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Abstract: This article is devoted to the development of galiwed methods of estimations of lubricants inflcewon the tri-
botechnical characteristics of friction pair “stsédel” and its usage for selection of the bestitating material out of set

of materials “Litol-24”produced by different manuafarers.

1. INTRODUCTION

To the mairraw materialdor manufacture plastic lubri-
cants of various purpose serve:

1. mineral oils of various viscosity and a degree lehc
ing;

2. hydrocarbonic thickeners (petrolatums, chereziagafp
fins);

3. soaps of the fat acids allocated from natural fats,
and natural fats of an animal and a phytogenesis;

4. soaps of synthetic fat acids;

5. various products of chemical synthesis (siliconamig
liquids, complex ethers, dyes, etc.).

Besides the additives improving their separate @rop
ties or some of different propertié@sultipurpose), and also
inhibitors of oxidation are entered into plastic lubricants
(PL), inhibitorsof corrosion and other components.

In this connection plastic lubricants have the clemp
chemical compound defining their operational préiper

During the production process of any lubricagt
its manufacturer follows the requirements of thetessstan-
dard. As any lubricant can be produced by a diffemean-
ufacturer, that is why in a number of cases, hesessary
to compare the influence of different grades ofrilant

Son tribotechnical characteristics of friction pairhus,
the Department of Machine Science and machine Cempo
nents of Saint-Petersburg State Polytechnic Uniyers
carried out estimation of the influence of differemades
of lubricant “Litol-24” on the tribotechnical char@ristics
of friction pair “steel-steel”.

Complexity of chemical compound PL is one of the ma
jor factors influencing distinction of propertie§ same
products at different manufacturers.

2. RESEARCH METHODOLOGY

The research of the influence of the lubricatingtana
rials from the set$m |1, 2, ...p} (S— name of the lubri-
cant materialm — grade of the lubricating materi&

p — quantity of grades (manufacturers) of the |udtiig
material ) on tribotechnical characteristics of the friction
pair "steel-steel" is carried on the basis of gsag@mbering
scheme according to the following algorithm:

1. Wearing test of the lubricar® of the manufacturerp”

is carried out on the friction test machine CH_SH M

3,2 (GOST 9490-88).

2. Microhardness measurement of the sample friction
surfaces is conducted using microhardness-meter-PMT

3 (GOST 9450-76).

3. Two best lubricants fronp are selected and then tear

index test is carried out (GOST 9490-88).

4. Selection of the best lubricating material in the e
amined set is performed.

Friction pair elements, which are used in the wegri
tests and tear index tests, are balls of the bgai@®@OST
3722. These balls are made of material “steel SHKH1
with diameterd,, = (12,70 +/— 0,01)mm. Normal ball load-
ing at wearing tests B = 196 N. Time for one test opera-
tion isAt = (60,00 =/- 0,50) min.

Lengthlj(m) and widthh;(m) of the wear spot #(j = 1,

2, 3), which was formed at lubrica8tm tests, were meas-
ured with the microscope "Prima-expert’. The dianet
of wear spot # corresponding t&m is defined as follows:

| h
dj(m)zw'

Mean diameter of the wear spot for lubricating mate
rialSmis calculated by the following formula:

@
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1.3 +h
Dﬂ(m):szM_ 2)
3 = 2
Initial data, measurement and calculation results
are given in Table 1.
Tab. 1.Wear test results
P Limiting
No _ Dyu(m) wear
0] N k d(m) mm mm d: + 0,15
mm
Sm

1 [ 196] 20] dymy), d(my), ds(my) | Dy(my | 0,39

Smy
p | 196 20| di(my), d(my), ds(my) | Du(my) |

0,39

Microhardness measurement of the sample friction su
faces is conducted according to “restored dent outh
(GOST 9450-76) using microhardness-meter PMT-3e&hr
(3) surface areas of the sample are tested: irstidlace;
friction surface without mass transfer section fbatpical
of abrasive wear; friction surface with mass transfec-
tions that is typical adhesive wear. Th& {(q — quantity
of the dents) dents are marked in each area dk#tesam-
ple subject to established distance between teetecs.

Indentor diamond point is lowered by the counter-
clockwise turn of the loading unit rod handle itil contact
of the test sample surface durihg= 10 ... 15 s. Then
the indentor is held down during & 30 s under the load.
Measuring of indentor dent parameters (Fig. 1)agied
out by the microscope with 100 x magnification [[1-7

ch

d

< >

Fig. 1.Indenter dent parameters

Tab. 2. The results of microhardness measurememsl( 2, ...p,
this complex symbol means the avdilgtnf p tables
of reduced type)

Lubricating material - Sm
Abrasive wear Adhesive weal Initial surface
K | due [ do | o | i [ doe | e | dug [ do | d
1 d1,1 d2,1 dy d1,1 d2,1 dy d1,1 d2,1 d;
q | Gg | dag| dg | Ghg | Gog| dy | dig | Gbg | y
d d d
Microhardness HY; HV,s, HV

The results of the measurements and calculations
are listed in Table 2.

The diagonal length df (k = 1, 2, ...,q) indentor dent
in the selected area is defined by the formula:

_d +dy, 3
d, . @3)
Mean length of the indentor dent diagonal in thmea
area:

1 d dl,k + d2,k

d =20y

) (4
qd =

After the measurement of obtained dents paramatets
calculations using of relations (3) and (4), miaamness
is defined by the formula (Glazov and VigdorovitB69):

F 5)

HV :1854%,

whereF gf — force, acting on indentoF, = 50gf = const
d — mean length of the indentor dent diagonamy
HV — microhardness value (kgf/min

By comparing the results, listed in the Tables a&hov
the selection of the two best lubricating materials
{Sm,; Smy} is carried out from the seSm|i =1, 2, ...p}

Tear index tests of the selected lubricating mal®ri
Sm,; andSm, are conducted as per GOST 9490-75.

From the load serie?| |a = 1, 2, ..., 23} the set of ad-
jacent loads R, | 1<p <23} ={P, |y =1, 2, ..n} is se-
lected. The elements of this set are renumberedcaated
in the monotone increase or monotone decrease .order
The length of the tests at fixed load from the &et
At = (10,0 +/- 0,23. The diameter of — wear spot for
lubricating material $m | i = a, b} at fixed loadP,, taking
into consideration (1), is defined as follows:

_lim.B)+h(m.F)

d;(m,P,)= 2 (6)
Mean diameter of wear spots is similarly (2):
1.&1(m,P)+h(m,R)
dyy(m)=§DZ AL 5 A2 @)
=1

According to GOST 9490-88 the limiting wear values
seriestny, = d, + 0,15 mm is put as one-to-one depentaniz-
er to the load series 1. Thereby, for the set:
d,, =d, + 015mm,

npy

®)

where d,, — diameter of the balls’ elastic range of stress
according to Herznim), at loadP,, H(kgf).

Conditional load, corresponding to axial loRd at lu-
bricating material §m |i = a, b} tests can be found from
the following relation:

d
Q,(m)=P 3——. 9)
g m g dI/Iy(m)
Tear index is calculated by the following formula:
2.Q,(m)
H,(m)= V:lf (10)



Initial data, measurement and calculation resutes a
presented in Table 3.

Tab. 3. The results of tear index tests=(a, b; this record means
that this table is used twice)

P

o | GmP) | dum) | d | Pod, | Q)
dy(my, Py)

1 Py dy(my, Py) | dp(m) | Ohr | Prodha | Qu(my)
dS(mi Pl)
dy(m, Py)

2 P, dy(my, Py) | dia(my) | Ohe | Pordiz | Qx(MY)
dS(mi PZ)
dl(mi Pn)

n F)n dZ(mv Pn) d[/ln(m) dnpn Pn'drn Qn(m)
da(m, Pn)

Tear index| H3(m)

By the differenceAll; = H3(m,) — H3(my) the best lubri-
cant can be found.

3. PROCESSING OF RESEARCH RESULTS

For comparative researches it is expedient to hee t
plastic lubricants most widely presented in thekear

.Litol-24” was selected as tested lubricating mizties.
The grades quantity (the number of manufacturenstHe
research was tagen ps= 4. The lubricant material grades
were as follows,m;: “OLLRIGHT, mp: “Misma Ro0sS§
mg: “ARGC and m,: “BMP autd.

After wear tests of the lubricants and calculatiasig
equations (1) and (2) the following values of mdameter
of the wear spot were obtained:

1. D, (OLLRIGHT) = 050mm;
2. D, (Misma Ros$ = 033mm;
3. D, (ARGO = 035mm;

4. D,(BMP auto) = 041mm.

These data confirm distinctions of a chemical com-
pound which can be caused not only character afiyaro
tions, but also changes during ageing lubricants.

Influence test specifications of lubricants anddemal-
so properties of used metal samples.

For microhardness measurement the quantity of inden
tor dents in each of the tested surface area weanta
asq = 5. After marging and measurement of indentortglen
and calculations applying (3), (4) and (5), theldiaing

values of microhardness in the initial surface anese
obtained:

1. HV(OLLRIGHT) =18103kgf \ mn?;

2. HV(Misma Ros9 =14609%gf \ mm?;
3. HV(ARGO) = 13888kgf \ mn?;

4. HV(BMP auto) =18805kgf \ mn?.

The microhardness values in the abrasive wear area:
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1. HV,, (OLLRIGHT) =15385kgf \ mm?;

2. HV,(Misma Rosg =12604kgf \ mn?;
3. HV,, (ARGO) = 9536kgf \ mm?;

4. HV,, (BMP auto) =15121kgf \ mm?.

The microhardness values in the adhesive wear area:

1. HV,, (OLLRIGHT) =13891kgf \ mn?;
2. HV,, (Misma Ros3 =0; (The sign[] (empty set)

means the absence of adhesive wear area.)
3. HV,.(ARGO =0;

HV,. (BMP auto) =17440kgf \ mn?.

Fluctuations of microhardness are caused by anisptr
of mechanical properties of metal samples and chera
of adsorption of surface-active substances on #&ar
of friction. Influence can render and the maintexeapolar-
ly active products of oxidation of components PL.

Considering the values of wear spot mean diameter
and microhardness values (the absence of adhestee w
areas) the following lubricating materials wereesétd for
tear index tests Sm: Litol — 24Misma Rosk and Sm:
Litol — 24ARGQ. From the load series 1 the set of em-
ployment , |y = 1, 2, ..., 6} = {32kgf, 40 kgf, 50 kgf,

63 kgf, 80 kgf, 100 kgf, } was chosen. Its elements were
arranged in the monotone increase order.

After tear index tests of these lubricating matsria
and taking into consideration the formulas (6), (8), (9)
and (10) the following values of tear index wereeiged:

1. H,(Misma Rosg =323N;
2. H,(ARGO) =343N.

Material: Litol — 24Misma Rosp has less tear index
than material. The difference is the following:
AH3 = Hy(mg) — Ha(mp) = 343 N — 323 N =20 N.

Thus, in case of lubricating material change frauori-
cant:Litol — 24(ARGQO to lubricantSm: Litol — 24(Misma
Ros3 the tear index decrease, by 5 — 6%.

It is possible to assume, that in lubricant Litok4
(ARGO) contains more anti-adhesigolarly-active com-
ponents, than in plastic lubricant Litol - 24 (MiarRoss).
It can be caused both production, and process eingg
during storage of a product.

As products of ageing there can be such polarly@act
components as:

1. Fat acids;
2. Spirits;
3. Complex ethers;

The given products are formed and change propeaties
plastic lubricants.

4. CONCLUSIONS

1. The developed generalized methods allow us to agtim
the influence of any liquid or semisolid lubricaima-
terial of different grades on tribotechnical chaeaistics
of friction pair "steel-steel” and choose the Habricat-
ing materials.
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2.

The lubricating materiabm: Litol — 24 Misma Ros3
has the best anti-wear properties, mean diameteeaf
spot — 0,33mm.

Anti-adhesion properties lubricahitol - 24 (ARGO)
has shown the best.

In communication with complexity of a chemical com-
pound of the given lubricants there is a distinctamti-
adhesion properties and character of influenceuof s
face-active substances on a surface of frictioexafmi-
nees of samples.

. Differs and the bearing ability of the lubricantyda

expressed in occurrence of zones of adhesive dederi
tion in case of use of one lubricants and absehgive
en zones at use of others.

. In communication with complexity of a chemical com-

pound of the given lubricants there is a distintid an-
ti-wearing properties and character of influencesoi-
face-active substances on a surface of frictioaxafmi-
nees of samples.

Differs and the bearing ability of the lubricantyda
expressed in occurrence of zones of adhesive dederi
tion in case of use of one lubricants and absehgive
en zones at use of others.

Following the executed analysis of microhardnesa-me
surements in the three areas it was establishéd tha

— initial surface has the highest microhardness;

— microhardness of the worn area with abrasive type
of wear is 15 — 20% lower than microhardness

of the initial surface;

— microhardness of the adhesive wear areas differs

in extensive limits between the microhardness ef th
above mentioned areas.
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Abstract: The paper presents the design and experimentadftastripod type-3UPRR pneumatic parallel manipulaidis
manipulator consists of three identical kinemaltiains (pneumatic axes) connecting the fixed badetemoving platform.
The tool center point TCP of the moving platformaisesultant of relocation of three pneumatic rsslleylinders independ-
ently controlled by servo-valves. For simulationrgmses a solid model of pneumatic tripod paralle@nipulator
in SolidWorks was constructed. Since the applicatib3-CAD in modelling kinematics and dynamics afgllel manipula-
tors is restricted further simulation was carriagt by means of SimMechanics library and Matlab-Sinkupackage.
The experimental research focused on determinireg ghecision of positioning of manipulator's enceefér point
of the moving platform during point-to-point contro

1. INTRODUCTION of freedom (3-DoF) and containing at least one npaisc
joint. In the group of 3-DoF TPM manipulators th@snh
The development of automation and robotics has in- common are — spatial parallel mechanism of thectire:
creased interest in multi-axis pneumatic systemgtware 3-PUU, 3-UPU, 3-UPS, 3-CPU, 3-PUS, 3-PCRR and plana
highly dynamic and reliable. However, due to ursfatitory parallel mechanism of the structure: 3-RPR, 3-PRR,
positioning accuracy of pneumatic servo-cylindengirt 3-PPR, 3-RRR (Company, 2000).
application in multi-axis manipulators is restrittedPneu-
matic servo-cylinders used in multi-axis electrepmatic 2. PROTOTYPE PNEUMATIC PARALLEL
systems and referred to as pneumatic axes perfperao MANIPULATOR
tions and function as supporting structure. Caatesina-
nipulators with pneumatic axes connected in setiesclas-
sified as open-loop chain kinematic mechanismssenal
kinematic chain elastic strains accumulate on @aer
pneumatic axes, which lowers the positioning aaura
of pneumatic manipulators. Parallel mechanism ¢toaed-
loop mechanism in which the moving platform is cected
to the fixed base by independent kinematic chakiise-
matic structure in the form of a closed-loop chéiimds
application in parallel kinematic robot (PKR) andrallel
kinematic machine (PKM) (Hebsacker, 2000). Manitoria
based on parallel kinematics structure can achlmtéer
accuracy of repeatability and they can apply larfgeces
than conventional serial manipulators because ehtgher
stiffness of their mechanical structure. By usiraygtiel
kinematics in machine tools, high stiffness andhhiga-
chine dynamics is achieved. With Stewart-Goughfétat
as a base, numerous kinematic structures of plmadieipu- , :
lators (Nonapod, Hexapod, Tripod) and hybrid malaipu , ; e =
tors (Tricept, Dyna-M, LinaPod) were formed. Themes Fig. 1. Prototype of 3-UPRR pneumatic parallel manipulator:

f ki tic struct f llel inulat lated 1 — supporting structure, 2 — rodless pneumatiadgt,
OoF Kinematic structures of parallel manipulatore aglate 3 — proportional directional control valve, 4 —warisal

to the kind of kinematic j:Oin'F and the_nymber ogt_&es of Cardan joint, 5 — moving platform, 6 — control panel
freedom (DoF). Six basic kinematic joints used arafiel 7 — positioning axis controller, 8 — axis interfaBe- axis
manipulators were presented by Merlet (Merlet, 2000 connector

In order to calculate degrees of freedom of parainipu-

lators the formula proposed by Tsai is used (T$8899). A prototype of pneumatic translational parallel ipan
The family of parallel manipulators includes tratisinal lator (PTPM) of tripod kinematic structure was consted

parallel manipulators (TPM) based on three degrees in the Division of Mechatronics (Kielce University
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of Technology, Poland) (Dindorf and taski, 2005).
The prototype of tripod parallel manipulator wittesto
servo-pneumatic precision positioning systems ésgnted
in Fig. 1. The manipulator possesses a supportmgtare,
fixed base, moving platform and three pneumatiedm
motions (servopneumatic axis). Each servo-pneunzadie
consists of: rodless pneumatic cylinder type DGPB600
with integral feedback transducebuflt-in Temposonic
encoders for continual positioning feedback to rthester
control unit),5/3 servopneumatic valve (directional propor-
tional control valve) type MPYE-5-1/8-HF-010B, axis
terface type SPC-AIF, positioning axis sub-conéollype
SPC-200 (the use of a sub-controller card pernatgrol

of up to four axes) and Ethernet/Can Bus interfdGae-
matic structure and structure control of the prgietof 3-
DoF pneumatic translational parallel manipulatershiown
in Fig. 2 and Fig. 3.

platform
!

fixed base

Fig. 2. Kinematic structure of 3-UPRR pneumatic parallel
manipulator
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Fig. 3. Structure control of 3-UPRR pneumatic parallel
manipulator

Each of the three identical closed-loop chaindhefra-
nipulator consists of serial kinematic chains: ensal car-
dan joint (U), prismatic joint (P), formed by a fess
pneumatic cylinder and two revolute joints (2R)nfied
after universal cardan had been parted. The sfidedbess
cylinder was connected with fixed base by mearasrtdu-
lated joints of U cardan and the end cap of cylingdere

10

connected by revolute joint R to the moving platior
The second revolute joint R was placed in tool eepbint
(TCP) of the moving platform. The presented cortsion

of the parallel manipulator ensures parallel positi
of the moving platform to the fixed base for optbposi-
tion of pneumatic cylinder. The kinematic structure
of a new prototype of 3-UPRR pneumatic parallel iman
lator is an interesting solution expanding the aechure
of parallel manipulators, type 3-DoF TPM.

3. MODEL RESEARCH ON PNEUMATIC
PARALLEL MANIPULATOR

Software — CAD (SolidWorks, Mechanical Desktop,
Solid Edge commonly used by constructors enables design-
ing solid models of complex mechanisms of pardiak-
matics. A solid model of 3-UPRR pneumatic paraitel-
nipulator obtained bgolidWorkds presented in Fig. 4.

Fig. 4. Solid model of 3-UPRR pneumatic parallel manipulator

A revolute joint R is connecting the end cap
of pneumatic cylinders with moving platform in pbihCP
and a U joint is connecting the slide pneumatiancidr
with a fixed base. In order to record geometric &ir-
matic relations holding for pneumatic parallel npatator
of 3-UPRR kinematics, its kinematic model presented
in Fig. 5 was used (Dindorf et aRp06). By means dby-
namic Designer Motionwhich possesses graphic interface
SolidWorksthe simulation of pneumatic parallel manipula-
tor's motion was conducted. In order to simulate tha-
nipulator’'s motion it was necessary to define thasib pa-
rameters, kinematic joints and motion restrictidee: solid
model a few composite relations were defined whach
abled assigning them kinematic joints. In some séseas
necessary to introduce joints describing the cansbn’s
stiffness. Relying upon material properties and shape
of particular solids, the mass of the solid modabkwalcu-
lated. The simulation of manipulator's parallel mmagism
motion was saved in avi format. The simulationsdzaned
on a solid model aimed at position analysis of Tt
of the moving platform. The position of TCP poieisults
from linear motion of pneumatic rodless cylindemde-
pendently controlled by servo-valves.



Fig. 5. Kinematic model of 3-UPRR pneumatic parallel
manipulator
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=T

Fig. 6. Equivalent model of 3-UPRR pneumatic parallel
manipulator
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Fig. 7. Block-diagram of kinematic model of 3-UPRR pneumptcallel manipulator

The solution of manipulator's kinematic reversebpem
used in the design of control algorithm enabledetermine
lengths of the movable links,L,.L; (displacement of linear
pneumatic actuators) in relation to the coordinateend-
effector point PX,y, of tripod parallel manipulator:

L1=Jz2—u2+(m-w)2 )
L = |2 —U2+[\/(x+r%J2 +[y+r[~l‘/?§]2 —WJZ (2)
3)

- zz_uzw[“r%f{y_ra@z_W}z

where:x, y, z— coordinates of end-effector point;rP- ray
of the circle circumscribing the equilateral triéang
at the point where pneumatic servo-motors are fizedJ,
W — geometric dimensions of the manipulator for ithigal

position of P point for the pneumatic actuatorsthair
maximum stroket_,,L,.Ls - lengths of the movable links.
Since the application dfolidWorksin modeling kine-
matics and dynamics of parallel manipulators ifricted,
further simulation was carried out by means
of SimMechanics library of Matlab-Simulink package.
The library enables the construction of complex Imaec
nisms of parallel manipulators excluding mathenadtic
descriptions of their kinematics and dynamics. imuta-
tions based upo8imMechanicdbrary an equivalent model
of pneumatic tripod manipulator with its spatialemtation
indicated was constructed. ISimMechanicslibrary all
the solid elements of the manipulator were desdribe
by substitute geometry by means of ellipsoids asxigaed
both masses and inertial tensors.Matlab-Simulinkenvi-
ronment tripod-based parallel kinematic manipulat@s
connected with its control system. On the basisthid
scheme, the equivalent model of 3-UPRR pneumatialpa
lel manipulator was worked out (Fig. 6). The eqléwa
model retains kinematic joints and spatial origotatde-
fined in solid model inSolidWorks In order to create the

11



Ryszard Dindorf, Pawet Laski

Design and experimental test of a pneumatic paratknipulator tripod type 3UPRR

equivalent model, it was necessary to define thevityr

centre of solids in central and local coordinates.
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Fig. 8. Workspace of 3-UPRR pneumatic parallel manipulator

The kinematic model of 3-UPRR manipulator obtained
by means ofSimMechanicdibrary is presented as simula-

tion block in Fig.7. The kinematic model was usedha-

lyse TCP trajectory of pneumatic parallel manipadat
The workspace of 3-UPRR pneumatic parallel mantpula

in Cartesian coordinates is shown in Fig. 8.

4. EXPERIMENTAL RESULTS

The experimental research focused on determining

the precision of positioning of manipulator's efffidetor
point of the moving platform during point-to-poiatntrol
(Laski and Dindorf, 2007). The position and ori¢iata
of manipulator's end-effector point is dependergrupon-
trol of three pneumatic linear actuators (rodlegiders).

The maximum velocity of pneumatic actuators was
acceleration did not exceed

Vmae=1,5m/s, but their

ama=10m/$. The exemplary trajectory of end-effector from
P; point of coordinates [0,25; 0,44; 639,36] mm topBint

of coordinates [-91,46; 0,61; 408,22] mm, for thassiload
m= 0,2 kg, is shown in Fig. 9.

Trajectory [mm]
650~ i i
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600+
550 o
N

SO0 fr
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0 e - hl(ll}
X w0 0

00

v

Fig. 9. Trajectory of the end-effector from point ® point B
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Fig. 10a and 10b presents the velocity and acdi&lara
trajectories of the analyzed end-effector poinCirtesian
space. The solution of manipulator's kinematic reve
problem was conducted by means of Matlab/Simuliagkp
age and toolbox SimMechanics. To control end effect
from P, point to B point in the Cartesian space XYZ it was
necessary to control pneumatic linear actuatorsrifer to
change their positions according to the trajecfimgsented

In Fig. 11a and the velocity corresponding to tfagettory
given in Fig.11b.

a)

Velocity [mls]

-0.54
=0.5

b}

10"

10 -
Fig. 10.Trajectories of velocity (a) and acceleration
(b) of the end effector point of a nmayplatform

The positioning accuracy of 3-UPRR manipulatord-en
effector point from the position selected plandhe posi-
tion measurement plane for different control velpci
of linear pneumatic actuators was analyzed. Fopthipose
of the analysis 5 measurement series of maniptldapoisi-
tioning accuracy were conducted. They comprisedd8s-
urement points fixed on measurement plane of theen
sions of 12x10 mm with a mapped grid of 2mm. Thalyan
sis was based upon the European Standard EN 22983:
(Industrial Robots - Performance Criteria and Relatest
Methods), which is the equivalent of ISO 9283: 1998
Fig. 12 presents the distribution of P points oasueement
plane situated at the distancez=490mm from
the manipulator's fixed base. The points were daterd
at the velocity of linear pneumatic actuatorg=0,15Vpay.
On the basis of computations it may be concludedptsi-

tioning accuracy of the analyzed prototype of 3-BPR
manipulator isAxy =2,095:1.32mm.
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Fig. 12 Distribution of points on measurement plane
at the distan@e= 490mm from the fixed base

The results of positioning accuracy obtained
for different trajectories of end-effector point the control
of linear pneumatic actuators withswelocity were very
similar. The differences in positioning accuracguié from
different velocities of linear pneumatic actuators,
for example for the velocity 1y the positioning accuracy
is Axy = 1.3920.893 mm, while for the velocity of zy
the positioning accuracy reachiesy = 3.616:2.025 mm.

acta mechanica et automatica, vol.4 no.4 (2010)

5. CONCLUSIONS

The paper presents the prototype of tripod pneemati
parallel manipulator of 3-UPRR kinematic structure.
The tripod pneumatic manipulator consists of a suiimg
structure, fixed base, moving platform, prismat@ngs
(P-joints) — three servo-pneumatic axes, Cardamtgoi
(U-joints) and rotary joints (R-joints). The sing&ervo-
pneumatic axis of the manipulator is composed ofess
pneumatic cylinder integrated with magnetostrictimeas-
urement of position, proportional directional cahtvalve,
axis interface and axis connector, positioning axiatrol-
ler. The aim of the project was to carry out motists
and simulations on a virtual model of tripod matépor as
well as conduct experimental research on a prototyp
pneumatic parallel manipulator of 3-UPRR kinematics
Both the model tests and the experimental reshtigvghat
the pneumatic parallel manipulator of 3-UPRR typHil§
the constructional assumptions and has satisfadtiory-
matic and dynamic properties. Further research il
directed towards improving the control accuracyeofi-
effector's trajectory by means of fuzzy logic cohsystem
(FLC) with real time interpolator and dSPACE softeca
The research conducted on the prototype of therpaga
parallel manipulator of tripod kinematic structui® an
original contribution towards development of paghkine-
matic structures of pneumatic manipulators. Thesgmied
prototype of pneumatic parallel manipulator wilhdi its
application in both manufacturing and rehabilitatima-
nipulators.
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Abstract: In the paper three graph-based methods of plangtay modeling are discussed. The following methuaise
been considered: Hsu’s graph, contour graph and goaphs-based methods. The theoretical ideaseoiméntioned ap-
proaches were shortly revised and compared. Twthei were applied for analysis of an exemplary gtiary gear.
The consistency with traditional Willis method wamecked. Advantages of the proposed approachésgméghted.

1. INTRODUCTION

Design of gears especially planetary gears is Hetttp
ing engineering task. The computer or Artificialtdlti-
gence (Al) aided approaches to design are morenwore
needed nowadays. In case of gears, graph-baseddseth
for modeling of planetary gears seem to deliveewry effi-
cient aid. The main advantages of graph-based model
of planetary gears are as follows: the methodsakyerith-
mic, they allow for comparison of results withircancep-
tual stage of design e.g. for kinematical analy3ieey
deliver algebraic structures to encode a planejasy what
allows in turn for evolutionary (Rao, 2000) or newal
networks approaches to design (Zhang et al., 200y
allow for creation of complete atlases of desighutmns
(functional schemes of planetary gears) which canhe
done by means of any other tool (Tsai, 2001). Tine a
of the present paper is to present a rough congraris
of three chosen graph based methods used for mgdeli
of planetary gears and additionally an applicatodntwo

of them for an analysis of an exemplary planetagarg
The practical engineering task e.g. kinematical lyeis
shows some details of modeling. Moreover, it allows
for proving of usability of the proposed approach.

2. GRAPH-BASED MODELS
OF PLANETARY GEARS

In the present paper, the graph-based methods délmo
ing of planetary gears were utilized for their kimetical
analysis. The obtained results were compared \mightrta-
ditional Willis method and the method of geometrica
scheme of velocities. Three considered graph-based
thods are as follows:

Hsu graph-based (Drewniak and Zé&ak, 2009a,
2009b, 2010a; Zawlak, 2008) which can be also called
linear graph-based method; the original method were
tailored by the authors to the analysis of somecigpe
types of planetary gears;

contour graph-based  (Marghitu,
and Zawglak, 2010b; Zavdlak, 2010);
bondgraph-based method (Cervantes et al.,
Wojnarowski et al., 2006).

2005; Drewniak

2009,
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Moreover, other tasks of planetary gear analysig. (e
analysis of dynamics) can be performed by mearcthadr
graph-based approaches:

— vector network method (especially forces and mdmen

of forces) (Lang 2005, Prahasto 1992);

- flow-graphs method (Nagaraj and Hariharan, 1973;

Wojnarowski and Lidwin, 1975).

The ideas of three first mentioned methods are hiyug
compared in Tab. 1. The detailed description ofttte®ret-
ical background for these methods can be founditadc
references (Marghitu 2005, Tsai 2001) as well aetirer
works of the authors of the present paper. Theiegtjon
of these methods for an analysis of the exemplEmegtary
gear (Fig.1) is presented underneath.

3. EXEMPLARY PLANETARY GEAR

The exemplary planetary gear is presented in Fig.1
and Fig. 2. It has the following elements: mainsdxwith
gear wheell, planet carrier (armh, special rotating ele-
ments carried by the planet carrier (suns) i.elemels b
and d. These elements have two toothings mounted on
common axes i.e.2 and3 as well agl and5, respectively
- corresponding to axds andd. Wheel6 has an internal
toothing.

1 |° 3
h
o
B
o1 'xc--’gjl:
\ b 5 6
(% | _-O._- I I_L]f
= - =5
7]

Fig. 1. Exemplary planetary gear; general layout

Other aspects of the gear are not taken into atdotne
considerations. Several modes of operation of thegpary
gear are usually possible. If we brake a particalament
(link) then the obtained ratio changes. In our casecon-
sider the mode when linB is braked, e.g.: elemenmtis
considered as an input. An output is the armhich exter-
nal surface can be consider as a drum for a rolameP
carrier h creates a housing form for majority of the gear



elementsThe numbers of teeth for the considered planetary

gear are as followsz;=18; z=36; z:=24; z,=36; z:=18;
z=90 or -90 — in case of Willis-method notation. We
assume that modules amey=1; my=1.5 and m;=2mm

respectively.

Additionally we consider two modes of working (oper

ating) conditions:

(mode 1) - inputs: links andh; output elemeng;
W — mobility (DOF — degree of freedom);
W=3n-2pg—-m,;=3-5-2.5-3=2;
(mode 2) - input: link, output: linkh and elemers
is braked (is fixed);

W=3n-2g-m;=3-4-2.4-3=1,

acta mechanica et automatica, vol.4 no.4 (2010)

of full and half joints.

where: n — number of movable links, [, : numbers

4.
h

8 d
h Te-

M\ T
hhe s -
W —1"
A "_\1

Tab. 1. Comparison of ideas of three graph based modgiknétary gears

Fig. 2. Exemplary planetary gear; second operational mode

Task General Graph-based methods
Comments
Hsu'’s graph Contour graph Bond graph
1 2 3 4 5

Abstracting Rules Relation between planetary Closed sequence of pairs General rules of assign-
Discretization | of gear elements, consideratipof planetary gear elements e.g| ment of bondgraphs
Modeling assignment of kinematical pairs: starting and ending in fixed to technical systems;

- meshing pair (gear pair), | elements (e.g. bearings), relativen our case to mechanical

- rotating around common | rotational speeds of theses system.

axis and elements (links )are taken into

- ‘arm-planetary wheel’ paif account
Generation Subgraphs f-cycles (Tsai, 2001) so Assignment of physical
of special used in modeling called fundamental cycles incontours - (Marghitu, 2005) theyproperties and parame-
graph routines the meaning of their usage| can be recognized also as cycleters to the set of nodes
structures: for representing some im- | but due to several books of (bondgraph elements).
e.g: portant features of mechanj-Marghitu, the original notion is | Bonds (corresponding
f-cycles, cal system which is modeledised to the edges of commorj
contours, via a graph with f-cycles graph). Analysis of

power flow paths.

and cuts, paths
etc.

Method of making
a representative set

Every meshing pair is take
into account

plus

additionally traditional
meshing pairs (what is just
considered)

nAll independent contours are
taken into account. Every con-
tour generates several equatio
e.g. sum of relative rotational
velocities, sum of vector prod-
ucts: arm multiplied by an ade-
guate rotational velocity

Bond-graph rules for
creation of equations fo
nparticular types of node

2

Generation
of codes
Transfer

of knowledge

Numerical/symbolical
codes

Code of f-cycle: (a,b)c
where:

(a,b) meshing pair;

a,b — geared wheels or a
pinion or a ring with interng
tooth,

c — arm (planet carrier)

0—1-2—...—0;

string of descriptions of conseg
utive gear elements; where:
every of them passes rotary
Imovement and power alongsid
a gear

Constitutional equations
-of bondgraph elements

which are possible
especially due to graph
based methods

tions, evolutionary design,
-neuronal network based
analysis (graphs deliver a

E.g.: E.g.: Generalized Kirchhoff
Generation of Wa— 0¢ = Ny, (0p — ) laws
Solution Equations where: ;=0
of the + for internal and where:
considered — for external meshing. oj - relative velocities
problem Solution Solution of system of alge{ Turning of vector equations intpSolution of DAE (diffe-
braic equations scalar ones, rential and algebraic
e.g. due to the fact that all vec{ equations) system
tors act along the same direction.
Solving the system of algebraiq
equations
Further Different tasks: e.g.: Enumeration according to | Analysis of forces and momentsAnalysis of forces and
possibilities synthesis, enumeration|; functions, atlases of solu- | e.g. via contour method moments,

code of mechanical object)

analysis of vibrations
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Fig. 6. Scheme of forces and moments
3.1. Linear-graph-based model of planetary gear

The linear graph assigned to the planetary geprds
sented in Fig. 3. This type of graph was introdulbgdisu
(enclosing a polygon instead of a clique) but thethod
was slightly updated (Zadlak, 2008). The polygon
represents the links rotating around the main axishe

16

planetary gear. Stripped line-edges represent pdilisiks
which are in mesh. Continuous line-edges repregains:
planet wheel and planet carrier (arm). The notiorisand
‘out’ in Fig. 3 represent inputs and outputs, respely.
The paths from inputs to the output were introduadiwt
was not considered by Hsu.

The graph based-method is performed in the follgwin
steps (Tab. 1): (a) abstraction i.e. process oéggization
by reducing the information content — taking into
consideration only gear kinematics and considanatifothe
moving chosen gear links; (b) discretization perfed
simultaneously with the step “a”; addionally — ddihg
the links; (c) distinguishing of relations among #lements
(gear links); (d) assignment of a linear graph fametary
gear — represented via its functional scheme; r@)ster
of knowledge from mechanics to graph theory;
generation of needed graph structures e.g. disshiong
of f-cycles; (g) generation of their codes; (h) getion
of equations; (e) solving of equation system raogiv- in
the considered case — ratio or the output rotatieslacity
of the modeled planetary gear.

The structures related to a graph of the planegaar
are: so called f-cycles(1,2)h and (5,6)h Moreover we
consider a paif3,4) which represents two mating elements
i.e. toothings3 (on the link2/3) and toothing4g (on the link
4/5). For the last considered pair, the wheels hawes ax
mounted on the arm which are not moved in mutdatios
to themseves (axes fixed in relation to the AynHowever,
they move always simultaneously with the arm. We
consider the case when the gear works in the mode 1
Therefore, for the first mode of operation, the aifed
system of equation is as follows: two equationnstfeo
f-cycles plus one equation for traditional meshafgtwo
geared wheels:

W, =0, == Ny (0, — )
05— 0, =+ Neg(wy - o)
W5 = = N3y,
where:w; (i = 1,2, ..., § andw, rotational velocities of the
links; N;j = z/z local ratios; sign + depends on external
() or internal (+) meshing of a geared pair.

Taking into account, calculated from the first ands
calculated from the second equation we have:

(f)

@)

- (Q"I(N21+1)_(01 (2)
Ny,
(*)2(_ N34) = w5 =+ Ngsuy, + 0%(1_ Nes) 3)

Taking into account the equations (2),(3) and aftene
transformations we can calcutate the wantgd

o-alfsrz)- 23]

L 4 %
AR A

The same formula was obtained by means of the aVilli
method.

Ws = (4)



3.2. Contour-graph-based model of planetary gear

Contour graph method consists in the following step
(a) distinguishing of independent contours; (indefence
is considered here in the light of graph theorp); listing
the codes of the contours and sets of indexegeegration
of system of equations; (d) solution of this sysihequa-
tions. The similarities and differences betweeedingraph
and contour-graph based methods are listed in Tab.
The main advantage is: that they are algorithminespro-
cedures can be turned into computer programs. Dhe c
tours for the planetary gear presented in Fig.r2bmwrit-
ten upon the contour graph assigned to the comsidgla-
netary gear (Fig. 4). These contours are as follows
:0—-h—-2/3-1-0
(IN:h— 2/3—4/5—h
(im: 0-»>h—4/5-6—-0

Every contour generates a system of equations oence

ing velocities, forces and moments (Marghitu, 200fre,
we analyze kinematics, only, therefore we assign égua-

()

tions to every contour. We consider the second mode

of operation. The code of a contour generatestafisn-
dexes — e.g. (1)h,0); (2,h), (1,2); (0,1). Therefore the sys-

tem of equations for the contour graph based method

is as follows:
Wy, + 0y, Ty, —w; =0
W, + 0, + W5 =0
W + 0y + W, + 05 =0
°~)2h(r1 +r2)+°°12 (£, =0
W1y #0410, + 005 (1 1, +15) + i1y +1,) =0
g (1 +... 41+ g(r +...+ 1) =0

where the following formulas — coming off the meaihe
are necessary to solve the system:

(6)

Wz = Wy Wip = W
0 =0 Wy =~ Wj (@)
mz
[ =0 +..+Ig riz'TZ'

where: w; — is a relative rotational velocity of the link
in relation to the link.

Let's take into accounbi, - SO we consider a relative
velocity in relation to the suppor®) then we can omit this
0 and consider a general rotational velocity. THecuate
notions were placed in the respective equations: e.g
the first in the system (6).

The last equation of the set (7) means that weidens
the cylindrical geared wheels and we do not assame
corrections — therefore the distance between mxegual
to the sum of respective radiuses (pitch radiuses).

Originally, the equations of the system (6) encldse
vector quantities. However, cross products canuoeet
into scalar ones due to the physical and geomépicper-
ties of planetary gear: rotational velocities astoes act
along the same axis and angles between radiusesotaid
tional velocities are equal to 90°. So, the tramséa sys-
tem is discussed for simplicity reasons. Solving $lgstem
(6) we eliminate all relative velocities which aret impor-
tant for us, leaving only the general rotationdbegies.

acta mechanica et automatica, vol.4 no.4 (2010)

The solution of the system is as follows:
W1 x, CF, -1-% [z, [z,

Wy rs [y [, z; [,

The equality of the expressions for radiuses an-nu
bers of teeth holds due to the fact that theretlaepairs
of teeth being in mesh - in the numerator and dénator
of the fraction so modules are pairwise reduced.iSis

interesting feature that the ratio does not depamanod-
ules in consecutive geared pairs. Therefore we finaky:

® _, 90B6(B6 __, ©

(8)

W, 18[2418

The obtained result will be compared with the tiadr
al methods of an analysis of planetary gears.

3.3. Willis formulas for the considered planetary gear

In case of the second mode of operation for thesieon
dered planetary gear, the Willis formulas are #evis:

TNl N R
14 = -
W, — W, z, z,

(10)
h_Ws W, | Zg
lsg = =| "7~
W ~ Wy, Zs
Additionally, we have:
W; =0 Wy =wy (11)

The first condition from (11) confirms that this is
the second mode of operation. The next expressieanm
that element$ and6 are stiffly mounted on the same axis.
The solution is as follows:

+ zg Lz, [, _
z5 L5 [y

0,

=1 -14 (12)

wh (‘)6:0

Traditionally in the Willis method, the number @feth
for an internal toothing is consider as negativeeréfore
the formulas (8) and (12) are equivalent becauseast
assumed that; = — 90.

In the same manner the Willis formula was generéded
the first mode of operation of the considered piaryegear.

4. GRAPHICAL-PHYSICAL ANALYSIS
OF THE PLANETARY GEAR

Graphical physical analysis of planetary gear clao a
be performed. It allows for additional confirmation
of the obtained results as well as for furtherghsiinto the
working conditions of a gear.

Like it was mentioned above also this phase of idens
erations can be done via graph based approachadoah
1992) but it is beyond the scope of the presenagedip

The scheme of linear and rotational velocitiepris-
sented in Fig. 5 and the scheme of forces and mtsmen
in Fig. 6, respectively. Based upon the Fig. 5ftilwing
formulas can be written:
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nin
v,=w, 0, =—1 Gd—l

3 2 (13)

The value ofw, is the input velocity which is passed on

the gear from the drive system (motor).

The next three relationships can be deduced upen th

scheme presented in Fig. 5.

Vit Vi(23) _ V3~ Vi(23)

(14)
r ry
Vs _Vh(4s) (15)
ry+rs s
Vh(23) _ Vh(a5) (16)
r+r, I +r+rp+r +rg

Finally we can calculate the output rotational eélno

_Vh(23) _
r1+ ry

V h(45)
L+l +r+r, +1g

W, = (17)

Solving the system of the above formulas the search

ratio of the gear can be calculated:

. (0%}
i ?’h: [_1j =-14
W, w6=0

The same result as previously was obtained.

(18)

consequence — allows for evolutionary, neuronat net
work and immune analysis of gears;

three graph methods were theoretically compared;

two methods were used for kinematical analysis
of an exemplary gear;

compatible results were obtained for them and ridodi-t
tional Willis method as well as the graphical-plogsi
analysis;

the graph-based methods of modeling of planetaaysge
are just recently after a constant development tdue
a possibilities of artificial intelligence conseques
of this modeling — e.g. possibility of algorithmegnthe-

sis of gears.
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Abstract: This paper concerns formulating and solving thebjenm of synthesis of vibrating discrete mechangyatems
with two — terminal damper. In this paper a metbbdynthesis to determination of structure andtiakrelastical, damping
parameters has been presented. Such task maysk#iethas a reverse problem dynamics of vibrasigipsystems.

1. INTRODUCTION

Vibration damping occupies a significant place agon
the extensive issues of machinery and apparatuanadgs.
It is one of the factors of mechanical energy gison,
inseparably connected with mechanical systems merem
A proper selection of frequency and operation oletsi
the resonance range solve the problem of vibragiomid-
ance. Leaving the resonance zone is the basic taamdi
of apparatus functioning, however, it does not iglate
the problem completely. In many machines a lot refef
vibration frequencies appear. In these cases dampin
is of crucial importance, because it lowers vitlmatampli-
tude significantly.

Equally important phenomenon, in which damping play
a major role, is the phenomenon of transition tbhou
the resonance zone (Buchacz, 1995, 2004, 2006;d8ach
et al., 2005). A number of components are adamtexpér-
ate in supercritical zone i.e. at frequencies highan re-
sonance frequency. In such a case transition thrdhg

resonance zone occurs during machine movement. Then

poorly damped components are becoming temporaulty s
jected to strong vibrations. When damping phenomeno
limits vibration amplitude insufficiently, additiahdamping

is introduced (Buchacz, 2004, 2006; Buchacz et2805;
Dymarek and Dzitkowski, 2005; Dzitkowski, 2004;
Dzitkowski and i Dymarek, 2005 he problem of search-
ing damping component values, existing in mechénica
systems, is atypical task of parametric synthedise

to required dynamical properties (Bellert and AMacki,
1968; Berge, 1973; Buchacz, 1991, 1997, 1995; Dgkjar
2000, 2004; Dymarek and Dzitkowski, 2005; Dzitkoiysk
2001, 2004; Dzitkowski and Dymarek, 2005).

In the study the methods for synthesis of discvéiea-
tion systems (Bellert and Wniacki, 1968; Berge, 1973;
Buchacz, 1991, 1997, 1995; Dymarek, 2000, 2004; &ym
rek and Dzitkowski, 2005; Dzitkowski, 2001, 2004;
Dzitkowski and Dymarek, 2005) with damping was pre-
sented.

The synthesis was done, using well-known methods
of discrete vibration systems synthesis and byo¢htction
of an assumption concerning damping type elemexid}-e
ing in the sought after system, and taking rheackagi
Voigt's-Kelvin’'s model and Rayleigh’s damping asgm
tion as a mass damping model (Dymarek, 2000; Dyknare
i Dzitkowski, 2005).

2. THE SYNTHESISOF MECHANICAL SYSTEM
WITH DAMPING

In this section the algorithm for actions takeningidis-
crete damping systems synthesis will be presented.

In order to start the synthesis of damping systéDys
marek, 2000; Dymarek i Dzitkowski, 2005; Dzitkowski
and Dymarek, 2005) we should specify the propedfdhe
sought-after system and the damping model, in aecme
with the presented course of action:

1. Specify the values of resonance and anti-resEnéne-

guencies in case of free vibration, i.e.:
{wmwaz,---mbnx 1)

W2,022,.-Wzp

2. Determine the value of dimensional vibrationtda A,
in case of V-K model:

bei =A¢ , (2

0<)\ <i’
(*)n

©)

where:b,; — dampingc; — stiffness resulting from the syn-

thesis carried ouf=idem — dimensional vibration factor

3. Determine the parameter corresponding to dagnpin
in the systen, in case of V-K model:

2
:)\oobn

h, ) (4)
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or by providing damping decrement for the individve:
sonance frequencies and anti-resonance frequencies:

_2n h, (5)
w

n

0,

n

4. Determine the value of dimensional vibrationtda h
in case of mass model of damping:

Bmi = 2hm (6)

where: b, — damping, h — parameter corresponding
to damping in the system, having frequency dimemsio
m — the value of inertia element determined as altres
of synthesis.

Theh parameter in the discussed case is constant, i.e.:

h=idem, @)
and its value should be chosen from the followiracket
0< h <|wmin!, (8)

where: pmin£0 — the smallest value of resonance frequency,
when the system restrained is synthesized or thalesh
value which is equal to anti-resonance frequencgnhe
half-defined system is synthesized.
5. Determine the value of dimensional vibratiootda h

in case of Rayleigh model of damping:

hg, =h, +h 9)

The examined characteristics are immobililys) and
mobility V(s) built on the basis of assumed dynamic proper-
ties as described in 1-5.

The immobility functionU(s)
[ -1
U(S):H qSk+d|_lsk_l+...+d0 (10)
GS" *toS" T +...+GS
and the mobility functiov(s)
k k-1
V(s)=H GS" +CqS" T +...+GS (11)

qSI +d|_lsl_l+...+d0 '

where:l-odd or even numerator order withk=1, k- de-
nominator orderH- any real positive number.

In order to determine elastic and inertial valugsrac-
teristic functions describing free vibrations inethorm
of immobility U’(s) (12) and mobilityV’(s) (13) should
be subject to the synthesis.

The immobility functionU’ (s)

| -2
U'(s)=H qi+d'—25k_2+”'+d0 , (12)
S +C_pS “+...+GS
The mobility functionv’(s)
k k=2
V'(s)= y &S +C_2S" ...+ s (13)

ds +d_ps 2 +...+d,
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Then, the values of two-terminal damping type arbe
determined on the basis of the relationship betwgdn
and (6), using inertial and elastic elements olein
in the first step of the synthesis

3. EXAMPLE

The assumed requirements of the desired system- stru
ture are:

w, =10, o, =202, @, =302 - resonancdrequencis,

w, =02, @, =15, o, = 252 - anti- resonancdrequencia

In order to determine the analytical form of dyneahi
characteristics, the following assumptions shoddaken.

Assumption 1
The characteristic sought after function is sloveniés).

Assumption 2

The requirements concerning damping for the twesase
assumed:

The mass model of damping:

Brmi = 2hm Nis-
L (14)
h=08"-.
S
The V-K model of damping:
. Ns, _Awp1
G T (15)
A= 001s
The Rayleigh model of damping:
b, %,bmi ™ e =h,+h T (16)

The dynamical characteristics takes the form devia!:
- when the assumption of (14) is met:

oo B r s 2 ) s nor oB)? s an )
s? + 2hs+ w%XSz +2hs+ ooﬁ) ’
(17)

- when the assumption of (15) is met:

U(s)=H (52 +2ns+ 252 + 2hys+ w3 2 + 25+ 2]
5(52+2I”Qs+w§XS2+2ms+wi) ’

(18)
- when the assumption of (16) is met:

U(s)= H (52 + thls+mf)(sz + 2hgas+ 3 |s? + 2hR5s+w§)
s{s2 + 2hRoS+ w%st + 2R+ wﬁ)
(19)



What should be submitted when carrying out thersmt
sis of characteristics (17), (18) and (19) is imitigh
which describes free vibration in the form of:

o= € e fs? 8)e o]

, 20
% + w3 32+m§) (20)
6 4 2
U'(S) _S +1400s" + 490003 +3GOOOOOQ 1)

s® +85(s® +14062!%s

then, assumptions concerning damping (13), (14) (45
should be taken into account.

As a result of synthesis carried out with the use
of the method of characteristics function (21) ritdsttion
on continued fraction the values of inertial andsét ele-
ments are obtained:

my = 1000kg, m, = 2561kg, my = 6061Kkg,

22
¢ =550000N , ¢, = 730424N | ¢; =1390822N (22)
m m m

Assuming that damping should be proportional to-two
terminal inertial type:

h=o0s®
S

Ns
Bmi = 2hm m’

(23)

the values elements of the system obtained (Fiy. 1.
are as follows:

my = 1000kg, m, = 2561kg, mg = 6061kg,
¢ =5500001, ¢, =730424%  c;=13908221,  (24)

brg = 16007, by = 409775, by = 96970,

Bmo

o

Brmg ¢
I'E’ m VWA M IMAA

m,

Cs \
" bg
Fig. 1. Synthesised mechanical systerith the mass model

of damping

Assuming the V-K model of damping:

2
hn :)\ﬂ }’
2 s
Ns
bei =AG; m’ (25)
A = 001s,

the values of damping elements are in the form of:
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- Ns
bey = 55007,
bep = 730472, (26)

— Ns
beg = 139081,

The structures of mechanicals systems with dampiege
created and its parameters are presented in Figs. 2

Cl C2 C3
e I
b(:'l. bcz bc3
Fig. 2. Synthesised mechanical system with the K-V model
of damping
Bino
Cl CZ C3
s I 0 T L
Dyn A
ml bc]_ bCZ Q:3+%
Fig. 3. Synthesised mechanical system with the Rayleigh'daino
of damping
where:
my = 1000kg, my, = 2561kg, mz = 6061Kg,
¢, =550000, ¢, =7304241, c; =1390822N,
(27)

b = 16001, by, = 40970, by = 96970,
by = 55000, by, = 73047, b5 = 13908TE.

4. CONCLUSION

As a result of damped systems synthesis, when agmpi
is proportional to stiffness and to values of masscase
of synthesis of immobility, systems with cascade
and branched structure are received. Received st
of the synthesis inertial, elastic and damped peatam
of the model are not the only ones which meet 8sumed
requirements referring to resonant frequencies farpo
and zeros (Dymarek, 2000, 2004). Development ofheyn
sis methods gives the possibilities of designingreno
and more complex mechanical systems with regarceto
guested dynamic features.
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Abstract: A transient thermal analysis is developed to exan@mperature expansion in the disc and pad volurder si-

mulated operation conditions of single braking pssc This complex problem of frictional heating bagn studied using
finite element method (FEM). The Galerkin algoritivas used to discretize the parabolic heat tramsfeation for the disc
and pad. FE model of disc/pad system heating wipect to constant thermo-physical properties ¢ériads and coefficient
of friction was performed. The frictional heatinggmomena with special reference to contact conditivas investigated.
An axisymmetric model was used due to the propoalioelation between the intensity of heat fluxgeerdicular to the con-
tact surfaces and the rate of heat transfer. The telated temperature distributions in axial aadial directions are pre-
sented. Evolution of the angular velocity and tbhatact pressure during braking was assumed to hknear. Presented
transient finite element analysis facilitates tbed®ine temperature expansion in special conditafrieermal contact in axi-

symmetric model.

1. INTRODUCTION

The automotive application of the disc brakes scep-
tible to relatively high and stability of the frioh coeffi-
cient. However its value affects the temperatuse, rivhich
is firmly intensive during repetitive braking prase
or emergency, high-speed stops. It is essentigbréalict
the impact of the real geometrical set of the thisgke sys-
tem to facilitate evaluation of the heat expansigin spe-
cial operation conditions. High temperature excegdier-
mitted values may cause premature wear, brake thde,
mal judder or thermal cracks in the rotor material.

The calculation of the heat generated between tweb b
ies in sliding contact such as disc brake systesnessitates
appropriate model including contact conditions fatam
reliable outcomes. Various techniques have beerogegh
for the computation of sliding surface temperaturssa-
lytical methods of heat conduction problem are tiuahi
of the half-space or the half-plane. More accufatdinite
object, transform technique have been used, bueraus
mathematical difficulties implies simplificationa geome-
try. The finite element method among numerical hémphes
is held as the most suitable for thermal problewestiga-
tion recently.

Talati and Jalalifar (2008, 2009) proposed two ni®de
of frictional heating in automotive disc brake syst
namely macroscopic and microscopic model. In theroya
scopic model the first law of thermodynamics hagrbe
taken into account and for microscopic model vegiobar-
acteristics such as duration of braking, materiapprties,
dimensions and geometry of the brake system haea be
studied. Both disc and pad volume have been imagstil to
evaluate temperature distributions. The conductimat

transfer was investigated using finite element et alati
and Jalalifar, 2008). The same authors solved ¢waduc-
tion problem analytically using Green’s functionpapach
(2009).

For simulation cause of the experimental resulfis, fi-
nite element method is proposed as a relevant ricaher
simulation of disc/pad interface temperature edtonaby
Qi and Day (2007). Special effort is employed ie tieal
and apparent area of contact between two slidimtiglsadue
to topography of the friction surface. Authors maipe to
determine range of the affection on its performancéud-
ing temperature growth and wear presence.

Choi and Lee (2004) deal with the thermoelasticaveh
iour of disc brakes. Contact problems in disc/padrface
including heat transfer and elastic problem havenbstud-
ied. In addition, the influence of the material pedies
were analysed. Based on numerical results, theonarb
carbon materials with expected excellent charasttesi
were compared.

Heat transfer problem in the mine winder disc brake
ing FE modelling technique has been developefidigszka
and Zolnierz (2007). Temperature distributions including
thermoelastic instability phenomena were analys&itie
variety of the parameters used in the computativas
adopted from examinations comprising infrared magpi
The numerical simulation was confirmed in the ekpen-
tal investigations.

In this paper the finite element method for temhem
assessment due to frictional heating in an axisymme
arrangement of the disc brake model is developegkisti-
ble advantages of this numerical technique arertegpdy
Grzes (2009). Perfect contact conditions of thermal beha
vior of disc/pad zone have been established.

23



Piotr Grzdg

Finite element analysis of temperature distributinraxisymmetric model of disc brake

2. STATEMENT OF THE PROBLEM

Considering physical substance of the friction ey,
the energy conversion should be noticeable as andmin
The large amount of the thermal energy are traresteénto
kinetic energy to decelerate vehicle being in nmotim the
disc brake systems two major parts may be distiiga:
rotating axisymmetric disc and immovable non-axisyen
tric pad (Fig. 1). While braking process occursaldteat
is dissipated by conduction from disc/pad interfaxadja-
cent components of brake assembly and hub andrbxece
tion to atmosphere in accordance to Newton’s lamcdm-
mon the radiation is neglected due to relatively temper-
ature and short time of the braking process.

Fig. 1. The schematic assignment of disc brake system

The procedure of the temperature distribution asses
ment utilizing finite element method, adapted in ad-
symmetric model is an efficient method which hasady
been reported in the area of frictional heatingbjpem
(Choi and Lee, 2004; Grge2009; Ramachandra Rao et al.,
1989). Grzé (2009) analyzed two types of the disc brake
assembly related to different boundary conditioreduding
evolution of contact pressure and velocity of teaigle for
validation purposes of the developed numericalrtepte.

In this paper temperature distributions in the disc
and the pad volume have been studied. Materialgutiejs
are assumed to be isotropic and independent déthpera-
ture. The real surface of contact between a brake d
and pad in operation is equal to the apparent cerfa
in the sliding contact. Perfect contact conditiémssimpli-
fication purposes were assumed.

Single disc with pad presence has been analyzdd wit
its simplification to symmetrical problem. Henceeoside
of the disc has been insulated in the FE modethEtmore
adiabatic boundary conditions are prescribed onbth-
dary of the inner radii of the disc and on the quistide
of the pad.

Excluding both thermally insulated boundaries
and the area of sliding contact where the intensityeat
flux has been established, on all remaining susfaoecon-
sider realistic heat conditions, the exchange darmtal
energy by convection to atmosphere has been implied

24

It is assumed that the pressure varies with tinfectt-
nadze et al., 1979)

t

p(t) = po[l—e_tm]’ o<t<t,, Q)

where: p, is the nominal pressuré, is the growing time,
ts is the braking time.

The angular velocity corresponding to pressure (1)
equals (Yevtushenko et al., 1999)

_t
a(t):% 1—t+::'g[1_eth yOStSts, (2)

S &
where: @y is the initial angular velocitytl is the time
of braking with constant deceleration.

3. MATHEMATICAL MODEL

To evaluate the contact temperature conditionsh bot
analytical and numerical techniques have been dpeel
The starting point for the analysis of the temparafield
in the disc and pad volume is the parabolic heatlaotion
equation given in the cylindrical coordinate systefmich
is centered in the axis of disc amgoints to its thickness
(Nowacki, 1962)
0°T +16T +02T_ 10T
o> rar 0z° ky ot

2 2
9T, 10T 0T 10T, <r<R,8,<2<5t>0
o’ ror o0z k,ot " b

g Sr<R;,0<z<9,,t>0,

wherek,, is the thermal diffusivitygd, pis the thicknessyg
and Ry, are the internal and external radius of the disc
and pad respectively) = ¢ + &, The subscriptg andd
imply the pad and the disc respectively. The suibistion
of the axisymmetric arrangement of the problemdissady
been reported as a relevant foundation (6r2€09).
Two-dimensional model of disc brake is presented
in Fig. 3. The boundary and initial conditions the disc
and pad are giveas follows:

aT _ HT, -T(, 0,0l ry<r<r,, t=0, 4)
daz =44 qd(rvddyt)y l'pSI'SRd,OStSIS,
Kp% ) =-q,(r,J,.0), r,Sr<R,0<t<t, ®)
Kdal =HT,-T(R,,zt)] 0= z<9,, t20, (6)
or =R,
oT
K"E- :—r{Ta—T(rp,z,t)]’5d5255’t20' @)
Kp?TT :I’{Ta—T(Rp,Z,t)]'5d5255’t20* (8)
Mg




9T _y. 05254, t20, 9)
or |,
9Tl _g.r,<r<R,. t20, (10)
62 z=0
ﬂ =0 I’pSI’SRp-t>Oa (11)
0z z=0
T(r,z0)=T,r,<r<R;, 0259, (12)
T(r,z0) =T, r,<r<R,, dg<2<J, (13)
where (Ling F. F., 1973)
%(nzmhﬁj:g%ypayan)prrsF%.OStsg, (14)
qp(r'z't)z:ad =@-pfp@)raft).r,sr<R,.0stst, (15)

f is the friction coefficient,p is the contact pressure,
wis the angular velocity,is the timey is the radial coordi-
nate,z is the axial coordinate.

The above cases are two-dimensional problem for tra
sient analysis. The boundary and initial conditions
are specified for disc and pad volume respectively.

4. FE FORMULATION

Understanding of overall formulation is crucial foe
solution of the considering thermal problem. In .FRy
the interface conditions of contact model are shown
In order to simulate perfect contact during brakimgcess,
two terms at the subsequent pair of nodes on tikacb
surfaces have been imposed
1) the equality of the temperature at any instaninoét

T, (0+,t)=T,(0-t) (16)
2) and the following heat balance condition at eaclthef
contact surfaces given by

Api (0+,t) + 0y (O_’t) =q(t)

The object of this section is to develop approxamat
time-stepping procedures for axisymmetric transigot
verning equations. The detailed description of the-
dimensional discretization was presented by &¢2609).

Using Galerkin’s approach the following matrix form
of the Eq. (3) is formulated (Lewis et al., 2004)

17)

[01{‘£}f K[ T ={R} (18)

where ] is the heat capacity matrixK] is the heat con-
ductivity matrix, and R} is the thermal force matrix.
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Fig. 2. Contact model for the thermal problem

In order to solve the ordinary differential equatid.8)
the direct integration method was used. Based enath
sumption that temperatureT}; and {T}.., at timet and
t+ 4t respectively, the following relation is specified

(T =(Th | 0-2) S} + 4[5} o

Substituting Eqg. (19) to Eq. (18) we obtain thédaing
implicit algebraic equation
(C1+ A0t K ] T = (CI- (- AIK1AY T,
+(1- AIMERY, + A R}
where S is the factor which ranges from 0.5 to 1 and is

given to determine an integration accuracy and letab
scheme.

(19)

(20)

a) insulated h=0 h
— ] el
h —~—~ [ —
z — ] j———\_—
|—r
heat flux (A) I
b) q,(rt)

convection h q4(rY) T

Fig. 3. FE model with boundary conditions
for the transient analysis: a) pad,ibg d

The finite element formulation of the disc brakethwi
boundary conditions is shown in Fig. 3. Disc and pam-
ponents described below were analyzed using the b
tran/MD Nastran software package (Reference Makiil
Nastran, 2008; Reference Manual MD Patran, 2008he
thermal analysis of disc brake an appropriatedietement
division is indispensable. In this study eight-nepmdratic
elements were used for the finite element analyiéis. disc
brake FE model consists of 576 elements and 19880
of disc and 663 elements and 2118 nodes of padh dfider
of elements ensure appropriate numerical accufamythe
purpose of providing perfect contact conditionswesn
each pair of nodes in the disc/pad interface, 1@®ipbint
Constraints (MPC) were used.
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To avoid inaccurate or unstable results, a propial
time step associated with spatial mesh size im@at€Ref-
erence Manual MD Nastran, 2008).

At = AX PuCy. (21)

10K,

where pis the density,c is the specific heat and
is the thermal conductivity/t is the time stepdx is the
mesh size (smallest element dimension). In thiepéiged
At =0.005s time step was used.

5. RESULTS AND DISCUSSION

In this paper thermal FE models of the disc braké w
pad presence have been investigated. Proposed HEI-mo
ing technique (Grzg 2009) was confronted with the analyt-
ical solution (Talati and Jalalifar, 2009) and FE@ao
and Lin, 2002). The simulation includes conductive
and convective terms of the real brake exert. Teaipee
distributions were predicted for the operation dtods
given in Tab. 2. Material properties adopted in d@nalysis
for FE model are specified in Tab. 1. The transgatition
was performed for the pressupe and angular velocity
of the discwevolution shown in Fig. 4.

100 C4
o [s7] p [MPa]
80
60 +

40 4

20 4

0 T T T
0 1 2 3

i tls]
Fig. 4. Evolution of the pressuggand angular velocitgw
during braking

The temperature distributions in arbitrarily spiecifin-
stants of braking time are presented in Fig. 5. @teilib-
rium of the temperatures on contact surfaces at thesi-
tion of 0.006mm is noticeable in the solution. Tihensity
of heat flux entering into the disc and pad respelst ex-
cites growth of the temperature from the contaabezo
which in subsequent measures extends particulauty i
the disc volume. Temperature variations throughkibpa
duration inz coordinate are relatively smooth in the disc
area and rapid in the pad zone. The dissimilarftyhenat
dissipation between disc and pad volume in axialdioate
at the each step of the analysis are fundamerdatated
by the properties of materials adopted in this wtusd the
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time oft=4s temperature distribution of the disc is approxi
mately equal at any position in radial directiorenipera-
ture field of the pad is constant upwards=®.010m at any
moment of presented results. The highest valubetdém-
perature obtained in the analysis occurred at sadiu
of r=0.127m at the contact surface. The results aiieveel

to be physically justifiable values.

500.00°
TICl 308

250.00

S
=
m—————

— 7

=

—
S
=
e
—
——
=

z[m]

Fig. 5. The temperature distribution in the disc
and pad volume at specified instantisraking time

Axial temperature distributions at the radius dfZ¥m
of disc brake are presented in Fig. 6. Within thalgsis
time of t=4.274s heat was generated due to friction beha-
vior at the disc/pad interface. Therefore tempeeatn-
crease is noticeable. Over the final time step maiking
(t=3.5-4.274s) the interface temperatures can be t®en
decrease slightly. This effect corresponds inteiatety
to the intensity of heat flux, which rises with &nantil the
value of velocity and pressure product attains ééghcriti-
cal value at the particular, radial position. Thenperature
expansion is significantly affected by the therniygcal
properties of materials submitted to the thermaddlo
As it can be seen the differences in axial directiare
sufficiently high, particularly in pad zone. Theadrent
of temperatures in subsequent periods of time dusingle
braking action is an issue of transformation ofgéar
amounts of the kinetic energy into heat energyelatively
short time. In addition, temperature of the disd qrad
are affected by external convective conditions decreas-
es due to Newton’s law of cooling. This phenomenway
be intensified when the vehicle is still moving agwbling
is forced by the air flow.

Comparison of the radial temperature values attme
tact surfaces including free surface of the diséndubrak-
ing process is illustrated in Fig. 7. Maximum temgiere
rise up to 496.6°C at 0.127m of radial position 8n8i75s



of time However, it can be seen that at the extdogation
of the radius in the range of 0.001m, the tempeeataries
slightly. The impact of the intensity of heat flartering the
disc and pad respectively is noticeable above #ubal
location of 0.077m. Presented isotherms validagedtthia-
batic boundary condition at the inner radius of thisc
where the temperature value is constant during itgak
process.

250 +
200 +
150 |
100

50 o

Disc Pad
T T T T T T T T T T T T T T T T T
] 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0[.01]8
zZ|m

Fig. 6. Axial temperatures profiles at radius of 0.127m
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Fig. 7. Radial isotherms at the disc/pad interface

In Fig. 8 axial temperature evolution in the period
of single braking process is shown. Fundamentémifces
of the temperature expansion between two consideyeds
of the disc and pad are noticeable. Temperatutbeotlisc
in axial coordinate rises relatively rapidly in tlentire
thickness at considered radius of 0.127m, whileonitgj
of pad area remains unheated. The isotherm of ititeest
value of temperature of 490°C obtained in the asigly
outlines slight area near to the contact positibiz direc-
tion.

In Fig. 9 disc temperature at0.127m and at different

acta mechanica et automatica, vol.4 no.4 (2010)

axial positions are presented. The symmetry inl @xiardi-
nate z has been assumed. Profiles fraa®m which indi-
cates central location of the real disc to its mmaxn thick-
ness of z=0.006m are evaluated. At the initial period
of braking process maximum temperature appeardet t
disc/pad interfacez£0.006m). Tendency to convergence
of temperature at different axial positions ateéne of brak-
ing process is noticeable. It is connected witlyradient
of temperatures in disc area in subsequent stagtheof
process when the intensity of heat flux descents.

0.018 -
z[m]
0.016 -
0.014 -
0.012 4

0.010

0.008

0.006

0.004 1
25
T[Cl

0.002

0.000 T T T T
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Fig. 8. Axial isotherms at radius of 0.127m

4.60 t[s]

500 -
T['Cl
450

Interface position z=0.006m

0.005m
200 i 0.004m_
350 f
200
250 f
200
150 —
100

50

0

T T T T T T T T T T T T T T T T T 1
0o 05 1 15 2 25 3 35  4([s]45

Fig. 9. Evolution of the disc temperature
at different axial distances and atabplosition of 0.127m

In Fig. 10 the pad temperature distributions=dt.127m
in different axial positions are shown. As it caa &een
the pad temperature at the contact surfas®.006m) has
the highest value obtained during simulation preces
and gradual decay of the temperature should becatbti
at different axial positions up t=0.010m (0.004m of pad
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thickness), where temperature remains approxignatah- The influence of the convective heat transfer tehais
stant. been found relatively insignificant in the temperatdistri-
butions of considering behavior of single, emergemak-
500 Ing.
TIC) Interface position z=0.006m In view of the disc geometry aspect the resultsasho
450 - negligibly low temperature variations in the aréahe disc
1 beneath internal radius of the pad.
4007 However imposed terms of perfect contact of dist/pa
350_' interface specify special, idealized conditions leeiing
] wear and debris (third body), the behavior of cdesing
300 - phenomena characterizes nature of the heat expansio
] and facilitates predicting the magnitude of the germature
250 1 rise during braking process.
2007 REFERENCES
150 0.0075m
| 1. Chichinadze A. V., Braun E. D., Ginsburg A. G. et al
100 4 5,008 (1979), Calculation, test and selection of frictional couple
. m . . .
| Science, MoscoWin Russian).
50 - 0.009m 2. Gao C. H., Lin X. Z. (2002), Transient temperature field
0.010m . : ! . .
1 e analysis of a brake in a non-axisymmetric threeedisional
0 ———— model,J. Mater. Proc. TechnqglVol. 129, No. 1, 513-517.
0 0.5 1 15 2 25 3 35  4t[s]45 3. Grzes P. (2009), Finite element analysis of disc tempegrtur
Fig. 10.Evolution of the pad temperature at different axial during braking proces#cta mechanica et automaticdol. 3,
distances and at radial position @2@m No. 4, 36-42.
4. Lewis R. W., Nithiarasu P., Seetharamu K. N.(2004),
Tab. 1.Material properties [2] Fundamentalg of the finite element method for teak Fluid
Thermo-physical properties Disc Pad Flow, John Wiley & Sons.
— 5. Ling F. F. (1973), Surface mechanicslohn Wiley & Sons,
Thermal conductivityKq,p 48.46 1212 New York
[W/mK] ' ' L .
Specific heatcg, [J/kgK] 219 1465 6. Nowacki W. (1962), Thermoelasticity Pergamon Press,
Density, ou [kg/m°] 7228 2595 Oxford.
7. Qi H.S., Day A.J.(2007), Investigation of disc/pad interface
) N temperatures in friction brakingiVear Vol. 262, No. 5-6,
Tab. 2. Operation conditions [2] 505-513.
Operation conditions Disc Pad 8. Ramachandra Rao V. T. V. S., Ramasubramanian H. and
Inner radiusrq,[mm] 32.5 7 Seetharamu K. N. (1989), Analysis of temperature field
%‘giérr;‘i'“lsjgf“ [:ftn;] 128 e in brake disc for fade assessmemirme- und Stoffiibertra-
Thicknesgsdjp [r?qm] 6 12.5 gung Vol. 24, No. 1, 9-17, ,
initial velocity b [s1] 8846 9. Scieszka S.,Zotnierz M. (2007), Wptyw pec.h konstrukgyj-
Time of brakingfe [5] wy7) nych hamulca tarczowego maszyny vaguwej na jego nie-
g . stabilng¢ termospgzysta. Cz$¢ I. Budowa modelu MES i je-
Pressurgg [MPa] 3.17 . . g "
Coafficient of frictiont 05 go weryfikacja,Zagadnienia Eksploatacji Maszyivol. 42,
Heat transfer coefficiedt{W/m?K] 100 NO 3, 111'124' . .
Initial temperaturd [°C] 20 10. Scieszka S.,Zotnierz M. (2007), Wptyw cech konstrukcyj-
Ambient temperatur&, [°C] 20 nych hamulca tarczowego maszyny vagawej na jego nie-
Time step/t [s] 0.005 stabilng¢ termospezysta. Cz$¢ Il. Badania symulacyjne,

Zagadnienia Eksploatacji Maszyvol. 42, No 4, 183-193.
11. Taguchi G. (1993), Taguchi on Robust Technology Develop-
6. CONCLUSION ment ASME Press, New York.
12. Talati F., Jalalifar S. (2008), Investigation of heat transfer
phenomena in a ventilated disk brake rotor withight radial

In this paper transient thermal analysis of disakber rounded vanesJournal of Applied Sciencevol. 8, No. 20,

in the single brake application was developed. ffiston- 3583-3592.

al heating phenomena using the finite element naedtidhe 13. Talati F., Jalalifar S. (2009), Analysis of heat conduction

thermal contact problem was performed. This study p in a disk brake systentjeat Mass TransfetVol. 45, No. 8,

vides an evaluation of temperature distributionmybrak- 1047-1059.

ing action including both the disc and pad presence 14.Yevtushenko A. A., lvanyk E. G., Yevtushenko O. O.

in an axisymmetric arrangement. (1999), Exact formulae for determination of the mé&amper-
The outcomes obtained in the analysis show inetyuali ature and wear during brakingeat and Mass Transfg¥ol.

35, No. 2, 163-169.

in the temperature distribution of axial positi@aishe sub-
15. MSC.Software (2008), Reference Manual MD Nastran,

sequent values of radial locations consideringdise and

. Version r2.1.
pad areas due to the different thermal propertfesiate- 16. MSC.Software (2008), Reference Manual MD Patran,
rials. Version r2.1

28



acta mechanica et automatica, vol.4 no.4 (2010)

OVERLAY DENTURES — CONSTRUCTIONAL AND RESEARCH ASPE CTS

Marek JALBRZYKOWSKI *, Joanna MYSTKOWSKA"

"Faculty of Mechanical Engineering, Bialystok Univgref Technology, Wiejska 45 C, 15-351 Bialystok

m.jalbrzykowski@pb.edu.p].mystkowska@pb.edu.pl

Abstract: The paper presents selected issues relating tobt@dantures with their general characteristicBxafigs. Refer-
ence was made to the most important material-coctgdnal aspects and the problems that arise Withtype of solutions.
In the work the method of durability and relialyiliéevaluation and selection of materials for theekiatics connections

of this type of structure was proposed.

1. INTRODUCTION

Modern dental prosthetics is a very vast area iefise
that makes it possible to reconstruct the shortogmi
of teeth in the form of fixed or movable additions.
The group of prosthetic permanent additions inctude
crowns, bridges, inlays. In the group of movablatdees
are: partial, complete and skeletal. As regard$esign, the
construction of each of these elements can bendisshed
on: skeleton, prosthetic superstructure and fixing elets
(Ciaputa, 2009). Fig. 1 shows the modules of taditional
components of a prosthetic bridge. In sense ofojhera-
tional life and reliability, the key technologic@rocess
elements include: material, design and technologyle-
mentation. The process of securing dentures inottaé
cavity and clinical aspects are also important, thase
problems are not the subject of work.

Crowns and bridges are permanently embedded, withou

need to remove it from the mouth. They do not penfo
well, when the shortcomings are more extensivegdnyg

several cavities. In case of several teeth los, dénture
making is considered. At present, the most popalar

acrylic prosthesis in which the artificial teetreanounted
in acrylic plate lying on the palate and gums (Qtap

2009; Hupfauf, 1997). Such a structure is a burdlerthe

bone and soft tissues and does not provide a stabpigort

in the mouth. Much better results provide skeledenture

application. Metal, individually matched frame byabes

and prosthetic thorns tightly embeds the patient/s teeth.

Such a solution minimizes the chewing forces, tiemsd

to the soft tissues and bone. In order to stremgthe loca-
tion of the prosthesis in the mouth, a number acize

fixing elements such as latches, slides, telescapdsnag-
netic fastening is applying. These details allowye@mov-

ing off the prosthesis, ensure its stable maintemasnd

fully comfortable use.

Constantly evolving dental technique makes it ingpos
ble to present in this work all types of kinematimnnec-
tions currently used in the overlay dentures. Thudy
selected types of precise elements are presentdd o
jective of assessment of their possible approxonatiim-
mutability and operational reliability. In this demt,
the author’'s method of assessment their durahgitpro-
posed.

a)

RRZESt ©

Fig. 1. The construction of prosthetic bridge: a) theapill
of a bridge, b) bridge span, ¢) buckle (fixing et1s)

2. OVERLAY DENTURES JOINTS

It is well known that the precise fastenings arplypg
to stable or movable prostheses. There are fixedhen
prosthetic pillars (natural teeth or implants). ¥fae con-
structed with two main elements forming the mectaini
connection between them. One part is the matrieatesl
on the tooth or several teeth, the root of thehtastat im-
plant, and the second part — quite often is fixethe mo-
bile denture. In comparison to clasps, precisefast have
many advantages, for example (Ciaputa, 2009; Hdpfau
1997; Raszewski, 2009; Sajewicz, 2008):

— they allow to get a good aesthetic effect (avoidaine
on the vestibular surface of tooth),

— during the dynamic phase of mastication, precisa-co
ponents ensure impact of only vertical forces anpit
lar teeth and preferred stimulation of the toothlesg-
ments of prosthetic foundation in a static phaaesing
that the prosthesis rely only on the mucous mendyran
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— the denture track introduce is always a paralbgktito-
ry to the long axis of resistance tooth,

— in case of the deterioration of prosthesis mainieea
the individual connectors elements can be activated
or replaced.

Durability and reliability

of dentures

l

‘ Marerial ‘ ‘ Construction

‘ Technology

Fig. 2. The denture operational durability
using engineering conditions

70

Fig. 3. The examples of precisely constructional joints:
a) inside the tooth, b) outside the crown, ¢) asps,
d) crosspieces

c)
Fig. 4. The overlay dentures fixing methods: a) frictionctes,
b) mechanical, ¢c) magnetical, d) using screw

d)
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In addition, they can be used in many constructions
such as (Ciaputa, 2009; Hupfauf, 1997; Raszew§Ki9p
— skeletal prostheses,

- overdentures,
— partial settling denture,
— stable fastenings.

As mentioned earlier, durability and reliability tefeth
prostheses in engineering terms depend primarilyhoee
aspects: construction, material and technologys lillu-
strated by the pattern set in Fig. 2.

For the manufacturing process of dentures, nobkalme
(platinum gold, platinum-iridium gold) and chromikel
steels are used. In recent years plastic mate(galsh
as teflon, nylon, silicone) are utilized.

i~ O

Fig. 5. The examples of the overlay dentures fastening

In case of construction process, the applied cdorec
are divided into few groups taking into accountirtipdysi-
cochemical action (Hupfauf, 1997; Raszewski, 200&-
puta, 2009):

- inside the tooth — stiff joints, screwing, fastenin

(Fig. 3a),

— outside the crown — screwing joints, hinge andwsire

— rotating (Fig. 3b) connectors,

— root clasps — rigid screwing and screwing — rotatin

(Fig. 3c),

— crosspieces — rigid and resilient ( Fig. 3d).

For durability and operational reliability, the ifig type

of moving parts of overlay dentures is of high imtpace.



Those fixing (connections) are obtained by usin@Gta,
2009; Hupfauf, 1997; Raszewski, 2009):

— friction forces (Fig. 4a),

— mechanical retention (Fig. 4b),

— the use of magnetic forces (Fig. 4c),

— the use of forces from the screwing (Fig. 4d).

Above (Fig. 5) some fastening construction solwgion

of overlay dentures are presented. Having in masearch
targeted for the purpose of this study these alelynfixa-

tions which use a friction forces. It should be awbthat
studies of this type of fixations for dentures amv one
of the main areas of research of the Departmeniate-
rials and Biomedical Engineering at Bialystok Teichh
University.

3. RESEARCH CAPABILITIES
OF ELEMENTS OF DENTURES

For the purpose of assessing the performance cf-mat

rials for dentures in engineering term, varioubdidgical
testers are applied. It should be noted that variatin the
use of materials, the scope of external conditidngng
their real work, or a specific of micro-and macrovieon-

ment leads to the fact that the overwhelming number

of testers are the testers that combine the migitipl
of factors. Often these are testers, in which thestruction
of a working node is based on the already knowemsetiic
friction nodes, such as: pin / disc, ball / disadg roller,
roller / disc, etc. As a result, a newer modifioat of al-
ready known friction testers are constructed, trse
of which is addressed primarily to assess the pmdace
of friction elements, not the team of elements,dastal
prosthesis. As an example of such a tester is UMd&sgr
presented in Fig. 6 (CETR Tribometers).

Fig. 6. Micro-tribometer model UMT-2 (CETR Tribometers)

Presented in Fig. 6 tribometer is the universaliagev

for evaluation of tribological characteristics asdlected
mechanical properties of biomaterials, includingitdees
materials, tools and medical instruments. Howewespite
of its versatility and wide range of research opnaties,
this device works in the couple of pin/disc or hhdc.
Moreover, studies involving this tester are limited the
evaluation of two co-partners.

acta mechanica et automatica, vol.4 no.4 (2010)
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Fig. 8. The example of machine for denture’s operational
reliability test (Behr, 1999)

Fig. 9. An example of model for prosthetic bridges testsdfker,
2004): a) stable part of bone, b) movable partoofeb

In view of the fact that the dental prosthesis i®a@am
of various interconnected components, there is ed e
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study under the same conditions the external eatsrtand
kinematics of the load of team elements simultasgou
In Fig. 7 the tester used by the Cibirka (CibiriZz901)
in which 10 elements were analyzed simultaneousiytal
implants) is shown. The studies were conductedfatigue
cycle to determine the operational durability o€ tana-
lyzed elements. However, this research was orieditanly
for a rapid review of implant materials, thus ifieet only
the implant was tested. Aspects of more elabomtstouc-
tion dentures were omitted.

Further research focused on the operational rétiabi
of dentures resulted in the appearance of work&ghused
a simple linear bridge restorations.

An example of a more advanced device is shown

in Fig. 8. This machine reflects in a greater degre
the working conditions of dentures in the mouthwidwer,
the modeled load takes into account only the mowveéme
in the vertical plane, which greatly simplifies tteal con-
ditions of the prosthesis work.

Some modification of the device shown in Fig. 8
is an apparatus model whose view is given in Fi@=iSch-
er, 2004). The advantage of this solution is thiétatof a
deviation from the equilibrium position (verticatif the
bearing screws mounted in tooth socket.

Fig. 10.The examples of errors resulting from load-beapitigrs in teeth sockets (Pietrabissa, 2000): a@raor of the implant’s fastening
distance, b) bend to OY axis, ¢) an error of impfastening depth, d) screwing to OX axis

S
|

¢ lll_)I L _J.'LJJ . .

Fig. 11.The example of test machines and types of modeled
external extortions (Pietrabissa, 2000): a) thaukition
of error of the implant’s fastening distance, Ibaigthting
the implants, c) bending, d) screwing, e) the ef@me
to incorrect modeling of implants in X and Y axis
determine, f) an element for double-axis screwing

Other interesting proposal was submitted by thbamst
of work (Pietrabissa, 2000). They established thatmost
common form of errors in the functioning of progibe
bridges are errors resulting from different axigafion
of load-bearing pillars in relation to the geometrdy the
prosthetic bridge. Fig. 10 shows the analyzed srror

The analysis of cases presented in Fig. 10, alloaved
thors of work (Pietrabissa, 20Q0to build a model test
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which integral part is shown in Fig. 11 (11e and).1This
figure illustrates the diagrams of machines endbleet
analyzed earlier states of deformations. The testdspre-
pared in this way provides much more research coanbi
tions and gives better opportunities to assessdhkstate
of a prosthesis, taking into account the possibiéjre
implantologist’s errors. However, it lacks a comsteefer-
ence to the quality of service of the dental presith

Another example of the dentures diagnostic tesidsts:
an instrument shown in Fig. 12 (Kuchta, 2006). @bgan-
tage of this instrument is that it allows richendinatics of
the motion and putted loads, but the simulatiothefcon-
ditions of micro-and macrosurroundings correspogdin
the mouth environment is missing. It is mostly leegm
effects of various types of liquids and gases, |aaghaliva,
alcohol, juice, coffee, tobacco smoke, etc. In gotution
there is also no reference to co-partner, whicthésoppo-
site jaw. However it is worth to remember that thstru-
ment is intended to prosthetics diagnosis and ma@ssess
their operational strength.

On the above examples of different instrumentsttier
dentures evaluation, the best seems to be a derésented
in Fig. 13 (Studium Famulaturen&Auslandsaufentbhalte
The main advantage of this model is the usingsncdn-
struction the classical testing machine. Thereoisieed to
build a separate, specialized facilities and it vjdes
an easy way to rebuild the test stand for othed kiftests.
In addition, it is possible to assess both the ehelcom-
plete dentures, as well as smaller sets, which serse
indicates the test stand universality.
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It is also worth mentioning that the operating eystis
locked in a casing, which also makes it possibleuse
liquid and gaseous media. As a drawback of thisstsd
(shown in Fig. 8) can be considered very small mouet
kinematics of the analyzed elements. Indeed, ébisfined
to put loads in the vertical plane and turnovethie axis of
the prosthesis.

Given by the examples presented above and tha-liter
ture analysis of utilized methods and apparatugtdsting
dentures a device of own design was proposed.

4. THE PROPOSITION OF OWN DEVICE
FOR ASSESSMENT THE OPERATIONAL
RELIABILITY OF THE DENTAL PROSTHETICS
ELEMENTS

. — Due to the patent process started, this paper sbalys
Fig.13.The s.tand for denture tests — artificial mouth a simplified working area of the device with thespibili-
(Studium Famulaturen&Auslandsaufenthalte) ties of movement and load (Fig. 14). Designed devic
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is intended to serve both the individual compondikis
crown or permanent fillings, through simple andgdiaal
bridges to full dentures. Fig. 14a illustrates viefvthe
working node of the device in lateral position. §lprojec-
tion shows the load pins movement (up-down) invieic-
al plane. Because of the possibility of three oren(op-
tional) pins, Fig. 14b and 14c presented the placgm
and the full range of designed moving elements. Rivigr
pins are driven by a special mechanism, which m#keis
movement is shifted in phase. This gives the skedal
‘wave’ effect. Thus, in Fig. 14b is indicated th&isging
movement of the lower table in relation to horizdrgur-
face. At the same time the lower table has theitabil
to perform lateral movement (right-left) and risirand
sinking to the bottom (Fig. 14c shows the examplfitting
the prosthesis to match its location on one ofttiges).
Normal operation of the device intersects with eatter
all these movements, thereby making the complexemov
ments of the test pieces - both sinusoidal in ludnal and
transverse table axis.

Optionally, the removal of the lower table is exjeec
in case of evaluating of the individual componelike
crown or materials on permanent dental fillings.skch
cases, the test sample is fixed onto the tableirtofpont
of the loading pin.

Another important element of the designed testeéhé
possibility to choose the number of pins. Minimatlynay
be one, with maximum of 5 pins, as illustrated ig. R.4c.
Starting situation involves the use of three pimst, there
is the possibility to use also five pins. Theraliso an op-
tion of changing the position of pins, dependingttoa size
of the prosthesis.

With respect to the external forcing parameteshdauld
be mentioned that the load on test samples witkgelated
by appropriate setting of the upper table, the remb
of working pins cycles, electric motor's speed, réffiere
time of device work may be set in any way.

b)
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- the bottom table,

- the bottom part of prosthesis, .~

- the top part of prosthesis,

the top table, . .

schematic  dizgram  of prosthesis  fastening
agzinstload pins.

Fig. 14.The working couple of the device for exploitatidalslity

assessment of the dentures elemantgew of the side,

b) view of the back, c) section A-A
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It is assumed that the tester's work will enabgertrea-
surement of maximum force. In addition to the loadi
force measurement the possibility of the measurémen
of friction force between the cooperating eleméstantic-
ipated. During analysis the generalized frictiorcéowill be
taken under account - as the resultant of theaatig fric-
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tion forces. Tests can be conducted either wittgpecified
time or until the first of any damages of assesdethents.
It is envisaged that the quality of prostheses élldecided
by reliability coefficients or tribological factardt should
be noted that the entire work space will be closed
in a transparent chamber with the correspondingecting
pieces, which can be pressed distorting mediumh ssc
tobacco smoke. By the droplet method or aerosdl lveil
added liquids such as alcohol, tea, coffee, aidifisaliva,
etc. In addition there is the possibility of hegtthe system
to the temperature of 37C.

The designing tester in such a way gives a gooed ap
proximation (with respect to the kinematics of roati
of working elements and micro- and macrosurrounsjing
of dental prosthetics elements work in the realdittons
of mastication in mouth. At the same time the usage
of various media will enable to assess their impacthe
reliability of tested items, but above all it iscessary
to model a real "microclimate"” of the mouth.

5. SUMMARY AND CONCLUSIONS

In the work the closer construction problems ofrtaye
dentures fixings was elaborated. The sustainability
and reliability of this type of construction in tes of re-
search opportunities was discussed. A few typetesiers
for assessing the performance of biomaterials urselénti-
stry and the durability and reliability of prostiwedentistry
elements was presented. The existence of numessis t
stands, which kinematics of motion is based onwied-
known for a long time tribological testers, such stem /
disc, ball / disc, etc was indicated. The presentst
equipments are helpful in evaluating of the maltgria
and components of dental prosthetics, but in tbemstruc-
tion it is not possible to simulate the complex ements
of the stomatognathic system, or simulate the mlorate
of the mouth.

According to above testers analysis, the own caostr
tion solution of tester which asses the reliabitifydental
prosthetics elements was proposed. Due to the tppten
cedure taken, this paper presents only the sintiledadi-
tions of external forcing in the form of a simpdifi kine-
matic scheme. It should be noted that the testdessgned
to allow simulation of complex movements of thetads
components, and additionally it is envisioned tointzan
artificial -model climate corresponding to the noienvi-
ronment of the mouth.
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Abstract: The positive switched 2D linear systems describethb general models are addressed. Necessaryuéiuiest
conditions for the asymptotic stability of the go& switched system are established for any switchThe considerations

are illustrated by numerical examples.

1. INTRODUCTION

In positive systems inputs, state variables anguist
take only non-negative values. Examples of positys-
tems are industrial processes involving chemicattas,
heat exchangers and distillation columns, storagtems,
compartmental systems, water and atmospheric pilut
models. A variety of models having positive linbahavior
can be found in engineering, management scieno@oat
ics, social sciences, biology and medicine, etc.

Positive linear systems are defined on cones and no
on linear spaces. Therefore, the theory of possiygtems
is more complicated and less advanced. An overview
of state of the art in positive systems theory iseqg
in the monographs Farina and Rinaldi (2000) andzKeak
(20009).

The most popular models of two-dimensional (2D) lin
ear systems are the discrete models introduceddegser
(1975), Fornasini and Marchesini (1976, 1978) andeK
(1985). These models have been extended for pestis-
tems in Kaczorek (1996; 2005) and Valcher (1997).
An overview of standard and positive 2D systemithe
is given in Bose (1985), Gatkowski (2001) and Kaeko
(1985) and some recent results in positive systhenge
been given in Kaczorek (1996, 2001, 2002, 20057208,
2009). The stability of switched linear systems bhagn
investigated in many papers and books (Colaner®920
Liberzon, 2003, 2009; Sun and Ge, 2004). The disture
decoupling problem for switched linear continuoinset
systems by state-feedback has been consideredsirk#t
(2010) and the stabilizer design of planar switchiedar
systems in Hu and Cheng (2008).

In this paper the positive switched 2D linear systée-
scribed by the general models will be considered. dNall
analyze the following question: When is a positwétched
2D linear system defined by linear general models
and a rule describing the switching between theymas
totically stable. It is well known (Liberzon, 2002009)
that a necessary and sufficient conditions foriktalunder
arbitrary switching is the existence of a commomjynov
function for the family of subsystems. This resuitl be
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extended for positive switched 2D linear systenscdbed
by the general models.

The paper is organized as follows. Preliminaries e
problem formulation are given in section 2. The mMmee-
sults of the paper are presented in section 3, avheces-
sary and sufficient conditions are establishedHerasymp-
totic stability of the positive switched 2D lineaystems
described by the general model for any switchiligstrat-
ing examples are presented in section 4. Concluding
marks are given in section 5. In Appendix the d&fin
of equilibrium point is given and the formula detéming
the point is derived.

To the best of the author's knowledge the positive
switched 2D linear systems have not been considered

2. PRELIMINARIES AND THE PROBLEM
FORMULATION

Let O™M be the set ofnxm real matrices. The set
nxm matrices with nonnegative entries will be denoted
by OF™ and 07 =0F%. A matix A=[g;]00™™

(vectorx) is called strictly positive and denoted Ay 0
(x>0)ifag>0 fori=1,..n;j=1,...m The et of non-
negative integers will be denoted By and then x n iden-
tity matrix will be denoted by,

The general model of 2D linear system has the form

(Kurek, 1985):
><i+:|,j+1=z()xi,j +zlxi+:|,j +R2Xi,j+1 (2.1a)
+§0ui,j +§lui+l.j +§2Ui’j+1

Yi.j =Cx,j+Dy j,i,ji0Z,. (2.1b)

wherex ; 00", y ; O0™ andy; ; OOP are the state,
input and output vectors and
A OO™" B, OO™M k=012; CcOOP”™,

DooPm,
Boundary conditions for (2.1a) have the form



XioOO",i0Z, andxo; O0O", jOZ, (2.2)

The model (2.1) is called (internally) positive geal
model if % ; og?, and ¥ i goP.i,joz, for any non-
negative boundary conditions

xio00%,10Z,, %; 00%, jOZ, (2.3)

and all input sequencas ; 0OY,i,j0Z,.

Theorem 2.1.[13] The general model is positive if and
only if

A OOF", B, OOP™, k=012

- . (2.4)
cooP" pooppm

The positive general model (2.1) is called asynigpadly
stable if for any boundary conditions (2.3) andoziputs
ui,j =0, I,J DZ+
lim % ;=0 (2.5)

l,] »00

Theorem 2.2.(Kaczorek, 2009) The positive general model
(2.1) is asymptotically stable if and only if tkeexists

a strictly positive vectold 007 such that

[A-1,J1<0,and A=Ay +A + A, (2.6)

Theorem 2.3.(Kaczorek, 2009a, b) The positive general
model (2.1) is asymptotically stable if and onlyh& posi-
tive 1D linear system

X4 = AX

is asymptotically stable, where matri is given by (2.6).
Theorem 2.4.(Kaczorek, 2009) The positive general model
is asymptotically stable if and only if one of tf@lowing
equivalent conditions is met:

- Eigenvaluesz,,...,Z, of the matrix A have modules
lessthan 1, i.e.

2.7)

7| <1 for k=1...,n 2.8a)
|

— All coefficients a;,i = 01...,n—1 of the characteristic
polynomial

N2) =det],(z+1) - Al =2" +a,_12" L +..+ gqz+a, (2.8b)

are positive, i.eg; >0,i = 01...,n—1.
— All principal minors of the matrix

1 &2 a1

A _ l|la,, a a

A=l,-A=|"2 2 2n (2.8¢)
an  an2 Ann

are positive, i.e.
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Q1 A2

1 Ao

&41>0, > Q...detA>0 (2.8d)

Consider the switched positive system consisting
of g autonomous positive general models of the form

X+1j+1 = A0%,j T A+ TAX 4. =20 (29)

It is assumed that in the poifp; .t;), p.ti 0Z,,i =1...,9
the matrices of the general model jump instantasigou
from Ay to Ay for somei# j, i,j=1..,q9; k=012,

The following question arises: when the switcheditpae
general model (2.9) is asymptotically stable forergv
switching if every positive general model of the seas-
ymptotically stable.

3. PROBLEM FORMULATION

To simplify the notation it is assumed= 2. In this case
the switched positive system consists of two pesitjen-
eral models

Xi+1j+1 = AoXi,j t A T A2X j+ (3.1a)

Xi+1j+1 = A20Xj T AorXi+j T Ao2X j+1 (3.1b)

where A, OO, 1=12; k=012 and the switching
between them occur in the points

(Pt (Pt ) (P st - (3.2)
satisfying the condition
Pk+1 2 Pk » tk+1 Ztk and Px+1 +tk+1 > Py +tk! (33)

k=12...

Theorem 3.1. (Kaczorek, 2001) The solution of the
autonomous § j =0, i,j0Z,) positive general model

(3.1a) with boundary conditions (2.3) is given by

i-1
%) =Ti-1j-1A0%00 * ElTi -t-1j-1P0%t0

j-1 i
+ X T j-v-1A0%ov + XTi—t j-1A1%0 (3.4)
v=1 t=1
i
+ zTi—:Lj—vAZXOv
v=1
where the transition matri¥; is defined by
In for i=j=0
Tij =3 AoTi-1ja + AoTi—gj + Al jg fori, j20(i +]>0)
0 for i<0orj<O0
(3.5)

Using (3.4), (3.5) and the boundary conditions 2.3
we can compute the state vectqr for i, j0Z, .
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Theorem 3.2.The switched positive system (3.1) is asymp-
totically stable for any switching (3.2) satisfyig.3) only
if both positive models (3.1) are asymptoticallgtde.
Proof. Without loss of generality we may assume that the
first model (3.1a) is asymptotically stable and #ezond
(3.1b) is unstable. For any bounded boundary cimmdit
(2.3) using (3.4), (3.5) and the first model we ncaynpute
boundary conditions for the second model which \#l
bounded since the first model is asymptoticallybkgta
In the similar way we may compute the boundary ¢ond
tions for the first model but those boundary cdods will
be greater than those for the second model sirisauitsta-
ble. Therefore, the switched positive general madélbe
unstable.

In (Kaczorek, 2007) it was shown that for positive
model (2.1a) as a Lyapunov function a linear form

V(xij)=/lTxij can be chosen, wherd 007 is strictly

positive.
For the switched positive system consisting of {desi
models (3.1) we choose Lyapunov functions in thenfo

Vi(xi) = A x5 andVa (x;) = AT X (3.6)

where the strictly positive vectord; and A, satisfy the
equations

M=AM+L, =P +A, 1= 1 .. 17007 (3.7)
and A = At Aq + A, k=12,

If A; andA, are Schur matrices then from (3.7) we have

M=~ Al ™M, and Ay =[1, = Al M (3.8)

Remark 3.1.From the comparison of (3.3) and (A.2), (A.3)
it follows that asi; we can choose equilibrium poirt
for Bu= 1, and asl, the vectorx, for Bu=24,.

Lemma 3.1.The function

Vo (%) =A2" x; (3.9)

is a common Lyapunov function for the both positgen-
eral models (3.1) if

Ak = RoA
Proof. The function (3.9) for both positive Roesser medel

(3.1) for strictly positive A, 00O is positive if and only
if x; #0. Note that the dual general models

(3.10)

Xi+lj+1=AlOTXi,j +A11T><i+1,j +A12Txi,,-+1 (3.11a)

)<i+1j+1=A20T><i,j +A21T><i+1j +A22Txi,j+1 (3.11b)
are positive and asymptotically stable if and dhtye cor-
responding general models (3.1) are positive ayinps
totically stable (Kaczorek, 2007). Taking into agob
Theorem 2.3 and using (3.9) for the positive genmiadel
(3.1a) we obtain

AV (%) =g [AL = 101X
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(3.12)

and

Aol =M = Al 13)

since A, = A2TA2 +A.

Substitution of (3.13) into (3.12) yields

AV (%) = A 1 = Al AL = I
=M A= Tl = A2l (3.14)
= _1nT[| n-— Az]_lxij <0

for every x; O of, xj #0, since (3.10) implies

[Ar = 1[In = A 7=[1, — A [A —1,] and the sum of en-
tries of each column of the matrix'fl, — A;] ™ is positive
for the positive asymptotically stable general md@aelb) .

Similarly, using (3.9) for positive general modaly1b)
we obtain

AV (%) =g [AgT = 14]%; <O (3.15)

for everyx; 007, x; #0, sinced, [AT —1,1<[0 ... 0].

Theorem 3.3.Let the matricesy, andA; of (3.1) satisfy the
conditions (3.10). The positive switched systeml)3.
is asymptotically stable for any switching (3.2)isfging
(3.3) if and only if the positive models (3.1) asymptoti-
cally stable.
Proof. Necessity follows immediately from Theorem 3.2.
If the condition (3.10) is met and the models (&8 as-
ymptotically stable then by Lemma 3.1 the functi@m)
isa common Lyapunov function for the positive nede
(3.1) which satisfies the conditions (3.14) and1%3.
Therefore, the positive switched system (3.1) igrgsoti-
cally stable.
Remark 3.2.1t is well-known (Kaczorek, 2001) that substi-
tuting B, = B, = 0 into (2.1) we obtain the first Fornasini-
Marchesini model and substitutingyb = 0 andBy, = 0
we obtain second Fornasini-Marchesini model.

Consider the positive 2D Roesser model (Kaczorek,

2001):
|:§:+l‘j :| = |: 21 2{”: ﬁi :| +|: :lzl:| U ; (3.16a)
¥, =[G C2]|:2h]:|+ Dy, ij0Z (3.16b)

i

where x"; OO and x';00% are the horizontal
and vertical state vectors at the poifitj) U; ool

and yi,jDDf are the input and output vectors

and Aq 00X k=12 B;,00™WM B,,00%M

c,ooPn, c,0o0P™, pogPm,
The positive 2D Roesser model (3.16) is a particula
case of the positive second Fornasini-Marchesirdehfor



(3.17a)

0 O A1 A
A {Azl Azz} & [0 0}’

o)y

Therefore, the presented results are also validtter
positive Fornasini-Marchesini models and the positi
Roesser model.

(3.17b)

4. ILLUSTRATING EXAMPLES

Example 4.1.Consider the positive switched system con-
sisting of two general models (3.1) with the masic

_[o5 03 1 05 _[o5 02
A=l o o1 M1%(0 02 27 o o1

_[oos5 0 Jo o _[o0o5 0
A20= 02 01l ™ 7oa aos] 27| 03 005
4.1)

and the boundary conditions

System [ s}

Fig. 1a. State variables of the first system with

System 11 2],

4

Fig. 1b. State vector for second system with
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— 1 — — 0 H -
xoo—l, X0 =Xgj = ol i,j=12.. (4.2)
The switching occurs between them in the points
(2D,(33),(54),(66),... )
The first model is unstable since the matrix

A =Ag+tAqt A&zz{g 014} has one diagonal entry
greater than 1 (Kaczorek, 2009) and the second Imode
is asymptotically stable. By Theorem 3.2 the puositi
switched system is unstable since i+ o (Fig.1).

Example 4.2.Consider the positive switched system con-
sisting of two general models (3.1) with the magsic

[o1 oos] ~ [o2 oos] . [o1 O
Alo{o.l 0 } A“'[o.l 0.1}’ A”'[o.l O.J’
03 0 01 01 02 01
A20={0.2 0.1} AZl:[o.z 0} A22=[o.2 0.1}

and the boundary conditions (4.2).

(4.4)

System |8 =7,

Syste 11 cl
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Switcherd system; o H Switched system: L

2 & B

'X

=

Fig. 2. State variables of the system with switches

y : Switahed svetom: x)
Switched sysboo: 7y . el ¥

Fig. 3. State variables of the system with switches
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APPENDIX

Consider the positive asymptotically stable general
model (2.1) for the positive constant inpryt=u.
Definition A.1. A statex, satisfying the equation

Xe=Axe+Bu A=Ay +A+A, B=By+B +B; (A1)

is called the equilibrium point of the positive awtoti-
cally stable general model (2.1) for 0.

Theorem A.1.The equilibrium point of the positive general
model (2.1) is given by

e =[1 =A] 1Bu. (A.2)

Proof. If the system is asymptotically stable then therixa
[I - A] is invertible and from (A.1) we obtain (A.2).

From (A.1) it follows that for positive general nadx,
is strictly positive ifBuis strictly positive vector.

In  particular case from (A2) for Bu=1,,

1, =1 .. 1]T 007 we obtain strictly positive vector

Xe =[1 -A] ™1, >0. (A.3)
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Abstract: The article is devoted to the elastostatic threeedisional problem of an interface sheet-like indlnganticrack)
embedded into a periodic two-layered unbounded ositgn An approximate analysis is carried out witthie framework
of the homogenized model with microlocal paramet@ise formulation and the method of solving the egah problem
for an arbitrarily shaped inclusion is presented.aft example illustrating this method, the probfena rigid circular inclu-
sion under perpendicular tension is solved explieind discussed from the point of view of faildheory.

1. INTRODUCTION

Problems dealing with stress concentrations inormief
able solids containing different kinds of defectsraat
the attention of specialists from many areas, sischeome-
chanics, metallurgy, materials science. In recestades
interest in the study of interface fracture phenoandas
grown considerably (see, for example, the procegdin
edited by Rossmanith (1997)). Rigid inclusions lézhl
anticracks) are the counterpart of cracks. Fromstaad-
point of inhomogeneities in solids, these defeotsthe two
dangerous extreme cases, namely, for a rigid imrius
u — o, and for a crack — 0, whereu is the shear modulus
of the inhomogeneity phase. Interfacial inclusiguigy
a significant role in the failure behavior. As wéthown,
serious stress concentrations occur near the shdgps
of the inclusions, from which cracking, debondidgmage
and so on may emanate. Therefore, the studidgsratea
with the aim of obtaining the theoretical solutioofsthe
problems involving rigid inclusions under differdofading
conditions are important for structural integrigsassments.
In comparison with crack problems, the investigatio
of anticracks problems is rather limited, and basgearch
has been performed on two-dimensional problemshimng
rigid line inclusions in elastic homogeneous me(iae
the monographs by Berezhnitskii et al. (1983) andgT
(1996)). The corresponding, more practical three-
dimensional problems dealing with rigid sheet-likesc
inclusions seem to remain inadequately treated femna
been performed to a much lesser extent. Much ot
works related in this field can be found in Kasaimd Sih
(1968), Selvadurai (1982), Silovanyuk (1984), PoHiik
(1997), Rahman (1999), and in the basic monogrdmghs
Mura (1981) and Panasyuk et al. (1986). The stunfi&D
problems of rigid inclusions at the interface a dfiemial
have been found only in Gladwell (1999), Selvadurai
(2000), Li and Fan (2001), Chaudhuri (2006). Thsults
show that the asymptotic stress elastic fields tlearigid
inclusion front exhibit the oscillatory singularitgimilar
to that for interface cracks. This physically antona be-
haviour does not occur in numerous problems afriate
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cracks or anticracks in a periodically layered spésee,
for example, Kaczyski and Matysiak 1997, 1999) treated
within the framework of linear thermoelasticity witmicro-
local parameters (Wmiak, 1987; Matysiak and Waiak,
1988).

This paper is devoted to a three-dimensional spabb-
lem of an arbitrary shaped rigid inclusion lying one
of the interfaces in a periodic two-layer laminatgohce
subjected to some external loads. An approximaddysis
is based on the concept of microlocal homogeninattiat
leads to a replacement of the considered periatigposite
by some homogenized model with microlocal paramseter
In Section 2 we review governing equations and tdate
the anticrack problem within this model. Sectiopr8sents
a general method of solving the resulting boundaaiye
problem. As an illustration, a closed-form solutisrgiven
and discussed in Section 4 for a circular rigidluson
subjected to tension at infinity.

2. GOVERNING EQUATIONS AND FORMULATION

The composite being considered is a periodic latatha
space consisting of thin repeated fundamental $ayer
of thicknessd which is composed of two bonded homoge-
neous isotropic layers denoted by 1 and 2 as shown
in Fig. 1. In the following, all quantities (mataficonstants,
stresses, etc.) pertinent to these sublayers wiltiénoted
with the index or (I) taking the values 1 and 2, respective-
ly. Let A;, 4 be the Lamé constants, adf be the thick-
nesses of subsequent sublayers, thag), + 0.

Referring to the rectangular Cartesian coordingstesn
OXX,X3 with the X3 — axis directed normal to the layering
and the XX, — plane being one of the interfaces of the
materials, denote at the typical point X %, (X, X3)
the components of the displacement vector andsstessor
byw andaj, i,j 0{1,2,3 , respectively.

Suppose that a rigid sheet-like inclusion (antikyac
serving as a mechanical defect in this periodickiered
composite occupies a domas with smooth boundary at the
interfface x; = 0 and is subjected to some external loads.



To analyze the elastic field disturbed by this defa direct
analytical approach becomes intricate becauseeot¢m-
plicated geometry and complex boundary conditidiere-
fore, the special homogenization procedure calledaio-
cal modelling will be employed in order to seek am+
proximate solution within the homogenized modeltlod
considered composite. Next, we recall only someveeit
results from this approach (see Matysiak andziisk
(1988), Kaczyiski (1993) for more details).

LN O O I

interface rigid X, .
inclusion .
2
1
s 1y 5 | —
|8
Mot | 2 N
S 1
0 X,
x/ 2
1

AR

Fig. 1. Two-layer periodic space with an interface antikrac

In the subsequent considerations the followintatian
will be used: Latin subscripts always assume valyez 3
and the Greek ones 1,2. The Einstein summationesdgion
holds and a comma followed by an index denotepé#ngal
differentiation with respect to the correspondingrmiinate
variable.
The microlocal modelling is based on the followitig-
placement representations:

w (x) =y (x)+ 5 %) d(x).

@)

Here the unknown functions; and d; are interpreted
as macro-displacements and microlocal parametespgec-
tively. Moreover, the postulateal priori functions, called
the shape function, characterises the special appate
model of the treated composite. It is chosen tedxetion-
ally linear,d — periodic, defined as

s(@)={

%3 —0,50;, x30(00y)

n=0,10.
(& —nx3)!(1-17)= 0,501 ,x30(d1 O) 7=

)

The underlined term in Eqg. (1) represents the micro
displacements due to the microperiodic materialcstire
of the composite. Note, that for thin layegsig small) this
term may be treated as small and can be negldetedhe
derivative s’ is a sectionally constant functioak{hg the
value 1 if | =1 and #/(1 —n) if | =2) thatis not small
even for smalld. Hence, the following approximations
for the displacements and stresses (according tokél®
law) hold:
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WU, We=Wg . W3= Hat Sid,

Oap = 1 (uaﬁ+uﬂ’a) + Jaﬁ/h (qj + écg),
Ua3’~“#|(”a,3+U3a+ g%),

o33 = (A +24 )(U3,3+ S'd3)+/\ Yy,

whered,; is the Kronecker delta.

By using methods of the nonstandard analysis to the
homogenization procedure, the asymptotic approadhe
macro-modelling of the laminated space under stadgs
to the governing relations of certain macro-homegers
medium (the homogenized model), given by means af m
cro-displacements (after eliminating the micrologatame-
ters) and taking the following form (in the absewn¢dody
forces and in the static case):

%(011"'012) U ya +%(Oll_ C12) G yyt

+Cq Uy 33+(C13t Caq U3 g =0, (4)
(C13+Caa) Uy 3+ CagUsy, + CagUz 35 O
Oq3 = C44(ua, 3t u3,a) '
033 = C13U, ), + C33U3 3
) _
0'1(2) = 4 (U1,2 + U2,1), (5)

o0 gy v dl)

)
11 = dig Ut dip b ot 0(13 U 3

0’92) = dgz) Ut dgl.:?. U ot 001% U 3

Positive coefficients appearing in the above equati
describing the material and geometrical charadiesis
of the subsequent layers, are given in Appendix A.

The advantage of the governing equations is theda-r
tively simple form resembling fundamental equatidos
a transversely isotropic body. Moreover, the cadodit
of perfect mechanical bonding between the layédrs ¢on-
tinuity of the stress vector at the interfaces)saisfied,
so hereafter we shall omit the indd) i the components
oi3. Note, however, that the stress componeﬁ'ﬂ@; are
discontinuous at the interfaces. Finally, putthg= 4, = A,

f ==y entailscyy = ez =dV = A+ 24, ¢ =cy =
d;=d"53=1,cu=p, and Egs (4) and (5) reduce to the
well-known equations of elasticity for a homogeredso-
tropic body with Lamé’s constanis .

Within the scope of the presented homogenized model
we are concerned with the problem of a rigid indos
occupying a regiors at the interfaces = 0 and subjected
to external loadings. In order to satisfy the glabachani-
cal boundary condition ensuring that the facesnofuision
are free from displacements, superposition is adpli
to separate this problem into two parts: the fose (at-
tached by 0) relating to a basic state of the hyenized
space with no inclusion subjected to the given$oand the
second, corrective part (with tilde) in which thisplace-
ments alonds are prescribed as the negative of those gener-
ated in the first part. In addition, the displacetm&nd rota-
tion of the inclusion as a rigid body ought to bken into
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consideration. Thus, the complete field of the ldispments
u; and stressesy; in the composite with the inclusion can
be represented in the form

(6)

u=4 +9, g =4; +q

and in the following we assume thétand 3”- are known
from the solution to the first problem. In fact,lpthe val-
ues of U; (%, %,0),0( %, %)0 < are needed in the sub-

sequent analysis. Next, special attention is paithé sec-
ond non-trivial perturbed problem involving the dbdis-
turbance due to the presence of the anticr&®k
The mathematical formulation of this boundary vatueb-

lem is as follows: find fields); and &j; , decaying at infin-

ity, suitable smooth of® — S, such that Egs (4) and (5)
hold subject to the boundary conditions 8n

Oy ==t +&1- w3,

Gy =l +£+ w3

)

l]3 = _ﬁ3 + &3~ C()2X1+ WXy,

whereg; and w; are the unknown components of a small
displacement vector and a small angle of rotatescdbing

a motion of the inclusion as a rigid whole under #ttion

of external loads. These parameters will be detexthlater

in the course of solving the problem in hand frdm équi-
librium conditions of the anticrack (no resultardrdes
and zero-moments).

To reduce the above problem to mixed boundary value

problems of potential theory associated with a-bpHce
region (say, atz > 0) and further, to integral equations
(Kaczyaski, 1999), we invoke the relevant symmetry prop-
erties about the plang = 0 and can split the problem into
two subproblems:

(A) — the antisymmetric problem with the mixed citioths
Uy = -ty +&3-woxg+ wixa O( %4 X)O S

0 =0 =0 0(%,%)0 R, (8)
G33=0, O(x,%)0R-S

and supplemented by the corresponding equilibdondi-
tions to determines, w,

J][ﬁ%(xl. Xz,O) 033(x1,x2, )} dx,dx,= 0
S

[[s-a [0‘33(&, x2,0+)—5—33( X3 ng)] dxgdxs= 0 ©)
S

(B) — the symmetric problem with the mixed condigo

Oy =~ +&1-w3xo O(x, %) 0 S

Uy =—Ur +ex+waxy, O( X x)O S (10)
5 =0, 0(x,%)0 R,

G31=023,=0, O(xpx) DR - S
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and additional equilibrium conditions to determing ws
”[530 (xl, x2,0+) -0q ( X1, X, 0 )} dx dx= 0
S

J.SJ'{XZ [&31(x1, x2,0+)—&3]( X XZ,O_):|

- X1|:5-32(X1, Xo, 0+)—6'32( Xy, xzo_)}} dxdx= 0

(11)

3. SOLVING THE ANTICRACK PROBLEM

For the solution of the problems (A) and (B) we tise
potential function approach based on representiagcom-
ponents of displacement§; in terms of quasi-harmonic

functions that satisfy the governing equations g4)l are
well suited to the mixed boundary conditions (8Y@n
According to the results obtained by Katgki (1993)
the potential displacement representation is degr@ndn
the material constants of the sublayers. Hereaftdy, the
general casel; # U, will be considered in which the dis-
placements and stresses are expressed in termwsresf t
harmonic potentialgi(xy, Xo, ), Z =tiXs, ¥ie{1.2.3} as

W=(A+®) - gs2 U= (prred ,+ @3
3 (12)
3—2”}{% %
E: i(l+n’b)taa¢a - t3 02%
Caa | o . 070% ’
%2 § (1em,), O | 4 00
|5 0% |, ~039x’
2 2
Q: 1 4 %
Caq azzzl( +m")a 2’
oly :M[2(¢1+¢z)‘12 @117 93 22],
o) =dl)(a+e) ,+di(a+e) ,,
2 62
+d('3)2nbt§ aga ~2U 5,12 (13)
a=1 Zq
W =dlla+e) +dl(a+e)

+d132”b§ z% +200 @3 12

a=1 a

where the constants, m, are defined in Appendix B.

We now proceed to construct the potentials sepgrate
in subproblems (A) and (B) with the aim of theidueing
to some mixed problems of potential theory.

Subproblem (A)

An appropriate displacement representation in terms
of a single harmonic functioifx, x,, Xs) that frees the plane



X3 = 0 of the displacementi, is obtained by taking in the
general solution (12)

W (%%, %) = (1) (%%, %), @:=0. (14)

Then the displacement and stress components are

Uy =ﬁ§2:jl(—1)ﬁ o (Xg';‘;’ Zﬁ),
o el 3 o)y %) |
[z()( o) f(;zgz,zﬁ)] |
s
o= 5 | ) T el g e 8]

)3 (o, Tl

2

-3 )ﬂ[d;g"’ (o), gy ta %)]

(15)

Across the interfaceg = 0% equations (15) become

5 =(mpto- my)| o % X2 3] xy=0* ’

O3 = Cag(t +mpty— myt)| fa (X %2 X3 xy=0*

033 = Caq( My m])[ fad %1 Xz Xﬂ xy=0* ' (16)
012 =0,

ot = 0%, = (mzlzz‘ mﬁ)[ f af xg xp X} _—
(substitutedl(é) forxg =0", dl(g) for xg = O_).

The application of conditions (8) leads to the ttany
conditions
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- for (% %)OS

_83 ( Xs X9, 0+) +E3— WXt WXy

[f’3(x1, X2 X3)] x=0" Mty - mb |

— for (% %)OR-S

|:f’33()(1, X2, X3)] X3=O+ =0
17)
The mixed boundary value problem posed by the above
equations is regarded as the classical one appeariypi-
cal electrostatic and punch problems (Sneddon, Y1968
reduced to an integral equation by assuming theviaig

representation for the unknown potenfiaind its derivative
f'3:

f(X)=—F—— Uq X =&+ %) dS
S{ (18)

M)U |X -

27704

fa(x)=-

2]TC44

Here, the unknown layer densif{¢;, & ) can be identi-
0(é1.65)0Sand|x ¢

is a distance between the field point (x;, o, X3) and the
integration pointé = (&1, &, 0). Due to the well-known
properties of the potential of a simple layer (gilay (18)),

the last condition in (17) is satisfied, and thstfone leads

to the following integral equation for the stregs 633| gt

033 51,52 dé,ds,

fied as the stress”r33({1, &, 0+) ,

H -U _03 ( Xl’ X2) , (19)
\/ (3= &)° +(x2-&2)°
where the following notations are used:
__ Mpbh-mb
271cqq(mp— m) (20)

l]?,(>(1'X2):‘E‘3(X1 %, 0 )+53 WXt W 1X).

It is noteworthy that this governing equation hasrai-
lar form as that arising in the classical contambpem
(Fabrikant, 1989). Generally, it can be solved bynarical
methods. However, in the case wheris an ellipse andi;

is an arbitrary polynomial, a closed-form exacusioh can
be obtained (Rahman, 2002).

Subproblem (B)

The mathematical formulation satisfying the cormdis
(10) is more complex that than used in subproblém (
and requires the introduction of two harmonic fiocs
G(Xq, X2, X3), H(X1, X2, X3) such that their relationships ¢
in Egs. (12) are
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_ mt
X1y X9, ) = ——————— Xy X0, 4,
A (x4, X2, 21) e (% X2 2)
_ M
’ ’ - - . F ) d ’ 21
® (%, %21 22) e —— S % % 2) (21)
B (3, %2 23) = Fo( % % s
where
0G(x, %, 0 H( %, %,
Fy (0. %0, 21) = ();LX:2 Z1)+ (a)ixz)ﬁz 5)
0G(X, %, %) 0 H % %,
) (30, %01 25) = (’;Xf 2) 9 H A 2 @
0G(x, %, ) 0 H( %, %,
Fa (X, X0, 23) = ();szz ) _ (;Xl)@ Z‘s)

Inserting Eqgs (21) into (12) yields the displacetaen

(MR- metoF] | oF,

Ul: y
Mt — My 0 %
tFp— Mty F
L]2:[”1112 mzzj],2+ai, (23)
Ml —mYy 0%
G o o (an aFlj
3—— - T .
mb-mt0z 037

By the same procedures, the corresponding stress co

ponents are found from Eqs (13) as

. 2 2
ﬂ: tlt2 (1+n’}l) 0 F2 _(1+ rnz) 0 Fl
Csq Mply— Ml 0 x0 2 0 7 (24)
. %R
3 0X20 Z3 '

2 2
Sz 7 _ {(1+ml) " Lo (14 my)C Fl]

Cag  Mply— My 0 X0 2 0 X0 7
0°F,
3oxoz’
~_3:; tl(l+ﬁh)azj—t2(l+ mz)azFl
Cag  Mply— MYy 072 07
~£|2) _ 2[mty Ry~ mztzF]],lz
—== — +F3,117 F3, 20
H Ml - mYy
| |
A msR- mR] o) iR mA]
H Myty— Mg
dVet, [ a2F, a7
t -t -2 F ,
Mty =My 262% lazl2 17312
| |
d'(l) _ d](.Z)[nltiFZ_ I’Tbtzlz]],ll+ ({J?[ n].E.FZ_ rnZtZF]l’ZZ
22 Myt~ my
dVet, [ a2F, a7
t -t + 214 F .
Mty =My 262% lazl2 3,12
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The above expressions simplify considerable on the

planexs =0 (then 0i, z =0,F (%, %, 2) = F( %, %, %)
0F (%4.%.7) _0F(% % %)

0z 0%
F3 =G ,—H ;). Moreover, by letting

s and Fl: F2 =G’1+ H’2,

_0G(%, % %)
obe)” g (25)
OH (X, X, X
h(xl,xz,)%):%’

Egs (23) and (24) yield the displacement and stress

components across the plane of symmeiry O

ty [9,3] %y=0"

0y =] hs] om0’

5 =0,

ot

Cil =[g33*+K g 2=k h, 1) yy=0" (26)
i

‘é?;z :[h’33+/(h’11—/( g 12] -

t
O33=—Cyy| 1+———— +h ,
33 44( Moty — m_Ltzj[g’?’l ,32} X5=0
(
U£2) =4[ 932+ %=0"

Expressions forﬁFl) and ﬁgz) have been omitted be-

cause of their complexity. The constanG* and « stand
for

tto (Mo —
c*:c44—12( M) b (27)
Mt~ My c

We see that the boundary value problem posed by Egs

(10) is equivalent to that of finding two harmofimctions
g andh in X3 > 0 such that their partial derivatives up to the
third order vanish at infinity and satisfies thdldaing
mixed conditions omgz = O:

- for (% %)O0S
[9,3()(1' %2, X3)]X3:0+ =-Wremwgx O(x x40 S

[h,?,(xl, X0, x3)] - =-Utetwaxy O( x4 x)0 S

— for (% %)OR-S (28)

[9,33+K 9,207k h,12] %m0 - 0,

[h,33+Kh,11_K9,12] %,=0" =0.



It can be observed that this formulation is duathe
well-known obtained for the shear loading crackbem
(see Kassir and Sih, 1975). To solve the probleenmake
use of the integral method developed by Kasky (1999).
The harmonic functiong and h are expressed as Fourier’s

integrals (Sneddon, 1972)

M [

1d8¢—, (29)
R2
where & =(&,&,,0)0S,|&|=+/& + &5 and the unknown

functions Ayand A, in view of (28), must satisfy the fol-
lowing system

K& KED
T {Ag(a}:
Ké1$o _K_flz Ah(‘f)

T 0
g7 it S RIS

Its solution is
NG
47 C* (1 K)Lh({)__
_KE  _K&EE (31)
|{|2 |"r|2 J"{ng(”)}exp[ |(’7 £ )}dS’
_xéd w3 |)) o) o
i

Now, making use of these expressions it followsnfro
Egs (29) that (see Silovanyuk, 1984 and Kasky 1999
for more details)

- [[ol@dss ([ oul)(e-¢2° dg
Cg3(x) JSJ |x - JJ Ix- {|3

where

C=-2m(1-k)C* = -2tz . (33)
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Finally, from the first conditions of (28), one abts the
following integral equations for the stressig,

JJ F31(&)dSs _KJJ 731(¢)( Xz‘fZ)Z dg
[ =4 e —¢f°

+Kﬂ332( )(X1|X*51_)§;<2 £9dg _

ﬂ 3(£) dS¢ _KJ’J G35()( %~ d$
) | =4 s -&°

S
+KJJ 31 (&) (x - 1) (x2- ¢ dF _
e -’
where the following notations were introduced:
¥ =(x,%)08 £=(&,62)0 8
0y (%, %) = - E‘1( % %0 )*51 W3Xa,

S

= =21tz 0y (X, Xo) ,

(34)

27t G (4, %)

(39)

U (%, %) = = E'(Xl %, 0 )+52+a)3x1

Note that the form of (34) is similar to that giviem the
corresponding homogeneous isotropic problem. Magov
it is verified that the derived governing integegjuations
are in agreement with those achieved by Silovar{y9i84)
in the homogeneous case. Knowing the

T34 (X4, Xo) acting on the sid&'of the rigid inclusion from

the solution of Egs (34), the stress and displaceriields
can be found from the main potentiglandh, determined
by means of (32).

4. EXAMPLE: ANTICRACK UNDER TENSION

For illustration, presented is a solution to theljem
of a rigid circularly-shaped interface inclusiorugk that

:[( X, )gz,O): r= >§+ )é < f}) in a periodictwo-layer

laminated space subjected to a constant normadsspre
at infinity (see Fig. 1), i.e.

O33() = p, 031(0) =0g5() =0.

The results for the O-displacements of the includiee
problem involving the solution of the basic equasiq4)
and (5) with conditions (36) are readily obtainedée

4 =-Apx, B=-Apx,

where

(36)

(37)

a7

stresses
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A Cia where
Caa(Cia+ Cin)—2 (',2 ,
33( 11 12) 13 (38) B= _4 AC* p. (45)
_ G1+Co T

caz(C11+ €19 —2¢3 .

Now invoking the displacements in Egs (37) on the
planex; = 0, we deduce by consideration of symmetry in (8)
thates = w1 = w, = 0. Thus, we proceed to solving the sub-

Accordingly, the problem is axially symmetric artet
full elastic field is determined if we find the mgbotentials
gand h (see (21) - (25)). Substituting (44) into (32) get

problem B (cf (10) and (11)) in which the approfeiaon-
ditions are

Ul(xl, x2,0+)= Apx+e—waX, O(x %0 S
GZ(Xl' X2,0+)= Apxt+ertwsx O( % 90 S
03()(1, X2,0+)= 0, D(Xl,XZ)D ﬁ s (39)

631(x1, x2,0+)=532(x1,x2,0+)= 00( x,x)0 R- S

g =0 L as |X| - .
]

This problem is reduced to the set of coupled two-

dimensional integral equations (34) in which thghtisides

are determined by the following polynomials:
0y (%, %) = &1+ Apx—w3X, (40)
Uz (3, %) = £2+ WX+ AP X,

An exact solution of these integral equationsawtetd
by using Galin’s theorem, has the form

bOa"'kthl"'bzaxz,DaD{l’% ’

22— 2

O3y (Xl’ Xz) =

(41)

where by, 10{0,1,3 o 0{ 1,2 are the unknown constants

to be determined. Putting (41) into (34) and caltiny
the resulting integrals (see Vorovich et al.,19%49, arrive
at the equalities of two polynomials. Hence, a eyst
of algebraic equations fop, can be obtained, and their

solving yields
A
m(2-k)

4tg
=by=—2 Wy,
bro =byq - 3

oy = &, Da0{13,

(42)

4
=by,= -2 AC*
b1 =Dy, p p

If we now make use of the equilibrium conditiond )1
on the anticrack we find (as might be expected) tha

§=&=w3=0 (43)

and the solution given by (41) can be written ia fimple
form

O (40, %) = B——2—

3 (X_I_l X210+)[| Sl
a2—r2

(44)

48

93 :g (¢+KX2¢,2‘K X1<//,2) -
(46)

h,3:g (¢/+KX1<//,2‘K X2¢,]) -

Here ¢ andy are the potentials of simple layers defined as

rr

p(x) = 444 %, ,
s \/(X1‘51)2+(X2‘52)2+X23\/az‘ff‘f%
- 47)
w(x)= fdadls ,
\/(X1‘51)2+(X2‘52)2+ x%\/az—ff—{%

(8
()RS

for which the method of Fabrikant (1989) yields éxglicit
results in elementary functions as follows

2_.2
#(x)=mx arcsin® -2 I22 i
|2 |2
(48)
2_.2
W(x)= 1% arcsin® -2 I22 a
I 15
where in his notation
Iy =l4(a,r x3) =%[\/(r +a)2 +x5 —\/(r —a)2+x%} ,
(49)

I, =15 (a,r.x3) :%{\/(r +a)% +x3 +\/(r —a)2+x§} :

All the necessary partial derivatives or some irdkg
of potentials (48) can be found in Appendix 5 o thook
by Fabrikant (1991), which allows us to write a qbete
solution to problem under study.

It is of interest to record and discuss the relevan
terfacial stresses in the plane of the anticradkeyTare
given below:

45 pr

F—F—, 0<r<a,
O3 (r’01)= ma? -r? (50)
O, r>a1
=53 P, O<r<a,
Oas(r, 0% | = 51
33( ) _2,83p[—a —arcsiné], r>a ,( )
T r2_g r

where (see Appendices)



B = ACk = C11C33C44 1 ’ (52)
[%3(‘311+ C19) =2 ‘?13]( Cif+ C4)
5 = 2013 C44(\/ C11C33~ 013 (53)

(\/ C11Ca3+ C44)[ Caq Coqt C13-2 81} |

Now, it is significant to observe that the singitiar
of the stresses close to the edge of the antichaskthe
orderr™? contrary to oscillatory type observed in the elas
tic fields relating to bimaterial interfaces. Frdahe stand-
point of classical fracture mechanics, two failunecha-
nisms are possible:

— separation of the material from the inclusion chta
ized by the stress singularity coefficients

S = im JZa Do (1) =+ A0

r-a

(54)

— mode | (edge-opening) deformation characterizethby
stress intensity factor

lim \277(r —a) g33(r,0) =% :

r-a*

K = (55)

These parameters may be used to the determination

of the limiting equilibrium of the considered congie
weakened by the anticrack (see, e.g. Rahman, 2002).
Finally, the solution to the corresponding homogerse
material problem is the special case when
M=A=A, py=p,=pu, and hencecyy =Cz3=A+2u,

Cp =C3=4, ¢4y = . Then Egs (52) and (53) become

o A(A+2u) v (1-v)
'Br_(/]+3,u)(3/1+2y)_(1+v (3-4)° (56)
By = 2 _ 2v(1- )
- (A+3u) (31 + 2u) - (1+v)(3- #)
with v :L being Poisson'’s ratio, and the results are
2(A+u)

in agreement with those obtained differently by aand
Sih (1968).

APPENDIX A
Denoting by
h=A+24 (1=12), b=(¥n)h+nb,

the positive coefficients in governing equation} #4d (5)
are given by the following formulas:
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g3 = byby/

a1 = Cgat [47(1-n)(pa- k) (A=A gt - 3] /o,
Gz =[(1=7)Aby+1 Aqby) /b,

ci ={ MAa+ 2o+ (1-n) g [ A 1+(1-7) A o]} b,
Cag = tapto! [(1=n) a1 115]

afy =[4u (A +4)+A ] 1p,

d) =21 4 +A ag] b,

ol = A csal b

APPENDIX B

The constants appearing in Egs (12) and (13) aengi
as follows:

t=3(t-t), tr=3(t +t),
tg =/(C11C10)/ 2C4s,

-2 _
- Cﬂ.lta C44 , I:Ial:l{l,% ,
C3+Cyq

where
(A £204) A

C33Cyq

A: =G 1 C33% Cr3.

Note that t;t,=./c{1/C33, Mymy=1.
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Abstract: The paper presents experimental results of invatstigs carried out on the 2024 aluminium alloy &84 steel
under biaxial stress state. The loading programonepcised a monotonic tension assisted by torsigarse-torsion cycles.
An influence of the cyclic loading and its delayttwiespect to uniaxial tension on the selected am@ichl parameters taken
on the basis of tensile characteristics was ingatd. Additionally, a relative variation of theoportional limit and yield
point due to the loading history applied was anedyzA permanency of effects observed during contimineof tension
and cyclic torsion was experimentally assessedemasis of an initial yield surface evolution.

1. INTRODUCTION

An activity of many research groups is focused »n e
perimental evaluation of an influence of cyclicdoay on
material behaviour under complex stress statesggbaim-
bination of an axial force and twisting moment (Mielski
et. al. 2006; Xiang, 2003; Correa et. al., 2003 r@stajski
and Jakiewicz, 2004; Kowalewski and Szymczak, 2007,
2008, 2009). The results achieved from such ingastins
are important from technological point of view besa they
are providing a knowledge necessary for modificataf
some metal forming processes, such as drawingsatr
(Kong and Hodgson, 2000) or forging (Bochniak et al
2006).

750
= Low carbon steel |
o T
E 600 5000
7]
o
5 450
(2]
2
= 300
3
= {0 -monotonic tension (MT)
w 150 i A-torsion-reverse-torsion cycles (TRT)
® - MT with TRT simultaneously
[ N B

0 0.05 0.10 0.15 0.20

Effective strain
Fig. 1. Variations of the effective stress-effective streliraracter-
istics due to different types of loading: 1 — manot ten-
sion, 2 — monotonic tension and torsion-reverssitor
cycles, 3 — torsion-reverse-torsion-cycles (Corteale
2003)

Moreover, these results are also important for kbgve
ing of a new theoretical formulas and modellinghadterial
effects observed (Kong and Hodgson, 2000).

An essential change of the stress-strain charatiteri
in the form of stress drop for the same magnitudstrain
is the typical material effect associated with egchcting
in the perpendicular direction with respect to th@notonic
loading (Correa et. al., 2003; Gronostajski anikigéaicz,
2004; Kowalewski and Szymczak 2007, 2008, 2009),
Fig. 1. As it is presented in Fig.1, a switching @ihthe
cyclic loading caused 33% drop of the monotonicsitam
curve. However, a comparison of the stress-strairvec
for the tests carried out under combination of ntonic
tension and cyclic torsion against to the curveesenting
a cyclic torsion only, exhibits a hardening effect.

2000
1800 f
1600 -
1400 1
1200 1
1000
800 A
600 1
400 1 1
2001 ‘ : : : 1 T2
0 i i ! i ! T -3
-200 : i ; j j : ‘ 4

Force [kN]

Displacement [mm]

Twisting moment [kNm]

0 2 4 6 8 10 12 14
Time [s]
Fig. 2. A scheme of loading programme for optimisatiorfico€es
during the bevel gears forging at temperature egb&IC,
1 — displacement of stamp, 2 — twisting moment fGrg-
ing force (Bochniak et. al. 2006)
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25

20 T

151

10

54

Extrusion force [kN]

0 10 20 30 40 50

Punch travel [mm]
Fig. 3.Force variations during extrusion process by apfibo

of the KOBO method, 1 — using torsional loading,
2 — without torsional loading (Kong and Hodgson)@0

A cyclic loading was successfully applied to impgov
forging processes, Fig. 2 (Bochniak et. al.). Tdeding was
programmed in such a way, that the torsion cyclesew
activated during the stamp movement. A magnitudéhef
cyclic loading amplitude was dependent on the faygi
force. It gradually increased as the forging forveas in-
creased. This type of loading reduced the axiaeauring
forging more than four times. Similar effect wasiaeed
during extrusion, however, it was much weaker, Big.
(Kong and Hodgson, 2000).

2. DETAILS OF EXPERIMENTAL PROCEDURE

The main experimental programme was carried out for
a small value of the total strain, less than 1%e Timain
experimental objectives were focused on evaluaifon
— an influence of torsion-reverse-torsion cycles te t

tensile characteristic and conventional mechanpzal

rameters of engineering materials;

— arole of delayed torsion cycles on behaviour ofemia
als during the monotonic tension;

— an influence of the cyclic loading frequency on tes-
sile characteristics.

Three materials were tested: P91 steel (commonly ap
plied in the power industry), 2024 aluminium alléem
aircraft industry and M1E pure cooper (mainly ugedhe
electronic industry). A control parameter in thenfoof the
cyclic strain amplitude was designed to have angpidar
shape and frequency equal to 1 Hz.

All tests were carried out at room temperature gisin
thin-walled tubular specimens with 1.5 mm wall Kmess.
The biaxial stress state was obtained using vadoosina-
tions of an axial force and twisting moment. Allatiing
programmes were strain controlled. The experimeoitad
gramme contained selected combinations of monotmmit
cyclic loadings, i.e. the torsion-reverse-torsigicles were
superimposed on the monotonic tension.

In the last part of the experimental programme subs
quent yield surfaces for a plastic offset strainago 10°
were determined. It enabled investigation of atiahyield
surface evolution due to the loading history applie

52

3. THE EXPERIMENTAL RESULTS

At the beginning of the main experimental programme

a material behaviour was investigated under torstwerse-
torsion. Figure 4 presents representative variatwfnshear
stress for two tested materials. The results ferpire cop-
per exhibit a significant cyclic softening effedtid. 4a),
but in the case of steel a little cyclic hardeniakes place
(Fig. 4b). These effects are also well visible ig. 5 which
presents hysteresis loops evolution for both malteri
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Fig. 4. Variations of a shear stress due to torsion-revission

cycles for: (a) M1E copper; (b) P9leste

600 800

The main representative loading programme is shown
in Fig. 6a for the P91 steel. It presents someatiars
of the axial and shear strain components versus. 8tress
responses into the programme are illustrated in6bBig
Variations of the axial stress express the matbaadlening
in the tension direction, while those for the shetess
observed identify a lack of any significant effects

In the first part of experiment an influence of thelic
strain amplitude on the basic mechanical parameteshi-
tion was investigated. As it is shown in Figs. §-ft@ tor-
sion-reverse-torsion cycles associated with moriottan-
sion caused variations of the tensile characterisitr both
materials, a significant decrease of the axialsstrean be



observed. An increase of the cyclic shear straiplitune
led to the further decrease of the stress-straanaciteristic.
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Fig. 5. Hysteresis loops evolution due to torsion-revéossion
cycles for: (a) M1E copper; (b) P91 steel

As a consequence, due to the cyclic loading apjlied
conventional mechanical parameters, such as thpopro
tional limit and yield point, were reduced signéidly.
It is expressed by an essential drop of the yielishtpfrom
240 MPa to 25 MPa for the cooper (Fig. 7) and fro50
MPa to 125 MPa for the steel (Fig. 9). The effactriuch
stronger for the copper, since the yield point octidm
(8 times) is greater than that for the steel agde{more
than 4 times).

Taking into account a percentage decrease of the pr
portional limit and yield point in comparison teethmagni-
tudes determined from standard tension test itesponds
to around 90% drop of these parameters in the aiasep-
per (Fig. 8), and around 70% for the steel, Fig.10.

The next part of the experimental programme was fo-
cused on investigations evaluating an influencehef tor-
sion-reverse-torsion cycles delay on the tensikradteris-
tic. The results for the P91 steel are presenteldign 11.
Itis clearly seen, that a drastic axial force dimpelated to
the assistance of cyclic loading. The axial foreerdased
rapidly (370 MPa) directly after switching on okttorsion
cycles. Similar effect was earlier observed for @24
aluminium alloy, Fig.12 (Kowalewski and SzymczaloZ}
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s ] i
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5-200 | 77777777
3 3 T
_4006 | 2i0 | 4i0 | 6i0 " &0
Time [s]

Fig. 6. Strain controlled loading paths (a), (b) — stresponses into
the loading program shown in (&);- axial strain,
y/2 — shear strairg — axial stresst — shear stress
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Lo L f-05Hz
S O O O )
e B S B S
Z ! o
@ T S B aanl e e
g P ]
o 100
] (2]
\[4]
0 T T f T f t i t f t |
0 0.002 0.004 0.006 0.008 0.01
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Fig. 7. A comparison of typical tensile characteristic (0)
with tensile characteristics due to monotonic tensi
superimposed on the torsion-reverse-torsion cycles
for strain amplitude equal to: £+0.3% (1), £0.5%, (2)
+0.7% (3), £0.9% (4)

The stress — strain diagrams showing the resutis fr
tests 2024 aluminium alloy identify a transient retoder
of the force reduction during tension associatetth wyclic
loading (Fig.12). This conclusion can be proveddeyer-
mination of the yield surfaces for materials af¢sindard
tension tests and after tension carried out inpfessence
of torsion cycles.
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Fig. 11.Tensile characteristic of the P91 steel determined
in assistance of torsion cycles delayed with reispec
to monotonic axial loading

Fig. 8. Variations of the relative stress drop versusicysttain
amplitude during monotonic tension superimposed
on the torsion-reverse-torsion-cycles for straimphtonde
varying from 0% to 0.7%
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Fig. 10.Variations of the relative stress drop versusicysttain

Thus, the last step of the experimental programome-c
prised tests the main aim of which was to checkthédre
amplitude during monotonic tension superimposed the force re(_juction during tension had th_e permnnbﬂr-
on the torsion-reverse-torsion-cycles for strairpitude acter. The yield surface concept was applied. Bohgield
varying from 0% to 0.7% surface determined it was assumed that the totahsh the
axial direction must be the same.
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The representative results for the copper and Bl s
are presented in Figs. 13 and 14, respectively.itAs
clearly seen the subsequent yield surfaces for inatierials
confirm that the axial force reduction is only telh to
torsion cycles during monotonic tension. Looking tlag
magnitudes of tension stress instead of reductidn@ease
can be observed (little for the P91 steel, butifigamt for
the copper). Therefore, it can be concluded thatcbm-
parison of the subsequent yield loci with the alityield
surface exhibits only an influence of the loadingtdry
applied, and moreover, proves a transient charagténe
axial force drop, which can be solely attributedciales
acting in the perpendicular direction.

Shear stress [MPa]

-200 -100 0

Axial stress [MPa]

Fig. 13.An evolution of the initial yield surface (0) fdn¢ M1E
copper due to torsion-reverse-torsion cycles fi@irst
amplitude equal to: £0.3% (1), £0.5% (2), £0.7% (3)
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IR LA R R L N
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Fig. 14.An evolution of the initial yield surface (0) ftre P91
steel due to torsion-reverse-torsion cycles faistr
amplitude equal to: £0.3% (1), £0.5% (2), £0.7% (3)

4. CONCLUSIONS

The investigations carried out on both materialeval
to formulate the following conclusions and remarks:

— torsion-reverse-torsion cycles during monotonicsiem
cause a significant decrease of the proportiomalt li
and yield point;

— an increase of the strain amplitude of torsion eycl
improves material ductility in the tension directjo

— a reduction of the yield point and proportional itim
increases with the cyclic strain amplitude increase

— axial force reduction due to presence of the torgip-
cles is not permanent, it vanishes after cyclidiog in-
terruption;

— an initial yield surface evolution does not confirapid
reduction of selected mechanical parameters dueing
sion assisted by cyclic torsion, it only points déir
variations due to loading history applied.

10.
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Abstract: The paper presents the basic of the new methoot@f machine blades during their operation. Thehoebtutiliz-
es such diagnostic models as a quotient of diagnsignal y(t) amplification being a result of béadperation and x(t) signal
of its environment as the blade tip approachessémsor as well as amplification of these signalthasblade tip recedes
from the sensor and phase shift difference of theigeals as the blade tip approaches and recedes tiie sensor.
The adopted diagnostic models indirectly take theent blade environment x(t) into account withrmexessity of measuring
(Kotowski and Lindstedt, 2007; Lindstedt and Kot&iy2004). Therefore the model is sensitive to bléethnical condition
changes remaining only slightly sensitive to envinent changes. Suggested method may prove veryriampon diagnos-
tics of rotor blades during operation of rotor niaels (turbines, compressors etc.).

1. INTRODUCTION

Rotor machine is complex technical object (comthine
of multiple parts such as blades, bearings, shielgsrat-
ing in complex environment (affected by variableess,
pressure, temperature, vibration etc.). The trougpet
of machine are, except bearings, blades. Thes¢eahmi-
cally simple, however hard in matter of use andntegi-
ance mainly due to high risk of aptitude assessniexyje-
rience shows that fall of one blade of several dazehun-
dreds almost always leads to serious breakdownhef t
whole (often very expensive) rotor machine (axipres-
sor, turbine). This causes huge interests in matlodbadou-
tine diagnostics (monitoring) of blades technicahdition
during its operation.

Nowadays multiple methods of working rotor blades
technical condition are in use. Diagnostic reseanctinese
methods are based on 'non-contact’ measuremeratiugsy
of tip of the blade current moves when in area Wwealedi-
cated sensor. Many non-contact measuring systems ha
been designed and introduced. These are commonlyrkn
and used measuring system produced by: Hood, Aqilis
Pratt&Whithey (USA), Rolls Royce (UK), Turbocharges
(Switzerland), MTU (Germany) as well as other Rassi
Chinese and Indian manufacturers (Bovishanskii, 0200
Duan et al., 2005; Von Flotow and Mercadal, 200@yhH
Cycle Fatigue S & program 1997, 1998, 1999, 200012
2002; Klein, 2004; Roberts, 2007; Ziedki and Ziller,
2005).

Polish measuring systems are also used, partigularl
those designed and introduced by Air Force Ingtitut
of Technology (AFIT) in Warsaw. Amongst the non-
contact measurement of blade translocation systearsi-
factured by AFIT the following are to be mentioned
(Lindstedt et al., 2009; Szczepanik and Przysovi®42
Szczepanik, 1999):

- blade fracture indicator: SPL — 29;
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- blade excessive vibration indicator: SNDL — 2b;
— microwave sensors: MUH, PIT;

These systems are successfully implemented in fgpeci
operating technical objects (SO-3 engines).

Diagnostic inference used in hitherto methods aset
on elaboration of signals obtained during diagmoatialy-
sis coming as a result of blade activity withouffisient
(according to authors) consideration being giventhe
signals of its variable environment.

Measurement of blade environment signals during-ope
ation of rotor machine are often hard or imposstblgro-
ceed thus are not sufficiently considered in blatiagnos-
tics. Therefore statement can be made that hitmeettods
of rotor blades technical condition in-work assessm
do not realize the basic rule of technical diagieestom-
pelling research and analysis of object technicaldiion
in environment (PN-90/N-04002) thus being not aatair
and reliable enough.

Hence the need emerged to elaborate the new method
of in-work diagnostics of blade technical conditidmat
would take the environment into consideration ahgdoss-
ible, would not require the use of unavailable @rch
to measure signals. This problem is solved by bkatay-
sis method that base on special diagnostic modtalialg
to eliminate its practical environment with specifine-
thods.

2. BLADE ACTIVITY IN UNMEASURABLE
ENVIRONMENT

Blade, its construction and activity while in \alyle
environment (Lindstedt et al., 2009; Skubacziewskyj74)
are presented in Fig. 1.

During blade operation its technical condition aes
until occurrence of various damage (deformatiorac-r
tures). Causes and places of possible occurrercshamwn
in Fig.2 (Skubacziewskij, 1974).
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Fig. 1. Rotor machine blade in variable environment<{Feentrifugal force; F— lock grip force; n — rotational speed;-Pblade aerodyna-

mic lift; Py — resisting force; M- torque M — bending moment, ;- gas pressure on blade rim inpyt—mas pressure on blade rim
output; Yy — blade deflection; y— blade torsion angle;,Y— blade lengthwise translocation; ¥ various vibration signal (bending,
lengthwise, torsional); ¥ — thermal deformation; f — vibration signal, ¥ casing vibration signal; ¢ — thermal decomposisignal)

— thermal stresses ¢ caused by uneven thermal distnib
ll /1 ‘I & 93 Bj (Fig.2. - combined deformation, e.g. I-6) = Y
Comprehensive, blade working status in environment
|l ! ] [m B may be described with a signal of tip of the bladesloca-
2 4 6 tion y(t) which is a resultant of ¥ Yg, Y, Y1, Yo, (Fig. 1.
I and Fig. 2.):
y(t)= (Y, Yo Yo Yo Y,) (1)

and signal of environment x(t) which is a resultahtn, R,
P,, Py, Py, P, f, fon, € (Fig. 1. and Fig. 2.):

x(t)=f(n, K, R, R, P, P, ff ) 2)

Technical condition of bladet®) according to diag-

Fig. 2. Forms of vibration and lines indicating traces ddration . . S
nostic rules, results from relation between agti\stgnal

nodes (Chart I: 1,2,3 — first, second and thirdnfaf bend- ! ) . L
ing vibration; 4 — first kind torsional vibratio®; — second y(t) and environment signal x(f) in the currépteginning

kind torsional vibration; 6 — combined bending-torsl moment of diagnostic, (while 6 is the time of the tech-

vibration. Chart II: photograph of nodes tracessétond nical condition changes - evolution)
form of bending vibration. Chart Ill: photograph médes Therefore, the following may be noted:

traces in third form of bending vibration)
S (6)=1(¥(1), X(t),, ¥(1)y, x(1),, 6.9 ®)

. . ) " Exploitation experience proved the existence of déa
Fig. 1. and Fig. 2. show that blade is a technitzéct ficulties in measuring signals for y(t), especiatly), thus

with complex activity that need to be describechwitulti- in blade technical condition in-work assessmentwat
dimensional blade deformation state. These defoomst (Kotowski and Lindstedt, 2007; Lindstedt and Kot&iys
originate from environment and are caused by mnialtip 2004; Lindstedt et al., 2009).

reasons such as:

centrifugal force stressesy Flepending on rotational
speed that cause lengthwise and bending defornsation 3. THEORETICAL BASES OF BLADE
(Fig.1.) — Y, Yq DIAGNOSTICS METHOD

gas stresses,Rnd R caused by air stream depending DURING OPERATION OF ROTOR MACHINE
on speed and altitude (Fig.1.) s (fh case of rotor ma-

chine being an engine turbine or compressor) The matter of blade diagnostics during rotor maghin
stresses caused by curvilinear flight trajectorg.(E) — operation is very complex, because only one mehfira
Yo Vs i . i ~and yet interfered signal y(t) and actually immeable
dyna_mlc stresses accompanying mechanical vibration (except for n signal and withoutn) environment signal
(particularly in resonant range) caused by pressiie x(t) are available. Exemplary course of y(t) sigisapre-
pulsation, rotation fluctuation etc. (Fig.2.) +'Y sented in Fig.3 (Szczepanik and Przysowa, 2004zefzc

blade and casing vibration f,f{Fig.1.) and thus ¥ Y
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nik, 1999). Course of signal x(t), being a resultainmul-
tiple signals is shown in Fig.4. ( Dotgolienko, %98
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Fig. 3. Signal y(t) course for various blades depending
on rotational speed
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Fig. 4. Change of temperature and pressure of air streaoutbet
in specific flight conditions 1 — in lower part dfjht en-
gine intake, 2 — on side of right engine intake, i lower
part of left engine intake, 4 — on upper part d&f éngine
intake, 5 — on side of left engine intake, 6 — gf@anf ro-
tational speed of right engine rotor, 7 — changetstion-
al speed of left engine rotor

Tentatively signals x(t) and y(t) are assumed tdeme-
poral, stochastic and interfered courses. In thgcswitch-
ing from space domain ,t” of signals x(t) and w@)space
domain ;1" of correlation function R(t),R,(t) and Ry(t)
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proves reasonable ( Bendat and Piersol, 1976; w&htio

and Lindstedt, 2007; Lindstedt and Kotowski, 2004;

Lindstedt et al., 2009; Niedeiiki, 1985; Szabatin, 2000).
The effects of such approach are:

— noise suppression for signals and possibility oplfyr

ing them
- possibility of simple expressing signalsq®), R,(t)

and Ry(t) as analytic functions, what allows further

processing to new functions of specific properties
in frequency domaincf), which are functions of density
of singular power of signals,&») and §,(w) and re-
ciprocal §(»).

Expressing functions x(t) and y(t) ag(®), S,(») and
S(0) allows taking relations between diagnostic signal
y(t) and environment signals x(t) into considenaticery
simply (Fig.3., 4.), as this may be noted:

STOl T01

Ry= fron = Arg 2 @
01~ STOl TO1 — g STOl
Sle T12

AI?12 = S¥y12 ¢T12 = Arg STylz ()

where: Kro1, 0%r01 — amplification and phase shift of sig-
nals x and y while the blade approaches the sensor
and A+, o112 — amplification and phase shift of signals x
and y while the blade recedes from the sensor.

Furthermore assumption can be made that time ofbig
T, 0bservation comes shortly (ms) after observatiom@f
signals.

In such case the following may by assumed:

T12 T01

Sxx - Sxx (6)

Then, on the basis on 4, 5, 6 equations new, abstra
and physically interpretable quantity in form ofjaotient
of amplifications Arorand A+, can be achieved as well as
phase shift®ro; andd1o:

S;I,'ylz
A? ﬁ T12_ T 01 S;,rjz
=2 =2 Ok Py

2
Arlz,T 017~ a2 TOL ~ TqTo1 (7)
AI'Ol Syy %’y
TO1
X
T12
Sy
ST12 A.Ze‘mrlz
Prioro1= Pria= Pr o= ArO—7or = Arg A€ e =
y 1
TO1 (8)

X
T12

) S

— - T12 01

= ArgAT12T01e i(#r12=Fr o)) 0 f’ﬂ EFI . Arg%
Yy

Equation Ari,70: (7) binds diagnostic signals y(t)
to environment signals x(t) and so is a diagnostadel.
The distinctive feature of this model is being deii@ed
only by measurable signal y(t) in closely followingser-
vation periods §; and T, and (what is more important),
taking environment into account with no necessityneas-



ure it as well as the noise of signal y(t) was isightly
suppressed. (Kotowski and Lindstedt, 2007; Lindsted
and Kotowski, 2004; Lindstedt et al., 2009)

Equationer12 o1 (8) binds diagnostic signals y(t) to en-
vironment signals x(t) as well and so it is thetndiagnos-
tic model. As in case of %12;01 this model is also being
determined without necessity of practical measureme
of environment signal x(t). To determine signal?zxg

mv x 10°*
3.2

acta mechanica et automatica, vol.4 no.4 (2010)

s™,, distribution in form of functiord (t, t) is to be used.
The quotient of function of signal y power densépd

distribution & (t, f) sufficiently representing environment
signals x is assumed to eliminate real environroéntodel
oT12702 (Bendat and Piersol, 1976; Lindstedt et al., 2009
Niederlinski, 1985; Szabatin, 2000)

i i us

400 450

500 550 600

Fig. 5. Inferential sensor signals {TT, — respectively long and short observation periédip of a blade staying in sensor area,
To, T1, T, — particular moments of observation of blade oty the sensor, o, T1, — observation subperiods of blade tip for T
and T, respectively, mV — signal of tip of the blade sftation, uS — blade translocation time)

4. METHOD OF CURRENT ASSESSMENT
OF BLADE TECHNICAL CONDITION
BASING ON OBSERVATION OF PARAMETERS
OF MODEL A %1510

Method of current assessment of rotor machine blade

technical condition changes basing on observatiopae
rameters of model %12;01 requires specific diagnostic
research.

Afterwards estimates of autocorrelation function’k,
and R™2,, are determined for y(t) translocation in obser-
vation periods §; and T, and proper analytic expressions
are matched to them. (Bendat and Piersol, 1976pWski
and Lindstedt, 2007; Kurowski, 1994; Lindstedt and
Kotowski, 2004; Lindstedt et al., 2009; Nied#ski, 1985).

Registered signal courses were multiplied by Hamnin
window and, afterwards, its autocorrelation wasuaaled.
The obtained autocorrelation graphs were approxcat
with degree 5 polynomial in form of;

R,(r)=ar’+ar‘+ar’+ gr’+ ar+ a (9)

For approximation of R> 0,997 described by determi-
nation coefficient the following autocorrelationnfttion
forms were obtained:

— for blade no. 1.

R, =1557xX - 207300 + 9409008 -
163710x° + 464010x+ 9485 £0

(10)

R},” = 2345x - 285600 + 1182 10¢ -
’ (11)
187610’ + 50381 10x+ 8727 £0

— for blade no. 2.

R}, =1308x’ - 18210&' + 8594000 -

(12)
15510 x* + 4468110x+ 97507 0
R),” =2043x’ - 25680%' + 1097 10¢ -

(13)

179816 x* + 4908110x+ 9039 £0

— for blade no. 3.

R}, =1448x - 200506 + 91B] 10¢' -
y (14)

160716 x* + 456110s+ 9428 fo

R],” =2548x’ - 302300 + 128 10¢ -

19316 x* + 518116x+ 8778 f0

Basing on analytic forms of self correlation funcis
R, and R%,, the respective power spectral density
functions %, () and S'3,(0) are determined using
the Fourier transformation.:

F{R,} :j“’ R,(De™ o
S, (@) = F(R(1))

(15)

(16)

7)
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S, (@) = K(R(7))

The Fourier transform of polynomial (9) after mayin
from “jo " space to variable “s

120 24

2
F{R,y} = al—+ 32§+ %— q—§+

After the substitution of parameters from equations

(18)

" space is as follows:

a- (19)

(10 — 15) to equation (19) the following is obtalne

— for blade no. 1.

S, ( jw) = (9485110 s° + 4641110s"'~

SI™( jw) = (903910 s° + 49081 10s' -

(23)
3596[10s® + 6582110s° - 6163208 245168)
— for blade no. 3.
S, (je) = (942810 s" + 456110s"- 24)
32140106s* + 5508110s°— 4812008 17808F)
S™?(jw) = (87750 s’ + 518116s'—
yy (J0) = ( (25)

3862[10s* + 7381105’ - 7255208 305768)

§s’ o o (20) Ultimately new abstract diagnostic model (square
3274L10s” + 56454 105"~ 4975208 186849 of module) might be determined, the parameters lithv
resent the data on technical conditions of diagddsade:
S ( jo) = (8727010 + 5038 108’ - P agd
5 . (21) S, | 1+Ls+Lg+
375210’ + 70921105’ — 6854408 281408) A =Y -k (26)
12,T01 TO01
S, 1+ M s+ M, S +...
— for blade no. 2.
oL, . s . . After the substitution of parameters from equations
S, (jw) = (9757010 s’ + 4468]10s'~ 31 105+ 22) (20 — 25) to equation (26) the following is obtaine
5156410s” — 4370408+ 156966
- for blade no. 1.
A 6 31012.798° + 1788.57 - 1333.83 252.025  24.368 27)
T 50765.368° + 2483.948- 1752.38F 30281  26. eez?
- for blade no. 2.
A _ 2,3686.79@5 + 2001.958 - 1466.79%+ 268.498  25.189 (28)
T 52162.334° + 2846588 1975085 32887  27. &43
- for blade no. 3.
N ,28698 978°+ 1694.139- 1263.082 241.356  23. se% 29)
T '52042.498° + 2560.647 - 1804.8§%# 309.299 2792
Tab. 1. The parameters of blades for the amplitude arncplifbon
The parameters of blades for the amplitude amplificdon
Ms M4 M, M, M, k
S1T01 50765.361 2483.943 -1752.301 302.15] -26.628 1.5906
m S2T01 62162.334 2846.585 -1975.025 328.517 -27.844 1.962
% S3T01 52942.498 2560.647 -1804.807 309.299 -27.07 1.707
2 S 55290.064 2630.392 -1844.044 313.322 -27.164 1.595
g L5 L4 L3 L2 Ll k
14 S1T12 31012.793 1788.577 -1333.33 252.025 -24.358 1.506
S2T12 36869.799 2001.958 -1466.797 268.478 -25.130 1.962
S3T12 28698.979 1694.139 -1263.082 241.366 -23.728 1.717
S 32193.857 1828.225 -1354.403 253.956 -24.408 1.595
Process of rotor machine blade technical condition - in exploitation timed, (another blade monitoring) func-
is as follows: tion Azm,m parameters: {g, L3, L1, .... and Mo, My,

— in exploitation timed, (monitoring beginning) function
A%r15 101 parameters: ds, Lop, Log .

are determined

60

.and M1, Moz, Mgs...

M, ... are determined

The technological differences between the bladghktbi
also be determined. In such case the average vaeddesc-
tion A%rio7or ¢ Lag Log Lag ...as well as My, My, Mag



parameters are determined and the diagnosed bisdes

meters are compared to them. (tab.1 and tab.2)

- the difference between technical condition of conse
tive blades is determined basing on relative patarse
changes:

Lil ~ Lsr
L

Sr

AL = ;i=1,....,n (30)

acta mechanica et automatica, vol.4 no.4 (2010)

i Tei=1...m (31)

The change oﬂ:i and M, parameters as well as a sig-

nificant number of their configuration allows trdentifica-
tion of multiple various changes of the blade técaincon-
dition while the rotor machine is operating (thisceapplies
to assessing the accuracy of performance and latgial
the new blades).

Tab. 2. Relative differences the parameters of blades fmathplitude amplification
Relative differences the parameters of blades fohe amplitude amplification

AM AM, AM, AM, AM, Ak
? siT01 -0.082 -0.056 -0.050 -0.036 -0.020 -0.056
a Ss2701 0.124 0.082 0.071 0.048 0.025 -0.021
Z s3T01 -0.042 -0.027 -0.021 -0.013 -0.005 0.076
g ALs AL, AL, AL, AL, AK
'é S1T12 -0.037 -0.022 -0.016 -0.008 -0.002 -0.056
S2T12 0.145 0.095 0.083 0.057 0.030 -0.021
S3T12 -0.109 -0.073 -0.067 -0.050 -0.028 0.076

5. METHOD OF ASSESSMENT OF BLADE
CURRENT TECHNICAL CONDITION BASING
ON MODEL PARAMETERS OBSERVATION

PT12,TO1

Signal y(t) courses in observation timegs; Bnd T,
are presented in Fig. 5. Environment is assumeukte.g.
high power noise and may be correlated with sigigl
(Bendat and Piersol, 1976 )

As an effect of mathematical operations correlation
function estimators and analytic forms of corre@atfunc-
tion were obtained:

- for blade no. 1.

R, =3196x - 29490&' + 977B] 10¢ -
y (32)

13190 x* + 4442110x+ 250 10

R = 4502x - 36950% + 108] 10X -
y (33)

1249016 x* + 2760010x+ 2767 fo
— for blade no. 2.

R” = 2770x - 25840&' + 8621008 —
y (34)

115516 x” + 3525110x+ 2649 fo

R” =3578X - 31250&' + 9768] 10K -
’ (35)

12256 x* + 333410+ 2714 10

— for blade no. 3.

R =3077x - 28520%' + 95§]10x -
' (36)

12876 x* + 433%5]110x+ 2564 0

R,* =4517x - 37050 + 108l 10¢ -
y 37)

124816 x* + 27181+ 2794 10

Further, the following is determined:
- for blade no. 1.

S, (jew) = (257010 s° + 44421105 -

263801105’ + 5865110’ ~ 7077608 383528) 9
S,”(jw) = (2767010 s’ + 2761110s'~ (39)
24980110’ + 648110s’ -~ 8868 f&+ 5402465

for blade no. 2.
S, ( jo) = (264910 s’ + 3525]110s"- (40)
23100010’ + 517261105~ 6201668 332408
S,”( j) = (271410 s’ + 3334]110s'- 1)
24500110’ + 586141 1106’ - 78 TG+ 429366
- for blade no. 3.
S, (jw) = (256410 s’ + 4335110s" - 42)
2574[10s° + 57110s’ - 6844808 369248)
S, (jw) = (279410 s’ + 2718110s'- 43)
2496[10s° + 64921105’ - 8892008 54204§)
and in the end:

12

vy @

After the substitution of parameters from equations
(38 — 43) to equation (44) the following is obtaine
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— for blade no. 1.

p - Argl 408,5121.79&5+ 511.06§ - 462.387+ 119.947 16.445 45)
TizTol T6701.085° + 1158.218 - 687.380+ 152.985  18.464
— for blade no. 2.
p - Argl 292,<5321.03,c.~‘;,5+ 776.504 - 570.6E+ 136.545 17.@8) (46)
TizToL T7Y060.314° + 1060.468 - 694.945+ 155644 18.667
— for blade no. 3.
5154.60%° + 500.516 — 460.48>+ 119.730 16.485
Brroron = Argl.468¢ ) (47)

6943.993° + 1174.038 - 697.1G7+ 154.3y% 18.587

the difference between technical condition of cense
tive blades is determined basing on relative patarse

Blades technical condition is specified by moggb o1 -
parameters.

Rotor machine blade technical condition monitoring changes:
process is as follows:
— in exploitation timed, (monitoring beginning) function AB = B,-B i=1...n (48)
OT12,701 Parameters: &, Boy, Bos ...and A, Aoz Aoz ... ' B,
are determined
— in exploitation timed; (another blade monitoring) func- - A -A . _
tion @r12101 parameters: B, By, By, .... and Ao, Ay, AA = A 1=1,...m (49)

A, ... are determined

The technological differences between successive
blades might also be determined. In such casetbege
values of functiompriz to1: @ Awgr, Az Aszy ...aS Well as B,
B, ,, By parameters are determined and the diagnosed
blades parameters are compared to them (tab.3abnt) t

The change ofA and E, parameters as well as a sig-

nificant number of their configuration allows trdentifica-
tion of multiple various changes of the blade técaincon-
dition while the rotor machine is operating (thisceapplies
to investigate the new blades).

Tab. 3.The parameters of blades for the phase shift

The parameters of blades for the phase shift
As Ay As A, A k

S1T01 6701.085 1158.219 -687.39 152.925 -18.454 1.408
m S2T701 7969.314 1060.469 -694.946 155.614 -18.657 1.292
% S3T01 6943.993 1174.033 -697.107 154.371 -18.537 1.468
2 S 7204.797 1130.907 -693.148 154.303 -18.549 1.389
g Bs B4 Bs B, B, k
x S1T12 5121.798 511.068 -462.387 119.947 -16.415 1.408

S2T12 6321.036 776.504 -570.617 136.515 -17.468 1.292

S3T12 5154.601 500.516 -460.482 119.77 -16.405 1.468

S 5532.478 596.029 -497.829 125.411 -16.763 1.389
Tab. 4. Relative differences the parameters of bladestiasp shift
Relative differences the parameters of blades forhfase shift
AAg AA, AA3 AA, AA, Ak
m S1T01 -0.070 0.024 -0.008 -0.009 -0.005 0.013
<D( S2T01 0.106 -0.062 0.003 0.008 0.006 -0.070
5’ S3T01 -0.036 0.038 0.006 0.000 -0.001 0.057
x ABs AB, AB; AB, AB, Ak
5 S1T12 -0.074 -0.143 -0.071 -0.044 -0.021 0.013
o S2T12 0.143 0.303 0.146 0.089 0.042 -0.070
S3T12 -0.068 -0.160 -0.075 -0.045 -0.021 0.057
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6. CONCLUSIONS

Method of current assessment of blade technicadieon
tion changes basing on diagnostic modeI§T1A01
andor, 101 1S iINnovative method of blade diagnostics with-
out environment signal measurements.

Method of blade technical condition monitoring nizsy
based on diagnostic model in form of quotient apotiy(t)
signal amplifications to environment signal x(ty fobser-
vation time T, and T,. This method consists in fact that
time T (Fig. 5.) of blade tip movement in sensoeaais
divided onto two ranges: of blade tip approachimg $en-
sor Tp; and receding from it 1.

Both observation periods,Tand T, of y(t) are so close
in time to each other that the environment for ¢hebser-
vation periods may be considered identicd,$= S'*2,.

Method of technical condition monitoring is furthais-
tinguished by determining power spectral densif%ﬁ
S™2, of signal y(t) through analytic forms of autocdare
tion functions R™,,, R™3, and 8%, S™,, through recip-
rocal correlation function R, R™%, of signal y(t) and
distribution function representing environment x(Be-
quired match (greater than 0,99) is obtained thnqu@per
choice of observation range; &nd T, (Fig. 5.) and mea-
surement window function: rectangular, Hamming, Han
ning etc.

Another distinctive feature of models Zﬁmm
andorio 101 IS NO necessity of environment signals meas-
urement although these are indirectly taken intcoant
within special research (two observation periodsedni-
nation of diagnostic model as a quotient of modhétsling
diagnostic and environment signals to technicaldidam
parameters).

Method of blade technical condition monitoring may
be also based on diagnostic model in form of quobtie
of phase shifts of output signal y(t) to environmsignal
X(t) for observation time gt and Tp,. Observation time T
is divided onto two range®q12101 iS determined as a quo-
tient of reciprocal power density %, and $%, (to deter-
mine S%,, and $', noise of identical distribution of form

is used (t, t)).
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Abstract: Frictionless contact of two isotropic half spacesdnsidered one of which has a small smooth eiragcess.
A method of solving the corresponding boundary &afwoblem of elasticity in axially symmetric casepresented via
the function of gap height. The governing integgglation for this function is solved analytically Bssuming a certain
shape of the initial recess. On the basis of theedl-form solution obtained the strength analyse @ontact couple is per-

formed and illustrated from the standpoint of femetmechanics.

1. INTRODUCTION

The knowledge of the solutions (especially anafytso-
lutions) to contact problems is a ground for theestigation
of strength, durability, fatigue of contacting ctesp
The overwhelming majority of works devoted to sgth
of contacting joints utilizes the solutions to plerhs
of penetration of rigid indenters into an elastafispace
(Hertzian contact). Extensive accounts can be found
in the book by Kolesnikov and Morozov (1989). Hoegv
much research has been concerned with contactegmsbl
when conjugates solids touch at point or alonglitre be-
fore loading (contact with non-conformable bounésyisee
a classification by Johnson, 1985). On the contrary
the contact interaction of bodies with conformaslefaces
has been investigated much less. Approaches emgloyi
this kind of interaction take into account the txige
of imperfections (recesses, pits, protrusions, awuities,
etc.) of surfaces related to their small deviatifros a flat
onto local parts. Such perturbations lead to ttell@b-
sence of contact, so the intercontact gaps ar¢ecrea

The problem under study — compression of two semi-
infinite isotropic elastic half spaces with an diyisymme-
tric smooth recess — belongs to the class of nassidal
contact problems involving contact interactions sofids
with conformable boundaries. The purpose of thesgare
work is to determine the stress distribution witthie mated
bodies and carry out a detailed analysis of strengt
of a contact couple from the point of view of fiaet me-
chanics.

2. FORMULATION OF THE PROBLEM
Consider two isotropic elastic semi-infinite solitkeing

in frictionless contact due to uniform pressyreapplied
64

at infinity (see Fig. 1). The boundary of one (bddypos-
sesses a local deviation from the plane in the form
of a small smooth circular recess with radiusrhe shape

of this imperfection is assumed to be axially syrrineand
smooth. The boundary of the opposite body 2 isaaql

initial relief
of boundaries

T T T,

Fig. 1. Contact of two half-spaces with allowance
for an intersurface gap

intersurface gap

1

The problem is posed within the linear elasticity
for axially symmetric case. In the cylindrical codimate
system the shape of the surface recess, occupydirgudar
region of radiusb {(r, z=0) : 0<r < b}, is described
by a functionf(r). This initial recess results in the formation
of an intersurface gap of radius that is unknown and
depends on the pressupe (it is found in the process
of solution of the problem). Thus, the nominal @attinter-
facez = 0 is subdivided into two regions: the gap{ = 0) :

0 <r < a} and the region of body 1 — bod¥ contact, de-
fined by {(r,z=0) : 0<r <oo}.

A method of solving the above problem is basedhen t



use of the principle of superposition. Knowing &ial
solution corresponding to the basic stress andnstields
formed as a result of frictionless contact of lsgpidces with
flat surfaces, we concentrate attention on theupsed
problem associated with the excited state causedrby
initial geometrically perturbed surface (recessy ahe
created gap between the surfaces. For this problenget
the following boundary conditions:

at z=+oo : ng):o,agr)zo‘ 1)
at z=0:

o) =0, 0<r<o,

ag) :ngz)' 0<r<m, 1)
o =p, 0<r<a,

u(l) _ng) = f(r)’

7 a<r<oo,

Here superscriptd)(i = 1, 2 refer the quantity to body
1 or 2, respectively.

Note, that the radius of the gaps an unknown parame-
ter. It can be found from the condition of smootsgage
of gap’s faces

h'(a)=0, (2
where
h(r) = f(r) +u®(r,0)~ul (r, 0) (3)

is the height of the gap.

3. METHOD OF SOLUTION

The method of the solution to contact problems

for semi-infinite solids with allowance for geomnietsurface
disturbances has been developed in series of pdpers
Martynyak and co-workers (Martynyak, 1985; Shvetale
1996; Kit and Martynyak, 1999; Martynyak, 2000, Kit
et al.,, 2001). Some new results dealing with thell@on-
tact absence are given in works by Katsky and Monas-
tyrskyy (2002,2005), Monastyrskyy and Martynyak@3pn
The main idea of this method consists in the foihmw

(i) construction of the representation of the stresse

and displacements within the every of mated sdlidsugh
the function of the gaps’ height;

(ii) subsequent reduction of the problem to some iateg
equations for this function.

3.1. Representation of stresses and displacements

Following the approach in the axially symmetric ipro
lems, developed by Monastyrskyy (2002), the appabgr
representations of the displacements and strebsesgh
the Hankel transformH(¢) of the gap’s functionh(r)

(H(g):Tph(p)Jo(gp)dp) has been constructed. It was
0

shown that the functioH(¢) satisfies the dual integral equa-
tions

acta mechanica et automatica, vol.4 no.4 (2010)

o)

[2H(8) o (r)dg =--P+

0
+[E2F (&) 3p(ér)dé, 0<r<a, (4)
0
[&H(&)3o(¢r)dé =0, a<r<o,
0

Moreover, the expressions for components of digplac
ment vectoru and stress tensos through the function
H(¢) are given as

u)(r,2)m 2(1-v;)
M

= [£a-24 - €14)F €)-H ) Ty, ¢ e,
0

u)(r,2m 2(1-v;)
M

=" cf)f(Z(l— vi )+ &|2)F €)-H € g @r xig,

2. _ sz(F(ﬂ ~H@)e M3y (nae,

% =Z€2[(1+ E|)F @ -H©E) e Tap(en)ae,

# =Z<‘2[(1—5IZI)(F (©)-H @) ]e P (erde -
- ea-21 -l ©)-H @) 1 ae,

=24 | £FE-H @ 430 (Er)d +

+l e[ - ldF ©)-H@))e 1N ar,
(5)
In the above,F (&)= J'p f (p)Jo(ép)dp is the Han-
0

kel transform of the function of the initial recedsap€(r),

m = w/(1 —v) , wherey, v; stand for shear modulus
and Poisson’s ratio of the body denoted by= 1,2
andM = mmy/(m; + my,). Hence the contact problem
is reduced to solving the dual integral equati¢bs

3.2. Integral equation and its solution

The obtained dual integral equation (5) is welldstd
in literature. The technique of its solution is Mo
(Uflyand, 1977, Sneddon, 1966). Representing theglsio
functionH(¢) as

H(&)=¢&[y(p)sinépdp, (6)
0
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the equations (5) can be reduced to Abel’s integmalktion
for functiony(r)

a(r) (7)

v(r)==|—"/=— (®)

whereg(r) stands for RHS of equation (5)

To complete solving the problem in hand, it is rssegy
to determine the radius of the gapTo do this, we utilize
the condition (3) of smooth closure of the gap.tebmining
the height of the galp(r) via the functiony(r)

)= [Pl vp ©)

r P -2
we see that the condition (3) is equivalent togteation
y(a)=0. (10)

Once the function(r) and radius of the gagpare found,
the stress and displacement fields within everidstdn be
recovered by virtue of relations (6) with the aifl (@)
and (9).

4. EXAMPLE

As an example, assume that the shape of the indial
cess is given by formula

t(r)= r-b(l—rz/bz)?ﬁ (11)
For this case the Hankel transfoRf¥) of f(r) is
F(&)= rbbz(zb)‘5(—3(zb)zsin(ab)+
(12)
+95sin€b)- Eb costb ) .
The functiony(r) , calculated from (9) is
__2| 1 _3thy
y(r) = n{ P=7 b{ sz]r- (13)

The solution of equation (11), provided the funatir)
is given by (14), yields the following value of thadius
of the gapa:

a= le pSTHb
M 4 b

Now it follows that there is a certain level of extal
load, namelyp = 4bM/3rhg, for which the radius of the gap
becomes zero. It means that for this magnituddefres-
sure the gap is closed and the contact of thesdirea-
lized through the whole contact interface 0. The depen-

(14)
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dencea = a(p) is shown in Fig.2. The following dimension-
less parameters have been introducge:a/b, p=p/M,

hy =hy/b=10"3

Whereas the functiop(r) and the gap’s radiua are
known, the complete solution can be determined frela-
tions (6) and (7). Thus, the solution to the contaoblem
can be rewritten through the corresponding integrafter
calculations we obtain

al(r.2) _

ho (2
v zb3( 3bcInt (r,z,b)+9nt, ¢ ,zb)+

+3a2Int1(r,z,a)— ant, ( ,z,a)) ,

o9 (r.2) _

Y _p+%(—3bzlnt3(r,z,b)+ nt, ¢,z )+

+z(—3b2Int5(r,z,b)+ 9ntg .zb ))+
+3a2Int3(r,z,a)— ant, ¢.za)+
+z(3a2Int5(r ,Z,a) —9Intg (r ,z,a))) ,
ol (r.2) _
M
((1 2,)(-D?nt; ¢ 2b)+ dntg ¢ 2 )+

(=
(

+z(3a2Intg (r,z,a)-9ntyo( 22 ))) +

+2z Intg (r,z,b)+9ntyg¢ .z b ))+

+1-2v) 312Int7 t.za) 9ntg ¢ z a)

+%(—3b2|nt3(r ,z,b)+9nt, ¢ .zb)+

+z(—3b2Int5(r,z,b)+9lnt6(r,z,b))+
+3a2Int3(r,z,a)— dnt, ¢ .za)+
+z(3a2Int5(r,z,a)— 9ntg ,z,a))) ,
agg(r z)
M

%((1- Py )(—302Int7 ¢.zb)*+ 9ntg ¢ zb )+
+z( Intg(r,z,b)+9|nt10(r,z,b))+
+(1-2 )(C:azlnt7 t.za) 9ntg € z aj
+z(3a Intg (, 2,a)- ANty ¢ ,z,a)))+ (13)
w2, 20( ~32Inty (r,zb)+ Aty ¢ zb 1+

+3a2Int3(r ,z,a)—9nt, ,z,a)) ,

where Int,(r,z,b) (k=1,10) stand for integrals given
in Appendix.



The solution of the axially symmetric contact peshl
for semi-infinite solids with a surface recess gigy for-
mula (16) is found thus analytically.

1 T T

a

05—

1 1 _
o 1 2 12

1]

Fig. 2. Dependence of radius of the gap on the applied load

4.1. Contact strength

The obtained closed-form solution can be usefubfa-
lyzing the assessment of strength of the contactoyple.
To estimate the strength of a system of two matestie
half spaces allowing for unevenness of their botirda
we shall use the classical criteria of fractures thiterion
of maximal principle stresses and the criterionmatximal
shear stresses (Bozydarnyk and Sulym, 1999).

It's worth noting that an analysis of the stresstriu-
tion within the every solid reveals that the stesss,, oy,
ogp are the principle stresses at the contact bour(dar).
Moreover, the principle stresses achieve theireaxér value
at z = 0. That's why we pay our attention to the analys
of stresses at the contact interface.

The maximum compressive stresses

Fig. 3. shows the distribution of contact normaésses
04 being the maximal compressive stresses. ThessBes
are zero within the gap region, then they increaaelsiev-
ing the maximal value atf =1 which corresponds
to the initial recess’ tip. Then they asymptotigapproach
to the magnitude of external presspre

Fig. 3.The distribution of stresses, at the contact interface
(0,=0,/M)

According to the criteria of maximal principle dses,
from an analysis of stresdistributions,, one can conclude
that the most dangerous zone is the vicinity of rdeess’
tip. Cracking of materials caused by the compressiv
stresses initiates most likely in the vicinity bkttip of the
surface geometrical imperfection.

acta mechanica et automatica, vol.4 no.4 (2010)

The maximum tensile stresses

Fig. 4 and 5 present the distribution of radialand cir-
cular gy stresses at the contact interface. They reveal
an interesting effect — the existence of tensilesses
at the contact interface. The stressgsand oy are: ()
tensile, {i) constant and iif) equal to each other within
atthe gap’s faces. The magnitude of tensile steess
andoy, at the gap’s faces is determined through the agplie
pressure and mechanical properties of the solids as
ol (r,00=08) (r,0)= @+ 2; )p/ 2, O<r<a. (16)

Thus, the cracking can be initiated by tensilessies.
The most dangerous region is the gap. Moreovempdssi-
bilities of cracks initiating along radial and aitar direc-
tions are equal.

-2 —

Fig. 4. The distribution of stresseg at the contact interface
(a-rr = Urr /M )

. \ \ L

0 0.5 1 15 r 2

Fig. 5. The distribution of stresses, at the contact interface
(Tgp =0ge/M )

The maximum shear stresses

The analysis of maximal shear stresses at the conta
interface has been carried out. Fig. 6 shows thillition
T..x- Based on the criteria of maximal shear stresseshwh
are used for assessment of plastic zones initiiedmost
dangerous zone is the vicinity of the recess’ tip.
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103-p=1.206

0.5 | =
0 1 r 2
Fig. 6.The distribution of maximal shear stresggs
at the contact interface

5. CONCLUSIONS

The found closed-form solution to the contact peafl
has served as a theoretical basis for an analyssength
of the contacting couple with a small surface rsces
The analysis has been carried out by utilizingsitas frac-
ture criteria, namely, the criteria of maximal miple
stresses and the criterion of maximal shear ssesse

The cracking of the material of the mated solids ba
caused by both compressive and tensile stressdsrner
case the most possible region where the crackdean-
itiated is the vicinity of the recess tip. The coegsive
stresses achieve their maximal value at the contemface
at the tip of the recess. On other hand, the ®ersikesses
oy anday, in the vicinity of the gap, appear at the integfac
Moreover, the maximal value is achieved at the géaces,
where o,, and g4y are constant and equal to each other.

The magnitude of the maximal tensile stress depends

on Poisson’s ratio of the material and lies in thege be-
tween 50% and 100% of the value of applied loaidfati-
ty. Two directions of cracking along the radial arictular
co-ordinate lines are equally possible.

According to the criterion of the maximal sheaesses
the most possible region where plastic zones canitigted
is the vicinity of the recess tip.
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APPENDIX

The values of the integrals appearing in (16) afelbws:

2zb

1. 4 (1. 2
bcog = tan"| ——— | |-z sin= tanl —
{2 (22—b2+r2D ’EZ (22—b2+r2D

Inty(r,z,b)= ng e singb Yq €r HE =
0
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Contact strength of a system of two elastic half spaces with an axially symmetric recess under compression
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Abstract: In the paper the paths of bubbles emitted fronbtfas nozzle with inner diameter equal to 1.1 mneHaeen ana-
lyzed. The mean frequency of bubble departure wabe range from 1 to 36 Hz. Bubble paths have beeorded using
a high speed camera. The image analysis technigsi®den used to obtain the bubble paths for differeean frequencies
of bubble departures. The Fourier, wavelet analysisrecurrence plots have been used to deterfmngttength of interac-
tion between bubbles in column. It has been folnad the influence of previously departing bubblestrajectory of next
bubble in the column can be significant fpr 30 Hz, in this case the bubble paths become lagsdieand more instable.
In this case the distance between subsequent ohephrtbbles (S/D) becomes close to 1. It causesthieavertical interac-
tion between departing bubbles is enough strorofpamge the dynamical properties of bubble paths.

1. INTRODUCTION

The knowledge of bubble dynamics is of key impor-
tance in physical, biological and medical processes
and patrticularly in industrial applications. Thenme numer-
ous physical parameters such as: physical propesfiche
two phases, gas flow rate, gas pressure, heigteofquid
and gravity conditions which influence on the bwsbfor-
mation. Hence, most of efforts have been devoteth¢o
formation of bubbles from single nozzles or orifigkates.
The study of bubble dynamics is crucial to underdtaub-
ble-liquid and bubble-bubble interactions. Accoglito
Luewisutthichat et al. (1997) the bubble motion antible
shape are controlled by deterministic forces suxtbady
force and drag force caused by the convective mptod
the complex non-linear forces generated by liquiotiom
around bubbles. Results of investigation show thath
quantity as: bubble departure frequency (time betwe
subsequent departing bubbles), bubble departuraeds,
bubble shape and its deformation, gas pressuréudltion
in the nozzle, bubbles interaction, bubbles coalese
and bouncing, structure of liquid flow around thebbles
and bubble column change in time chaotically (Maokdo
and Shoji, 2003; Zhang and Shoji, 2003; Kikuchiakt
1997; Femat et al., 1998; Vazquez at al., 2008).

The tubes of streamwise liquid vorticity are belaff
by each bubble and they are responsible for appeara
of lift force acting on the bubbles (Zenit and Magdet,
2009). The strength of the circulation of each ewrubes
decreases with increase in the distance from thblbu
The bubbles in the bubble column create the comgtierc-
ture of bubble wakes. These wakes interact betveaeh
others and finally modify the bubbles trajectoryheTin-
crease of bubble departure frequency decreasesttieal
distance between bubbles. It causes the increaseteoic-
tion between the bubbles and tubes of streamwiggdli
vorticity generated by previously bubbles. Sucleriattion

changes the lift force and finally modify the oktibn
bubble trajectory.

In the present paper the dynamical properties bbleu
paths have been investigated to detect the streofgtite-
raction between bubbles. The paths of bubbles ednftom
the bras nozzle with inner diameter equal to 1.1 ham
been analyzed. The bubble departure diameter was ~4
mm. The laser-photodiode system has been usedasumee
the frequency of bubble departures. The analyzeguén-
cies ranged from 1 to 36 Hz (bubbles per second).
The bubble paths have been recorded using a higadsp
camera. The image analysis technique enabled abtéin
the 2D bubble paths for different mean frequenoielsub-
ble departures. The Fourier analysis, wavelet aimly
and recurrence plots have been used to determine
the strength of interaction between bubbles.

2. EXPERIMENTAL SETUP
AND BUBBLE BEHAVIOURS

The air bubble paths in bubble column in the tank
(400 x 500 x 40 mm) filled with distillated watea$ been
investigated. In the experiment bubbles were geeadra
from the brass nozzle with inner diameter of 1.1.mm

Because in the experiment with bubble column genera
tion both the pressure and gas mass flux fluctuttted
in order to evaluate experiment conditions it wasassary
to use the mean value of gas mass flux or bublpertiee
frequency. In the present experiment the mean leubbt
parture frequency was used as a control parameter.
The frequency has been measured using simultaryeousl
the laser - phototransistor system and gas pressumsor.
The gas pressure fluctuation has been measured usin
compensated silicon pressure sensor MPX12DP. In the
laser-phototransistor system the semiconductor lasdr
with wave length of 650 nm, 3mW, special aperture
and phototransistor BPYP22 has been used. The thame

71



Romuald Mosdorf, Tomasz Wyszkowski
Freguency and non-linear analysis of bubble paths in bubble chain

of laser ray was 0.2 mm. Thexperiment has been carri
out in conditions when subsequeatgparting bubbles di
not coalesce vertically close to the nozzle ouThe fre-
quency of bubble departure was in the range frotm 36
bubbles per second, the water temperature w°C.

All data was simultaneously recorded using the dc-
quisition gystem DT9800 series USB Function Modules
Data Acquisition Systems with sampling frequency
1000 Hz.The air supply system consisted of air tank c-
ity of 2dn? and the electronically controlled air pun
where the velocity of electric engine was contibllgy the
chip U2008B.The scheme of experimental stand has !
shown in Fig. 1.

Bubble paths have been recordedhe rectangle are
of 230 x50 mm using thhigh speed camerCasio EX
FX1. The recorded color video (600 fps) has beerddd
into frames. All colored frames we& converted into gra
scale images. The Sobel filter based on convolutiothe
image with a small, integer valued filter has besec to
identify the bubbles on the frames (Hedengren, 1. Ex-
emplary results of using the Sobel filter for bublinage
are presented in Fi@a. Because the Sobel algorithmn-
tifies only the edge of the bubble, therefore thdidonal
algorithm to fill interior of the detected bubble by ble
pixels has been used. Finally, each bubble wablgign the
frame as a set of black pixels (Fig. 2).

The path of each bubble was reconstructed by tmac
the trajectory of mass center of each bubble irsesgbet
frames. The mass centre has been calculated acgoi@
the following formula:

e 1)
wherek = {i for blagk pixels
e @
wherek = {j for blaOCk pixels

whereS— the area of the bubble picture.

In the paper the paths of bubbles which do notesaa
with another bubbles have been analyzed.

In Fig.3 it has been shown the data recorded fromr
phototransistor and pressure serfsordifferent mean e-
quencies of bubble departures. The laser ray pad mm
above the nozzle outlet. When the bubble was pg
through the laser ray the phototransistor sensaerggec
the signal of the low voltage level. The time betwdb-
bles is visible in Fig3 as a signal of the high voltage le\
Obtained results show that for all frequencies oblie
departures the timgeriods in which the bubbles pe
through the laser ray are approximately the santeare
equal to 0.018:0.002 [s], but meatime periods betwee
subsequent departing bubbles decrease tor with in-
crease of bubble departure frequencies as it hers feowr
in Fig. 4.

When bubbles depart, the air pressure rapidly dses
as it has been shown in Fi. The number of inimums
of pressure signal and number of periods with lowags
level signal coming from phototransistor sensorehbeer
used to determine bubble departure frequen
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Fig. 1. Experimental setup. lglass tan, 2 — air tank, 3 — laser,
4 — phototransistor, 5air valve, 6— pressure sensor,
7 —computer acquisition system (DT9800 series |
Function Modules for Data Acquisition Systen
8 —Casio EX FX1(600 fps), — light source, 10 — screen,
11 —air pump with electronic control2 — The rectangle
area of 230x50 mm where the bubble pathsbeen rec-
orded

<)

<as i
Cp L S
o o
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Fig. 2. The bubble identification process. a) original gh
b) results of Sobdillter, c) filling interior of the bubble
by black pixels
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Fig. 3. Pressure and phototransistor signal recorded fiareint
frequencies of bubble departuf, a)f, = 2 Hz,
b) f, = 30.08 Hz
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Fig. 5. The changes in time of the horizontal posit
of the bubble and the typical behavior of bubbdevf
for different mean bubble departure frequenf,
a) f,= 14.4 [Hz], b)f,= 30 [Hz], c)f,= 36 [Hz]
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Fig. 6. Estimated distance betwesnbsequent bubbl

In Fig. 5the typical behavior of bubble flow for dir-
ent mean bubble departure frequencies has beeanpees
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Changes of frequency of bubble departures cause
changes of average distance between bubbles inouthige
chain. The distance has been measureween two subse-
guent bubbles when the lower bubble was 10 mm the
nozzle outlet. In Fig. & has been shown the distance-
tween bubbles vs frequency of bubbles depa

3. ANALYSIS OF FREQUENCY
OF BUBBLE DEPARTURES

One of the main problem iinvestigation of bubbling
flow is an analysis of frequency of bubble depatBuct
frequency can be constant in time (bubbles depenibgi-
cally) or change chaotically in time (bubbles de¢pdioi-
cally). The Fourier transformation allows us to regnt
the timedomain data in the frequency domain. The Fot
power spectrum answers the question which freqes
contain the signal power. The answer has a forrdisifi-
bution of power values as a function of frequencyitha
frequency domain, this the square of Fourier transfca-
tion. For the measurement data in the form of digcserie:
X, the Fourier transformation has a following fo

N-1 o -2
Fe= 2 x.e N (3
n=0

The power spectrum is defined P = F>. The exam-
ples of power spectrunef data recorded in the periment
have been shown in Fig. 7.

Obtained results for bubble paths have been com
with results of analysis prepared for the test mhabcribec
by the functionx(t) = In(t) - sin(wt). Power spectrum
of test path has beenahin in Fig 7c. In this case the do-
minant frequency is equal to bubble path oscillatfte-
quency -4.63 [Hz]. The ower spectrum presented in
Fig. 7c is characteristic for periodic system. Powerc-
trums obtained for expienental data presented in F 7.a,b
are characteristic for deterministic chaos sys

In case whetl, = 0.9[Hz] (Fig. 7a) the bubble path os-
cillation frequency is a dominant frequency of powpec-
trum and is equal to 4.87 [Hz]. But in power speat
we can distinguish the additior frequencies with relatively
high amplitudes. These frequencies are connected
trends of bubble paths. Together with the increafstre-
qguency of bubble departures the amplitudes of tlaelsi-
tional frequencies (less than 5 [Hz]) irase, which
is presented in Fig.b7 It means that bubble paths becc
more unstable.

The Fourier power spectrum does not allow us tati-
fy the frequency changes in time. This problem e
analyzed using the windowed Fourier transform:
(Torrence and Compo, 1992005), but this is an inaccu-
rate method to localize tir—frequency. The method which
eliminates this inaccuracy is the wavelet analysisis
atool for analyzing the localized variations of povepec-
trum within the time seriex,, with equal time spacing
(Torrence and Compo, 1998, 200The continuous wave-
let transformation of a discrete seque x, is defined as the
convolution of x, with a scaled wavele W (Torrence
and Compo, 1998, 2005):
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W (t,s)= Eolxt.w E[@} (@)

where (*) indicates the complex conjugate.

), 4.87 [Hz]
P
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0E0
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D'Dg.s a1 182 274 35
fe,
b) 1.00 b [Hz]
P 5.08 [Hz]
078
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f Dg.s 87 17.41 261 318
€) 15 fe.[Hz]
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P
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oo g T
0E 3z 185 278 3o

f3,[Hz]
Fig. 7. Fourier power spectrums for different frequencies
of bubble departurds. a)f,= 0.9 Hz, b),= 36.5 Hz,
c) Test path

Because the wavelet functiob,() is generally com-
plex, the wavelet transformatiow(t,s) is also complex.
The wavelet power spectrum is defined As(t,s)|* (Tor-
rence and Compo, 1998, 2005).

In the analysis the Morlet wavelet has been useithes
based wavelet and has a form (Torrence and Cong88, 1
2005):

l4J0(,7) — ﬂ—1/4eiw0/7e—/72 /2 5)

where: w, — nondimensional frequency, in the paper it is
equal to 6 (Torrence and Compo, 1998, 2005).

In Eq. 4 the parametarassigns the frequency, whereas
the parametet identifies the time around which the as-
signed frequencies are investigated. The waveletepo
spectrum is presented in the form of three dimeradimap,
where the horizontal axis shows the values of patam,
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while the vertical axis shows the values of paramet
(frequencies). The values of wavelet power spectrum
|W(t,s)|* are presented as an altitude. The wavelet power
spectrum allows us to observe the changes of eaqudn-

cy in time. In Fig.8 the contour plots of the waategbower
spectrums for selected bubble paths have beennteglse
The areas containing the highest valugve,s)|* are filled

with a grey color.

The changes of location of maximum value$Wit,s)|?
identify the changes of the dominant frequency iiet
The wavelet power spectrum shows in what periotinoé
of the pressure time series these frequencies appea

In Fig. 8g it has been shown the wavelet power spec
trum for test path. Because the valuéWlft,s)|* depends on
the amplitude and frequency of data, therefore|g,s)|>
obtained for test path clearly identifies the datibn fre-
qguency only when the amplitude of oscillations m®egh
large. It happens in certain distance from the leoomntlet.
The higher value ofWt,s)|> have been market in Fig. 8
with grey color.

The length of the area marked with grey color is
a measure of time in which the oscillatory bubbleves
ment with frequency about 5 [HZz] is stable. Thegténof
grey area decreases together with the increaseqdiéncy
of bubble departures.

3.1. Attractor reconstruction

In order to qualitatively describe the stability axfcilla-
tory movement of bubbles the non-linear analysishwi
using the recurrence plot method has been cartied o

The trajectories of the chaotic system in the plsasee
do not form any single geometrical object such iaslec
or torus, but form objects called strange attractoir the
structure resembling the one of a fractal [8]. Nowar
analysis starts from attractor reconstruction. Retiction
of attractor in certain embedding dimension hasnbesa-
ried out using the stroboscope coordination. Is thethod
subsequent co-ordinates of attractor points areulkzkd
basing on the subsequent samples distant of tireyde
The time delay is multiplication of time betweere ttkam-
ples. The image of the attractor in n-dimensiorzéce
depends upon time-delag When the time-delay is too
small, the attractor gets flattened, that makethéuranaly-
sis of its structure impossible. The selectioniofetdelay
value is of great significance in the analysistaf attractor
properties.

Therefore the analysis of the experimental dati-s
itiated by determining the time-delay. For thatpmse the
autocorrelation function is calculated. Autocortiela func-
tion allows identification of correlation betwedmetsubse-
guent samples. In case of chaotic data the valaeitwicor-
relation function rapidly decrease wherincrease. Value
of the time-delay r is determined from the condition
C(7)=0.5*C(0) (Schuster, 1993).

In Fig. 9 it has been shown the 3D attractor rettans
tion obtained for time delay calculated using thetumal
information method. For the low frequency of bubdke
parture (Fig. 9a,b,c) the spiral structure of atwais visi-
ble. For the high frequency of bubble departurey.(Bd)
the spiral structure of attractor is invisible.
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Fig. 8.Bubble paths and wavelet power spectrums for difft

frequencies of bubble departufgsa)f,= 0.9 Hz,

b) f,= 4.1 Hz, c)f,=31.7 Hz, dX,= 36.£ Hz, e) Test path
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Fig. 9. 3D dtractor reconstructics for different frequencies of
bubble departuresf,. a f,=0.9[Hz], b)f,=2.9[HZ],
c) fo=4.1[Hz], e)f,= 31.71[Hz]

3.2. Recurrence plot

Recurrence plot (RP) visualize the recurrenceatesx;
in a phase space. The RP enables us to investigate-
currence of state in mimensional phase. The recurrel
of a state at timeé at a different timej is marked within
black dots in the plot, where both axes are timesakromr
the formal point of viev the RP can be expressed asr-
wan et al. (2007):

Ri,j = ®(Si - ”xi - xj”), X € ERm, l,] —-1..N (6)

whereN is the number of considered stax;, ¢ is a thre-
shold distance, ||da|norm an@® the Heaviside function.

HomogeneousRPs are typical for stationary syste
in which relaxation times are short in comparison vtita
time of system investigation. Oscillating systenasé RPs<
with diagonal orientedperiodic recurrent structures. For
quasi-periodicsystems, the distances between the diac
lines are different. Thalrift is caused by systems with
slowly varying parameters which cause changes ofh-
tens of the RP's uppéeft and lowe-right corners. Abrupt
changes in the dynamics as well as extreme evextse
white areas or bands the RP(Marwan et al., 2007).

In Fig. 10the RPs obtained for different frequenc
of bubble departure have been presented. The RP ka
made for 2D attraor reconstruction ane equal to 1%
of maximal lateral bubble displacement. For each feaqy
of bubble departure the time series of bubble dhtdis-
placement (upper part of figure) and RP (lower
of figure) have been shown. In F 10f it has been pre-
sented the RP prepared for the test time seriese
x(t) =1In(t) -sin (w-t). The distance between para
diagonal lines identifies the time series periokle Tistanct
between parallel diagonal lines in RP ( 10a,b) is a result
from the period of function of bubble lateral disgaent
and is equal to 80 points (about [Hz] ) (Marwan et al.,
2007).

The recurrence rateRR) represents the percentage
of recurrence points in R(Marwan et al., 2007). The re-
currence rate corresponds to the correlation (Marwan
et al.,, 2007). e number of recurrence points incree
with increase of frequency of bubble depar (Mosdorf
and Wyszkowski, 2010Because all recurrence plots hi
been constructed basing oisingle bubble trajectory, there-
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fore the increase d®R is a result of increase of complex 7 - 0.007

of attractors.

a)

—

Fig. 10.Recurrence plots for different frequencies of bulde-

b)

\ \\‘W

partured,. a)f,= 0.9 [HZz], b)f,= 4.1 HZ],

c) f,=13.6 [Hz], d)f,= 17.2 [HZ], e)f, = 31.7[HZ],

f) Test path
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Fig. 11.The inverse ok, (DIV) andthe ratio betweeDET
andRR

A diagonal lineoccurs in theRP when a segment of the
trajectory runs parallel to another segment anddth&nce
between trajectories is less the. The length of this di-
agonal line is determined by the duration of tHigmone-
non. Determinism ET) is a percentage of recurrer
points which form diagonal lines (Marwan et al., 20(
The DET can be treated as a measure of disappea
of spiral shape of the attractor.

Ratio coefficientRATIO is a ratio oIDET to RR defined
as Marwan et al. (2007):

Z{\I:lmin lP(l)
(Zi, P ) @

In Fig. 11the RATIO vs frequency of bubble depart
has been showkor frequency of bubble departs less
than 30 [Hz] the coefficienRATIO oscillates around the
trend line. The oscillations become small f, > 30 [Hz].
Obtained results indicate that effect of interactizetweer
subsequent bubbles which destroy the spiral maifotie
bubble can be detected by coefficilRATIO for frequen-
cies of bubble departure greater thai [Hz]. Before these
frequency the largéluctuation around the trend line &
observed.

The longest diagonal line,, determines the mean ver-
tical length of bubble path where the phenomenostail-
ity loss does not cause the rapid changes in bsaljtd¢h
character. The inverse af,, is defined as Marwan et al.
(2007):

RATIO = N?

DIV =

Lmax (8)

and it is related with thKS entropy of the system, i with

the sum of the positive Lyapunov expone(Marwan et al.,
2007). In Fig. 11it has been shown the function of DIV

frequency of bubble departure.

The positive Lyapunov exponents is a measure ¢a-
bility of system trajectory. Obtained results shitat bib-
ble paths become more unstable when bubble dep:
frequency increases. The rapid increase of ingtal
of bubble paths is observed for bubble arture frequency
greater than 30 [Hz].

4. CONCLUSIONS

In the paper the paths of bubbles emitted fromntbz-
zle with frequency of bubble departures which rahfyem



1 to 36 Hz have been analyzed. The frequency asaysl
recurrence plots have been used to determine thpgsh
of interaction between bubbles in the bubble chain.

The wavelet analysis shows that the time of stabtal-
latory bubble movement with oscillation frequendpat 5
[Hz] decreases together with the increase of bubbfear-
tures frequency. Qualitativanalysis of this phenomenon
prepared with using the Recurrence Plot methodshag/n
thatthe increase of frequency of bubble departure cause
decrease of number of the recurrence points which f
diagonal lines. This confirms that periodic chagact
of oscillatory trajectory disappears with the irage
of frequency of bubble departure. The length oflthegest
diagonal line can be used to estimate the stalufityubble
trajectory. It has been found that the rapid inseeaf insta-
bility of bubble paths is observed for bubble déyar fre-
quency greater than 30 [Hz].

The average length of the vertical lines of RP daths
atime in which a bubble trajectory changes veowsl.
This time is equals to ~0.05 s and correspondisn® delay
obtained using the minimum mutual information metho

It has been found that the rapid increase of ingkab
of bubble paths is observed for bubble departigguiency
greater than 30 [Hz]. In this case the distancevden sub-
sequent departing bubblesS/D) becomes close to 1.
It causes that the vertical interaction betweenadem
bubbles is enough strong to change the dynamicgenr
ties of bubble paths.
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Abstract: The paper has describes the complete design aedtigation processes of permanent magnetic bearimgpas-
sive magnetic bearing (PMB) rotor suspension rig legipg no active control components was calculatizsigned, con-
structed and tested. In order to increase the Irgdissive magnetic bearing stiffness, the Halbachyaconfiguration
was used. The main purpose of the work was devaiojsie nonlinear model of the PMB. Therefore, thgmetic flux cir-

cuit of the PMB was analytically calculated by usthg Ohm and Kirchhoff methods. The nonlinear effexf the discrete
3D model of the PMB was analyzed using Finite Elem@athod (FEM). Finally, the very well matched expeental and
analytical static characteristics of the passivgmetic suspension were carried out.

1. INTRODUCTION

The nowadays industrial rotor machines are morabie

analytical model, experimental tests and modelfication
of the passive magnetic bearing based on permanagmets
(Fig. 1). For this purpose the PMB test rig wasighesd and

and often operating with ultra-high speed. Themsfor constructed. The experimental characteristics efntlagnetic

the suspension systems must to advanced and Higblee

force due to radial rotor displacement were meakunethe

Another problem is connected with power consumpgtionPassive bearing plane and compared with the acalydne.

the modern suspensions should be low-power systems.

Active magnetic bearings have many disadvantagaes cd.l. Halbach arrays

nected with complicated control hardware, such>@elsive
digital processors, amplifiers with limited bandttidsensi-
tive sensors, and software. Thus, these systemissalielow
reliable and have high energy loss index.

Using the passive magnetic bearings in certainicgpl
tions, we need to take into account the occurrericadial
component in the case of axial bearings and axiadponent

Passive magnetic bearings do not require contryy the case of radial bearings. Journal bearinggddition

and measure hardware and advanced software, thémepy
have the potential to increase system efficienay ratiabili-
ty. Another advantage of PMBs is positive stiffnassl self-
stability. What more, they can operate with langdor-stator
gaps since the levitation force for active magnégarings
is inversely proportional to the square of the ratiator gap.
The disadvantage of PMBs is lack of stiffness auntiue
to e.g. rotor displacements and lower damping thiamilar
size active magnetic bearings.

The beginning of the development of magnetic bearin

combined with the first patent of American scientigsse
Beams from University of Virginia during the Sedoworld
War (Beams, 1964). Passive magnetic levitation ivewe
one degree of freedom by using permanent magness
achieved and described by Jansen and Di Russo ) 10868
et al. (1999) and Fremerey (2000). The use of supeiuc-
tors in the art of passive magnetic bearings wasrdmed by
Hull and Turner (2000) and Hull et al. (1994). Sevg@apers
were also published on research of the coefficiehsiiffness
and damping of passive magnetic bearings. Theiatars
are Satoh (1996), Ohji (1999) as well as previousin-
tioned Jansen and Di Russo (1996).

This paper concerns the design, implementation, rand
search studies of the PMB which consists of thenpeent
magnets based on the Halbach-array configuratibe. riiain
objective of this study was to design and executbrihe
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to passing load forces of the rotor, rotor weighd aamping

must take into account the existence and impattisfnega-

tive component forces. Therefore, in the desigmadsive

bearings Halbach-arrays are introduceHialbach-array
is a special setup and configuration of permaneagmats,

sothat you can get the concentration of magndtix f
in a specific, desired items, and remove it froes lenportant

or unwanted places (Halbach, 1980).

NEEENERERNER
, HI=11

=~ ¥

Vﬁg. 1. Sample Halbach-array configurations, a) ?.80d b) 90

Fig. 2. Cross-section of the PMB
with Halbach-array configuration



Among the Halbach arrays, to guide the magnetild fie

in the desired way, we can distinguish boards betwes0

and 90. These terms relate to the relationship between

the magnetization vectors.

In the construction of the passive radial magnieéiaring
180> Halbach-array was used. This kind of magnetic Ineari
belongs to the repulsive magnetic bearings. Fuifigaration
of constructed Halbach-array is presented in Eig.

2. DESCRIPTION OF DESIGNED RIG

The examined passive magnetic bearing is compddedro
pairs of the Neodymium-iron-boron (NdFeB) magnetgs:
These rings are axially magnetized, which meartsntiagnetic
poles are placed on the flat circle sides of thgnets (see Fig.
2). The dimensions of the magnets are shown inT.ab

Tab. 1. Magnets dimensions

Outer di- Inner di- .
Thickness
. ameter\ ameter
Material g
D, Dy [mm]
[mm] [mm]

Outer NdFeB

ring N38 & 49 10
Inner NdFeB

ring N38 40 22 10

Magnetic parameters of the magnets are groupeakin2.

Tab. 2. Magnetic parameters of magnets

; Value
Parameter Symbol Unit VP YER
Material - - N38 N38
Remnant
flux density Br (7] 1.25 1.1
Coercivity H. [KA/m] 899 354
Magnetic
engergy (BH)max [kJ/ms] 302 243
s o Te [°C] 120 180
M?ﬁljr:(etlc % max [mWh] 4670e-3| 4890e-3

The base of the magnetic bearing stator is madeaddimi-
num alloy PA11 and PAG6, which are nonmagnetic rizdger
Stator consists of five parts, namely: the vertisedcket left
and right (Fig. 3 {2}), middle base (Fig. 3, {3})nd the hub
mounting magnets (Fig. 3, {1}). Additionally, on ethstator
is mounted the handle of distance sensors madéuinam
(Fig- 3, {4}).

The rotor shaft was made of constructional stei. (&,
{1}) but the post of inner magnets (Fig. 4, {3}) imade
of brass (Fig. 4, {4}). Distance ring (Fig. 4, {78re made of
brass also and is mounted with a steel nut (Fig2Q, On
the rotor a steel blade to implicate unbalancerdba is
placed (Fig. 4, {6}). To reduce the air gap betwaarer and
outer magnets in magnetic bearing, the sleeve sad made
of soft magnetic material (Fig. 4, {5}).

acta mechanica et automatica, vol.4 no.4 (2010)

Fig. 3. Stator of the passive magnetic bearing
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Fig. 4. Cross-section of rotor with passive magnetic bearing
3. SSIMULATION RESULTS

To analyze the magnetic bearings and to estimaie ri-
dial force distribution, 3D models of the passivagmetic
bearing were built. Simulation calculations weredmaby
using the FEM via Comsol Multiphysics ver. 3.5atsafe.
The magnetostatic module of Comsol environment uszsl
to analyze the magnetic field distribution of thesgive mag-
netic bearings with Halbach-array.

3.1. FEM magnets model definition

Analysis of the magnetic field of magnetic bearing
is a magnetostatic problem with no current. Thizbfgm we
can solve using a scalar magnetic potential. lforegwith no
current, where:

OxH =0 (1)

where:H — magnetic field[1 — nabla operator.
We can define the scalar magnetic potenfjgl from the
following relation:

H=-0V, @)

It is analogous to the definition of the electratgntial for
static electric field.

Using the major relation between the magnetic €flarsi-
ty and magnetic field, which is described by:

B=t,(H+M) (3)
where:B — magnetic flux densityyl — magnetization vector.

Together with equation:
OxB=0 (4)

We can simply derive an equation féy,
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This means that the magnetic field is symmetridiwispect
to the boundary. This can be achieved by settingotitential
to zero along the boundary, and thus making thential
anti-symmetric with respect to the boundary.

=040V, = 4,M) =0 (5)

Equation (3) supplemented by the following expm@ssi
- first Maxwell equation for current-less area:

HrotH =0 (6)
3.3. Subdomain settings
— or first Maxwell equation for conducive area:

rotH = J (7 The Fig. 5 shows all highlighted subdomains in nedign

_ bearing finite element model. These are: magnetstatbr,
where:J — current density, N magnets of rotor, outer sleeve, inner sleeve andiehair.
- magnetic field source-less condition: In order to get the detailed finite element modethe PMB,
divB=0 (8) the proper parameters need to by find in the rigrhain

of the geometric model.

Selected following settings and parameters of tlge h
hlighted domains in the magnetic bearing modepaesented
in Tab. 3.

These equations are true for stationary magneéld fi
of the permanent magnet in an environment of ssfofnag-
netic. In order to design model of magnetic fiefdpassive
magnetic bearing, the above conditions should hdieah

The analytical model of magnetic phenomena willdegel- Tab. 3. Subdomain settings

oped by using Comsol Multiphysics, and 3D discratalel ] Subdomain Subdomain Subdo-
of the PMB will be presented. Settings 1,2 3 main4
- Rotor Magnet, Magnetically .
Description Air
3.2. Boundary conditions Stator Magnet Soft Sleeve
Constitutive| B=H+uM | B=guH 1B=y uH
. . relation
Along the boundaries far away from the two pairs
1 - 6980 1

of magnets (Fig. 5), the magnetic field should d&gential to
the boundary as the flow lines should form closmupb
around the modeled magnets. The natural boundangitian
is expressed by:

n(yOEIVm _:quo) =nB=0 )

3.4. FEM calculations

Next, the PMB mesh model is developed. Settingdhe
vant parameters the mesh model is extremely impbrta

where:n — boundary normal pointing out from the inner magt© correctly estimate all properties of the magnétarings

net rings.

o

MAGNET

0.03
INNER SLEEVE

0.02

MAGNET
0.01

-0.02

Fig. 5. Finite element model - magnets geometry

Therefore the magnetic field is made tangentiathe
boundary by a Von Neumann condition on the magrmtic
tential. Along the symmetry boundary below the negthe
magnetic field should be tangential, and thus weagply the
same Von Neumann condition there.

Against, the magnetic field should be normal to skm-
metry boundary, which is located at the front of thagnet
rings cross-plane (see Fig. 5). Thus, the magiletic lines
have formed of the closed-loops rings around thgrega
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and determine the maximum radial force of the lbgafilesh

was concentrated in the most important placesefithgnet-
ic bearing model, which are air gaps between pirstator

and rotor magnets. As the most optimal mesh elentetna-

hedron was used. The maximum size of the mesh atenss

defined as 5-7% of the smallest dimension of thenggric

domain. Maximum element size scaling factor wasseho
as 0.5. Mesh curvature factor was set as 0.2%hdmagnetic
bearing air gaps, inner and outer sleeves, theslpapent was
used. Gap element is the special kind of mesh eleme
It is particularly important whenever a big impact the field
distribution have air gaps in model. Gap elememtuces
the growth of algebraic matrix equations in thecakdtions.
To reduce the size of the field surrounding the meagings
model, the infinite element was used, which impeotke
results of calculations by a few percent and redube num-
ber of elements in finite element model.

The magnetostatic solver was used to calculateatiial
force and predict the distribution of magnetic digh the
PMB with Halbach-array. The 3D magnetic bearing lmes
model is illustrated in Fig. 6. The model have 18P ele-

ments. To compute magnetic forces and torques @& th

AC/DC Comsol Module, four methods are availableeTh
most general method is to use the Maxwell Strassotede-
scribed below. Force and torque calculations usiagwell’s
stress tensor are available in the application mdde elec-
trostatics, magnetostatics, and quasi-statics. age cof the
magnetostatics and quasi-statics the Maxwell Sttessor



is given by:

nT, = —%nl(H [B+n, (H)B" (10)
where:n; — outward normal from the object.

The Maxwell stress tensor was integrated over tineri
magnets surface.

Fig. 6. 3D mesh model of passive magnetic bearing

Slice: Magnetic Flux Density, norm [T]
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Fig. 7. Magnetic flux density in cross section of magnétearing

Radial force [N]

a
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Radial displacement [m] w10

Fig. 8. Displacement stiffnessharacteristic of the PMB

Three-dimensional model of magnetic bearings wasl us

to compute the magnetic potential, magnetic flursity and
magnetic energy in the air gap.

In Fig. 7 we could observed places in air gap wtibee
field reaches the highest values and where it fdjsificant-
ly. This is caused by build Halbach-array. The gampsag-
netic field observe in Fig. 7 are typical for thisd of Hal-
bach-arrays.

Depending on the movement of the rotor in the magne
bearing plane, the air gap is changed, and therdfier repul-
sive force of the magnets changed too. For thermdifft posi-
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tions of the rotor in the bearing plane, the poeaculations
were made based on a reduced finite element mddikleo
PMB. The results obtained are summarized and piegen
in the form of static characteristics (Fig. 8).

4. EXPERIMENTAL TESTS

The experimental study have allowed to verify thnétd
element model of the PMB and to analyze the design
and assessment of its fairness and accuracy afrdassump-
tions bench. The lab test rig is presented in BigThe lab
stand consists of rotor with electrical drive amasgc clutch,
the rotor is supported by one ball bearing andipassagnet-
ic bearing located at the end of the rotor. In otdemeasure
the magnetic radial force, the tensometer forces@emwas
assembled. The radial displacement of the rotor maas-
ured in two directionsx-y by using inductive sensors.
The total weight of the rotor is 1.07 kg, and tolehgth
of 0.4 m. The nominal radial air gap is equal t60Q m.
The actual physical model has become a referencedidy
design and simulation tests.

n

Fig. 9. Tes rig

| — FEM
— Experimental

---------------------

Radial Force [N]

0z 03 04 05 06 OT7 OB

0
Radial displacement [m]

Fig. 10. Measured and calculated PMB stiffness

The first stage of the experimental tests werdcskiff-
ness measurements with no rotating rotor. As altrethe
values of the magnetic repulsive forces in theatatirection
due to change of the air gap were determined. Diipgn
on the rotor load, measured by electronic scafes,value
of its shipments and dial indicator has been oleskmsing
inductive sensor.
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Next, the measured radial magnetic bearing foretdu 7.
rotor displacements in the range of the air gap ceaspared
with the FEM calculations (see Fig. 10).

Fig. 10 shows the rotor displacement as a functidh
of radial load for the experimental data and finlement
model. The slopes (stiffness) of these curves maiiite well
and equals 1.2ZB0° N/m. The finite element model g
of the PMB is sufficiently consistent with the labtory
model. Thus, the finite element method, with appeaip
choice of parameters, a careful analysis and atrunadel-
ing, may be used with quite good results in theigies
of passive bearings and to assess the pre-loadetiadpear-

ing

11.

12.

The axial stiffness of the passive magnetic beasmgore
stronger than in radial direction and is not présernin this
paper.

3

14.
5. SUMMARY

15.
A completely passive magnetic bearing rig was desig

constructed, and tested in this work. The experiaien
and simulation results are well matched, thus thieef ele-
ment methods can be used to accurately designizeeasd
number of the magnets for the radial supporthefbear-
ings.

The implementation of the passive magnetic bearig
quires a careful analysis of the magnetic field egyated
by permanent magnets and assesses their matepattas
Obtained and desired distribution of magnetic fistcength
determines the values of the bearings, radial aimal aom-
ponent. The introduction of the Halbach-arrays vedlo
the adequate orientation of the magnetic fielchim placenta,
and to reduce the negative impact of the active pmorant
forces. The use of Halbach-arrays and a thorougsament
and analysis of magnetic bearings, allow to develog to
implement the high performance passive magneticitmsa
Submission of the magnets in different directiohpalariza-
tion is a very difficult task and unfortunately exgsive too,
thus always some assumption should be taken itouac.

16.

17.

18.

19.

20.
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Abstract: In the paper the optimal robust vibration contrélflexible rotor supported by the active magneti&abngs
(AMBS) is investigated. The purpose of the coniydtem is stabilization of the high speed rotor effiective control of the
rotor vibration due to noncollocation, gyroscopifeets and model uncertainties. The noncollocatiffact is considered and
frequency modal analysis of the noncollocated AMBstem with gyroscopic effects is presented. J48ynthesis control is
applied to stabilize the rigid and flexible critideequency modes of the rotor, with emphasis $tmat and parametric uncer-
tainty. The input and output signals in AMBs systara limited by the weighting functions. The siragwalue analysis is
used to obtain the robust performances of the diémep system. The stable operation and good esfrof the high speed
rotor supported magnetically is reached. The dynalribehaviour of the AMBs rotor is evaluated in ttamge up to
21 000 rpm. The experimental tests show the effeatiss of the robust control system as well as gdwdtions reduction

and robustness of the designed controllers.

1. INTRODUCTION

The active magnetic bearings (AMBSs) are used te sup
port a rotor without mechanical contact and to afions
control (Schweitzer et al., 1994, 2009). The AMBewis
magnetic forces to levitate the rotor between tywpasing
electromagnetic poles. In the AMBs systems the rroto
is inherently unstable. Thus, the AMBs applicatioast be
stabilized with an active feedback control syst&ime rotor
vibrations control and vibrations compensation iveay
important problem in rotating machines operatinthviigh
rotational speeds (Stephens, 1995; Knospe, 2008sén
et al., 1995; Mystkowski and Gosiewski, 2008b).

The dynamics of the AMBs rotor system is influenced
by external disturbances (steady sinusoidal loaus))in-
earities, uncertainties and signal limits (Mystké&ivs
and Gosiewski, 2006, 2008a, 2009). Many activeatibns
control methods are used in the rotor-bearingsicgmns,
where some can be found in papers Burrows at 8831
1989) and Genta (2005). The robust optimal comtreth-
ods based on the Synthesis, H or H, algorithms are other
modern/advanced solutions (Mystkowski, 2007b; Skivic
2008). Theu-Synthesis control permits to design the multi-
variable optimal robust controller for complex lanesys-
tems with any type of the uncertainties in themusture.
There are many practical applications of fh&ynthesis
control in the high speed rotor AMBs systems (Kreosp
al., 1997; Fittro and Knospe, 1999; Fittro et &Q03;
Sawicki and Maslen, 2006). TheSynthesis control meth-
odology covers the practical issues like modellafgthe
uncertainties, selection of the optimal weightingdtions
and signal limits. Ther~controller synthesized for the aug-
mented plant model must meet the analysis objective-
sented by the maximal singular value. Furthermioréhis
method the optimized performance index has a gard ¢
nection with the real AMBs system. The goal of this

method is to design the stable controller whichoisust to
the plant dynamics variations. TheSynthesis control
procedure is natural augmentation of the déntrol theory
with the analysis of the structural singular val@@hou
et al.,, 1996). Therefore, in the caseue®ynthesis control,
the uncertainties are more simple to consider thahe H,
control. What more, the nonlinearities of the cohplant
can be also considered. Generally, in the robustrab
theory, if there are no limits, the greater robashtrol
performances can be obtained by using greater alontr
effort. However, the best control performances ¢Bn
achieved with infinite controller gain.

The AMBs systems usually have noncollocated sensors
and actuators. The noncollocation effect produces |
of interlacing of zeros and poles in the contrarpimodel
and causes a real stability problem (Preumont, pGBén-
erally, the noncollocation is important in high sgerotor
machines, where all the rigid and flexible frequenwdes
must be stable controlled (Spector and Flashne89,19
1990). Usually, the noncollocation provides limits the
rotor flexible modes control because of mode shapas-
urements faults. What more, the introduction of ithter-
lacing repair controller is difficult especially imulti-
input/multi-output (MIMO) rotor-bearings systems gf@a
and Carabelli, 2000).

In the paper, thg-Synthesis control method is applied
to vibrations control of the high speed AMBs fldgilvotor,
with emphasis noncollocation, gyroscopic effects am-
certainty. The flexible rotor supported by the AMBs
is analyzed using the finite element method (FEWhe
mass, stiffness and damping matrices of the flexfote-
free rotor are computed and analyzed using MATLAB
software. The model of the AMBs system components,
which includes the magnetic bearings, rotor, poavaplifi-
ers and sensors, is presented. The influence afdheollo-
cated sensors and actuators on the rotor dynaraibgity
is evaluated. The gyroscopic effects in AMBs rdtocon-
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-Synthesis control of flexible modes of AMB rotor

sidered and presented via Campbell diagram. Thestob s applied to the electromagnetic coils of the AMBhese
u-controller is designed due to uncertainty in the BV currents are generated by the digital power anepsifbased

rotor model. The uncertainty is considered as Wdiig on the pulse-width-modulation (PWM). The ten chdsine
of the electromagnetic coils inductance and rotayden of digital power amplifiers are used, where eachttud
shapes perturbations. The robust control perforemrce amplifiers has an internal current control loophnatsimple
verified during the experimental tests. The experital proportional gain controller. Thus, the coil cutrésimeas-
test rig with the AMBs rotor and digital power arifipks ured and subtracted from the set current, whichragor-
was designed and built. The stable high speed ayera- tional to a voltage signal of the DSP. The demansied
tion and good robust performances of the closeg-lom- current is created by means of switching amongsitipe
trol system was reached. Finally, the success efobust or negative voltage (180 V). The switching frequenc
control is demonstrated through results of compsiteula- is equal to 18 kHz. Thus, the true current ose#atround
tions and experimental results. the switching frequency. For a good dynamics perfor

ances of the operating AMBs the currents shouldabe
smooth as possible. That is why, the amplifier autpw-
pass filters are applied. The AMBs coils are maztkHs the
series interconnection of a copper resistaRcand an in-

To measure the rotor displacement in two radiatadir ductancelL. The rate of the current change should be fast

2. MODEL OF AMB FLEXIBLE ROTOR SYSTEM

tions, the high precision eddy-current sensorsuaegl. The enough to follow the current command. However, dhe
rotor displacement sensors have a high resolutiohvade plitude and frequency ranges are limited by ke curve
bandwidth up to 10kHz, which is much over that roto of the power amplifier. The model of the electrometic
maximal angular speed. Therefore, the model obéresors coil includes first order low-pass filter with eoff fre-
is assumed as a simple proportional gain. The rdisr guencyw=R/L (700 Hz) and gain of 1 A/V. The maximal
placement signals are filtered by the anti-aliasfiligrs value of the output currenfais limited to 10 A. In the low
implemented in digital signal processor (dSpacerdjoa  frequency range up to the crossover frequesgthe out-
in order to filter out signal components abdvgquistfre- put current is limited by thig,,. Beyond the frequency,
guency of 4 kHz. The important consequence of @b the output current is limited by the coil's low-gasharac-
aliasing filtering is e.g. when the magnetic beagirgpct to teristic denoted by th&-L curve. To simplify the AMBs
the noise mainly in the low frequency range. open-loop model the dynamics of the DSP was neggfect
The AMBs system are operated with the current ebntr  and only the gains of A/C and D/C converters anesith
where at each sampling step, the digital signatessor ered.

(DSP) calculates the magnitude of the control curtbat

E===9 | E===3
1x45° 1x45'
1x45 1x45"
1x45° | 280 S
.:_—_4,______@2_1&6_____ [ R |1 0 1|24 ] J ¢124 - e
L =i =
5 R R M30x1,5 eor 2 R &
oo 9246002 #5315 h6 - ;2
80 E===4 ' 57
o510 7231
14079, 117f8,1
161 3 138
354 ' 20
905
Fig. 1. Flexible rotor
The complex flexible rotor is modelled using theit where: M — symmetrical, positive definite mass matrix,

element method. Thus, the rotor was partitioned @6 D — symmetrical damping matrixz — skew-symmetric
discrete elements of the simple geometry basechemnt gyroscopic matrixK — symmetrical, positive semi-definite
moshenko model (Nelson, 1980). Between neighbouring stiffness matrix,Q — rotational speedg — displacement
elements the connecting nodes are introduced. Bhtie vector.
rotor nodes has 5 degrees of freedom (DoF) andatoe The model of the free-free rotor is transformedthe
has 112 DoF. The motion equation of the free-fretrr state-space representation:

without external forces) is given by:
( ) s given by %= Ax+ Bu ?
Mg+(D+QG)g+ Kg=0 @) y=Cx+ Du
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where:
0>q *q ®2n
A= 0 [ B= 0 ’
-M7K -MH(D+QG) M™F
C=[s 0™], D=[0"*].

The model of the external forc€sacting on the rotor
and model of displacement sensBiare given by matrices:

F:FXO,S:SXO- 3)
0 F 0 S,
The flexible rotor supported in the AMBs is moddlle
by combining the model of the flexible rotor withetmodel

of the AMBs (Losch, 2002). Thus, the model of thexible
rotor in AMBs can by described as follows:

MG+ (D+QG) g+ Kg= K g+ Ki (4)

where: K, Ki — matrices of the AMBs displacement and
current stiffness coefficients.
After transformed to modal coordinates that yields:

MG +(D +QG)a+(K -K)ag=K i ©)

The obtained stiffness matrik, K, is not exactly di-
agonal, but the diagonal elements are significalatger
than others elements. The total rotor mass is éridytotal
length is 0.905 m. The rotor dimensions are present
in Fig. 1.

3. MODAL ANALYSISOF AMBsGYROSCOPIC
FLEXIBLE ROTOR

Bode Diagram
0
8 50
[0}
3 -100
e
&
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-200
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T -135
-180 : ,
10° 10Frequency (Hz) 107 10

Fig. 2. Flexible rotor with AMBs, foiQ=0 rpm

The flexible rotor supported by the AMBs is analyze
using FEM such that rigid and flexible modes aralyred.
For the simulations and modal investigations tH¥ang
magnetic bearings nominal parameters are considbiasl
currentig=2 A, nominal air gap,=0.0004 m, current stiff-
nessk=25 A/m and displacement stiffnelss 97801 N/m.
The modal rotor damping is chosen at 0.5% forlakible
modes. The flexible rotor model is modally redudad
using Balanced Modal Truncation Method, and onfgtfi

acta mechanica et automatica, vol.4 no.4 (2010)

The 5" mode is out of operating range and has no infleenc
The Bode plot of the modally reduced AMBSs flexiloteor
is presented in Fig. 2. The two rigid modes arated at
30Hz and 43Hz, the first flexible mode is placed B6Hz.
In case of a rotating rotor (whef2>0), the motion in
the two planes are coupled by the gyroscopic t&&
Thus, the gyroscopic effect causes the flexiblerrgbles
to move with increasing rotational frequency. ThedB
plot of the AMBs flexible rotor for rotational spd€=300
Hz is presented in Fig. 3. The gyroscopic effectlearly
appeared in Fig. 3 and it did not appear in Fig. 2.

Bode Diagram
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Fig. 3. Flexible rotor with AMBs, foiQ=18 000 rpm
4. NONCOLLOCATINON ANALYSISOF AMBs

The noncollocation of eddy-current displacement- sen
sors and magnetic actuators of the AMBs systenorisid-
ered. The noncollocation effect which produces mieri
laced zeros and poles of the AMBs system is astedility
problem. When a system is collocated (sensors ahdha
tors act at the same points along the shaft), tiespand
zeros are interlaced and phase is between 0 a0d (ER).
4). For current example, the distance betweenoserand
magnetic actuators is equal to 0.035 m. Thus, AMBs
tem is noncollocated (Fig. 5). Here, we can noticd the
poles of the AMBs model are independent of the @ens
locations while the zeros are strongly sensitivesémsor
locations. The poles and zeros are no longer ated in
noncollocated case.

There is a lack of interlacing of thé" Slexible mode
(Fig. 5). They can be explained that poles no stdkie left
half plane with frequency (root locus analysis) Iputist
travel into right half plane. The noncollocated teys
is unstable, if the rotor mode shape node leadwdmst
sensor and actuator points, and the system is mmonin
phase. In presented example, for small no collopati
which appears above high frequency, the systentills s
stable in considered AMBs rotor frequency operation
(phase is between 0 and —18Big. 5).

The interlacing repair in single-input/single-outpu
(SISO) systems can be simply improved by addingxdra
complex pair of zeros. In case of AMBs rotor systdne
model is always MIMO with cross couplings between-c

4 rotor modes are considered (The MathWorks, 2004). trol axes. Therefore, the interlacing repair is enoompli-
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cated in MIMO systems. In the paper the noncoliocat
effect appears at high frequency and is considesethe
uncertainty model of the rotor mode shapes pertiasin

theu-Synthesis control design.

Bode Diagram
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Fig. 4. Flexible rotor with AMBs for collocated sensors
and actuators

Bode Diagram
0

-50

—100———J

-150

Magnitude (dB)

-200
45¢

0
-45
-90

-135
-180"

Phase (deg)

10° 10'

3 4

10° 10
Frequency (Hz)
Fig. 5. Flexible rotor with AMBs for sensor located 0.035m
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5. CRITICAL SPEED ANALYSIS

Campbell of AMB flexible rotor
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Fig. 6. Campbell diagram of the flexible rotor with AMBs
forQ from 0 to 100 000 rpm

The rotor modes with increasing frequencies expose

a rotation in the same direction as the rotor aléed for-
ward modes r{utation3. The modes with decreasing fre-
guencies rotate in the opposite direction are daliack-
ward modesprecessions Fig. 6 shows the splitting of the
flexible eigenfrequencies with the rotational spdeaim
0to 100 000 rpm. The dashed line in Fig. 6 comwesds
to rotational frequency, while the solid lines @mpond
to backward and forward flexible mode frequenci€be
crossing of flexible modes and rotational frequenaifed
critical speeds are sensitive points of AMBs raipplica-
tion. The critical speeds have to be stable cdettadiuring
any change of the rotor speed.

6. THE y-CONTROLLER DESIGN

Based on the equation (5) the pole-zero distrilmutio
of the AMBs rotor open-loop model is shown in FigDue
to symmetry of the system, each pole occurs tvdnee for
each plane. The flexible poles are very weakly deanp
(damping about 0.5%)The design process of stabilizing
controllers which brings all poles to the left halfane
is quite difficult. With increasing the controllgrain, the
poles first move to the left plane, but if the g@rfurther
increased, they split and follow the positive aredjative
imaginary axis. Thus, the controller with added gang
should be applied. In fact, finding process of toatroller
that stabilizes the all rigid modes of the flexilbdgor with-
out destabilizing the weakly damped flexible modes
is difficult and complicated task.

s Pole-Zero Map
x 10

®

® flexible modes

N
T

o
T
X

X X X

1

® rigid modes

. Imaginary Axis

N
T

®
200 150 -100 -50R€@AXIS 50 100 150 200

Fig. 7. Flexible rotor with AMBs (open-loop model)

In the u-Synthesis control, the cost factor is a minimal
value of the normT]|,, whereT is a closed-loop transfer
function. Theu-Synthesis algorithm bases on D itera-
tion procedure is natural augmentation of thg déntrol
(Zhou et al., 1996). After performed the singulaue
analysis, theu-controller should satisfied the following
condition in frequency domain (Zhou et al., 1996):



supa (T (jw)) < 1 (6)
R
where: 7 - maximal singular value.

Fig. 8 shows structure qf-Synthesis closed-loop sys-
tem.

Fig. 8. u-Synthesis system, wher®:— augmented model of the
plant,K — robust controllelW,, — weight of input signals,
W, — weight of output signalg— any measured signals,
w — any disturbances (loads)~ output signaly — control
signal, index {*} means weighted signal

The robust controller is designed for augmentedrobn
plant. In this case, the augmented plant includasinal
models of: rotor, magnetic bearings, power ampikfie
sensors, DSP and also models of uncertainties aighty
ing functions.

The weighting functions are putted on the input and
output signals like error signal, control signaldarotor
displacement signal (see Fig. 9). Thus, the signélthe
AMBSs rotor system are scaled and the performantéiseo
real control loop are shaped by the weighting fiomst
(Mystkowski, 2007a). The weighting functions enabeto
consider signal limits, unbalance forces and exfedistur-
bances. These functions strongly influence on #ropm-
ances and robustness of the system. In robustaiahe-
ory, proper chosen weighting functions must passftf
lowing conditions (Zhou et al., 1996):

W(9 K ¥
L,(9 R
W, (9 T( 9],

where: S, R, Tare sensitivity, control and complementary
sensitivity functions.

In current example, amplitude of the weighting fiim
W; putted on output signal (rotor displacements) alag-
sen 0.1, because the rotor displacements shouldxoeied
10% of the nominal air gap (according to the vilmratevel
at normal exploatation defined by ISO 14839-2 norm
The amplitude and bandwidth of the weighting fumicti\,
putted on the control signal should correspond &ximal
current of the power amplifier (10 A) and maximanid-
width (700 Hz). The weighting functiokV, is designed
based on th&, control function. The proper design of the
weighting function W; is the most important because
of clear-out of steady state error, overshoot aettlirsg
time, which strongly influence on the dynamic ofeth
AMBs closed-loop system. Thé&/; weighting function are
designed based on tlg sensitivity function. Final configu-

=1 (7)
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ration of the AMBs system with weighting functions
is presented in Fig. 9.

W i

Wi W:
error control g I"Otor .
i signals signals isplacemen
flxed_ ] [¢] [e] el )
rotor position axa 5
Robust AMB L § Ws %
Controllers | open-loop

system

;

Fig. 9. AMBs weighted model

The magnetic bearing model is itself uncertain (Mys
kowski and Gosiewski, 2009). The main sources @ th
uncertainty and nonlinearity are electromagnetitscdhe
uncertainty of the AMBs system is modelled as $tnad
uncertainty and parametric uncertainty (Knospe kt a
1996). The structural uncertainty is described bignown
norm-bounded perturbations, denoted hereAbyhis per-
turbation acts on the nominal modg via linear fractional
transformation (LFT) and is represented as feedlymiks
connected to the control plant anywhere insidehénrotor
model, the uncertainty is connected mainly with idgles
and can be considered as in hierarchical systeniest|{isk
et al., 2009). In this case the uncertainty was etled as
multiplicative and uncertain augmented model igiby:

G =G, (1+WA,) ®

where:Gy — is a nominal modely,, — perturbation satisfy-
ing |AlL<1, W, — is a stable weighting function putted on
the multiplicative uncertainty.

The weighting functioW,, is given by:
1/270s+ 1
(9 0'11/7285+ 1

At low frequency, below 270 rad/s, AMBs rotor model
variation can vary up to 10% from its nominal valiédter
270 rad/s the uncertainty (percentage variatioajtstto
increase and reaches 140% at about 728 rad/s.rddpeei-
cies 270 rad/s and 728 rad/s are the value$afigid and
1% flexible modes of the AMBs system. Also some pagam
ters of the AMBs system can vary from nominal value
during operation. The uncertain parameters areenurr
stiffnessk; and displacement stiffneds, were the uncer-
tainty is presented as perturbationstb%. Also, the actua-
tor gain uncertainty is modelled as perturbatiohstD%.
If robust controller is designed for rotational egeequal
zero, there are no guarantee that the system wiithble
for other values of rotational speed. The nominalug
of the rotational speef is equal to 10 000 rpm, with un-
certainty of £100%. The uncertain model of the AMBs
system with external signals is presented in Fig. 1

The p-controller was computed using function provided
by the Robust Control Toolbox of MATLAB calledksyn
(The MathWorks, 2004). Fig. 11 shows the Bode plot
of designedu-controllers computed for the AMBs system
with uncertainties and weighting functions, one tbém
is optimized for the AMBs rotor vibrations competiga.

(9)
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The optimizedz~controller was computed for the proper
selected weighting functions. The magnitude of ¢ipdi-
mized u-controller is minimalized due to maximal value
of the power amplifier current. Thus, the real colir
output is not saturated and good control perforraarare
achived.

(VAN

Uncertainty
weighting ‘ |

Any measured
signals

Control signals

DSP Controller dynamics->D/A gain-> J
Power Amplifier dynamics>
AMB model->Rotor model->Sensor
dynamics>A/D gain

— 1

Feedback signals
(rotor displacement)

Any disturbances
(loads, unbalance,
external forces, noise)

Fig. 10. Complex AMBs system

Bode Diagram

— Optimized p-Controller
-~ u-Controller

Magnitude (dB)

Phase (deg)

2 4

107 Frequepty (Hz) 10

Fig. 11. Dynamics ofu-controllers

7. EXPERIMENTAL RESULTS

The laboratory stand with the high speed AMBs rotor

and digital power amplifiers was designed and Hililting
realization of the ordered research project No FKEERN-
109/T-10/2004 financed by the Polish Ministry ofiSxe
and Higher Education. The rotor is supported by tadial
active heteropolar magnetic bearings. Each of thgmatic
bearings has 8 electromagnets connected in 4 ipaseries
configuration. Thus, each of the magnetic bearidgs
mands two channels of power amplifiers. The foedfeack
loops are used to control the radial rotor dispteeets in
the air gap of the radial magnetic bearings. Th®rro
is driven by electric motor by flexible couplingnd axial
vibrations are no controlled.

The fouru-controllers are used to control the rotor mo-
tion in two radial directions for two magnetic biear
planes. Thus, the four independent feedback loojtk w
u-controllers are applied and experimentally verifieéch
of the real feedback loops in the AMBs rotor apgiicn
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includes: rotor, heteropolar magnetic bearings,italig
power amplifiers (PWM), sensors and DSP with A/Q@ an
D/C converters. The control algorithm is implemente
as a discrete time state-space model to the DSBshng
real-time interface (RTI) and real-time workshopT{R)
provided by the MATLAB. Since the~controller cannot
levitate the rotor alone, the program first brirthe rotor
into support under a low performance PID contr@oal
rithm. After that, the program switches geSynthesis con-
trol algorithm. Both, the:-Synthesis and PID control algo-
rithms are implemented in DSP with the samplinge rat
of 10 kHz. The sampling rate is as high as therdisetime
controllers obtained by a bilinear approximationtimoel
good correspond to the continuous-time originaltesys
In experimental tests the disturbances as masslamies
gravity loads and sensor noise are considered.a€haedy-
namic loads and the nonlinear phenomena like eddy-
currents loses, hysteresis are neglected. Testseai@emed
for the rotor angular speed from 0O to 21 000 rptme Ex-
perimental set-up is presented in Fig. 12. Thetophit
of the rotor operation at 21 000 rpm is presentedig. 13,
where because of the following rotor modes thesttajry
of the geometrical centre of rotor has elliptic mha
The controlled vibrations level for the same begsin
is presented in Fig. 14.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X, [m]

Fig. 13. Orbit plot for rotational speed at 21000 rpm
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Fig. 14. Vibrations level in two radial direction

for rotational speed at 21 000 rpm
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Fig. 15. Rotor acceleration test from 0 to 10 000 rpm

10.

11.

12.

The transient resonances (first two resonances),

are shown in Fig. 15 during rotor acceleration teetn
0 to 10 000 rpm, where all rotor rezonanses aressulty
controlled. The rotor speed of 21 000 rpm was naximal
of the AMBSs rotor system but of the electrical @xiv

8. SUMMARY

The paper deals with optimal robust vibrations oaint
in wide range of the AMBs rotor speed. The presknte
simulations and experimental results show the piateof

the u-Synthesis control applied in the AMBs rotor system.

The vibrations compensation in wide range of rotati
speed changes was performed successfully duringriexp
mental tests. Theu-controllers have a good vibrations
damping and robustness to a plant structural usiceyt
The general disadvantage of theynthesis control is de-
manding a detailed model of the control plant. Treximal
sampling frequency of the real digital processolinsted.
Therefore, the order af-controller is high and must be
reduced before implementation in the real-time telgi
processor.
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Abstract: Coordinate measurements are the source of digital idathe form of coordinates of the measuremertpo
of a discrete distribution on the measured surfade local geometric deviations of free-form suefaare determined
(at each point) as normal deviations of these pdioim the nominal surface (the CAD model). Obtajniliscrete data is in-
separably connected with losing information on theface properties. In contact measurements, thetipafunctions

as a mechanical-geometric filter. The results afrdmate measurements of geometric deviations adkpenonly on the grid
size but also on the ball tip diameter. This agtigtesents foundations of the influence of the tigltliameter and the grid
size on coordinate measurement results along Wwithekperimental results of measurement of a fre@-fmilled surface

in order to determine its local geometric deviasion

1. INTRODUCTION

The issue whether a product meets the appropriate ¢
struction requirements is of fundamental importance
in producing machine parts. For inspecting the emu
of parts which consist of geometric shapes suchlases,
circles, or cylinders, widely known measuremenhtegues
are used in industry. The accuracy inspection ofspeon-
taining free surfaces requires the coordinate nreasent
method to be applied.

The coordinate measurement technique consists-in de
termining the coordinate values of measurement tpoin
located on the surface of an object. As a resuthefmeas-
urement, a set of discrete data is obtained irffdha of the
coordinates of the measurement points. The dimen-
sional/form accuracy inspection of free-form suefaon-
sists in digitalizing the workpiece under reseafcbordi-
nate measurement with the scanning method), fotlole
comparing the obtained coordinates of the measureme
points with the CAD design (model). The values addl
geometric deviations of the free-form surface, ornmal
deviations of measurement points from the nominghse,
may be calculated by previously determining theiaten
components in the, Y, Z directions (Werner and Ponia-
towska, 2006; Cho and Seo, 2002). Software of déoate
measurement machines (CMMs) automatically performs
such calculation for each measurement point in Whé
scanning option designed for scanning on the bafsthe
CAD model UV - directions of the B-spline surface param-
eterization).

Measurements of real surfaces produce only their ap
proximate views. The approximation degree depemndh®
accuracy of the applied measuring method. Amongenum
ous factors which have influence on the accurasynected
with the tool instrument and the measurement enwient,
there are factors which can be rationally adjustesuch
measurement parameters as the sampling (discietiyat
interval and the diameter of the measuring tip.hBibiese

factors have a strictly specific impact on the measent
results (Adamczak, 2008).

Different sampling strategies (number and location
of measurement points) provide different measurémen
results for the same surface. This is connectetheofact
that measuring a finite number of discrete pointstioe
measured surface is actually described by an tafimim-
ber of points. Since geometric deviations are iffié
at each point, measurement results depend on timbaru
and location of these points (Badar et al., 200@8sworth
et al., 2000). Elkott et al. (2002) proposed to gi@npoints
from free-form surfaces based on the surface NURBS
tures. However, in the majority of cases, measunésnare
carried out along a regular x v grid with the use ofJV
scanning options, which are inbuilt in CMM softwaie-
formation on the surface is provided by data ofistréte
character. Obtaining such data is inseparably aziede
with losing information on the surface propertiBfanning
an effective sampling scheme requires decisionsleiar-
mining the range of active area and the size ofntleas-
urement points grid. The active research, areacdisas the
grid size determine the measurement results. Gemmet
deviations of a surface may be decomposed inte tboen-
ponents: form deviations, waviness, and roughness.
The components differ in respect of lengths ofrtké@men-
tary irregularities (waves). In contact measuremethe ball
tip functions as a mechanical-geometric filter (Adaak,
2008; Dong et al., 1996). The scope of informatratuded
in measurement data depends on the ball tip diamete
Therefore, results of coordinate measurements aigéric
deviations of free-form surfaces depend not onlytioam
active area and the grid size but also on the diemué the
ball tip end.

In measuring geometric surface textures (form devia
tions, waviness and roughness) of regular shapesial-
ized stylus measurement instruments are used -Hepsof
roundness measuring machines, form recording imetnts,
etc. For the particular types of deviations, guircks
for selecting measurement parameters including tthe
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radius, sampling lengths and assessment lengthssain-
pling interval (the number of measurement poirds)well
as rules of digital roughness filtration have bderneloped
and incorporated in standards. In standards pertpin
to measuring straightness and roundness, the reended
maximum tip radii were worked out according to fhci-
ple stating that the tip radius is comparable tolibundary
wavelength (the filter passing limit), while thestdince
between measurement points was established acgordin
to the principle holding that the number of meamest
points in a segment whose length is equal to tlahe
boundary wavelength, amounts to 7 (Adamczak, 2008).
However, there are no strict standards which wauldm-
biguously determine what boundary length of thenele-
tary (harmonic) wave should be adopted for wavitiesa
deviations, what the sampling interval should anbcton
or which tip radius should be used in a specifiasuee-
ment. NOo unambiguous criteria exist as to categaiz
deviations as waviness or form deviations. Numetibeis-
ture sources relating to measuring surface roughinetide
analyses of the influence of tip geometry and radimeas-
urement results. In Poon and Bhushan (1995) shdinatd
increasing the tip size leads to the profile defarom,
and in effect to decreasing values of the heighampaters.
Many problems are also connected with selectingstra-
pling interval. If it is too small, excess data aneilable,
data are strongly correlated, and the surfacepsesented
by a vast number of measurement points. If, onatier
hand, the sampling interval is too big, information the
surface properties is lost (the phenomenon of iatjasc-
curs). It is suggested that selecting the sampiigrval
should be made according to the tip radius sizevi{iza
2004, 2007). The boundary length of the measuredho
ness depends on which parameter, the tip sizeeosdm-
pling interval, is bigger (Dong et al., 1996; Szaina2003).
In measuring form deviations, measurement parasieter
not as significant as in measuring surface rougdnak
though their influence on the measurement resalsat be
neglected.

This article presents foundations of the influence
of the ball tip diameter and the grid size on mearment
results along with the experimental results of meament
of a free-form milled surface in order to determitzelocal
geometric deviations.

2. APPROPRIATE SAMPLING PARAMETERS

The surface image obtained as a result of contaetsm
urements depends to a great extent on the shapsiznd
of the stylus tip, as well as on the number of messent
points (the sampling interval and strategy). Bigll¢nds
are mainly recommended. The sampling parameteiex lis
above determine the least boundary length of eleamen
irregularities represented in measurement data pahame-
ter which has a decisive influence is the one witizhses
a longer wave to be passed. Literature sourcesestigli-
ferent principles of selecting the appropriate tgdius
in relation to the sampling interval, most ofterttie ratios
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of % :1, 1:1 and 2:1 (Adamczak, 2008; Dong et E996;
Pawlus, 2007).

Contact measurements take into consideration dengat
of specific wavelengths which have not been filtieby the
ball tip because the ball tip functions as a meidadn
geometric low-pass filter. Thus, the scope of infation
included in measurement data depends on the patliti
ameter. In coordinate measurements, ball-tip stgluare
used, and styluses with ball tips @f= 1, 1.5, 2, 3, and 4
mm in diameter are produced. The nature of a lmafunc-
tioning in the character of a mechanical-geoméilter is
illustrated in Fig. 1.

Fig. 1. The nature of a ball tip functioning in the chaeac
of a mechanical-geometric filter

In measurement planning, the choice of thdiameter
of the ball tip should be made first, accordinglte meas-
urement purpose and the range of information reduir
on the characteristics of the measured surfaceinibgf
the influence of the ball tip diameter/radius arechanical
filter, i.e. unambiguously determining the filtrati bound-
ary, is difficult, especially in the case of chargycurvature
surfaces. Adopting to measurement the principleyssigd
in the literature sources pertaining to measurmgndness
deviations [4], which states that the boundary waveyth
is comparable to the tip radius value, means th#té case
of using a stylus tip ofl = 1 mm in diameter, irregularities
of the length values greater than 0.5 mm is passethe
case of the stylus tip af = 2 mm in diameter, irregularities
of the length values greater than 1 mm is passed, e

The second important factor which influences messur
ment results is the sampling interval, in the aafsgcanning
a free-form surface with a CMM along a reguliax v grid,
which is directly connected to the number of measient
points. For measurements with the use of machirnés w
contact probes, the number of points is a seriuisakion.

In choosing the sampling interval the principle used in
tests on measurement signals, derived from the iNyqu
theory, states that a continuous signal may benstnacted
from a discrete one if the former was sampled \itfre-
quency at least twice as big as the spectrum freifuency
should be taken into account (Szabatin, 2003)).

The knowledge of the principle mentioned abawkes
it easier to make decisions on the length of thapiiag
interval while planning coordinate measurementtagias.
This particular measurement parameter also
in a mechanical-geometric filtration. Accordingttee theo-
rem quoted above, adopting the interval value ahrh
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means that the obtained measurement data confaiman
tion of elementary surface irregularities of mdnart 2 mm
in length.

Adopting the cited in literature (Pawlus, 2007)ngi#
ples to selecting parameters of contact measureaiehe
same timed:T equal to 2:1, choosing a ball of e.g. 2 mm
in diameter, and the 1 mm sampling interval, thariaary
length of elementary irregularities representedngasure-
ment data amounts to 2 mm. Since there is not aaynbi-
guous criterion for categorizing unevenness as NeDg
or form deviations, while presenting measuremestilts,
it is difficult to specify what these results repeat. In de-
ciding on the ball tip diameter and the size of teasure-
ment grid, it is advisable to focus on the purpoSeneas-
urement and to include detailed information coniceyithe
measurement parameters in measurement reports.

3. EXPERIMENTAL INVESTIGATIONS

The experiments were performed on a free-form sarfa
of a workpiece made of aluminium alloy with the das
measuring 100 x 100 mm (Fig. 2), obtained in adtsmge
milling process using in the last stage a ball-enil
of 6 mm in diameter, rotational speed equal to 7500
rev/min, working feed 300 mm/min and zig-zag cuftpath
in the XY plane. The measurements were carried out
on a Global Performance Brown&Sharpe CMM (PC-DMIS
software, MPE = 1.5+L/333 um), equipped with a Ren-
ishaw SM25 scanning probe, a 20 mm stylus withlitipa
of 2 and 4 mm in diameter. Scanning of the wholdase
was performed for two different combinations of theas-
urement parameters, the tip end diameter, andatmplgg
interval (the number of measurement points), olisgrthe
rule of selectingd:T equal to 2:1. All the measurements
were repeated three times; the tables and plogeptenean
values of the obtained results.

Fig. 2. The CAD model of the surface

In the first stage, the surface was scanned (withpu
plying probe radius compensation), with the useadfall
end tip of 2 mm in diameter with tH8V scanning option
(the option built in PC-DMIS software), 10 000 wmihly
distributed measurement points were scanned frenstin
face (100 rows and 100 columns, sampling grid ©.91
0.01v), and the process of fitting the data to the nain
surface was then carried out in which the leastasgju
method was applied and all the measurement poiete w
used. The location deviation was minimized in thvgy.
The measurement process was subsequently repeaed,
€local geometric deviations were computed. The obthi
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measurement data are presented in a graphical figure
6 shows a spatial plot of thelocal deviations with refer-
ence to thec andy nominal coordinates.

Fig. 3. Spatial plot of geometric deviations verséplane

In the subsequent stage, the measurements weredcarr
out with the use of a ball end tip df= 4 mm in diameter,
and 2500 uniformly distributed measurement points
(50 rows and 50 columns, sampling grid @02 0.02))
were scanned. The experiment results are compil&ii 4
as well as in Tab. 1.

Tab. 1. Statistical parameters eflocal geometric deviation
setawvith the whole surface scanned

Number of meas. pts. 10000 2500
Sampling grid 0.00x0.01v | 0.02ux0.02/
Sampling intervall [mm] ~1 mm ~ 2mm
Tip diameterd [mm] 2 4

Std. deviation [mm] 0.011 0.009
Mean [mm] -0.017 -0.015
Minimum & [mm] -0.049 -0.036
Maximum £ [mm] +0.019 +0.013
Form/waviness dev. [mm] 0. 068 0.049

In both the cases, the principle of selectthd — 2:1
was applied. According to the principles describe&ec-
tion 2, measurement data obtained in measuremants p
formed with the tip end ofl = 2 mm in diameter and the
sampling interval off = ~ 1 mm, include information on
surface irregularities whose lengths exceed 2 nmmthée
second case, for the tip enddbf 4 mm in diameter and the
sampling intervalT = ~ 2 mm, data include information
on cases of wavelength longer than 4 mm.

As it had been expected, the form deviation vatudte
tip end ofd = 4 mm andl = ~ 2 mm was smaller than that
ford =2 mm andl = ~ 1 mm (Tab. 1). The tip end of the
bigger diameter did not reach points located inithegu-
larities indentations less than 4 mm length; addilly,
some cases of irregularities on prominences weritazm
because of a bigger sampling interval. Consequently
the mean plane is located higher, and the minimalmevis
bigger than in the case of a smaller diameter asochaller
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sampling interval (Fig. 4, Tab. 1). In order to ifiéate
comparison of the deviation maps, the plots in Bigvere
made using the same scale for theeviations axis. Com-
paring the maps, a bigger area of negative devisitian be
observed in the case of measurements with thentipoéd

= 2 mm (Fig. 4a). As a result of applying differaneas-
urement strategies, significantly different resultsre ob-
tained. The observed surface form/waviness devigtio
differed by approx. 0.02 mm, which constitutes app/3
of their values.

Fig. 4. Maps of geometric deviations versxig plane,a) d = 2 mm and 10000 points) d = 4 mm and 2500 points

4. CONCLUSIONS

The article brings up the problem of selecting paa
ters in measuring geometric deviations of free-fasun-

2.

faces, performed with the use of CMMs with contact 3

probes. Such parameters as the tip end diametesamel
pling interval determine contact measurement reshé-
cause the parameters cause geometric-mechantcatidih.

The parameter which determines passing longer waves

exerts a decisive influence. The principles of clilg pa-
rameters, suggested in literature sources, werensanup.
Two different parameter
observing the rule of the ratio of the ball endnaiger
to the sampling interval equal to 2:1. In the finstasure-

ment, the tip end amounted do= 2 mm, and the sampling

combinations were applied,
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Abstract: The most important peculiarities of the acoustidssion under fatigue loading are reviewed. Depeoegn
of the AE signals and parameters of the growinigdat crack on the basis of an existing literaturerse review are estab-
lished. An essential role of the correlation fotedmining the crack growth rate in the relationviEn the AE parameters
and crack parameters are shown. An energy appfoadetermination of cycle quantities till the maiion of a crack is pro-

posed.

1. SOURCESOF AE UNDER FATIGUE FRACTURE

In the presence of a fatigue crack during one logdi
cycle there is a possibility of appearance of a gemag-
gregate of the AE signals. To describe the pagrityl
of appearance of one or another signal component,
it is necessary to consider more in detail the @sees,
which lead to the AE signals in the presence oatadie
crack in a solid. To those processes one may ezfecrea-
tion and growth of a plastic deformation area a tip
of acrack; an increase in the crack length (sqQuare
the crack closure (Drobot and Lazarev, 1987; Penkin
and Terentev, 2006).

It is well known that a crack growth in construetiv
metal materials is accompanied by local plasticodeé-
tion. Its main components - sliding and twinningenerate
the AE waves. Usually, the principal contribution
to the emission of elastic waves is made by that pa
of the material, which within a certain range ofatiwe
deformation, transfers to the plastic condition. émoad-
ing and reloading of this volume to the precediraximum
loading level in consequence of Kaiser Effect ([rob
and Lazarev, 1987; Tensi, 2004) result in — a shie-
crease in wave emission. However, under the cyohd-
ing, even when the maximum cycle loading levelasnpa-
nent, there is a factor, which contributes to aoréase
in AE — that is the involving into the present dafiation’s
interval of a new volume of the material, previgusle-
formed outside the given interval. This is achigvetien
two conditions are satisfied. The first one is awulation
of the plastic deformation under constant crackgtlen
as a result of an unclosed hysteresis loop duhingetastic-
plastic deformation. The second one is the cracleldg-
ment, i.e. the crack length (square) increase.

The first condition is typical of cyclical off-stngthened
materials under the soft loading working conditi®uch
materials during asymmetric cycles have accumulatio
of the plastic deformation from a cycle to cyclendgr
those circumstances there is a development of ak"ne
inthe specimen and fracture is of the same charact
as under the static tension. This effect is absenyclical
strengthened materials. During the development afaak
a new volume of the material is involved into thasgic

deformation. Since an increase in the crack sqisate-
cated at the maximum of the cycle loading, the preg and
growth of the plastic deformation’s region and espon-
dingly the appearance of the AE signals from ptadi-
formation will be located at those maximums. Anrgase
in the crack length also causes AE signals, whiehla-
cated at the same places of cycle loading.

According to the research works (Mitchell and Egle,
1977; Mitchell at al., 1972) there was found oué anore
peculiarity of the AE signals. The two types of Aere
established: the first one appears at the pointaafimum
rate in the cycle, and the second — burst emissitrich
appears at the point of curvature’s maximum andmim.

The first type is connected with crack initiation,
and the second one — with crack growth. In worksy(fa-

jev and Kamyshov, 2002; Pavelko and Ozolinsh, 2@02)

AE signals were divided into discrete high-rangd aonti-
nuous low-range components. The latter was caused
by plastic yielding, and the discrete AE - by thewgth

of the existing crack.

A lot of experimental investigations (Drobot andzha
rev, 1987; Penkin and Terentev, 2006; Pollock, 1989
are devoted to the contact crack closure phenomenon
For a normal tear it starts when a loading falle/ddo zero
and evolves under compression. It is well known,
that a crack closure begins earlier — during a ehesw
in the cyclical loading. Emission waves under these
cumstances are caused by the two processes — dynami
blows and mutual friction of the crack banks. Ifeosup-
poses, that blowing and friction are just elastiocgsses,
then signals generated by them can not be referred
to the AE containing information on fracture, sintere
are not any reconstructions of the material stmgctn the
contact area. However, a typical kind of fatiguedbrtesti-
fies to the presence of the local plastic frictamformation
there. Thus, an aggregate acoustic signal of taekcclo-
sure phenomenon is a mixture of the useful AE dfggna
and acoustic noises resulting from the dynamidielasack
banks blowing. Frequency’'s spectrum of these noises
is limited and does not reach to the working fremyes
band, which is used while measuring AE. In thisrezmrtion
a number of the AE signals can be referred to médive
signals, and it is possible to define them as Afnficrack
friction.
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In works (Harris, 2007; Harris and Dunegan, 1974)
AE from a crack closure was interpreted as a doiter
of the presence of a crack growth during the cylolaing.

In the given work we will focus on the generation
of the AE waves resulting from the processes obtjua
yielding and crack growth. Considering this we dtdeep
in mind the fact that AE signals from the crackscie
phenomenon can be easily separated from other dialsi
with the help of time and frequency selection (Qobb
and Lazarev, 1987; Penkin and Terentev, 2006).

If one registers the components of plastic defoionat
and crack growth only, then it is possible to mamtiheir
two typical properties. First of all: the signale absent
in certain cycles (under the given apparatus seitgjt
Thus, all the loading cycles can be divided inttvac(with
the AE signals) and passive (without them). Seogndl
in the active cycle both the single impulses andugs
of impulses may arise. These particularities repres
a disproportional development of the fatigue crack
and possibilities of its several jumps in one cycle
in the region of the maximum loading.

2. DEPENDENCE BETWEEN PARAMETERS
OF THE AE AND CRACK PARAMETERS

The AE usage opportunities for the discovery aral-ev
uation of crack parameters are fined by the presenc
of relations between the crack parameters and thitteel
waves. The first of such relations are obtainediorton
etal. (1974). Investigating the aluminium alloy 220
the authors obtained a good dependence betweetottie
quantity of the AE signals and the rate of the krgi@wth,
as well as the stress intensity factor(k-factor). Using
Paris equation for determining rate of the craatwgh I’
as follows:

I'=CAK?Y, )1
whereAK — a changing interval défactor; C, g — material
parameters.

To obtain a better data correlation during expenisie
with different values of cycle asymmetR = Kpin/Kmax
and for maximum k-factors K., Wwhich approached
the critical valueK,, the empirical Forman equation for a
crack growth rate was used

__ GAKP
(1-R) (K~ Kpay)

whereC,, p — material parameters.

Haris and Dunegan (1974), investigating the growth
of a fatigue crack in the aluminium alloy 7075-T6
and in steel, considered that is directly proportional
to the energy releasing during the crack growth
(I=B/E(AK/(1-R))A"). Here J — energy; B — specimen
thickness;E — Young's modulus. To evaluate the velocity
of AE the formulaN = CJ was used, wher&/ — velocity
of AE counting;C — material constant.

In work (Lindley et al., 1978) it is assumed thd Ae-
pends on the two components: the above described)en
realising during the crack growth, and also onglaresses
of plastic deformation and fracture in the plastgion.
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Therefore, the velocity of the total measurementhef AE
was given in the form o' = N'3+ N, = (C; + Cy) -

J N’ 1oty Where Ni — velocity of AE counting under crack
extension; N', — velocity of AE counting under
the processes of plastic deformati@); — direct contribu-
tion of crack extensionC, — contribution of plastic defor-
mation activity. To describe the crack growth ratevell
known equation (Lindley et al., 1978) was applied:

r

. AK*

T 212 2 ' @)
0, (Kc - Kmax)

Hereg; — strength limity = 0,75 for steels. In the work
an essential difference between the total AE cognteloc-
ities for different steels and alloys is also pethbut, this
difference equals to almost 4 orders of magnit@bsides,
there was an investigation of the cycle asymmeffgce
on the AE velocity. It was established that the vdiocity
increases with the increase Bf Also there was shown
a decrease in crack growth rate near the maximauaiirig
when an overloading took place. In the given wor# also
in Hreshnikov and Drobot (1976) it was established,

that magnitude of the total AE countiry is proportional
to the plastic region volume. The authors of therkwo
Nagornyh and Sarafanov (1990), regarding the téfal
counting as that being proportional to the plastgion and
haven taken an increment of the crack as the maimit
of Irvin's correctionr = K,%/2zo+°, obtained the relation
between the AE counting velocity and crack grovetter

N:BKIZ%-

4)
In works (Gerberich and Hartbower, 1966, 1966)
is shown, that there is a possibility of quantitatrelation
between the AE amplitude and the crack size inereas
In work (Drobot and Lazarev, 1987) it is considered
that amplitudes of the dynamic displacemeffs caused
by an increase in the crack length (square), desséntial-
ly exceed the corresponding increments of the cstis-
placementd\u;, at the tip of the crack. In the mathematical
form it can be given as:

Ajn = qun (5)

An elementary act of the crack’s growing-up corssist
in the increase in its length by a small magnitutle
At a sufficiently high rate of the process (whil@jping)
the AE impulse is generated. It is also considered,
that under fatigue loading an increment of the krat
locates near the maximum loading. Th&htakes sense
of the crack length increment per cycle, i.e. crgckwth
rate I’ = dl/dn, wheren — the number of loading cycles.
Taking this into account, the dependence (5) cawritéen
as:

A, =My, (/])

2
pj max

Jap

1" (6)

Here Mj;,(1) — a certain function, which form depends
on the type and configuration of the crack, itseotation
relatively to coordinates axes, geometrical paramet



of the object, and peculiarity of the applied loadi[6];
A — crack length, relative to the width of flat sipeens;
Pimax — component of the outside specific maximum logdi
corresponding to the crack’s typé; — shear modulus;
op — limit of proportionality.

During the appearance in the cycle of several subse
quent crack jumps the dependence (6) remait'sinifplies
the total length of these jumps, aAg, stands for equiva-
lent amplitudesy,.

Thus, under other equal conditions the amplitudéhef
AE signal is proportional to the crack length. dincbe also
represented by the parameter

If a law of the development of the fatigue crack
is known, then the right side of (6) can be givhea form
of that having the only parameter — the crack lengt
To do so one should put into the equation (6) ohéhe
equations (1), (2) or (3). In that way we will oiota corre-
lation between the amplitude and the crack growth.

Generalizing relations between the AE parameters
and the crack parameters and resulting from thesipaly
nature of the phenomenon and a general
of the measurement of the AE parameters, in worolbt
and Lazarev, 1987) there was built a diagnostic ehod
with the help of the operator equation:
E=PE{ PA[PB(T):I"'MA}"'ME )

Here T —vector of the crack stat&,— AE signal vector;
Pe, Pa, Pg — operators of the electrical, acoustic and en-
trance conversion correspondentlf/, Iz — vectors
of the acoustic noise in the control object andsaoi
of the electronic equipment. As a result of theealos
of the general solution to the problem of the dyitaetas-
tic-plastic deformation theory, solid acoustics,chemnical-
electrical conversion of the vibration, etc, itnist possible
to define strictly operators in equation (7). Sonuamber
of hypotheses are assumed, simplifying mutual ddgen
cies between the properties of the object, the Arces
and its signals. Among them there are a simplificat
of the geometrical characteristics of the crack, ahsence
of noises — an ability to cut noises and selectugeful AE
signals with the help of active methods or equiphmeans
(Bezimjany and Halenko, 2007; Drobot and Lazar®87t
Penkin and Terentev, 2006; Pollock, 1989; Skalsky
and Koval, 2005). The form of operators in form{ix also
essentially depends on the choice of state parasnete
and informative parameters of AE. The simplificatican
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strength criterion the crack growth velocity is chised
by the function ofk-factors K, K;, Ky ). Besides the
strength approach, the deformation approachesapisied,
which is based oW — model. The deformation criterion
is used, when the plastic region at the crack eslgé size
as the solid and the defect.

The described criteria are sufficiently effectivénem
the loading cycle is stable (an overloading andeguency
change are absent). As well as the history of thageral
deformation and crack extension are not taken @uo
count. Therk-factors or magnitudes of the crack disclosure
are fatigue fracture invariants.

For a detailed description of the pre-critical dai
crack growth, when a change of the cycle loading an
its amplitudes possible, the history of deformatiorack
extension and the effect of the aggressive enviesim
are taken into account. For this purpose energyoagpes
are to be used.

For the first time such an approach was offere€Chg-
repanov. In its basis there is a hypothesis of teocy

scheme of the dissipative energy during the creation ohé of the

fatigue fracture surface and the first thermodyranmaw
of energy balance. Finally Cherepanov approach cds
be transformed to the representation of the crackvip
rate as a function df;, but in a more detailed form. A more
perfect approach is given in work (Shata and T&dec
1999). Here as the basis the first thermodynanmées |
is taken, according to which aftBrloading cycles the fol-
lowing energy balance condition is fulfilled:
A+Q=W+ K +I (8)
where4 — work of inner power® perN cycles;Q — heat
magnitude, brought to the solid p&F loading cycles;
Ke — kinetic energy of the solidy — deformation energy
afterN loading cycles]” — fracture energy of the solid with
a change of its square by magniti&le

Through the differentiation of the (8) by the cyqlean-
tity N, was pass to velocities, and introducing a number
of simplification, we obtain the equation for crasfuare
growth velocity

0S _ow, /o(r-Ws-W)

ON ON 0S

where W, — energy of a cyclic change of deformation;
W, — static component of the energy, which changethgu
crack growth;W, — energy of plastic deformation of the

©)

be obtained, if one uses parameters not connected material before the beginning of the cyclic loadikving

(or slightly connected) to the form of the acoustgnals.

3. DETERMINATION OF CYCLE QUANTITIES
TILL THEINITIATION OF A CRACK
BY THE ENERGY APPROACH

Following the previously discussed peculiarity lod tre-
lation between the AE parameters and crack paramete
it should be pointed out that the essential roleafespon-
dence between these parameters is played by thedatan
for determining the crack growth rate. It is weladwn
that one of the widespread approaches to the idsear
of the fatigue macro-cracks is the strength coteriin the

determined in the relation (9) energy magnitudematng
to the results of work (Shata and Terlecka, 198@)come
to the equation for definition of the crack growtdtes,
in the right side of which only material constaatsd k-
factors will be present.

An investigation of the energy approach and itdiepp
tion to the various problems of determining a fatigcrack
growth rate are carried out in works (Andrejkiv
and Lischyncka, 1999, 2000; Andrejkiv and Rudavsky,
2004; Andrejkiv and Kit, 2006; Terlecka and Kit, Q2.
Among the principal results there the following:

— Description of the fatigue crack growth equation

in the non-homogeneous plates (Andrejkiv and Li-

schyncka, 1999) (the kinetic crack growth equations
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plates which are non-homogeneous in relation tadhe
sistance to fracture were formulated; taking imtasid-
eration the preceding plastic deformation).

Calculation model of the initiation of the fatigeeack
near the notch filled with hydrogen (Andrejkiv aRdi-
davsky, 2004) (a calculation model of the fatiguack
initiation using the energy approach was built. Tie
fluence of hydrogen was modeled by decreasing:atiti
deformation according to the linear law).

Energy approach to determination of the pre-cilitica
growth of the fatigue crack under loading with tive-
quencies (Andrejkiv and Kit, 2006) (loading withaw
frequencies: one with high amplitude and low fregne
was taken into account, another with low amplitude
and high frequency).

Application of the energy approach to evaluation
of the residual durability of thin-walled elementsth
surface cracks (Terlecka and Kit, 2004) (a formula
for calculation of the number of cycles to through-
extension of the crack in a thin plate was obtgined
Residual durability of elements, which are non-
homogeneous by the mechanical characteristics
(Andrejkiv and Lischyncka, 2000).

CONLUSIONS

Under a fatigue loading the AE is characterized

by a number of properties an investigation of whadn
provide a clue to solution of different essentiablgems
of fracture mechanics.

Following to the reviewed literature sources, pagtars

of the AE particularly correlate with rate of thati§ue
crack growth. Among different theoretical
of the crack growth rate determination, energyecigin
is the most complete. It includes all factors theist under
fatigue fracture. Thus, there is a great interasfuirther
theoretical-experimental investigations of the Aignals
application for interpretation of fatigue fractureechan-
isms and their combination with energy approachtiahs
obtained in works (Andrejkiv and Lischyncka, 192900;
Andrejkiv and Rudavsky, 2004; Andrejkiv and Kit, 38
Terlecka and Kit, 2004).
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Abstract: The present paper presents a method of determigirays in processing complex-shape surfaces praduce
with the use of a CNC machine tool. In order to aghithis, the whole process of making a three-dioeas object
was performed, from creating a CAD model to genega#i processing programme for a CNC machine toolpaoducing
the actual object. The obtained surface was medswith a Brown & Sharpe Mistral coordinate measuningchine with

the use of a Renishaw TP200 measuring probe.

1. INTRODUCTION

Nowadays, expectations concerning the quality and a
curacy of producing goods are higher and higherichvh
makes different companies invest in research aiming
at increasing these aspects of a production proness and
more often. Additionally, because of a rapid growth
in computer science, the possibilities of genegatand
actually producing complex geometry surfaces hawve i
creased substantially (Choi at al., 2007; Surazhetkgl.,
2001). Some three-dimensional objects are of soofiptex
shapes that measuring them with the use of cororeiti
measuring methods is inefficient or even impossible
and that is why more advanced measuring methods toee
be applied in accuracy inspection (Ainsworth et 2000).
One of these methods is undoubtedly the coordimetas-
uring method which is especially widely used in theo-
motive, aircraft, or shipbuilding industries, emproducing
injection moulds (Weckenmann et al., 2001).

Due to the fact that coordinate measuring machames
more and more popular, it is necessary to devélegight
methods of accuracy inspection of produced objextpe-
cially in the case of objects described with comrgbape
surfaces (Cheung et al., 2007; Li et al., 2004yhSmeas-
urements may be performed with the use of the sarfa
scanning method on the basis of an already exi<tiAD
model.

2. DESCRIPTION OF THE TEST STAND
AND PREPARATIONS FOR MEASURING

The test stand (Fig. 1), in which the process ¢oémbain-
ing the errors in processing the shape object wdspned,
consists of the following elements:

- a Hartford OMNIS1020 milling centre, in which the
object under research was produced;

— a DEA (Brown & Sharpe) MISTRAL coordinate meas-
uring machine — used for measuring the accuradihef
obtained surface;

— a PC class computer integrated with a machineaod|

a coordinate measuring machine;
SolidWorks, MasterCAM, PC DMIS CAD++ software.

CNC milling |

centre

CAD/CAM/CAQ
software

Fig. 1. The test stand

The list below is the order of preparations for mega

ing:
— creating a geometric model of a complex-shape objec

in a CAD system (Fig. 2a);

generating a processing programme for a CNC machine
tool — the obtained surface patch was saved ihGES
(*.igs) format and then imported to the MasterCAy4-s
tem. Using this software, the surfaces to be prmmbs
were indicated, and the parameters necessary foy-ca
ing out the production process were defined. Thalfi
stage of the experiment performed in this systerm wa
generating by the postprocessor a processing progea
‘understandable’ to the control system of the givear
chine tool (the iTNC 530 Heidenhain control system
in this case);

producing the object with a CNC machine tool — the
machining was performed with the OMNIS 1020 milling
centre with the use of a ball nose end mill of & m
diameter (Fig. 2b).
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a)
w1

Fig. 2. Free surface: a) surface model, b) actual object

After that, the produced object underwent contrebsi
uring with a Mistral 07 07 05 coordinate measuring-
chine.

3. MEASURING THE ACCURACY
OF FREE SURFACE PRODUCTION

The measuring was performed with a Brown & Sharpe
MISTRAL coordinate measuring machine with the use
of the PC DMIS CAD++3.6 software into which the rebd
in the form of an IGES file had been imported frdine
MasterCAM system. A TP200 Renishaw measuring probe
equipped with a measuring ball tip with an end ofeh
in diameter was applied in the process of measuring

Base plane
definition

definition

Fig. 3. Defining the measured object location
in the machine measuring space

In order to perform the experiment, the measuriagch
had to be defined and calibrated with the use oldbra-
tion ball. After the calibration was finished, thecation
of the element in the measuring space of the machin
was defined (Fig. 3). The characteristic pointshef object
were selected in the manual control mode. This was
the basis on which the coordinate system of thesored
object was defined.

Additional attention shall be paid to the fact tta im-
ported CAD model has its own coordinate system fand
this reason it was necessary to transfer it tocth@rdinate
system of the measured object, defined in the nizasu
space.

At the next stage of the experiment, in order téede
mine the accuracy of producing the shape surfacthef
processed object, the scanning (patch) method eénsth
called UV Scan (offered by PC-DMIS software) modesw
applied. This mode includes scanning a surfacehpatc
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which results in obtaining the contact points @& theasur-
ing ball tip end and the measured object. The U\asgim-
bols indicate the surface patch parameterisatiogctibns
(Piegl et al., 1997). Thus, in selecting the swefahe num-
ber of measurement points in the U and V directiuens to
be defined (in this case U=40, V=35, so measurtrit4@0
points was performed accordingly) (Fig. 4).

Fig. 4. Location of measurement points on the shape surface

4. PROCESSING THE OBTAINED
MEASUREMENT RESULTS

In order for the accuracy of producing a free agfa
of the researched object to be established, theamnties
between the points located on the surface of thB @wdel
and the corresponding points obtained in the reguiteas-
uring with a coordinate machine have to be detegthin
The input data for determining processing erromamises
the measurement points coordinates and their qnesng
nominal points (from the CAD model). This data ntitye
obtained in two ways:

— through selecting the coordinates from the reperteg-
ated in the form of a text file by the control sedte
steering the coordinate measuring machine; or

— through generating text files with ready-to-use rddo
nates of the measurement and nominal points. B thi
case, the data in the form of an IGES file shallihe
ported to the do MasterCAM software (into which the
modelled surface had previously been input) andethe
points shall subsequently be projected in the tioec
normal to the surface (Fig. 5). In this way, themh-
nates of the nominal points are obtained.

Obtaining the data makes it possible to calculatedis-
tances between the measurement and the expected- (no
nal) points. To that end, the error componentsatcheof the
three X, Y and Z axes respectively shall first le¢edmined
on the basis of the formulae below (Ainsworth et2000):

Oy = Xgri =~ Xni (1)
Byi = Yri ~Yni (2)
851 = Zpi — Zni 3)

where:dy;, dyi, 8, — error components in the respective axes;
Xri» Yri» Zri — coordinates of actual points obtained during
measuring; Xi, Yni» Zni — coordinates of nominal points



located on the geometric model surface, correspgndi
to the measurement points.

1- measurement point
2 - nominal point
8; — total error

Fig. 5. Projecting the measurement points
in the direction normal to the surface

Applying the above components lets us determiné;the
accumulated errors in producing a free surfacehatre-
spective measurement points:

9 = \/5% +5§i +52 4)

where:g; — processing accumulated error at a point (Fig. 6)

Y

»7

Fig. 6. Graphical interpretation of & processing
accumulated error

y
Fig. 7. Error values plot for producing a free surface
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On the basis of these errors, a plot presentingethar
values at the respective points may be created Tlrig

The plot illustrates errors at 1400 measured points
It can be seen that the inaccuracy of surface mindu
is significant (maxg; = 0,207 mm). After an initial analysis
it is possible to quickly locate the point where thrrors
occur. The reasons for the errors might have baesmng
others, shape errors of the machining tool. Theiobt
processing errors plot may be used in reshapingebenet-
ric model of the object. Such reshaping servesteect the
occurring production errors as well as to genetiagecor-
rected processing programme for a numerically ciiett
milling machine.

5. SUMMARY

The present paper describes a method of inspeitteng
accuracy of producing a complex-shape surface miithe
the use of a numerically controlled machine todie pre-
sented method, owing to applying a modern coordinat
technique, makes it possible to quickly inspectabeuracy
in the process of object producing. On the basighef
measurement results, the values of errors and |dtions
may be determined. Such information enables usake t
some action in order to minimise the occurring muaacy.
This aim may be achieved for example through reasigap
the geometric model of the object and re-generating
the CNC machine tool control programme.
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Abstract: This paper presents the issues of coordinate measuts of three-dimensional objects whose shapefised
with the use of parametric surface description w@shapplied in CAD systems. The paper also descebmsthematical
as well as a geometrical presentation of surfasesl CAD systems, and discusses coordinate measurgrokniques ap-
plied in measuring objects of this class. Furtimethie article, a practical implementation of thethmelology of reconstruct-
ing objects described with the use of free-fornfage patches has been presented. The methodoldgygés subsequent ob-
ject measurements and reconstructing the objeetsngtric model, and concentrates on the possibkt mxcurate recon-
struction of the shapes and dimensions of the relsed object.

1. INTRODUCTION m n
P(u,v) = 'Zozo D Ni,k(u)Nj,r (V) (1)
i=0j=

Nowadays, more and more emphasis is put on the qual
ity, ergonomics and aesthetics of products. Apglyéoor- where:D,; — apexes of the control grid on which the surface
dinate measurements and CAD/CAM systems to industry iS stretchedN;(u), N;(v) — basis B-spline function&, r —
opens great possibilities of integrating the twohtéques, degrees of the basis B-spline functions.
which not only greatly influences simplifying theopesses
of designing and manufacturing but also makes thleonter
(Alan et al., 1998; Soni et al., 2009).

Today, coordinate measuring machines are wideld use
and they often form an integral part of the macHiaodities
in companies. Moreover, using the machines is mat r
stricted to the quality control; they are also &plin re-
constructing objects of complex and unknown shapes
(Ainsworth et al., 2000). It happens very ofterthat first D D
stage of designing that a designer creates antohjbich ” !
might result in obtaining a hand-made model made sdft
material and with a shape made up of multiple seda

Fig. 1. B-spline surface patch

of complex shapes. In order for such an objectécpto- It is important to know it, since this techniquetised
duced and then to undergo different analysesnéeessary  in creating surface models on the basis of poiouds$
to create its virtual model. Applying coordinate asere- which might be created as a result of coordinatasuee-
ments is the only way to obtain such a model (Yadon ments. The state-of-the-art software controllingroinate
and Peihua, 2004; Xie et al., 2005). measuring machines includes, among its numerouscbbj

scanning methods, procedures of scanning surfacéseo
2. PARAMETRIC METHODS uv typ_e, i.e. according to the surface patch pararseten

OF SURFACE DESCRIPTION directions.

3. APPLYING THE REVERSE ENGINEERING
PROCESSTO AN OBJECT DESCRIBED
WITH A FREE SURFACE PATCH

Parametric methods of surface description are otlyre
used in creating geometric models in CAD (compatded
design) systems. A B-spline surface (Fig. 1) iscdbsd
with the use of two parametens,andv (Piegl and Tiller,

1987, 1997; Sun et al., 2006). _ Coordinate measurements of complex-shape surfaces
A mathematical presentation of a B-spline surface were carried out on the example of the object shown
is illustrated below: in Fig. 2. The shape of the object was describeth wi

the help of a B-spline surface patch.
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These curves were afterwards used to construcinttial
surface model of the object (Fig. 4b) (Park et2004).

Fig. 2. Reconstructed object

Performing the reverse engineering process aimed

at obtaining the greatest possible accuracy ofnscacting

the shape surface (Schemenauer et al., 2002). afcetid,

the following were performed consecutively:

— preliminary coordinate measurements with manual de-
fining of the scanned surface,

— constructing the initial surface model of the objec

— automatic mode coordinate measurements (with the us
of a previously prepared geometric model of theecb)j

— constructing the actual surface model,

— repeating the coordinate measurements and detegnini

Fig. 4. Graphical presentation of measurement results
a) measurement points and spline curves

the accuracy of reconstructing the surface model. b) surface patch
The tests were made on a test stand comprising
(Fig. 3): . Lo
- a CNC control milling centre It has to be emphasised here that indicating thddre

- a PC-class computer integrated with a coordinatesme of scanning manually is a lengthy and troublesoneegss.

uring machine, with the CAD/CAM (Mastercam) as well The open linear scanning method is characterisaediyic-
as (PC-DMIS) software installed. tions stemming from the very method of scanningthis

~ a DEA (Brown & Sharpe) Mistral 070705 coordinate method, the initial vectors of the probe tip apptoavere
measuring machine.

defined by the system the moment the probe tiphedthe
object in the manual process. The PC-DMIS systefinete
the directions at which the probe tip approachesntieas-
ured surface at the consecutive measuring pointshen
basis of both the scanning increase pre-determitetthe
beginning and the last two measuring points (Fig. 5

CNC milling
centre

CMM
Mistral 07 07 05

software

Fig. 3. Test stand

Firstly, the object described with a surface patch
of comp_leg shapes Was created on this stand, aed th Fig. 5. Determining the direction of the measuring probe ti
the preliminary coordinate measurements were peedr approach in open linear scanning
with the use of open linear scanning procedures. difject
under question was scanned in successive parafiébss.

The beginning, direction, and end of scanning wiack- In the method presented in this paper, the meagurin
cated manually. The distance between consecutissume ~ Probe tip approach to the measured object is nuiténl
ing points during scanning was 2 mm, while the atise on the normal direction to the measured surfacehpdthis
between the successive scanned sections amour2eurto might result in inaccurate determining the comptosa

In that way, a point cloud of measuring points whtained, vector for the measuring ball tip end, which in sequence
on which a series of spline curves was stretchégl @). causes declining the measurement accuracy. Inige |
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of these facts, the measurement described aboveperas
formed mainly in order to obtain data for builditing initial
geometric model of the measured surface. This model
in turn constitutes a basis for carrying out theualcmeas-
urement of the reconstructed object. The advantages

i . v
of using a geometric model of the measured surface

are as follows:

- the model includes the
the borders of the scanned object,

— the measurement tip approach vectors are generated

in the normal direction to the measured surface,

— it becomes possible to make use of automatic proce-

dures of measuring the reconstructed surface.
In the following coordinate measurements, te

scanning procedure was applied. This method ingolve

scanning along the spline surface patch paramatiens
directions (Fig. 1). The PC-DMIS programme windaw f
the procedure is illustrated in Fig. 6.

scan e - << oo
1D: SCNIL Measure [V
UV Scan Settings
Hits Start End Position
I~ capcick [~ CAD Click

u:[25 |0.0500 [0.9500  o0.5000

v:[2s | 0.0500 [0.9500  o.5000

/ UV values are bet}e%tol‘ﬂ \

number of hits range of u, v
in u, v directions parameters
Execution | Graphics | Path Definition |
Exec Controls Nominals Method Hit Controls Display Controls
[normaL — v] | | [masTer =] || [vector =] | | Showtits
v ClearPlane ¥ show a1
[~ Single Point
[~ Auto Move
[Gios
IV Probe Comp
r
[~ UseCoP
Create Close

Fig. 6. UV method scanning window

The window requires the user to enter such data as:
— the scanning range through entering tiveparameters
border values,

— the number of the measuring tip contacts inttendv
directions.

On the basis of the data listed above, the PC-D8§kS
tem generates measuring samples on the surfacd, patc
and the vectors of the measuring tip approachemtirmal
direction to the measured surface are also gemkrate
An exemplary distribution of measuring points ahd tv
scanning directions are presented in Fig. 7. Thasome-
ment procedure in this case is performed autonibtica
which significantly simplifies measurements anduazs
the amount of time needed to complete them.
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Fig. 7. Measuring points distribution and scanning diratdio

errors  [mm]

Reconstruction

Fig. 8. Reconstruction accuracy a) after preliminary
measurement, b) after subsequent measumt

Taking advantage of theuv scanning procedure,
the measurements of the reconstructed free susiace
repeated, which resulted in obtaining a cloud & G&as-
uring points. On the basis of these points (in & gimilar
to the one in which the initial geometric model was-
ated), the actual geometric model of the reconstdusur-
face was made. The model was then used to vegfity-
gested method of reconstructing objects describigd the
use of free surface patches; using this model,ctirgrol

measurements of the reconstructed object were re-



programmed. Owing to making use of automatic measur
ment cycles, these measurements were completedhiora
period of time. They constituted the basis on which
the reconstruction errors of the researched shapface
were determined. The surface reconstruction erpbos
are presented in Fig. 8.

The plot shows a comparison of inaccuracy in serfac
reconstruction on the basis of the results of tredimpinary
(Fig. 8a) and actual measurement results (Fig Bb)he
end, the obtained accuracy of the surface objecnstruc-
tion amounted to 0.035 mm.

4. CONCLUSIONS

Applying surface objects obtained in the two measur
ment stages in the reverse engineering process\goon-
tributes to increasing the accuracy of the produmgéct’s
geometric model as well as to simplifying the whptece-
dure. Preliminary measurements are intended tonelefi
the scanned area borders and to construct a sypftce
on the basis of which the second stage of measmteme
is performed. At this stage, having prepared aasermodel
of the reconstructed object, it is possible to havgreater
choice of selecting the distribution and numbernofas-
urement points. In this case, the directions ofgtabe tip
approach are generated more rationally, which dmrtas
to increasing the measurement accuracy. It is sayyifi-
cant that itis possible to make use of the procesiwof
automatic scanning of the reconstructed surfacdschw
makes the whole process last considerably shorter.

10.

acta mechanica et automatica, vol.4 no.4 (2010)

REFERENCES

. Ainsworth M., Ristic M., Brujic D. (2000), Cad-Based

Measurement Path Planning for Free-Form ShapesgUsin
Contact ProbesAdvanced Manufacturing Technology, n° 16,
23-31.

. Alan C. Ling, Shou-Yee Lin, Tse-Hao Fang (1998), Auto-

mated sequence arrangement of 3D point data féacsufit-
ting in reverse engineerin@omputers in Industry, 38, 149-
173.

Park H., Jung H. B., Kim K. (2004), A new approach
for lofted B-spline surface interpolation to semaintours,In-
ternational Journal of Advanced Manufacturing Technology,
23, 889-895.

Piegl L., Tiller W. (1987), Curve and surface constructions
using rational B-splineCAD, vol. 19, no. 9, 485-498.

Piegl L., Tiller W. (1997),The NURBS Book, 2nd ed. Sprin-
ger-Verlag, New York, USA.

Schemenauer L., Li N., Peng X., Zeng Y., Gu P. (2002),
Areverse engineering system for rapid manufacturin
of complex objectsRobotics and Computer Integrated Manu-
facturing, vol. 18, 53-67.

Soni K., Chen D., Lerch T. (2009), Parameterization
of prismatic shapes and reconstruction of free-felrapes in
reverse engineeringinternational Journal of Advanced
Manufacturing Technology, 41, 948-959.

Sun Yuwen, Guo Dongming, Jia Zhenyuan, Liu Weijun
(2006), B-spline surface reconstruction and diséictng from
point clouds,International Journal of Advanced Manufactur-
ing Technology, 27, 918-924.

Xie Zexiao, Wang Jianguo, Zhang Qiumei (2005), Complete
3D measurement in reverse engineering using a -mdbe
system, International Journal of Machine Tools

& Manufacture, 45, 1474-1486.

Yadong Li, Peihua Gu (2004), Free-form surface inspection
techniques state of the art revie@mputer-Aided Design,
36, 1395-1417

105



Monika Zimnoch, Wiera Oliferuk, Michat Maj
Estimation of defect depth in steel plate usinddiocir thermography

ESTIMATION OF DEFECT DEPTH IN STEEL PLATE USING
LOCK-IN IR THERMOGRAPHY

Monika ZIMNOCH *, Wiera OLIFERUK "™, Michat MAJ ™

"Mechanical Engineering and Applied Computer Depantyialystok Technical University,
45C Wiejska, 15-351 Bialystok, Poland
" Institute of Fundamental Technological ResearchisR@cademy of Sciences, 5B Pawinskiego, 02-106s@fay Poland

monaramona@wp.pwolif@ippt.gov.pl mimaj@ippt.gov.pl

Abstract: The paper deals with the application of lock-inhaxinfrared thermography as one of the non-coraact non-
destructive techniques used for defect depth egtmaPreliminary research was done by testingezispen made of auste-
nitic steel plate with artificially created defecise. flat-bottom holes. The obtained dependenegvéen defect depth
and phase shift was presented for different fregesnof “thermal waves” generated inside the sample experiment
was carried out to determine the application ofltdek-in thermography approach in testing matengith a high thermal

diffusivity.

1. INTRODUCTION

Active infrared thermography is one of the most eom
mon methods used for nondestructive testing (NDT),
and offers non-contact detection of defects ocogrri
at a short distance below the surface. This metheeds
an external thermal stimulation of the tested nialter
The response of the material to the thermal stimigude-
pendent on the existence of subsurface defectstlaid
features. Thus, in order to obtain the informatayout
defects, this response is studied. Depending omextternal
stimulus different approaches of active thermogyaiptve
been developed. In recent years the most commasdy u
thermographic NDT technique is pulsed thermography.
In this method the tested surface is flash-heatgdore
or more high energy flash lamps, and the tempezétald
on the surface during its self-cooling is recorded ana-
lyzed. The duration of the pulse is usually vergrsifabout
a few ms). Defect presence is manifested by areaser
in the surface temperature above the defective abrthe
beginning of the self-cooling process after therstathulus
(Maldague, 2001; Oliferuk, 2008).

Pulse thermography has some disadvantages, whigh ma
encourage advances in other approaches of act@renth
graphy. First of all, the tested surface shouldubdgorm
in terms of emissivity. Secondly, homogeneous hgatip
the surface is required. Therefore, only small paen be
inspected at the same time. Due to the above-nmattio
problems the lock-in active thermography approads w
taken into consideration.

The aim of this work is to find out the application
of lock-in IR thermography in determining defectadion
under the tested surface for materials with a ligdrmal
diffusivity.
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2. LOCK-IN IR THERMOGRAPHY

The thermal stimulation in the case of lock-in ther
graphy consists in heating the surface periodidaylynod-
ulated high power lamps. A diagram of the IR thegnaph-
ic system is presented in Fig. 1.

IR camera

material response

SGhiTa

Nl

sample

.
N

GENERATOR J

Fig. 1. Experimental setup for the lock-in IR thermography

Monitoring the exact time dependence between output
and input signals, for instance thermal harmonicugda-
tion, it is possible to receive, on the basis & tbtained
oscillating field of temperature, the amplitude apldase
of the resulting “thermal wave” on the sample. Aigale
images are connected with tested material andeagirfes
of its surface, while phase images refer to waepagation
time. So lock-in thermography is based on “thermaves”
generated inside the sample. Quotation marks aeel us
because wave equation should be the solution dfiyper-
bolic equation, and in this case it is the solutiéthe para-
bolic one (heat equation).

“Thermal waves” which were first studied, amongesth



things, by Fourier back in the XIX century, arehijgatte-
nuated (the amplitude becomes much smaller witheas:
ing depth). Therefore, it is just possible to deteefects
lying near to the tested surface. The “thermal Wagia-
tion as a dependence of the temperatlireon time t
and depttr is formulated as follow (Maldague, 2001):

2z

T(z,t):'IE)e_i co{wt—Tj, 1)

where: A =271 — wave length,u = 1/2—01 — thermal diffu-
w

length (7/=L— thermal where:
PCp
k — thermal conductivityp — density,c, — specific heat

capacity). Propagation velocity of “thermal waegjuals:

v=Af = pw=+ 20w, 2)

sion diffusivity,

7
where f :2— — wave frequency. Presented formulas are
T

true provided that a one-dimensional model for lsakice,

heated up with sinusoidal changing intensity isiams.
Thermal diffusion length means the distance afteiciv

wave amplitude becomestimes smaller, and it is inversely

proportional to\/c_u, so waves with a higher frequency
penetrate shallower in material than with lowemtrency
ones. Therefore, it is very important to employ raper
frequency, in case some of the defects are unéetethis

is the main disadvantage of lock-in thermograplor. éach
frequency it is necessary to do separate tests.

The most important advantage of lock-in thermogyaph
in many NDT applications is the fact that thephase
is relatively independent of local optical and thal sur-
face features e.g. emissivity; whereas as it faléwm the
formula (1), directly depends on the defect depth

2z _ z
#(2) = I ==
M
and it is the linear dependence. Therefore, in rotdele-
termine defect depth phase shifts are investigated.

®3)

3. EXPERIMENT

For the lock-in testing the FLIR IR ThermographisS
tem with ThermaCam Phoenix camera was used.
The camera, with electrically cooled InSb detectoas
a maximum frame rate of 346 Hz and temperaturelues
tion of 20 mK (at 30°C). Other parameters are devio
maximum frame size — 320 x 256 pixels (width x héig
spectral range: 3-pm.

The camera was attached to halogen lamps (2,6 kW),
which were used to generate harmonic heating dfismpn
surface with adequate heat intensity.

The specimen used in the tests (170 x 195 mm) was
made of austenitic steel plate 316L, which is ctiarized
by relatively high thermal conduction (about 15g3K).

The simulated defects, i.e. flat-bottom holes wamranged

acta mechanica et automatica, vol.4 no.4 (2010)

as shown in Fig. 2. The distances between the wéfeen-
ters were equal to 25 mm and 35 mm from the boyndar
of the sample to the centre of the nearest hole. thick-
ness of the plate is 3 mm.

@1
0.3

0.5

0.7

0.3

12

1.3

|
al
Fig. 2. Test sample

The tested surface was stimulated with halogen samp
whose power was changed in a harmonic way. Therapac
was heated up from the side where simulated defaes
invisible. The following frequencies of the thernstimula-
tion were applied: 0.2 Hz, 0.4 Hz, 0.6 Hz; 0.8 hrl d Hz.
With the help of the lock-in IR thermographic systéig.1)
the oscillating temperature field (on the testedfeme)
in the function of the time was measured and resabrd
The response of the tested material on harmomuwkition
is not in fact a sinusoidal signal. Self-coolingtbé tested
specimen proceeded more slowly than the heatingrefbre
the measured signal was approximated by analytiction.
On the basis of this function, the “thermal wavés” each
point of the surface were reconstructed. As a ftta@mwave”
of reference, the one on sound material surface talen.
Then the phase shift between “thermal wave” onaserf
above the defect and the reference “thermal wawels
determined as shown in Fig.3.

1 - sound material
2 - defective material

L

1

\
1=
n

temperature [dimensionless units]

Fig. 3. Determination of phase shift
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In order to identify the regions of the testedfate ly-
ing above sound material and defected one, theacaurf
temperature distribution was used. As an exampée fem-
perature distribution on the tested surface formtiaé stimu-
lation with frequency 0.6 Hz is shown in Fig. 4.

Fig. 4. Surface temperature distribution for 0.6 Hz
stimulating signal

Analysis was made for the sixth period of the statian,
for single pixels, corresponding to points on tested sur-
face, as shown in Fig. 4.

4. RESULTS

The analysis was made for the 5 mm diameter defects

lying at different depth (0.3 mm, 0.5 mm, 0.7 mnd &nh9
mm) and for the stimulation frequencies 0.2 Hz andz.
The temperature of the tested surface was capt8déd
times every second in the case of the 1 Hz freqyenlce-
reas in the case of the 0.2 Hz — 172 times. Thentignce
between the phase shift (in relation to the soumderal)
and the defect depth was obtained as shown irbFig.

0

2 2 & 2

phase shift [m=]

=
o

a

o o 0w ui,.s u:;a ar og 0@

*1H: WO2H

-0

defect depth [mm]

Fig. 5.Dependence of phase shift on defect depth
for the defect diameter 5 mm and the frequencies
of stimulation 1 Hz and 0.2 Hz
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The obtained relation is linear and enables esiimat
of the depth of real defects. It is seen that fetedting 5
mm diameter of simulated defects (in the depth easigpwn
in the diagram), it is better to use a lower fratpye like
0.2 Hz than a higher one, like 1 Hz. For instanice,phase
shift for the 0.9 mm depth in the case of the lskimulat-
ing signal is almost equal to zero. This meanstti@tefect
cannot be estimated using the above-mentioned dramy,
which is called in this case the “blind frequen¢yfanyong
Ch. and others, 2008). The blind frequency existsefich
specific defect lying at a certain depth.

It is seen in Fig. 5 that using lock-in IR thermaginy
it is necessary to apply an appropriate frequerfcstionu-
lating signal in order to detect the defects lyaigdifferent
depths. This is also seen in “phase diagram” (sarthstri-
bution of phase shift) available in the softwaremping the
lock-in thermography system. Thus, there are plshsfts
for each point of the tested surface (for eachlpiederring
to the stimulating signal presented in that phasgrdm
(Fig. 6, 7).

“1hz
Fig. 6. Phase shift referring to stimulating signal
for 0.4 and 1 Hz

In Fig. 6 it is seen that the deeper defects, such.2
mm and 1.5 mm are better perceived for the loweruat-
ing frequencies like 0.4 or 0.2 Hz. Whereas, in thse
of the higher frequencies, like 0.8 Hz or 1 Hz,regéghtly
shallower defects, like 0.9 mm are not seen cledrhis



is related to a general rule, namely that loweqdencies
penetrate deeper in material than higher ones.

It was also noticed that in the event of highegdien-
cies, like 0.8 and 1 Hz, shallower defects (in Heginge
shown in the diagram) with a smaller diameter (2)mmre
seen more distinctly than in the case of lower destpies

(Fig. 7).

0,4 Hz

0,8 Hz

Fig. 7. Phase shift referring to stimulating signal
for 0,4 and 0,8 Hz

5. CONCLUSIONS

In this paper use of lock-in IR thermography toedét
subsurface defects (0.3-0.9 mm) for materials \@ithigh
thermal diffusivity was proposed. Several of theljpminary
experimental results for the defect diameter 5 nmah the
frequencies of the stimulating signal 1 Hz and l82were
presented. On the basis of the obtained resulastfound
that the dependence between phase shift (in raferen
to sound material) and defect depth is linear.

Tests done for the defects with smaller diameters
showed that for estimation of their depth it is emsary
to use lamps with the power higher than 2,6 k\WttHex
tests for different frequencies, defect locationd sizes are
necessary to estimate the depth of the real defectsteri-
al.
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ABSTRACTS

Sergey G. Chulkin, Aleksandr D. Breki, Irina V. Sobviova, Roman Kaczyiski
Generalized methods of estimations of lubricamBuence on the tribotechnical characteristicsridtfon pair “steel-steel”
on the four-ball machine

This article is devoted to the development of gelimed methods of estimations of lubricants inflceeron the tribotechnical characteristics
of friction pair “steel-steel” and its usage folesgion of the best lubricating material out of sétmaterials “Litol-24”produced by different
manufacturers.

Ryszard Dindorf, Pawet Laski
Design and experimental test of a pneumatic paratnipulator tripod type 3UPRR

The paper presents the design and experimentabftestripod type-3UPRR pneumatic parallel manifmraThis manipulator consists of three
identical kinematic chains (pneumatic axes) coringdhe fixed base and the moving platform. The temter point TCP of the moving platform

is a resultant of relocation of three pneumatidessl cylinders independently controlled by servives For simulation purposes a solid model
of pneumatic tripod parallel manipulator in Solidik® was constructed. Since the application of 3-GABnodelling kinematics and dynamics
of parallel manipulators is restricted further siation was carried out by means of SimMechanicsafip and Matlab-Simulink package.

The experimental research focused on determiniagptacision of positioning of manipulator's enceefér point of the moving platform during

point-to-point control.

Jozef Drewniak, Stanistaw Zawslak
Comparison of graph-based methods of kinematicalyais of planetary gears

In the paper three graph-based methods of plang&ay modeling are discussed. The following methwage been considered: Hsu's graph,
contour graph and bond graphs-based methods. Huoeetital ideas of the mentioned approaches wesglghevised and compared. Two
of them were applied for analysis of an exempldanetary gear. The consistency with traditional l/imethod was checked. Advantages
of the proposed approaches are highlighted.

Andrzej Dymarek, Tomasz Dzitkowski
Searching for the values of damping elements witjuired frequency spectrum

This paper concerns formulating and solving théjem of synthesis of vibrating discrete mechansyatems with two — terminal damper. In this
paper a method of synthesis to determination afcgire and inertial, elastical, damping paramebers been presented. Such task may be
classified as a reverse problem dynamics of vibnesubsystems.

Piotr Grzes
Finite element analysis of temperature distributiormxisymmetric model of disc brake

A transient thermal analysis is developed to examé@mperature expansion in the disc and pad volumder simulated operation conditions
of single braking process. This complex problemfradtional heating has been studied using finiteneént method (FEM). The Galerkin

algorithm was used to discretize the parabolic beatsfer equation for the disc and pad. FE moéielisz/pad system heating with respect to
constant thermo-physical properties of materiald aoefficient of friction was performed. The frimtial heating phenomena with special
reference to contact conditions was investigatedaRisymmetric model was used due to the propaticglation between the intensity of heat
flux perpendicular to the contact surfaces andate of heat transfer. The time related temperatisteibutions in axial and radial directions are
presented. Evolution of the angular velocity ane tlontact pressure during braking was assumed teobknear. Presented transient finite
element analysis facilitates to determine tempegagdpansion in special conditions of thermal caritaaxisymmetric model.

Marek Jatbrzykowski, Joanna Mystkowska
Overlay dentures — constructional and research atpe

The paper presents selected issues relating tobfeodentures with their general characteristicdixdfigs. Reference was made to the most
important material-constructional aspects and theblpms that arise with this type of solutions. the work the method of durability
and reliability evaluation and selection of matisrfar the kinematics connections of this typetaficture was proposed.

Tadeusz Kaczorek
Positive switch 2D linear systems described byg#weral models

The positive switched 2D linear systems describgethle general models are addressed. Necessaryu#ficieat conditions for the asymptotic
stability of the positive switched system are dgthbd for any switching. The considerations dresirated by numerical examples.

Andrzej Kaczynski, Wojciech Koztowski
Elastostatic problem for an interface rigid inclasiin a periodic two-layer space

The article is devoted to the elastostatic threeetisional problem of an interface sheet-like inoluganticrack) embedded into a periodic two-
layered unbounded composite. An approximate arsligsicarried out within the framework of the hommiged model with microlocal
parameters. The formulation and the method of sglthe general problem for an arbitrarily shapeduision is presented. As an example
illustrating this method, the problem for a rigigicalar inclusion under perpendicular tensional/ed explicitly and discussed from the point
of view of failure theory.
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Zbigniew L. Kowalewski, Tadeusz Szymczak
A role of cyclic loading at modification of simgleformation processes of metallic materials

The paper presents experimental results of inwgitigs carried out on the 2024 aluminium alloy &l steel under biaxial stress state.
The loading programme comprised a monotonic terssisted by torsion-reverse-torsion cycles. Aluérfce of the cyclic loading and its delay

with respect to uniaxial tension on the selectedhasical parameters taken on the basis of teriséeacteristics was investigated. Additionally,

a relative variation of the proportional limit agéld point due to the loading history applied veamlyzed. A permanency of effects observed
during combination of tension and cyclic torsiorsvexperimentally assessed on the basis of anliyigila surface evolution.

Pawel Lindstedt, Rafat Gradzki
Parametrical models of working rotor machine blatiagnostics with its unmeasurable environment elation

The paper presents the basic of the new methodtof machine blades during their operation. Thehwektutilizes such diagnostic models
as a quotient of diagnostic signal y(t) amplificatbeing a result of blade operation and x(t) digfits environment as the blade tip approaches
the sensor as well as amplification of these sgyaalthe blade tip recedes from the sensor ane hifs difference of these signals as the blade
tip approaches and recedes from the sensor. Theteabidiagnostic models indirectly take the currelside environment x(t) into account
with no necessity of measuring (Kotowski and Lireds$t 2007; Lindstedt and Kotowski, 2004). Therefinemodel is sensitive to blade technical
condition changes remaining only slightly sensitiweenvironment changes. Suggested method may peryeimportant in diagnostics of rotor
blades during operation of rotor machines (turhicempressors etc.).

Bohdan Monastyrskyy, Andrzej Kaczyiski
Contact strength of a system of two elastic hadteg with an axially symmetric recess under consmas

Frictionless contact of two isotropic half spacssconsidered one of which has a small smooth ercrtcess. A method of solving
the corresponding boundary value problem of eligtin axially symmetric case is presented via fhection of gap height. The governing
integral equation for this function is solved aniaily by assuming a certain shape of the initiess. On the basis of the closed-form solution
obtained the strength analysis of a contact caspderformed and illustrated from the standpoinfrature mechanics.

Romuald Mosdorf, Tomasz Wyszkowski
Frequency and non-linear analysis of bubble pathisubble chain

In the paper the paths of bubbles emitted frombifas nozzle with inner diameter equal to 1.1 mmehiagen analyzed. The mean frequency
of bubble departure was in the range from 1 to 36Bdibble paths have been recorded using a higidspemera. The image analysis technique
has been used to obtain the bubble paths for eiffenean frequencies of bubble departures. Thedfpwavelet analysis and recurrence plots
have been used to determine the strength of intenabetween bubbles in column. It has been fourad the influence of previously departing
bubbles on trajectory of next bubble in the coluran be significant for fo > 30 Hz, in this case bubble paths become less periodic and more
instable. In this case the distance between subségieparting bubbles (S/D) becomes close to dauses that the vertical interaction between
departing bubbles is enough strong to change thardical properties of bubble paths.

Arkadiusz Mystkowski, Leszek Ambroziak
Investigation of passive magnetic bearing with talp-array

The paper has described the complete design aedtigation processes of permanent magnetic beaftmg passive magnetic bearing (PMB)
rotor suspension rig employing no active contranponents was calculated, designed, constructedemteld. In order to increase the radial
passive magnetic bearing stiffness, the Halbadyaronfiguration was used. The main purpose iset@ldp the nonlinear model of the PMB.
Therefore, the magnetic flux circuit of the PMB wasalytically calculated by using Ohm and Kirchthofethods. The nonlinear effects
of the discrete 3D model of the PMB was analyzedubing Finite Element Method (FEM). Finally, therwevell matched experimental

and analytical static characteristics of the passiagnetic suspension were carried out.

Arkadiusz Mystkowski
L-Synthesis control of flexible modes of AMB rotor

In the paper the optimal robust vibration contrbflexible rotor supported by the active magnet&atings (ambs) is investigated. The purpose
of the control system is stabilization of the higgreed rotor and effective control of the rotor &thm due to noncollocation, gyroscopic effects
and model uncertainties. The noncollocation effecionsidered and frequency modal analysis of treollocated ambs system with gyroscopic
effects is presented. TheSynthesis control is applied to stabilize thedigind flexible critical frequency modes of the rotaith emphasis
structural and parametric uncertainty. The inpud antput signals in ambs system are limited byvtlkéghting functions. The singular value
analysis is used to obtain the robust performanédabe closed-loop system. The stable operation gowtl stiffness of the high speed rotor
supported magnetically is reached. The dynamidahtieur of the ambs rotor is evaluated in the ramgéo 21 000 rpm. The experimental tests
show the effectiveness of the robust control sysiemwell as good vibrations reduction and robustoéshe designed controllers.

Matgorzata Poniatowska
Influence of coordinate measurement parameters fwaeaform surface inspection results

Coordinate measurements are the source of digidtd th the form of coordinates of the measuremanintp of a discrete distribution
on the measured surface. The local geometric demsmbf free-form surfaces are determined (at gatht) as normal deviations of these points
from the nominal surface (the CAD model). Obtaindigcrete data is inseparably connected with logifigrmation on the surface properties.
In contact measurements, the ball tip functiona asechanical-geometric filter. The results of cauaite measurements of geometric deviations
depend not only on the grid size but also on thetlpadiameter. This article presents foundatiaisthe influence of the ball tip diameter
and the grid size on coordinate measurement realdisy with the experimental results of measurenoérat free-form milled surface in order
to determine its local geometric deviations.
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Valentyn Skalsky, Pavlo Halan
Application of acoustic emission in fatigue frawiagnostics

The most important peculiarities of the acoustidssion under fatigue loading are reviewed. Depeoeerof the AE signals and parameters
of the growing fatigue crack on the basis of arstaxg literature source review are establishedegsential role of the correlation for determining

the crack growth rate in the relation between tleparameters and crack parameters are shown. Agyeapproach for determination of cycle
quantities till the initiation of a crack is prosob

Andrzej Werner
Measuring the accuracy of producing free-form scefwith the use of the coordinate measuring method

The present paper presents a method of determ@miogs in processing complex-shape surfaces pradwite the use of a CNC machine tool.
In order to achieve this, the whole process of mgla three-dimensional object was performed, froeating a CAD model to generating

a processing programme for a CNC machine tool andueing the actual object. The obtained surface meaasured with a Brown & Sharpe
Mistral coordinate measuring machine with the use Renishaw TP200 measuring probe.

Andrzej Werner
Coordinate measurements of free-form surfacesvarse engineering process

This paper presents the issues of coordinate measuts of three-dimensional objects whose shagefised with the use of parametric surface
description methods applied in CAD systems. Theepajso describes a mathematical as well as a deoaig@resentation of surfaces used CAD
systems, and discusses coordinate measurementiqeesinapplied in measuring objects of this claasthér in the article, a practical

implementation of the methodology of reconstructiolgjects described with the use of free-form swfgatches has been presented.

The methodology includes subsequent object measmtsnand reconstructing the object’s geometric mad®l concentrates on the possibly
most accurate reconstruction of the shapes andndiores of the researched object.

Monika Zimnoch, Wiera Oliferuk, Michat Maj
Estimation of defect depth in steel plate usindtdimcIR thermography
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The paper deals with the application of lock-iniacinfrared thermography as one of the non-coraact non-destructive techniques used for
defect depth estimation. Preliminary research wasedy testing a specimen made of austenitic ptatd with artificially created defects, i.e.
flat-bottom holes. The obtained dependence betwiedect depth and phase shift was presented foerdiff frequencies of “thermal waves”

generated inside the sample. The experiment watedaout to determine the application of the lookthermography approach in testing
materials with a high thermal diffusivity.
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