (Sneddon, 1966). It is 
reduced to an integral equation by assuming the following 
representation for the unknown potential f and its derivative 
f,3: 

( ) ( ) ( ) ( )

( ) ( )
( )

3
44 2 1

,3
44 2 1

1
ln ,

2

1
.

2

S

S

f q x dS
c m m

q dS
f

c m m

π

π

= − − +
−

= −
− −

∫∫

∫∫

x x

x
x

ξξξξ

ξξξξ

ξ ξξ ξξ ξξ ξ

ξξξξ
ξξξξ

(18) 

Here, the unknown layer density q(ξ1, ξ2 ) can be identi-

fied as the stress ( ) ( )33 1 2 1 2, ,0 , , Sσ ξ ξ ξ ξ+ ∀ ∈ɶ and −x ξξξξ  

is a distance between the field point x = (x1, x2, x3)  and the 
integration point ξ = (ξ1, ξ2, 0). Due to the well-known 
properties of the potential of a simple layer (given by (18)2), 
the last condition in (17) is satisfied, and the first one leads 
to the following integral equation for the stress 33 Sq σ +≡ ɶ : 

( )
( ) ( )

( )33 1 2 1 2
3 1 2

2 2
1 1 2 2

,
ˆ , ,

S

d d
H u x x

x x

σ ξ ξ ξ ξ

ξ ξ
= −

− + −
∫∫

ɶ
 (19) 

where the following  notations are used: 

 ( )
( ) ( )0

2 2 1 1

44 2 1

3 1 2 3 1 2 3 2 1 1 2

,
2

ˆ , , ,0 .

m t m t
H

c m m

u x x u x x x x

π

ε ω ω+

−
=

−

= − + − +
 (20) 

It is noteworthy that this governing equation has a simi-
lar form as that arising in the classical contact problem 
(Fabrikant, 1989). Generally, it can be solved by numerical 
methods. However, in the case where S is an ellipse and 3û  

is an arbitrary polynomial, a closed-form exact solution can 
be obtained (Rahman, 2002). 

Subproblem (B) 

The mathematical formulation satisfying the conditions 
(10) is more complex that than used in subproblem (A) 
and requires the introduction of two harmonic functions 
G(x1, x2, x3), H(x1, x2, x3) such that their relationships to ϕi  
in Eqs. (12) are 
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( ) ( )

( ) ( )

( ) ( )

2 2
1 1 2 1 1 1 2 1

2 2 1 1

1 1
2 1 2 2 2 1 2 2

2 2 1 1

3 1 2 3 3 1 2 3

, , , , ,

, , , , ,

, , , , ,

m t
x x z F x x z

m t m t

m t
x x z F x x z

m t m t

x x z F x x z

φ

φ

φ

= −
−

=
−

=

 (21) 

where 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 2 1 1 2 1
1 1 2 1

1 2

1 2 2 1 2 2
2 1 2 2

1 2

1 2 3 1 2 3
3 1 2 3

2 1

, , , ,
, , ,

, , , ,
, , ,

, , , ,
, , .

G x x z H x x z
F x x z

x x

G x x z H x x z
F x x z

x x

G x x z H x x z
F x x z

x x

∂ ∂
= +

∂ ∂
∂ ∂

= +
∂ ∂

∂ ∂
= −

∂ ∂

 (22) 

Inserting Eqs (21) into (12) yields the displacements 

[ ]

[ ]

1 1 2 2 2 1 , 1 3
1

2 2 1 1 2

1 1 2 2 2 1 , 2 3
2

2 2 1 1 1

1 2 2 1
3

2 2 1 1 2 1
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m t F m t F F
u
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t t F F
u

m t m t z z

− ∂
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− ∂
− ∂

= +
− ∂

 ∂ ∂
= − − ∂ ∂ 

ɶ

ɶ

ɶ

 (23) 

By the same procedures, the corresponding stress com-
ponents are found from Eqs  (13) as 

( ) ( )
2 2

31 1 2 2 1
1 2

44 2 2 1 1 1 2 1 1
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3
2 3
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,

t t F F
m m
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σ  ∂ ∂
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∂
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∂ ∂
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    (24) 
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− ∂ ∂ ∂ ∂  

∂
+
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l

l
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−

 ∂ ∂
+ − + 

− ∂ ∂  

ɶ
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The above expressions simplify considerable on the 
plane 3 0x = (then , 0ii z∀ = , ( ) ( )1 2 1 2 3, , , ,i i iF x x z F x x x=   

( ) ( )1 2 1 2 3

3

, , , ,i i i

i

F x x z F x x x

z x

∂ ∂
=

∂ ∂
, and 1 2 ,1 ,2F F G H= = + , 

3 ,2 ,1F G H= − ). Moreover, by letting 

( ) ( )
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1 2 3
1 2 3

3

1 2 3
1 2 3

3

, ,
, , ,

, ,
, , ,

G x x x
g x x x

x

H x x x
h x x x

x

∂
=

∂
∂

=
∂

 (25) 

Eqs (23) and (24) yield the displacement and stress 
components across the plane of symmetry x3 = 0  
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,
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=

=
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=
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=

=

 =  

 =  

=
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 
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ɶ

ɶ

ɶ

ɶ

ɶ

 (26) 

Expressions  for ( )
11

lσɶ and ( )
22
lσɶ  have been omitted be-

cause of their complexity. The constants  *C  and κ stand 
for 

 
( )1 2 2 1 3

44
2 2 1 1

* , 1 .
*

t t m m t
C c

m t m t C
κ

−
= = −

−
 (27) 

We see that the boundary value problem posed by Eqs 
(10) is equivalent to that of finding two harmonic functions 
g and h in x3 ≥ 0 such that their partial derivatives up to the 
third order vanish at infinity and satisfies the following 
mixed conditions on x3 = 0: 
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+

+
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=
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=

∈
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 + − = 

 + − = 

(28) 
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It can be observed that this formulation is dual to the 
well-known obtained for the shear loading crack problem 
(see Kassir and Sih, 1975). To solve the problem, we make 
use of the integral method developed by Kaczyński (1999). 
The harmonic functions g  and h are expressed as Fourier’s 

integrals (Sneddon, 1972) 

( )
( )

( ) ( )
( )

2

3
2
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,

g

h
R

Ag x i x
dS

h A

α αξ     − + =   
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 (29) 

where ( ) 2 2
1 2 1 2, ,0 ,Sξ ξ ξ ξ= ∈ = +ξ ξξ ξξ ξξ ξ  and the unknown 

functions gA and hA , in view of (28), must satisfy the fol-

lowing system 
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Its solution is 
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Now, making use of these expressions it follows from  
Eqs (29) that (see Silovanyuk, 1984 and Kaczyński, 1999 
for more details) 
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x
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x

(32) 

where  

( ) 32 1 * 2 .C C tπ κ π= − − = −  (33) 

Finally, from the first conditions of (28), one obtains the 
following integral equations for the stresses 3 Sασ +ɶ : 
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dS x dS

x x dS
t u x x

σ σ ξ
κ

σ ξ ξ
κ π

σ σ ξ
κ

σ ξ ξ
κ π

−
−

− −

− −
+ = −

−

−
−

− −

− −
+ = −

−

⌠⌠⌠⌠
 ⌡⌡ ⌡⌡

⌠⌠

⌡⌡

⌠⌠⌠⌠
 ⌡⌡ ⌡⌡

⌠⌠

⌡⌡

ɶ ɶ

ɶ

ɶ ɶ

ɶ

ξ ξξ ξξ ξξ ξ

ξξξξ

ξ ξξ ξξ ξξ ξ

ξξξξ

ξ ξξ ξξ ξξ ξ
ξξξξ ξξξξ

ξξξξ

ξξξξ

ξ ξξ ξξ ξξ ξ
ξξξξ ξξξξ

ξξξξ

ξξξξ

x* x*

x*

x* x*

x*

(34) 

where the following notations were introduced: 

( ) ( )
( ) ( )
( ) ( )

0

0

1 2 1 2

1 1 2 1 1 2 1 3 2

2 1 2 2 1 2 2 3 1

* , , , ,

ˆ , , ,0 ,

ˆ , , ,0 .

x x S S

u x x u x x x

u x x u x x x

ξ ξ

ε ω

ε ω

+

+

= ∈ = ∈

= − + −

= − + +

x ξξξξ

 (35) 

Note that the form of (34) is similar to that given for the 
corresponding homogeneous isotropic problem. Moreover, 
it is verified that the derived governing integral equations 
are in agreement with those achieved by Silovanyuk (1984) 
in the homogeneous case. Knowing the stresses 

( )3 1 2,x xασɶ acting on the side S+of the rigid inclusion from 

the solution of Eqs (34), the stress and displacement fields 
can be found from the main potentials g and h, determined 
by means of  (32).   

4.  EXAMPLE: ANTICRACK UNDER TENSION 

For illustration, presented is a solution to the problem 
of a rigid circularly-shaped interface inclusion (such that 

( ){ }2 2
1 2 1 2, ,0 :S x x r x x a= ≡ + ≤ ) in a periodic two-layer 

laminated space subjected to a constant normal stress p 
at infinity (see Fig. 1), i.e. 

( ) ( ) ( )33 31 32, 0 .pσ σ σ∞ = ∞ = ∞ =  (36) 

The results for the 0-displacements of the inclusion-free 
problem involving the solution of the basic equations (4) 
and (5) with conditions (36) are readily obtained to be 

0 0

0

1 1 2 2

3 3 3

, ,

,

u A p x u A p x

u A p x

= − = −

=
 (37) 

where 
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( )

( )

13
2

33 11 12 13

11 12
3 2

33 11 12 13

,
2

.
2

c
A

c c c c

c c
A

c c c c

=
+ −

+
=

+ −

 (38) 

Now invoking the displacements in Eqs (37) on the 
plane x3 = 0, we deduce by consideration of symmetry in (8) 
that ε3 = ω1 = ω2 = 0. Thus, we proceed to solving the sub-
problem B (cf (10) and (11)) in which the appropriate con-
ditions are 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

1 1 2 1 1 3 2 1 2

2 1 2 2 2 3 1 1 2

2
3 1 2 1 2

2
31 1 2 32 1 2 1 2

, ,0 , , ,

, ,0 , , ,

, ,0 0, , ,

, ,0 , ,0 0, , ,

1
O as .i

u x x A p x x x x S

u x x A p x x x x S

u x x x x R

x x x x x x R S

u

ε ω

ε ω

σ σ

+

+

+

+ +

= + − ∀ ∈

= + + ∀ ∈

= ∀ ∈

= = ∀ ∈ −

 
= →∞  

 

ɶ

ɶ

ɶ

ɶ ɶ

ɶ x
x

(39) 

This problem is reduced to the set of coupled two-
dimensional integral equations (34) in which the right sides 
are determined by the following polynomials: 

( )
( )

1 1 2 1 1 3 2

2 1 2 2 3 1 2

ˆ , ,

ˆ , .

u x x A p x x

u x x x A p x

ε ω
ε ω

= + −

= + +
 (40) 

 An exact solution of these integral equations, obtained 
by using Galin’s theorem, has the form 

 ( ) { }0 1 1 2 2
3 1 2

2 2
, , 1,2 ,

b b x b x
x x

a r

α α α
ασ α+ +

= ∀ ∈
−

ɶ  (41) 

where { } { }, 0,1,2 , 1,2ib iα α∈ ∈ are the unknown constants 

to be determined. Putting (41) into (34) and calculating 
the resulting integrals (see Vorovich et al.,1974), we arrive 
at the equalities of two polynomials. Hence, a system 
of algebraic equations for ib α  can be obtained, and their 

solving yields 

( ) { }3
0

3
12 21 3

11 22

4
, 1,2 ,

2

4
,

4
* .

t
b

k

t
b b

b b AC p

α αε α
π

ω
π

π

= − ∀ ∈
−

= =

= = −

 (42) 

If we now make use of the equilibrium conditions (11) 
on the anticrack we find (as might be expected) that 

 1 2 3 0ε ε ω= = =  (43) 

and the solution given by (41) can be written in the simple 
form 

( ) ( )3 1 2 1 2
2 2

, , , ,0 ,
x

x x B x x S
a r

α
ασ += ∈

−
ɶ  (44) 

where 

4
*B AC p

π
= − . (45) 

Accordingly, the problem is axially symmetric and the 
full elastic field is determined if we find the main potentials 
g and h  (see (21) - (25)). Substituting (44) into (32) we get 

( )
( )

, 3 2 ,2 1 ,2

, 3 1 ,2 2 ,1

,

.

B
g x x

C
B

h x x
C

ϕ κ ϕ κ ψ

ψ κ ψ κ ϕ

= + −

= + −
 (46) 

Here ϕ  and ψ are the potentials of simple layers defined as 

( )
( ) ( )

( )
( ) ( )

1 1 2

2 2 2 2 2 2
1 1 2 2 3 1 2

2 1 2

2 2 2 2 2 2
1 1 2 2 3 1 2

,

,

S

S

d d

x x x a

d d

x x x a

ξ ξ ξϕ
ξ ξ ξ ξ

ξ ξ ξψ
ξ ξ ξ ξ

=
− + − + − −

=
− + − + − −

⌠⌠

⌡⌡

⌠⌠

⌡⌡

x

x

(47) 

for which the method of Fabrikant (1989) yields the explicit 
results in elementary functions as follows 

( )

( )

2 2
2

1 2
2 2

2 2
2

2 2
2 2

arcsin ,

arcsin ,

a l aa
x

l l

a l aa
x

l l

ϕ π

ψ π

 − = −
 
 

 − = −
 
 

x

x

 (48) 

where in his notation 

( ) ( ) ( )

( ) ( ) ( )

2 22 2
1 1 3 3 3

2 22 2
2 2 3 3 3

1
, , ,

2

1
, , .

2

l l a r x r a x r a x

l l a r x r a x r a x

 ≡ = + + − − +  

 ≡ = + + + − +  

 (49) 

All the necessary partial derivatives or some integrals 
of potentials (48) can be found in Appendix 5 of the book 
by Fabrikant (1991), which allows us to write a complete 
solution to problem under study.  

It is of interest to record and discuss the relevant  in-
terfacial stresses in the plane of the anticrack. They are 
given below: 

( ) 2 2
3

4
, 0 ,

,0

0, ,

r

r

p r
r a

r a r

r a

β
σ π±

 ≤ <=  −
 >

∓
ɶ  (50) 

( )
3

33 3

2 2

, 0 ,

ˆ ,0 2
arcsin , ,

p r a

r p a a
r a

rr a

β

σ β
π

±

− ≤ <
  = 

 − >  −  

 (51) 

where (see Appendices) 
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( ) ( )
11 33 44

2
33 11 12 13 11 44

*
2

r
c c c t

AC
c c c c c c

β += =
 + − +
 

, (52) 

( )
( ) ( )

13 44 11 33 13
3 2

11 33 44 33 11 12 13

2

2

c c c c c

c c c c c c c
β

−
=

 + + −
 

 . (53) 

Now, it is significant to observe that the singularity 
of the stresses close to the edge of the anticrack has the 
order r-1/2, contrary to oscillatory type observed in the elas-
tic fields relating to bimaterial interfaces. From the stand-
point of classical fracture mechanics, two failure mecha-
nisms are possible: 
– separation of the material from the inclusion character-

ized by the stress singularity coefficients 

 ( ) ( )II 3
4

lim 2 ,0 r
r

r a

p a
S a r r

βπ σ
π−

± ±

→
= − =ɶ ∓  (54) 

– mode I (edge-opening) deformation characterized by the 
stress intensity factor 

 ( ) ( ) 3
I 33

2
lim 2 ,0

r a

p a
K r a r

βπ σ
π+→

= − =  . (55) 

These parameters may be used to the determination 
of the limiting equilibrium of the considered composite 
weakened by the anticrack (see, e.g. Rahman, 2002).  

Finally, the solution to the corresponding homogeneous 
material problem is the special case when 

1 2 1 2,λ λ λ µ µ µ= ≡ = ≡ , and hence 11 33 2c c λ µ= = + ,  

12 13c c λ= = , 44c µ= . Then Eqs (52) and (53) become 

( )
( )( )

( )
( )( )

( )( )
( )

( )( )3

2 2 1
,

3 3 2 1 3 4

2 1 22

3 3 2 1 3 4

r
λ λ µ ν ν

β
λ µ λ µ ν ν

ν νλ µβ
λ µ λ µ ν ν

+ −
= =

+ + + −

−
= =

+ + + −

 (56) 

with 
( )2

λν
λ µ

=
+

 being Poisson’s ratio, and the results are 

in agreement with those obtained differently by Kassir and 
Sih (1968).   

APPENDIX  A 

Denoting by  

( ) ( ) 1 22 1,2 , 1l l lb l b b bλ µ η η= + = = − + ,  

the positive coefficients in governing equations (4) and (5) 
are given by the following formulas: 

( )( ) ( )

( )

( ) ( ){ }
( )

( ) ( )
( ) [ ]
( )

33 1 2

11 33 1 2 1 2 1 2

13 2 1 1 2

12 1 2 2 1 1 2

44 1 2 1 2

1311

1312

3313

/ ,

4 1 / ,

1 / ,

2 1 1 / ,

/ 1 ,

4 / ,

2 / ,

/ .

l
l l l l l

l
l l l l

l
l l

c b b b

c c b

c b b b

c b

c

d c b

d c b

d c b

η η µ µ λ λ µ µ

η λ η λ

λ λ η µ η µ η λ η λ

µ µ η µ η µ

µ λ µ λ

µ λ λ

λ

=

= + − − − + −  

= − +  

= + + − + −      

= − +  

 = + + 

= +

=

 

APPENDIX  B 

The constants appearing in Eqs (12) and (13) are given 
as follows: 

( ) ( )
( )

{ }

1 1
1 22 2

3 11 12 44

2
11 44

13 44

, ,

/ 2 ,

, 1,2 ,

t t t t t t

t c c c

c t c
m

c c
α

α α

+ − + −

−

= − = +

= −

−
= ∀ ∈

+

 

where 

( )44

33 44

11 33 13

2
,

.

A c A
t

c c

A c c c

±
±

±

±
=

= ±

∓

 

Note that   1 2 11 33 1 2/ , 1t t c c m m= = . 
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Abstract: The paper presents experimental results of investigations carried out on the 2024 aluminium alloy and P91 steel 
under biaxial stress state. The loading programme comprised a monotonic tension assisted by torsion-reverse-torsion cycles. 
An influence of the cyclic loading and its delay with respect to uniaxial tension on the selected mechanical parameters taken 
on the basis of tensile characteristics was investigated. Additionally, a relative variation of the proportional limit and yield 
point due to the loading history applied was analyzed. A permanency of effects observed during combination of tension 
and cyclic torsion was experimentally assessed on the basis of an initial yield surface evolution. 

1. INTRODUCTION 

An activity of many research groups is focused on ex-
perimental evaluation of an influence of cyclic loading on 
material behaviour under complex stress states being com-
bination of an axial force and twisting moment (Niewielski 
et. al. 2006; Xiang, 2003; Correa et. al., 2003; Gronostajski 
and Jaśkiewicz, 2004; Kowalewski and Szymczak, 2007, 
2008, 2009). The results achieved from such investigations 
are important from technological point of view because they 
are providing a knowledge necessary for modification of 
some metal forming processes, such as drawing, extrusion 
(Kong and Hodgson, 2000) or forging (Bochniak et al. 
2006).  

 
Fig. 1. Variations of the effective stress-effective strain character-

istics due to different types of loading: 1 – monotonic ten-
sion, 2 – monotonic tension and torsion-reverse-torsion 
cycles, 3 – torsion-reverse-torsion-cycles (Correa et. al. 
2003) 

 
 

 
Moreover, these results are also important for develop-

ing of a new theoretical formulas and modelling of material 
effects observed (Kong and Hodgson, 2000). 

An essential change of the stress-strain characteristic 
in the form of stress drop for the same magnitude of strain 
is the typical material effect associated with cycles acting 
in the perpendicular direction with respect to the monotonic 
loading (Correa et. al., 2003; Gronostajski and Jaśkiewicz, 
2004; Kowalewski and Szymczak 2007, 2008, 2009), 
Fig. 1. As it is presented in Fig.1, a switching on of the 
cyclic loading caused 33% drop of the monotonic tension 
curve. However, a comparison of the stress-strain curve 
for the tests carried out under combination of monotonic 
tension and cyclic torsion against to the curve representing 
a cyclic torsion only, exhibits a hardening effect.  

 
Fig. 2. A scheme of loading programme for optimisation of forces 

during the bevel gears forging at temperature equal 850oC, 
1 – displacement of stamp, 2 – twisting moment, 3 – forg-
ing force (Bochniak et. al. 2006) 
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Fig. 3. Force variations during extrusion process by application  

of the KOBO method, 1 – using torsional loading,  
2 – without torsional loading (Kong and Hodgson, 2000) 

A cyclic loading was successfully applied to improve 
forging processes, Fig. 2 (Bochniak et. al.). The loading was 
programmed in such a way, that the torsion cycles were 
activated during the stamp movement. A magnitude of the 
cyclic loading amplitude was dependent on the forging 
force. It gradually increased as the forging force was in-
creased. This type of loading reduced the axial force during 
forging more than four times. Similar effect was achieved 
during extrusion, however, it was much weaker, Fig. 3. 
(Kong and Hodgson, 2000). 

2. DETAILS OF EXPERIMENTAL PROCEDURE 

The main experimental programme was carried out for 
a small value of the total strain, less than 1%. The main 
experimental objectives were focused on evaluation of: 
− an influence of torsion-reverse-torsion cycles on the 

tensile characteristic and conventional mechanical pa-
rameters of engineering materials; 

− a role of delayed torsion cycles on behaviour of materi-
als during the monotonic tension; 

− an influence of the cyclic loading frequency on the ten-
sile characteristics. 
Three materials were tested: P91 steel (commonly ap-

plied in the power industry), 2024 aluminium alloy from 
aircraft industry and M1E pure cooper (mainly used in the 
electronic industry). A control parameter in the form of the 
cyclic strain amplitude was designed to have a triangular 
shape and frequency equal to 1 Hz.  

All tests were carried out at room temperature using 
thin-walled tubular specimens with 1.5 mm wall thickness. 
The biaxial stress state was obtained using various combina-
tions of an axial force and twisting moment. All loading 
programmes were strain controlled. The experimental pro-
gramme contained selected combinations of monotonic and 
cyclic loadings, i.e. the torsion-reverse-torsion cycles were 
superimposed on the monotonic tension. 

In the last part of the experimental programme subse-
quent yield surfaces for a plastic offset strain equal to 10-5 
were determined. It enabled investigation of an initial yield 
surface evolution due to the loading history applied. 
 

3. THE EXPERIMENTAL RESULTS 

At the beginning of the main experimental programme 
a material behaviour was investigated under torsion-reverse-
torsion. Figure 4 presents representative variations of shear 
stress for two tested materials. The results for the pure cop-
per exhibit a significant cyclic softening effect (Fig.  4a), 
but in the case of steel a little cyclic hardening takes place 
(Fig. 4b). These effects are also well visible in Fig. 5 which 
presents hysteresis loops evolution for both materials. 
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Fig. 4. Variations of a shear stress due to torsion-reverse-torsion 
            cycles for: (a) M1E copper; (b) P91 steel 

The main representative loading programme is shown 
in Fig. 6a for the P91 steel. It presents some variations 
of the axial and shear strain components versus time. Stress 
responses into the programme are illustrated in Fig.6b. 
Variations of the axial stress express the material hardening 
in the tension direction, while those for the shear stress 
observed identify a lack of any significant effects. 

In the first part of experiment an influence of the cyclic 
strain amplitude on the basic mechanical parameters evolu-
tion was investigated. As it is shown in Figs. 6-10, the tor-
sion-reverse-torsion cycles associated with monotonic ten-
sion caused variations of the tensile characteristic. For both 
materials, a significant decrease of the axial stress can be 



acta mechanica et automatica, vol.4 no.4 (2010) 

 53

observed. An increase of the cyclic shear strain amplitude 
led to the further decrease of the stress-strain characteristic. 
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Fig. 5. Hysteresis loops evolution due to torsion-reverse-torsion 

cycles for: (a) M1E copper; (b) P91 steel 

As a consequence, due to the cyclic loading applied the 
conventional mechanical parameters, such as the propor-
tional limit and yield point, were reduced significantly. 
It is expressed by an essential drop of the yield point from 
240 MPa to 25 MPa for the cooper (Fig. 7) and from 550 
MPa to 125 MPa for the steel (Fig. 9). The effect is much 
stronger for the copper, since the yield point reduction 
(8 times) is greater than that for the steel achieved (more 
than 4 times). 

Taking into account a percentage decrease of the pro-
portional limit and yield point in comparison to their magni-
tudes determined from standard tension test it corresponds 
to around 90% drop of these parameters in the case of cop-
per (Fig. 8), and around 70% for the steel, Fig.10. 

The next part of the experimental programme was fo-
cused on investigations evaluating an influence of the tor-
sion-reverse-torsion cycles delay on the tensile characteris-
tic. The results for the P91 steel are presented in Fig. 11. 
It is clearly seen, that a drastic axial force drop is related to 
the assistance of cyclic loading. The axial force decreased 
rapidly (370 MPa) directly after switching on of the torsion 
cycles. Similar effect was earlier observed for the 2024 
aluminium alloy, Fig.12 (Kowalewski and Szymczak 2007). 

(a) 
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Fig. 6. Strain controlled loading paths (a), (b) – stress responses into 

the loading program shown in (a), ε – axial strain,  
γ/2 – shear strain, σ – axial stress, τ – shear stress 

 
Fig. 7. A comparison of typical tensile characteristic (0)  

with tensile characteristics due to monotonic tension  
superimposed on the torsion-reverse-torsion cycles  
for strain amplitude equal to: ±0.3% (1), ±0.5% (2),  
±0.7% (3), ±0.9% (4) 

The stress – strain diagrams showing the results from 
tests 2024 aluminium alloy identify a transient character 
of the force reduction during tension associated with cyclic 
loading (Fig.12). This conclusion can be proved by deter-
mination of the yield surfaces for materials after standard 
tension tests and after tension carried out in the presence 
of torsion cycles.  
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Fig. 8. Variations of the relative stress drop versus cyclic strain 

amplitude during monotonic tension superimposed  
on the torsion-reverse-torsion-cycles for strain amplitude 
varying from 0% to 0.7% 

 
Fig. 9. A comparison of typical tensile characteristic (0) with 

tensile characteristics due to monotonic tension superim-
posed on the torsion-reverse-torsion cycles for strain am-
plitude equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3) 

 
Fig. 10. Variations of the relative stress drop versus cyclic strain 

amplitude during monotonic tension superimposed  
on the torsion-reverse-torsion-cycles for strain amplitude 
varying from 0% to 0.7% 

 
Fig. 11. Tensile characteristic of the P91 steel determined  

in assistance of torsion cycles delayed with respect  
to monotonic axial loading 

     
 

          
Fig. 12. Tensile characteristic of the 2024 aluminium alloy  

characteristic determined in assistance of torsion cycles 
delayed with respect to monotonic axial loading  
(programme of monotonic and cyclic loads is shown  
in the upper diagram) 

Thus, the last step of the experimental programme com-
prised tests the main aim of which was to check whether 
the force reduction during tension had the permanent char-
acter. The yield surface concept was applied. For each yield 
surface determined it was assumed that the total strain in the 
axial direction must be the same. 
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The representative results for the copper and P91 steel 
are presented in Figs. 13 and 14, respectively. As it is 
clearly seen the subsequent yield surfaces for both materials 
confirm that the axial force reduction is only related to 
torsion cycles during monotonic tension. Looking at the 
magnitudes of tension stress instead of reduction an increase 
can be observed (little for the P91 steel, but significant for 
the copper). Therefore, it can be concluded that the com-
parison of the subsequent yield loci with the initial yield 
surface exhibits only an influence of the loading history 
applied, and moreover, proves a transient character of the 
axial force drop, which can be solely attributed to cycles 
acting in the perpendicular direction. 

 
Fig. 13. An evolution of the initial yield surface (0) for the M1E 

copper due to torsion-reverse-torsion cycles for strain  
amplitude equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3) 

 
Fig. 14. An evolution of the initial yield surface (0) for the P91 

steel due to torsion-reverse-torsion cycles for strain  
amplitude equal to: ±0.3% (1), ±0.5% (2), ±0.7% (3) 

4. CONCLUSIONS 

The investigations carried out on both materials allow 
to formulate the following conclusions and remarks: 
− torsion-reverse-torsion cycles during monotonic tension 

cause a significant decrease of the proportional limit 
and yield point; 

− an increase of the strain amplitude of torsion cycles 
improves material ductility in the tension direction; 

− a reduction of the yield point and proportional limit 
increases with the cyclic strain amplitude increase; 

− axial force reduction due to presence of the torsion cy-
cles is not permanent, it vanishes after cyclic loading in-
terruption; 

− an initial yield surface evolution does not confirm rapid 
reduction of selected mechanical parameters during ten-
sion assisted by cyclic torsion, it only points out their 
variations due to loading history applied. 
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Abstract: The paper presents the basic of the new method of rotor machine blades during their operation. The method utiliz-
es such diagnostic models as a quotient of diagnostic signal y(t) amplification being a result of blade operation and x(t) signal 
of its environment as the blade tip approaches the sensor as well as amplification of these signals as the blade tip recedes 
from the sensor and phase shift difference of these signals as the blade tip approaches and recedes from the sensor. 
The adopted diagnostic models indirectly take the current blade environment x(t) into account with no necessity of measuring 
(Kotowski and Lindstedt, 2007; Lindstedt and Kotowski, 2004). Therefore the model is sensitive to blade technical condition 
changes remaining only slightly sensitive to environment changes. Suggested method may prove very important in diagnos-
tics of rotor blades during operation of rotor machines (turbines, compressors etc.). 

1. INTRODUCTION 

 Rotor machine is complex technical object (combined 
of multiple parts such as blades, bearings, shields) operat-
ing in complex environment (affected by variable stress, 
pressure, temperature, vibration etc.). The trouble spot 
of machine are, except bearings, blades. These are techni-
cally simple, however hard in matter of use and mainten-
ance mainly due to high risk of aptitude assessment. Expe-
rience shows that fall of one blade of several dozen or hun-
dreds almost always leads to serious breakdown of the 
whole  (often very expensive) rotor machine (axis compres-
sor, turbine). This causes huge interests in methods of rou-
tine diagnostics (monitoring) of blades technical condition 
during its operation. 

Nowadays multiple methods of working rotor blades 
technical condition are in use. Diagnostic research in these 
methods are based on 'non-contact' measurement of values 
of tip of the blade current moves when in area below dedi-
cated sensor. Many non-contact measuring systems have 
been designed and introduced. These are commonly known 
and used measuring system produced by: Hood, Aqilis, 
Pratt&Whithey (USA), Rolls Royce (UK), Turbocharges 
(Switzerland), MTU (Germany) as well as other Russian, 
Chinese and Indian manufacturers (Bovishanskii, 2000; 
Duan et al., 2005; Von Flotow and Mercadal, 2000; High 
Cycle Fatigue S & program 1997, 1998, 1999, 2000, 2001, 
2002; Klein, 2004; Roberts, 2007; Zieliński and Ziller, 
2005). 

Polish measuring systems are also used, particularly 
those designed and introduced by Air Force Institute 
of Technology (AFIT) in Warsaw. Amongst the non-
contact measurement of blade translocation systems manu-
factured by AFIT the following are to be mentioned  
(Lindstedt et al., 2009; Szczepanik and Przysowa, 2004; 
Szczepanik, 1999): 
− blade fracture indicator: SPŁ – 29; 

− blade excessive vibration indicator: SNDŁ – 2b; 
− microwave sensors: MUH, PIT;  

These systems are successfully implemented in specific 
operating technical objects (SO-3 engines). 

Diagnostic inference used in hitherto methods are based 
on elaboration of signals obtained during diagnostic analy-
sis coming as a result of blade activity without sufficient 
(according to authors) consideration being given to the 
signals of its variable environment. 

Measurement of blade environment signals during oper-
ation of rotor machine are often hard or impossible to pro-
ceed thus are not sufficiently considered in blades diagnos-
tics. Therefore statement can be made that hitherto methods 
of rotor blades technical condition in-work assessment 
do not realize the basic rule of technical diagnostics com-
pelling research and analysis of object technical condition 
in environment (PN-90/N-04002) thus being not accurate 
and reliable enough. 

Hence the need emerged to elaborate the new method 
of in-work diagnostics of blade technical condition that 
would take the environment into consideration and, if poss-
ible, would not require the use of unavailable or hard 
to measure signals. This problem is solved by blade analy-
sis method that base on special diagnostic model allowing 
to eliminate its practical environment with specific me-
thods. 

2. BLADE ACTIVITY IN UNMEASURABLE  
ENVIRONMENT 

 Blade, its construction and activity while in variable 
environment (Lindstedt et al., 2009; Skubacziewskij, 1974) 
are presented in Fig. 1. 

During blade operation its technical condition changes 
until occurrence of various damage (deformation, frac-
tures). Causes and places of possible occurrence are shown 
in Fig.2 (Skubacziewskij, 1974). 
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Fig. 1. Rotor machine blade in variable environment (F0 – centrifugal force; Fz – lock grip force; n – rotational speed; Pz – blade aerodyna-

mic lift; Px – resisting force; Ms – torque  Mg – bending moment,  p1 – gas pressure on blade rim input, p2 – gas pressure on blade rim 
output; Yg – blade deflection; Ys – blade torsion angle; Yw – blade lengthwise translocation; Yf  – various vibration signal (bending, 
lengthwise, torsional); Yc  – thermal deformation; f – vibration signal; fob – casing vibration signal; c – thermal decomposition signal) 

 
Fig. 2. Forms of vibration and lines indicating traces of vibration 

nodes (Chart I: 1,2,3 – first, second and third form of bend-
ing vibration; 4 – first kind torsional vibration; 5 – second 
kind torsional vibration; 6 – combined bending-torsional 
vibration. Chart II: photograph of nodes traces in second 
form of bending vibration. Chart III: photograph of nodes 
traces in third form of bending vibration) 

 
Fig. 1. and Fig. 2. show that blade is a technical object 

with complex activity that need to be described with multi-
dimensional blade deformation state. These deformations 
originate from environment and are caused by multiple 
reasons such as: 
− centrifugal force stresses F0 depending on rotational 

speed that cause lengthwise and bending deformations 
(Fig.1.) – Yw, Yg 

− gas stresses Pz and Px caused by  air stream depending 
on speed and altitude (Fig.1.) – Ys (in case of  rotor ma-
chine being an engine turbine or compressor) 

– stresses caused by curvilinear flight trajectory (Fig.1.) –
Yg, Ys 

− dynamic stresses accompanying mechanical vibration 
(particularly in resonant range) caused by pressure p1, p2 
pulsation, rotation fluctuation etc. (Fig.2.) – Yf  

– blade and casing vibration f, fob (Fig.1.) and thus Yg, Ys 

− thermal stresses c caused by uneven thermal distribution 
(Fig.2. - combined deformation, e.g. I-6) – Yc. 
Comprehensive, blade working status in environment 

may be described with a signal of tip of the blade transloca-
tion y(t) which is a resultant of Yw, Yg, Ys, Yf, Yc, (Fig. 1. 
and Fig. 2.): 

( ) ( )w g s f cy t  f Y ,  Y ,  Y ,  Y ,  Y=          (1) 

and signal of environment x(t) which is a resultant of: n, Fo, 
Pz, Px, P1, P2, f, fob, c (Fig. 1. and Fig. 2.): 

( ) ( )o z x 1 2 obx t f n,  F ,  P ,  P ,  P ,  P ,  f , f , c=         (2) 

Technical condition of blade ST(θ) according to diag-
nostic rules, results from relation between activity signal 
y(t) and environment signal x(t) in the current θ1 beginning 
moment of diagnostics θ0 (while θ is the time of the tech-
nical condition changes - evolution) 

Therefore, the following may be noted: 

( ) ( ) ( ) ( ) ( )
0 0 1 1, , , ,

S f (y t x t y t x t , t)T θ θ θ θθ θ=        (3) 

Exploitation experience proved the existence of real dif-
ficulties in measuring signals for y(t), especially x(t), thus 
in blade technical condition in-work assessment as well 
(Kotowski and Lindstedt, 2007; Lindstedt and Kotowski, 
2004; Lindstedt et al., 2009). 

3. THEORETICAL BASES OF BLADE  
DIAGNOSTICS METHOD  
DURING OPERATION OF ROTOR MACHINE 

The matter of blade diagnostics during rotor machine 
operation is very complex, because only one measurable 
and yet interfered signal y(t) and actually immeasurable 
(except for n signal and without ∆n) environment signal 
x(t) are available. Exemplary course of y(t) signal is pre-
sented in Fig.3 (Szczepanik and Przysowa, 2004; Szczepa-
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nik, 1999). Course of signal x(t), being a resultant of mul-
tiple signals is shown in Fig.4. ( Dołgolienko, 1984) 

 
Fig. 3. Signal y(t) course for various blades depending  

on rotational speed 

 
Fig. 4. Change of temperature and pressure of air stream on outlet 

in specific flight conditions 1 – in lower part of right en-
gine intake, 2 – on side of right engine intake, 3 – in lower 
part of left engine intake, 4 – on upper part of left engine 
intake, 5 – on side of left engine intake, 6 – change of ro-
tational speed of right engine rotor, 7 – change of rotation-
al speed of left engine rotor 

Tentatively signals x(t) and y(t) are assumed to be tem-
poral, stochastic and interfered courses. In this case switch-
ing from space domain „t” of signals x(t) and y(t) to space 
domain „τ” of correlation function Rxx(τ),Ryy(τ) and Rxy(τ) 

proves reasonable ( Bendat and Piersol, 1976;  Kotowski 
and Lindstedt, 2007; Lindstedt and Kotowski, 2004;   
Lindstedt et al., 2009; Niederliński, 1985; Szabatin, 2000). 

The effects of such approach are: 
− noise suppression for signals and possibility of amplify-

ing them 
− possibility of simple expressing signals Rxx(τ), Ryy(τ) 

and Rxy(τ) as analytic functions, what allows further 
processing to new functions of specific properties 
in frequency domain (ω), which are functions of density 
of singular power  of signals Sxx(ω) and Syy(ω) and re-
ciprocal Sxy(ω). 
Expressing functions x(t) and y(t) as Sxx(ω), Syy(ω) and 

Sxy(ω) allows taking relations between diagnostic signals 
y(t) and environment signals x(t) into consideration very 
simply (Fig.3., 4.), as this may be noted:  
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where: A2
T01, φ

2
T01 – amplification and phase shift of sig-

nals x and y while the blade approaches the sensor 
and A2

T12, φT12 – amplification and phase shift of signals x 
and y while the blade recedes from the sensor. 

Furthermore assumption can be made that time of signal 
T12 observation comes shortly (ms) after observation of T01 
signals.  

In such case the following may by assumed: 

12 01T T

xx xx
S S=            (6) 

Then, on the basis on 4, 5, 6 equations new, abstract 
and physically interpretable quantity in form of a quotient 
of amplifications A2

T01 and A2
T12 can be achieved as well as 

phase shifts ϕT01 and ϕT12: 
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Equation A2
T12,T01 (7) binds diagnostic signals y(t) 

to environment signals x(t) and so is a diagnostic model. 
The distinctive feature of this model is being determined 
only by measurable signal y(t) in closely following obser-
vation periods T01 and T12 and (what is more important), 
taking environment into account with no necessity to meas-
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ure it as well as the noise of signal y(t) was sufficiently 
suppressed. (Kotowski and Lindstedt, 2007; Lindstedt 
and Kotowski, 2004; Lindstedt et al., 2009) 

Equation φT12,T01 (8) binds diagnostic signals y(t) to en-
vironment signals x(t) as well and so it is the next diagnos-
tic model. As in case of A2T12,T01 this model is also being 
determined without necessity of practical measurement 
of environment signal x(t). To determine signals ST12

xy, 

ST01
xy distribution in form of function δ (t, t̂ ) is to be used. 

The quotient of function of signal y power density and 

distribution δ (t, t̂ ) sufficiently representing environment 
signals x is assumed to eliminate real environment of model 
φT12,T01. (Bendat and Piersol, 1976; Lindstedt et al., 2009; 
Niederliński, 1985; Szabatin, 2000) 

 
Fig. 5. Inferential sensor signals (Td, Tk – respectively long and short observation period of tip of a blade staying in sensor area,  

T0, T1, T2 – particular moments of observation of blade tip below the sensor, T01, T12 – observation subperiods of blade tip for Td 
and Tk respectively, mV – signal of tip of the blade translocation, uS – blade translocation time) 

4. METHOD OF CURRENT ASSESSMENT 
OF BLADE TECHNICAL CONDITION  
BASING ON OBSERVATION OF PARAMETERS 
OF MODEL A 2

T12,T01 

Method of current assessment of rotor machine blade 
technical condition changes basing on observation of pa-
rameters of model A2T12,T01 requires specific diagnostic 
research. 

Afterwards estimates of autocorrelation function R*T01
yy  

and R*T12
yy are determined for y(t) translocation  in obser-

vation periods T01 and T12 and proper analytic expressions 
are matched to them. (Bendat and Piersol, 1976; Kotowski 
and Lindstedt, 2007; Kurowski, 1994; Lindstedt and  
Kotowski, 2004; Lindstedt et al., 2009; Niederliński, 1985). 

Registered signal courses were multiplied by Hanning 
window and, afterwards, its autocorrelation was calculated. 
The obtained autocorrelation graphs were approximated 
with degree 5 polynomial in form of: 

5 4 3 2
1 2 3 4 5 6( )yyR a a a a a aτ τ τ τ τ τ= + + + + +      (9) 

For approximation of R2 > 0,997 described by determi-
nation coefficient the following autocorrelation function 
forms were obtained: 
− for blade no. 1. 

01 5 4 3

5 2 5 5

1557 207300 9409000

1637 10 4641 10 9485 10

T

yyR x x x

x x

= − + −

⋅ + ⋅ + ⋅
      (10) 

12 5 4 4 3

5 2 5 6

2345 285600 1182 10

1876 10 5033 10 8727 10

T

yyR x x x

x x

= − + ⋅ −

⋅ + ⋅ + ⋅
                   (11) 

− for blade no. 2. 

01 5 4 3

6 2 5 6

1308 182100 8594000

155 10 4468 10 9757 10

T

yyR x x x

x x

= − + −

+ +⋅ ⋅ ⋅
      (12) 

12 5 4 4 3

5 2 5 6

2043 256800 1097 10

1798 10 4908 10 9039 10

T

yyR x x x

x x

= − + −

+ +

⋅

⋅ ⋅ ⋅
      (13) 

− for blade no. 3. 

01 5 4 4 3

5 2 6 6

1448 200500 918 10

1607 10 456 10 9428 10

T

yyR x x x

x s

= − + −

+ +

⋅
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      (14) 

12 5 4 5 3

5 2 6 6

2548 302300 123 10

1931 10 518 10 8775 10

T

yyR x x x

x x

= − + −

+ +

⋅

⋅ ⋅ ⋅
      (15) 

Basing on analytic forms of self correlation functions 
RT01

yy and RT12
yy, the respective power spectral density 

functions ST01
yy(ω) and ST12

yy(ω) are determined using 
the Fourier transformation.: 

{ } ( ) j

yy yyF R R e dωττ τ
∞ −

−∞
= ∫        (16) 

01 01( ) ( ( ))T T

yy yyS F Rω τ=                                   (17) 
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12 12( ) ( ( ))T T

yy yyS F Rω τ=         (18) 

The Fourier transform of polynomial (9) after moving 
from “jω ” space to variable “s” space is as follows: 

{ } 1 2 3 4 5 66 5 4 3 2

120 24 6 2 1 1
yyF R a a a a a a

s s s s s s
= + + + + +   (19) 

After the substitution of parameters from equations  
(10 – 15) to equation (19) the following is obtained: 
– for blade no. 1. 

01 6 5 5 4

5 3 3 2 6

( ) (9485 10 4641 10

3274 10 56454 10 4975200 186840)

T

yyS j s s

s s s s

ω
−

= ⋅ + ⋅ −

+ ⋅ − +⋅
   (20) 

12 6 5 5 4

5 3 4 2 6

( ) (8727 10 5033 10

3752 10 7092 10 6854400 281400)

T

yyS j s s

s s s s

ω
−

= + ⋅ −

⋅ + ⋅ − +

⋅
     (21) 

– for blade no. 2. 

01 6 5 5 4 7 3

3 2 6

( ) (9757 10 4468 10 31 10

51564 10 4370400 156960)

T

yyS j s s s

s s s

ω
−

= ⋅ + ⋅ − ⋅ +

⋅ − +
    (22) 

12 6 5 5 4

5 3 4 2 6

( ) (9039 10 4908 10

3596 10 6582 10 6163200 245160)

T

yyS j s s

s s s s

ω
−

= + −
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⋅ ⋅
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– for blade no. 3. 

01 6 5 6 4
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⋅ ⋅
     (25) 

Ultimately new abstract diagnostic model (square 
of module) might be determined, the parameters of which 
present the data on technical conditions of diagnosed blade: 

12 2
2 1 2
12, 01 01 2

1 2

1 ...

1 ...

T
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T T T
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S L s L s
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S M s M s

+ + +
= =

+ + +
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After the substitution of parameters from equations  
(20 – 25) to equation (26) the following is obtained: 

− for blade no. 1. 

5 4 3 2
2

12, 01 5 4 3 2

31012.793 1788.577 1333.33 252.025 24.358 1
1.506( )

50765.361 2483.943 1752.301 302.151 26.628 1
T T

s s s s s
A

s s s s s

+ − + − +
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− for blade no. 2. 

5 4 3 2
2

12, 01 5 4 3 2

3686.799 2001.958 1466.797 268.478 25.139 1
1.562( )

62162.334 2846.585 1975.025 328.517 27.844 1
T T

s s s s s
A

s s s s s

+ − + − +
=

+ − + − +
                 (28) 

− for blade no. 3. 

5 4 3 2
2

12, 01 5 4 3 2

28698.979 1694.139 1263.082 241.366 23.728 1
1.717( )

52942.498 2560.647 1804.807 309.299 27.02 1
T T

s s s s s
A

s s s s s

+ − + − +
=

+ − + − +
                 (29) 

Tab. 1. The parameters of blades for the amplitude amplification 

 The parameters of blades for the amplitude amplification 

R
O

T
O

R
 B

LA
D

E
S

 

  M 5 M 4 M 3 M 2 M 1 k 

S1T01 50765.361 2483.943 -1752.301 302.151 -26.628 1.506 

S2T01 62162.334 2846.585 -1975.025 328.517 -27.844 1.562 

S3T01 52942.498 2560.647 -1804.807 309.299 -27.02 1.717 

Sśr 55290.064 2630.392 -1844.044 313.322 -27.164 1.595 

  L5 L4 L3 L2 L1 k 

S1T12 31012.793 1788.577 -1333.33 252.025 -24.358 1.506 

S2T12 36869.799 2001.958 -1466.797 268.478 -25.139 1.562 

S3T12 28698.979 1694.139 -1263.082 241.366 -23.728 1.717 

 Sśr 32193.857 1828.225 -1354.403 253.956 -24.408 1.595 

 
Process of rotor machine blade technical condition  

is as follows: 
− in exploitation time θ0 (monitoring beginning) function 

A2
T12,T01 parameters: L01, L02, L03 ...and M01, M02, M03 ... 

are determined 

− in exploitation time θ1 (another blade monitoring) func-
tion A2

T12,T01 parameters:  L10, L11, L12, .... and M10, M11, 
M12 ... are determined 
The technological differences between the blades bight 

also be determined. In such case the average values of func-
tion A2

T12,T01: : L1śr, L2śr, L3śr ...as well as M1śr, M2śr, M3śr 
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parameters are determined and the diagnosed blades para-
meters are compared to them. (tab.1 and tab.2) 
− the difference between technical condition of consecu-

tive blades is determined basing on relative parameters 
changes: 

1i sr
i

sr

L L
L

L

−
∆ =  ; i = 1,….,n       (30) 

1i sr
i

sr

M M
M

M

−
∆ = ; i = 1,….,m                                 (31) 

The change of iL  and 
iM parameters as well as a sig-

nificant number of their configuration allows the identifica-
tion of multiple various changes of the blade technical con-
dition while the rotor machine is operating (this also applies 
to assessing the accuracy of performance and installation 
the new blades). 

Tab. 2. Relative differences the parameters of blades for the amplitude amplification 

 Relative differences the parameters of blades for the amplitude amplification 

R
O

T
O

R
 B

LA
D

E
S

 

  ∆M 5 ∆M 4 ∆M 3 ∆M 2 ∆M 1 ∆k 

S1T01 -0.082 -0.056 -0.050 -0.036 -0.020 -0.056 

S2T01 0.124 0.082 0.071 0.048 0.025 -0.021 

S3T01 -0.042 -0.027 -0.021 -0.013 -0.005 0.076 

  ∆L5 ∆L4 ∆L3 ∆L2 ∆L1 ∆k 

S1T12 -0.037 -0.022 -0.016 -0.008 -0.002 -0.056 

S2T12 0.145 0.095 0.083 0.057 0.030 -0.021 

S3T12 -0.109 -0.073 -0.067 -0.050 -0.028 0.076 

 
5. METHOD OF ASSESSMENT OF BLADE  

CURRENT TECHNICAL CONDITION BASING 
ON MODEL PARAMETERS OBSERVATION 
φT12,T01 

Signal y(t) courses in observation times T01 and T02 
are presented in Fig. 5. Environment is assumed to be e.g. 
high power noise and may be correlated with signal y(t). 
(Bendat and Piersol, 1976 ) 

As an effect of mathematical operations correlation 
function estimators and analytic forms of correlation func-
tion were obtained: 
− for blade no. 1. 

01 5 4 3 3

5 2 5 7

3196 294900 9775 10

1319 10 4442 10 257 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅

⋅
     (32) 

12 5 4 5 3

5 2 5 6

4502 369500 108 10

1249 10 2761 10 2767 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅

⋅
                   (33) 

− for blade no. 2. 

01 5 4 3

5 2 5 6

2770 258400 8621000

1155 10 3525 10 2649 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅
      (34) 

12 5 4 3 3

5 2 5 6

3578 312500 9769 10

1225 10 3334 10 2714 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅

⋅
      (35) 

− for blade no. 3. 

01 5 4 5 3

5 2 5 6

3077 285200 95 10

1287 10 4335 10 2564 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅

⋅
      (36) 

12 5 4 4 3

5 2 5 6

4517 370500 1082 10

1248 10 2713 10 2794 10

T

xy
R x x x

x x

= − + −

+ +⋅ ⋅ ⋅

⋅
      (37) 

Further, the following is determined: 
− for blade no. 1. 

01 7 5 5 4

5 3 4 2 6

( ) (257 10 4442 10

2638 10 5865 10 7077600 383520)

T

xyS j s s

s s s s

ω
−

= ⋅ + ⋅ −

⋅ + ⋅ − +
     (38) 

12 6 5 5 4

5 3 5 2 3 6

( ) (2767 10 2761 10

2498 10 648 10 8868 10 540240)

T

xyS j s s

s s s s

ω
−

= + −

+ − +

⋅ ⋅

⋅ ⋅ ⋅
     (39) 

− for blade no. 2. 

01 6 5 5 4

5 3 3 2 6

( ) (2649 10 3525 10

2310 10 51726 10 6201600 332400)

T

xyS j s s

s s s s

ω
−

= + −

+ − +

⋅ ⋅

⋅ ⋅
   (40) 

12 6 5 5 4

5 3 3 2 5 6

( ) (2714 10 3334 10

2450 10 58614 10 75 10 429360)

T

xyS j s s

s s s s

ω
−

= + −

⋅ + ⋅ − ⋅ +

⋅ ⋅
     (41) 

− for blade no. 3. 

01 6 5 5 4

5 3 6 2 6

( ) (2564 10 4335 10

2574 10 57 10 6844800 369240)

T

xyS j s s

s s s s

ω
−

= + −

+ − +

⋅ ⋅

⋅ ⋅
     (42) 

12 6 5 5 4

5 3 4 2 6

( ) (2794 10 2713 10

2496 10 6492 10 8892000 542040)

T

xyS j s s

s s s s

ω
−

= + −

+ − +

⋅ ⋅

⋅ ⋅
    (43) 

and in the end: 

12 2

1 2
12, 01 01 2

1 2

1 ...

1 ...

T

xy

T T T

xy

S B s B s
k

S A s A s
ϕ

+ + +
= =

+ + +
                   (44) 

After the substitution of parameters from equations  
(38 – 43) to equation (44) the following is obtained: 



Paweł Lindstedt, Rafał Grądzki  
Parametrical models of working rotor machine blade diagnostics with its unmeasurable environment elimination 

62 
 

− for blade no. 1. 

5 4 3 2

12, 01 5 4 3 2

5121.798 511.068 462.387 119.947 16.415 1
1.408( )

6701.085 1158.219 687.390 152.925 18.454 1
T T

s s s s s
Arg

s s s s s
ϕ

+ − + − +
=

+ − + − +
                 (45) 

− for blade no. 2. 

5 4 3 2

12, 01 5 4 3 2

6321.036 776.504 570.617 136.515 17.468 1
1.292( )

7969.314 1060.469 694.946 155.614 18.657 1
T T

s s s s s
Arg

s s s s s
ϕ

+ − + − +
=

+ − + − +
                 (46) 

− for blade no. 3. 

5 4 3 2

12, 01 5 4 3 2

5154.601 500.516 460.482 119.770 16.405 1
1.468( )

6943.993 1174.033 697.107 154.371 18.537 1
T T

s s s s s
Arg

s s s s s
ϕ

+ − + − +
=

+ − + − +
                 (47)

Blades technical condition is specified by model φT12,T01 
parameters.  

Rotor machine blade technical condition monitoring 
process is as follows: 
− in exploitation time θ0 (monitoring beginning) function 

φT12,T01  parameters: B01, B02, B03 ...and A01, A02, A03 ... 
are determined 

− in exploitation time θ1 (another blade monitoring) func-
tion φT12,T01  parameters:  B10, B11, B12, .... and A10, A11, 
A12 ... are determined 
The technological differences between successive 

blades might also be determined. In such case the average 
values of function φT12,T01 : : A1śr, A2śr, A3śr ...as well as B1śr, 
B2 r, B3śr  parameters are determined and the diagnosed 
blades parameters are compared to them (tab.3 and tab.4). 

− the difference between technical condition of consecu-
tive blades is determined basing on relative parameters 
changes: 

1i sr
i

sr

B B
B

B

−
∆ = ; i = 1,….,n       (48) 

1i sr
i

sr

A A
A

A

−
∆ = ; i = 1,….,m                    (49) 

The change of iA  and iB  parameters as well as a sig-

nificant number of their configuration allows the identifica-
tion of multiple various changes of the blade technical con-
dition while the rotor machine is operating (this also applies 
to investigate the new blades). 

 Tab. 3. The parameters of blades for the phase shift 

 The parameters of blades for the phase shift 

R
O

T
O

R
 B

LA
D

E
S

 

  A5 A4 A3 A2 A1 k 

S1T01 6701.085 1158.219 -687.39 152.925 -18.454 1.408 

S2T01 7969.314 1060.469 -694.946 155.614 -18.657 1.292 

S3T01 6943.993 1174.033 -697.107 154.371 -18.537 1.468 

Sśr 7204.797 1130.907 -693.148 154.303 -18.549 1.389 

  B5 B4 B3 B2 B1 k 

S1T12 5121.798 511.068 -462.387 119.947 -16.415 1.408 

S2T12 6321.036 776.504 -570.617 136.515 -17.468 1.292 

S3T12 5154.601 500.516 -460.482 119.77 -16.405 1.468 

 Sśr 5532.478 596.029 -497.829 125.411 -16.763 1.389 

Tab. 4. Relative differences the parameters of blades for phase shift 

 Relative differences the parameters of blades for phase shift 

R
O

T
O

R
 B

LA
D

E
S

 

  ∆A5 ∆A4 ∆A3 ∆A2 ∆A1 ∆k 

S1T01 -0.070 0.024 -0.008 -0.009 -0.005 0.013 

S2T01 0.106 -0.062 0.003 0.008 0.006 -0.070 

S3T01 -0.036 0.038 0.006 0.000 -0.001 0.057 

  ∆B5 ∆B4 ∆B3 ∆B2 ∆B1 ∆k 

S1T12 -0.074 -0.143 -0.071 -0.044 -0.021 0.013 

S2T12 0.143 0.303 0.146 0.089 0.042 -0.070 

S3T12 -0.068 -0.160 -0.075 -0.045 -0.021 0.057 
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6. CONCLUSIONS 

Method of current assessment of blade technical condi-
tion changes basing on diagnostic models A2

T12,T01 
and φT12,T01 is innovative method of blade diagnostics with-
out environment signal measurements. 

Method of blade technical condition monitoring may be 
based on diagnostic model in form of quotient of output y(t) 
signal amplifications to environment signal x(t) for obser-
vation time T01 and T12. This method consists in fact that 
time T (Fig. 5.) of blade tip movement in sensor area is 
divided onto two ranges: of blade tip approaching the sen-
sor T01 and receding from it T12. 

Both observation periods T01 and T12 of y(t) are so close 
in time to each other that the environment for these obser-
vation periods may be considered identical ST01

xx = ST12
xx. 

Method of technical condition monitoring is further dis-
tinguished by determining power spectral density ST01

yy, 
ST12

yy of signal y(t) through analytic forms of autocorrela-
tion functions RT01

yy, R
T12

yy and ST01
xy, S

T12
xy through recip-

rocal correlation function RT01
xy, R

T12
xy  of signal y(t) and 

distribution function representing environment x(t). Re-
quired match (greater than 0,99) is obtained through proper 
choice of observation range Td and Tk (Fig. 5.) and mea-
surement window function: rectangular, Hamming, Han-
ning etc. 

Another distinctive feature of models A2
T12,T01 

and φT12,T01 is no necessity of environment signals meas-
urement although these are indirectly taken into account 
within special research (two observation periods, determi-
nation of diagnostic model as a quotient of models binding 
diagnostic and environment signals to technical condition 
parameters). 

Method of blade technical condition monitoring may 
be also based on diagnostic model in form of quotient 
of phase shifts of output signal y(t) to environment signal 
x(t) for observation time T01 and T02. Observation time T 
is divided onto two ranges. φT12,T01 is determined as a quo-
tient of reciprocal power density ST01

xy and ST12
xy (to deter-

mine ST01
xy and ST12

xy noise of identical distribution of form 

is used δ (t, t̂ )). 
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Abstract: Frictionless contact of two isotropic half spaces is considered one of which has a small smooth circular recess. 
A method of solving the corresponding boundary value problem of elasticity in axially symmetric case is presented via 
the function of gap height. The governing integral equation for this function is solved analytically by assuming a certain 
shape of the initial recess. On the basis of the closed-form solution obtained the strength analysis of a contact couple is per-
formed and illustrated from the standpoint of fracture mechanics.  

 

1. INTRODUCTION 

The knowledge of the solutions (especially analytical so-
lutions) to contact problems is a ground for the investigation 
of strength, durability, fatigue of contacting couples. 
The overwhelming majority of works devoted to  strength 
of contacting joints utilizes the solutions to problems 
of penetration of rigid indenters into an elastic half-space 
(Hertzian contact). Extensive accounts can be found 
in the book by Kolesnikov and Morozov (1989). However, 
much research has been concerned with contact problems 
when conjugates solids touch at point or along the line be-
fore loading (contact with non-conformable boundaries, see 
a classification by Johnson, 1985). On the contrary, 
the contact interaction of bodies with conformable surfaces 
has been investigated much less. Approaches employing 
this kind of interaction take into account the existence 
of imperfections (recesses, pits, protrusions, concavities, 
etc.) of surfaces related to their small deviations from a flat 
onto local parts. Such perturbations lead to the local ab-
sence of contact, so the intercontact gaps are created.  

The problem under study – compression of two semi-
infinite isotropic elastic half spaces with an axially symme-
tric smooth recess – belongs to the class of non-classical 
contact problems involving contact interactions of solids 
with conformable boundaries. The purpose of the present 
work is to determine the stress distribution within the mated 
bodies and carry out a detailed analysis of strength 
of a contact couple from the point of view of fracture me-
chanics. 

2. FORMULATION OF THE PROBLEM  

Consider two isotropic elastic semi-infinite solids, being 
in frictionless contact due to uniform pressure p applied 

at infinity (see Fig. 1). The boundary of one (body 1) pos-
sesses a local deviation from the plane in the form 
of a small smooth circular recess with radius b. The shape 
of this imperfection is assumed to be axially symmetric and 
smooth. The boundary of the opposite body 2 is a plane. 

p

pz

r
O a

1

2

b

intersurface gap initial relief 
of boundaries

 
Fig. 1. Contact of two half-spaces with allowance  
            for an intersurface gap 

The problem is posed within the linear elasticity 
for axially symmetric case. In the cylindrical co-ordinate 
system the shape of the surface recess, occupying a circular 
region of radius b {( r, z = 0) : 0 ≤ r ≤ b}, is described 
by a function f(r). This initial recess results in the formation 
of an intersurface gap of radius a  that is unknown and 
depends on the pressure p (it is found in the process  
of solution of the problem). Thus, the nominal contact inter-
face z = 0 is subdivided into two regions: the gap{(r, z = 0) : 
0 ≤ r ≤ a} and the region of body 1 – body 2 contact, de-
fined by {(r, z = 0) : 0 ≤ r ≤ ∞}.  

A method of solving the above problem is based on the 
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use of the principle of superposition. Knowing a trivial 
solution corresponding to the basic stress and strain fields 
formed as a result of frictionless contact of half spaces with 
flat surfaces, we concentrate attention on the perturbed 
problem associated with the excited state caused by an 
initial geometrically perturbed surface (recess) and the 
created gap between the surfaces. For this problem, we get 
the following boundary conditions: 

( ) ( )at  : 0, 0,i i
zz zrz σ σ= ±∞ = =  (1) 

 ( ) ( )

( )

( ) ( )

( )

1 2

2

1 2

at 0 :

0, 0 ,

, 0 ,

, 0 ,

( ), .

i
rz

zz zz

zz

z z

z

r

r

p r a

u u f r a r

σ

σ σ

σ

=

= < < ∞

= < < ∞

= < <

− = < < ∞

 (1) 

Here superscripts (i), i = 1, 2 refer the quantity to body 
1 or 2, respectively.  

Note, that the radius of the gap a is an unknown parame-
ter. It can be found from the condition of smooth passage 
of gap’s faces 

( ) 0h a′ = , (2) 

where 

(2) (1)( ) ( ) ( ,0) ( ,0)z zh r f r u r u r= + −  (3) 

is the height of the gap. 

3. METHOD OF SOLUTION 

The method of the solution to contact problems 
for semi-infinite solids with allowance for geometric surface 
disturbances has been developed in series of papers by 
Martynyak and co-workers (Martynyak, 1985; Shvets et al., 
1996; Kit and Martynyak, 1999; Martynyak, 2000, Kit 
et al., 2001). Some new results dealing with the local con-
tact absence are given in works by Kaczyński and Monas-
tyrskyy (2002,2005), Monastyrskyy and Martynyak (2003).  

The main idea of this method consists in the following:  
(i) construction of the representation of the stresses 
and displacements within the every of mated solids through 
the function of the gaps’ height; 
(ii) subsequent reduction of the problem to some integral 
equations for this function. 

3.1. Representation of stresses and displacements 

Following the approach in the axially symmetric prob-
lems, developed by Monastyrskyy (2002), the appropriate 
representations of the displacements and stresses through  
the Hankel transform H(ξ) of the gap’s function h(r) 

( ( ) ( ) ( )0
0

H h J d
∞

= ∫ξ ρ ρ ξρ ρ )  has been constructed. It was 

shown that the function H(ξ) satisfies the dual integral equa-
tions  

( ) ( )

( ) ( )

( ) ( )

2
0

0

2
0

0

0
0

, 0 ,

0, .
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H J r d

M

F J r d r a

H J r d a r

ξ ξ ξ ξ

ξ ξ ξ ξ

ξ ξ ξ ξ

∞

∞

∞

= − +

+ < <

= < < ∞

∫

∫

∫

 (4) 

Moreover, the expressions for components of displace-
ment vector u  and stress tensor σ  through the function 
H(ξ)  are given as 
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In the above, ( ) ( ) ( )0
0

F f J d
∞

= ∫ξ ρ ρ ξρ ρ  is the Han-

kel transform of the function of the initial recess shape f(r), 
mi = µi/(1 – vi) , where µi, vi  stand for shear modulus 
and Poisson’s ratio of the body denoted by i = 1,2  
and M = m1m2/(m1 + m2). Hence the contact problem 
is reduced to solving the dual integral equations  (5).  

3.2. Integral equation and its solution 

The obtained dual integral equation (5) is well studied 
in literature. The technique of its solution is known  
(Uflyand, 1977, Sneddon, 1966). Representing the sought 
function H(ξ) as 

( ) ( )1

0

sin
a

H dξ ξ γ ρ ξρ ρ−= ∫ , (6) 
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the equations (5) can be reduced to Abel’s integral equation 
for function γ(r)  

( ) ( )
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1
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ρ γ ρ ρ∂ =
∂ − ρ
∫  (7) 

with the solution (Barber, 1983) 
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∫  (8) 

where g(r)  stands for RHS of equation (5)1. 
To complete solving the problem in hand, it is necessary 

to determine the radius of the gap a. To do this, we utilize                      
the condition (3) of smooth closure of the gap.  Determining 
the height of the gap h(r)  via the function γ(r)  
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d
h r

r

γ ρ ρ
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ρ −
∫  (9) 

 

we see that the condition (3) is equivalent to the equation  

 ( ) 0aγ = . (10) 

Once the function γ(r) and radius of the gap a are found, 
the stress and displacement fields within every solid can be 
recovered by virtue of relations (6) with the aid of (7) 
and (9).  

4. EXAMPLE 

As an example, assume that the shape of the initial re-
cess is given by formula  
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For this case the Hankel transform F(ξ) of f(r)  is 
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The function γ(r) , calculated from (9) is 
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The solution of equation (11), provided the function γ(r) 
is given by (14), yields the following value of the radius 
of the gap a : 

03
1

4

hp
a b

M b

π= −  . (14) 

Now it follows that there is a certain level of external 
load, namely, p = 4bM/3πh0, for which the radius of the gap 
becomes zero. It means that for this magnitude of the pres-
sure the gap is closed and  the contact of the solids is rea-
lized through the whole contact interface z = 0. The depen-

dence a = a(p) is shown in Fig.2. The following dimension-
less parameters have been introduced: a a b= , p p M= , 

3
0 0 10h h b −= = . 

Whereas the function γ(r)  and the gap’s radius a are 
known, the complete solution can be determined from rela-
tions (6) and (7). Thus, the solution to the contact problem 
can be rewritten through the corresponding integrals. After 
calculations we obtain 
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where ( , , )kInt r z b  ( 1,10k = ) stand for integrals given 

in Appendix. 



acta mechanica et automatica, vol.4 no.4 (2010) 

67 
 

The solution of the axially symmetric contact problem 
for semi-infinite solids with a surface recess given by for-
mula (16) is  found  thus analytically. 

 
Fig. 2. Dependence of radius of the gap on the applied load 

4.1. Contact strength 

The obtained closed-form solution can be useful for ana-
lyzing the assessment of strength of the contacting couple. 
To estimate the strength of a system of two mated elastic 
half spaces allowing for unevenness of their boundaries, 
we shall use the classical criteria of fracture: the criterion 
of maximal principle stresses and the criterion of maximal 
shear stresses (Božydarnyk and Sulym, 1999).  

It’s worth noting that an analysis of the stress distribu-
tion within the every solid reveals that the stresses σzz, σrr, 

σθθ are the principle stresses at the contact boundary (z = 0). 
Moreover, the principle stresses achieve their extreme value 
at z = 0. That’s why we pay our attention to the analysis 
of stresses at the contact interface. 

The maximum compressive stresses 

Fig. 3. shows the distribution of contact normal stresses 
σzz, being the maximal compressive stresses. The stresses 
are zero within the gap region, then they increases, achiev-
ing the maximal value at 1r =  which corresponds  
to the initial recess’ tip. Then they asymptotically approach 
to the magnitude of external pressure p.  

 
      Fig. 3. The distribution of stresses σzz at the contact interface 

( zz zz Mσ σ= ) 

According to the criteria of maximal principle stresses, 
from an analysis of stress  distribution σzz one can conclude 
that the most dangerous zone is the vicinity of the recess’ 
tip. Cracking of materials caused by the compressive 
stresses initiates most likely in the vicinity of the tip of the 
surface geometrical imperfection. 

The maximum tensile stresses 

Fig. 4 and 5 present the distribution of radial σrr and cir-
cular σθθ stresses at the contact interface. They reveal 
an interesting effect – the existence of tensile stresses 
at the contact interface. The stresses σrr and σθθ are:  (i) 
tensile, (ii) constant and  (iii) equal to each other within 
at the gap’s faces. The magnitude of tensile stresses σrr 
and σθθ at the gap’s faces is determined through the applied 
pressure and mechanical properties of the solids as  

 ( )( ) ( ,0) ( ,0) (1 2 ) 2, 0ii
rr ir r p r aθθσ σ ν= = + < < . (16)  

Thus, the cracking can be initiated by tensile stresses. 
The most dangerous region is the gap. Moreover, the possi-
bilities of cracks initiating along radial and circular direc-
tions are equal. 

 
Fig. 4. The distribution of stresses σrr at the contact  interface 

( rr rr Mσ σ= ) 

 
Fig. 5. The distribution of stresses σθθ at the contact interface  

( Mθθ θθσ σ= ) 

 

The maximum shear stresses 

The analysis of maximal shear stresses at the contact 
interface has been carried out. Fig. 6 shows the distribution 

maxτ . Based on the criteria of maximal shear stresses, which 

are used for assessment of plastic zones initiated, the most 
dangerous zone is the vicinity of the recess’ tip.  
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        Fig. 6. The distribution of maximal shear stresses τmax  
                    at the contact interface 

 
5. CONCLUSIONS 

The found closed-form solution to the contact problem 
has served as a theoretical basis for an analysis of strength 
of the contacting couple with a small surface recess. 
The analysis has been carried out by utilizing classical frac-
ture criteria, namely, the criteria of maximal principle 
stresses and the criterion of maximal shear stresses. 

The cracking of the material of the mated solids can be 
caused by both compressive and tensile stresses. In former 
case the most possible region where the cracks can be in-
itiated is the vicinity of the recess tip. The compressive 
stresses achieve their maximal value at the contact interface 
at the tip of the recess. On other hand, the tensile stresses 
σrr and σθθ in the vicinity of the gap, appear at the interface. 
Moreover, the maximal value is achieved at the gap’s faces, 
where σrr and σθθ are constant and equal to each other. 
The magnitude of the maximal tensile stress depends 
on Poisson’s ratio of the material and lies in the range be-
tween 50% and 100% of the value of applied load at infini-
ty. Two directions of cracking along the radial and circular 
co-ordinate lines are equally possible. 

According to the criterion of the maximal shear stresses 
the most possible region where plastic zones can be initiated 
is the vicinity of the recess tip. 
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APPENDIX 

The values of the integrals appearing in (16) are as follows: 
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FREQUENCY AND NON-LINEAR ANALYSIS OF BUBBLE PATHS I N BUBBLE CHAIN 
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Abstract: In the paper the paths of bubbles emitted from the bras nozzle with inner diameter equal to 1.1 mm have been ana-
lyzed. The mean frequency of bubble departure was in the range from 1 to 36 Hz. Bubble paths have been recorded using 
a high speed camera. The image analysis technique has been used to obtain the bubble paths for different mean frequencies 
of bubble departures. The Fourier, wavelet analysis and recurrence plots have been used to determine the strength of interac-
tion between bubbles in column. It has been found that the influence of previously departing bubbles on trajectory of next 
bubble in the column can be significant for fb > 30 Hz, in this case the bubble paths become less periodic and more instable. 
In this case the distance between subsequent departing bubbles (S/D) becomes close to 1. It causes that the vertical interac-
tion between departing bubbles is enough strong to change the dynamical properties of bubble paths. 

 

1. INTRODUCTION 

The knowledge of bubble dynamics is of key impor-
tance in physical, biological and medical processes, 
and particularly in industrial applications. There are numer-
ous physical parameters such as: physical properties of the 
two phases, gas flow rate, gas pressure, height of the liquid 
and gravity conditions which influence on the bubbles for-
mation. Hence, most of efforts have been devoted to the 
formation of bubbles from single nozzles or orifice plates. 
The study of bubble dynamics is crucial to understand bub-
ble-liquid and bubble-bubble interactions. According to 
Luewisutthichat et al. (1997) the bubble motion and bubble 
shape are controlled by deterministic forces such as body 
force and drag force caused by the convective motion, and 
the complex non-linear forces generated by liquid motion 
around bubbles. Results of investigation show that such 
quantity as: bubble departure frequency (time between 
subsequent departing bubbles), bubble departure diameter, 
bubble shape and its deformation, gas pressure fluctuation 
in the nozzle, bubbles interaction, bubbles coalescence 
and bouncing, structure of liquid flow around the bubbles 
and bubble column change in time chaotically (Mosdorf 
and Shoji, 2003; Zhang and Shoji, 2003; Kikuchi et al., 
1997; Femat et al., 1998; Vazquez at al., 2008).  

The tubes of streamwise liquid vorticity are being left 
by each bubble and they are responsible for appearance 
of lift force acting on the bubbles (Zenit and Magnaudet, 
2009). The strength of the circulation of each vortex tubes 
decreases with increase in the distance from the bubble. 
The bubbles in the bubble column create the complex struc-
ture of bubble wakes. These wakes interact between each 
others and finally modify the bubbles trajectory. The in-
crease of bubble departure frequency decreases the vertical 
distance between bubbles. It causes the increase of interac-
tion between the bubbles and tubes of streamwise liquid 
vorticity generated by previously bubbles. Such interaction 

changes the lift force and finally modify the oscillation 
bubble trajectory.  

In the present paper the dynamical properties of bubble 
paths have been investigated to detect the strength of inte-
raction between bubbles. The paths of bubbles emitted from 
the bras nozzle with inner diameter equal to 1.1 mm has 
been analyzed. The bubble departure diameter was ~4.5 
mm. The laser-photodiode system has been used to measure 
the frequency of bubble departures. The analyzed frequen-
cies ranged from 1 to 36 Hz (bubbles per second). 
The bubble paths have been recorded using a high speed 
camera. The image analysis technique enabled us to obtain 
the 2D bubble paths for different mean frequencies of bub-
ble departures. The Fourier analysis, wavelet analysis 
and recurrence plots have been used to determine 
the strength of interaction between bubbles. 

2. EXPERIMENTAL SETUP  
AND BUBBLE BEHAVIOURS 

The air bubble paths in bubble column in the tank 
(400 x 500 x 40 mm) filled with distillated water has been 
investigated. In the experiment bubbles were generated 
from the brass nozzle with inner diameter of 1.1 mm.  

Because in the experiment with bubble column genera-
tion both the pressure and gas mass flux fluctuated then 
in order to evaluate experiment conditions it was necessary 
to use the mean value of gas mass flux or bubble departure 
frequency. In the present experiment the mean bubble de-
parture frequency was used as a control parameter. 
The frequency has been measured using simultaneously 
the laser - phototransistor system and gas pressure sensor. 
The gas pressure fluctuation has been measured using un-
compensated silicon pressure sensor MPX12DP. In the 
laser-phototransistor system the semiconductor red laser 
with wave length of 650 nm, 3mW, special aperture 
and phototransistor BPYP22 has been used. The diameter 
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of laser ray was 0.2 mm. The experiment has been carried 
out in conditions when subsequent departing bubbles did 
not coalesce vertically close to the nozzle outlet. 
quency of bubble departure was in the range from 2 to 
bubbles per second, the water temperature was 20

All data was simultaneously recorded using the data a
quisition system DT9800 series USB Function Modules for 
Data Acquisition Systems with sampling frequency of 
1000 Hz. The air supply system consisted of air tank capa
ity of 2 dm3 and the electronically controlled air pump, 
where the velocity of electric engine was controlled by the 
chip U2008B. The scheme of experimental stand has been 
shown in Fig. 1.  

Bubble paths have been recorded in the rectangle area 
of 230 x 50 mm using the high speed camera 
FX1. The recorded color video (600 fps) has been divided 
into frames. All colored frames were converted into gray 
scale images. The Sobel filter based on convolution of the 
image with a small, integer valued filter has been used
identify the bubbles on the frames (Hedengren, 1988)
emplary results of using the Sobel filter for bubble image 
are presented in Fig. 2a. Because the Sobel algorithm ide
tifies only the edge of the bubble, therefore the additional 
algorithm to fill interior of the detected bubble by black 
pixels has been used. Finally, each bubble was visible in the 
frame as a set of black pixels (Fig. 2).  

The path of each bubble was reconstructed by tracking 
the trajectory of mass center of each bubble in subsequen
frames. The mass centre has been calculated according to 
the following formula: 
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where S – the area of the bubble picture. 

In the paper the paths of bubbles which do not coalesce 
with another bubbles have been analyzed. 

In Fig. 3 it has been shown the data recorded from the 
phototransistor and pressure sensor for different mean fr
quencies of bubble departures. The laser ray passed 3
above the nozzle outlet. When the bubble was passing 
through the laser ray the phototransistor sensor generated 
the signal of the low voltage level. The time between bu
bles is visible in Fig. 3 as a signal of the high voltage level. 
Obtained results show that for all frequencies of bubble 
departures the time periods in which the bubbles pass 
through the laser ray are approximately the same and 
equal to 0.018 ±0.002 [s], but mean time periods between 
subsequent departing bubbles decrease together
crease of bubble departure frequencies as it has been shown 
in Fig. 4.  

When bubbles depart, the air pressure rapidly decreases 
as it has been shown in Fig. 3. The number of m
of pressure signal and number of periods with low voltage 
level signal coming from phototransistor sensor have been 
used to determine bubble departure frequencies. 

linear analysis of bubble paths in bubble chain 

experiment has been carried 
departing bubbles did 

not coalesce vertically close to the nozzle outlet. The fre-
quency of bubble departure was in the range from 2 to 36 
bubbles per second, the water temperature was 20oC.  

All data was simultaneously recorded using the data ac-
ystem DT9800 series USB Function Modules for 

Data Acquisition Systems with sampling frequency of 
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where the velocity of electric engine was controlled by the 
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high speed camera Casio EX 
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The path of each bubble was reconstructed by tracking 
the trajectory of mass center of each bubble in subsequent 
frames. The mass centre has been calculated according to 
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In the paper the paths of bubbles which do not coalesce 
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above the nozzle outlet. When the bubble was passing 
through the laser ray the phototransistor sensor generated 
the signal of the low voltage level. The time between bub-

3 as a signal of the high voltage level. 
Obtained results show that for all frequencies of bubble 

periods in which the bubbles pass 
through the laser ray are approximately the same and are 

time periods between 
subsequent departing bubbles decrease together with in-
crease of bubble departure frequencies as it has been shown 

When bubbles depart, the air pressure rapidly decreases 
3. The number of minimums 

pressure signal and number of periods with low voltage 
level signal coming from phototransistor sensor have been 
used to determine bubble departure frequencies.  

Fig. 1. Experimental setup. 1 – glass tank
4 – phototransistor, 5 – air valve, 6 
7 – computer acquisition system (DT9800 series USB 
Function Modules for Data Acquisition Systems), 
8 – Casio EX FX1(600 fps), 9 
11 – air pump with electronic control, 1
area of 230x50 mm where the bubble paths has 
orded 

Fig. 2. The bubble identification process. a) original photo. 
b) results of Sobel filter, c) filling interior of the bubbles 
by black pixels 

Fig. 3. Pressure and phototransistor signal recorded for different 
frequencies of bubble departures 
b) fb = 30.08 Hz 

 
glass tank, 2 – air tank, 3 – laser,  
air valve, 6 – pressure sensor,  

computer acquisition system (DT9800 series USB 
Function Modules for Data Acquisition Systems),  

Casio EX FX1(600 fps), 9 – light source, 10 – screen, 
air pump with electronic control, 12 – The rectangle 

area of 230x50 mm where the bubble paths has been rec-

 
The bubble identification process. a) original photo.  

filter, c) filling interior of the bubbles 

 
Pressure and phototransistor signal recorded for different 
frequencies of bubble departures fb a) fb = 2 Hz,  



 

 

Fig. 4. The mean time periods between subsequent departing

Fig. 5. The changes in time of the horizontal position 
of the bubble and the typical behavior of bubble flow 
for different mean bubble departure frequencies 
a) fb = 14.4 [Hz], b) fb = 30 [Hz], c) fb =

Fig. 6. Estimated distance between subsequent bubbles

In Fig. 5 the typical behavior of bubble flow for diffe
ent mean bubble departure frequencies has been presented. 
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The mean time periods between subsequent departing  

 
The changes in time of the horizontal position  
of the bubble and the typical behavior of bubble flow  
for different mean bubble departure frequencies fb  

= 36 [Hz] 

 
subsequent bubbles 

the typical behavior of bubble flow for differ-
ent mean bubble departure frequencies has been presented. 

Changes of frequency of bubble departures cause the 
changes of average distance between bubbles in the bubble 
chain. The distance has been measured bet
quent bubbles when the lower bubble was 10 mm over the 
nozzle outlet. In Fig. 6 it has been shown the distance b
tween bubbles vs frequency of bubbles departure.

3. ANALYSIS OF FREQUENCY 
OF BUBBLE DEPARTURES

One of the main problem in 
flow is an analysis of frequency of bubble departure. Such 
frequency can be constant in time (bubbles depart period
cally) or change chaotically in time (bubbles depart chaot
cally). The Fourier transformation allows us to represe
the time-domain data in the frequency domain. The Fourier 
power spectrum answers the question which frequencies 
contain the signal power. The answer has a form of distr
bution of power values as a function of frequency. In the 
frequency domain, this is the square of Fourier transform
tion. For the measurement data in the form of discrete series 
xn the Fourier transformation has a following form:
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The power spectrum is defined as 
ples of power spectrums of data recorded in the ex
have been shown in Fig. 7.  

Obtained results for bubble paths have been compared 
with results of analysis prepared for the test path described 
by the function x��� � ln
of test path has been shown in Fig.
minant frequency is equal to bubble path oscillation fr
quency - 4.63 [Hz]. The p
Fig. 7c is characteristic for periodic system. Power spe
trums obtained for experimental data presented in Fig.
are characteristic for deterministic chaos system. 

In case when fb = 0.9 [Hz] (Fig.
cillation frequency is a dominant frequency of power spe
trum and is equal to 4.87 [Hz]. But in power spectrum 
we can distinguish the additional
high amplitudes. These frequencies are connected with 
trends of bubble paths. Together with the increase of fr
quency of bubble departures the amplitudes of these add
tional frequencies (less than 5 [Hz]) incre
is presented in Fig. 7b. It means that bubble paths become 
more unstable.  

The Fourier power spectrum does not allow us to ident
fy the frequency changes in time. This problem can be 
analyzed using the windowed Fourier transformation
(Torrence and Compo, 1998, 
rate method to localize time
eliminates this inaccuracy is the wavelet analysis. It is 
a tool for analyzing the localized variations of power spe
trum within the time series 
(Torrence and Compo, 1998, 2005). 
let transformation of a discrete sequence
convolution of xn with a scaled wavelet 
and Compo, 1998, 2005): 
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Changes of frequency of bubble departures cause the 
changes of average distance between bubbles in the bubble 
chain. The distance has been measured between two subse-
quent bubbles when the lower bubble was 10 mm over the 

it has been shown the distance be-
tween bubbles vs frequency of bubbles departure. 

ANALYSIS OF FREQUENCY  
OF BUBBLE DEPARTURES 

One of the main problem in investigation of bubbling 
flow is an analysis of frequency of bubble departure. Such 
frequency can be constant in time (bubbles depart periodi-
cally) or change chaotically in time (bubbles depart chaoti-
cally). The Fourier transformation allows us to represent 

domain data in the frequency domain. The Fourier 
power spectrum answers the question which frequencies 
contain the signal power. The answer has a form of distri-

tion of power values as a function of frequency. In the 
the square of Fourier transforma-

tion. For the measurement data in the form of discrete series 
the Fourier transformation has a following form: 

(3) 

he power spectrum is defined as P = |Fk|
2. The exam-

of data recorded in the experiment 
 

Obtained results for bubble paths have been compared 
with results of analysis prepared for the test path described 

ln��� ∙ sin����. Power spectrum 
own in Fig. 7c. In this case the do-

minant frequency is equal to bubble path oscillation fre-
4.63 [Hz]. The power spectrum presented in 

c is characteristic for periodic system. Power spec-
rimental data presented in Fig. 7.a,b 

are characteristic for deterministic chaos system.  
[Hz] (Fig. 7a) the bubble path os-

cillation frequency is a dominant frequency of power spec-
trum and is equal to 4.87 [Hz]. But in power spectrum 

can distinguish the additional frequencies with relatively 
high amplitudes. These frequencies are connected with 
trends of bubble paths. Together with the increase of fre-
quency of bubble departures the amplitudes of these addi-
tional frequencies (less than 5 [Hz]) increase, which 

b. It means that bubble paths become 

The Fourier power spectrum does not allow us to identi-
fy the frequency changes in time. This problem can be 
analyzed using the windowed Fourier transformation  
(Torrence and Compo, 1998, 2005), but this is an inaccu-
rate method to localize time–frequency. The method which 
eliminates this inaccuracy is the wavelet analysis. It is 

tool for analyzing the localized variations of power spec-
trum within the time series xn, with equal time spacingtδ  
(Torrence and Compo, 1998, 2005). The continuous wave-
let transformation of a discrete sequence xn is defined as the 

with a scaled wavelet Ψ  (Torrence 
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where (*) indicates the complex conjugate.  

 
Fig. 7. Fourier power spectrums for different frequencies  

of bubble departures fb. a) fb = 0.9 Hz, b) fb = 36.5 Hz,  
c) Test path 

Because the wavelet function Ψo(η) is generally com-
plex, the wavelet transformation W(t,s) is also complex. 
The wavelet power spectrum is defined as: |W(t,s)|2 (Tor-
rence and Compo, 1998, 2005). 

In the analysis the Morlet wavelet has been used as the 
based wavelet and has a form (Torrence and Compo, 1998, 
2005): 

( ) 2/4/1 2ηηωπη −−=Ψ ee oi
o  (5) 

where: ωo – nondimensional frequency, in the paper it is 
equal to 6 (Torrence and Compo, 1998, 2005). 

In Eq. 4 the parameter s assigns the frequency, whereas 
the parameter t identifies the time around which the as-
signed frequencies are investigated. The wavelet power 
spectrum is presented in the form of three dimensional map, 
where the horizontal axis shows the values of parameter t, 

while the vertical axis shows the values of parameter s 
(frequencies). The values of wavelet power spectrum 
|W(t,s)|2 are presented as an altitude. The wavelet power 
spectrum allows us to observe the changes of each frequen-
cy in time. In Fig.8 the contour plots of the wavelet power 
spectrums for selected bubble paths have been presented. 
The areas containing the highest value of |W(t,s)|2 are filled 
with a grey color.  

The changes of location of maximum values of |W(t,s)|2 
identify the changes of the dominant frequency in time. 
The wavelet power spectrum shows in what period of time 
of the pressure time series these frequencies appear.  

In Fig. 8g it has been shown the wavelet power spec-
trum for test path. Because the value of |W(t,s)|2 depends on 
the amplitude and frequency of data, therefore the |W(t,s)|2 
obtained for test path clearly identifies the oscillation fre-
quency only when the amplitude of oscillations is enough 
large. It happens in certain distance from the nozzle outlet. 
The higher value of |W(t,s)|2  have been market in Fig. 8 
with grey color.  

The length of the area marked with grey color is 
a measure of time in which the oscillatory bubble move-
ment with frequency about 5 [Hz] is stable. The length of 
grey area decreases together with the increase of frequency 
of bubble departures. 

3.1. Attractor reconstruction 

In order to qualitatively describe the stability of oscilla-
tory movement of bubbles the non-linear analysis with 
using the recurrence plot method has been carried out.  

The trajectories of the chaotic system in the phase space 
do not form any single geometrical object such as circle 
or torus, but form objects called strange attractors of the 
structure resembling the one of a fractal [8]. Non linear 
analysis starts from attractor reconstruction. Reconstruction 
of attractor in certain embedding dimension has been car-
ried out using the stroboscope coordination. In this method 
subsequent co-ordinates of attractor points are calculated 
basing on the subsequent samples distant of time delayτ. 
The time delay is multiplication of time between the sam-
ples. The image of the attractor in n-dimensional space 
depends upon time-delay τ. When the time-delay is too 
small, the attractor gets flattened, that makes further analy-
sis of its structure impossible. The selection of time-delay 
value is of great significance in the analysis of the attractor 
properties.  

Therefore the analysis of the experimental data is in-
itiated by determining the time-delay. For that purpose the 
autocorrelation function is calculated. Autocorrelation func-
tion allows identification of correlation between the subse-
quent samples. In case of chaotic data the value of autocor-
relation function rapidly decrease when τ increase. Value 
of the time-delay τ is determined from the condition 
C(τ)≈0.5*C(0) (Schuster, 1993). 

In Fig. 9 it has been shown the 3D attractor reconstruc-
tion obtained for time delay calculated using the mutual 
information method. For the low frequency of bubble de-
parture (Fig. 9a,b,c) the spiral structure of attractor is visi-
ble. For the high frequency of bubble departure (Fig. 9d) 
the spiral structure of attractor is invisible.  



 

 

Fig. 8. Bubble paths and wavelet power spectrums for different 
frequencies of bubble departures fb. a) f
b) fb = 4.1 Hz, c) fb = 31.7 Hz, d) fb = 36.5
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Bubble paths and wavelet power spectrums for different 

fb = 0.9 Hz,  
= 36.5 Hz, e) Test path 

Fig. 9. 3D attractor reconstruction
bubble departures fb. a)
c) fb = 4.1 [Hz], e) fb = 31.7

3.2. Recurrence plot 

Recurrence plot (RP) visualize the recurrence of states 
in a phase space. The RP enables us to investigate the r
currence of state in m-dimensional phase. The recurrence 
of a state at time i at a different time 
black dots in the plot, where both axes are time axes. From 
the formal point of view the RP can be expressed as Ma
wan et al. (2007): 

��,� � Θ !� " #�� " ��#$, �
where N is the number of considered states 
shold distance, || || a norm and 

Homogeneous RPs are typical for stationary systems 
in which relaxation times are short in comparison with the 
time of system investigation. Oscillating systems have RPs 
with diagonal oriented, periodic
quasi-periodic systems, the distances between the diagonal 
lines are different. The drift
slowly varying parameters which cause changes of brig
tens of the RP's upper-left and lower
changes in the dynamics as well as extreme events cause 
white areas or bands in the RP 

In Fig. 10 the RPs obtained for different frequencies 
of bubble departure have been presented. The RP has been 
made for 2D attractor reconstruction and 
of maximal lateral bubble displacement. For each frequency 
of bubble departure the time series of bubble lateral di
placement (upper part of figure) and RP (lower part 
of figure) have been shown. In Fig.
sented the RP prepared for the test time series where 
���� � ln ��� ∙ sin �� ∙ ��. The distance between parallel 
diagonal lines identifies the time series period. The distance 
between parallel diagonal lines in RP (Fig.
from the period of function of bubble lateral displacement 
and is equal to ~80 points (about 5 
2007). 

The recurrence rate (RR
of recurrence points in RP 
currence rate corresponds to the correlation sum 
et al., 2007). The number of recurrence points increases 
with increase of frequency of bubble departure
and Wyszkowski, 2010). Because all recurrence plots have 
been constructed basing on a 
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ttractor reconstructions for different frequencies of 

. a) fb = 0.9 [Hz], b) fb = 2.9 [Hz],  
= 31.7 [Hz] 

Recurrence plot (RP) visualize the recurrence of states xi 
in a phase space. The RP enables us to investigate the re-

dimensional phase. The recurrence 
at a different time j is marked within 

black dots in the plot, where both axes are time axes. From 
w the RP can be expressed as Mar-

$ �� ∈  '�, �, � " 1 … * (6) 

is the number of considered states xi, εi is a thre-
a norm and Θ the Heaviside function. 
RPs are typical for stationary systems 

which relaxation times are short in comparison with the 
time of system investigation. Oscillating systems have RPs 

periodic recurrent structures. For 
systems, the distances between the diagonal 

drift is caused by systems with 
ly varying parameters which cause changes of brigh-

left and lower-right corners. Abrupt 
changes in the dynamics as well as extreme events cause 

in the RP (Marwan et al., 2007).  
the RPs obtained for different frequencies 

bubble departure have been presented. The RP has been 
or reconstruction and ε equal to 1% 

maximal lateral bubble displacement. For each frequency 
of bubble departure the time series of bubble lateral dis-
placement (upper part of figure) and RP (lower part 

figure) have been shown. In Fig. 10f it has been pre-
sented the RP prepared for the test time series where 

. The distance between parallel 
diagonal lines identifies the time series period. The distance 
between parallel diagonal lines in RP (Fig. 10a,b) is a result 

om the period of function of bubble lateral displacement 
80 points (about 5 [Hz] ) (Marwan et al., 

RR) represents the percentage 
recurrence points in RP (Marwan et al., 2007). The re-

currence rate corresponds to the correlation sum (Marwan 
he number of recurrence points increases 

with increase of frequency of bubble departure (Mosdorf 
Because all recurrence plots have 

been constructed basing on a single bubble trajectory, there-
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fore the increase of RR is a result of increase of complexity 
of attractors. 

Fig. 10. Recurrence plots for different frequencies of bubble d
partures fb. a) fb = 0.9 [Hz], b) fb = 4.1 [Hz
c) fb = 13.6 [Hz], d) fb = 17.2 [Hz], e) fb = 31.7
f) Test path 

linear analysis of bubble paths in bubble chain 

is a result of increase of complexity 

 
Recurrence plots for different frequencies of bubble de-

Hz],  
= 31.7 [Hz],  

Fig. 11. The inverse of Lmax (DIV) and 
 and RR 

A diagonal line occurs in the 
trajectory runs parallel to another segment and the distance 
between trajectories is less than 
agonal line is determined by the duration of this phenom
non. Determinism (DET) is a percentage of recurrence 
points which form diagonal lines (Marwan et al., 2007). 
The DET can be treated as a measure of disappearance 
of spiral shape of the attractor.  

Ratio coefficient RATIO is a ratio of 
as Marwan et al. (2007): 
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In Fig. 11 the RATIO vs frequency of bubble departure 
has been show. For frequency of bubble departure
than 30 [Hz] the coefficient RATIO
trend line. The oscillations become small for 
Obtained results indicate that effect of interaction between 
subsequent bubbles which destroy the spiral motion of the 
bubble can be detected by coefficient 
cies of bubble departure greater than 30
frequency the large fluctuation around the trend line are 
observed.  

The longest diagonal line Lmax

tical length of bubble path where the phenomenon of stabi
ity loss does not cause the rapid changes in bubbles path 
character. The inverse of Lmax 
(2007): 
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and it is related with the KS entropy of the system, i.e.
the sum of the positive Lyapunov exponents 
2007). In Fig. 11 it has been shown the function of DIV vs
frequency of bubble departure. 

The positive Lyapunov exponents is a measure of inst
bility of system trajectory. Obtained results show that bu
ble paths become more unstable when bubble departure 
frequency increases. The rapid increase of instability 
of bubble paths is observed for bubble dep
greater than 30 [Hz].  

4. CONCLUSIONS 

In the paper the paths of bubbles emitted from the no
zle with frequency of bubble departures which ranged from 

 
and the ratio between DET  

occurs in the RP when a segment of the 
trajectory runs parallel to another segment and the distance 
between trajectories is less than ε. The length of this di-
agonal line is determined by the duration of this phenome-

is a percentage of recurrence 
s which form diagonal lines (Marwan et al., 2007). 

can be treated as a measure of disappearance 
 

is a ratio of DET to RR defined 

(7) 

the RATIO vs frequency of bubble departure 
For frequency of bubble departures less 

RATIO oscillates around the 
trend line. The oscillations become small for fb > 30 [Hz]. 
Obtained results indicate that effect of interaction between 
subsequent bubbles which destroy the spiral motion of the 
bubble can be detected by coefficient RATIO for frequen-
cies of bubble departure greater than 30 [Hz]. Before these 

fluctuation around the trend line are 

max determines the mean ver-
tical length of bubble path where the phenomenon of stabil-
ity loss does not cause the rapid changes in bubbles path 

 is defined as Marwan et al. 

(8) 

entropy of the system, i.e. with 
the sum of the positive Lyapunov exponents (Marwan et al., 

it has been shown the function of DIV vs 
 

The positive Lyapunov exponents is a measure of insta-
bility of system trajectory. Obtained results show that bub-
ble paths become more unstable when bubble departure 
frequency increases. The rapid increase of instability 

ubble paths is observed for bubble departure frequency 

In the paper the paths of bubbles emitted from the noz-
zle with frequency of bubble departures which ranged from 
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1 to 36 Hz have been analyzed. The frequency analysis and 
recurrence plots have been used to determine the strength 
of interaction between bubbles in the bubble chain. 

The wavelet analysis shows that the time of stable oscil-
latory bubble movement with oscillation frequency about 5 
[Hz] decreases together with the increase of bubble depar-
tures frequency. Qualitative analysis of this phenomenon 
prepared with using the Recurrence Plot method has shown 
that the increase of frequency of bubble departure causes 
decrease of number of the recurrence points which form 
diagonal lines. This confirms that periodic character 
of oscillatory trajectory disappears with the increase 
of frequency of bubble departure. The length of the longest 
diagonal line can be used to estimate the stability of bubble 
trajectory. It has been found that the rapid increase of insta-
bility of bubble paths is observed for bubble departure fre-
quency greater than 30 [Hz].  

The average length of the vertical lines of RP indicates 
a time in which a bubble trajectory changes very slowly. 
This time is equals to ~0.05 s and corresponds to time delay 
obtained using the minimum mutual information method. 

It has been found that the rapid increase of instability 
of bubble paths is observed for bubble departure frequency 
greater than 30 [Hz]. In this case the distance between sub-
sequent departing bubbles (S/D) becomes close to 1. 
It causes that the vertical interaction between departing 
bubbles is enough strong to change the dynamical proper-
ties of bubble paths.  
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Abstract: The paper has describes the complete design and investigation processes of permanent magnetic bearing. The pas-
sive magnetic bearing (PMB) rotor suspension rig employing no active control components was calculated, designed, con-
structed and tested. In order to increase the radial passive magnetic bearing stiffness, the Halbach-array configuration 
was used. The main purpose of the work was developing the nonlinear model of the PMB. Therefore, the magnetic flux cir-
cuit of the PMB was analytically calculated by using the Ohm and Kirchhoff methods. The nonlinear effects of the discrete 
3D model of the PMB was analyzed using Finite Element Method (FEM). Finally, the very well matched experimental and 
analytical static characteristics of the passive magnetic suspension were carried out.  

 

1. INTRODUCTION  

The nowadays industrial rotor machines are more flexible 
and often operating with ultra-high speed. Therefore, 
the suspension systems must to advanced and high reliable. 
Another problem is connected with power consumptions, 
the modern suspensions should be low-power systems.  

Active magnetic bearings have many disadvantages con-
nected with complicated control hardware, such as expensive 
digital processors, amplifiers with limited bandwidth, sensi-
tive sensors, and software. Thus, these systems are itself low 
reliable and have high energy loss index.  

Passive magnetic bearings do not require control 
and measure hardware and advanced software, thereby they 
have the potential to increase system efficiency and reliabili-
ty. Another advantage of PMBs is positive stiffness and self-
stability. What more, they can operate with larger rotor-stator 
gaps since the levitation force for active magnetic bearings 
is inversely proportional to the square of the rotor-stator gap. 
The disadvantage of PMBs is lack of stiffness control due 
to e.g. rotor displacements and lower damping than similar 
size active magnetic bearings.  

The beginning of the development of magnetic bearing 
combined with the first patent of American scientist Jesse 
Beams from  University of Virginia during the Second World 
War (Beams, 1964). Passive magnetic levitation receiving 
one degree of freedom by using permanent magnets was 
achieved and described by Jansen and Di Russo (1996), Ohji 
et al. (1999) and Fremerey (2000). The use of superconduc-
tors in the art of passive magnetic bearings was described by 
Hull and Turner (2000) and Hull et al. (1994). Several papers 
were also published on research of the coefficients of stiffness 
and damping of passive magnetic bearings. Their creators 
are Satoh (1996), Ohji (1999) as well as previously men-
tioned Jansen and Di Russo (1996).  

This paper concerns the design, implementation, and re-
search studies of the PMB which consists of the permanent 
magnets based on the Halbach-array configuration. The main 
objective of this study was to design and execution of the 

analytical model, experimental tests and model verification 
of the passive magnetic bearing based on permanent magnets 
(Fig. 1). For this purpose the PMB test rig was designed and 
constructed. The experimental characteristics of the magnetic 
force due to radial rotor displacement were measured in the 
passive bearing plane and compared with the analytical one.  

1.1. Halbach arrays 

Using the passive magnetic bearings in certain applica-
tions, we need to take into account the occurrence of radial 
component in the case of axial bearings and axial component 
in the case of radial bearings. Journal bearings, in addition 
to passing load forces of the rotor, rotor weight and damping 
must take into account the existence and impact of this nega-
tive component forces. Therefore, in the design of passive 
bearings Halbach-arrays are introduced. Halbach-array  
is a special setup and configuration of permanent magnets, 
so that you can get the concentration of magnetic flux  
in a specific, desired items, and remove it from less important 
or unwanted places (Halbach, 1980). 

a)    

b)  
Fig. 1. Sample Halbach-array configurations, a) 180° and b) 90° 

 
Fig. 2. Cross-section of the PMB  

with Halbach-array configuration 
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Among the Halbach arrays, to guide the magnetic field 
in the desired way, we can distinguish boards between 180° 
and 90°. These terms relate to the relationship between 
the magnetization vectors. 

In the construction of the passive radial magnetic bearing 
180° Halbach-array was used. This kind of magnetic bearings 
belongs to the repulsive magnetic bearings. Full configuration 
of constructed  Halbach-array is presented in Fig. 2.  

2. DESCRIPTION OF DESIGNED RIG  

The examined passive magnetic bearing is composed of four 
pairs of the Neodymium-iron-boron (NdFeB) magnets rings. 
These rings are axially magnetized, which means that magnetic 
poles are placed on the flat circle sides of the magnets (see Fig. 
2).  The dimensions of the magnets are shown in Tab. 1.  

Tab. 1. Magnets dimensions 
 

Material 

Outer di-
ameter\ 

DZ 
[mm] 

 Inner di-
ameter 

Dw 

[mm] 

Thickness 
 g 

[mm] 

Outer 
ring  

NdFeB 
N38 

75 49 10 

Inner 
ring  

NdFeB 
N38 

40 22 10 

Magnetic parameters of  the magnets are grouped in Tab. 2.  

Tab. 2. Magnetic parameters of magnets 

Parameter Symbol Unit 
Value 

MP1 MP2 
Material - - N38 N38 
Remnant  

flux density 
Br [T] 1.25 1.1 

Coercivity Hc [kA/m] 899 854 
Magnetic 
energy 

(BH)max [kJ/m3] 302 243 

Temp. of 
work 

Tc [°C] 120 180 

Magnetic 
flux 

φe.max [mWb] 4670e-3 4890e-3 

The base of the magnetic bearing stator is made of a alumi-
num alloy PA11 and PA6, which are nonmagnetic materials. 
Stator consists of five parts, namely: the vertical bracket left 
and right (Fig. 3 {2}), middle base (Fig. 3, {3}) and the hub 
mounting magnets (Fig. 3, {1}). Additionally, on the stator 
is mounted the handle of distance sensors made of aluminum 
(Fig. 3, {4}).  

The rotor shaft was made of constructional steel (Fig. 4, 
{1}) but the post of inner magnets (Fig. 4, {3}) is made 
of brass (Fig. 4, {4}). Distance ring (Fig. 4, {7}) are made of 
brass also and is mounted with a steel nut (Fig. 4, {2}).  On 
the rotor a steel blade to implicate unbalance the rotor is 
placed (Fig. 4, {6}). To reduce the air gap between inner and 
outer magnets in magnetic bearing, the sleeve was used made 
of soft magnetic material (Fig. 4, {5}).  

 
Fig. 3. Stator of the passive magnetic bearing  

 
Fig. 4. Cross-section of rotor with passive magnetic bearing  

3. SIMULATION RESULTS 

To analyze the magnetic bearings and to estimate their ra-
dial force distribution, 3D models of the passive magnetic 
bearing were built. Simulation calculations were made by 
using the FEM via Comsol Multiphysics ver. 3.5a software. 
The magnetostatic module of Comsol environment was used 
to analyze the magnetic field distribution of the passive mag-
netic bearings with Halbach-array. 

3.1.  FEM magnets model definition 

Analysis of the magnetic field of magnetic bearing  
is a magnetostatic problem with no current. This problem we 
can solve using a scalar magnetic potential. In regions with no 
current, where: 

0H∇ × =∇ × =∇ × =∇ × =             (1) 

where: H – magnetic field, ∇ – nabla operator. 
We can define the scalar magnetic potential Vm,  from the 

following relation: 

mH V= −∇= −∇= −∇= −∇               (2) 

It is analogous to the definition of the electric potential for 
static electric field.  

Using the major relation between the magnetic flux densi-
ty and magnetic field, which is described by: 

(((( ))))0B H Mµ= += += += +             (3) 

where: B – magnetic flux density, M – magnetization vector. 
 
Together with equation: 

  0B∇ × =∇ × =∇ × =∇ × =             (4) 

We can simply derive an equation for Vm, 
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0 0 0 0( )mV Mµ µ−∇ ∇ − =−∇ ∇ − =−∇ ∇ − =−∇ ∇ − =           (5) 

Equation (3) supplemented by the following expressions: 
− first Maxwell equation for current-less area: 

0 0rotHµ ====             (6) 

− or first Maxwell equation for conducive area: 

rotH J====             (7) 

where: J – current density, 
− magnetic field source-less condition: 

0divB ====              (8) 

These equations are true for stationary magnetic field 
of the permanent magnet in an environment of soft ferromag-
netic. In order to design model of magnetic field of passive 
magnetic bearing, the above conditions should be applied. 
The analytical model of magnetic phenomena will be devel-
oped by using Comsol Multiphysics, and 3D discrete model 
of the PMB will be presented.  

3.2. Boundary conditions  

Along the boundaries far away from the two pairs 
of magnets (Fig. 5), the magnetic field should be tangential to 
the boundary as the flow lines should form closed-loops 
around the modeled magnets. The natural boundary condition 
is expressed by: 

(((( ))))0 0 0 0mn V M nBµ µ∇ − = =∇ − = =∇ − = =∇ − = =          (9) 

where: n – boundary normal pointing out from the inner mag-
net rings.  

 
Fig. 5.  Finite element model - magnets geometry 

Therefore the magnetic field is made tangential to the 
boundary by a Von Neumann condition on the magnetic po-
tential. Along the symmetry boundary below the magnet, the 
magnetic field should be tangential, and thus we can apply the 
same Von Neumann condition there. 

Against, the magnetic field should be normal to the sym-
metry boundary, which is located at the front of the magnet 
rings cross-plane (see Fig. 5). Thus, the magnetic flow lines 
have formed of the closed-loops rings around the magnet. 

This means that the magnetic field is symmetric with respect 
to the boundary. This can be achieved by setting the potential 
to zero along the boundary, and thus making the potential 
anti-symmetric with respect to the boundary. 

3.3. Subdomain settings 

The Fig. 5 shows all highlighted subdomains in magnetic 
bearing finite element model. These are: magnets of stator, 
magnets of rotor, outer sleeve, inner sleeve and ambient air. 
In order to get the detailed finite element model of the PMB, 
the proper parameters need to by find in the right domain 
of the geometric model.    

Selected following settings and parameters of the hig-
hlighted domains in the magnetic bearing model are presented 
in Tab. 3.  

Tab. 3.  Subdomain settings 

Settings 
Subdomain 

1,2 
Subdomain 

3 
Subdo-
main4 

Description 
Rotor Magnet, 
Stator Magnet 

Magnetically 
Soft Sleeve 

Air 

Constitutive 
relation 

0 0B H Mµ µ= += += += +
 

HB rµµ0=  HB rµµ0=
 

µr - 6980 1 

3.4. FEM calculations 

Next, the PMB mesh model is developed. Setting the rele-
vant parameters the mesh model is extremely important 
to correctly estimate all properties of the magnetic bearings 
and determine the maximum radial force of the bearing. Mesh 
was concentrated in the most important places of the magnet-
ic  bearing model, which are air gaps between pairs of stator 
and rotor magnets. As the most optimal mesh element  tetra-
hedron was used. The maximum size of the mesh element was 
defined as 5-7% of the smallest dimension of the geometric 
domain. Maximum element size scaling factor was chosen 
as 0.5. Mesh curvature factor was set as 0.25. In the magnetic 
bearing air gaps, inner and outer sleeves, the gap element was 
used. Gap element is the special kind of mesh element.  
It is particularly important whenever a big impact on the field 
distribution have air gaps in model. Gap element reduces  
the growth of algebraic matrix equations in the calculations. 
To reduce the size of the field surrounding the magnet rings 
model, the infinite element was used, which improves the 
results of calculations by a few percent and reduced the num-
ber of elements in finite element model. 

The magnetostatic solver was used to calculate the radial 
force and predict the distribution of magnetic field in the   
PMB with Halbach-array. The 3D magnetic bearing mesh 
model is illustrated in Fig. 6. The model have 1282681 ele-
ments. To compute magnetic forces and torques in the 
AC/DC Comsol Module, four methods are available. The 
most general method is to use the Maxwell Stress tensor de-
scribed below. Force and torque calculations using Maxwell’s 
stress tensor are available in the application modes for elec-
trostatics, magnetostatics, and quasi-statics. In case of the 
magnetostatics and quasi-statics the Maxwell Stress tensor  
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is given by:  

TBHnBHnTn )(
2

1
1121 ⋅+⋅−=                   (10) 

where: n1 – outward normal from the object. 
The Maxwell stress tensor was integrated over the inner 

magnets surface.  

 
Fig. 6. 3D mesh model of passive magnetic bearing 

 
Fig. 7. Magnetic flux density in cross section of magnetic bearing 

 
Fig. 8. Displacement stiffness characteristic of the PMB 

Three-dimensional model of magnetic bearings was used 
to compute the magnetic potential, magnetic flux density and 
magnetic energy in the air gap.  

In Fig. 7 we could observed places in air gap where the 
field reaches the highest values and where it falls significant-
ly. This is caused by build Halbach-array. The gaps in mag-
netic field observe in Fig. 7 are typical for this kind of Hal-
bach-arrays.  

Depending on the movement of the rotor in the magnetic 
bearing plane, the air gap is changed, and therefore the repul-
sive force of the magnets changed too. For the different posi-

tions of the rotor in the bearing plane, the power calculations 
were made based on a reduced finite element model of the 
PMB. The results obtained are summarized and presented  
in the form of static characteristics (Fig. 8). 

4. EXPERIMENTAL TESTS 

The experimental study have allowed to verify the finite 
element model of the PMB and to analyze the design  
and assessment of its fairness and accuracy of design assump-
tions bench. The lab test rig is presented in Fig. 9. The lab 
stand consists of rotor with electrical drive and elastic clutch, 
the rotor is supported by one ball bearing and passive magnet-
ic bearing located at the end of the rotor. In order to measure 
the magnetic radial force, the tensometer force sensor was 
assembled. The radial displacement of the rotor was meas-
ured in two directions x-y by using inductive sensors.  
The total weight of the rotor is 1.07 kg, and total length  
of 0.4 m. The nominal radial air gap is equal to 0.001 m.  
The actual physical model has become a reference for early 
design and simulation tests. 

 
Fig. 9. Test rig  

 
Fig. 10. Measured and calculated PMB stiffness  

The first stage of the experimental tests were static stiff-
ness measurements with no rotating rotor. As a result, the 
values of  the magnetic repulsive forces in the radial direction 
due to change of the air gap were determined. Depending  
on the rotor load, measured by electronic scales, the value  
of its shipments and dial indicator has been observed using 
inductive sensor. 
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Next, the measured radial magnetic bearing force due to 
rotor displacements in the range of the air gap was compared 
with the FEM calculations (see Fig. 10). 

Fig. 10 shows the rotor displacement as a function 
of radial load for the experimental data and finite element 
model. The slopes (stiffness) of these curves match quite well 
and equals 1.28⋅105 N/m. The finite element model  
of the PMB is sufficiently consistent with the laboratory 
model. Thus, the finite element method, with appropriate 
choice of parameters, a careful analysis and accurate model-
ing, may be used with quite good results in the design 
of passive bearings and to assess the pre-load magnetic bear-
ing.  

The axial stiffness of the passive magnetic bearing is more 
stronger than in radial direction and is not presented in this 
paper. 

5. SUMMARY 

A completely passive magnetic bearing rig was designed, 
constructed, and tested in this work. The experimental  
and simulation results are well matched, thus the finite ele-
ment methods can be used to accurately design the size and 
number of  the magnets for  the  radial support of the bear-
ings. 

The implementation of the passive magnetic bearing re-
quires a careful analysis of the magnetic field generated 
by permanent magnets and assesses their material aspects. 
Obtained and desired distribution of magnetic field strength 
determines the values of the bearings, radial and axial com-
ponent. The introduction of the Halbach-arrays allows 
the adequate orientation of the magnetic field in the placenta, 
and to reduce the negative impact of the active component 
forces. The use of Halbach-arrays and a thorough assessment 
and analysis of magnetic bearings, allow to develop and to 
implement the high performance passive magnetic bearings. 
Submission of the magnets in different directions of polariza-
tion is a very difficult task and unfortunately expensive too, 
thus always some assumption should be taken into account.  
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Abstract: In the paper the optimal robust vibration control of flexible rotor supported by the active magnetic bearings 
(AMBs) is investigated. The purpose of the control system is stabilization of the high speed rotor and effective control of the 
rotor vibration due to noncollocation, gyroscopic effects and model uncertainties. The noncollocation effect is considered and 
frequency modal analysis of the noncollocated AMBs system with gyroscopic effects is presented. The µ-Synthesis control is 
applied to stabilize the rigid and flexible critical frequency modes of the rotor, with emphasis structural and parametric uncer-
tainty. The input and output signals in AMBs system are limited by the weighting functions. The singular value analysis is 
used to obtain the robust performances of the closed-loop system. The stable operation and good stiffness of the high speed 
rotor supported magnetically is reached. The dynamical behaviour of the AMBs rotor is evaluated in the range up to  
21 000 rpm. The experimental tests show the effectiveness of the robust control system as well as good vibrations reduction 
and robustness of the designed controllers.  

1. INTRODUCTION 

The active magnetic bearings (AMBs) are used to sup-
port a rotor without mechanical contact and to vibrations 
control (Schweitzer et al., 1994, 2009). The AMB uses 
magnetic forces to levitate the rotor between two opposing 
electromagnetic poles. In the AMBs systems the rotor 
is inherently unstable. Thus, the AMBs application must be 
stabilized with an active feedback control system. The rotor 
vibrations control and vibrations compensation is a very 
important problem in rotating machines operating with high 
rotational speeds (Stephens, 1995; Knospe, 2007; Knospe 
et al., 1995; Mystkowski and Gosiewski, 2008b).  

The dynamics of the AMBs rotor system is influenced 
by external disturbances (steady sinusoidal loads), nonlin-
earities, uncertainties and signal limits (Mystkowski 
and Gosiewski, 2006, 2008a, 2009). Many active vibrations 
control methods are used in the rotor-bearings applications, 
where some can be found in papers Burrows at al. (1983, 
1989) and Genta (2005). The robust optimal control meth-
ods based on the µ-Synthesis, H∞ or H2 algorithms are other 
modern/advanced solutions (Mystkowski, 2007b; Sawicki, 
2008). The µ-Synthesis control permits to design the multi-
variable optimal robust controller for complex linear sys-
tems with any type of the uncertainties in their structure. 
There are many practical applications of the µ-Synthesis 
control in the high speed rotor AMBs systems (Knospe at 
al., 1997; Fittro and Knospe, 1999; Fittro et al., 2003; 
Sawicki and Maslen, 2006). The µ-Synthesis control meth-
odology covers the practical issues like modelling of the 
uncertainties, selection of the optimal weighting functions 
and signal limits. The µ-controller synthesized for the aug-
mented plant model must meet the analysis objectives pre-
sented by the maximal singular value. Furthermore, in this 
method the optimized performance index has a good con-
nection with the real AMBs system. The goal of this 

method is to design the stable controller which is robust to 
the plant dynamics variations. The µ-Synthesis control 
procedure is natural augmentation of the H∞ control theory 
with the analysis of the structural singular value (Zhou 
et al., 1996). Therefore, in the case of µ-Synthesis control, 
the uncertainties are more simple to consider than in the H∞ 
control. What more, the nonlinearities of the control plant 
can be also considered. Generally, in the robust control 
theory, if there are no limits, the greater robust control 
performances can be obtained by using greater control 
effort. However, the best control performances can be 
achieved with infinite controller gain.  

The AMBs systems usually have noncollocated sensors 
and actuators. The noncollocation effect produces lack 
of interlacing of zeros and poles in the control plant model 
and causes a real stability problem (Preumont, 2002). Gen-
erally, the noncollocation is important in high speed rotor 
machines, where all the rigid and flexible frequency modes 
must be stable controlled (Spector and Flashner, 1989, 
1990). Usually, the noncollocation provides limits in the 
rotor flexible modes control because of mode shape meas-
urements faults. What more, the introduction of the inter-
lacing repair controller is difficult especially in multi-
input/multi-output (MIMO) rotor-bearings systems (Genta 
and Carabelli, 2000). 

In the paper, the µ-Synthesis control method is applied 
to vibrations control of the high speed AMBs flexible rotor, 
with emphasis noncollocation, gyroscopic effects and un-
certainty. The flexible rotor supported by the AMBs 
is analyzed using the finite element method (FEM). The 
mass, stiffness and damping matrices of the flexible free-
free rotor are computed and analyzed using MATLAB 
software. The model of the AMBs system components, 
which includes the magnetic bearings, rotor, power amplifi-
ers and sensors, is presented. The influence of the noncollo-
cated sensors and actuators on the rotor dynamics stability 
is evaluated. The gyroscopic effects in AMBs rotor is con-
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sidered and presented via Campbell diagram. The robust  
µ-controller is designed due to uncertainty in the AMBs 
rotor model. The uncertainty is considered as variability 
of the electromagnetic coils inductance and rotor mode 
shapes perturbations. The robust control performances are 
verified during the experimental tests. The experimental 
test rig with the AMBs rotor and digital power amplifiers 
was designed and built. The stable high speed rotor opera-
tion and good robust performances of the closed-loop con-
trol system was reached. Finally, the success of the robust 
control is demonstrated through results of computer simula-
tions and experimental results.  

2. MODEL OF AMB FLEXIBLE ROTOR SYSTEM  

To measure the rotor displacement in two radial direc-
tions, the high precision eddy-current sensors are used. The 
rotor displacement sensors have a high resolution and wide 
bandwidth up to 10kHz, which is much over that rotor 
maximal angular speed. Therefore, the model of the sensors 
is assumed as a simple proportional gain. The rotor dis-
placement signals are filtered by the anti-aliasing filters 
implemented in digital signal processor (dSpace board) 
in order to filter out signal components above Nyquist fre-
quency of 4 kHz. The important consequence of poor anti-
aliasing filtering is e.g. when the magnetic bearings react to 
the noise mainly in the low frequency range. 

The AMBs system are operated with the current control, 
where at each sampling step, the digital signal processor 
(DSP) calculates the magnitude of the control current that 

is applied to the electromagnetic coils of the AMBs. These 
currents are generated by the digital power amplifiers based 
on the pulse-width-modulation (PWM). The ten channels 
of digital power amplifiers are used, where each of the 
amplifiers has an internal current control loop with a simple 
proportional gain controller. Thus, the coil current is meas-
ured and subtracted from the set current, which is propor-
tional to a voltage signal of the DSP. The demanded set 
current is created by means of switching among a positive 
or negative voltage (180 V). The switching frequency 
is equal to 18 kHz. Thus, the true current oscillates around 
the switching frequency. For a good dynamics perform-
ances of the operating AMBs the currents should be as 
smooth as possible. That is why, the amplifier output low-
pass filters are applied. The AMBs coils are modelled as the 
series interconnection of a copper resistance R and an in-
ductance L. The rate of the current change should be fast 
enough to follow the current command. However, the am-
plitude and frequency ranges are limited by the R–L curve 
of the power amplifier. The model of the electromagnetic 
coil includes  first order low-pass filter with cut-off fre-
quency ωc=R/L (700 Hz) and gain of 1 A/V. The maximal 
value of the output current imax is limited to 10 A. In the low 
frequency range up to the crossover frequency ωc, the out-
put current is limited by the imax. Beyond the frequency ωc, 
the output current is limited by the coil’s low-pass charac-
teristic denoted by the R-L curve. To simplify the AMBs 
open-loop model the dynamics of the DSP was neglected 
and only the gains of A/C and D/C converters are consid-
ered. 

 
Fig. 1. Flexible rotor  

The complex flexible rotor is modelled using the finite 
element method. Thus, the rotor was partitioned into 26 
discrete elements of the simple geometry based on the Ti-
moshenko model (Nelson, 1980). Between neighbouring 
elements the connecting nodes are introduced. Each of the 
rotor nodes has 5 degrees of freedom (DoF) and the rotor 
has 112 DoF. The motion equation of the free-free rotor 
(without external forces) is given by: 

( ) 0Mq D G q Kq+ + Ω + =ɺɺ ɺ    (1) 

where: M – symmetrical, positive definite mass matrix,  
D – symmetrical damping matrix, G – skew-symmetric 
gyroscopic matrix, K – symmetrical, positive semi-definite 
stiffness matrix, Ω – rotational speed, q – displacement 
vector. 

The model of the free-free rotor is transformed to the 
state-space representation: 

x Ax Bu

y Cx Du

= +
= +

ɺ
    (2) 
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where:  
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. 

The model of the external forces F acting on the rotor 
and model of displacement sensors S are given by matrices: 

0 0
,

0 0
x x

y y

F S
F S

F S

   
= =   
   

.  (3) 

The flexible rotor supported in the AMBs is modelled 
by combining the model of the flexible rotor with the model 
of the AMBs (Losch, 2002). Thus, the model of the flexible 
rotor in AMBs can by described as follows: 

( ) s iMq D G q Kq K q K i+ + Ω + = +ɺɺ ɺ   (4) 

where:  Ks, Ki – matrices of the AMBs displacement and 
current stiffness coefficients. 

After transformed to modal coordinates that yields: 

( ) ( )r r r r r sr irM q D G q K K q K i+ + Ω + − =ɺɺ ɺ   (5) 

The obtained stiffness matrix Kr−Ksr is not exactly di-
agonal, but the diagonal elements are significantly larger 
than others elements. The total rotor mass is 6 kg and total 
length is 0.905 m. The rotor dimensions are presented 
in Fig. 1. 

3. MODAL ANALYSIS OF AMBs GYROSCOPIC 
FLEXIBLE ROTOR  

 
Fig. 2. Flexible rotor with AMBs, for Ω=0 rpm 

The flexible rotor supported by the AMBs is analyzed 
using FEM such that rigid and flexible modes are analyzed. 
For the simulations and modal investigations the following 
magnetic bearings nominal parameters are considered: bias 
current i0=2 A, nominal air gap x0=0.0004 m, current stiff-
ness ki=25 A/m and displacement stiffness ks= 97801 N/m. 
The modal rotor damping is chosen at 0.5% for all flexible 
modes. The flexible rotor model is modally reduced by 
using Balanced Modal Truncation Method, and only first 
4 rotor modes are considered (The MathWorks, 2004). 

The 5th mode is out of operating range and has no influence. 
The Bode plot of the modally reduced AMBs flexible rotor 
is presented in Fig. 2. The two rigid modes are located at 
30Hz and 43Hz, the first flexible mode is placed at 116Hz. 

In case of a rotating rotor (when, Ω>0), the motion in 
the two planes are coupled by the gyroscopic term ΩG. 
Thus, the gyroscopic effect causes the flexible rotor poles 
to move with increasing rotational frequency. The Bode 
plot of the AMBs flexible rotor for rotational speed Ω=300 
Hz is presented in Fig. 3. The gyroscopic effect is clearly 
appeared in Fig. 3 and it did not appear in Fig. 2. 

 
Fig. 3. Flexible rotor with AMBs, for Ω=18 000 rpm  

4. NONCOLLOCATINON ANALYSIS OF AMBs  

The noncollocation of eddy-current displacement sen-
sors and magnetic actuators of the AMBs system is consid-
ered. The noncollocation effect which produces no inter-
laced zeros and poles of the AMBs system is a real stability 
problem. When a system is collocated (sensors and actua-
tors act at the same points along the shaft), the poles and 
zeros are interlaced and phase is between 0 and -180° (Fig. 
4).  For current example, the distance between sensors and 
magnetic actuators is equal to 0.035 m. Thus, AMBs sys-
tem is noncollocated (Fig. 5). Here, we can notice that the 
poles of the AMBs model are independent of the sensor 
locations while the zeros are strongly sensitive to sensor 
locations. The poles and zeros are no longer interlaced in 
noncollocated case. 

There is a lack of interlacing of the 5th flexible mode  
(Fig. 5). They can be explained that poles no stay in the left 
half plane with frequency (root locus analysis) but must 
travel into right half plane. The noncollocated system 
is unstable, if the rotor mode shape node leads between 
sensor and actuator points, and the system is nonminimum 
phase. In presented example, for small no collocation, 
which appears above high frequency, the system is still 
stable in considered AMBs rotor frequency operation 
(phase is between 0 and –180°, Fig. 5). 

The interlacing repair in single-input/single-output 
(SISO) systems can be simply improved by adding an extra 
complex pair of zeros. In case of AMBs rotor system, the 
model is always MIMO with cross couplings between con-
trol axes. Therefore, the interlacing repair is more compli-
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cated in MIMO systems. In the paper the noncollocation 
effect appears at high frequency and is considered as the 
uncertainty model of the rotor mode shapes perturbations in 
the µ-Synthesis control design.   

 
Fig. 4. Flexible rotor with AMBs for collocated sensors  
           and actuators 

 
Fig. 5. Flexible rotor with AMBs for sensor located 0.035m  
           from the magnetic actuator  

5. CRITICAL SPEED ANALYSIS 

 

Fig. 6. Campbell diagram of the flexible rotor with AMBs  
            for Ω from 0 to 100 000 rpm 

 
The rotor modes with increasing frequencies expose 

a rotation in the same direction as the rotor are called for-
ward modes (nutations). The modes with decreasing fre-
quencies rotate in the opposite direction are called back-
ward modes (precessions). Fig. 6 shows the splitting of the 
flexible eigenfrequencies with the rotational speed from 
0 to 100 000 rpm. The dashed line in Fig. 6 corresponds 
to rotational frequency, while the solid lines correspond 
to backward and forward flexible mode frequencies. The 
crossing of flexible modes and rotational frequency called 
critical speeds are sensitive points of AMBs rotor applica-
tion. The critical speeds have to be stable controlled during 
any change of the rotor speed.   

6. THE µµµµ-CONTROLLER DESIGN 

Based on the equation (5) the pole-zero distribution 
of the AMBs rotor open-loop model is shown in Fig. 7. Due 
to symmetry of the system, each pole occurs twice, once for 
each plane. The flexible poles are very weakly damped 
(damping about 0.5%). The design process of stabilizing 
controllers which brings all poles to the left half plane 
is quite difficult. With increasing the controller gain, the 
poles first move to the left plane, but if the gain is further 
increased, they split and follow the positive and negative 
imaginary axis. Thus, the controller with added damping 
should be applied. In fact, finding process of the controller 
that stabilizes the all rigid modes of the flexible rotor with-
out destabilizing the weakly damped flexible modes 
is difficult and complicated task. 

 
Fig. 7. Flexible rotor with AMBs (open-loop model) 

In the µ-Synthesis control, the cost factor is a minimal 
value of the norm ||T||

∞
, where T is a closed-loop transfer 

function. The µ-Synthesis algorithm bases on the D-K itera-
tion procedure is natural augmentation of the H∞ control 
(Zhou et al., 1996). After performed the singular value 
analysis, the µ-controller should satisfied the following 
condition in frequency domain (Zhou et al., 1996):  



acta mechanica et automatica, vol.4 no.4 (2010) 

87 
 

( )sup ( ) 1T j
ω

σ ω
∈

≤
ℝ

   (6) 

where: σ - maximal singular value. 
Fig. 8 shows structure of µ-Synthesis closed-loop sys-

tem.  

 
Fig. 8. µ-Synthesis system, where: G – augmented model of the 

plant, K – robust controller, Ww – weight of input signals, 
Wz – weight of output signals, z – any measured signals,  
w – any disturbances (loads),  y – output signal, u – control 
signal, index {^} means weighted signal 

The robust controller is designed for augmented control 
plant. In this case, the augmented plant includes nominal 
models of: rotor, magnetic bearings, power amplifiers, 
sensors, DSP and also models of uncertainties and weight-
ing functions.  

The weighting functions are putted on the input and 
output signals like error signal, control signal and rotor 
displacement signal (see Fig. 9). Thus, the signals of the 
AMBs rotor system are scaled and the performances of the 
real control loop are shaped by the weighting functions 
(Mystkowski, 2007a). The weighting functions enable us to 
consider signal limits, unbalance forces and external distur-
bances. These functions strongly influence on the perform-
ances and robustness of the system. In robust control the-
ory, proper chosen weighting functions must pass the fol-
lowing conditions (Zhou et al., 1996): 

1

2

3

( ) ( )

( ) ( ) 1

( ) ( )

W s S s

W s R s

W s T s
∞

≤    (7) 

where: S, R, T are sensitivity, control and complementary 
sensitivity functions. 

In current example, amplitude of the weighting function 
W3 putted on output signal (rotor displacements) was cho-
sen 0.1, because the rotor displacements should not exceed 
10% of the nominal air gap (according to the vibration level 
at normal exploatation defined by ISO 14839-2 norm). 
The amplitude and bandwidth of the weighting function W2 

putted on the control signal should correspond to maximal 
current of the power amplifier (10 A) and maximal band-
width (700 Hz). The weighting function W2 is designed 
based on the R0 control function. The proper design of the 
weighting function W1 is the most important because 
of clear-out of steady state error, overshoot and settling 
time, which strongly influence on the dynamic of the 
AMBs closed-loop system. The W1 weighting function are 
designed based on the S0 sensitivity function. Final configu-

ration of the AMBs system with weighting functions 
is presented in Fig. 9. 

 

Fig. 9. AMBs weighted model 

The magnetic bearing model is itself uncertain (Myst-
kowski and Gosiewski, 2009). The main sources of the 
uncertainty and nonlinearity are electromagnetic coils. The 
uncertainty of the AMBs system is modelled as structural 
uncertainty and parametric uncertainty (Knospe et al., 
1996). The structural uncertainty is described by unknown 
norm-bounded perturbations, denoted here by ∆. This per-
turbation acts on the nominal model GN via linear fractional 
transformation (LFT) and is represented as feedback gains 
connected to the control plant anywhere inside. In the rotor 
model, the uncertainty is connected mainly with FE nodes 
and can be considered as in hierarchical systems (Miatliuk 
et al., 2009). In this case the uncertainty was modelled as 
multiplicative and uncertain augmented model is given by: 

( )1R N m mG G W= + ∆    (8) 

where: GN – is a nominal model, ∆m – perturbation satisfy-
ing ||∆||

∞
<1, Wm – is a stable weighting function putted on 

the multiplicative uncertainty. 
The weighting function Wm is given by: 

1/ 270 1
( ) 0.1

1/ 728 1m

s
W s

s

+=
+

   (9) 

At low frequency, below 270 rad/s, AMBs rotor model 
variation can vary up to 10% from its nominal value. After 
270 rad/s the uncertainty (percentage variation) starts to 
increase and reaches 140% at about 728 rad/s. The frequen-
cies 270 rad/s and 728 rad/s are the values of 2nd rigid and 
1st flexible modes of the AMBs system. Also some parame-
ters of the AMBs system can vary from nominal values 
during operation. The uncertain parameters are current 
stiffness ki and displacement stiffness ks, were the uncer-
tainty is presented as perturbations of ±5%. Also, the actua-
tor gain uncertainty is modelled as perturbations of ±1%. 
If robust controller is designed for rotational speed equal 
zero, there are no guarantee that the system will be stable 
for other values of rotational speed. The nominal value 
of the rotational speed Ω is equal to 10 000 rpm, with un-
certainty of ±100%. The uncertain model of the AMBs 
system with external signals is presented in Fig. 10.  

The µ-controller was computed using function provided 
by the Robust Control Toolbox of MATLAB called dksyn 
(The MathWorks, 2004). Fig. 11 shows the Bode plot 
of designed µ-controllers computed for the AMBs system 
with uncertainties and weighting functions, one of them 
is optimized for the AMBs rotor vibrations compensation. 
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The optimized µ-controller was computed for the proper 
selected weighting functions. The magnitude of the opti-
mized µ-controller is minimalized due to maximal value 
of the power amplifier current. Thus, the real controller 
output is not saturated and good control performances are 
achived.  

 
Fig. 10. Complex AMBs system  

 
Fig. 11. Dynamics of µ-controllers 

7. EXPERIMENTAL RESULTS 

The laboratory stand with the high speed AMBs rotor 
and digital power amplifiers was designed and built during 
realization of the ordered research project No PBZ-KBN-
109/T-10/2004 financed by the Polish Ministry of Science 
and Higher Education. The rotor is supported by two radial 
active heteropolar magnetic bearings. Each of the magnetic 
bearings has 8 electromagnets connected in 4 pairs in series 
configuration. Thus, each of the magnetic bearings de-
mands two channels of power amplifiers. The four feedback 
loops are used to control the radial rotor displacements in 
the air gap of the radial magnetic bearings. The rotor 
is driven by electric motor by flexible coupling, and axial 
vibrations are no controlled.  

The four µ-controllers are used to control the rotor mo-
tion in two radial directions for two magnetic bearing 
planes. Thus, the four independent feedback loops with  
µ-controllers are applied and experimentally verified. Each 
of the real feedback loops in the AMBs rotor application 

includes: rotor, heteropolar magnetic bearings, digital 
power amplifiers (PWM), sensors and DSP with A/C and 
D/C converters. The control algorithm is implemented 
as a discrete time state-space model to the DSP by using 
real-time interface (RTI) and real-time workshop (RTW) 
provided by the MATLAB. Since the µ-controller cannot 
levitate the rotor alone, the program first brings the rotor 
into support under a low performance PID control algo-
rithm. After that, the program switches to µ-Synthesis con-
trol algorithm. Both, the µ-Synthesis and PID control algo-
rithms are implemented in DSP with the sampling rate 
of 10 kHz. The sampling rate is as high as the discrete-time 
controllers obtained by a bilinear approximation method 
good correspond to the continuous-time original system. 
In experimental tests the disturbances as mass unbalance, 
gravity loads and sensor noise are considered. The aerody-
namic loads and the nonlinear phenomena like eddy-
currents loses, hysteresis are neglected. Tests are performed 
for the rotor angular speed from 0 to 21 000 rpm. The ex-
perimental set-up is presented in Fig. 12. The orbit plot 
of the rotor operation at 21 000 rpm is presented in Fig. 13, 
where because of the following rotor modes the trajectory 
of the geometrical centre of rotor has elliptic shape. 
The controlled vibrations level for the same bearings 
is presented in Fig. 14.  

 
Fig. 12. Test rig  

 
Fig. 13. Orbit plot for rotational speed at 21000 rpm 
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Fig. 14. Vibrations level in two radial direction  

  for rotational speed at 21 000 rpm 

 
Fig. 15. Rotor acceleration test from 0 to 10 000 rpm 

The transient resonances (first two resonances) 
are shown in Fig. 15 during rotor acceleration test from  
0 to 10 000 rpm, where all rotor rezonanses are sucesfully 
controlled. The rotor speed of 21 000 rpm was not maximal 
of the AMBs rotor system but of the electrical drive.  

8. SUMMARY 

The paper deals with optimal robust vibrations control 
in wide range of the AMBs rotor speed. The presented 
simulations and experimental results show the potential of 
the µ-Synthesis control applied in the AMBs rotor system. 
The vibrations compensation in wide range of rotation 
speed changes was performed successfully during experi-
mental tests. The µ-controllers have a good vibrations 
damping and robustness to a plant structural uncertainty. 
The general disadvantage of the µ-Synthesis control is de-
manding a detailed model of the control plant. The maximal 
sampling frequency of the real digital processor is limited. 
Therefore, the order of µ-controller is high and must be 
reduced before implementation in the real-time digital 
processor.   
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Abstract: Coordinate measurements are the source of digital data in the form of coordinates of the measurement points 
of a discrete distribution on the measured surface. The local geometric deviations of free-form surfaces are determined 
(at each point) as normal deviations of these points from the nominal surface (the CAD model). Obtaining discrete data is in-
separably connected with losing information on the surface properties. In contact measurements, the ball tip functions 
as a mechanical-geometric filter. The results of coordinate measurements of geometric deviations depend not only on the grid 
size but also on the ball tip diameter. This article presents foundations of the influence of the ball tip diameter and the grid 
size on coordinate measurement results along with the experimental results of measurement of a free-form milled surface 
in order to determine its local geometric deviations. 

 

1. INTRODUCTION  

The issue whether a product meets the appropriate con-
struction requirements is of fundamental importance 
in producing machine parts. For inspecting the accuracy 
of parts which consist of geometric shapes such as planes, 
circles, or cylinders, widely known measurement techniques 
are used in industry. The accuracy inspection of parts con-
taining free surfaces requires the coordinate measurement 
method to be applied. 

The coordinate measurement technique consists in de-
termining the coordinate values of measurement points 
located on the surface of an object. As a result of the meas-
urement, a set of discrete data is obtained in the form of the 
coordinates of the measurement points. The dimen-
sional/form accuracy inspection of free-form surfaces con-
sists in digitalizing the workpiece under research (coordi-
nate measurement with the scanning method), followed by 
comparing the obtained coordinates of the measurement 
points with the CAD design (model). The values of local 
geometric deviations of the free-form surface, or normal 
deviations of measurement points from the nominal surface, 
may be calculated by previously determining the deviation 
components in the X, Y, Z directions (Werner and Ponia-
towska, 2006; Cho and Seo, 2002). Software of coordinate 
measurement machines (CMMs) automatically performs 
such calculation for each measurement point in the UV 
scanning option designed for scanning on the basis of the 
CAD model (UV – directions of the B-spline surface param-
eterization).  

Measurements of real surfaces produce only their ap-
proximate views. The approximation degree depends on the 
accuracy of the applied measuring method. Among numer-
ous factors which have influence on the accuracy, connected 
with the tool instrument and the measurement environment, 
there are factors which can be rationally adjusted – such 
measurement parameters as the sampling (discretization) 
interval and the diameter of the measuring tip. Both these 

factors have a strictly specific impact on the measurement 
results (Adamczak, 2008). 

Different sampling strategies (number and location 
of measurement points) provide different measurement 
results for the same surface. This is connected to the fact 
that measuring a finite number of discrete points on the 
measured surface is actually described by an infinite num-
ber of points. Since geometric deviations are different 
at each point, measurement results depend on the number 
and location of these points (Badar et al., 2008; Ainsworth 
et al., 2000). Elkott et al. (2002) proposed to sample points 
from free-form surfaces based on the surface NURBS fea-
tures. However, in the majority of cases, measurements are 
carried out along a regular u x v grid with the use of UV 
scanning options, which are inbuilt in CMM software. In-
formation on the surface is provided by data of a discrete 
character. Obtaining such data is inseparably connected 
with losing information on the surface properties. Planning 
an effective sampling scheme requires decisions on deter-
mining the range of active area and the size of the meas-
urement points grid. The active research, area as well as the 
grid size determine the measurement results. Geometric 
deviations of a surface may be decomposed into three com-
ponents: form deviations, waviness, and roughness. 
The components differ in respect of lengths of their elemen-
tary irregularities (waves). In contact measurements, the ball 
tip functions as a mechanical-geometric filter (Adamczak, 
2008; Dong et al., 1996). The scope of information included 
in measurement data depends on the ball tip diameter. 
Therefore, results of coordinate measurements of geometric 
deviations of free-form surfaces depend not only on the 
active area and the grid size but also on the diameter of the 
ball tip end. 

In measuring geometric surface textures (form devia-
tions, waviness and roughness) of regular shapes, special-
ized stylus measurement instruments are used – profilers, 
roundness measuring machines, form recording instruments, 
etc. For the particular types of deviations, guidelines 
for selecting measurement parameters including the tip 
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radius, sampling lengths and assessment lengths, the sam-
pling interval (the number of measurement points), as well 
as rules of digital roughness filtration have been developed 
and incorporated in standards. In standards pertaining 
to measuring straightness and roundness, the recommended 
maximum tip radii were worked out according to the princi-
ple stating that the tip radius is comparable to the boundary 
wavelength (the filter passing limit), while the distance 
between measurement points was established according 
to the principle holding that the number of measurement 
points in a segment whose length is equal to that of the 
boundary wavelength, amounts to 7 (Adamczak, 2008). 
However, there are no strict standards which would unam-
biguously determine what boundary length of the elemen-
tary (harmonic) wave should be adopted for waviness/form 
deviations, what the sampling interval should amount to, 
or which tip radius should be used in a specific measure-
ment. No unambiguous criteria exist as to categorizing 
deviations as waviness or form deviations. Numerous litera-
ture sources relating to measuring surface roughness include 
analyses of the influence of tip geometry and radii on meas-
urement results. In Poon and Bhushan (1995) showed that 
increasing the tip size leads to the profile deformation, 
and in effect to decreasing values of the height parameters. 
Many problems are also connected with selecting the sam-
pling interval. If it is too small, excess data are available, 
data are strongly correlated, and the surface is represented 
by a vast number of measurement points. If, on the other 
hand, the sampling interval is too big, information on the 
surface properties is lost (the phenomenon of aliasing oc-
curs). It is suggested that selecting the sampling interval 
should be made according to the tip radius size (Pawlus, 
2004, 2007). The boundary length of the measured rough-
ness depends on which parameter, the tip size or the sam-
pling interval, is bigger (Dong et al., 1996; Szabatin, 2003). 
In measuring form deviations, measurement parameters are 
not as significant as in measuring surface roughness, al-
though their influence on the measurement results cannot be 
neglected. 

This article presents foundations of the influence 
of the ball tip diameter and the grid size on measurement 
results along with the experimental results of measurement 
of a free-form milled surface in order to determine its local 
geometric deviations. 

2. APPROPRIATE SAMPLING PARAMETERS 

The surface image obtained as a result of contact meas-
urements depends to a great extent on the shape and size 
of the stylus tip, as well as on the number of measurement 
points (the sampling interval and strategy). Ball-tip ends 
are mainly recommended. The sampling parameters listed 
above determine the least boundary length of elementary 
irregularities represented in measurement data. The parame-
ter which has a decisive influence is the one which causes 
a longer wave to be passed. Literature sources suggest dif-
ferent principles of selecting the appropriate tip radius 
in relation to the sampling interval, most often in the ratios 

of ½ :1, 1:1 and 2:1 (Adamczak, 2008; Dong et al., 1996; 
Pawlus, 2007). 

Contact measurements take into consideration deviations 
of specific wavelengths which have not been filtered by the 
ball tip because the ball tip functions as a mechanical-
geometric low-pass filter. Thus, the scope of information 
included in measurement data depends on the ball tip di-
ameter. In coordinate measurements, ball-tip styluses are 
used, and styluses with ball tips of d = 1, 1.5, 2, 3, and 4 
mm in diameter are produced. The nature of a ball tip func-
tioning in the character of a mechanical-geometric filter is 
illustrated in Fig. 1. 

 
Fig. 1. The nature of a ball tip functioning in the character  
            of a mechanical-geometric filter                            

In measurement planning, the choice of the d diameter 
of the ball tip should be made first, according to the meas-
urement purpose and the range of information required 
on the characteristics of the measured surface. Defining 
the influence of the ball tip diameter/radius as a mechanical 
filter, i.e. unambiguously determining the filtration bound-
ary, is difficult, especially in the case of changing-curvature 
surfaces. Adopting to measurement the principle suggested 
in the literature sources pertaining to measuring roundness 
deviations [4], which states that the boundary wave length 
is comparable to the tip radius value, means that in the case 
of using a stylus tip of d = 1 mm in diameter, irregularities 
of the length values greater than 0.5 mm is passed; in the 
case of the stylus tip of d = 2 mm in diameter, irregularities 
of the length values greater than 1 mm is passed, etc. 

The second important factor which influences measure-
ment results is the sampling interval, in the case of scanning 
a free-form surface with a CMM along a regular u x v grid, 
which is directly connected to the number of measurement 
points. For measurements with the use of machines with 
contact probes, the number of points is a serious limitation. 
In choosing the sampling interval T, the principle used in 
tests on measurement signals, derived from the Nyquist 
theory, states that a continuous signal may be reconstructed 
from a discrete one if the former was sampled with a fre-
quency at least twice as big as the spectrum limit frequency 
should be taken into account (Szabatin, 2003)). 

The knowledge of the principle mentioned above makes 
it easier to make decisions on the length of the sampling 
interval while planning coordinate measurement strategies. 
This particular measurement parameter also results 
in a mechanical-geometric filtration. According to the theo-
rem quoted above, adopting the interval value of 1 mm 
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means that the obtained measurement data contain informa-
tion of elementary surface irregularities of more than 2 mm 
in length. 

Adopting the cited in literature (Pawlus, 2007) princi-
ples to selecting parameters of contact measurement at the 
same time, d:T equal to 2:1, choosing a ball of e.g. 2 mm 
in diameter, and the 1 mm sampling interval, the boundary 
length of elementary irregularities represented in measure-
ment data amounts to 2 mm. Since there is not any unambi-
guous criterion for categorizing unevenness as waviness 
or form deviations, while presenting measurement results, 
it is difficult to specify what these results represent. In de-
ciding on the ball tip diameter and the size of the measure-
ment grid, it is advisable to focus on the purpose of meas-
urement and to include detailed information concerning the 
measurement parameters in measurement reports. 

3.  EXPERIMENTAL INVESTIGATIONS 

The experiments were performed on a free-form surface 
of a workpiece made of aluminium alloy with the base 
measuring 100 x 100 mm (Fig. 2), obtained in a three-stage 
milling process using in the last stage a ball-end mill  
of 6 mm in diameter, rotational speed equal to 7500 
rev/min, working feed 300 mm/min and zig-zag cutting path 
in the XY plane. The measurements were carried out  
on a Global Performance Brown&Sharpe CMM (PC-DMIS 
software, MPEE = 1.5+L/333 µm), equipped with a Ren-
ishaw SM25 scanning probe, a 20 mm stylus with a ball tips 
of 2 and 4 mm in diameter. Scanning of the whole surface 
was performed for two different combinations of the meas-
urement parameters, the tip end diameter, and the sampling 
interval (the number of measurement points), observing the 
rule of selecting d:T equal to 2:1. All the measurements 
were repeated three times; the tables and plots present mean 
values of the obtained results. 

 
Fig. 2. The CAD model of the surface 

In the first stage, the surface was scanned (without ap-
plying probe radius compensation), with the use of a ball 
end tip of 2 mm in diameter with the UV scanning option 
(the option built in PC-DMIS software), 10 000 uniformly 
distributed measurement points were scanned from the sur-
face (100 rows and 100 columns, sampling grid 0.01u x 
0.01v), and the process of fitting the data to the nominal 
surface was then carried out in which the least square 
method was applied and all the measurement points were 
used. The location deviation was minimized in this way. 
The measurement process was subsequently repeated, and 
ε local geometric deviations were computed. The obtained 

measurement data are presented in a graphical form. Figure 
6 shows a spatial plot of the ε local deviations with refer-
ence to the x and y nominal coordinates. 
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Fig. 3. Spatial plot of geometric deviations versus XY plane 

In the subsequent stage, the measurements were carried 
out with the use of a ball end tip of d = 4 mm in diameter, 
and 2500 uniformly distributed measurement points  
(50 rows and 50 columns, sampling grid 0.02u x 0.02v) 
were scanned. The experiment results are compiled in Fig. 4 
as well as in Tab. 1. 

Tab. 1. Statistical parameters of ε  local geometric deviation  
             sets, with the whole surface scanned 
Number of meas. pts. 10000  2500  
Sampling grid  0.01ux0.01v 0.02ux0.02v 
Sampling interval T [mm] ~ 1 mm ~  2 mm 
Tip diameter d [mm] 2 4 
Std. deviation [mm] 0.011 0.009 
Mean [mm] -0.017 -0.015 
Minimum ε [mm] -0.049 -0.036 
Maximum ε [mm] +0.019 +0.013 
Form/waviness dev. [mm] 0. 068 0.049 

In both the cases, the principle of selecting d:T – 2:1 
was applied. According to the principles described in Sec-
tion 2, measurement data obtained in measurements per-
formed with the tip end of d = 2 mm in diameter and the 
sampling interval of T = ~ 1 mm, include information on 
surface irregularities whose lengths exceed 2 mm. In the 
second case, for the tip end of d = 4 mm in diameter and the 
sampling interval T = ~ 2 mm, data include information 
on cases of wavelength longer than 4 mm. 

As it had been expected, the form deviation value for the 
tip end of d = 4 mm and T = ~ 2 mm was smaller than that 
for d = 2 mm and T = ~ 1 mm (Tab. 1). The tip end of the 
bigger diameter did not reach points located in the irregu-
larities indentations less than 4 mm length; additionally, 
some cases of irregularities on prominences were omitted 
because of a bigger sampling interval. Consequently, 
the mean plane is located higher, and the minimum value is 
bigger than in the case of a smaller diameter and a smaller 
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sampling interval (Fig. 4, Tab. 1). In order to facilitate 
comparison of the deviation maps, the plots in Fig. 4 were 
made using the same scale for the ε deviations axis. Com-
paring the maps, a bigger area of negative deviations can be 
observed in the case of measurements with the tip end of d 

= 2 mm (Fig. 4a). As a result of applying different meas-
urement strategies, significantly different results were ob-
tained. The observed surface form/waviness deviations 
differed by approx. 0.02 mm, which constitutes approx. 1/3 
of their values. 
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Fig. 4. Maps of geometric deviations versus XY plane, a) d = 2 mm and 10000 points, b) d = 4 mm and 2500 points 

4. CONCLUSIONS 

The article brings up the problem of selecting parame-
ters in measuring geometric deviations of free-form sur-
faces, performed with the use of CMMs with contact 
probes. Such parameters as the tip end diameter and sam-
pling interval determine contact measurement results be-
cause the parameters cause geometric-mechanical filtration. 
The parameter which determines passing longer waves 
exerts a decisive influence. The principles of selecting pa-
rameters, suggested in literature sources, were summed up. 
Two different parameter combinations were applied,  
observing the rule of the ratio of the ball end diameter  
to the sampling interval equal to 2:1. In the first measure-
ment, the tip end amounted to d = 2 mm, and the sampling 
interval to T = ~ 1 mm; in the second one, the values were  
4 mm and 2 mm respectively. The obtained measurement 
results differed to a great extent. In the case of the bigger 
diameter and the bigger sampling interval, cases of elemen-
tary irregularities of the lengths less than 4 mm were filtered 
mechanically, and the observed form/waviness deviation 
was smaller by 1/3 than when the parameters had smaller 
values. 
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Abstract: The most important peculiarities of the acoustic emission under fatigue loading are reviewed. Dependences 
of the AE signals and parameters of the growing fatigue crack on the basis of an existing literature source review are estab-
lished. An essential role of the correlation for determining the crack growth rate in the relation between the AE parameters 
and crack parameters are shown. An energy approach for determination of cycle quantities till the initiation of a crack is pro-
posed.  

1. SOURCES OF AE UNDER FATIGUE FRACTURE 

In the presence of a fatigue crack during one loading 
cycle there is a possibility of appearance of a complex ag-
gregate of the AE signals. To describe the particularity 
of appearance of one or another signal component, 
it is necessary to consider more in detail the processes, 
which lead to the AE signals in the presence of a fatigue 
crack in a solid. To those processes one may referred: crea-
tion and growth of a plastic deformation area at the tip 
of a crack; an increase in the crack length (square); 
the crack closure (Drobot and Lazarev, 1987; Penkin 
and Terentev, 2006). 

It is well known that a crack growth in constructive 
metal materials is accompanied by local plastic deforma-
tion. Its main components - sliding and twinning – generate 
the AE waves. Usually, the principal contribution 
to the emission of elastic waves is made by that part 
of the material, which within a certain range of relative 
deformation, transfers to the plastic condition. An unload-
ing and reloading of this volume to the preceding maximum 
loading level in consequence of Kaiser Effect (Drobot 
and Lazarev, 1987; Tensi, 2004)  result in – a sharp de-
crease in wave emission. However, under the cyclic load-
ing, even when the maximum cycle loading level is perma-
nent, there is a factor, which contributes to an increase 
in AE – that is the involving into the present deformation’s 
interval of a new volume of the material, previously de-
formed outside the given interval. This is achieved, when 
two conditions are satisfied. The first one is accumulation 
of the plastic deformation under constant crack length 
as a result of an unclosed hysteresis loop during the elastic-
plastic deformation. The second one is the crack develop-
ment, i.e. the crack length (square) increase. 

The first condition is typical of cyclical off-strengthened 
materials under the soft loading working condition. Such 
materials during asymmetric cycles have accumulation 
of the plastic deformation from a cycle to cycle. Under 
those circumstances there is a development of a “neck” 
in the specimen and fracture is of the same character 
as under the static tension. This effect is absent in cyclical 
strengthened materials. During the development of a crack 
a new volume of the material is involved into the plastic 

deformation. Since an increase in the crack square is lo-
cated at the maximum of the cycle loading, the progress and 
growth of the plastic deformation’s region and correspon-
dingly the appearance of the AE signals from plastic de-
formation will be located at those maximums. An increase 
in the crack length also causes AE signals, which are lo-
cated at the same places of cycle loading. 

According to the research works (Mitchell and Egle, 
1977; Mitchell at al., 1972) there was found out one more 
peculiarity of the AE signals. The two types of AE were 
established: the first one appears at the points of maximum 
rate in the cycle, and the second – burst emission, which 
appears at the point of curvature’s maximum and minimum. 
The first type is connected with crack initiation,  
and the second one – with crack growth. In works (Shyrja-
jev and Kamyshov, 2002; Pavelko and Ozolinsh, 2002) the 
AE signals were divided into discrete high-range and conti-
nuous low-range components. The latter was caused 
by plastic yielding, and the discrete AE - by the growth 
of the existing crack. 

A lot of experimental investigations (Drobot and Laza-
rev, 1987; Penkin and Terentev, 2006; Pollock, 1989)  
are devoted to the contact crack closure phenomenon.  
For a normal tear it starts when a loading falls down to zero 
and evolves under compression. It is well known,  
that a crack closure begins earlier – during a decrease  
in the cyclical loading. Emission waves under these cir-
cumstances are caused by the two processes – dynamic 
blows and mutual friction of the crack banks. If one sup-
poses, that blowing and friction are just elastic processes, 
then signals generated by them can not be referred  
to the AE containing information on fracture, since there 
are not any reconstructions of the material structure in the 
contact area. However, a typical kind of fatigue break testi-
fies to the presence of the local plastic friction deformation 
there. Thus, an aggregate acoustic signal of the crack clo-
sure phenomenon is a mixture of the useful AE signals  
and acoustic noises resulting from the dynamic elastic crack 
banks blowing. Frequency’s spectrum of these noises 
is limited and does not reach to the working frequency’s 
band, which is used while measuring AE. In this connection 
a number of the AE signals can be referred to informative 
signals, and it is possible to define them as AE from crack 
friction. 
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In works (Harris, 2007; Harris and Dunegan, 1974)  
AE from a crack closure was interpreted as a criterion 
of the presence of a crack growth during the cyclic loading. 

In the given work we will focus on the generation  
of the AE waves resulting from the processes of plastic 
yielding and crack growth. Considering this we should keep 
in mind the fact that AE signals from the crack closure 
phenomenon can be easily separated from other AE signals 
with the help of time and frequency selection (Drobot 
and Lazarev, 1987; Penkin and Terentev, 2006). 

If one registers the components of plastic deformation 
and crack growth only, then it is possible to mention their 
two typical properties. First of all: the signals are absent 
in certain cycles (under the given apparatus sensitivity). 
Thus, all the loading cycles can be divided into active (with 
the AE signals) and passive (without them). Secondly, 
in the active cycle both the single impulses and groups 
of impulses may arise. These particularities represent 
a disproportional development of the fatigue crack 
and possibilities of its several jumps in one cycle  
in the region of the maximum loading.  

2. DEPENDENCE BETWEEN PARAMETERS 
OF THE AE AND CRACK PARAMETERS 

The AE usage opportunities for the discovery and eval-
uation of crack parameters are fined by the presence 
of relations between the crack parameters and the emitted 
waves. The first of such relations are obtained in Morton 
et al. (1974). Investigating the aluminium alloy 2024 
the authors obtained a good dependence between the total 
quantity of the AE signals and the rate of the crack growth, 
as well as the stress intensity factor K (k-factor). Using 
Paris equation for determining rate of the crack growth l ’ 
as follows: 

qKCl ∆=′ ,                                                (1) 

where ∆K – a changing interval of k-factor; C, q – material 
parameters. 

To obtain a better data correlation during experiments 
with different values of cycle asymmetry R = Kmin/Kmax 
and for maximum k-factors Kmax, which approached 
the critical value Kc, the empirical Forman equation for a 
crack growth rate was used  
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,                          (2) 

where C1, p – material parameters. 
Haris and Dunegan (1974), investigating the growth  

of a fatigue crack in the aluminium alloy 7075-T6  
and in steel, considered that Ṅ is directly proportional  
to the energy releasing during the crack growth 
(J’=B/E(∆K/(1-R))2l’). Here J’ – energy; B – specimen 
thickness; E – Young’s modulus. To evaluate the velocity 
of AE the formula Ṅ = CJ’ was used, where Ṅ – velocity 
of AE counting; C – material constant. 

In work (Lindley et al., 1978) it is assumed that AE de-
pends on the two components: the above described energy, 
realising during the crack growth, and also on the processes 
of plastic deformation and fracture in the plastic region. 

Therefore, the velocity of the total measurement of the AE 
was given in the form of N’Total = N’1+ N’2 = (C1 + C2) ·  
J’N’Total, where N’1 – velocity of AE counting under crack 
extension; N’2 – velocity of AE counting under 
the processes of plastic deformation; C1 – direct contribu-
tion of crack extension; C2 – contribution of plastic defor-
mation activity. To describe the crack growth rate a well 
known equation (Lindley et al., 1978) was applied: 
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Here σ1 – strength limit; r = 0,75 for steels. In the work 
an essential difference between the total AE counting veloc-
ities for different steels and alloys is also pointed out, this 
difference equals to almost 4 orders of magnitude. Besides, 
there was an investigation of the cycle asymmetry effect 
on the AE velocity. It was established that the AE velocity 
increases with the increase of R. Also there was shown 
a decrease in crack growth rate near the maximum loading 
when an overloading took place. In the given work and also 
in Hreshnikov and Drobot (1976) it was established, 
that magnitude of the total AE counting N  is proportional 
to the plastic region volume. The authors of the work  
Nagornyh and Sarafanov (1990), regarding the total AE 
counting as that being proportional to the plastic region and 
haven taken an increment of the crack as the magnitude 
of Irvin’s correction r = KI

2/2πσT
2, obtained the relation 

between the AE counting velocity and crack growth rate: 

dt

dl
BKN I

2=ɺ .                                      (4) 

In works (Gerberich and Hartbower, 1966, 1966)  
is shown, that there is a possibility of quantitative relation 
between the AE amplitude and the crack size increase. 
In work (Drobot and Lazarev, 1987) it is considered, 
that amplitudes of the dynamic displacements Aijn, caused 
by an increase in the crack length (square), do not essential-
ly exceed the corresponding increments of the static dis-
placements ∆uijn at the tip of the crack. In the mathematical 
form it can be given as: 

ijn ijnA u≈ ∆                                        (5) 

An elementary act of the crack’s growing-up consists 
in the increase in its length by a small magnitude ∆l. 
At a sufficiently high rate of the process (while jumping) 
the AE impulse is generated. It is also considered, 
that under fatigue loading an increment of the crack ∆l 
locates near the maximum loading. Then ∆l takes sense 
of the crack length increment per cycle, i.e. crack growth 
rate l’ = dl/dn, where n – the number of loading cycles. 
Taking this into account, the dependence (5) can be written 
as: 

( ) l
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j
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σ
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2
max ,                             (6) 

Here Mijn(λ) – a certain function, which form depends 
on the type and configuration of the crack, its orientation 
relatively to coordinates axes, geometrical parameters 
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of the object, and peculiarity of the applied loading [6];  
λ – crack length, relative to the width of flat specimens; 
pjmax  – component of the outside specific maximum loading 
corresponding to the crack’s type; J – shear modulus;  
σp  – limit of proportionality. 

During the appearance in the cycle of several subse-
quent crack jumps the dependence (6) remains, if l ’ implies 
the total length of these jumps, and Aijn stands for equiva-
lent amplitude aijn.  

Thus, under other equal conditions the amplitude of the 
AE signal is proportional to the crack length. It can be also 
represented by the parameter λ.  

If a law of the development of the fatigue crack 
is known, then the right side of (6) can be given the form 
of that having the only parameter – the crack length. 
To do so one should put into the equation (6) one of the 
equations (1), (2) or (3). In that way we will obtain a corre-
lation between the amplitude and the crack growth.  

Generalizing relations between the AE parameters 
and the crack parameters and resulting from the physical 
nature of the phenomenon and a general scheme  
of the measurement of the AE parameters, in work (Drobot 
and Lazarev, 1987) there was built a diagnostic model 
with the help of the operator equation: 

( ){ }E A B А Е
E P P P T Ш Ш= + +              (7) 

Here Т – vector of the crack state, Е – AE signal vector; 
PE, PA, PB – operators of the electrical, acoustic and en-
trance conversion correspondently; ШA, ШE  – vectors 
of the acoustic noise in the control object and noise  
of the electronic equipment. As a result of the absence 
of the general solution to the problem of the dynamic elas-
tic-plastic deformation theory, solid acoustics, mechanical-
electrical conversion of the vibration, etc, it is not possible 
to define strictly operators in equation (7). So, a number 
of hypotheses are assumed, simplifying mutual dependen-
cies between the properties of the object, the AE sources 
and its signals. Among them there are a simplification 
of the geometrical characteristics of the crack, the absence 
of noises – an ability to cut noises and select the useful AE 
signals with the help of active methods or equipment means 
(Bezimjany and Halenko, 2007; Drobot and Lazarev, 1987; 
Penkin and Terentev, 2006; Pollock, 1989; Skalsky 
and Koval, 2005). The form of operators in formula (7) also 
essentially depends on the choice of state parameters 
and informative parameters of AE. The simplification can 
be obtained, if one uses parameters not connected 
(or slightly connected) to the form of the acoustic signals. 

3. DETERMINATION OF CYCLE QUANTITIES 
TILL THE INITIATION OF A CRACK  
BY THE ENERGY APPROACH 

Following the previously discussed peculiarity of the re-
lation between the AE parameters and crack parameters, 
it should be pointed out that the essential role of correspon-
dence between these parameters is played by the correlation 
for determining the crack growth rate. It is well known  
that one of the widespread approaches to the research  
of the fatigue macro-cracks is the strength criterion. In the 

strength criterion the crack growth velocity is described  
by the function of k-factors (KI, KII, KIII ). Besides the 
strength approach, the deformation approaches also applied, 
which is based on δc – model. The deformation criterion 
is used, when the plastic region at the crack edge is of size 
as the solid and the defect.  

The described criteria are sufficiently effective when 
the loading cycle is stable (an overloading and a frequency 
change are absent). As well as the history of the material 
deformation and crack extension are not taken onto ac-
count. Then k-factors or magnitudes of the crack disclosure 
are fatigue fracture invariants. 

For a detailed description of the pre-critical fatigue 
crack growth, when a change of the cycle loading and 
its amplitudes possible, the history of deformation, crack 
extension and the effect of the aggressive environment 
are taken into account. For this purpose energy approaches 
are to be used.  

For the first time such an approach was offered by Che-
repanov. In its basis there is a hypothesis of constancy 
of the dissipative energy during the creation of a unit of the 
fatigue fracture surface and the first thermodynamics law 
of energy balance.  Finally Cherepanov approach also can 
be transformed to the representation of the crack growth 
rate as a function of KI, but in a more detailed form. A more 
perfect approach is given in work (Shata and Terlecka, 
1999). Here as the basis the first thermodynamics law 
is taken, according to which after N loading cycles the fol-
lowing energy balance condition is fulfilled: 

eA Q W K+ = + + Γ                                     (8) 

where А – work of inner power Р per N cycles; Q – heat 
magnitude, brought to the solid per N  loading cycles;  
Ke – kinetic energy of the solid; W – deformation energy 
after N  loading cycles; Г – fracture energy of the solid with 
a change of its square by magnitude S. 

Through the differentiation of the (8) by the cycle quan-
tity N, was pass to velocities, and introducing a number 
of simplification, we obtain the equation for crack square 
growth velocity 

( )S rC
W WWS

N N S

∂ Γ − −∂∂ =
∂ ∂ ∂

,                     (9) 

where Wc – energy of a cyclic change of deformation;  
Ws – static component of the energy, which changed during 
crack growth; Wr – energy of plastic deformation of the 
material before the beginning of the cyclic loading. Having 
determined in the relation (9) energy magnitudes according 
to the results of work (Shata and Terlecka, 1999), we come 
to the equation for definition of the crack growth rates, 
in the right side of which only material constants and k-
factors will be present. 

An investigation of the energy approach and its applica-
tion to the various problems of determining a fatigue crack 
growth rate are carried out in works (Andrejkiv  
and Lischyncka, 1999, 2000; Andrejkiv and Rudavsky, 
2004; Andrejkiv and Kit, 2006; Terlecka and Kit, 2004). 
Among the principal results there the following: 
− Description of the fatigue crack growth equation 

in the non-homogeneous plates (Andrejkiv and Li-
schyncka, 1999) (the kinetic crack growth equations in 
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plates which are non-homogeneous in relation to the re-
sistance to fracture were formulated; taking into consid-
eration the preceding plastic deformation). 

− Calculation model of the initiation of the fatigue crack 
near the notch filled with hydrogen (Andrejkiv and Ru-
davsky, 2004) (a calculation model of the fatigue crack 
initiation using the energy approach was built. The in-
fluence of hydrogen was modeled by decreasing critical 
deformation according to the linear law). 

− Energy approach to determination of the pre-critical 
growth of the fatigue crack under loading with two fre-
quencies (Andrejkiv and Kit, 2006) (loading with two 
frequencies: one with high amplitude and low frequency 
was taken into account, another with low amplitude 
and high frequency). 

−  Application of the energy approach to evaluation 
of the residual durability of thin-walled elements with 
surface cracks (Terlecka and Kit, 2004) (a formula 
for calculation of the number of cycles to through-
extension of the crack in a thin plate was obtained). 

− Residual durability of elements, which are non-
homogeneous by the mechanical characteristics  
(Andrejkiv and Lischyncka, 2000). 

4. CONLUSIONS 

Under a fatigue loading the AE is characterized 
by a number of properties an investigation of which can 
provide a clue to solution of different essential problems 
of fracture mechanics. 

Following to the reviewed literature sources, parameters 
of the AE particularly correlate with rate of the fatigue 
crack growth. Among different theoretical criteria  
of the crack growth rate determination, energy criterion 
is the most complete. It includes all factors that exist under 
fatigue fracture. Thus, there is a great interest in further 
theoretical-experimental investigations of the AE signals 
application for interpretation of fatigue fracture mechan-
isms and their combination with energy approach relations 
obtained in works (Andrejkiv and Lischyncka, 1999, 2000; 
Andrejkiv and Rudavsky, 2004; Andrejkiv and Kit, 2006; 
Terlecka and Kit, 2004). 
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Abstract: The present paper presents a method of determining errors in processing complex-shape surfaces produced 
with the use of a CNC machine tool. In order to achieve this, the whole process of making a three-dimensional object 
was performed, from creating a CAD model to generating a processing programme for a CNC machine tool and producing 
the actual object. The obtained surface was measured with a Brown & Sharpe Mistral coordinate measuring machine with 
the use of a Renishaw TP200 measuring probe. 

 

1. INTRODUCTION 

Nowadays, expectations concerning the quality and ac-
curacy of producing goods are higher and higher, which 
makes different companies invest in research aiming 
at increasing these aspects of a production process more and 
more often. Additionally, because of a rapid growth 
in computer science, the possibilities of generating and 
actually producing complex geometry surfaces have in-
creased substantially (Choi at al., 2007; Surazhsky et al., 
2001). Some three-dimensional objects are of such complex 
shapes that measuring them with the use of conventional 
measuring methods is inefficient or even impossible, 
and that is why more advanced measuring methods need to 
be applied in accuracy inspection (Ainsworth et al., 2000). 
One of these methods is undoubtedly the coordinate meas-
uring method which is especially widely used in the auto-
motive, aircraft, or shipbuilding industries, e.g. in producing 
injection moulds (Weckenmann  et al., 2001). 

Due to the fact that coordinate measuring machines are 
more and more popular, it is necessary to develop the right 
methods of accuracy inspection of produced objects, espe-
cially in the case of objects described with complex-shape 
surfaces (Cheung et al., 2007; Li et al., 2004). Such meas-
urements may be performed with the use of the surface 
scanning method on the basis of an already existing CAD 
model. 

2.   DESCRIPTION OF THE TEST STAND  
AND PREPARATIONS FOR MEASURING 

The test stand (Fig. 1), in which the process of determin-
ing the errors in processing the shape object was performed, 
consists of the following elements: 
− a Hartford OMNIS1020 milling centre, in which the 

object under research was produced; 
− a DEA (Brown & Sharpe) MISTRAL coordinate meas-

uring machine – used for measuring the accuracy of the 
obtained surface; 

− a PC class computer integrated with a machine tool and 
a coordinate measuring machine; 

− SolidWorks, MasterCAM, PC DMIS CAD++ software. 

 
Fig. 1. The test stand 

The list below is the order of preparations for measur-
ing: 
− creating a geometric model of a complex-shape object 

in a CAD system (Fig. 2a); 
− generating a processing programme for a CNC machine 

tool – the obtained surface patch was saved in the IGES 
(*.igs) format and then imported to the MasterCAM sys-
tem. Using this software, the surfaces to be processed 
were indicated, and the parameters necessary for carry-
ing out the production process were defined. The final 
stage of the experiment performed in this system was 
generating by the postprocessor a processing programme 
‘understandable’ to the control system of the given ma-
chine tool (the iTNC 530 Heidenhain control system 
in this case); 

− producing the object with a CNC machine tool – the 
machining was performed with the OMNIS 1020 milling 
centre with the use of a ball nose end mill of 12 mm in 
diameter (Fig. 2b). 



Andrzej Werner 
Measuring the accuracy of producing free-form surfaces with the use of the coordinate measuring method 

100 
 

 
Fig. 2. Free surface: a) surface model, b) actual object 

After that, the produced object underwent control meas-
uring with a Mistral 07 07 05 coordinate measuring ma-
chine. 

3.   MEASURING THE ACCURACY  
OF FREE SURFACE PRODUCTION 

The measuring was performed with a Brown & Sharpe 
MISTRAL coordinate measuring machine with the use 
of the PC DMIS CAD++3.6 software into which the model 
in the form of an IGES file had been imported from the 
MasterCAM system. A TP200 Renishaw measuring probe 
equipped with a measuring ball tip with an end of 2 mm 
in diameter was applied in the process of measuring. 

 
Fig. 3. Defining the measured object location  
            in the machine measuring space 

In order to perform the experiment, the measuring head 
had to be defined and calibrated with the use of a calibra-
tion ball. After the calibration was finished, the location 
of the element in the measuring space of the machine 
was defined (Fig. 3). The characteristic points of the object 
were selected in the manual control mode. This was 
the basis on which the coordinate system of the measured 
object was defined.  

Additional attention shall be paid to the fact that the im-
ported CAD model has its own coordinate system and for 
this reason it was necessary to transfer it to the coordinate 
system of the measured object, defined in the measuring 
space. 

At the next stage of the experiment, in order to deter-
mine the accuracy of producing the shape surface of the 
processed object, the scanning (patch) method in the so-
called UV Scan (offered by PC-DMIS software) mode was 
applied. This mode includes scanning a surface patch, 

which results in obtaining the contact points of the measur-
ing ball tip end and the measured object. The U and V sym-
bols indicate the surface patch parameterisation directions 
(Piegl et al., 1997). Thus, in selecting the surface, the num-
ber of measurement points in the U and V directions has to 
be defined (in this case U=40, V=35, so measuring at 1400 
points was performed accordingly) (Fig. 4). 

 
Fig. 4. Location of measurement points on the shape surface 

4.   PROCESSING THE OBTAINED 
MEASUREMENT RESULTS 

In order for the accuracy of producing a free surface 
of the researched object to be established, the distances 
between the points located on the surface of the CAD model 
and the corresponding points obtained in the result of meas-
uring with a coordinate machine have to be determined. 
The input data for determining processing errors comprises 
the measurement points coordinates and their corresponding 
nominal points (from the CAD model). This data might be 
obtained in two ways: 
− through selecting the coordinates from the report gener-

ated in the form of a text file by the control software 
steering the coordinate measuring machine; or 

− through generating text files with ready-to-use coordi-
nates of the measurement and nominal points. In this 
case, the data in the form of an IGES file shall be im-
ported to the do MasterCAM software (into which the 
modelled surface had previously been input) and these 
points shall subsequently be projected in the direction 
normal to the surface (Fig. 5). In this way, the coordi-
nates of the nominal points are obtained.  
Obtaining the data makes it possible to calculate the dis-

tances between the measurement and the expected (nomi-
nal) points. To that end, the error components in each of the 
three X, Y and Z axes respectively shall first be determined 
on the basis of the formulae below (Ainsworth et al., 2000): 

NiRixi XXδ −=        (1) 

NiRiyi YYδ −=         (2) 

NiRizi ZZδ −=         (3) 

where: δxi, δyi, δzi – error components in the respective axes; 
XRi, YRi, ZRi – coordinates of actual points obtained during 
measuring; XNi, YNi, ZNi – coordinates of nominal points 
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located on the geometric model surface, corresponding 
to the measurement points. 

 
Fig. 5. Projecting the measurement points  
            in the direction normal to the surface 

Applying the above components lets us determine the δi 
accumulated errors in producing a free surface at the re-
spective measurement points: 

2
zi

2
yi

2
xii δδδδ ++=                                     (4) 

where: δi – processing accumulated error at a point (Fig. 6) 

 
Fig. 6. Graphical interpretation of a δi processing  
            accumulated error 

 
Fig. 7. Error values plot for producing a free surface 

On the basis of these errors, a plot presenting the error 
values at the respective points may be created (Fig. 7). 

The plot illustrates errors at 1400 measured points. 
It can be seen that the inaccuracy of surface producing 
is significant (max. δi = 0,207 mm). After an initial analysis 
it is possible to quickly locate the point where the errors 
occur. The reasons for the errors might have been, among 
others, shape errors of the machining tool. The obtained 
processing errors plot may be used in reshaping the geomet-
ric model of the object. Such reshaping serves to correct the 
occurring production errors as well as to generate the cor-
rected processing programme for a numerically controlled 
milling machine. 

5.  SUMMARY  

The present paper describes a method of inspecting the 
accuracy of producing a complex-shape surface made with 
the use of a numerically controlled machine tool. The pre-
sented method, owing to applying a modern coordinate 
technique, makes it possible to quickly inspect the accuracy 
in the process of object producing. On the basis of the 
measurement results, the values of errors and their locations 
may be determined. Such information enables us to take 
some action in order to minimise the occurring inaccuracy. 
This aim may be achieved for example through reshaping 
the geometric model of the object and re-generating 
the CNC machine tool control programme. 
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Abstract: This paper presents the issues of coordinate measurements of three-dimensional objects whose shape is defined 
with the use of parametric surface description methods applied in CAD systems. The paper also describes a mathematical 
as well as a geometrical presentation of surfaces used CAD systems, and discusses coordinate measurement techniques ap-
plied in measuring objects of this class. Further in the article, a practical implementation of the methodology of reconstruct-
ing objects described with the use of free-form surface patches has been presented. The methodology includes subsequent ob-
ject measurements and reconstructing the object’s geometric model, and concentrates on the possibly most accurate recon-
struction of the shapes and dimensions of the researched object.  

 

1. INTRODUCTION  

Nowadays, more and more emphasis is put on the qual-
ity, ergonomics and aesthetics of products. Applying coor-
dinate measurements and CAD/CAM systems to industry 
opens great possibilities of integrating the two techniques, 
which not only greatly influences simplifying the processes 
of designing and manufacturing but also makes them shorter 
(Alan et al., 1998; Soni et al., 2009). 

Today, coordinate measuring machines are widely used 
and they often form an integral part of the machine facilities 
in companies. Moreover, using the machines is not re-
stricted to the quality control; they are also applied in re-
constructing objects of complex and unknown shapes 
(Ainsworth et al., 2000). It happens very often at the first 
stage of designing that a designer creates an object, which 
might result in obtaining a hand-made model made of a soft 
material and with a shape made up of multiple surfaces 
of complex shapes. In order for such an object to be pro-
duced and then to undergo different analyses, it is necessary 
to create its virtual model. Applying coordinate measure-
ments is the only way to obtain such a model (Yadong  
and Peihua, 2004; Xie et al., 2005).  

2. PARAMETRIC METHODS  
OF SURFACE DESCRIPTION 

Parametric methods of surface description are currently 
used in creating geometric models in CAD (computer aided 
design) systems. A B-spline surface (Fig. 1) is described 
with the use of two parameters, u and v (Piegl and Tiller, 
1987, 1997; Sun et al., 2006). 

A mathematical presentation of a B-spline surface 
is illustrated below: 
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where: Di,j – apexes of the control grid on which the surface 
is stretched, Ni,k(u), Nj,r(v) – basis B-spline functions, k, r – 
degrees of the basis B-spline functions. 

 
Fig. 1. B-spline surface patch 

It is important to know it, since this technique is used  
in creating surface models on the basis of point clouds 
which might be created as a result of coordinate measure-
ments. The state-of-the-art software controlling coordinate 
measuring machines includes, among its numerous object 
scanning methods, procedures of scanning surfaces of the 
uv type, i.e. according to the surface patch parameterisation 
directions. 

3. APPLYING THE REVERSE ENGINEERING 
PROCESS TO AN OBJECT DESCRIBED  
WITH A FREE SURFACE PATCH 

Coordinate measurements of complex-shape surfaces 
were carried out on the example of the object shown 
in Fig. 2. The shape of the object was described with 
the help of a B-spline surface patch. 
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Fig. 2. Reconstructed object 

Performing the reverse engineering process aimed 
at obtaining the greatest possible accuracy of reconstructing 
the shape surface (Schemenauer et al., 2002). To that end, 
the following were performed consecutively: 
− preliminary coordinate measurements with manual de-

fining of the scanned surface, 
− constructing the initial surface model of the object, 
− automatic mode coordinate measurements (with the use 

of a previously prepared geometric model of the object), 
− constructing the actual surface model, 
− repeating the coordinate measurements and determining 

the accuracy of reconstructing the surface model.  
The tests were made on a test stand comprising  

(Fig. 3): 
− a CNC control milling centre, 
− a PC-class computer integrated with a coordinate meas-

uring machine, with the CAD/CAM (Mastercam) as well 
as (PC-DMIS) software installed. 

− a DEA (Brown & Sharpe) Mistral 070705 coordinate 
measuring machine. 

 
Fig. 3. Test stand 

Firstly, the object described with a surface patch 
of complex shapes was created on this stand, and then 
the preliminary coordinate measurements were performed 
with the use of open linear scanning procedures. The object 
under question was scanned in successive parallel sections. 
The beginning, direction, and end of scanning were indi-
cated manually. The distance between consecutive measur-
ing points during scanning was 2 mm, while the distance 
between the successive scanned sections amounted to 2 mm. 
In that way, a point cloud of measuring points was obtained, 
on which a series of spline curves was stretched (Fig. 4a). 

These curves were afterwards used to construct the initial 
surface model of the object (Fig. 4b) (Park et al., 2004).  

 
Fig. 4. Graphical presentation of measurement results 
            a) measurement points and spline curves,  
            b) surface patch 

It has to be emphasised here that indicating the borders 
of scanning manually is a lengthy and troublesome process. 
The open linear scanning method is characterised by restric-
tions stemming from the very method of scanning. In this 
method, the initial vectors of the probe tip approach were 
defined by the system the moment the probe tip touched the 
object in the manual process. The PC-DMIS system defines 
the directions at which the probe tip approaches the meas-
ured surface at the consecutive measuring points on the 
basis of both the scanning increase pre-determined at the 
beginning and the last two measuring points (Fig. 5).  

 
Fig. 5. Determining the direction of the measuring probe tip 
           approach in open linear scanning 

In the method presented in this paper, the measuring 
probe tip approach to the measured object is not located  
on the normal direction to the measured surface patch. This 
might result in inaccurate determining the compensation 
vector for the measuring ball tip end, which in consequence 
causes declining the measurement accuracy. In the light  
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of these facts, the measurement described above was per-
formed mainly in order to obtain data for building the initial 
geometric model of the measured surface. This model  
in turn constitutes a basis for carrying out the actual meas-
urement of the reconstructed object. The advantages  
of using a geometric model of the measured surface  
are as follows: 
− the model includes the information concerning 

the borders of the scanned object,  
− the measurement tip approach vectors are generated  

in the normal direction to the measured surface, 
− it becomes possible to make use of automatic proce-

dures of measuring the reconstructed surface.  
In the following coordinate measurements, the uv 

scanning procedure was applied. This method involves 
scanning along the spline surface patch parameterisation 
directions (Fig. 1). The PC-DMIS programme window for 
the procedure is illustrated in Fig. 6.  

 
Fig. 6. UV method scanning window 

The window requires the user to enter such data as: 
− the scanning range through entering the uv parameters 

border values, 
− the number of the measuring tip contacts in the u and v 

directions. 
On the basis of the data listed above, the PC-DMIS sys-

tem generates measuring samples on the surface patch,  
and the vectors of the measuring tip approach in the normal 
direction to the measured surface are also generated.  
An exemplary distribution of measuring points and the uv 
scanning directions are presented in Fig. 7. The measure-
ment procedure in this case is performed automatically, 
which significantly simplifies measurements and reduces  
the amount of time needed to complete them. 

 
Fig. 7. Measuring points distribution and scanning directions 

 
Fig. 8. Reconstruction accuracy a) after preliminary  
            measurement, b) after subsequent measurement 

Taking advantage of the uv scanning procedure, 
the measurements of the reconstructed free surface were 
repeated, which resulted in obtaining a cloud of 625 meas-
uring points. On the basis of these points (in a way similar 
to the one in which the initial geometric model was cre-
ated), the actual geometric model of the reconstructed sur-
face was made. The model was then used to verify the sug-
gested method of reconstructing objects described with the 
use of free surface patches; using this model, the control 
measurements of the reconstructed object were re-
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programmed. Owing to making use of automatic measure-
ment cycles, these measurements were completed in a short 
period of time. They constituted the basis on which  
the reconstruction errors of the researched shape surface 
were determined. The surface reconstruction errors plot  
are presented in Fig. 8.  

The plot shows a comparison of inaccuracy in surface 
reconstruction on the basis of the results of the preliminary 
(Fig. 8a) and actual measurement results (Fig 8b). In the 
end, the obtained accuracy of the surface object reconstruc-
tion amounted to 0.035 mm.  

4. CONCLUSIONS 

Applying surface objects obtained in the two measure-
ment stages in the reverse engineering process, greatly con-
tributes to increasing the accuracy of the produced object’s 
geometric model as well as to simplifying the whole proce-
dure. Preliminary measurements are intended to define  
the scanned area borders and to construct a surface patch  
on the basis of which the second stage of measurement  
is performed. At this stage, having prepared a surface model 
of the reconstructed object, it is possible to have a greater 
choice of selecting the distribution and number of meas-
urement points. In this case, the directions of the probe tip 
approach are generated more rationally, which contributes 
to increasing the measurement accuracy. It is very signifi-
cant that it is possible to make use of the procedures of 
automatic scanning of the reconstructed surfaces, which 
makes the whole process last considerably shorter. 
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Abstract: The paper deals with the application of lock-in active infrared thermography as one of the non-contact and non-
destructive techniques used for defect depth estimation. Preliminary research was done by testing a specimen made of auste-
nitic steel plate with artificially created defects, i.e. flat-bottom holes. The obtained dependence between defect depth 
and phase shift was presented for different frequencies of “thermal waves” generated inside the sample. The experiment 
was carried out to determine the application of the lock-in thermography approach in testing materials with a high thermal 
diffusivity. 

 

1. INTRODUCTION 

Active infrared thermography is one of the most com-
mon methods used for nondestructive testing (NDT), 
and offers non-contact detection of defects occurring 
at a short distance below the surface. This method needs 
an external thermal stimulation of the tested material. 
The response of the material to the thermal stimulus is de-
pendent on the existence of subsurface defects and their 
features. Thus, in order to obtain the information about 
defects, this response is studied. Depending on the external 
stimulus different approaches of active thermography have 
been developed. In recent years the most commonly used 
thermographic NDT technique is pulsed thermography. 
In this method the tested surface is flash-heated by one 
or more high energy flash lamps, and the temperature field 
on the surface during its self-cooling is recorded and ana-
lyzed. The duration of the pulse is usually very short (about 
a few ms). Defect presence is manifested by an increase 
in the surface temperature above the defective zone at the 
beginning of the self-cooling process after thermal stimulus 
(Maldague, 2001; Oliferuk, 2008).  

Pulse thermography has some disadvantages, which may 
encourage advances in other approaches of active thermo-
graphy. First of all, the tested surface should be uniform 
in terms of emissivity. Secondly, homogeneous heating up 
the surface is required. Therefore, only small parts can be 
inspected at the same time. Due to the above-mentioned 
problems the lock-in active thermography approach was 
taken into consideration. 

The aim of this work is to find out the application 
of lock-in IR thermography in determining defect location 
under the tested surface for materials with a high thermal 
diffusivity. 

 

 
2. LOCK-IN IR THERMOGRAPHY 

The thermal stimulation in the case of lock-in thermo-
graphy consists in heating the surface periodically by mod-
ulated high power lamps. A diagram of the IR thermograph-
ic system is presented in Fig. 1. 

 
Fig. 1. Experimental setup for the lock-in IR thermography 

Monitoring the exact time dependence between output 
and input signals, for instance thermal harmonic stimula-
tion, it is possible to receive, on the basis of the obtained 
oscillating field of temperature, the amplitude and phase 
of the resulting “thermal wave” on the sample. Amplitude 
images are connected with tested material and the features 
of its surface, while phase images refer to wave propagation 
time. So lock-in thermography is based on “thermal waves” 
generated inside the sample. Quotation marks are used 
because wave equation should be the solution of the hyper-
bolic equation, and in this case it is the solution of the para-
bolic one (heat equation). 

“Thermal waves” which were first studied, among other 
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things, by Fourier back in the XIX century, are highly atte-
nuated (the amplitude becomes much smaller with increas-
ing depth). Therefore, it is just possible to detect defects 
lying near to the tested surface. The “thermal wave” equa-
tion as a dependence of the temperature T on time t 
and depth z is formulated as follow (Maldague, 2001):  

0
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z z

T z t T e tµ πω
λ

−  = − 
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,                                      (1) 
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 k – thermal conductivity, ρ – density, cp – specific heat 
capacity). Propagation velocity of  “thermal wave” equals: 
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where 
π

ω
2

=f  – wave frequency. Presented formulas are 

true provided that a one-dimensional model for half space, 
heated up with sinusoidal changing intensity is assumed. 

Thermal diffusion length means the distance after which 
wave amplitude becomes e-times smaller, and it is inversely 

proportional to ω , so waves with a higher frequency 
penetrate shallower in material than with lower frequency 
ones. Therefore, it is very important to employ a proper 
frequency, in case some of the defects are undetected. This 
is the main disadvantage of lock-in thermography. For each 
frequency it is necessary to do separate tests.  

The most important advantage of lock-in thermography 
in many NDT applications is the fact that the φ phase 
is relatively independent of local optical and thermal sur-
face features e.g. emissivity; whereas as it follows from the 
formula (1), directly depends on the defect depth z: 

µλ
πϕ zz

z == 2
)( ,                                                             (3) 

and it is the linear dependence. Therefore, in order to de-
termine defect depth phase shifts are investigated. 

3. EXPERIMENT 

For the lock-in testing the FLIR IR Thermographic Sys-
tem with ThermaCam Phoenix camera was used. 
The camera, with electrically cooled InSb detector, has 
a maximum frame rate of  346 Hz and temperature resolu-
tion of 20 mK (at 30˚C). Other parameters are as follow: 
maximum frame size – 320 x 256 pixels (width x height), 
spectral range: 3-5 µm.  

The camera was attached to halogen lamps (2,6 kW), 
which were used to generate harmonic heating of specimen 
surface with adequate heat intensity. 

The specimen used in the tests (170 x 195 mm) was 
made of austenitic steel plate 316L, which is characterized 
by relatively high thermal conduction (about 15 J/kg·K). 
The simulated defects, i.e. flat-bottom holes were arranged 

as shown in Fig. 2. The distances between the defects’ cen-
ters were equal to 25 mm and 35 mm from the boundary 
of the sample to the centre of the nearest hole. The thick-
ness of the plate is 3 mm. 

 
Fig. 2. Test sample 

The tested surface was stimulated with halogen lamps, 
whose power was changed in a harmonic way. The specimen 
was heated up from the side where simulated defects are 
invisible. The following frequencies of the thermal stimula-
tion were applied: 0.2 Hz, 0.4 Hz, 0.6 Hz; 0.8 Hz and 1 Hz. 
With the help of the lock-in IR thermographic system (Fig.1) 
the oscillating temperature field (on the tested surface)  
in the function of the time was measured and recorded.  
The response of the tested material on harmonic stimulation 
is not in fact a sinusoidal signal. Self-cooling of the tested 
specimen proceeded more slowly than the heating. Therefore 
the measured signal was approximated by analytic function. 
On the basis of this function, the “thermal waves” for each 
point of the surface were reconstructed. As a “thermal wave” 
of reference, the one on sound material surface was taken. 
Then the phase shift between “thermal wave” on surface 
above the defect and the reference “thermal wave”, was 
determined as shown in Fig.3.  

 

Fig. 3. Determination of phase shift 
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In order to identify the regions of  the tested surface ly-
ing above sound material and defected one, the surface 
temperature distribution was used. As an example, the tem-
perature distribution on the tested surface for thermal stimu-
lation with frequency 0.6 Hz is shown in Fig. 4. 

 
Fig. 4. Surface temperature distribution for 0.6 Hz  
            stimulating signal 

Analysis was made for the sixth period of the stimulation, 
for single pixels, corresponding to points on the tested sur-
face, as shown in Fig. 4. 

4. RESULTS 

The analysis was made for the 5 mm diameter defects 
lying at different depth (0.3 mm, 0.5 mm, 0.7 mm and 0.9 
mm) and for the stimulation frequencies 0.2 Hz and 1 Hz. 
The temperature of the tested surface was captured 346 
times every second in the case of the 1 Hz frequency, whe-
reas in the case of the 0.2 Hz – 172 times. The dependence 
between the phase shift (in relation to the sound material) 
and the defect depth was obtained as shown in Fig. 5. 

 

Fig. 5. Dependence  of phase shift on defect depth  
for the defect diameter 5 mm and the frequencies  
of stimulation 1 Hz and 0.2 Hz  

The obtained relation is linear and enables estimation  
of the depth of real defects. It is seen that for detecting 5 
mm diameter of simulated defects (in the depth range shown 
in the diagram), it is better to use a lower frequency, like 
0.2 Hz than a higher one, like 1 Hz. For instance, the phase 
shift for the 0.9 mm depth in the case of the 1 Hz stimulat-
ing signal is almost equal to zero. This means that the defect 
cannot be estimated using the above-mentioned frequency, 
which is called in this case the “blind frequency” (Manyong 
Ch. and others, 2008). The blind frequency exists for each 
specific defect lying at a certain depth. 

It is seen in Fig. 5 that using lock-in IR thermography 
it is necessary to apply an appropriate frequency of stimu-
lating signal in order to detect the defects lying at different 
depths. This is also seen in “phase diagram” (surface distri-
bution of phase shift) available in the software operating the 
lock-in thermography system. Thus, there are phase shifts 
for each point of the tested surface (for each pixel) referring 
to the stimulating signal presented in that phase diagram 
(Fig. 6, 7). 

 
Fig. 6. Phase shift referring to stimulating signal  
           for 0.4 and 1 Hz 

In Fig. 6 it is seen that the deeper defects, such as 1.2 
mm and 1.5 mm are better perceived for the lower stimulat-
ing frequencies like 0.4 or 0.2 Hz. Whereas, in the case 
of the higher frequencies, like 0.8 Hz or 1 Hz, even slightly 
shallower defects, like 0.9 mm are not seen clearly. This 
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is related to a general rule, namely that lower frequencies 
penetrate deeper in material than higher ones. 

It was also noticed that in the event of higher frequen-
cies, like 0.8 and 1 Hz, shallower defects (in depth range 
shown in the diagram) with a smaller diameter (2 mm) were 
seen more distinctly than in the case of lower frequencies 
(Fig. 7). 

 
Fig. 7. Phase shift referring to stimulating signal  
            for 0,4 and 0,8 Hz 

5.  CONCLUSIONS 

In this paper use of lock-in IR thermography to detect 
subsurface defects (0.3-0.9 mm) for materials with a high 
thermal diffusivity was proposed. Several of the preliminary 
experimental results for the defect diameter 5 mm and the 
frequencies of the stimulating signal 1 Hz and 0.2 Hz were 
presented. On the basis of the obtained results it was found 
that the dependence between phase shift (in reference 
to sound material) and defect depth is linear. 

Tests done for the defects with smaller diameters 
showed that for estimation of their depth it is necessary 
to use  lamps with the power higher than 2,6 kW. Further 
tests for different frequencies, defect locations and sizes are 
necessary to estimate the depth of the real defects in materi-
al. 
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ABSTRACTS 

 
Sergey G. Chulkin, Aleksandr D. Breki, Irina V. Soloviova, Roman Kaczyński 
Generalized methods of estimations of lubricants’ influence on the tribotechnical characteristics of friction pair “steel-steel” 
on the four-ball machine 

 
This article is devoted to the development of generalized methods of estimations of lubricants influence on the tribotechnical characteristics 
of friction pair “steel-steel” and its usage for selection of the best lubricating material out of set of materials “Litol-24”produced by different 
manufacturers. 

 
Ryszard Dindorf, Paweł Łaski 
Design and experimental test of a pneumatic parallel manipulator tripod type 3UPRR  

 
The paper presents the design and experimental test of a tripod type-3UPRR pneumatic parallel manipulator. This manipulator consists of three 
identical kinematic chains (pneumatic axes) connecting the fixed base and the moving platform. The tool center point TCP of the moving platform 
is a resultant of relocation of three pneumatic rodless cylinders independently controlled by servo-valves. For simulation purposes a solid model 
of pneumatic tripod parallel manipulator in SolidWorks was constructed. Since the application of 3-CAD in modelling kinematics and dynamics 
of parallel manipulators is restricted further simulation was carried out by means of SimMechanics library and Matlab-Simulink package. 
The experimental research focused on determining the precision of positioning of manipulator's end-effector point of the moving platform during 
point-to-point control. 

 
Józef Drewniak, Stanisław Zawiślak 
Comparison of graph-based methods of kinematical analysis of planetary gears    

 
In the paper three graph-based methods of planetary gear modeling are discussed. The following methods have been considered: Hsu’s graph, 
contour graph and bond graphs-based methods. The theoretical ideas of the mentioned approaches were shortly revised and compared. Two 
of them were applied for analysis of an exemplary planetary gear. The consistency with traditional Willis method was checked. Advantages 
of the proposed approaches are highlighted. 

 
Andrzej Dymarek, Tomasz Dzitkowski 
Searching for the values of damping elements with required frequency spectrum   

 
This paper concerns formulating and solving the problem of synthesis of vibrating discrete mechanical systems with two – terminal damper. In this 
paper a method of synthesis to determination of structure and inertial, elastical, damping parameters has been presented. Such task may be 
classified as a reverse problem dynamics of vibration subsystems. 

 
Piotr Grześ 
Finite element analysis of temperature distribution in axisymmetric model of disc brake 

 
A transient thermal analysis is developed to examine temperature expansion in the disc and pad volume under simulated operation conditions 
of single braking process. This complex problem of frictional heating has been studied using finite element method (FEM). The Galerkin 
algorithm was used to discretize the parabolic heat transfer equation for the disc and pad. FE model of disc/pad system heating with respect to 
constant thermo-physical properties of materials and coefficient of friction was performed. The frictional heating phenomena with special 
reference to contact conditions was investigated. An axisymmetric model was used due to the proportional relation between the intensity of heat 
flux perpendicular to the contact surfaces and the rate of heat transfer. The time related temperature distributions in axial and radial directions are 
presented. Evolution of the angular velocity and the contact pressure during braking was assumed to be nonlinear. Presented transient finite 
element analysis facilitates to determine temperature expansion in special conditions of thermal contact in axisymmetric model. 

 
Marek Jałbrzykowski, Joanna Mystkowska 
Overlay dentures – constructional and research aspects 

 
The paper presents selected issues relating to movable dentures with their general characteristics of fixings. Reference was made to the most 
important material-constructional aspects and the problems that arise with this type of solutions. In the work the method of durability 
and reliability evaluation and selection of materials for the kinematics connections of this type of structure was proposed. 
 

Tadeusz Kaczorek 
Positive switch 2D linear systems described by the general models   

 
The positive switched 2D linear systems described by the general models are addressed. Necessary and sufficient conditions for the asymptotic 
stability of the positive switched system are established for any switching. The considerations are illustrated by numerical examples. 
 
 

Andrzej Kaczyński, Wojciech Kozłowski 
Elastostatic problem for an interface rigid inclusion in a periodic two-layer space 
 

The article is devoted to the elastostatic three-dimensional problem of an interface sheet-like inclusion (anticrack) embedded into a periodic two-
layered unbounded composite. An approximate analysis is carried out within the framework of the homogenized model with microlocal 
parameters. The formulation and the method of solving the general problem for an arbitrarily shaped inclusion is presented. As an example 
illustrating this method, the problem for a rigid circular inclusion under perpendicular  tension is solved explicitly and discussed from the point 
of view of failure theory. 
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Zbigniew L. Kowalewski, Tadeusz Szymczak 
A role of cyclic loading at modification of simple deformation processes of metallic materials   

 
The paper presents experimental results of investigations carried out on the 2024 aluminium alloy and P91 steel under biaxial stress state. 
The loading programme comprised a monotonic tension assisted by torsion-reverse-torsion cycles. An influence of the cyclic loading and its delay 
with respect to uniaxial tension on the selected mechanical parameters taken on the basis of tensile characteristics was investigated. Additionally, 
a relative variation of the proportional limit and yield point due to the loading history applied was analyzed. A permanency of effects observed 
during combination of tension and cyclic torsion was experimentally assessed on the basis of an initial yield surface evolution. 

 
Paweł Lindstedt, Rafał Grądzki  
Parametrical models of working rotor machine blade diagnostics with its unmeasurable environment elimination  
 

The paper presents the basic of the new method of rotor machine blades during their operation. The method utilizes such diagnostic models  
as a quotient of diagnostic signal y(t) amplification being a result of blade operation and x(t) signal of its environment as the blade tip approaches 
the sensor as well as amplification of these signals as the blade tip recedes from the sensor and phase shift difference of these signals as the blade 
tip approaches and recedes from the sensor. The adopted diagnostic models indirectly take the current blade environment x(t) into account  
with no necessity of measuring (Kotowski and Lindstedt, 2007; Lindstedt and Kotowski, 2004). Therefore the model is sensitive to blade technical 
condition changes remaining only slightly sensitive to environment changes. Suggested method may prove very important in diagnostics of rotor 
blades during operation of rotor machines (turbines, compressors etc.). 

 

Bohdan Monastyrskyy, Andrzej Kaczyński 
Contact strength of a system of two elastic half spaces with an axially symmetric recess under compression  
 

Frictionless contact of two isotropic half spaces is considered one of which has a small smooth circular recess. A method of solving 
the corresponding boundary value problem of elasticity in axially symmetric case is presented via the function of gap height. The governing 
integral equation for this function is solved analytically by assuming a certain shape of the initial recess. On the basis of the closed-form solution 
obtained the strength analysis of a contact couple is performed and illustrated from the standpoint of fracture mechanics. 

 
Romuald Mosdorf, Tomasz Wyszkowski 
Frequency and non-linear analysis of bubble paths in bubble chain 
 

In the paper the paths of bubbles emitted from the bras nozzle with inner diameter equal to 1.1 mm have been analyzed. The mean frequency 
of bubble departure was in the range from 1 to 36 Hz. Bubble paths have been recorded using a high speed camera. The image analysis technique 
has been used to obtain the bubble paths for different mean frequencies of bubble departures. The Fourier, wavelet analysis and recurrence plots 
have been used to determine the strength of interaction between bubbles in column. It has been found that the influence of previously departing 
bubbles on trajectory of next bubble in the column can be significant for fb  > 30 Hz, in this case the bubble paths become less periodic and more 
instable. In this case the distance between subsequent departing bubbles (S/D) becomes close to 1. It causes that the vertical interaction between 
departing bubbles is enough strong to change the dynamical properties of bubble paths.  

 
Arkadiusz Mystkowski, Leszek Ambroziak 
Investigation of passive magnetic bearing with Halbach-array  
 

The paper has described the complete design and investigation processes of permanent magnetic bearing. The passive magnetic bearing (PMB) 
rotor suspension rig employing no active control components was calculated, designed, constructed and tested. In order to increase the radial 
passive magnetic bearing stiffness, the Halbach-array configuration was used. The main purpose is to develop the nonlinear model of the PMB. 
Therefore, the magnetic flux circuit of the PMB was analytically calculated by using  Ohm and Kirchhoff methods. The nonlinear effects  
of the discrete 3D model of the PMB was analyzed by using Finite Element Method (FEM). Finally, the very well matched experimental  
and analytical static characteristics of the passive magnetic suspension were carried out. 

 

Arkadiusz Mystkowski  
µ-Synthesis control of flexible modes of AMB rotor 
 

In the paper the optimal robust vibration control of flexible rotor supported by the active magnetic bearings (ambs) is investigated. The purpose 
of the control system is stabilization of the high speed rotor and effective control of the rotor vibration due to noncollocation, gyroscopic effects 
and model uncertainties. The noncollocation effect is considered and frequency modal analysis of the noncollocated ambs system with gyroscopic 
effects is presented. The µ-Synthesis control is applied to stabilize the rigid and flexible critical frequency modes of the rotor, with emphasis 
structural and parametric uncertainty. The input and output signals in ambs system are limited by the weighting functions. The singular value 
analysis is used to obtain the robust performances of the closed-loop system. The stable operation and good stiffness of the high speed rotor 
supported magnetically is reached. The dynamical behaviour of the ambs rotor is evaluated in the range up to 21 000 rpm. The experimental tests 
show the effectiveness of the robust control system as well as good vibrations reduction and robustness of the designed controllers. 

 
Małgorzata Poniatowska 
Influence of coordinate measurement parameters on a free-form surface inspection results   
 

Coordinate measurements are the source of digital data in the form of coordinates of the measurement points of a discrete distribution  
on the measured surface. The local geometric deviations of free-form surfaces are determined (at each point) as normal deviations of these points 
from the nominal surface (the CAD model). Obtaining discrete data is inseparably connected with losing information on the surface properties.  
In contact measurements, the ball tip functions as a mechanical-geometric filter. The results of coordinate measurements of geometric deviations 
depend not only on the grid size but also on the ball tip diameter. This article presents foundations of the influence of the ball tip diameter  
and the grid size on coordinate measurement results along with the experimental results of measurement of a free-form milled surface in order  
to determine its local geometric deviations. 
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Valentyn Skalsky, Pavlo Halan 
Application of acoustic emission in fatigue fracture diagnostics 
 

The most important peculiarities of the acoustic emission under fatigue loading are reviewed. Dependences of the AE signals and parameters 
of the growing fatigue crack on the basis of an existing literature source review are established. An essential role of the correlation for determining 
the crack growth rate in the relation between the AE parameters and crack parameters are shown. An energy approach for determination of cycle 
quantities till the initiation of a crack is proposed. 

 

Andrzej Werner 
Measuring the accuracy of producing free-form surfaces with the use of the coordinate measuring method 
 

The present paper presents a method of determining errors in processing complex-shape surfaces produced with the use of a CNC machine tool.  
In order to achieve this, the whole process of making a three-dimensional object was performed, from creating a CAD model to generating  
a processing programme for a CNC machine tool and producing the actual object. The obtained surface was measured with a Brown & Sharpe 
Mistral coordinate measuring machine with the use of a Renishaw TP200 measuring probe.   

 
Andrzej Werner 
Coordinate measurements of free-form surfaces in reverse engineering process 
 

This paper presents the issues of coordinate measurements of three-dimensional objects whose shape is defined with the use of parametric surface 
description methods applied in CAD systems. The paper also describes a mathematical as well as a geometrical presentation of surfaces used CAD 
systems, and discusses coordinate measurement techniques applied in measuring objects of this class. Further in the article, a practical 
implementation of the methodology of reconstructing objects described with the use of free-form surface patches has been presented.  
The methodology includes subsequent object measurements and reconstructing the object’s geometric model, and concentrates on the possibly 
most accurate reconstruction of the shapes and dimensions of the researched object.   

 
Monika Zimnoch, Wiera Oliferuk, Michał Maj 
Estimation of defect depth in steel plate using lock-in IR thermography 
 

The paper deals with the application of lock-in active infrared thermography as one of the non-contact and non-destructive techniques used for 
defect depth estimation. Preliminary research was done by testing a specimen made of austenitic steel plate with artificially created defects, i.e. 
flat-bottom holes. The obtained dependence between defect depth and phase shift was presented for different frequencies of “thermal waves” 
generated inside the sample. The experiment was carried out to determine the application of the lock-in thermography approach in testing 
materials with a high thermal diffusivity. 
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