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CONVECTIVE COOLING OF A DISC BRAKE DURING SINGLE BRAKING
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Abstract: This study is primarily focused on the investigation of an impact of heat transfer coefficient on heat dissipation from the solid disc
using the finite element method (FEM). The analysis was carried out within four individual cases of braking of the passenger vehicle simu-
lating mountain descent with different velocities and the following release periods, where the convective terms of cooling were dependent
on the angular velocity of the disc. For the purpose of confronting contrasting conditions of the braking action, apart from heating region,
the whole surface of the disc was insulated. The process was performed under the operation conditions of a real front disc brake, whose
dimensions and thermophysical properties of materials were adopted and applied to the FE model. It was concluded that the influence
of cooling of the exposed surfaces of the disc during relatively short braking is insignificant. However the period after brake release results

in considerable decrease in temperature of the disc.
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1. INTRODUCTION

While considering the mechanical problem of a braking sys-
tem, the force of friction is the most advisable quantity during the
action. The magnitude of total force that opposes motion is influ-
enced by the coefficient of friction, the surface area of a disc
remaining in contact with the pad during slipping process and the
contact pressure. However, the large amount of heat generated
atthe pad/disc interface undeniably participates in restriction
of the operation range of a brake system. The conditions of fric-
tion, in which the critical value of temperature is exceeded, may
cause a brake fade, premature wear, thermal cracks, brake fluid
vaporization, thermal judder (Gao and Lin, 2002; Gao et al., 2007;
Talati and Jalalifar, 2008, 2009). The variety of mechanical, physi-
cal and chemical phenomena in the immediate vicinity of contact
surface causes difficulties in formulating frictional heating model
which would include their sophisticated interactions (Scieszka,
1998).

For the contact temperature evaluation, the amount of kinetic
energy is assumed to be entirely converted into thermal energy
(Zagrodzki, 1985; Wawrzonek and Bialecki 2008; Grzes, 2009;
Grzes, 2010; Adamowicz and Grzes, 2011a, 2011b). For this to
happen, the total friction power expressed by the product of fric-
tion coefficient, relative linear velocity of the bodies and the con-
tact pressure is applied as the intensity of thermal flux to the
surfaces of contact of the friction pair. This approach was imple-
mented by Zagrodzki (1985) to determine the temperature fields
and thermal stresses of a multidisc wet clutch after engagement.
Two-dimensional model of discs with distributed heat source was
used. Thereby the uniform thermal load in the circumference after
its separation, set a priori by the heat partition ratio, was applied
to the model. In other cases special coefficient determining
the energy generated during frictional heating was employed
(Scieszka and Zolnierz, 2007a, 2007b).

Analytical models of heating process during braking were pro-
posed in monograph by Awrejcewicz and Pyr'yev (2009). Bauzin

and Laraqi (2004) carried out numerical simulation for a problem
of sliding contact to calculate the heat flux generated due to fric-
tion, the thermal contact conductance and the intrinsic heat parti-
tion coefficient. Some analytical models to determine three-
dimensional temperature filed and the thermal constriction re-
sistance for the problem of moving heat source on semi-infinite
bodies were proposed in article by Laragi et al. (2004).

The heat exchange during the braking process is accom-
plished by conduction through brake assembly and hub, convec-
tion to surrounding air and radiation to adjacent elements. Alt-
hough conduction is an efficient mode of heat transfer, it may
have negative effects, such as brake fluid vaporization or bearing
damage (Talati and Jalalifar, 2008, 2009), whereas radiation
affects the beading of a tyre.

The finite element analysis of a ventilated disc brake rotor with
straight rounded radial vanes, which included macroscopic and
microscopic model of frictional heat generation, was developed
in article by Talati and Jalalifar (2008). The uniform pressure,
as well as the uniform wear conditions, were studied separately
for calculation of a boundary heat flux. Empirical correlations were
used in order to obtain the heat transfer coefficient. The disc
and pad temperature fields versus braking time in axial and radial
directions were presented. The convective terms of cooling were
concluded to be the most important factors preventing overheating
of components of the brake assembly and causing the decrease
in friction coefficient.

Adamowicz and Grzes (2011b) studied an influence of con-
vective cooling on three-dimensional temperature fields in a solid
disc brake generated during repetitive braking process. The calcu-
lations were carried out employing wide range of established
a priori values of the heat transfer coefficient of the exposed
surfaces of the disc.

The rotational motion of a disc during braking process in rela-
tion to stationary pads is a problem of a moving heat source. Non-
axisymmetric thermal load of a brake rotor, for the selected spot
on the friction surface, causes periodic heating during pad transi-
tion and the following cooling phase for each rotation of a wheel
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of a vehicle. In order to overcome the difficulties of geometrical
scheme of the disc brake system, where the pad is treated as the
heat source and is intrinsically a portion of rubbing path in the
subsequent moments of time, three-dimensional representation
is required. The problem of a moving heat source in relation
to disc brake system was studied in a number of articles (Gao
and Lin, 2002; Gao et al., 2007; Wawrzonek and Bialecki, 2008;
Adamowicz and Grzes, 2011; Scieszka and Zolnierz 20073,
2007b). The solution of iterative process of disc heating was
developed with an assumption of exponential pressure increase
and non-linear angular velocity descent, in order to simulate real
conditions after the brake engagement, as proposed in study
of Gao and Lin (2002). The review of FE modelling techniques
of frictional heat generation in disc brakes and clutches was de-
veloped in article by Yevtushenko and Grzes (2010).

Belhocine and Bouchetara (2012) analysed three-dimensional
temperature field of both solid and ventilated type of a brake disc
incorporating three different cast iron materials. The heat transfer
coefficient was calculated separately for specified locations on the
free surfaces of the disc and implemented to FE element model.

This paper aims to study the influence of convective heat
transfer on the transient temperature distributions of a real disc
brake. The process of braking was conducted for the braking with
constant velocity of the vehicle. The problem of pad transition
based code as a moving heat source was developed and trans-
ferred into FE model. The determined temperature distributions
of a disc during braking were confronted and compared for the
cooling influence assessment.

2. HEAT TRANSFER PROBLEM

The disc brake system consists of a rotating disc and fixed
pads. When the braking process occurs, the forces that act
on pads, oppose the motion of the system. The accumulated
amount of kinetic energy is converted into thermal energy at the
interface of the connecting parts according to the first law of ther-
modynamics. The generated heat is dissipated by forced convec-
tion due to enlarged airflow and the natural convection after the
full stop, whereas conduction absorbs energy from the interface
of the friction pair. However the third mode of heat transfer which
takes place has an insignificant influence on the temperature
distributions, and therefore has been neglected in this study.

Fig. 1. A schematic diagram of a pad/disc brake system

As for the symmetry of the problem, the analysed region was
limited to the half of the entire disc of thickness s and one pad

(Fig. 1). However only disc temperature distributions were ana-
lysed. For the purpose of estimating the influence of convective
heat exchange mode on the transient temperatures of a disc, two
individual cases of braking process were investigated. The first
is related to the problem of non-axisymmetric disc heating with the
convective terms of cooling and velocity dependent heat transfer
coefficient, whereas in the second, exclusively thermal load with-
out convective boundary conditions was applied to the three-
dimensional FE model of a disc. It was assumed that the thermo-
physical properties of materials are isotropic and independent
of temperature (Grzes, 2011b). Such an assumption stems from
the fact of relatively low temperature attained in the process. The
nominal surface of contact of a disc equals the real surface
of contact thereby the contact pressure is uniform at every time ¢
of braking process.

Assuming that the total friction energy is converted into heat,
the total intensity of heat flux generated between the pad and the
disc is given by g = fVpo, where f is the friction coefficient, V is the
sliding velocity, py is the contact pressure. The separation of heat
entering the disc and the pad was adjusted by the heat partition
ratio calculated as y = 1/(1+&) (Charron, 1943, Grzes 2011a),
where &= Kakp"2/(Kpka'2) is the thermal activity coefficient
(Luikov, 1968), K is the thermal conductivity, k is the thermal
diffusivity, the subscripts p and d denote the pad and the disc,
respectively.

The amount of the intensity of heat flux that enters the disc
is calculated from the formula:

ql,(r,H,t}zzo = (1—;/)fpora)0, r,<r<R, (1)
0<0<27,0<1<1t,

and into pad:

qp(”,e,tj 5, =Ypyr@,, 1, <r<R,, )

z=

0<6<86,,0<t<t,

where & is the thickness, 6, is the cover angle of pad, ay is the
angular velocity, t is the time, fs is the braking time, r and R are
the internal and external radii, respectively.

Both, the contact pressure po and angular velocity «, are
constant during the analysis.

3. MATHEMATICAL PROBLEM

The transient heat conduction equation of the rotating disc
for non-axisymmetric problem described in cylindrical coordinate
system (r,0, z) is given as follows (Nowacki, 1962):

+ +— +
o ror o0 o k\or o0 (3)

r,<r<R,,0<0<27,-8,<z<0,t>0

T 1or 107 52T_1(5T 5T]

where T is the temperature, ris the radial coordinate, z is the axial
coordinate.

Two separate cases were studied. The first simulated the pro-
cess of real braking with constant velocity, therefore the following
boundary conditions including convective mode of heat transfer
were established:

— the surface placed in the disc’s mid-plane of symmetry -
adiabatic condition;



— the internal cylindrical surface, the contact surface free from
frictional heating (out of pad contact area), and the external
cylindrical surface of a disc - convective cooling terms;

— the contact surface under relative transition of a pad - portion
of the total intensity of the heat flux calculated from the known
quantity of heat rate, applied as the plane heat source acting
with calculated value for the respective elements of the mesh
(equation (1)).

Kdaa—T =q,(r,0,t), rpSrSRP,OSQSz;r, (4)
Z z=0
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45220 =hT,-T(@,0,0], 1, <r<r, (5)
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0<0<27,-5,<2<0,1>0,
oT
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d

0<0<271,2=-5,,t>0,
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where T, is the ambient temperature, h is the heat transfer
coefficient.

For the second case, unlike the previous case, the thermal in-
sulation was applied on every surface of convective heat ex-
change. However such an assumption does not correspond with
the real conditions of braking process, in this study it is used
primarily to confront contrasting terms and to answer whether the
average constant heat transfer coefficient is sufficiently precise
assumption for single braking.

In order to formulate the following matrix form of the equation
(3) the Galerkin method was employed:

[l iy =y (10)
where [C] is the matrix of heat capacitance, {T} is the matrix
of temperature at grid points, [K] is the matrix of thermal conduct-
ance, {R} is the matrix of applied thermal loads.

In order to solve equation (10) Crank-Nicolson method was
used. Based on the assumption that temperature {T} and {T}t,at
at time t and t+ At respectively, the following relation is specified:

N 1o pfdT dr (1)
At[{T}H—At {T}t] (1 ﬂ){ dl }x +ﬁ{ dl }H-At

Substituting equation (11) to equation (10) we get the follow-
ing implicit algebraic equation:
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(c]+ paeKKTY,..,, = (C]-(1- BIK]ACKTY, (12)
+(1- B)ARY}, + SAHRY,.,,

where £ is the factor which ranges from 0.5 to 1 and is given to
determine an integration accuracy and stable scheme.

4. CONVECTIVE HEAT TRANSFER

Since the forced convection takes place on the contact sur-
face during every rotation of a disc (out of pad area on the rubbing
path) as well as on the cylindrical external and internal surface
(Fig. 2), the convective heat transfer coefficient h is of the form
h=KNul/r, where r is the radial location, which denotes mean
radius of the friction surface, Nu is the Nusselt number, K is the
thermal conductivity of surrounding air.

Furthermore the Nusselt number is related to dimensionless
Reynolds number Re and Prandtl number Pr evaluated from the
expression (MSC NASTRAN THERMAL, MSC Software
Corporation) Nu=0.0267Re%8Pr0& where Reynolds number
is given by Re = pawr?/g where p is the density, 4« is the dynamic
viscosity, and Prandtl number is given as Pr=cu/K, where ¢
is the specific heat capacity.

The natural convection may affect the convective heat transfer
coefficient when the forced convection is relatively weak.
The influence of mixed convection was neglected according to the
condition given by Mills A. F. (1995):

Pr

G 3 0.137
Re, < 4.7( rD] (13)

where Rep and Grp are Reynolds and Grashof number for linear
element with dimension D, respectively.

5. NUMERICAL ALGORITHM TO EVALUATE TEMPERATURE
ON THE CONTACT SURFACE OF THE DISC

During mutual slipping process of the rotational rotor over the
immovable pads, the inboard and outboard surface of a disc
is subjected to non-axisymmetric thermal load. In case of braking
with constant velocity (such as mountain descent), time of every
rotation of the disc is equal in relation to a specific spot on the
circumference within the contact region. Two phases — heating
and cooling — may be distinguished. The heating time equals
6,/360° of time of one rotation of the wheel, whereas cooling
phase equals 1—6,/360° of time of one rotation.

Fig. 2. A 1/72 section of FE model of disc with boundary conditions
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In the present thermal finite element analysis, the boundary in-
tensity of heat flux, as well as cooling terms, are calculated indi-
vidually for every element mesh (regarding radial location) for the
specific time t. For the convenience purposes the heat exchange
through forced convection was assumed to be independent of the
radius within the range of maximal and minimal radius of the pad
(mean radius of friction surface rm was considered).

The numerical algorithm was accomplished by the boundary
conditions formulation. The segment of final mesh with moving
heat source, accomplished by the thermal flux (pad) entering
the disc is shown in Fig. 2. The intensity of heat flux as well as the
convective terms are interchangeably calculated within the region
of contact surface. Furthermore, to obtain the effect of gradual
covering of every element of the mesh on the disc contact sur-
face, specific evolution of the intensity of heat flux was applied by
the use of specific boundary conditions. For the second case,
in which the adiabatic boundary conditions replace the convective
heat transfer, the same algorithm was implemented.

6. FE DISCRETIZATION

In order to calculate the temperature distributions of the disc
brake, appropriate mesh division regarding respective coordinates
of the model is essential. High temperature gradients require very
fine mesh, therefore in the area adjacent to the contact surface,
lower dimension of the elements was employed. Nonetheless, for
the purpose of validation of the final mesh use, tests of different
grids of elements for every direction, with the speed of the vehicle
of 25 km/h, were developed. The final mesh consists of 43 200
eight-node hexagonal elements and 33 693 nodes (360 elements
in the circumference, 4 in the axial direction, and 20 in the radial
direction — Fig. 2). As the temperature gradients in region beneath
friction surface were relatively low, the mesh division was
of “paver” type (irregular).

7. RESULTS AND DISCUSSION

The 3D finite element analysis of the transient temperture field
of the disc for heat conduction problem was conducted. The com-
putations were carried out comprising two different phases. The
first is the continuous braking process with the constant velocity
lasting t=3.96 s, whereas the second concerns the cooling of the
brake system after brake release (t =296.04 s) which is shown in
Fig. 3. The thermophysical material properties, dimensions, and
parameters of the operation including different values of convec-
tive heat transfer coefficient are given in Tab. 1. Because of the
magnitude of the obtained differences of temperatures in the
model where the convective heat exchange was applied as well
as the case with thermally insulated surface out of pad domain,
the presentation of the results is restricted exclusively to the fric-
tion surface of a disc.

Fig. 4 shows the variations of temperature on the contact sur-
face of a disc at the mean radius of 95 mm during braking with
constant velocity, until the moment of brake release. Obviously
higher velocity with the same rate thermal load results in higher
temperature at every moment of braking. It may be observed that
the differences of the temperatures between subsequent veloci-
ties for both definite types of heat transfer at the end of braking
are of the same range, which indicate their linear dependence.

However, as the cooling impact on the temperature of pad/disc
interface appeared insignificant, the areas comprising the moment
before the last entire pad transition was enlarged for the purpose
of clarity. The highest obtained temperature difference regarding
the model with and without convective cooling appeared for the
velocity of 100 km/h and equals 1.48°C.

Tab. 1. Thermophysical properties of materials, operation parameters
and dimensions of the disc and the pad (Talati and Jalalifar, 2009)

ltems Disc Pad
thermal conductivity, K [W/(mK)] 43 12
specific heat capacity, ¢ [J/(kgK)] 445 900
density, p [kg/m3] 7850 2500
inner radius, r [mm] 66 76.5
outer radius, R [mm] 113.5
cover angle of pad, &[deg] 64.5
thickness, & [mm] 55 10
radius of the wheel, Ry [mm] 314

velocity of the vehicle, V, [km/h] 100 75 50 25
heat transfer coefficient, h [W/(m2K)] 355 282 204 117

pressure, po [MPa] 347

coefficient of friction, f 0.5
initial temperature, T, [°C] 20
ambient temperature, T [°C] 20

100 ,

V [km/h]|s

75 -4

1
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Fig. 3. Scheme of four cases of braking and the following release phases
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Fig. 4. Evolutions of temperature on the contact surface of a disc
at the mean radius of the rubbing path



The comparison of temperature evolutions extended to the
succeeding cooling periods after the brake release is shown
in Fig. 5. It may be observed that the time significantly affects the
temperature values after the phase of heating. As the adiabatic
conditions (solid lines) on the friction surfaces were established,
the temperature of the entire model equalize after the time
of about 50 s. This phenomenon is observable for each of the
presented velocities. Furthermore, the same order of tempera-
tures at the end of simulated process (f = 300 s) regarding subse-
quent velocities of 25, 50, 75 and 100 km/h presented in Fig. 4,
is evident. Nonetheless, convective terms on all of the surfaces
of disc, apart from inner cylindrical surface, result in irregular
decrease in the temperatures.
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Fig. 5. Evolutions of temperature on the contact surface of a disc
for the mean radius

It may be explained by the influence of convective boundary
condition which includes the temperature difference multiplied by
convective heat transfer coefficient h. Both of the factors corre-
spond to the velocity of the vehicle. Obviously, if the temperature
difference is greater, more intense cooling takes place.

The relationship between the braking time and the tempera-
ture on the chosen circumferential location 8= 0° on the contact
surface of a disc brake for the velocity of 100 km/h is shown
in Fig. 6. Both, temperature of the case with established convec-
tive terms dependent on the velocity (dashed lines) and fully
adiabatic conditions (solid lines) are confronted for corresponding
radial locations. The obtained results for the operation conditions
simulating real process of braking during mountain descent reveal
that the influence of convective heat transfer is very low.
The corresponding temperatures for the maximal radius of the
contact surface r=113.5mm at the end of operation results in
difference of 3.97°C. However, the decrease in temperature dif-
ference with the decrease in a radius (enlarged area of the radial
position of 113.5 and 95 mm) is observable, which is accounted
directly by the expression of the convective heat flux. The even
increase in temperature without phases of heating and cooling
is observable at the radial location of 66 mm, which indicate insig-
nificant influence of pad transition on the surface out of the rub-
bing path.

Fig. 7 depicts the temperature evolutions on the contact sur-
face for circumferential position @ =0° during braking and after
brake release. Four specific radial locations present correspond-
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ing values of transient temperature in two cases of three-
dimensional FE model. The first, where the convection is taken
into account, and the second without influence of cooling. It may
be observed that after a certain time — about t= 100 s, the tem-
peratures for every radius on friction surface of the case with
adiabatic condition on the surfaces free from cooling, equalize
(T=306.7°C) and remain on the same level until time of end
of the process =300 s, whereas the case with convective heat
exchange reveals theirs gradual decrease, however equal
on each radial position. As can be seen the temperature at the
end of cooling phase equals approximately T= 165°C.
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Fig. 6. Evolution of temperature on the contact surface of a disc
during braking with the velocity of 100 km/h
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Fig. 7. Evolution of temperature on the contact surface of a disc
during braking with the velocity of 100 km/h
and after brake release
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8. CONCLUSIONS

The aim of this paper was to investigate the temperature dis-
tributions caused by the process of braking of a common passen-
ger vehicle with a special emphasis placed on the influence
of convective heat exchange from surfaces free from heating.



Adam Adamowicz, Piotr Grze$
Convective Cooling of a Disc Brake During Single Braking

The obtained results support the claim that in terms of single
braking process for the specified dimensions and thermophysical
properties of materials the convective heat transfer mode doesn't
allow to significantly lower the temperatures of the rotor.
The temperature of two studied types of disc brakes almost coin-
cide at every instant of time during short braking period. However
the following release period after the braking action when the
velocity of the vehicle remains on the same level, results in con-
siderable decrease in temperature. The temperature difference
between the case with established convective terms dependent
on the velocity and fully adiabatic conditions lowers with the de-
crease in the velocity.
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Abstract: The problems of determining dynamic and kinematic parameters of wheel-legged mobile robot were considered in the paper.
The numerical computer model of robot was worked out and simulation researches of suspension were completed. The motion of wheel
on road with obstacles and walking motion of wheel were analyzed for determining kinematic and dynamic parameters.
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1. INTRODUCTION

The demands of today's world, the need for automating
transport processes and the necessity of inspecting explosion
hazard areas or chemically or biologically contaminated areas
necessitate the use of automatic vehicles, i.e. mobile robots (Tro-
jnacki et al., 2008).

Mobile robots have been the subject of research at many (uni-
versity, military and industrial) research centres. The research
covers wheeled robots, walking robots, tracked robots, crawling
robots, flying robots, floating robots, and their hybrids. As a result
of the research many varieties of such vehicles, differing in their
way of travel: wheeled systems (WalkPartner (Halme 2003)),
tracked systems (INSPECTOR Robot (Hotdanowicz 2008)), walk-
ing systems (PetMan (Boston Dynamics)), floating systems
and flying systems (Hermes® 900 (Elbit Systems)), have been
created.

The problems investigated in the research centres relate to
the design of the particular mechanical assemblies, the control
systems and the sensor systems, the modelling of kinematics and
dynamics and the potential application of the proposed solutions
(Tchon et al., 2000, Zielinska 2003).

Today vehicles mainly move on wheels. Wheeled solutions
are most effective on smooth surfaces in urbanized areas, but
their drawback is that they are unable to negotiate obstacles in the
form of base discontinuities, such as curbs, stairs and sharp dips.

The commonest form of locomotion of living organism on the
surface of the earth is walking. This kind of locomotion is especial-
ly effective for moving in unurbanized terrain with an irregular
ground with obstacles.

One of the trends in mobile robot design are hybrid wheel-
legged robots. Such robots combine efficient travel on wheels
in flat terrain with the capability of surmounting obstacles by walk-
ing. Owing to its hybrid structure the robot is capable of higher
speeds on a suitable base and when it encounters an obstacle
which cannot be driven over, the robot moves by walking.

A robot of this kind is being designed and built as part of a re-
search project funded from the financial resources for science
(Batchanowski and Gronowicz 2009). This paper presents the
structure of the computational models used and the results of the

simulations run. A special focus is on developing an algorithm
for robot walking and on simulation studies of robot travel in ter-
rain with obstacles.

2. DESIGN OF WHEEL-LEGGED ROBOT

As part of the project a wheeled-walking robot design, shown
schematically in Fig. 1, has been created. When designing the
robot a major challenge was to design a wheel suspension system
enabling the robot to both move on wheels and walk. The wheel
suspension is a complex mechanism with four degrees of freedom
relative to the robot’s chassis. The mechanism, shown schemati-
cally in Fig. 2, must steer the wheel in such a way that it can run
(roll and turn — 2 DOF) and walk (be lited and protruded — 2 DOF)
(Batchanowski 2012, Sperzynski 2010).

Fig. 1. The general scheme of wheel-legged robot (1 + 4 — wheel
suspensions, 0 — ground, k — robot’s chassis)

As a result of the studies a suspension structure was de-
signed and then its basic dimensions were matched through
geometric synthesis (Sperzynski et al., 2010). The fundamental
assumption in the design of the suspension structure was that
a single drive would effect the particular wheel movements (the
lifting, protruding, turning and rolling of the wheel), which would
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simplify the steering system design and facilitate steering.

The next step was to design the wheel-legged robot structure.
It was assumed that the wheels would be symmetrically arranged
relative to both the axis of travel and the chassis’s lateral axis.
This arrangement of the wheels ensures identical travel conditions
for going forward and backward. Fig. 3 shows the right side
of the robot and a kinematic scheme of suspensions of wheels
1and 3.

77777

Fig. 2. Schematic diagram of suspension of robot’s wheel i
(p - lifting, w — protruding, gn — rolling, gs — turning)

The robot is designed for inspection work both outdoors and
indoors (e.g. in buildings, production halls, etc.). Since it is to
move inside rooms, pass through typical doorways (less than
0.9 m wide) and be able to surmount an obstacle with a height
equal to that of a typical stair step (the wheel lifting height greater
than 0.2 m) its overall dimensions had to be limited.

Fig. 3. The kinematic scheme of right side wheel-legged robot
(view of suspensions of wheels 1 and 3)

Tab. 1. Main geometrical parameters of wheel 1 suspension

of wheel 1. The main specifications of the wheel drives and the lift
and protrusion actuators are shown in Tab. 2.

3. COMPUTATIONAL MODEL OF WHEEL-LEGGED ROBOT

In order to carry out simulation studies. a computational
model of the robot (Fig. 4) was created in the LMS DADS
(Haug1989) system for dynamic analysis. The robot has 22 DOF.
each wheel suspension having 4 DOF relative to the body and the
latter having 6 DOF relative to the ground.

Tab. 2. Main specifications of drives

Actuator LINAK LA36

Qw. gp (stroke length) 0.35-05m
Vi Vp (Speed) 0.068 m/s
Fw. Fp (Force) 1700 N

ms (mass ) 49kg

Wheel GOLDENMOTOR HUB24

dgn/dt (angular velocity) | 13.08 rad/s
(125 rpm)

Mhn (nominal Torque) 13.5Nm

kr (radial stiffness) 9.5x105N/m

mi (mass) 5kg

r (radius of wheel) 0.105m

Name | Value Name Value Name Value
XAt 0.11m YA1 -0.65m Za1 Om

XB1 -0.04 m Y81 -0.65m ZB1 -0.152 m
XG1 0.518 m yG1 -0.65m Z61 0.005m
D1S1 0.353m AiF4 017 m A1Cy 0.303m
C1S1 05m C1Dy 0.162 m

The suspension system’s design and basic dimensions are
such that the lift and protrusion (walking) motions can be effected
by linear drives. i.e. electric actuators LINAK LA36. Solid rubber-
steel wheels with a motor and a gear integrated with the hub
(GOLDENMOTOR HUB24E) were chosen for the travelling drive.
Tab. 1 shows the main geometrical parameters of the suspension
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Sixteen kinematic excitations: 8 rotational excitations g
and gs' (wheel rolling and turning) and 8 linear excitations gp'
and qv' (wheel lifting and protruding). for each suspension i
(I'=1+4) were defined in the robot.

Fig. 4. General view of wheel-legged robot computer model

The wheel/base interactions were modelled using a tyre /
ground interaction force model (TIRE). The mass of the wheels
is quite large due to the fact that a motor and a gear are incorpo-
rated into the hub. and because of their high radial and longitudi-
nal stiffness (Tab. 2).

The total weight (the deadweight + the payload) of the
wheeled-legged robot was estimated at 100 kg. The mass and
geometry of the suspension. wheel and actuator members were
assumed as in the design. The body’s weight (comprising the
deadweight of the frame bearer. the steering system. the batteries
and the current generator. and the payload) was appropriately
matched to obtain the robot's assumed total weight of 100 kg. with
the centre of gravity located in the body’s centre.




4. SIMULATIONS OF WHEEL-LEGGED ROBOT

Computer simulations are run in order to study the behaviour
of a system while it performs the working motions and to deter-
mine the main kinematic and dynamic parameters. Through com-
puter simulations one can determine the validity of the structure
being created when the latter is at a virtual prototype stage.

As part of this research the travelling of the robot on a ground
with an obstacle was studied. The dimensions of the obstacle
placed on the track are such that the obstacle has to be sur-
mounted by walking. Walking becomes necessary when the ob-
stacle’s height hy is larger than the wheel’s radius rx.
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Fig. 5a. Robot stability field Sr for four-wheel support
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Fig. 5b. Robot stability field Sr for three-wheel support

=N

oSk

L ]

== ==

Fig. 5¢c. Examples of wheel position change effected
by changing settings of protrusion actuator gp
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Fig. 5d. Robot stability field Sr for three-wheel support
for two wheel protrusion

When performing the walking motion the wheel is lifted by lift
actuator qp and moved into a position above the obstacle by
protrusion actuator qw. During this motion the wheel loses contact
with the base. as a result of which the number of the robot’s points
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of support changes from four to three whereby the shape of the
system’s stability field S¢ changes.

When robot rests on its four wheels the system’s stability field
SF is quadrangular with gravity centre Sk (Fig. 5a) lying in the
centre of the quadrangle. When one of the wheels is lifted.
the robot’s stability field Sk is triangular with gravity centre Sk
situated on the stability boundary (Fig. 5b). This position does not
ensure the system’s stability during walking and the robot may
overturn. In order to ensure the operation of the system is stable
one should change the locations of the robot’s points of support to
enlarge stability zone Sr. This can be achieved through protrusion
motions @y’ of individual wheels i (Fig. 5c). The possibilities
of changing the area of stability zone Sr when wheel 4 is lifted
are shown in Fig. 5d.

The fundamental problem in negotiating an obstacle by walk-
ing is to program the walking in such a way that when the succes-
sive wheels are lifted in the course of surmounting the obstacle
the stability of the robot is always ensured.

The lifting of the chassis relative to the ground is used to ad-
just the body’s working elevation hx relative to the ground during
robot travel. i.e. to adjust the clearance under the robot. The
clearance is usually set before travel. For travelling at the maxi-
mum speed the robot’s clearance is set to minimum (hmn = 0.3 m)
whereby the system’s centre of gravity is situated low (as shown
in Fig. 6). For travelling in terrain with obstacles the chassis
is maximally lifted (h«mex = 0.52 m). The nominal working chassis
elevation setting is h«= 0.41 m. Lifting height hx is effected by lift
actuator gp.

_ hkmin -

Py

Fig. 6. View of robot for two variants of body position above base

Wheel separation from the ground is effected by lift actuator
go' which lifts one of the wheels while the position of the other
three wheels remains fixed. The robot can lift the wheel to height
hs=0.25 m. This height can be achieved only at the maximum
body elevation. The obstacle to be negotiated by the robot cannot
be higher than 0.25 m.

The obstacle negotiation procedure consists of many stages
which can be summarized in the form of the following algorithm:
the robot’s front wheels move up to the obstacle.
the robot’s chassis is maximally lifted.
the stability field is set for wheel 1 to be lifted.
wheel 1 is lifted and moved into a position above the obstacle.
the stability field is set for wheel 2 to be lifted.
wheel 2 is lifted and moved into a position above the obstacle.
the robot's rear wheels move up to the obstacle.
the stability field is set for wheel 3 to be lifted.

9. wheel 3 is lifted and moved into a position above the obstacle.
10. the stability field is set for wheel 4 to be lifted.

11. wheel 4 is lifted and moved into a position above the obstacle.
12. the stability field is set for the four-wheel support.

13. the body is set to the working elevation.

N>R wWND =

13
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The particular stages in walking over an obstacle are shown
in Figs 7a and 7b.

The following were simulated: the approach of the robot to an
obstacle with height hp = 0.15 m and length fp = 2 m. its ascent
of the obstacle by walking. its drive on the obstacle and rapid
descend (without walking) from it. A schematic of the simulation
is shown in Fig. 8. The total motion time is { = 24 s. The robot
approaches the obstacle and drives on it at body speed vk= 1m/s.

I~
S
TS

Rys. 7a. Schematic diagram of wheel-legged robot
(blue wheels right side. white wheels left side)

T L o b
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Fig. 7b. Procedure for obstacle negotiation by wheel-legged robot

Fig. 8. Schematic of simulation of robot travel on base with obstacles

14

Figs. 9-16 show the results of the computations. Fig. 9 shows
the changes in the location of robot's chassis centre Sk
(coordinates x. z). The diagrams in Fig. 10 show the changes
in the height of the centres of the robot's (the left side) wheels 1
and 3 during its motion. One can clearly distinguish the particular
stages in robot travel: t = 0-2.0 s — the approach to the obstacle.
t=3.0 s — the beginning of walking. t = 16.0 s — the end of walking
(the robot is on the obstacle). t = 16.0-18.9 s — the drive on the
obstacle. t = 18.9 s — the front wheels begin to fall from the
obstacle. t = 22.12 s - the rear wheels begin to fall from the
obstacle.

0.7 B L o :
0.68] . . . .
0.66/
0.64
0.62]

0.6

0.58| 054 L

ossl o I T R T T N S N
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Fig. 9. Changes in location Sk*. Sk? of robot's chassis centre

during robot travel
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Fig. 11. Diagrams of lift gp' and protrusion qu' excitations
for (front right) suspension 1
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Fig. 12. Diagrams of lift go® and protrusion qu® excitations
for (rear right) suspension 3

The changes in lift excitations qp and protrusion excitations qu
for suspensions 1 and 3 (the robot’s right side) are shown in Figs.
11 and 12. The excitations are responsible for the performance
of the particular walking stages according to the algorithm shown
in Fig. 7. Active liting forces Fp and active protrusion forces Fu
for (front left) suspension 2 are shown in Figs. 13 and 14.

1200

0.9

0.6

03 [ ]

Fig. 13. Diagram of active force Fp' in lift actuator
in (front right) suspension 1

Fig. 14. Diagram of active force F' in protrusion actuator
in (front right) suspension 1
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Fig. 15. Diagram of (front left) wheel 7 and base interaction forces Fi'
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Fig. 16. Diagram of (rear right) wheel 3 and base interaction forces Fi?

Figs. 15 and 16 show the diagrams of interaction forces F«
in the contact of wheels 1 and 3 with the base. Also in these
diagrams the character of the changes in the wheel travel phases
is clearly visible. In the force diagrams (for time t = 2.0-16.0 s)
when examining the wheel/base contact loss instants one can
distinguish the particular walking stages.

The last stage of motion (for t > 18.9 s) illustrates the results
ofa numerical experiment simulating the travel of the robot
onaground with a sharp dip negotiated without walking. The
moment when the front wheels (shortly followed by the rear
wheels) fall from the obstacle is particularly distinct (Fig. 10). The
lift and protrusion actuators are particularly heavily loaded in this
phase (Figs. 13 and 14).

The simulation results presented here are only a sample
selected from the results of the numerous studies which have
been carried out. A detailed analysis of the robot loads needs to
be made in order to select proper drives and to do structural
calculations. As it appears from Tab. 2. the electric drives LINAK
LA36 adopted for lifing and protruding meet the dynamic
requirements since driving forces Fw and Fp (Figs. 13 and 14)
do not exceed the nominal forces specified by the manufacturer.
even during the negotiation of extreme obstacles.

5. CONCLUSIONS

The creation of a computational model and simulation studies
of a wheeled-walking robot have been described. Robots of this
kind are complex mechanisms subjected to considerable variable
loads resulting from travel on a ground with obstacles. The identi-
fication of the state of load in the robot is an essential step
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in building an efficient and reliable robot system.

For the robot considered here a computational model was
created using a computer system for dynamic analysis. A proce-
dure for robot walking aimed to overcome an obstacle appearing
on the track was developed. The walking procedure takes into
account a change in the stability field. resulting from a change
in the way the robot is supported while the wheels are being lifted
and from the adjustment of the field to ensure the stability of the
system.

The robot structure was evaluated and its performance veri-
fied through simulations of driving and walking and an analysis
of the obtained results for one chosen procedure for obstacle
negotiation. The adopted design can be the basis for the construc-
tion of a wheeled-walking robot.
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Abstract: In this paper the subsequent stages of tire rubber coupons mechanical properties experimental assessment are presented.
Experimental uniaxial tension and compression tests were carried out on the strength testing machine with the assistance of high-speed
camera and special software for strain measurements. Obtained stress-strain curves were applied into the chosen Mooney-Rivlin constitu-
tive rubber material model in order to estimate necessary material constants. Simultaneously, the numerical off-road vehicle tire model was
developed. Geometry of the tire and rim was achieved using a 3D scanning method. Moreover, with the assistance of microscope
and X-ray device the tire cords pattern was verified, which in the next stages was implemented into the FE model. Consequently, tire radial
deflection test was simulated in order to validate evaluated material constants and proposed concept of the numerical tire modelling.
Obtained results were compared with the actual deflection test data included in technical documentation of the tire.

Key words: Tire, Rubber, Mechanical Properties, Finite Element Analysis

1. INTRODUCTION

Development of a pneumatic tire structure with a high operat-
ing standard is associated with carrying out the series of experi-
mental studies to determine the stability and reliability of its im-
plementation. It also involves large financial outlays and time
constraints. An alternative to experimental testing is numerical
modelling using Finite Element Method (FEM), thank to which it is
possible to estimate deformation and stress states occurring in the
tire structure and perform necessary design modifications even
before the production stage. Thus for effective and correct anal-
yses a numerical model of the complicated tire structure should be
developed with particular attention and care. The authors of the
papers (Helnwein et al., 1993; Cho et al., 2004; Reid et al., 2006;
Neves et al., 2010; Baranowski, 2011) present a conception
of discrete tire modelling and validating process. The final form
and characteristics of the numerical tire model are affected by
many factors, including knowledge and availability of information
on modelled wheels (tires), or correct material data, which turns
out to have a significant impact on the results (Matachowski et al.,
2007).

In this paper the results of experimental uniaxial tension and
compression tests of rubber coupons are presented. Object
of investigation is a terrain vehicle Michelin 255/100/R16 tire
(Michelin, 2003), from which rubber slices were cut out in order to
prepare the coupons for testing. Experimental uniaxial tension and
compression tests were carried out on the fatigue machine IN-
STRON 8802 with the assistance of high-speed PHANTOM V12
camera and special software for strain measurements TEMA 3.3.
Obtained stress-strain curves were applied into to chosen consti-
tutive rubber material model of the tire. Consequently, tire radial
deflection test was simulated in order to validate evaluated mate-
rial constants and proposed concept of the numerical tire model-
ling. Obtained results were compared with the actual deflection
test data included in technical documentation of the tire.

2. EXPERIMENTAL TESTS

2.1. Rubber coupons preparation process

In order to carry out experimental tests the coupons with ge-
ometry complied with standards PN-54/C-04253 and PN-ISO
37:2007 had to be prepared. Firstly, it was necessary to cut out,
with water jet cutting technique, slices of rubber with thickness
of 3-4 mm, from which tension coupons were obtained. Due to
the complexity of the tire tread structure (cords inside) from this
area it was possible to make only cylindrical coupons for the
compression tests with the 17.8 mm height and 35 mm diameter.
Instead from sidewall of the tire only tension coupons were ob-
tained with 2 mm thickness, measuring length size of 40 mm and
measuring length width of 6 mm. Rubber slices needed to be cut
out without cords. Otherwise, obtained results from the experi-
mental tests would give unreliable results. Thus, for cords pattern
verifying a microscope and X-ray device were used, which gave
the possibility to investigate their structure and geometrical ar-
rangement. As can be seen in Fig. 1 below, steel cords are ar-
ranged radially inside tire sidewall, whereas within tread area they
are placed circumferentially.

Fig. 1. Steel cords microscopic photo
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Also, what can be noticed from Fig. 2, a single cord consists
of 9 smaller wires, with their average total measured diameter
of ~1.2 mm. Moreover, the rubber-steel cords volumetric ratio was
verified, which was taken into account in numerical tire modelling.

Fig. 2. X-ray photography of cords pattern in tire sidewall (a),
Tread cords pattern in microscale (b) (Baranowski, 2011)

2.2. Mechanical characteristics assessment of rubber
coupons in compression and tension tests

For experimental testing six tensile and eight compression
coupons were prepared (Fig. 3).

)IIIIII

b). . ..

Fig. 3. Rubber tension coupons (a

), Rubber compression coupons (b

As stated before mechanical characteristics of rubber were
assessed in static experimental uniaxial tension and compression
tests which were carried out on the strength testing machine
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INSTRON 8802 with the assistance of high-speed PHANTOM
V12 camera and special software for strain measurements TEMA
3.3 (Fig. 4).

Fig. 4. High-speed camera Phantom V12 and strength testing machine
Instron 8802 (Baranowski P., 2011)

Tensile rubber coupons experimental testing

With software Tema 3.3 it was possible to perform measure-
ments of deformation in tensile tests. Computed strain values
were synchronous recorded with the force values from Instron
machine. In this method displacement of points is recorded with
high frequency at each frame, followed by strain calculation using
a correlation method. In order to perform measurements two
positioning points need to be placed on the coupon surface: in the
bottom and upper area of coupon measurement length (Fig. 5).

X

Fig. 5. An example of measurement points placing on a coupon
with adopted coordinate system

For the measurements points in TEMA software the following
values were defined:
X4 component (x position) and Y1 component (y position)
for point 1,
— Xz(x position) and Y2 (y position) components for point 2,
Xi2and Y12 distance between points components.
Distance and position components in TEMA software have 0.1
pixel size. Thus, strain value is calculated with 0.1 pixel / 0.1 pixel
accuracy using the following formula;

X, - X2
gy =212 - 12 1)

X1

where: X, — initial distance between points, X;, - distance
between points in the specific time ¢.

Calculated strain values were synchronized with the regis-
tered values of force and calculated values of engineering stress.
The point corresponded to maximum force and the distance value
X12 obtained from the image taken just before a failure of the
coupon were used to determine the value of failure stress
and strain. In conducted experimental tests camera recording
and strength testing machine sampling frequency was identical
(50 Hz). In Fig. 6 selected frames showing the rubber coupon
from the start to an end of the tests are presented.



Fig. 6. Rubber coupon in tensile tests — selected frames
Compression rubber coupons experimental testing

In compression tests only force values and displacements
were recorded on the strength testing machine without simultane-
ously using the high-speed camera. This was due to limitations
of TEMA software, i.e. problem with measuring point recognizing
at the time of maximum coupon compression. In Fig. 7 selected
photos of rubber cylindrical compression test are presented.

Fig. 7. Rubber coupon in compression tests — selected photos
2.3. Experimental tests results

As the results of carried out tests mechanical characteristics
of tire rubber (from tread and sidewall) were obtained. In Fig. 8
stress-strain curve from tension coupons are presented, whereas
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curves from compression coupons are presented in Fig. 9.
It should be also pointed out that due to the static characteristic
of loading no strain effects were taken into consideration.
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Fig. 8. Stress-strain curves obtained from experimental tensile tests
(Baranowski, 2011)
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Fig. 9. Stress-strain curves obtained from experimental
compression tests (Baranowski, 2011)

3. NUMERICAL TIRE MODELLING

The tire is a very complex structure consisting of several
strengthening layers made of parallel fibers. These fibers, de-
pending on the tire application are made of polyester, nylon and
steel. Immersed in the rubber with different orientation they form
a special ring-like laminate. Generally it consists of several inter-
connected elementary parts with different material parameters, i.e.
sidewall, tread, bead core etc. (Helnwein et al., 1993; Cho et al.,
2004; Reid et al., 2006; Pondel et al., 2006; Sokolov, 2007; Neves
et al., 2010; Baranowski and Matachowski, 2011; Baranowski
etal., 2011).

In the first stage of tire numerical model development process
the tire geometry was achieved thanks to the reverse engineering
technology. Subsequently, from obtained cross-section curves
and other geometry datums, CAD model was developed which
was the basis for numerical model of the wheel. Due to the fact
that a tire is such a complex structure to be represented with
numerical methods, it was important to develop a discrete model
of tire as much similar to the real one as possible. Hence the tire
was divided into six different parts, with corresponding material
properties (with experimental data added) and with steel cords
arranged radially and circumferentially (Téndk et at., 2001; Bo-
larinwa et al., 2004; Reid et al., 2006; Neves et al., 2010; Bar-
anowski and Matachowski, 2011). Selected slice of the analysed
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discrete model is presented in Fig. 10. Numerical model of the tire
was developed using solid hexagonal elements and beam ele-
ments for steel cords modelling. Tab. 1 presents the statistic data
of the tire.

Fig. 10. FE model of tire with constituent components:
1. Tread, 2. Inner fabric, 3. Carcass, 4. Sidewall,
5a, b. Circumferential and radial cords, 6. Bead core with cords
(Baranowski, 2011, 2012)

Tab. 1. Statistic data of discrete tire model

Hexagonal elements
Part No. of elements No. of nodes
Tread 3840 6360
Inner fabric 3600 7680
Carcass 1680 3600
Sidewall 4800 8160
Bead core 2400 3840
Rim 7192 12164
SUM 23512 41804
Beam elements
Circumferential cords 4560 4561
Radial cords 8639 8881
Bead core cords 968 962
SUM 14167 14404

3.1. Tire material description

FEM modelling, besides finite element meshing is associated
with defining the characteristics of materials for components
of a simulated structure. In presented case steel cords and rim
were developed using elastic-plastic material description. Also,
for carcass and inner fabric an orthotropic material was imple-
mented. Finally, rubber-based components were modelled using
non-linear material, which behaves differently during compression
and tension (Fig. 11). This kind of behaviour is typical for rubber
(e.g. tire) which is an elastomer with high filler content, mainly
in the form of soot and silica. Due to the extremely small fillers
particle size this kind of composite can be treated as homogene-
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ous and isotropic material.

Rubber constitutive relations which are essential in modelling
tires, i.e. the relationship between stress and strain, are formulat-
ed within the nonlinear elasticity theory, called hyperelasticity.

o} )
Tension

€
------- Hiperelastic material
! — Linear material

i
i
]

Compression
{

I

Fig. 11. Stress-strain curve for (non-linear) hyperelastic material
(Ansys, 1999)

Tab. 2. Material description for tire components

Mooney-Rivlin components (with experimental data)
Part E [Pa] p v Al[Pa] | B[Pa]
(10e+6) [kg/m3] (10e+3)| (10e+6)
Tread 14.00 1173.00 | 0.450 |806.00 | 1.80
Sidewall 5.05 1132.00 | 0.450 | 171.00 | 0.83
Bead 5.05 1132.00 | 0450 | 171.00 | 0.83
core
Elastic-plastic components
Part E [Pa] p v Yield strength[Pa]
(10e+11) [kg/m3] (10e+8)
Rim 2.1 7860.00 | 0.300 3.50
Cords 21 7860.00 | 0.300 3.50
Orthotropic components
E [Pa] (10e+8
oar [Pa] (10¢+8) 3 v
= Ez Es [kg/m?3] V12 V13 V23
Carcass | 1.07 | 1.27 | 1.07 | 1351.00 | 0.451 | 0.0038 | 0.0038
f'““‘?’ 3181 | 083 | 0.83 | 2497.00 [0.00011(0.00011| 0454
abric

One of the most popular material model, which is widely used
in numerical computations is Mooney — Rivlin constitutive material
model (Mooney, 1940; Rivlin, 1948; Shiraishi et al., 2000; Ténuk
et at., 2001; Bolarinwa et al., 2004; Reid et al., 2006; Matachowski
et al., 2007; Neves et al., 2010; Baranowski and Matachowski,
2011). According to this theory the unitary strain energy function
exists, which is an analytic function of the strain tensor, which
plays the role of the stress potential:

W:A(Il—3)+B(12—3)+C(%—IJ+D(I3—1)2, (2)
13

C=054+8, (3)

. AGv=2)+B(Iv-5)
- 2(1-2v)

(4)

where: v — Poisson ratio, G = 2(A + B) — modulus of rigidity,



1, I, I3 — three invariants of deformation tensor.

Material description for all tire components including A and B
constants for Mooney-Rivlin rubber are presented in Tab. 2
(Tonuk et at., 2001; Pondel et al., 2006; ; Neves et al., 2010)

3.2. Radial deflection numerical test description

In order to validate the proposed discrete model of the tire
it was necessary to perform a test which would verify used mate-
rial properties and the conception of tire structure modelling. Thus,
based on the technical documentation (obtained by courtesy
of Michelin company employees) (Michelin, 2003) the numerical
radial deflection test was carried out. Implicit analysis was per-
formed using LS-Dyna code. For numerical verification tests three
chosen values of force (taken from real tests) were implemented:
30000, 40000 and 50000 N applied on centre axis of the rim. Also,
400000 and 500000 Pa pressure inside the tire was represented
with the airbag model (Green function closed volume integration)
(Hallquist, 1998). Contacting surface was modelled as rigid body,
which significantly reduced simulation time. Numerical model
of the tire along with applied initial-boundary conditions for one
case is presented in Fig. 12.

Fig. 12. Numerical model of the tire with applied force

Fig. 13. Tire deflection from the beginning of the test to maximum
deformation presented in two views: one from the side
of the tire and second from the rim surface side
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From the carried out analysis (50000N force and 5 bar pres-
sure) the tire deformation was obtained (Fig. 13). It can be noticed
that the deformation shape of tire caused by the subjected loading
is characteristic and its behaviour is typical in this type of tests
investigating real tires (Michelin, 2003; Cho et al., 2004;
Matachowski et al., 2007; Pelc, 2007).

In the figures above only the tire deformation from one test
with chosen force and pressure inside the tire values were pre-
sented. In Table 3 the results from all three cases compared with
actual experimental tests are listed. It can be noticed that numeri-
cal model of the tire is less stiff than the real one, which is caused
by the absence of tread in FE model and accuracy in determina-
tion of the materials coefficients.

Tab. 3. Numerical and experimental tests comparison
for all simulated force and pressure values (Michelin, 2003)

Tire Numerical Experimental
Force . . Error
IN] pressure deflection deflection [%]
[Pa] [m] [m]
30000 400000 0.069 0.063 8.696
500000 0.059 0.054 8.475
40000 400000 0.088 0.080 9.091
500000 0.074 0.068 8.108
50000 400000 0.112 0.097 13.393
500000 0.094 0.083 11.702

4. CONCLUSIONS

This paper is an example of effective coupling experimental
tests with numerical analyses. By using special fatigue machines
with the assitance of modern optical methods for strain measuring
it is possible to obtain indespensable material characteristics
which are essential for proper numerical modelling. By implement-
ing them into the discrete model of the investigated object a high
accuracy of numerical solution is provided, which is confirmed
in the presented paper. In the next stages numerical analyses
of a suspension system reponse subjected dynamic impact load-
ing will be carried out. With experimentally obtained mechanical
characteristics and proper validation process of tire discrete model
obtained results will correspond to reality even more.
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IDENTIFICATION OF AN ELECTRICALLY DRIVEN MANIPULATOR
USING THE DIFFERENTIAL FILTERS - INPUT ERROR METHOD
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Abstract: The paper presents an example of solving the parameter identification problem in case of robot with three degrees of freedom
has been presented. The identification has been performed with the use of elaborated differential filters. The applied identification method
does not require differential equations solving but only determining the appropriate derivatives. Identification method and its generaliza-
tions using the object inverse model require information on time derivatives of the input and output signals. The required derivative order

depends on the order of differential equations describing the object.

Key words: Differential Filters, Identification, Input Error Method

1. INTRODUCTION

The rapid developments in computer hardware and software
and, consequently, the common use of computers to control
processes have aroused wide interest in mathematical modeling,
control processes and, accordingly, control system identification.

The method of identification applied in the analysis involves fi-
ne-tuning of the inverse model. The method can be used only for
such values of the input signals that are determined from the
measurement data. ldentifying a dynamic system by means of the
input error method (Fig. 1) requires looking for a model that gen-
erates the same input as the object. Only in the case of model
reversibility is such a procedure possible. This reversibility is true
for linear minimum-phase models and a certain class of non-linear
models where the input is determined basing on the output data
(Cedro and Janecki 2009; Cedro and Janecki 2011).

Let us assume, for instance, that the object is described by
means of a differential equation:

F@™, "D 0,0)=1 (1)

where f is a certain known function, 6 unknown parameters
and t input signal. Thus, the identification error is defined as:

e=71-7,

t=1(@", 0"V 0. 0) 2)

where £ estimate input signal and @ estimate unknown parame-
ters.

A drawback of this method is that derivative estimates need to
be determined. An advantage, on the other hand, is that it is not
necessary to solve the differential equations describing the model
at each step of iteration.

The fundamental problem related to the implementation of the
input error method and its generalization is the necessity to de-
termine the estimates of signal derivatives. This is achieved by
applying differential filters (Janecki and Cedro 2007).

T(t) Object (1)

e(t)
). A

) Model _

%‘umcrcm of object

» Minimization
algorithm

Fig. 1. Schematic diagram of the identification process
2. DIFFERENTIAL FILTERS

Let us assume that the differential filter of the k-th order
is a series connection of a low-pass filter with boundary frequency
Q, and a difference quotient of the k-th order (Fig. 2).

Low-pass correction _| Difference quotient of

filter the k-th order

Fig. 2. Block diagram of the differential filter

The low-pass filter will be responsible firstly for reducing the
signal spectrum and secondly for correcting the characteristics
of the difference quotient in the range of low frequencies. Thus,
the filter will be called a low-pass correction filter. The desired
transfer function of the low-pass filter is:

Hp(Q)/Hyp(Q) for Q<Q,

H Q)= 3
kork( ) {0 for Q>Qg. ®)

As a result, the transfer function of the series connection
of the difference quotient and the low-pass filter in the range
of low frequencies will be equal to the transfer function of an ideal
differential filter.

The transfer function of the low-pass filter for Q < Q, is equal
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to:
Hyor (Q) = Hi (Q)/ Hy (Q) =
Q/sinQ k=1
5 (4)
=<Q7/2(1—-cos) k=2

Q3 /(=2sinQ +5in(2Q)) k =3.

The filter impulse response is the inverse Fourier transform
of its frequency characteristic, thus:

o)
1 ¢ ;
hor (M) === | Hiory (Q)e’dQ2. (5)
27 4

g

Unfortunately, integral (5) cannot be expressed by means
of the analytic functions. It needs to be determined using some
approximation. By expanding function Hy,,, () into a Taylor

series around the value 0 = 0, we obtain:

2
1+%+O(Q4) k=1

2
Higor () = 1+%+0(Q4) k=2 6)

2
1+QT+O(Q4) k=3

The four-term approximation of the expansion appears to be
fairly sufficient. The inverse Fourier transform of the function
obtained by rejecting the terms of the higher orders is equal to:

nQ , cos(nQQ, )+
o3z ¢ g

+(6n% +Q%n* - 2)sin(nQy) k=1

1
3 (2n€2g cos(nQg ) +

hkork (n)=<12nx 7)
+(12n% +n*Q} - 2)sin(nQ g )k =2

1
dn’z
+(4n® +n* Q7 - 2)sin(nQ )k =3.

(2nQg cos(nQg) +

Assume that the impulse response of the low-pass differential
filter is:

hdk (n) = Lhkork (mMWharris (n) , (8)
Xk

Where Wi,.ris(n) is Harris window described by the following
equation:
Witamis (1) = 0.36 +0.49 cos(7m / M ) +

9
+0.14cos(2nz/M)+0.01cos(3nz/M). ©)

The parameter y; should be selected in such a way that the
slope of the characteristic of the filter being designed at point
Q =0 be the same as that of the ideal differential equation, thus:

ot Kt
aQ—kHdk(Q)Hvk(Q) |Q:0:?' (10)
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3. AMATHEMATICAL MODEL OF A ROBOT MANIPULATOR

In the next sections, the following problems will be solved:
first, we will derive the equations for the DC motors, then, we will
define the kinetic and potential energy of the system, and finally,
we will symbolically derive the robot dynamic equations, using the
second order Lagrange equations.

Yo Y

Fig. 3. An electrically-driven manipulator

Let ¢ = [¢1¢9,¢3] denote the vector of joint variables acting
as generalized coordinates, m; — the mass, [; - the arm length,
lc,- — the distance from the centre of gravity and S; - the motor
of the link j.

Using typical equivalent diagrams of DC motors available in
the literature, e.g. (Kowal, 2004), and the second Kirchoff law, we
can write the following electrical equation of the DC motor;

UZj:URj+ULj+Eej’forj=1’2’3 (11)

where UZ]. is the voltage supplied to the rotor.

Since an open-loop system may be difficult to control, it is es-
sential that the identification be performed for a closed-loop sys-
tem with properly selected PD controllers. Let us assume that the
equations of the controllers have the following form:

Uz, =K, (02, (0= 0;0) =Ky, ¢,(0), (12)

where: Kp)., Kd). — the parameters of the controllers, (pzl.(t) - the

control signals, ¢;(t) - the variables describing the position
of the manipulator arms.

The voltage drops across the rotor winding resistance and in-
ductance are:

URj = ij fy, (),and (13)
di, (1)
Uy =L, — — (14)

where RW]. is the equivalent rotor winding resistance, L; is the
equivalent rotor winding inductance, and in is the current flow-

ing through the rotor windings.
The electromotive inductance force is:



Eej =ke‘/¢’j(t) (15)

where ke}' is an electromotive constant.
Substituting the subsequent components to Eq. (11), we ob-
tain:
di,, (1)
L J
N/
=Ky lpz, () -9;(0]-Kq, ¢;(1)

Ry b ke, 050= 0153 (19)

The rotor torque is:
Msj :kmjiwj(t)1 (17)

where kmj is a mechanical constant.

Let us define the manipulator kinetic and potential energy.
The following geometrical relations take place:

Xep = le, cos(py(t))cos(ey (1)),

xe3 = 1 c08(p2 (1)) cos(py (1)) + I, cos(py (1) +
+ 93(1))cos(@ (1)) ’
Ye2 = le, cos(@y (1))sin(gy (1)),

Ye3 =l cos(p (1) sin(@y (1) + L, cos(pp (1) +
+3(1)sin(g; (1))

Zep =l + 1, sin(@y (1)),

2e3 =+ sin(@y (1) + 1, sin(p (6) + @3(0)) -

, (18)

The velocity of the centre of gravity of the second arm of the
manipulator is:

. 2 . 2 . 2
V2=\/xc2 +Ye2 tZeas

vy = \/5%32 Vet i (19)
Thus, the kinetic energy of the system is:
E:E1+E2+E3, (20)
.2 .2
g~ Ja?” () _myv R 2N0)
! 2 TP 2 2
2 . 2 2
g, omvs S0 ml; / L
T2 2 YT e

where ]C). are moments of inertia of the robot arms assumed

for a uniform beam.
The potential energy of the system is:

U=U;+U,+Us, (21)
Up=mgle , Uy =myg(l +1., sin(p, (1)),

Uz =m3g(ly + 1y sin(@, (1)) + L., sin(@, (2) + @5(1))

where g is the acceleration of gravity.

Using the expressions for the kinetic and potential energy,
we obtain two second-order Lagrange equations:
d OF _OF L OU _ o for j=1,23. 22)
dt d¢; OJp; OJp; o

After substitution and simplification of all the variables,
we have a system of three equations (where: @; = @;(t),

¢j = (p](t)! (ﬁ] = (ﬁ](t)v ¢j = (p](t))
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L((Rl (2112m1 +3(I32}’l13 +122(m2 +4m3))++3122(m2 +

m
+4m3)cos(2¢, ) +3l3m3 (81, cos(p, ) cos(@y +@3) +
+13,08(2(¢y +93))) ~ 12L; (I (myy +4m3)sin(2;) +
+13m3 (I3 sin(2(@; + @3)) + 4l sin(2p; +93)); +
—24L,13m5(21, cos(py) + 15 cos(@, + ¢@3)sin(@, +
+03)03 )Py + 601 (4k iy = 2Ly (1" (my +
+4m3)cos(2¢p, )+ 3m3 (I3 cos(2(p, + @3)) + 41, cos(Lp, +
+ @)y — 213m3 Ry (21 cos(py) + 13 cos(py +
+@3)sin(@y +@3)@3 —2Li13m3(25 cos(py ) cos(py +
+03) + 13 c08(2(y + P3NP + ¢y (—Ry (1 (my +
+4m3)sin(2¢, ) + l3ms (I3 sin(2(@, + ¢3)) + 41, sin(2¢p, +
+¢3))) —4L1l3m3 (I3 cos(2(@y + ¢3)) + 21 cos(2p, +
+@3))P3) — Ly (Iy” (my +4m3)sin(20;) +
+13m3 (I3 sin(2(@; + @3)) + 4l sin(29; +93)))@; +
—2Ll3m3 (215 cos(@y ) + 13 cos(@, + @3 ))sin(g, +
+03)3)+ 2Ly (17 my + 31,7 (my +4m3)cos(y)” +
121513m75 cos(@y ) cos(@y +@3) + 3132m3 cos(py +
+93) i) =U.,

1 . . .
k—(3(/’12(R2 (122 (my +4m3)sin(2p, ) + Lym; (15 sin(2(p, +

m;
+ @)+ 4L, sin(2e, + @3))) + 2L, (122 (my +4my)cos(2p,) +
+3my (1 co8(2(@, + @3)) + 4Ly cos(2, + 93))); +
+2Lyl3my (15 cos(2(p, + @3)) + 21, cos(2, + 03))p3 +
+6L, (122 (my +4my)sin(2¢, ) + l;ms (I sin(2(p, +
+¢3)) + 4l sin(20, + 93))) 1) + 2(6gR, (I (my +
+2m3) c08(,) + Iy coS(y + @3)) + 41y my Ry, +
+120,%my Ry, + 31,2 my Rypy + 305> my Ry —
+613m3 sin(@3) 3 (L Ry 3 + Ly (g c08(9,) + 41,4, +
+30L,03)) + 60, (2k,, k,,, + Lo (15 (my + 2my)sin(gp, ) +
— Lymy sin(g, +@3) — 2L 15m; (L, cos(ps)@s” +
+5in(3 ) (Rops + Loy ) + 4 Lymyipy + 120, Lymssy +
+ 3L, 157 mapy + 3L, 15  mypy +
+ 613y 08(93)(—gLs Sin(9) s — L Loy + 1, (2R, 3, +
+Ryy + 21,05 + L,3)))) = U,

1 .
o (0(glymy Ry cos(y + p3) + kg, e, 03) +

s
+ l3m3 (61,6, (Ry sin(p3) + L3 cos(¢3)3) +
+3¢1” (R3 (215 cos(p3) +1308(¢; + 03))sin(@; +@3) +
+ L3 (l3c08(2(py + @3)) + 215 cos(20y + 03))p +
+ L3 (21 cos() cos(p; + @3) + 15 cos(2(y + 03)))p3) + (23)
+6L3(215 cos(py) + 13 cos(gy + @3))sin(@; + 93)@ 1) +
+3R3(l3 + 215 cos(93))py — 6L3p5 (gsin(p; + ¢3) —
+ 20y sin(@3)@y) + 43 R3p3 + L3 (—693(g sin(gy + ¢3) +
1y sin(g3)@y) +3(13 + 215 cos(3))pa + 4133))) = U,

25



Leszek Cedro

Identification of an Electrically Driven Manipulator Using the Differential Filters — Input Error Method

4. SIMULATION

This section discusses the results of a simulation of closed-
loop equations including arobot model with PD controllers
(Fig. 4). The collected data will then be used in the identification
algorithm.

First, the pre-determined signal was defined: [¢,, @,,¢,.].
The signal was assumed to be a properly delayed step function
(each arm with a different delay) passing through an additional
low-pass filter with a boundary frequency Q, = 0.025 [rad/s].
The filtering was responsible for limiting the signal spectrum.

@[rad]
o/ @ ¢
0.8 IO J/
! /
0.6 { |
0.4 /’j
!
02 !
I
T3 3 4 5 6 ts]

Fig. 4. Responses of ¢, ¢, @3

The responses are not satisfactory from the point of view
of regulation. The aim of the study was to generate signals to be
used in the identification process. It is advisable that the pre-
determined signals and the controller parameters be carefully
selected so that the signals provide sufficient information about
the object dynamics.

5. IDENTIFICATION WITHOUT MEASUREMENT NOISE

Let us recall that the robot mass and arm length are the un-
known parameters denoted as 6 =[my, m,, ms, [y,
by, I, ke, Ke,, ke,]. The method used for the parameter iden-
tification is represented graphically in Fig. 1. It is assumed that the
measurement data concerning the trajectories of the generalized
variables and the necessary input signals are available. The
estimate of the input signals, ¢/, is determined basing on the
current estimates of the object parameters 8 = [y, ,, M3,
I, I, I, ke, ke, ke,]. These equations have the same struc-
ture as Eq. (23); yet, the unknown parameters 6, are replaced by
the estimates &, the generalized variables are replaced by varia-
bles filtered through a low-pass filter, and their derivatives (which
are not measured) are replaced by their estimates obtained by
using relevant differentiating filters. Let us assume that the
boundary frequency of the differentiating filters is: Qg =
0.2 [rad/s]. The identification requires determining the estimates
of the parameters responsible for the quality factor minimization.

T
J@O) =1 [@/ —2/)ar, (24)
T
0
where T/ is an input signal filtered with a low-pass filter.
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The identification procedure is commenced for the following
initial values: 8 = [99.8, 151.7, 49.9, 0.49, 1.01, 0.75, 22.95,
22.95, 23.05]. The final values of the parameters are determined
after 52 iterations of the minimization algorithm. The estimates
6 = [76.616, 150.133, 49.9456, 0.57938, 1.0003, 0.700715,
23.0012, 22.9996, 23.0002] slightly depart from the real values
of the parameters, 6 =[100, 150, 50, 0.5, 1, 0.7, 23, 23, 23].

6. IDENTIFICATION AND MEASUREMENT NOISE

In this point we will examine how far the elaborated filters
eliminate the measurement and quantization noise (Mocak and
other 2007; Rabiner and Gold 1975). We will also examine the
influence of the measurement and quantization noise on the result
of identification process with the use of finite elements differentia-
tion method and elaborated filters.

The signal processing theory comprises activities aimed on
selection of substantial information on the examined phenomena
and elimination of redundant information. It is commonly known
that the measured signals contain components resulting from the
disturbances. In our case the quantization noise value is connect-
ed directly with the number of bits of the n-bit A/D converter (Ly-
ons 1999; Pintelon and Schoukens 1990).

Using the same identification method and elaborated filters
following parameters have been obtained for the noisy signal
(n=16) 8 = [91.7605, 149.478, 50.8972, 0.516604, 0.9963,

0.691788, 23.0015, 22.9962, 23.0002], (n=14) é:[11.4876,
153.601, 48.2456, -1.66054, 1.00276, 0.715608, 22.9934,
22.9787,23.0018] .

Using the finite elements method following parameters have
been obtained for the noisy signal (n=16) § = [-2.62172*10"7, -
2.31916*10"6,  530190.0, -0.0000152889, -0.000337396,
0.000112932, 15.3375, 14.4677, 22.5499].

Comparing the obtained results we can state that the differen-
tial filters eliminate the measurement noise in a major degree and
the parameters determined in the identification process are close
to the actual ones. Traditional differentiation does not ensure
noise elimination and the identified parameters differ significantly
from the actual ones.

Using the elaborated filters in identification methods we obtain
well determined parameters in case of quantization on the level
of 16-bit cards.

7. CONCLUSIONS

In contrast to the conventional output error method, which in-
volves comparing and estimating input signals, the input error
method is considerably faster. The identification procedure does
not require solving a series of differential equations in each itera-
tion of the algorithm minimizing the quality factor.

It should be noted that the spectrum of the pre-determined
signals is limited. In spite of the fact that the robot system
is a non-linear system, the following relationship is obtained for
the filtered signals: /' = ¢/ if § = . As the slight differences
are due to the system non-linearity and quantization errors,
the equation can be solved approximately.

Elaborated differential filters have low-pass character. This
feature enables removing of high-frequency components of the



signal, for example the noise. Differential filters ensure determin-
ing of appropriate derivatives of signal with errors far more less
than simple differentiation methods, what plays particularly im-
portant role in the identification process. In various calculations
which have been performed, proper operation of the method
for more complicated mechanical systems and for systems
of greater number of identified parameters has been stated.
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Abstract: The handspring front somersault in pike position is analyzed in this paper. The computations have been based on a three-
dimensional model of the human body defined in natural coordinates. The time histories of net muscle torques and internal reactions at the
ankle, knee, hip and upper trunk-neck joints have been obtained after the solution of the inverse dynamics problem. The sagittal, frontal
and transverse plane components of selected net muscle torques and internal reactions are presented and discussed in the paper. It has
also been demonstrated that natural coordinates provide a useful framework for modelling spatial biomechanical structures.
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1. INTRODUCTION

There are several hundred classified bounds in men'’s artistic
gymnastics. Blanik jump is the only one among them associated
with the name of a Polish athlete. It is reasonable then that this
jump deserves biomechanical identification by domestic research-
ers. Since none of Polish gymnasts is currently able to perform
Blanik jump effectively, numerical simulations remain the basic
tool to investigate this jump. The valuable input data for such
simulations can be obtained through a dynamic analysis of the
handspring front somersault, which differs from Blanik jump for
one revolution only in the airborne phase.

The first aim of this paper is thus to identify internal and exter-
nal loads when performing the handspring front somersault.

The second aim is to validate a 3D biomechanical model
of the human body, defined in natural coordinates, used earlier
in the biomechanical analyses of a long jump (Czaplicki et al.,
2006), and a backward somersault from the standing position
(Czaplicki, 2009). The handspring front somersault gives an op-
portunity to verify this model in a movement with two support
phases and external loads acting on lower and upper extremities,
respectively.

2. BIOMECHANICAL MODEL

The kinematic structure of the biomechanical model is defined
in natural coordinates. It is composed of 33 rigid bodies originating
from the pelvis in open chain linkages (Fig. 1). The rigid bodies that
form the neck, arms, forearms, thighs, shanks, upper torso (num-
bers in circles from 19 to 25) and the lower torso (numbers 6, 7, 8)
are defined by the Cartesian coordinates of two points and one unit
vector each. The hands, feet and the head are defined by the coor-
dinates of three points and one unit vector. The complete set of rigid
bodies is described by means of 25 points and 22 unit vectors,
accounting for a total number of 141 natural coordinates.
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Fig. 1. Biomechanical model of the human body

The biomechanical model comprises revolute and universal
joints only. The latter ones are situated in the ankle, the radioulnar



articulations, between the 12t thoracic and 1st lumbar vertebrae
(the lower-upper torso joint), and between the 7t cervical and 1st
thoracic vertebrae (the upper torso-neck joint).

The model has 44 degrees-of-freedom. Thirty eight of them
are attributed to rotations about the revolute and universal joints
(Czaplicki et. al, 2006; Czaplicki, 2009a,b). The remaining 6 de-
grees-of-freedom are from the translational and rotational motion
of the pelvis (Fig. 1), which is treated as the base body. The de-
grees-of freedom discussed in the paper are shown in Fig. 1
(numbers in squares) demonstrating the way they have been
defined.

In order to solve the inverse dynamics problem each degree-
of-freedom of the biomechanical model has been associated with
appended driving constraints of the dot product type (Nikravesh,
1988). An example of these constraints, coupled to 18" degree-of-
freedom, is illustrated in Fig. 2.

Fig. 2. Driving constraints associated with the right elbow joint

The driving constraints for the right elbow joint are defined
as follows:

Py = rf4_13r14_15 - |r14_13||r14_15| COS(l/)m(t)) =0, (™

where y5(7) is the angle between vectors ri._is and ris_is, and its
time characteristic is known from kinematic measurements.
The complete set of driving constraints is presented in the work
of Czaplicki (2009a).

It is necessary to underline that only the key features of the
biomechanical model have been discussed. The explanation
of double rigid bodies arrangement of most anatomical segments,
their inertial properties, and rigid body constraints are described
in (Czaplicki et. al, 2006; Czaplicki, 2009a,b), and Garcia de Jalén
and Bayo’s textbook (1993).

3. INVERSE DYNAMICS

All the constraints, including the appended ones (Fig. 2), can
be written in the generic form:

®(q) =0, (2)

where vector q contains the coordinates of the basic points, the
components of the unit vectors, and the angles associated with
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degrees-of-freedom of the biomechanical model.
The set of nonlinear equations (2) can be solved iteratively by
means of Newton-Raphson method:

(PgPi(qiv1 — q) = —(Pg)i (P , ©)

where (<l>;f)i denotes the Jacobian matrix of the constraints
atiteration i. The least square approach is needed since the
number of the constraints exceeds the number of natural coordi-
nates.

After computing the coordinates of basic points and unit vec-
tors, the velocities and accelerations of natural coordinates are
obtained by differentiating Eq. (2) with respect to the time:

®,q=0>= P 4=-Dq. )

The dynamic equations of the motion for the biomechanical
model can be expressed as:

Md = Q — @2, (5)

where M denotes the mass matrix of the system, the vector of
accelerations, Q the vector of external loads containing the gravi-

tational forces and reactions from the ground, and A is the vector
of Lagrange multipliers associated with the constraints forces and
net driving torques at the joints.

Having known the accelerations from (4), equation (5) can be
solved for the Lagrange multipliers.

4, DATA ACQUISITION

A twenty-three-year-old member of Polish women’s olympic
gymnastics team, with the height of 163 cm and a body mass of
53 kg, performed several handspring vaults with a front somer-
sault in pike position. One of the trials was chosen as the most
representative and subjected to the identification. The key phases
of the investigated jump have been depicted in Fig. 3. The upper
pictures show the configuration of the athlete’s body at the begin-
ning and at the end of the first support phase, whereas the lower
ones indicate the body position at the moment of touching the
gymnastic table and after one revolution in the air.

[
mml\ﬂiﬂ i ;!'”

Fig. 3. Handspring front somersault in pike position

The body motion kinematic data were simultaneously record-
ed by 4 synchronized cameras (Fig. 3) working at the sampling
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frequency of 100 Hz. The positions of the 23 anatomical points
required to reconstruct the motion of the biomechanical model
were digitized in APAS package environment. The remaining
stages of data acquisition process as well as handling the raw
kinematic data were similar to those described elsewhere
(Czaplicki, 2009a,b).

The external reactions acting on the athlete’s body during
support phases were not measured directly. Instead, they were
obtained using Newton-Euler iterative scheme starting from the
top-most segment. This procedure in natural coordinates can only
be applied if Lagrange multipliers have been known earlier.
A planar model of the human body (Blajer et al., 2010) was there-
fore used to calculate the vertical and horizontal ground reaction
forces in the sagittal plane during the contact of the feet with the
springboard and the hands with the gymnastic table. The medial-
lateral component of the ground reaction force was calculated
through optimization designed for minimizing the difference be-
tween recorded and computed frajectory of the jumper's centre
of mass in the frontal plane.

The centre of pressure path during the support phases was
determined using a Kistler force plate (Fig. 4), which measured
two coordinates of the path while the athlete imitated the positions
recorded when performing the jump.

Fig. 4. Measuring the centre of pressure path for the hands

5. RESULTS AND DISCUSSION

The time histories of the component moments associated with
the first, fourth and seventh degrees-of-freedom are depicted
in Fig. 5. They represent the flexion or extension action of the
muscles at ankle, knee, and hip joint. All the characteristics pos-
sess a clearly recognized contact phase with the springboard
between 0.17 and 0.28 s. The component moment at a hip joint
reaches the highest values and its negative sign indicates the
action of hip extensors. The sudden change of the value of this
moment to the level of -600 Nm, and other moments to the level
of 200 Nm reflects the impact of the ground. The impact must be
absorbed through the tendons and passive joint structures (liga-
ments), since the muscles are not able to generate large moments
in such short periods of time (Bobbert and Zandwijk, 1999).
A double peak shape of most characteristics is due to the drift of
the centre of pressure as well as to large friction force at the initial
contact, which is also induced by a slight slope of the springboard
towards the feet. The remarkable values of the component mo-
ments about the medial-lateral and vertical axis suggest that the
planar analysis of the investigated vault can produce a systematic
error. It would be particularly evident for the torques at the knee
and ankle joints.

The characteristics of horizontal, medial-lateral, and vertical
reactions in the right leg joints are presented in Fig. 6. The damp-
ing effect of the vertical reaction between the ankle joint and the
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hip joint is evident. The highest value of this reaction during con-
tact with the springboard reaches 2400 N in the ankle joint where-
as about 1500 N in the hip joint. Since small inertia effects origi-
nating from the foot can be neglected, the shape of the internal
reactions in the ankle joint reflects explicitly (with the opposite
sign) the profiles of the ground reaction components.
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Fig. 5. Component moments associated with the 1st, 4t and 7t
degrees-of freedom

The time courses of the component moments attributed to the
21st degree-of-freedom are presented in Fig. 7. They can be
identified with the movement of the arm in the sagittal plane.
The highest values of the component moment (My) about medial-
lateral axis reach the level of 60 Nm pointing out the second
support phase when the hands get in touch with the gymnastic
table. Low values of the other components during the jump show
that the arm movement takes place firmly in the sagittal plane.

Fig. 8 presents the time histories of component moments as-
sociated with the 35" degree-of-freedom, which reflect the neck
movements with respect to the trunk in the sagittal plane.
The significant domination of the medial-lateral component mo-
ment is clearly visible. The peak values of this parameter occur
just before the first support phase to ensure the proper orientation
of the body with respect to the springboard, and after body group-
ing in the airborne phase to keep the head aligned with the trunk.
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A 3D state of loads at the neck-head joint, rarely described
in the biomechanics literature, is shown in Fig. 9.

36™ degree-of-freedom

Time [s]

Fig. 9. Component moments associated with the 36, 37t
and 38" degrees-of-freedom

The time characteristics of component moments related to the
36t, 37t and 38t degrees-of-freedom represent side bending of
the head in the frontal plane, rotation of the head with respect to
the neck in the transversal plane, and flexion/extension of the
head in the sagittal plane, respectively. The largest values are
achieved in the sagittal plane by the component moment connect-
ed with the 38 degree-of-freedom. The time course of this com-
ponent is similar to the already discussed characteristics of the
upper trunk-neck joint and again, its significant domination over
the other components can be easily recognized. The component
moments associated with the 36" and the 37" degrees-of-
freedom reach low values not exceeding the level of 2 Nm.

6. CONCLUSIONS

The work has been focused on the loads’ identification in the
leg, shoulder and other joints when performing the handspring
front somersault in the pike position. The obtained time courses
of torques and internal reactions in the joints have, apart from
cognitive reasons, a clear interpretation, reflecting a distinctly
impulsive character of movement during the contact with the
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springboard and gymnastic table, and the nature of the other
phases of the vault.

The highest values of the internal loads are in the first support
phase. The net muscle torque at the hip joint reach then the level
of -600 Nm whereas the internal vertical reaction in the ankle joint
is about 2400 N. The maximum value of the net muscle torque
at the shoulder joint is one order of magnitude lower reaching
the level of 60 Nm in the second support phase.

The knowledge of load characteristics in the joints during
the analyzed vault can be of interest to both athletes and gymnas-
tics coaches.

A three-dimensional model of the human body defined in natu-
ral coordinates turned out to be effective in full rotations of individ-
ual parts of the body, and during the contact of the upper extremi-
ties with the ground. The latter aspect of the model has been
checked for the first time.

Inverse simulations with different body positions just before
the contact with the springboard and gymnastic table seem to be
necessary in order to answer the question if a proper body config-
uration during both support phases influences the loads’ reduction
in the joints. If so, the research will gain another practical quality,
since its results can help to reduce the risk of injuries.

Forward simulations with changing initial conditions, as those
described by Wilson et al. (2011), are also needed to check how
such perturbations can influence the quality of the vault. There is
a place within these simulations to analyze Blanik vault. The
authors of this work are convinced that the presented results will
be helpful to complete this task. However, knowing the specificity
of integration in natural coordinates (Czaplicki, 2007) a 2D ap-
proach ought to be recommended for starting the simulations.
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Abstract: The paper deals with the problem of choosing an appropriate inspection interval for monitoring of safety related control sys-
tems in machinery. According to international standards the safety related systems are categorized according to their Safety Integrity Lev-
els or Performance Levels, depending on their reliability parameters. Extremely simple, approximate models have been proposed in order
to provide practitioners without reliability training with useful tools for the determination of inspection policies. The method(s) based on the
required availability of the system. The paper presents some practical examples of systems of categories B, 1 and 3, respectively. The fre-
quencies of periodical inspection are calculated for; system monitoring closure of the door, behind which a dangerous element moves
slowly, system of monitoring the access door on the automated production line and system, in which a light curtain is employed to monitor

the access to the dangerous zone of an automatic assembly machine.

Kay words: Safety of Machinery, Safety Related Parts of Control System, Functional Safety, Periodical Inspection

1. INTRODUCTION

In the course of electronic technology development it can be
observed that machine control systems despite their operational
functions perform also more and more safety functions. More and
more complex electronic systems, for example vision systems
(Grabowski et al., (2011)), are applied as protective systems
for machinery. General roles for application of such systems are
well known and it is described, for example by Dzwiarek (2010).
But the most important problem is ensuring proper functioning
of the system on demand. The analyses of accidents happened in
the course of machine operation presented in Dzwiarek (2004)
showed that 36% of them were caused by improper functioning
of the machine control systems. Additionally, in the group of acci-
dents caused by improper functioning of machine control systems
serious accidents happened much more frequently (41%) as
compared to the group of accidents with no relation to the control
system (7%). Most common cause of such accidents consisted
in the lack of safety functions (58%). Most often, functions like
monitoring of guard position or presence in the dangerous zone
were missing. Other group of accidents comprises those caused
by failure of a safety-related element of the control system due
to insufficient resistance to fault (26% of all accidents). Other
reported causes, i.e., mistakes in definitions of safety functions
(4%), errors in control system software (6%) too low resistance
to environmental effects (climatic agents, power supply distortion
- 6%) affected much lower number of the accidents happened.
Those results proved that machine control systems are very im-
portant in view of the safety of machine operators. Therefore,
designers of the safety related control systems should apply the
structures that improve their resistance to fault, which most fre-
quently means the application of reliable elements and redundant
architecture of the systems. But, in preventing the accidents due
to improper operation of the control system periodical inspection
of its functioning is also of crucial importance. Therefore, the

control system designer should specify how often the system
should undergo the periodical inspection. Unfortunately, in the
binding standards, there are no suggestions on how to determine
the frequency of periodical inspection of the control system.
The aforementioned problem has been discussed many times
at meetings of the working group VG11 “Safety components”
of the European Co-ordination of Notified Bodies for Machinery
and Safety Components (Machinery Directive 2006/42/WE),
however, no satisfactory solution has been found yet, thus the
Recommendation for Use could not be developed. The research
aimed at formulation of the rules for determination of periodical
inspection frequency of safety related parts of control systems in
machinery, as simple as possible so as to ensure that their possi-
ble defect would be detected early enough. The results of these
studies have been presented in Dzwiarek and Hryniewicz (2011).
The paper shows sample practical applications of those methods.

2. SAFETY FUNCTIONS PERFORMED
BY THE MACHINERY CONTROL SYSTEM

Most often, a machinery control system performs both the
safety functions and those irrelevant to safety. A safety function
is a function, a failure of which can increase risk(s). Generally,
the safety function can be implemented for the reduction of risk
associated with the following three groups of hazards (Dzwiarek,
2007):

— resulting from improper machine operation,

— resulting from the application of technological processes the
physical parameters of which differ significantly from standard
environmental conditions,

— mechanical hazards.

The following safety functions are most common:

— safety-related stop function initiated by a safeguard,

— manual reset function,
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— start/restart function,

— local control function,

— muting function,

— monitoring of parameterization of the safety-related input
values,

— response time,

— monitoring of safety-related parameters such as speed,
temperature or pressure,

— reaction to fluctuations, loss and restoration of power sources.
Since failure of those functions can increase the risk, therefore

the designers of safety related control systems should apply the

structures that improve their resistance to fault. Basic rules
for improving the machinery control system resistance to fault
were formulated in the following standards (Dzwiarek 2006, Dzwi-

arek 2007):

— |EC 62061:2005 ,Safety of machinery - functional safety
of safety-related electrical, electronic and programmable
electronic control systems”,

— IS0 13849-1:2006 ,Safety of machinery. Safety-related parts
of control systems - Part 1: General principles for design’,
where, depending on their behaviour under fault conditions
the devices were classified into 5 categories.

In standard IEC 62061:2005 the functional safety methodolo-
gy formulated in IEC 61508:2001 “Functional safety of electrical/
electronic/ programmable electronic safety-related systems” was
adapted so as to be applicable to machinery control systems.
Foreach safety-related control system performing the defined
safety-related function the probabilistic criteria for assessing their
resistance to fault (named the Safety Integrity Level) are defined
in IEC 62061.

Standard ISO 13849-1 formulates a simplified method for the
assessment of machinery control systems. The following parame-
ters are characteristic of each system: Structure (Category), Mean
time to failure (MTTF), Diagnostic coverage (DC) and Common
cause failure factor (CCF). Those parameters are divided into the
following qualitative groups: high, medium, low. The expected
safety performance level is determined from a graph into which
the assessed parameters and the system architecture (single
channel, redundancy, monitoring, etc.) have been included.
It allows for assessment of the designed system in a relatively
simple way. The performance level (PL) represents the system
resistance to faults. The relationship between the performance
level (PL) and SIL is given in Tab. 1.

Tab. 1. Relationship between the Performance Level and SIL
(ISO 13849-1)

Performance | Probability of a dangerous Safety integrity
level (PL) failure per hour (PFHp) level (SIL)
a [105,104) No correspondence
b [3x106, 105) 1
c [ 106, 3x106) 1
d [107,10€) 2
e [108,107) 3

According to both the aforementioned standards the designer
of machinery control system should determine, taking into account
the results of risk assessment, the required SIL or PL for each
safety function performed by the control system. The required SIL
or PL should be achieved by applying the design solutions appro-
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priate for the considered control system. The required SIL or PL
should be also maintained during the whole life time of machinery.
The long-term results of using a machine usually involve con-
sistent degradation of its sub-assemblies, due to both material
deterioration and mechanical wear. The aforementioned phenom-
ena can lead to decrease of the achieved SIL or PL. It means that
all safety functions should be periodically inspected for identifica-
tion of any changes in their parameters, which can reduce the
ability of control system to perform its functions.

3. SIMPLIFIED ALGORITHMS FOR THE DETERMINATION
OF INSPECTION INTERVALS FOR THE SAFETY
RELATED CONTROL SYSTEMS

The determination issues of periodical inspection frequency
of safety related systems were analyzed mainly in view of the
critical infrastructure in processing industry (Taghipour et al.,
(2010). That resulted mainly from both the hazard levels arising
there as well as high costs of stopping the process to make the
inspection including its performance costs. As a result, very com-
plicated procedures were developed for the determination
of periodical inspection frequency of such systems. The proce-
dures are far too much complicated and expensive to be applied
to periodical inspection of safety devices in machinery. Mainly,
due to their mathematical complexity. Therefore, the simplified
procedures presented by Dzwiarek and Hryniewicz (2011) and
Dzwiarek and Hryniewicz (2012) are much more suitable in such
cases.

Let us consider the simplest case when the inspection allows
for immediate checking if a system is ready to perform its safety
function or not. The assumption that the “probability of a danger-
ous failure per hour” remains constant over the whole life cycle
of the machine accepted in standards ISO 13849-1 and IEC
62061 means that also the availability of the system should re-
main unchanged in every year of its exploitation. The availability
of the system, when its time to failure is represented by the expo-
nential distribution, is given by the following simple formula:

AT) = g (1= 77100y (1)

If PFHpT<<1, then the following approximation can be applied:
A(T) =1~ L PFH,T + L(PFH ,T)’ )

Taking into consideration the values of PFHb given in Tab. 1
we can determine the required availability of the system per year
Ar (see Tab. 2).

Tab. 2. Required availability of the system per year for particular values
of SIL and PL (Dzwiarek and Hryniewicz, 2011)

Performance Ar Safety integrity
level (PL) level (SIL)
a 0.957 No correspondence
b 0.987 1
c 0.997 1
d 0.99956 2
e 0.999956 3

In should be noted, that for the purposes of risk assessment
from among the variety of possible faults one should select the



dangerous ones; i.e., those causing the safety function loss, to be
considered in the process. For example, in a redundant system
a failure of one channel may not necessary result in safety func-
tion loss for the whole system, since it the function is performed
by the second channel. Therefore, the periodical inspections aim
at detecting the faults that however do not cause the safety func-
tion loss but still result in reducing the values of SIL or PL.

According to Hryniewicz (2008), if we set the required value
of the availability A we can find the inspection interval To by solv-
ing the equation A(To)=Ar. Thus, that value can be found from
the expression:

6
A,=1-1T+1Q7) (3)

where \ stands for the probability of any failure, not only the dan-
gerous one.

Hence, the required inspection interval should be calculated
from the following equation:

- 3—6\/@ _20-4,) (4)

(U 22 Y

When the safety related control system has a parallel struc-
ture with two channels represented by the exponentially distribut-
ed random variables characterized by the failure rates A1 and Az,
respectively, we can use the procedure proposed in international
standard ISO 13849-1, Annex D that allows one to approximate
this system using an equivalent one having two identical channels
characterized by the failure rate calculated from the following
equation:

MTTF,, =3 (MTTF, + MTTF, ~ ety ()

Then, we can use:

Ty =5y20-4,) (6)

in calculation of the inspection interval.

When the inspection and repair times cannot be neglected,
Hryniewicz (2008) proposed the following formula for calculation
of the optimal values of inspection intervals:

T, =2 Y

were o means the time required for inspection and repair.
4. CASE STUDIES

The method presented above for determination of periodical
inspection frequency of safety-related control systems in machin-
ery was put into practice in systems of different complexity and
different requirements for their fault resistance. Usually, periodical
inspections of machines are carried out during their idle times and
the duration of such inspection is negligible as compared to the
machine working time. There are, however, cases in which the
inspection time cannot be neglected, therefore both the cases
have been considered.

4.1. A system of category B

The simplest systems of category B according ISO 13849-1
are applied in the case when risk from the hazard being reduced
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is very small. A typical case consists in monitoring the closure
of the door, behind which a dangerous element moves slowly.
In such a case the risk assessment carried out following the A1
graph shown in standard ISO 13849-1 leads to the required per-
formance level PL: of b and 3x10-6<PFHp, < 10-5.

A proximity switch is usually applied to monitor the door clo-
sure state. A sample system of that type is shown in Fig.1. When
the guard opens the power supply to motor M is cut off by relay
Q1, controlled by proximity switch C1. C1 is a classical proximity
switch of MTTFp equal to 30 years. According to the manufactur-
er's declaration the electrical switching capacity of Q1 is B10Q1=
10 000.

Since in the considered case the access door to the danger-
ous zone is to be opened every hour and the fraction of danger-
ous failure is 50% we can determine:

MTTFQ1=10000/0.1%8%365 =34 years )
MTTF,Q01 =2+ MTTFQ!l = 68years

—_— @F
C1

O

Fig. 1. Sample control system of category B

Finally, for the safety function we have:

MTTF,, =1+ =20years

30 68

L_—571%10"°

PFH |, = 556530 (8)

A=2%PFHp1.14%107°

In the case of systems of category B with no embedded
mechanisms of fault detection, in which a single fault causes the
loss of safety function, it is necessary to make periodical inspec-
tions. In that case the inspection consists in actuation of safety
functions and verifying that the dangerous motion has been
stopped. Therefore, the inspection is simple and of short duration.

In that case we apply formula (6). According to Table 2 we
have:

T, = 202957 _ 5280/ ~ 3month )
1.14%10

4.2. A system of category 1

If the access door is situated by the automated production line
it is opened very rarely, while the hazards created are much
greater. In such a case the protection level ensured by a system
of cat B is not high enough. The results of risk assessment lead to
the required performance level PL; of ¢ and 10-6<PFHpr < 3x10-6.

It can be achieved by means of using a device monitoring the
door closing that satisfies the requirements of category 1 accord-
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ing 1ISO 13849-1. In such a case one should employ a limit switch
manufactured in accordance with standard IEC 60947-5-1. Annex
K. Also to stop the motor a contactor should be applied that
satisfies the requirements specified for “well-tried elements”
in Tab. D3 given in standard 1SO 13849-2. For conrtoling the
dangrous movement directional control valve 1V1 have been
used.

In the manufacturer’s declaration of the limit switch it is B1o K1
= 108, while in that of the contactor the durability is Bio Q1 =
1.3x108 and f B1o 1V1 = 40x106.

Dangerous movement

Fig. 2. Sample control system of category 1

Let us assume that the production line works twenty-four
hours a day and the access to the dangerous zone should be
provided once a week, and the valves 1V1 are activated every
2 minutes:

MTTF1V1=40%10°/0.1(30 %24 %365) =1530years
MTTFK1=10°/0.1%52 =192300years (10)
MTTFQ1=13%10%/0.1%52 = 250000 years

and for the safety function, taking into consideration the fact that
only half of faults are dangerous we have:

MTTF = —————1510years

1530 192300 " 250000 (1 1)

MTTFy =2%MTTF =3020years

According to standard 1SO 13849-1 the maximal value
of MTTFo for the system of category 1 is 100 years and:

A=PFH,=1.14%10"° (12)
D

To carry out the inspection of automated production line it is
necessary to stop it over the whole length. Stopping the whole
production line and then restarting it is rather time-consuming and
creates the need for engaging a special supervising crew, which
may take a few hours. Upon the application of formula (7)
we have:

Ho = 4h
> (13)
Ty = /75> = 2650 ~ 4month

Which means that the safety function should be checked at
least once every three months.

4.3. A system of category 3

Another example consists in the system in which a light
curtain is employed to monitor the access to the dangerous zone
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of an automatic assembly machine. In such a system there arises
a hazard of amputation, the access to the dangerous zone
is required every 1 minute and the hazard can be easily avoided.
In that case the risk assessment leads to the required
performance level PL of d and 107<A, < 10,

In view of high frequency of its activation the system
of category 3 according ISO 13849-1, the scheme of which
is shown in Fig. 3, was chosen to perform the safety function.
Light curtain LC has been certified as to be applied in systems up
to category 4, SIL CL 3, PFHp LC = 5x108, as an input sensor
with two line signalising interaption of detection zone. The signal
from the curtain is transmitted to a standard PLC, therefore one
should assume MTTF PLC = 25 years. The PLC switches
contactor Q2, which disconnects the motor. Safety relay SR
makes the redundant channel for PLC and it satisfies the
requirements of category 4. In the manufacturer's declaration
is specified that PFHp SR = 3x108. The controller switches
contactor Q1, which also disconnects the motor. In the
manufacturer’s declaration of contactors Q1 and Q2 it is specified
that the value of parameter B Q1, Q2 = 106. The PLC also
monitored suplementary contact of Q1 and Q2. According ISO
13849-1, Annex E in this case the diagnostic coverage

is DC=90%.

—‘T Vce
Q1 ( QZ( or
light curtain [~
Lc | PLC g
ar /

Safety relay SR

bab |

(o)

The Reliability Block Diagram of the safety function is shown
in Fig. 4.

Fig. 3. Sample control system of category 3

—
PLC —
. L » «—  cross
ng.ht < monitoring
curtain LC | |
Safety Relay SR | | Q1

Fig. 4. Sample control system of category 3

Upon the assumption that the automatic machine works
double shifts for 220 days per year and taking into consideration



the demand frequency of the safety function we arrive at:

MTTFQL,02 =47 3years

14
MTTF,01,02 =94.6years (14)

Now, we can determine the value of MTTF for each channel:

MTTF ,LC,PLC,02 =19.TTyears

15
MTTF,LS,SR,01 =94.5years 19

and:

MTTFLC,PLC,02 =16.36years

16
MTTFLC,SR,0l =47.2years (16)

Upon application of the symmetrization formula (5) we have:

MTTF, = 65.28years

(17)
MTTF =34.27years

According to ISO 13849-1, Table K1 we can assume:

PFH,, =2.13%1077

(18)
A=3.33%10"°

In the aforementioned case the periodic inspection consists
in actuation of the safety function and observation of light signals
generated by the light curtain and controllers S1 and PLC. The
frequency of periodic inspection can be determined uising formula

(6):

Ty = 57-=+/2(1-0.99956) = 8906/ ~ 1 year (19)

5. CONCLUSIONS

The discussion presented above as well as the case study re-
sults prove that the assessment problem of resistance to faults
revealed by a machine control system can be solved in a relatively
simple way. Finnaly, we have found that the calculated periods
of periodical inspections agree with commonly accepted rules
for their conductance. The manufacturers of machines and protec-
tive devices should make such calculations and include the results
into the “User manual” according to the requirements of Machin-
ery Directive 2006/42/WE.
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Abstract: In the paper, numerical verification and catalogue of the numerical solutions based on Modify Boundary Layer Approach to de-
termine the relationship between Q-stress and T-stress are presented. Based on the method proposed by Larsson and Carlsson,
the Q-stress value are calculated for some elastic-plastic materials for different value of T-stress and external load expressed by J-integral.
The influence of the external load, T-stress value and material properties on Q-stress value were tested. Such catalogue may be useful
during solving the engineering problems, especially while is needed to determine real fracture toughness with including the geometric con-

straints, what was proposed in FITNET procedures.
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1. DESCRIPTION OF THE STRESS FIELD NEAR CRACK TIP
- THEORETICAL BACKGROUNDS

For mode | of loading, stress field ahead of a crack tip in elas-
tic linear isotropic material can be given by (Williams, 1957):

I

o,=0_= K cose(l—sinesinwj
11 xx ’2727” 2 2 2
0,=0,6= K, cosg l+singsinﬁ
RN 7S] ] 202

K, { 0.6 39}
o, =T,= cos—sin—cos—
2 2

Y 2w

0-33 = azz: 0

for plane stress,
oy =0.=vlo, +0o,) forplane strain,

where oj is the stress tensor, r and & are as defined in Fig. 1,
v is Poisson’s ratio, Ki is the Stress Intensity Factor (SIF).

yy

Txy Oxx

Tyx

X

Fig. 1. Definition of the coordinate axis ahead of a crack tip
The z direction is normal to the page
(own Fig. based on (Williams, 1957)
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The SIF defines the amplitude of the crack tip singularity. That
is, stresses near the crack tip increase in proportion to K. Moreo-
ver, the stress intensity factor completely defines the crack tip
conditions; if K is known, it is possible to solve for all components
of stress, strain, and displacement as a function of r and 6.

This single-parameter description of crack tip conditions turns
out to be one of the most important concepts in fracture mechan-
ics (Williams, 1957).

In 1968, Hutchinson (1968) and Rice and Rosengren (1968)
derived the singular stress-strain fields at a crack tip in a power-
law hardening material (which called the HRR-field). The
hardening law used by Hutchinson and Rice and Rosengren is
given by:

£ _ C{GJ , @
‘90 O-O
where ov is a reference stress value that is usually equal to the
yield strength, &= ou/E, « is a dimensionless constant, and n
is the strain hardening exponent.

Assuming the Ramberg-Osgood material, the results obtained
by Hutchinson and Rice and Rosengren for plane strain and for
plane stress may be expressed in the following form:

1

Ten
ay:oo(J] G,(0.1) ®
aocy g1, r
?ﬂn
g,j:ago("j %, (0m) @
aocy g1, r

where Jis the J-integral, I» is an integration constant that depends
on n, 6;;(6,n) and £;;(6,n) are dimensionless functions of n
and 6. These parameters also depend on the stress state (i.e.
plane stress or plane strain). All this function may be determined
using the algorithm and computer program presented by Gatkie-
wicz and Graba (2006).



The J-integral defines the amplitude of the HRR singularity,
just as the stress intensity factor characterizes the amplitude
of the linear elastic singularity. Thus, J-integral completely de-
scribes the conditions within the plastic zone. A structure in small-
scale yielding has two singularity-dominated zones: one in the
elastic region, where stress varies as 1/+/7 and one in the plastic
zone where stress varies as (1/r)Y/(**™_ The latter often per-
sists long after the linear elastic singularity zone has been de-
stroyed by crack tip plasticity.

The HRR singularity contains the same apparent anomaly as
the linear elastic fracture mechanics singularity; namely, both
predict infinite stresses as r>0. The singular field does not persist
all the way to the crack tip, however. The large strains at the crack
tip cause the crack to blunt, which reduces the stress triaxiality
locally. The blunted crack tip is a free surface; thus ox must
vanish at r=0.

The analysis that leads to the HRR singularity doesn’t
consider the effect of the blunted crack tip on the stress fields, nor
does it take account of the large strains that are present near the
crack tip. This analysis is based on small strain theory, which is
the multi-axial equivalent of engineering strain in a tensile test.
Small strain theory breaks down when strains are greater than
about 10%.

SEN(B) plane strain
a/W=0.50 W =40mm
o,=315MPa n=5

E = 206000MPa v=0.3
\, g, = 6,/E = 0.00153

large strain (FEM)
6—o—o small strain (FEM)
>, 224 HRR solution

J =116kN/m
T ] \ \ \
0 1 2 3 4 5

WY = XypGld

Fig. 2. The stress distribution near a crack tip (curves were obtained
using the FEM for small and finite strain and HRR formula)

McMeeking and Parks (1979) performed crack tip finite
element analyses that incorporated large strain theory and finite
geometry changes. Some of their results are shown in Fig. 2,
which is a plot of stress normal to the crack plane versus distance.
The HRR singularity is also shown on this plot. Note that both
axes are dimensionless in such a way that both curves are
invariant, as long as the plastic zone is small compared to
specimen dimensions. The solid curve in Fig. 2 reaches a peak
when the ratio x-ou/J is approximately unity, and decreases as
x—=>0. This distance corresponds approximately to twice the Crack
Tip Opening Displacement (CTOD). The HRR singularity is invalid
within this region, where the stresses are influenced by large
strains and crack blunting.

Presented above solutions for stress (Eq. (1) for linear fracture
mechanics and Eq. (3) for nonlinear fracture mechanics) only
describe the near tip field and consider only the first term of Taylor
expansion. In the linear case, the second term in the Taylor
expansion corresponds to the so called T-stress which acts in the
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direction parallel to the crack advance direction. The mode
| stress field becomes:

0
K, (5)
o.= @)+ 0 0|
ij }2 f;/( ) 0 y

here T is a uniform stress in the x direction (which induces
a stress vT in the z direction in plane strain).

Fig. 3. Modified boundary layer analysis. The first two terms
of the Williams series are applied as boundary conditions
(own Fig. based on Anderson, (1995))

The more common form of Eq. (9) is the following entry:

K
o,= Jﬁ 1,(0)+75,6,, (6)

where Jj is the Kronecker delta.

We can assess the influence of the T stress by constructing
a circular model that contains a crack, as illustrated in Fig. 3.
On the boundary of this model, let us apply in-plane tractions that
correspond to Eq. (5). A plastic zone develops at the crack tip, but
its size must be small relative to the size of the model in order to
ensure the validity of the boundary conditions, which are inferred
from an elastic solution. This configuration, often referred
to as a modified boundary layer analysis, simulates the near tip
conditions in an arbitrary geometry, provided the plasticity is well
contained within the body.

Fig. 4 is a plot of finite element results from a modified
boundary layer analysis (Neimitz et al., 2007) that show the effect
of the T stress on stresses deep inside the plastic zone, obtained
for large strain assumption. The special case of T=0 corresponds
to the small-scale yielding limit, where the plastic zone is a
negligible fraction of the crack length and size of the body, and the
singular term uniquely defines the near-tip fields. The single-
parameter description is rigorously correct only for T=0. Note that
negative T values cause a significant downward shift in the stress
fields. Positive T values shift the stresses to above the small-scale
yielding limit, but the effect is much less pronounced than it is for
negative T stress.

Note that the HRR solution does not match the T=0 case.
The stresses deep inside the plastic zone can be represented by
a power series, where the HRR solution is the leading term. Fig. 4
indicates that the higher order plastic terms are not negligible
when T=0.
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Modified Boundry Layer Approach
6,=315MPa n=5 v=03
E = 206000 MPa

J =300 kN/m
1 L \ \

0 2 4 6 8
(D A
Fig. 4. The stress distribution in front of the crack, computed
using modified boundary layer approach for constant SIF,

Ki, and changing T-stress. Properties of material like in
the Sumpter and Forbes paper (Sumpter and Forbes, 1992)

In a cracked body subject to Mode | loading, the T stress, like
Ki, scales with the applied load. The biaxiality ratio relates T to
stress intensity:

_Tm "

ﬂKI

where a is the crack length.

For a through-thickness crack in an infinite plate subject
to a remote normal stress £ = -1. Thus a remote stress induces
a T stress of -orin the x direction.

In the nonlinear fracture mechanics, the Q factor was
introduced by O'Dowd and Shih (1991, 1992) to account
for difference between the HRR field and finite element results.
The Q factor (also called Q-stress) corresponds to an additional
hydrostatic pressure. The modified by O'Dowd and Shih stress
field is obtained as:
0y = (O-fj )HRR + ané‘i/ ' (®)
where (oj)Hrr is given by Eq. (3).

For small scale yielding, Eq. (8) can be written in the following
form:

o, = (0',]. )T:O + QO'Oé',.j- 9)

The Q parameter can be inferred by subtracting the stress
field for the T=0 reference state from the stress field of interest.
O'Dowd and Shih and most subsequent researchers defined Q as
follows:

Q:Mfort%Oandﬂ:z. (10)
o, J

Referring to Fig. 4, we see that Q is negative when T

is negative. For the modified boundary layer solution, T and Q are
uniquely related.
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Fig. 5 is a plot of Q versus T for a two work hardening
exponents. A relation between Q and T stress, based
on numerical calculations, using large strain theory and
incremental strain plasticity is given by O’'Dowd and Shih (1991)
as:

Qza0+a1(T/O'O)+a2(T/O'O)2+a3(T/O'0)3, (1)

where coefficients ao, a1, a2 and as were given only for two work
hardening exponents: for n=5: ap=-0.10, a:=0.76, a,=-0.32,
a;=-0.01 and for n=10: ac=-0.10; as=0.76, a&,=-0.52, as=0.
Proposed by Eq. (11) relationship is the result of the matching
mathematical formula to numerical results.

In 1995 O'Dowd (O’Dowd, 1995) was proposed, to describe
the relationship between Q and T stress by linear formula, as

Q:{T/O'O fOV T/O'0<0. (12)
0.5-T/o, for T/o,>0

0.8

0.4 —

a~—2—2a Equation (11) for n=5

6—o—0 Equation (11) for n=10

+—e—¢ Equation (12)

-1.6 \ I \
-1 -0.6 -0.2 0.2 0.6 1

Tlo,

Fig. 5. Relationship between Q and T stress, based on Equations (11)
and (12) (based on O’'Dowd and Shih (1991))

Fig. 5 shows graphically the mutual relationship between the
Q and T stress, based on formulas (11) and (12). The use of both
dependencies is relatively simple. In the case of formula (11) must
know the values of the coefficients ao, a1, a2 and as. Seems to be
easier to use formula (12), because it is required only knowledge
level of T stress, which for various geometries can be found in the
literature (Sherry et al., 1991), (Leevers and Radon, 1983).

When Equation (12) will be used in analysis of the real
structural element, as can be observed, this formula did not take
into account the geometry characterization, for example material
properties, external load, kind of specimen. Formula (12), takes
into account only crack length, because, T stress depend
on relative crack length (Leevers and Radon, 1983).

However, thanks to its simplicity, Equation (12) has found use
in the solving engineering problems and it was recommended
by FITNET procedures (FITNET, 2006). It should be noted that
both Equations - (11) and (12) were based on analysis of small
scale yielding, based on Modify Boundary Layer Approach
(MBLA).

It should be noted also that both Equations generally do not
include external load, which in the case of plane strain strongly
affects the Q stress level.



2. UTILIZATION OF THE CONSTRAINT PARAMETERS
IN THE EVALUATION OF FRACTURE TOUGHNESS

Both constraint parameters, the Q and T stress were found
application in European Engineering Programs, like SINTAP
(SINTAP, 1999) and FITNET (FITNET, 2006). The Q-stress
or T-stress is applied under construction of the fracture criterion
and to assessment the fracture toughness of the structural
component. Real fracture toughness K., may be evaluated
using the formula proposed by Ainsworth and O’'Dowd (1994).
Ainsworth and O’Dowd have shown that the increase in fracture
in both the brittle and ductile regimes may be represented by
an expression of the form:

KC — Kmat ﬂL; > 0 (13)
K ey AL <0

where Kmat is the fracture toughness for plane strain condition
obtained using FITNET procedures, and g is the parameter
calculated using following formula:

for elastic materials,

ﬂ:{T/(Lon), (14)

o/L, for elastic-plastic materials,

where L is the ratio of the actual external load P and the limit load
Po (or the reference stress), which may be calculated using
FITNET procedures (FITNET, 2006).

The constants « and k which are occurring in Eq. (13), are
material and temperature dependent (Tab. 1). Sherry and et al.,
(2005a, b) proposed the designation procedures to calculate the
constants « and k. Thus J-Q and K-T theories have practical
application in engineering issues.

Tab 1. Some values of the «and k parameters,
which are occurring in Eq. (13) (SINTAP, 1999; FITNET, 2006)

material temperature | fracture mode a k
A533B (steel) -75°C cleavage 1.0 | 1.0
A533B (steel) -90°C cleavage 11 | 1.0
A533B (steel) -45°C cleavage 13 | 1.0
Low Carbon Steel -50°C cleavage 13 | 20
A515 (steel) +20°C cleavage 15 | 1.0

00 | 1.0
ASTM 710 Grade A +20°C ductile 06 | 1.0
1.0 | 20

The reciprocal relationship between “in-plane constraint” pa-
rameters, for what can be considered the Q-stress and T-stress
may be very useful in practical engineering problems,
to determination of the real fracture toughness or in failure as-
sessment diagrams (FAD) analysis when correction of the FAD
curve using constraint parameter is done (SINTAP, 1999), (FIT-
NET, 2006).

Thus, in this paper, catalogue of the Q-T trajectories obtained
using MBLA analysis will be presented. The influence of the
material properties will be tested.
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3. DETAILS OF THE NUMERICAL ANALYSIS

In the numerical analysis, ADINA System 8.5.4 (ADINA,
2008a, b) was used. Computations were performed for plane
strain using small strain option and the Modify Boundary Layer
Approach (MBLA) model. The MBLA model consists of big circle,
which radius around the crack tip where the boundary conditions
are modeled is 10 meters long. Due to the symmetry, only a half
of the circle was modeled (see Fig. 6). The boundary conditions
are modeled using the following relationship:

K—1+

u :K(l+v)\/7cos(9) )|+

" E 2 2 +Zsin2(2]

+( —v2)%rcos(«9) ' (19)
[c+1+ ]

K ro . (0

uzzf(l—kv),/% sm(zj —ZCOSZ('g] +
L 2 -

—V(1+V)%I’Sil’l(9)

where K is the stress intensity factor (SIF) calculated form
J-integral value using formula K = \/JE/(1 — v?) - in presen-
ted in the paper numerical program the following values of the
J-integral were tested: J={10, 25, 50, 100, 250, 500}kN/m; rand &
are polar coordinates; v is the Poisson’s ratio; E is Young’s
modulus; T is the T stress expressed in stress unit (T-ov) -
in presented in the paper numerical program, the following values
of the T parameter were tested: 7={0.5, 0.25, 0, -0.25, -0.5, -1};
x=3-4 v for plane strain; x=(3-v)/(1+v) for plane stress.

The radius of the crack front was equal to rw=5-10%m. The
crack tip was modeled as half of arc. The crack tip region about to
5-10“m was divide into 50 semicircles. The first of them, was at
least 20 times smaller then the last one. The finite element mesh
was filled with the 9-node plane strain elements. The size of the
finite elements in the radial direction was decreasing towards the
crack tip, while in the angular direction the size of each element
was kept constant. It varied from A6=r/19 to A6=n/30 for various
cases tested.

The whole MBLA model was modeled using 2584 finite ele-
ments and 10647 nodes. The example finite element model
for MBLA analysis is presented in Fig. 6.

In the FEM simulation, the deformation theory of plasticity
and the von Misses yield criterion were adopted. In the model
the stress—strain curve was approximated by the relation:

g_{U/Uo

€y

foro <o,

here o=1. 16
a(o/c,) foro>o, wnere = (16)

The tensile properties for the materials which were used in the
numerical analysis are presented below in Tab. 2. In the FEM
analysis, calculations were done for sixteen material configura-
tions, which were differed by yield stress and the work hardening
exponent.
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Crack tip

Fig. 6. The MBLA model which was used in the numerical program a);
Crack tip region using in the MBLA model b)

The J-integral were calculated using two methods. The first
method, called the “virtual shift method”, uses concept of the
virtual crack growth to compute the virtual energy change.
The second method is based on the J-integral definition:

J= J. [wdx, — t(0u/ox, )ds]» (17)

where w is the strain energy density, t is the stress vector acting
on the contour C drawn around the crack tip, udenotes
displacement vector and ds is the infinitesimal segment of contour
C.

Tab. 2. The mechanical properties of the materials used in numerical
analysis and the HRR parameters for plane strain

[MOF‘,’a] EMPal | v | a=alE |al| n|&u@=0)| h

315 0.00153 3 1.94 5.51
500 0.00243 5 2.22 5.02
1000 206000 | 0.3 0.00485 1 10 2.50 4.54
1500 0.00728 20 2.68 4.21

4. RESULTS OF THE NUMERICAL ANALYSIS

Fig. 7 presents the influence of the T stress parameter value
on the shape and size (denoted in Fig. as r,) of the plastic zone
near crack tip. For smaller value of the T stress parameter, the
greater plastic zone is observed, if the same level of the J-integral
was used to calculate the boundary conditions and the same
material characteristic was established. The bigger plastic zone
is observed for MBLA model characterized by smaller yield stress
(see Fig. 8).
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Fig. 7. Influence of the T stress parameter on shape and size
of the plastic zone for MBLA model characterized by go=315MPa,
n=10, J=100kN/m: a) T=0.5, r,=0.029m; b) T=0, r,=0.033m;
¢) T=-0.5, ,=0.090m (brighter region is the plastic zone)

For smaller values of the T stress parameter the, smaller
value of the Q stress are observed. The influence of the work
hardening exponent on Q=Q(T) trajectories should be considered
for a number of configurations. For the cases characterized by
yield stress ov>500MPa and for J-integral values between 10 and
25kN/m (which are used to determine the boundary conditions),
the lower values of the Q stress are observed for weakly
strengthen materials (see Fig. 9). For theses cases almost parallel
arrangement of the Q=Q(T) trajectories is observed. The highest
on the chart are situated curves for strongly strengthen material
(n=3).

In other cases, when the J-integral value is equal to or greater
than 50kN/m, it can be seen the intersecting of the Q=Q(T) curves
for different values of the work hardening exponent (see Fig. 10).
For small values of the T stress parameter (which means that we
are dealing with a case of high-level of the flat geometric
constraints), the lower values of Q parameter are observed for
weakly hardening materials. Increase value of the T stress
parameter makes cutting curves and the reversal of the trend on
the chart - then a smaller values of the Q parameter are observed
for the case of the strongly hardening materials.

Numerical analysis shown, that the influence of the yield
stress on Q=Q(T) trajectories is quite complex. For small values of
the J-integral (J=10kN/m or J=25kN/m), it can be concluded, that
Q=Q(T) curves characterized by regularity of arrangement,
especially for strong hardening materials (n=3 and n=5). The
lowest on the charts are arranged the Q=Q(T) curves, described
by small value of the yield stress. This means that for the
materials characterized by higher yield stress, the higher values
of the Q parameter are obtained (see Fig. 11).



Fig. 8. Influence of the yield stress on shape and size of the plastic zone
for MBLA model characterized by T=0, n=10, J=100kN/m:
a) 00=500MP4a, r,=0.013m; b) 6o=1000MPa, r,=0.003m;
c) 00=1500MPa, r,=0.001m (brighter region is the plastic zone)

0.4
0 —
0.4
d-0.8
| 6,=500MPa J=10kN/m
g E=206GPa v=0.3
: o—o—o n=3
] o—6—on=5
-1.6 a&-a-an=10
: X—%—x n=20
-2 \ \ T \
-1.2 -0.8 -04 0 0.4 0.8

Fig. 9. The influence of the work hardening exponent on the Q=Q(T)
trajectories for MBLA characterized by 0,=500MPa, J=10kN/m

The influence of the yield stress on Q=Q(T) trajectories
is significant for the low level of the J-integral which was used to
determination of the boundary conditions. Sometimes the
influence of the yield stress on Q stress value is negligible, when
material characterized by big work hardening exponent and the
level of the J-integral is quite large (J>50kN/m). For weakly
hardening materials, Q=Q(T) trajectories are parallel, when J-
integral characterized by very high level (for example J=250kN/m
or J=500kN/m).
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O .
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T -0.8
c,=315MPa J=50kN/m
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Fig. 10. The influence of the work hardening exponent on the Q=Q(T)
trajectories for MBLA characterized by go=315MPa, J=50kN/m
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Fig. 11. The influence of the yield stress on the Q=Q(T) trajectories
for MBLA characterized by n=3, J=25kN/m

The most important conclusion concerns the influence of the
J-integral (which is used to determination of the boundary
conditions for MBLA model) on Q stress value. As shown
by numerical calculations, the value of the Q parameter
as a function of the T stress parameter in a very small extent
depends on the J-integral value adopted to determine the
boundary conditions at MBLA issue. A very little impact (hardly
insignificant), or the lack of impact is characterized for MBLA
models, for which the J-integral level used to determination of the
boundary conditions was equal to or greater than 50kN/m (see
Fig. 12).

Fig. 13 presents the influence of the work hardening exponent
on Q stress value for different level of the T stress parameter,
which may be considered as a measure of the ‘“in-plane
constraint” parameter. For the case of low constraints (low value
of the T stress, equal to -0.5 or -1.0), Q stress value decreases
when the value of the work hardening exponent increases. When
the value of the T stress parameter is greater than -0.25, it can be
seen that Q stress value is constant or slightly increases if value
of the work hardening exponent increases.
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Fig. 12. The influence of the J-integral value which was used to
determination of the boundary conditions, on Q stress value
for different T stress parameter: a) n=3, 0o=315MP4;

b) n=5, 05=315MPa; b) n=10, 5o=500MPa

5. CONCLUSIONS

In the paper, catalogue of the numerical solutions based
on Modify Boundary Layer Approach to determine the relationship
between Q-stress and T-stress were presented. Based on method
proposed by Larsson and Carlsson, the Q-stress value were
calculated for sixteen elastic-plastic materials for different value
of T-stress and external load expressed by J-integral — both
parameter were used to determine the boundary conditions, which
are necessary to carry out the MBLA analysis. The influence
of the T-stress parameter and material properties on Q-stress

value were tested.

44

MAA—p . . n=5 5,=315MPa

E=206GPa v=0.3

a)

J=50kN/m o,=315MPa
E=206GPa v=0.3

+—+—+ T=0.50
Fpe————F X 6060T=0.25

o—o—-oT=0

&aaT=-025

1.2 fe—%—% T=-0.50
| s T=-1.00

J=100kN/m ,=500MPa
E=206GPa v=0.3

=

*—% +—+—+T=0.50

T -0.8
| o—0—0T=0.25
124 c—e—o0T=0
| s—a—aT=-0.25
164 \9\ *—k—% T=-0.50
: +—e—¢ T=-1.00
-2 \ \ \ \ \
0 4 8 12 16 20

J=250kN/m c,=1000MPa
E=206GPa v=0.3

0.4 o e
T L —
o B +—+—+T=0.50
o 6—0-0T=0.25
o—6—0T=0
1 &~—a—AT=-0.25
1.6 *—*—% T=-0.50

-2 \ \ \ \ \

0 4 8 12 16 20
n

Fig. 13. The influence of the work hardening exponent

on Q stress value for different level of the T stress parameter:
a) J=50kN/m, 0o=315MPa; b) J=100kN/m, 0o=500MP4a;
c) J=250kN/m, 0o=1000MPa

Obtained numerical results lead to following conclusions:

for smaller value of the T stress parameter, the smaller value
of the Q stress are observed;

the influence of yield stress on the Q stress value is significant
for the case characterized by low level of the J-integral,
adopted to determine the boundary conditions at MBLA issue;
in case of a higher level of the J-integral, it can be observed
alittle impact of the yield stress on the Q stress value,
sometimes this effect is negligible;

for different T stress value, Q stress value depends on work
hardening exponent n; this influence should be discussed
for each MBLA models separately;

the Q stress parameter very weak depends (or in general
does not depend) on the level of the J-integral adopted



to determine the boundary conditions in MBLA issue,
especially for the case when the level of the J-integral is equal
to or greater than 50kN/m.

Presented in the paper such catalogue may be useful during

solving the engineering problems, especially while is needed
to determine real fracture toughness with including the geometric
constraints, what was proposed in FITNET procedures (FITNET,
2006).

. McMeeking,
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ANNEX - NUMERICAL RESULTS OBTAINED FOR ALL MBLA MODELS

Tab. A.1. Results for MBLA models, characterized by J=10kN/m

J=10kN/m n
ov=315MPa 3 5 10 20
T Q
0.50 -0.03 0.05 0.05 0.02
0.25 -0.17 -0.05 -0.01 -0.02
0 -0.34 -0.23 -0.16 -0.15
-0.25 -0.54 -0.46 04 0.39
-0.50 -0.77 0.74 -0.73 -0.76
-1.00 -1.26 -1.34 -1.47 -1.65

J=10kN/m n
ov=500MPa 3 5 10 20
T Q
0.50 0.29 0.04 -0.14 -0.23
0.25 0.18 -0.04 -0.19 -0.27
0 0.05 0.17 -0.29 -0.36
-0.25 -0.12 -0.35 -0.46 -0.53
-0.50 -0.31 -0.58 -0.73 -0.81
-1.00 -0.74 -1.11 -1.40 -1.63
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J=10kN/m n
=1000MPa 3 5 | 10 20
T Q
050 0.46 0.1 0.7 -0.30
0.25 0.39 0.04 0.19 0.31
0 0.30 0.04 0.25 0.34
0.25 0.19 0.16 -0.36 043
-0.50 0.05 0.33 -0.54 0.63
-1.00 -0.29 0.78 -1.16 -1.39
J=10kN/m n
ov=1500MPa 3 5 10 20
T Q
050 04 0.12 0.07 0.17
0.25 0.36 0.07 0.11 -0.20
0 0.29 0.01 -0.18 0.26
0.25 02 0.13 03 -0.36
-0.50 0.08 0.28 -0.48 -0.56
-1.00 0.21 0.70 -1.07 -1.28

Tab. A.2. Results for MBLA models,

characterized by J=25kN/m

J=25kN/m n
ov=315MPa 3 5 10 20
T Q
0.50 -0.02 0.007 0.04 0.04
0.25 -0.14 -0.10 -0.03 -0.01
0 -0.28 -0.25 -0.17 -0.15
-0.25 -0.46 -0.44 -0.38 0.35
-0.50 -0.65 -0.69 -0.69 -0.70
-1.00 -1.10 -1.26 -1.43 -1.60
J=25kN/m n
ov=500MPa 3 5 10 20
T Q
0.50 -0.14 -0.09 -0.03 0.008
0.25 -0.25 0.2 -0.13 -0.09
0 -0.39 -0.34 -0.27 -0.24
-0.25 -0.55 -0.53 -0.49 -0.48
-0.50 -0.75 0.77 -0.78 -0.83
-1.00 -1.21 -1.36 -1.50 -1.66
J=25kN/m n
ov=1000MPa 3 5 10 20
T Q
0.50 0.06 0.03 -0.02 -0.07
0.25 -0.04 -0.07 -0.08 -0.11
0 -0.18 -0.21 -0.21 -0.23
-0.25 -0.36 042 -0.44 -0.46
-0.50 -0.57 -0.69 -0.75 -0.80
-1.00 -1.08 -1.35 -1.59 -1.78
J=25kN/m n
ov=1500MPa 3 5 10 20
T Q
0.50 0.29 0.04 -0.16 -0.27
0.25 0.20 -0.03 -0.20 -0.29
0 0.09 -0.14 -0.29 -0.37
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-0.25 -0.07 -0.31 -0.46 -0.53
-0.50 -0.26 -0.54 -0.72 -0.80
-1.00 -0.73 -1.13 -1.48 1.7
Tab. A.3. Results for MBLA models, characterized by J=50kN/m
J=50kN/m n
o=315MPa 3 5 | 10 20
T Q
0.50 -0.08 -0.04 0.009 0.02
0.25 -0.20 0.14 -0.07 -0.04
0 -0.34 -0.29 -0.20 0.12
-0.25 -0.50 -0.48 -0.41 -0.33
-0.50 -0.70 0.72 -0.70 -0.69
-1.00 -1.16 -1.29 -1.44 -1.55
J=50kN/m n
o=500MPa 3 5 | 10 20
T Q
0.50 -0.10 -0.04 0.01 0.02
0.25 -0.22 0.15 -0.07 -0.12
0 -0.35 -0.29 -0.20 -0.23
-0.25 -0.52 -0.48 -0.41 -0.37
-0.50 -0.72 0.73 -0.71 0.72
-1.00 -1.19 -1.35 -1.50 -1.34
J=50kN/m n
ov=1000MPa 3 5 | 10 20
T Q
0.50 -0.16 -0.10 -0.05 -0.01
0.25 -0.25 0.19 -0.13 -0.09
0 -0.38 -0.33 -0.28 -0.25
-0.25 -0.54 -0.52 -0.50 -0.49
-0.50 -0.74 0.77 -0.79 0.82
-1.00 -1.22 -1.40 -1.58 -1.73
J=50kN/m n
ov=1500MPa 3 5 | 10 20
T Q
0.50 -0.09 0.02 0.08 0.08
0.25 -0.19 -0.08 0.001 0.02
0 -0.32 -0.24 -0.16 0.13
-0.25 -0.50 -0.46 -0.40 -0.39
-0.50 -0.72 0.74 -0.75 -0.76
-1.00 -1.25 -1.45 -1.66 -1.82
Tab. A.4. Results for MBLA models, characterized by J=100kN/m
J=100kN/m n
o=315MPa 3 5 | 10 20
T Q
0.50 -0.12 -0.06 -0.004 0.01
0.25 -0.24 -0.16 -0.08 -0.04
0 -0.38 -0.31 -0.22 -0.16
-0.25 -0.55 -0.50 -0.42 -0.36
-0.50 -0.75 0.74 -0.72 -0.70
-1.00 -1.21 -1.32 -1.46 -1.61




J=100KN/m n
o=500MPa 3 5 | 10 20
T Q
050 013 006 | -0005 | 001
025 0.24 017 | 0084 | -0.04
0 038 030 021 022
025 054 050 042 0.36
050 0.74 0.75 0.72 072
-1.00 -1.21 137 -1.51 167
J=100kN/m n
or=1000MPa 3 5 | 10 20
T Q
050 0.15 0.08 003 | -0.006
025 023 017 0.10 0.06
0 036 030 023 0.19
025 052 050 045 042
050 072 0.75 0.74 0.75
-1.00 -1.20 -1.40 -1.57 1.74
J=100KN/m n
ov=1500MPa 3 5 10 20
T Q
050 013 0.08 0.04 0.02
025 020 0.16 0.11 0.09
0 032 030 026 023
025 048 050 047 0.46
050 067 0.74 0.76 0.78
-1.00 115 138 -1.60 -1.76

Tab. A.5. Results for MBLA models, characterized by J=250kN/m

J=250kN/m n
=315MPa 3 5 10 20
T Q
0.50 -0.14 -0.07 -0.01 0.008
0.25 -0.26 017 -0.08 -0.05
0 -0.40 0.32 -0.22 0.15
-0.25 -0.57 -0.51 -043 -0.38
-0.50 0.77 0.75 -0.72 0.72
-1.00 -1.26 -1.35 147 -1.62
J=250kN/m n
ov=500MPa 3 5 10 20
T Q
0.50 -0.16 -0.08 -0.01 0.004
0.25 0.2 0.18 -0.09 -0.05
0 -0.40 0.32 -0.22 017
-0.25 -0.57 -0.51 -043 -0.38
-0.50 0.77 -0.76 -0.73 0.71
-1.00 -1.26 -1.39 -1.52 -1.68
J=250kN/m n
=1000MPa 3 5 10 20
T Q
0.50 -0.17 -0.1 -0.04 -0.02
0.25 -0.26 -0.19 -0.12 -0.08
0 -0.38 -0.33 -0.25 0.2
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-0.25 -0.55 -0.52 -0.46 -0.44
-0.50 -0.74 -0.72 -0.75 -0.76
-1.00 -1.22 -1.41 -1.58 -1.74
J=250kN/m n
ov=1500MPa 3 5 10 20
T Q
0.50 -0.19 -0.14 -0.08 -0.06
0.25 -0.27 -0.22 -0.16 -0.13
0 -0.38 -0.35 -0.30 -0.27
-0.25 -0.54 -0.54 -0.50 -0.49
-0.50 -0.73 -0.78 -0.79 -0.80
-1.00 -1.20 -1.40 -1.61 -1.77
Tab. A.6. Results for MBLA models, characterized by J=500kN/m
J=500kN/m n
ov=315MPa 3 5 10 20
T Q
0.50 -0.15 -0.08 -0.01 0.005
0.25 -0.27 -0.18 -0.09 -0.05
0 -0.41 -0.33 -0.23 -0.17
-0.25 -0.58 -0.52 -0.43 -0.38
-0.50 -0.78 -0.76 -0.73 -0.73
-1.00 -1.30 -1.38 -1.47 -1.50
J=500kN/m n
ov=500MPa 3 5 10 20
T Q
0.50 -0.17 -0.09 -0.02 0.002
0.25 -0.28 -0.19 -0.10 -0.05
0 -0.41 -0.33 -0.23 -0.17
-0.25 -0.58 -0.52 -0.43 -0.38
-0.50 -0.78 -0.77 -0.73 -0.72
-1.00 -1.29 -1.42 -1.53 -1.62
J=500kN/m n
ov=1000MPa 3 5 10 20
T Q
0.50 -0.19 -0.12 -0.05 -0.03
0.25 -0.28 -0.21 -0.13 -0.09
0 -0.40 -0.34 -0.26 -0.22
-0.25 -0.56 -0.53 -0.47 -0.45
-0.50 -0.76 -0.78 -0.76 -0.77
-1.00 -1.25 -1.43 -1.59 -1.75
J=500kN/m n
ov=1500MPa 3 5 10 20
T Q
0.50 -0.23 -0.16 -0.1 -0.08
0.25 -0.30 -0.24 -0.18 -0.14
0 -0.42 -0.38 -0.32 -0.28
-0.25 -0.57 -0.56 -0.53 -0.50
-0.50 -0.76 -0.80 -0.80 -0.82
-1.00 -1.23 -1.43 -1.62 -1.78
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Abstract: The paper describes a rig specially constructed for testing a single leg of the wheel-legged robot being designed and presents
exemplary test results. The aim of the tests was to verify the mechanical structure and control system operation in laboratory conditions.
The operation of the control, communication and data transmission modules was verified. Also tests aimed at selecting proper parameters

for the drive controllers were carried out on the test rig.

Key words: Mobile Robot, Suspension, Control System

1. INTRODUCTION

Mobile robots on a wheeled chassis are capable of considera-
ble speeds, but only on level ground. Walking robots are capable
of negotiating obstacles, but their speed on flat ground is very low.
Wheel-legged robots combine the advantages of both the above
designs. In favourable conditions they can travel on wheels
at a high speed and when they encounter an obstacle they nego-
tiate it by walking (Guccione, 2003; Grand, 2002; Halme, 2000).
This means that walking is used only in cases when the obstacle
cannot be negotiated by driving or when it cannot be avoided.
The suspension system of such wheel-legged systems has
a special kinematic structure (Gronowicz, 2009a; Szrek, 2009)
whereby it is more universal and suitable for performing compli-
cated tasks, such as climbing stairs (Gonzales, 2009).

Fig. 1. 3D model of wheel-legged robot being designed

The peculiar feature of the wheel-legged robot considered
here (Fig. 1) is the behaviour of its horizontal platform during
travel on bumpy terrain. When the robot encounters an obstacle
it surmounts it by walking. The kinematic structure of the leg was
so designed as to effect the lifting of the platform by means of only
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one drive (a servomotor). The walking motion is effected by the
simultaneous operation of two linear drives. In addition, the leg
incorporates a road wheel and a turn executing drive.

Before a prototype of the robot was built, a rig for testing
a single robot leg had been constructed whereby a series of pre-
liminary tests could be carried out.

2. DESIGN OF TESTRIG

The basic dimensions of the wheel-legged robot leg were de-
termined through a geometric synthesis based on created numeri-
cal models. A kinematic scheme of a single robot leg is shown
in Fig. 2.
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Fig. 2. Kinematic scheme of robot leg (in scale)

Concurrently the test rig was being constructed. This required
close integration of simulation studies with construction work.
For the preliminary design the kinematic and dynamic parameters
of the system and the driving forces for different robot leg motion



variants were determined through repeated simulations.
Any alterations (e.g. introduction of drive units) to the design
required additional simulation studies. As a result, the dimensions
of the particular components and their mass parameters were
specified more precisely, proper drive units and construction
materials were selected, the mechanism’s nodes were designed
and an algorithm for controlling the drives was developed.
The whole construction process was carried out interactively.

In order to determine the actual mechanical properties of the
robot’s leg and to test the control system it was decided to build
arig for testing a single robot leg. First of all it was necessary
to build a stationary structure replacing the function of the other
three legs and mimicking the motion and loads of the leg attached
to the robot frame. A kinematic scheme of the rig for testing the
robot leg is shown in Fig. 3.

%ﬁ'ame helght adjustment

3

r

Fig. 3. Kinematic scheme of rig for testing wheel-legged leg

It was assumed that the robot vehicle’s frame would always
remain horizontal. This is effected through proper changes in the
extension of each leg’s levelling servomotors (S1). This means
that the frame performs vertical motion while maintaining a con-
stant orientation. For technical reasons (possible locking of sliding
pair M) on the test rig the motion of the robot frame was replaced
by the rotational motion of the rig’s frame around point L.
As aresult, the motion of the levelling servomotor forces the
rotation of the frame whereby the axle of the road wheel moves
horizontally (rotates or slides relative to the base). Such coordina-
tes of pair L were selected as to make it possible to exclude this
motion from the tests. This means that the maximum change
of the frame angle during levelling results in a wheel axis dis-
placement not larger than 7 mm. The rig also makes possible
stepwise adjustment of frame elevation (H) from the ground.
Robot travelling motion in the rig is executed by means of a belt
track. Thanks to this solution the robot’s travelling properties, such
as travelling speed under different working loads, possible accel-
erations, etc., can be tested. The wheel load (on the track)
as a function of time is measured using tensometric scales. Crank
AE is a tensometric beam correlating the servomotor force
with the wheel load via the control system.
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During obstacle negotiation each of the legs is raised in turn
(losing contact with the ground) and executes the walking motion
while the robot frame remains supported by the other three legs.
In order to study the walking mode, the rotary motion of the frame
is locked by means of an additional support. Then the leg can
move freely in the air. The test rig makes it possible to test the
wheel-legged robot leg in its two main operating modes
and to integrate the mechanical system with the control system.

3. RIG FOR TESTING ROBOT LEG

A photograph of the rig for testing a single robot leg is shown
in Fig. 4. The rig comprises: a frame made from hollow sections,
aset of servomotors with controllers, a supervising computer
with communication interfaces, and a measuring system.

Fig. 4. Rig for testing robot leg

3.1. Robot leg drive units

The choice of drive units is largely determined by the input
system operation assumptions. The electric drive system com-
prises two electric servomotors LA36 made by LINAK (leg lifting
and walking), a HUB-24M drive wheel and an ARE4568 drive
effecting its turn. Each of the drives effects the movement
of a different motion unit of the leg gear. The selected robot leg
drives are characterized by:

— high reliability,

— operability in difficult conditions,

— overload protection,

— high operating speed,

— an ability to work with different speeds at the maximum
torque,

— an ability of being frequently start/stop switched,

— ease of assembly,

— an ability to operate in any position.

The adopted servomotors are shown in Fig. 5 and their speci-
fications are given in Tab. 1.

Typical drives and generally available components were con-
sidered during the design stage. All the motors are mass-
produced, but some of the components had to be slightly modi-
fied. A position sensor had to be mounted on the drive wheel
motor. Since the motor has no axle extending outside its housing
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it was necessary to make alterations inside: an additional rack
was introduced and a sensor with a resolution of 512 pulse/rev.
was mounted on it. A schematic showing the place where
the position sensor was installed is shown in Fig. 6. Originally
there was a brake in the drive, introducing axial clearance which
translated into a protrusion clearance of 8 mm. Since this is not
allowable in the robot leg structure the brake was removed and
replaced with a flexible coupling. The original servomotors have
encoders inside and the latter were used to determine the size
of protrusion.

a)

Fig. 5. Robot leg drives: a) servomotor LINAK - LA-36
(levelling and walking), b) wheel turn motor ARE4568,
c) drive wheel HUB-24M

Tab. 1. Specifications of drives

Levelling and walking servomotor Linak - LA-36
stroke 150 mm power 140W
inital length 350mm Z‘;gp'y volt- | o4y
push force 1700N
Turn effecting drive ARE-24V-4568-3000-R14-EN
transmission ratio 1:14 E;Eply volt- 24V
rpm 171 rpm torque 0.81 Nm
belt-toothed gear | ,.
. 1:3
ratio
Road wheel drive
wheel radius 105 mm zzre)ply volt- 1 o4y
rpm 125 rpm torque 13.5Nm
current 10A speed 4.9 kmh

Encoder location

Tyre

Removed brake

Gears i
Overload coupling bC Motor

Fig. 6. Place where position sensor was installed

4. CONTROL SYSTEM WITH MEASURING SYSTEM

Before it could be installed in the robot, the control measuring
system had to be tested. Controller modules, motor executing
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system modules, data processing system modules and measuring
system modules were designed and made.

The individual modules were integrated into the overall control
system and subjected to testing. The measuring and control sys-
tem structure is shown in Fig. 7. The design of the controller
is such that it can be used in mobile objects with many degrees
of freedom. Special care was taken to ensure small dimensions,
easy expandability and universal communication.
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WZM 485

TEN I —» WZM 1 -{MOT1]ENC1 ]
RS HRX{ MOD
T ——
I —» WzZM 2 - MOT2]ENC2]
i —» WZM 3 -{MOT3]ENC3 ]
RS [-RX{ MoD
s e
I ——» WZM 4 |- MOT4]ENC4 ]

WAg I —» WZM5 [-{MOT5]ENC5]
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:
Fig. 7. Structure of control system
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The particular components of the measuring and control system
are described below:

The local drive controller modules (MOD) are based on the
STM32F103RbT6 microcontroller with the ARM Cortex core.
The system is in a 64-pin enclosure and it has all the resources
and peripherals necessary to control the motors. The control
system incorporates a timer block (TIM), an a/d converter block
(A/D) and a serial communication block.

Position and speed are measured by incremental encoders
mounted on the axle of each of the drives. The position and rota-
tional speed of the motor can be determined on the basis of pulse
counts. Moreover, having a leg kinematics model one can easily
determine the leg’s configuration and kinematic parameters.
The (quadrature) signal from the encoder is supplied to the timer
inputs where it is counted.

Fig. 8. Lifting drive with measuring beam

A tensometric beam was employed to measure wheel load
(Fig. 8). The beam also serves as a crank transforming servomo-



tor protrusion into the rotational motion of the leg for the lifting
function. Owing to the fact that the sensor is part of the leg
and is located on the crank it is possible to read the force directly
connected with the degree of pressure exerted by the leg on the
ground and the force is not disturbed by any other components.

Furthermore, thanks to this solution no additional measuring
system needs to be introduced into the system and the sensor
is not exposed to damage (from torsion, lateral forces, etc.). Be-
sides measuring the pressure exerted by the wheel on the ground
(monitoring ensuring robot stability), the tensometric beam sup-
plies information about wheel/ground contact loss instants. This
information is useful for negotiating obstacles by walking.

The signal from the strain gauge (operating in the Wheatstone
bridge circuit) is amplified and read by the robot's central comput-
er. The ADT4U sensor made by Wobit was used as the amplifier
and processing circuit. Communication with the module is via
a serial interface using the Modbus protocol.

The pressure exerted on the ground was additionally regis-
tered by the tensometric scales shown in Fig. 9.

f(x)=378.42x+ 237959

16000
14000
12000
10000
8000
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4000

2000

o )
0 5 10 15 20 25 30 35 40

Fig. 9. Tensometric scales and their characteristics
with regression function

The driving motors are controlled by the PWM signal generat-
ed in the timer block (MOD). The PWM signal is appropriately
amplified by power amplification systems (WZM). Additional digital
signals are used to change direction. The WZM modules
also incorporate a circuit measuring the current which is read
by the analog-to-digital converters.

5. TESTS ON RIG

In order to verify the leg’s mechanical part and its measuring,
control and communication systems tests were carried out on the
test rig. During the tests the motions of the leg drives were exe-
cuted for different speeds and all the measuring data were rec-
orded. Among other things, the following were checked:

— the general functionality — to verify whether all the modules
performed the functions for which they were designed;

acta mechanica et automatica, vol.6 no.2 (2012)

— the communication functionality — to verify whether the par-
ticular units supplied information about the particular modules
and drives in the leg (the control instructions, their implemen-
tations and performance were tested);

— the control parameters — the drive controllers perform control
using the PID algorithm; the task value is sent from the super-
vising computer level and a local module carries out the re-
quest; the control parameters were matched experimentally
by carrying out a series of tests for different settings in order
to check the system dynamics and the accuracy of the control;

— the measuring path and data interpretation - to verify
the whole flow of data in the leg control system being a part
of the global robot control system.

Exemplary data (Fig. 10) supplied by the measuring system
are: servomotor position (protrusion), speed, motor current,
and wheel load (POZ sensor). The data are parameterized with
time (ms). The tests showed the data readings to be correct and
provided a basis for developing robot control algorithms. The tests
were carried out for several cycles at different motions speeds.
Conditions very similar to the ones characteristic of obstacle
negotiation (the wheel is in contact with the ground and then
is lifted) were reproduced in the test rig.

250 1000
900
800
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400

300

200

0 v 20000 Lﬁ)ooo | %0600 %hﬁﬁ 100000 1200980
50 0

Fig. 10. Exemplary measurement data obtained from leg test rig

The diagram in Fig. 11 shows the servomotor protrusion
and the force measured by the tensometric beam. A change in the
sign of the force value represents an instant when the wheel loses
contact with the ground. It appears from the data that the measur-
ing system works correctly and the data can be used for the au-
tonomous determination of the robot parameters. However,
the data are not ideal. For example, at 25s (25000 ms) a consid-
erable drop in the force level was registered, which was caused
by the coming to a sudden stop when the limit switched was
reached.

— Position — Beam

80000

Fig. 11. The servomotor protrusion and the force
measured by the tensometric beam
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Fig. 12. Current, force, position
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Moreover, the drive current referred to the force in the beam
and the servomotor protrusion was measured (Fig. 12). Also
in this case the obtained data agree with the intuition - the current
is higher during leg raising than during leg lowering.

6. CONCLUSION

The tests on the leg testing rig were the first experimental veri-
fication in the whole wheel-legged robot design process.
The operation of the leg was tested and the perceived shortcom-
ings were eliminated. The control and measuring system of the
leg (and so that of the robot) was thoroughly tested. The control,
communication and data transmission modules were found
to operate properly. Also tests aimed at selecting proper parame-
ters for the drive controllers were carried out on the test rig.

Moreover, the results of the robot leg tests were used to pre-
liminarily verify the control software whereby the design process
significantly accelerated. Guidelines for developing robot control
algorithms, which will ensure the autonomous operation
of the robot, were formulated on the basis of the test data.
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Abstract: In this paper the Berstein-Kieropian double estimators of basic natural frequency of circular plate with power variable thickness
along the radius and clamped edges in diaphragm form were analyzed in a theoretical approach. The approximate solution of boundary
problem of transversal vibration by means of Cauchy function and characteristic series method has been applied for chosen values
of power indicator of variable thickness m and material Poisson’s ratio v has been chosen which led to exact form solutions. Particular at-
tention has been given to a singularity arising from the uncertainty of estimates of Bernstein-Kieropian. Improving this method has been
obtained the general form of Cauchy function for arbitrary values of m and v, which are physically justified. Therefore, the aim of the paper
was to explore the reason why for a plate above a certain value m = 3.97 exact solution, which Conway couldn’t receive (Conway,

19584, b).

Key words: Vibration, Circular Plate, Boundary Value Problem, Cauchy Function, Bernstein-Kieropian's Estimators

1. INTRODUCTION

In a previous paper (Jaroszewicz, 2008) authors analyzed
the use of simplest lower estimator to calculate the basic frequen-
cy of axi-symmetrical vibration of plates with variable thickness
circular diaphragm type. The existence of the simplest estimator
of the actual value of the parameter depending on the frequency
rate of change characterized by thick plate (m = 3.25 to 5.999)
was analyzed. The accuracy of the method differed from the FEM
and in order to improve the accuracy of the estimators it was
decided to use a higher order, in this case double. Using
the bilateral estimators the similar problem arose in the calculation
of exact solution in a paper by Conway (Conway 1958a, 1958b).
It seems that the problem lies in the fact that diaphragms
for meters which is close to 4 in the center of symmetry have
a very low rigidity and on a boundary value it creates a hole in the
middle with a radius of 1mm to 23mm. As a common known plate
with a hole required 2 additional boundary conditions on the edge
of the hole, the hole is a singularity which requires detailed analy-
sis. It is widely known that clarification of the model leads to the
complexity of solutions. The compromise between the possibilities
of addressing coastal vibrations and stability of mechanical sys-
tems and simplifying gives the total allowable use of methods
of the influence functions, and partial discretization characteristic
series. Good results achieved in previous publication (Jarosze-
wicz et al., 2008), which included linear modeling of mechanical
systems with discrete-continuous parameters encouraged authors
to use the above-mentioned methods for studying vibration plates
diaphragm type of ring. In this case, the influence of the function,
which is the product of the Cauchy and Heaviside unit functions
were applied. This function features the influence of derivatives,
which are fundamental solutions of linear differential equations
and can build their base of the integrated general solutions

with various types of & ratios in the Dirac. For the vibration test
plate with varying parameters method of partial discretization has
been used. It is based on the method of influence and has been
previously proposed by Zoryj and Jaroszewicz to analyze vibration
plates fixed and variable thickness with an additional mass fo-
cused (Jaroszewicz and Zoryj, 2005, 2006).The record for contin-
uous or continuous-discrete mass distribution systems discrete
can be replaced with one, two and n-degrees of freedom, which
are characterized by the same function of stiffness. The plate’s
mass focuses on the rings with a certain radius. Total weight
of the replacement is equal to its own weight plates. This proce-
dure uses a universal characteristic of the equation.

2. FORMULATION OF THE PROBLEM

R —radius circular plate having a clamped edge whose cross
section presented in Fig.1 has been considered. Its thickness 7
and flexural rigidity D change in the following way (Tab. 1).

ho | e i | /;

Fig. 1. Cross section of the plate of diaphragm type

e

i

m Eh3
h=ho(x)3,D =Dy()™ 0 <7 <R,Dy = saos (O

where: Dy, hy,m = 0 are the constants, r — denotes the radial
coordinate, E - Young’s modulus, v — denotes Poisson’s ratio.
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Tab.1. Variable thickness plates

Diaphragm Thickness Schema
Linear h=h(5)s
variable 0@
thickness 2<m<6
Power .
variable h=ho(Q)
thickness

Investigation of free, axi-symmetrical vibrations of such a plate
is reduced to an analysis of the boundary problem (Conway,
1958a, 1958b; Jaroszewicz and Zoryj, 2005):

Lo[u] — prs™u = 0 )
w(R) =0, w'(R) =0, (3)
where:

Lo[u] = ulv +§(m+ Dul +ri2(m2 +m+uvm—1)+

= (m—1)(m -, )

= 'D_hOR%mGZ,

0

u = u(r) - denotes the amplitude of line of bending, p — density
of the material of the plate, w — the parameter of frequency (angu-
lar velocity). Boundary value conditions corresponding
toaclamped edge (3) have been defined as zero values
of deflection and zero values of the angle of deflection for r = R
Additional conditions pertaining to the center of symmetry
of aplate (r = 0) have limited values of deflection u(0) < o
and zero values of the angle of deflection u’(0) = 0. The value
m =0 refers to the plate with constant thickness; m > 0
to plates of the diaphragm type with thickness decreasing toward
the axial center; m < 0 to disc type plates with thickness increas-
ing toward the axial center (Wozniak, 2005; Jaroszewicz and
Zoryj, 2005). The border of variation of the power index m > 0
has been determined, for which the most simple estimators of the
basic frequency w, exist and therefore can be calculated, i.e.
it has been searched for the lowest proper value of the border
problem (2.+.3). In the problem (2.+.3), a limitation of solution for
r going to zero and their first up to the third derivatives, with re-
spect to the independent variable r is required (Conway, 1958b).

General form of Cauchy function was proposed by Zoryj
and Jaroszewicz by mean following expression:

1

— 1 S3 ySatm+1 __ .Sy, Sz3tm+1y __
Ky(r,a) o [2\/5 (r>a ot )

1 —
— (rz mam+1 _ d3)], (5)

where:  S; S, S; S, — roots of characteristic  equation,
D — determinant of square equation:

s?2—2-m)s—-m( —v), (6)
D= (1—?)2 +m(1—v). 7

Equation (6) received from characteristic equation:
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s{s®+2(m—2)s®> +[4—5m+m? +vm]s +
m(2 —m)(1-v)}, (8)

which roots present in next form:
Sl=0' Sz=2_m, 53'4=_%+1'T_\/5- (9)

So, for Lo[u] = 0 the fundamental system of solutions,
inthose cases is (according to Euler's theory of equations)
as follows:

m=0, 1, Inr, %, riinr,

m=2, 1, Inr, rV272v, y=V2-2v, (10)

Based on those calculations, the following remarks can be
formulated:

— all roots of the cubic equation (8), as well as those of the
quadratic equation (6) are real numbers for any given
physically justified values of m - power indexes and values
of Poisson’s ratio v (v € (0, 0.5));

— the equation (6) has no other multiple (repetitive) roots
form € (—oo, +c0) and v € (0, 0.5);

— the fundamental systems of solutions for Euler's differential
equations Ly[u] = 0 possess logarithmic peculiarities only
incases m = 0, m = 2 and are determined by the formula
(10); in all of the rest cases they have power character
peculiarities.

3. THE BILATERAL ESTIMATORS FOR BASIC FREQUENCY
IN PARTICULAR CASEv = 1/m

Take into account the series known Bernstein-Kieropian’s es-
timators (Bernstein and Kieropian, 1960) with the following form
can be applied:

1 1
(@2 —2a,)72 <y, < V2(a, ++/a? —4a,) 2 (1)
where: y, — mean value of Bernstein-Kieropian estimators,
1
Y- = (a? —2a,)"2 — lower estimator, 7y, =+v2(a; +

1
Ja? —4a,)"z — upper estimator.
Coefficient a scrutinized in previous work (Jaroszewicz
2008), where exact formula has been constructed:
34
T (6-m)(6+m)(9+m)(12+m)’

a, (12)

To develop formula for a, in a similar form formula in follow-
ing form should be present:

AiB; + A,(1—2a) = A; =+ F(m), (13)
where:

Fm)=[a+ Db+ 1DbB+2)]*-

0.5[c(c + D] (14)

Second addition in expression can be present in form:;

B,(1+2a) =B, - f(m) (15)
where:

fm) =lalc+D(c+2)] ™ (16)



Now exploit determination (14)+(16) also formulas (Jarosze-
wicz 2008):

A, = %Al[a(Za —Delc+ D], (17)
B, = %Bl[a(Za +1D(c+ D(c+2)]™ (18)

we constructed coefficient a, record in form expression:

_ 1 [ F(m) 1 ]
a4z = a?(b+1) Y(a-1)b = 2(a+1)(b+2)(c+1)(c+2))"

(19)
Take into account identity m = 4.5 = 1.5(1 — a) the first
component sum (19) in form has been found:

F(m) _ _ 81(m-3)(m+24)
(a-1)b - 2(15-2m)(9+m)(6+m)(12+m)(18—-m)(21-m)"

(20)

Considering also identity:

1 81
2(a+1)(b+2)(c+1)(c+2) - 2(12+m)(15-2m)(21-m)(24—-m)’

(21)
Finally from (19) general form second coefficients of charac-
teristic series a, has been received:
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T 2(12+m)(6+m)(18-m)(21-m) (24—-m) (6—-m)2 (9+m)2’

a, (22)

Example results of calculation for changed cases 2 < m < 6
and v = 1/m obtain on the basis of formulas (11), (12) and (22)
present in the Tab. 1, 2 and Fig. 2.

4. DISCUSES OF RESULTS OF CALCULATIONS
OF BASE FREQUENCY

Results of calculation where compared with previous paper
(Jaroszewicz 2008) in Tab. 1 and Fig. 2 which were calculated
by means Cauchy function and characteristic series method using
simplest estimator and exact solution received on base Bessel
special function by Conway, Hondkiewic and Kovalenko (Ko-
valenko, 1959; Hondkiewic, 1959).

Boundary values, for which the upper estimator does not exist
can be settled on the basis of the investigation of under roots
expression form change (23) a? — 4a, with m = 3.97 change
sign form positive to negative with m = 3.98 so calculating
accurate values a; and a, on the base of (19) we have
respectively:

a% - 4‘a2|m:3I97 = 7 - 10_7 > 0,
a% - 4a2|m=3.98 = _6 . 10_7 < 0. (23)

Under estimated values there for it cannot be even used
in approximate application however the simplest lower estimator
can be applied to preliminary engineering calculations for constant
and for variable thickness plates when 0 < m < 4.

It should be noticed that in the case of a constant thickness
plate(m = 0), the multiplier y = y, = 10.2122 is independent
from v (Kovalenko, 1959; Vasylenko and Oleksiejéuk, 2004).
So the ratio of coefficients:

X =1.1678. (24)
Yo

It does agree with results of calculations obtained by Conway
in (Conway, 1958a). Continuing in analogical fashion the basic
frequency for other combinations of m and v has been calculated.
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The results of calculations are presented in Tab. 3.

In Tab. 3 are presented values received by Jaroszewicz J.
and Zoryj L. cases for which Conway derive characteristic function
on base special Bessel function. Ratio y/y, of natural frequency
plate constants thickness and plate of variable thickness for Con-
way values m, v. This Tab. contain model value of solution with
we compare approximate results.

In Tab. 3 Conway couldn’t apply the exact method (Conway,

1958a), because the condition v = ? was not fulfilled.

5. ESTIMATE OF RESULTS CALCULATION OF BASE FORM

As an example the current assumption was given m = 3,
v = 1/3 which considers linear thickness of plate h = h, %.
The way of calculation has been illustrated on example
of equation (2), which will have following form:
Lolu] — pr~=2u = 0.
_ 8 12
Lolul =u'" + ;u’” + r—zu” (25)

with boundary conditions (3).
On the base of (5) and (8) Cauchy function has been received
in form:

Ky(r,a) = %(raz —r2a%) + % (rta*—a? (26)

and limited for r = 0 solutions of equation (2):

u = C]_U]_(r) + 62U2 (7”), (27)
where:

U(r) = ap; + pay; + pPag +- (I =12), (28)
a; = for K,(r,@)a %a;_; [(a)da, (29)

TZ T.4-
gy =1, apy, =71, a1, = o2 %21 = oo
3 5
Q12 = %’ Q22 = 12;840' (30)

Appropriate forms of natural vibration can be derived similarly
as for constant thickness plate (Kovalenko, 1959; Hondkiewic,
1959). On the base of formulas (26-30) we are able to find for
parameter of base frequency (y, = 8.75) following values:

2 2
% =319, L =064

24 120
Ui(x) = 1+3.19¢%+..,U,(x) = y(1 + 0.64x% + - (31)
where: ¥ = (1)%.

Then form (27) by using boundary condition U(R) =0
we find:

_G _ _u® _
a= = hm 2.55. (32)

Moreover basic form in first approximate can be describe
by means of the following function:

—UR) =U; + aU, = 1.64x3 —3.19y2 + 2.55y — 1 (33)

55



Jerzy Jaroszewicz , Krzysztof K. Zur

Limitation of Cauchy Function Method in Analysis of Estimators of Frequency and Form of Natural Vibrations of Circular Plate with Variable Thickness and Clamped Edges

Tab. 2. Results of calculation of base frequency

No. 1 2. 3, 4. 5, 6. 7. 8. 9.
Coefficient m 2 25 3 37 | 3975 | 449 | 5 55 | 5.999
a 1161 161 | 160 | 155 | 552 | 143 | 3097 | 118 | 250

Two first terms
°f°h§g?i°;§r'5t'° ay 2158941 | 3175050 | 1/2016 | 6/7956 | 1110684 | 8/5017 | 19/559 | 131100 | 31250.2

Simplest lower y(m) = (a)"V2 | 780 7.83

7.75 741 719 6.58 5.69 4.24 0.06

estimator
. y_ 8.38 8.56 8.65 8.62 8.55 8.27 7.75 6.73 0.83
Thefs‘ii“rﬁftofdes V. 845 | 866 | 884 | 919 | 1016 | - : : :
Yo 8.42 8.61 8.75 8.91 9.36 - - - -
Value oftitz)r(]act solu- Veract 8.46 8.60 8.75 i i i i i i

a, a
000 4 0,191
%1 0.124

0007 4
01

0005
ooos { 0.081
oot { 0,08

0003 4
0,04 4

0002 4
oot 4 9927
0 04

Fig. 2. The curve showing influence of the plate thickness index on the bilateral estimators of the frequency coefficients

Tab. 3. Results of calculations (Jaroszewicz and Zoryj, 2005)

L m | v & o
.p. Y To
1 | 10.2144
1 5 1 -1 1.0824
9 94562 — 10802
18 | 5 | 10.2144
18 | 5 -1 1.1261
2 7 | 21 | 90777 - 11232
3 | 18| 7| 102144 . ooc C:nvﬂa%doeizgf t
7 | 18 | 86376 pps}élugt]ion

From condition U(R) = 0 by extracting the solution x =1
we have received square equation:

1.64x2— 1565 +1=0 (34)

which does not possess real roots. On this base we can conclude,
thatin case m = 3,v = % basic form corresponds to the anodal
form similar as for plates with constant thickness.
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Obviously anodal forms do not exist in this specific case
and wave parameter equals zero.

6. SUMMARY

On the basis of Fig. 2 it can be seen that the simplest estima-
tor underestimates results of the value with the increase of the
coefficient m. In contrast to double estimate y_, y, gives accurate
results, this follows from the analysis of the value of the denomi-
nator of the estimator y,, the value calculation is consistent with
the exact solution for m = 3, is 8.75 the same is true for
m = 2 (8.40) and m = 2.5 (8.60). Deriving of the above
mentioned formulas for the Cauchy function (5), as well as
fundamental systems of function operator L,[u] allows to study
of the convergence problem (velocity of convergence) of solutions
of equation (4) in form of power series in respect to parameters
of frequencies, depending on values of parameters m and v.

Having the influence functions of operator L,[u] correspond-
ing solutions and use them for any given physically justified values
of parameters m and v (me(—oo, +0); ve(0,0.5)) can be
consequently determined, when the exact solutions are unknown
on base general form of Cauchy function (5). On the basis



of quoted solutions, simple engineering formulas for frequencies
estimators of circular plates, which are characterized by variable
parameters distribution, can be derived and limits of their applica-
tion can be identified. The bilateral estimators calculated using
four first elements of the series, allows to credibly observe
an influence material's constants: Young modulus — E, Poisson
ratio — v, density — p, on the frequencies on axi-symmetrical
vibrations of circular plates, which thickness or rigidity changes
along the radius according to the power function. The bilateral
estimator underrate values, application of bilateral estimator sig-
nificantly improves the accuracy of calculations terms of exacts
solutions.

acta mechanica et automatica, vol.6 no.2 (2012)
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1. INTRODUCTION

A dynamical system is called positive if its trajectory starting
from any nonnegative initial state remains forever in the positive
orthant for all nonnegative inputs. An overview of state of the art
in positive theory is given in the monographs (Farina and Rinaldi,
2000; Kaczorek, 2002). Variety of models having positive behavior
can be found in engineering, economics, social sciences, biology
and medicine, etc. The positive fractional linear systems have
been addressed in Kaczorek (2008a, 2009a, 2011d).

An overview on the positive realization problem is given
in Benvenuti and Farina (2004), Farina and Rinaldi (2000), Ka-
czorek (2002, 2009b). The realization problem for positive contin-
uous-time and discrete-time linear systems has been considered
in Kaczorek (2004, 2006a, ¢, 2011a, c) and the positive minimal
realization problem for singular discrete-time systems with delays
in Kaczorek (2005). The realization problem for fractional linear
systems has been analyzed in Kaczorek (2008b, 2011b, d) and for
positive 2D hybrid systems in Kaczorek (2008c). A method based
on the similarity transformation of the standard realizations to the
desired form has been proposed in Kaczorek (2011c).

Positive stable realizations problem for continuous-time
standard and fractional linear systems has been addressed
in Kaczorek (2011a, b) and computation of realizations of discrete-
time cone systems in Kaczorek (2006b).

In this paper a method for computation of positive realizations
of descriptor discrete-time linear systems will be proposed.

The paper is organized as follows. In section 2 the positive re-
alization problem for standard discrete-time linear systems
is recalled. The positive realization problem for descriptor discrete-
time linear systems is formulated and solved in section 3.
The proposed procedure for computation of positive realizations
of a given improper transfer matrix is illustrated by numerical
example in section 4. Concluding remarks are given in section 5.

The following notation will be used: R - the set of real
numbers, R™*™ — the set of n X m real matrices, R}*™ - the
set of n X m matrices with nonnegative entries and R% = RP*1,
RP*™M(z) - the set of p X m rational matrices in z with real
coefficients, RP*™[z] - the set of p X m polynomial matrices
in z with real coefficients, I, — the n X n identity matrix.
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2. PRELIMINARIES AND POSITIVE REALIZATION PROBLEM
FOR STANDARD SYSTEMS

Consider the standard discrete-time linear system:
.xl'+1 =Axl~+Bul~, i€Z+ Z{O,l,} (213)
yi = Cxl' + Dui (21b)

where: x; € R™, u; € R™, y; € RP are the state, input
andoutput vectors and 4 eR™”", BeR™", CeRP,
D e RP",

Definition 2.1. The system (2.1) is called (internally) positive
if x; e R, y; eRY, iez, foranyinitial conditions x, € R’}
and all inputs u; e RY', ieZ, .

Theorem 2.1. The system (2.1) is positive if and only if (Farina
and Rinaldi, 2000; Kaczorek, 2002):

AeRY" BeRT™, CeRP", De R, (22)
The transfer matrix of the system (2.1) is given by:
T(z)=Cll,z— A 'B+D. (2.3)

The transfer matrix T(z) € RP*™(z) is called proper if and
only if:

lim 7(z) = K e R7" (2.4)
Z—>0
and it is called strictly proper if K= 0. Otherwise the transfer matrix
is called improper.
Definition 2.2. Matrices (2.2) are called a positive realization
of transfer matrix 71(z) if they satisfy the equality (2.3).
Different methods for computation of a positive realization

(2.2) for a given proper transfer matrix 7(z) have been proposed
in Kaczorek (2002, 2011a, b, d).

3. POSITIVE REALIZATION PROBLEM
FOR DESCRIPTOR SYSTEMS

Consider the descriptor discrete-time linear system:



Ex; .y =Ax;+Bu;, ieZ, ={0],...} (3.1a)
yi =Cx; (3.1b)

where: x; e R", u; eR™, y; eRP are the state, input
and output vectors and E, 4 € R, Be R, C e RP*".

It is assumed that det £ = 0 and the pencil of (£, A) is regular,
i.e.
det[Ez — A]# 0 for some zeC
(3.2)
where: C is the field of complex numbers.
Definition 3.1. The descriptor system (3.1) is called (internally)
positive if x; e RY, y; e RY, ieZ, for any initial conditions
xo € R andallinputs u; e R, ieZ, .

If the nilpotency index 4 of the matrix E is greater or equal to 1

(Kaczorek, 1992) then the transfer matrix of (3.1) is improper
and given by:

T(z) = C[Ez— A 'Be RP™(2) . (3.3)

The improper matrix (3.3) can be always written as the sum of
strictly proper part 7,,(z) and the polynomial part P(z), i.e.

T(z) =T, (2)+ P(2) (3.4a)
where:
P(z)=D, +Dlz+...+quq eRPMz], geN={12,..} (3.4b)

andg =u—1.
Theorem 3.1. Let the matrices:

AR BeRPM, Ce RPN (3.5)

be a positive realization of the strictly proper transfer matrix 7,(z).
Then there exists a positive realization of T(z) € RP*™(z)
of the form:

(7, 0 0 .. 0 0

0 0 0. 0 0
E=|0 I, 0 .. 0 0|eRP",

(0 0 0 Iy O

(4 B 0 0 0 0

0 I, 0 0 0 o Im|
A=|0 0 I, 0 0 [eRP", B=— 0 |eRP,

1000 0 .. 0 Iy 0
C=[C Dy Dy .. DGleRT™, ii=n+(g+Dm

(3.6)

if and only if;
Dy e R fork=0,1,....q. (3.7)

Proof. If the matrices (3.5) are a positive realization of 7,,(z) then
the standard system:

Xiy1 = Axl' + Bui (383)
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yi:Cxi (38b)
is positve and x; e R, ieZ, for any initial conditions

xo € R and allinputs u; € R, i € Z, . Defining the new state
vector:

e (3.9)

=1
[

=
-3

_ui+q_

and using (3.6) we obtain:

EX;,| = AxX; + Bu; (3.10a)

3 =Cx; (3.10)

From (3.10) if follows that x; € SRE and y; e RY forieZ,
if and only if (3.7) holds since x; € R’ and u; e RY' forie Z,
. Using (3.6), (3.3) and (3.4) it is easy to verify that:

C[Ez—AT'B=[C Dy Dj .. D,]
Iz—4 =B 0 .. 0 o071To
o -1, 0 .. 0 0| |-1I,
x| 0 I,z -I, .. 0 0 0
0 0 0 . I,z —I,| |0
11,z— AT B]
Im
S[C Dy Do DY Lz @1
Lz |

=C[Ez—A] ' B+Dy+ Dz +...+ D24
=T, (2)+ P(2) =T(2).

The positive realization problem for the descriptor system can
be stated as follows. Given an improper rational matrix T(z) €
RP*™(z), find its positive realization (3.6).

If the conditions of Theorem 3.1 are satisfied then the desired
positive realization (3.6) of T(z) can be computed by the use of the
following procedure.

Procedure 3.1.

Step 1. Decompose the given matrix 7(z) into the strictly proper

part 7,,(z) and the polynomial part P(z) satisfying (3.4).

Using one of the well-known methods (Kaczorek, 2002,

2011 a, b) find the positive realization (3.5) of T,,(2).

Step 3. Knowing the realization (3.5) and the matrices
Dy e Rk = 0,1,...,q of (3.4b) find the desired
realization (3.6).

Step 2.

4. EXAMPLE

Find a positive realization (3.6) of the transfer matrix:
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24 3234322222405 22272 —4z+4

T(z)= 22 —3z+42 22 —4z+3 .
322 1122 + 62405  2z*—923+822 +22+3.2
22 —4z+3 225246

4.1)

Using Procedure 3.1 we obtain the following.
Step 1. The transfer matrix (4.1) has the strictly proper part:

z—1.5 z=2
Ty (2) = 22—3Z+2 22—4Z+3 4.2)
SPAST 2-2.5 z—2.8 '

22—4Z+3 22 -5z+6

and the polynomial part:

2
P(z):{z L2 DD (g=2) (43a)

3241 2274z +1]

where:
12 0 1] 10
Dy = , D= , Dy = . 4.3b
0[11}1{31_2[02} (4.30)
Step 2. The strictly proper transfer matrix (4.2) can be rewritten
in the form:
1
Tsp(z):

(z=D(z=-2)(z-3)

><{(2—1.5)(2—3.) (z-2)°

(4.4)
(z-2.5)(z-2) (z-28)(z— 1)}

and the well-known Gilbert method can be applied to find
its positive realization (Kaczorek, 2002, 2011a; Shaker and Dixon,
1977). Following Gilbert method we compute the matrices:

= 1l —z1)T,

1 1m l(Z Zl) sp(z)

z—>z)=
z—1.5 z-2
0.5 0.5
22 273 :{ } (4.50)

T1z-25 (z-1)(z-2.8) 075 0
z—3 (z-2)(z-3)

n=rank 7j =2,

z=1

= lm (z-2z,)T,(z
2 z%zz=2( 2) SP()

z-15 (z-2)°
_ z—1 (z-D(z-3)
(z-2)(z—-2.5) z—2.8
(z=-D(z-3) z=-3
ry =rank T, =2,

05 0
:{o 0.8} (4.50)

z=2

I;= lim 3(z —z3)T,(2)

(z—l‘.5)(2—3) z=2
(z-D(z-2) z-1 :{ 0 0-5} 4.50)

z—2.5 z-2.8 0.25 0.2
z—1 z—=2 J,.3

ry =rank 7 =2
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05 05 1 0
L =GB, C = , B = s
075 0 0 1

T, =C,B,, sz{o.s O} Bzz{l 0} (4.6)
0 08 01
I, =C,3, C3:[ 0 0.5} 332[1 0}
’ 025 02 0 1
and:
A =blockdiag[/ i 21 Vi 722 v " z3] =diag[1,1,2,2,3 3],
ol
B 01
1 0
B=|B, |= o 1f 4.7)
Bl o
_0 1_
05 05 05 0 0 05
c=[¢ G Gl=

075 0 0 08 025 02]

Step 3. The desired positive realization of (4.1) has the form:

(I 0 0 0
P 0 0 0 0 R

0 I, 0 0

|0 0 I, O

(4 B 0 0 0 “9)
— 101, 0 0 -5 = |- = '
A= 0 02 o eRY", B= 02 e N2,

2

0 0 0 I, 0
E = [C DO Dl Dz] (S &REXE,
n=n+(g+)m=6+3%2=12

and the matrices 4, B, C, D,, D,, D, are given by (4.7)
and (4.3b).

5. CONCLUDING REMARKS

A method for computation of positive realizations for de-
scriptor discrete-time linear systems has been proposed. Condi-
tions for the existence of positive realizations for given improper
transfer matrices have been established. A procedure for compu-
tation of positive realizations has been proposed and illustrated
by a numerical example. The proposed method can be easily
extended to descriptor continuous-time linear systems
and asymptotically stable descriptor discrete-time linear systems.
An open problem is an extension of this method for fractional
descriptor linear systems.
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Abstract: This paper presents a simple procedure that can be used to determine the stiffness matrix of 6R serial manipulator in selected
points of the work space with joint stiffness coefficients taking into account. Elastokinematical model for the robot manipulator FANUC
S-420F was considered as spatial and serial kinematical chain composed of six rigid links, connected by ideal revolute joint (without clear-
ances and deformable elements), with torsion elasticity of the joint drive system (relative torsion deformations are proportional to acted tor-
ques) taking into account. Assumed model is used for displacement analysis of the end-effector for a given applied force in quasi-static
condition. The analysis results are presented as Cartesian stiffness matrix of studied manipulator.

Key words: Serial Manipulator, Jacobian Matrix, Cartesian Stiffness Matrix

1. INTRODUCTION

Serial robots are mainly used in industry for the tasks required
good repeatability but not necessarily high accuracy of the end-
effector pose in workspace (position and orientation according
to 1IS09283). For example, these robots are used for pick-and-
place, painting and welding operations. Nevertheless, many serial
robots are now used for machining operations that require high
precision and stiffness.

Fig. 2. Kinematical model of manipulator 6R FANUC S-420F
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Elastokinematical models of serial manipulators are used
for stiffness analysis and presented in: Dumas et al. (2011), Géra
and Trela (2011a, b), Kim and Treit (1995) and Morecki et al.
(1995); however, the identification of stiffness parameters has yet
to be determined. Two methods were used to obtain the Cartesian
stiffness matrix of serial manipulator. The first method consists
of clamping all of the joints except one to measure its elastic
deflection under applied load. The joint stiffness matrix of manipu-
lator is obtained by repeating the procedure for each revolute
joint. Therefore, only six experiments are required with this meth-
od to evaluate stiffness matrix of the 6R manipulator throughout
its workspace. The second method measures the displacements
of the end-effector due to certain applied loads and evaluates the
stiffness matrix throughout its workspace with some interpolations.
This method gives better results than the first when many tests
are performed under different manipulator configurations.

This paper presents the Cartesian stiffness matrix analysis
of the 6R robot FANUC S-420F (see Figs. 11 2).

2. STIFFNESS MATRIX FORMULATION

Kinematical model of 6R robot manipulator (FANUC S-420F)
is considered as serial kinematical chain with six revolute joints
(Fig.2). Denavit-Hartenberg (D-H) parameters are given in Tab. 1.

The (6 X 6) Jacobian matrix of the manipulator is:

]= [6px 0Py Opxz 0@x 99y a(.0z]T (1)
00; 06; 06; 00; 00; 006;

where: p,, py, b, — point coordinates of the end-effector; @y, @y,
@, — angular coordinates of the end-effector with respect to the
base frame axes, 0; — angular coordinate of the revolute joint i
(i=1,2,..6).

The links of the robot are assumed as rigid bodies, and the
joint stiffness (with control loop stiffness and actuators mechanical
stiffness taking into account) is represented with linear torsion
spring. In the case of small elastic deformation the following rela-
tion can be written (Dumas et al., 2011; Kim and Treit, 1995; Tsai,
1999):



m; = kl’Agi (2)

where: m; — torque applied on the joint i, A@; - torsion defor-
mation, k; — i -th joint stiffness value .

Assuming that frictional forces at the joints are negligible and
neglecting the gravitational effect we can apply the principle
of virtual work to derive a transformation between the joint torques
and end-effector forces:

m = J7f @)

where: m = [m, ...mq]", f = [F, F, F, My My, M,]",

f - vector of the end-effector output force and moment (the com-
ponents are described with respect to the base frame);
Ad - displacement of the end-effector (in Cartesian coordinates)
as proportional to the quasi-static output load:

Ad = Cf = K™'f (4)
where: Ad = [Ap, Apy, A p, Ap, Ap, A @,]"
K=]"(Ky—Kg)J™ (5)

Ky = diag[kqk, ... ke
6

KC=[ZL;]m (i=1,2..6) )
C (6x6) - compliance matrix, K (6x6) - stiffness matrix
of manipulator, Ky — diagonal joint stiffness matrix, J — kinemati-
cal Jacobian matrix, K, — complementary stiffness matrix. Ac-
cording to (5) stiffness matrix of manipulator depends on both
constant matrix Ky and variable matrix K., depended on posi-
tion. It make sense that joint stiffness identification is easier when
K, is negligible with respect to Kq. From equations (4) and (5)
it can be derived:

Ad = JK;YTf 7

Let the joint compliances be the components of the six-
dimensional vector:

k=[]" =[1/k]" (=12, ..6) (8)

The 6-dimensional vector (7) describing small displacement
of the end-effector can be expressed as:

Ad = Fx 9)

where:
]11 L'6=1]i1fi ]16 ZL'6=1]i6fi
]61 Zl'6=1]i1fi ]66 Zl'6=1]i6fi

Therefore, f — vector of load , Ad - vector of displacement
and matrix F are associated with each test in determined position
and load case. When only one test is considered, then matrix F
is (6x6). If it is nonsingular, then equation (9) has a unique solu-
tion (Dumas et al., 2011):

x=F1Ad (11)

When several tests are considered, the equation system (9)
becomes over-determined. Assuming that n tests are taken into
account, matrix F becomes (6nx6), no longer square matrix, and
the joint compliance vector  cannot be calculated using (11),
because the number of equations is higher than the number
of unknowns. In this case it is possible to find a vector k that
minimizes the Euclidean norm of the approximation error of the

F (10)
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system. From equation system (9) it is apparent that the higher
the number of tests gives the higher the degree of constraint
of the equation system, and the more accurate solution, i.e., the
more accurate evaluation of the joint stiffness values. Obviously,
the higher number of tests is connected with the more expensive
identification procedure. Therefore, it is suggested to find com-
promise between identification accuracy and cost, for example
five tests are a good compromise.

It is possible to identify the stiffness values of the first three
joints of a six-revolute manipulator by measuring only the transla-
tional displacements of its end-effector loaded by force.

2.1. Numerical example

Problem is to determine the stiffness matrix of manipulator
Fanuc S-420F, with only torsion flexibility in the first three joints
taking into account. For a given vertical force applied on the end-
effector its linear displacements are measured. The robot with the
end-effector loaded be gravity force is shown in Fig. 3. The meas-
urement results are presented as compliance characteristics
on Fig. 4.

The D-H parameters of the considered manipulator are given
in Tab. 1. The first three elements of the compliance matrix, that
influenced on the linear displacement of the end-effector,
are presented in Apendix A.

Tab. 1. D-H parameters of manipulator Fanuc S-420F

l a;[°] [;[mm] A;[mm] 0:[°]
1 90 270 0 +150
2 0 900 0 +57,5
3 90 270 0 +72,5
4 -90 0 1300 +360
5 90 0 0 +125
6 0 0 260 +360
js=S=i| A & = 4
- 1 }—%
4
L
Q

Fig. 3. Robot manipulator Fanuc S-420F with the end-effector
loaded by vertical force Q
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3,000

y=0,005%+0,2873
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N / —  linear(average)
1,000 /

0,500 /

0,000
000 50,00 100,00 150,00 200,00 250,00 300,00 350,00 400,00 450,00

Q]
Fig. 4. Compliance characteristics (s — vertical displacement of the end-
effector of robot Fanuc S-420F with respect to Q — vertical force),
determined on the basis of stand measurement results

A comparison between joint stiffness data as given in Kim and
Treit (2011) for robot PUMA 560: k1=66.230; k2=66.50; ks=11.610;
ks=0.202; ks=0.101; ke=0.144 [kNm/rad]; given in Dumas et al.
(2011) for robot Kuka KR240-2: ki=1.410; k.=0.401; k3=0.935;
k4=0.360; k5=0.370; ks=0.380 [kNm/rad].

Measurements of Cartesian coordinates of the end-effector
loaded by vertical force are as follows:

px = 279.85; p, = 2751.95; p, = 145.14 [mm];
@, = 89.34; @, = 46.57; ¢, = 0.73 [].

By solving the inverse kinematical problem the respective joint
coordinates are obtained:

6; = —84.91°; 65.00° —12.31° 0.00°% 9.64° 0.00°
Assuming that joint stiffness coefficients of the considered
manipulator Fanuc S-420F are the same as given values
for manipulator PUMA 560 and using formulae (A3) for the (3x3)
element of the stiffness and compliance matrix were calculated
¢33 = 0.00183 [mm/N]; k33 = 546.6 [mm/N]. Respective
values of this element determined on the basis of measurements
made for manipulator Fanuc S-420F are: ¢33 = 0.0059 [mm/

NJ; k33 = 169.5 [mm/N].

Suggestions for explaining this difference include varia-
tions between assumed and real values of joint stiffness coeffi-
cients. It can be concluded that stiffness coefficients of the first
three joints of manipulator Fanuc S-420F are about three times
greater than the respective given for manipulator PUMA 560.

3. CONCLUSION

The subject of this paper was to describe a method for stiff-
ness analysis of serial manipulator. Elastokinematical model
of the considered manipulator was assumed with the links as rigid
bodies, and with the linear torsion springs in revolute joints (with
control loop stiffness and actuators mechanical stiffness taking
into account). Numerical example for the stiffness matrix of ma-
nipulator Fanuc S-420F is given. Cartesian stiffness matrix ob-
tained by using presented method can be applied for planning the
Cartesian trajectory of the end-effector with its load taken in-
to account, for example tool path planning considering robot
performance indices.
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APPENDIX: DIAGONAL ELEMENTS OF COMPLIANCE MATRIX C (4) FOR MANIPULATOR FANUC S-420F
(D-H parameters are given in Tab.1)

Ci = KL[(_ Sy (ll +10y + 05 + 5534, )_ A ((s1c23c4 8y )55 8518555 ))2 ]+
1

17[, 2]
+K_ €1 (1252 0y —Ccppdy + (5230455 —CpCs )/16) +
2
1 [ 2 2]
+K_ €1 (13523 —Cpdy + (5230455 — C)3Cs )/16) +
3

1 /12(51523 (_ Cdy + 573€485 _czscs)+
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Abstract: The paper deals with the load dependent control system of active seat suspension. This system based on the primary controller
which evaluates the desired active force, the reverse model which calculates the input signal of force actuator and the adaptation mecha-
nism which recognizes the actual mass loading. An optimisation procedure additionally presented in this paper allows to find the primary
controller settings that minimizes the vibration of cabin's floor transmitted to operator's seat at the pre-defined value of the maximum rela-

tive displacement of suspension system.

Key words: Vibration Isolator, Active System, Adaptive Control

1. INTRODUCTION

In the case of typical working machines without flexible wheel
suspension, a seat suspension is the only one system, which can
protect the operator against vibration. Most often, the passive seat
suspension amplifies the vibration amplitudes at resonance fre-
quency. Natural frequency of the conventional seats with an air-
spring and hydraulic shock-absorber is between 1-2 Hz
(Maciejewski et al., 2009). Low effectiveness of passive seats
fora low frequencies and high amplitudes of excitation signal
endanger driver's health and finally causes cutting down the
working time.

The main aim of the paper is to present an effective way for
minimization the vibration risk, acting on the operators of earth-
moving machines during their work. In particular the new control
algorithm evaluation and the solving multi-criteria optimisation
problem are discussed in this paper. The investigation concen-
trates on the currently manufactured seat, to obtain concurrent
improvement at low frequency vibration (active systems) and also
at higher frequency vibration (passive systems). The optimal seat
should isolate the amplitudes of whole range of excitation fre-
quency and has to show the high system robustness in response
to varying mass loading.

2. MODEL OF THE ACTIVE SEAT SUSPENSION

In Fig. 1 @ model of the active seat suspension system con-
taining an air-spring and a hydraulic shock-absorber is shown.
This system uses the active air-flow to the air-spring (inflating
and exhausting) which is regulated by the control system and the
proportional directional control valves. The proportional valves
have an unlimited number of stable states that are proportional
to the analogue input signal obtained from the controller (Beater,
2007). The proportional flow control valves are used in the active
seat suspension system and therefore the mass flow rates m;
and i are proportional to the voltage input signal u; and ug,
respectively. Inflating the air-spring is carried out by an external
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air compressor and the exhaust of the air-spring is released di-
rectly to the atmosphere. The air-flow changes the air pressure
inside the air-spring and the variation of pressure creates
an active force for the suspension system.

Fd+Fbu+Fff+Fg

Fig. 1. Model of the active seat suspension

The equation of motion of this seat suspension has been
shown in the author’s previous papers (Maciejewski et al., 2009,
2010). The mathematical models of reduced forces acting on the
suspended mass: the air-spring force F, the hydraulic shock-
absorber force F,, the forces of end-stop buffers: bottom F,; and
top Fyy,, the overall friction force of suspension system F, and
the gravity force F; have been presented in those papers as well.

3. CONTROL SYSTEM DESIGN

Conventional seat suspension systems are sensitive
to changes in their working conditions. The static and dynamic



behaviour of the system depends on the mass m loading
the suspension, because the suspension system spring force F,
is a function of the pressure inside the air-spring (Maciejewski
etal.,, 2010). This results in differing vibro-isolating properties
of the conventional seat suspension system for different weights
of machine operator. The active seat should ensure the same
vibration isolating properties of the suspension system for each
operator. This effect can be obtained using a load-dependent
controller for the active seat suspension system that is shown
in Fig. 2.

Xs l le AllAE

u X
PD Seat X
controller suspension|[ x-Xs
Ue | X-Xs
Al Ae
Reverse
model
\Ka1,Ka2
Fa fe—
Prixnary
- contrgller
Fa

m
Adaptation |_|
mechanism

Fig. 2. Control system of the active seat suspension
with adaptive mass recognizing

In this control system (Fig. 2), the desired active force (F,, F,)
is calculated using the primary controller. If the desired force
is evaluated, then such force should be approximately reproduced
by the active element applied in seat suspension. Therefore the
actual effective areas (A;, Ag) of proportional control valves are
calculated using reverse model of the air spring. The actuating
time of the force actuator is eliminated because the PD controller
speed up the control signals (u;, ug). In addition, an adaptation
mechanism evaluates the controller settings (K,q, K;2)
as a function of the suspended mass (m). The suspended mass
is recognized based on the mean values over time of the effective
cross section areas of inlet and outlet valves (4;, Ag). A detailed
description of the each control system components are presented
in the next subsections.

3.1. Simplified model of the air-spring

A simplified model of the air-spring relies on isothermal behav-
iour of air. According to this model, the actual value of air pressure
Das inside the chamber is defined as [3]:

f’as = VL (RT(mI - mE) - pasVaS) (1)

where: V, is the variable volume of the air-spring, R is the gas
constant, T is the air temperature. Defining pressure-force relation

of the air-spring p,s = %FaS + paso and its variable volume

Vis = Ags (x %+ las(,) the force of the air-spring can be calcu-
lated as foIIows
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- 1
Fas=

x—xs+68aslaso

' (RT(mI mE) ( as T
L paso) G = xa) bl

where: &, is the reduction ratio of the air-spring, {4, is the initial
length of the air-spring, A, is the effective area of air-spring,
Paso is the initial pressure of the air-spring. The reduction ratio
&, is defined as a proportion of the motion of the suspension
system relative to the air-spring.

The mass flow rates m; and ry are calculated using
the Mietluk-Awtuszko function (Kiczkowiak, 2005), that assumes
the adiabatic air-flow, as follows:

— forinflating of the air-spring:

- _Fas+Paso>/ps

m; = 0. 5787A,p5\/_\/7

- _;Fas"'paso)/ps

— for exhausting of the air-spring:

Tf’lE=

0.5787Ag (5‘“ Fyo + pas0 If

1- PO/ Fas+paso>
4)
<_fFas+paso>

where: A, is the effective cross section area of inlet valve, Ag
is the effective cross section area of outlet valve, p; is the air
pressure of power supply, p, is the atmospheric pressure,
is the adiabatic coefficient, a is the parameter of the Mietluk-
Awtuszko function.

3.2. Reverse model of the air-spring

The description of the air-spring force relating to the mass flow
rate (Eq. (2)) can be rearranged in the following form:

. X 1 'as(x xs + (Saslaso) + 5
T e = (Fas + paso) (x 5{5) ( )

where: m; — my is the mass flow rate to achieve the desired air-
spring force F, at variable deflection x — x¢ and velocity x — x,
of the air-spring. In order to obtain such mass flow rate, the effec-
tive cross section area of proportional valve should be calculated
as follows:

— forinlet valve:

A= ( Sasp )/ (6)
astPaso |/Ps
05787A1Ps\/—\/7 —(MFas‘*‘PasO)/Ps
— for outlet valve:
Ag = 2 )

S,
5 T 1—P0/(ﬁFas+Paso>
0.5787AE<A—‘;Fas+paso)\/E /ﬁa—

[
a—PO/(ﬁFU.s*‘PuSO)

Assuming that the proportional directional control valves
are utilized then the effective cross section areas: A; and Ay
are proportional to the electric input signals: u;,, and ug,,. In order
to take into account the actuating times: t; and t; of the propor-
tional control valves (for inlet and outlet valves, respectively), the
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electric input signals are subsequently formed by proportional-
derivative (PD) controller as follows:

Ugy = i (tEAE + AE) (8)

where: k; is the static gain of inlet valve and kg is the static gain
of inlet valve. The electric input signals for inlet and outlet control
valves are finally limited in the operating ranges as:

Uy = kil(tIAI + AI) y

0 for U, <0
w =1 up for 0<up < upgx 9
Umax fOT' Uy > Umax
0 for Ug, <0
Ug =9 Ugy fO‘)” 0<ug < Umax (10)

Umax fOT Ugy > Umax

where: U, iS the maximum input voltage that is responsible
for the complete opening of proportional control valves.

3.3. Formulation of the primary controller

The full active system is used to determine desired force F,
that should be introduced into the suspension system actively
(Fig. 3a). Subsequently, this desired force should be reproduced
by the air-spring force F, in hybrid suspension system (Fig. 3b).

q:a Controller

Xsf Xsf

Fig. 3. Simplified seat suspension models: active (a), hybrid (b)

The relationships for the desired active force and its time de-
rivative can be formulated in the following form (Maciejewski,
2012):

Fa=Ka1(x_xs)+Ka2x (11)
Fa = Kal(x - xs) + Kazjé (12)

where: x — x, is the relative displacement of suspension system,
x is the suspended mass velocity, x — x; is the relative velocity
of suspension system, ¥ is the suspended mass acceleration,
K, and K, are the primary controller settings to be designed.

3.4. Optimisation of the primary controller settings

In order to improve operator comfort the effective suspended
mass acceleration ¥zys should be small. At the same time it is
necessary to ensure that the maximum relative displacement
of suspension system (x — Xxg)max IS SMall enough to ensure
that even very rough road profiles do not cause the deflection
limits to be reached [2]. The trade-off between operator comfort
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and suspension deflection can be selected by the primary control-
ler settings: K,; and K, that are optimised for different require-
ments defined by the machine operators.

In this case the minimization of the effective suspended mass
acceleration is proposed as:

ming . g, ¥rms (Ka1, Kaz) (13)

using a constraint imposed on the maximum relative displacement
of suspension system in the following form:

(x - xs)max(KalﬁKaz) < (x - xs)c (14)

where: (x — x,). defines the constraint value. An appropriate
selection of such value allows to choose the vibro-isolation prop-
erties of the suspension system.

The set of Pareto-optimal solutions, that are obtained for dif-
ferent mass loading: 50 kg, 75kg, 100kg, 125kg,
150 kg, are presented in Fig. 4.

Y

E 2

c

2151 r

[+

§ 14 .

205, % .

® 8 k. %

w ) 1(x-x_)=0.08 m

= 0.05 S ., 125 150

o 1 “75 100
0.15 50

Max relative displacement [m] Mass load [kg]

Fig. 4. Pareto-optimal point distribution for the active seat suspension
obtaibed for different mass loading

The optimisation results (Fig. 4) show, that is possible to
achieve nearly the same dynamic behaviour of active seat sus-
pension for the same value (x — x,). = 0.08 m of the maxi-
mum relative displacement of suspension system. In order to
achieve such a system performance, the controller settings
K41, Ky, have to be described as a function of suspended mass
m. They are approximated using the exponential functions as
follows:

Kal = aalexp(balm) (15)
Kaz = aazeXp(bazm) (16)

where: a,q, by and a,,, b, are the coefficients of the expo-
nential functions to be evaluated by the least square approxima-
tion. The approximation results, that show the dependency of the
controller settings: K,; and K,, for different m, are shown
in Fig. 5.

Controller settings

% 75 100 125 150
Mass load [kg]
Fig. 5. Optimal controller settings



3.5. Adaptation mechanism

The load-dependent controller is proposed to control the ac-
tive suspension system more efficient. The controller settings:
K., and K,, depend on the information of the suspended body
mass and such value has to be known. This causes that an addi-
tional sensor could be employed in order to recognize the sus-
pended mass m. However, the online available information of the
air-spring inflation/deflation are helpful to recognize the mass load
of the active pneumatic seat suspension. Using a principle that the
mean values of inflated and exhausted air are equal (m, = my),
the corresponding Mietluk-Awtuszko functions (Egs. (3) and (4))
can be compared in the following form:

A_I S 1-Pas/Ps T

_ 1-po/Pas
=A —Toltas 17
a—DPas/Ps EFas ( )

a—po/Pas

where: p,, are the mean value over time of the air-spring pres-
sure. Determining the quotient A4, /Ay of the effective cross sec-
tion areas of inlet and outlet valves, the Eq. (17) can be rear-
ranged as follows:

ﬂ _ ((ﬁas)z—poﬁas)(aps_ﬁas) (18)
Ap (aPas—po)((Ps)2—PsPas)

Setting f(pas) = 0 produces the cubic equation in the following
form:
a(Pas)® + b(Pas)® + cPas +d =0 (19)

with the coefficients: a, b, ¢, d of the cubic equation described
as follows:

a=1 (20)

b =—3lap; —aps —po (21)

¢ = —2La(s)? +5-pspo + apspo (22)
E E

d =~3L@)po (23)

Solving the cubic equation (Eq. (19)) amounts to finding the
roots of a cubic function. Defining a discriminant of the cubic
equation as follows:

_(r\?, (q)?
a=(3) +(5) (24)
where:
b? 2p3  d b
P=i"%@ 1TpatiTiwe (25)

Then for A< 0 is possible to find each real roots of the cubic
function (Eq. (19)) in the following form:

_ - k-1)m b
(Pas)i = 2| L cos (L2E2T) - 2 (26)
where:
_a
@ = arccos | =2 (27)

27
and k =1,...,3 is the number of root found. The body mass

should be calculated for given root number of the cubic equation
(Eq. 19)) as follows:
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(ﬁas_pO)Aef
= PasPolles 28
mn Sasg ( )

Using Egs. (24)-(28) online calculation of the body mass
based on the effective cross section areas of inlet and outlet
valves: 4; and A is enabled. However, information of the actual
cross section areas of inlet and outlet valves is not easily accessi-
ble. Therefore an adaptive load recognizing of the active suspen-
sion system is performed based on the control signals of inlet and
outlet valves: %; and . In this paper, a quotient of the effective
cross section areas of inlet and outlet valves A;/A is assumed
for the high performance pneumatic valves to be approximately
equal to a quotient of their control signals multiplied by the corre-
sponding static gains k,ii;/kpiig (i.e. 4,/Ag = k,ii;/kgiig).
The simulation results of recognized suspended mass as a func-
tion of the actual suspended mass, that are obtained for the root
number k = 3 and for the simulation time of 300 s, are present-
ed in Fig. 6a. Corresponding relative errors of the recognized
mass are shown in Fig. 6b.

T 100 ¢
80

Recognize
[o)]
o

‘90 80 80 100 120 140 160
Actual mass [kq]
(b)

6
§4

2 ol
|
@4

90 60 80 100 120 140 160

Actual mass [kg]

Fig. 6. Recognized suspended mass in function of the actual suspended
mass (circles) and its linear dependency (solid line) (a),
corresponding relative error of the recognized mass (b)

4. SIMULATION RESULTS

The transmissibility curves of the simulated conventional pas-
sive suspension system for variations of the mass loading
+50 % are presented in Fig. 7a. As shown in this figure,
the change of mass influences the dynamic behaviour of passive
seat suspension. The suspension system loaded with a high mass
(150 kg) causes amplification of vibration at the resonance
frequency, but for higher frequencies the best vibro-isolating
properties are obtained. The system loaded with a low mass
(50 kg) has much lower amplification of vibration at resonance,
but its vibration isolating properties at higher frequency range are
poor. The dynamic behaviour of the active seat suspension (Fig.
7b) loaded by a high mass (150 kg) and low mass (50 kg)
are much closer to each other than the corresponding behaviour
of the passive seat suspension. The main improvement
of the system robustness is observed in the frequency range 0.5-4
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Hz. In that frequency range the air-flow effectively controls the air-
spring force.

(@)
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&
50.5
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Frequency [Hz]
(b)
1.5 ]

—_

o
<h

Transmissibility

2 4 6 8 10 12
Frequency [Hz]
Fig. 7. Transmissibility curves of the passive (a) and active

(b) seat suspension obtained for the suspended masses:
50 kg (solid line), 100kg (dashed line), 150 kg (dashed-dotted line)

5. CONCLUSIONS

The air-spring control system applied to the active seat sus-
pension significantly improves the performance of machine opera-
tors' seat. The calculated reverse model of air-spring together
with designed primary controller efficiently controls the active seat
suspension dynamic behaviour. Moreover, the elaborated control-
ler with adaptive mass recognizing ensures the desired system
robustness to varying mass loading. In order to achieve the de-
sired vibro-isolation properties of active seat suspension,
an appropriate selection of the constraint value imposed on the
maximum relative displacement of suspension system is required.
Based on the chosen value, the controller settings are evaluated
and their values define the vibration damping effectiveness
of active seat.
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Abstract: The paper presents a proposal of account of mean stress value in the process of the determination of the fatigue life, using
the spectral method. The existing approaches have been described and some chosen stress models used to take into account the influ-
ence of the mean value in the process of the determination of fatigue life have been introduced. Those models, referring to their linear
character, have been used to determine the power spectral density function (PSD) of the transformed stress taking into account the mean
value. The method introduced by the authors allows a wide usage of many formulas used to predict the fatigue life by means of the spec-

tral method.

Key words: Mean Stress, Fatigue Life, Spectral Method

1. INTRODUCTION

Structures and machine components being subjected to vari-
able loads require constant monitoring during operation due to the
emerging phenomenon of material fatigue. Also, when designing
new constructions or modification of nodes of machine elements,
it is required to check their load capacity and fatigue life before
finally being put into operation. The verifications of this type are
performed in laboratories carrying out the strength of materials
fatigue tests, or if it is not possible because of e.g. the size
and cost, then calculations are made only with a view to the best
possible estimate of fatigue life. The way of calculations depends
of the character of the load. In the case of load-amplitude with
no mean value, the expected number of cycles to fatigue crack
initiation can be read directly from graphs of fatigue, for example,
Wohler curve. If there are evident mean values in the course, then
their effect must be taken into account on fatigue. For this purpose
you can use the charts to take account of the influence of the
mean load, for example, Smith chart or Wohler graphs drawn up
for various cycle asymmetry coefficients R = omin/ Gmax.

2. MEAN VALUE OF RANDOM LOADING

The assignation of fatigue under variable amplitude or random
load is generally done in the time domain using an algorithm
determining the course of the cycles of variable amplitude, using
a chosen model to circumscribe the impact of the mean load
and the hypothesis of summation of fatigue damage. The papers
by tagoda et al., (1998, 2001) present the results of fatigue tests
under uniaxial random tension-compression with the mean value
of samples made of steel 10HNAP. They proposed an algorithm
for calculating the fatigue life using the rain flow cycle counting
method and the hypothesis of summation of fatigue damage by
Palmgren-Miner. The authors of this work have analyzed three
paths to take into account the influence of the mean value, that
are:

— |- not taking into calculations the mean value,

— Il - taking into calculations the influence of the mean value
by transforming each of the cycle amplitude on the basis
of their local mean value determined while cycle counting,

— Il - taking into calculations the influence of the mean value
by transforming the whole load course on the basis of its
global mean value.

Fig. 1 shows an diagram of the algorithm of the calculation
of fatigue life taking into calculations the mean stress value. In this
work the K coefficient has been introduced, which allows you to
calculate the transformed amplitude according to the method |1

Ouri =04 * Ki(ami)9 (1)

for the i-th cycle emphasised by the rain flow algorithm from
arandom course with amplitude o= and the mean value omi.
Method Il is based on the principle of the transformation of the
entire random stress course using the global mean value:

o,()=[o()~0,] K(o,). 2)

Amplitude of the transformed cycle oari for this case
is obtained directly by counting cycles of the course o7(f) using
the cycle counting algorithm. Summation of fatigue damage
is done according to the formula:

n ni
D_;Nwm) 9

where: D - fatigue damage parameter, ni — the number of cycles
of amplitude ou7i, N(oar) — the number of cycles determined from
the Wohler diagram for the transformed amplitude oari. Fatigue
life Near expressed in cycles is determined from the formula:

N, = —blok @)

where Noiok is the number of distinguished cycles of the analyzed
section of the stress course.
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l Stress history — 6(t)=ou+ G(1) ]

Method 1

Method 11

Method 111

Cycle counting (rain flow)

Transformation of the cycle amplitude|
G(t)->0(t)

(Goodman, Gerber, Smith)

Transformation of the cycle amplitude l
S . . Gyi(t)-> G y7(t) s 5
Cycle counting (rain flow) . S Cycle counting (rain flow)
(Goodman, Gerber, Smith)

Damage cumulation (Palmgren-Miner)

[ Fatigue life caleulation T g )

Fig. 1. Three paths to calculate the fatigue life Tca(Lagoda et al., 2001)

The study showed that the course of a stationary random and
symmetrical distribution of values of the instantaneous probability
methods Il and Il are equivalent and can be used interchangeably
in the calculations. In special cases, the K coefficient is
determined from the formulas derived on the basis of the adopted
model to take account of the mean stress. In literature you will find
a significant number of models of this type (Lagoda et al., 2001;
Pawliczek, 2000; Bohm, 2010) for which the K coefficient takes
the form:

Ks=—1 (5)
R
Ko, 10 (6)
I—R’"
Ky =—— (7)
o'y
1
Kge=—""3 ®)
-zl
Kg=——t (9)

O-m
exp| —a-
( Ry ]

where: Ks, Koo, Ku, Kee, Kk — coefficients determined on the
basis of appropriate models of Soderberg, Goodman, Morrow,
Gerber and Kwofie, om — mean cycle value of the stress course,
Re - plasticity limit, Rm — tensile strength, o’r — fatigue strength
coefficient, a — mean stress sensitivity of the material.

Fatigue life can be assigned also in the frequency domain
using a stochastic analysis of random processes, the so-called
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spectral method. Taking into account the mean stress in this case
is hard because the stress in the course of this method
is represented by a power spectral density function, which
contains information about the occurring locally and globally mean
value in a way that is difficult to use in practice. In literature,
however, we can find only a few suggestions on this issue. Kihl
and Sarkani (1999) show the effect of the mean value on fatigue
life of welded steel joints. The tests were set to be run under both
cyclic and random loadings with non-zero and zero mean stress
value. The authors derived a formula to find the expected number
of cycles to initiation of fatigue cracks in the case of random loads
with extremes of Rayleigh distribution with a nonzero mean value
of stress:

-5 = 5
Ncal = (1_%J % (10)
-3
2

where: Neas — number of cycles to fatigue crack initiation, A and
B - life axis and slope of the constant amplitude Wohler curve,
0x — is the RMS stress of the narrowband random loading, [(-) - is
the gamma function, om — global mean stress value of the random
stress history, Rm — tensile strength. It is easy to notice that in the
formula (10), the part being responsible for taking into account
the mean value is (1 — om/Rm)-8, which modifies the cycle number
till the initiation of the fatigue crack determined by the Miles
formula (Niestony and Macha, 2007).

3. PSD OF A RANDOM FUNCTION WITH THE MEAN VALUE

Let us analyse an example of one-dimensional stationary
random process x(t) showing the characteristics of ergodicity. The
assumption that x(f) represents the physical signal is often
convenient to present as the sum of the static x» and dynamic
Xq(t) or fluctuant component:



x(¢) = x,, +x, (). (11)

Static component can be described by the mean value given
by the formula:

T
.1
x, = lim F.([x(t)dx, (12)
and the dynamic component by the signals variance:
1 T
j— 1 —_— —_— 2
M, = }13(} 7 ‘([[x(t) xm] dt. (13)

The variance, however, does not describe the spectral
structure of a random process, and this information is essential for
the proper estimation of the number of cycles and the amplitude
distribution of the load during the fatigue calculations. Therefore
for this purpose the power spectral density (PSD) function is being
used. Power spectral density of the signal describes the overall
structure of a random process using the frequency spectral
density of mean values of the physical signal in question. This
value can be determined for the interval from f to f + Af using
a central-pass filter with a narrow band and averaging the square
on the output of the filter (Bendat and Piersol, 1976):

T
VAN = lim [0S A (14
0

where: ¥y — the mean square value of the process x(f), T — time
of observation, x(t, f, Afy — component of x(f) in the frequency
range from f to f + Af. For small values of Af the formula (14)
shows the one-sided PSD function.

G.()= j}glo %(jy’"m = j}inoi} bﬂ; zxz(t,f,éy’)dt} (15)

A characteristic property of the Gx(f) function is the relation to
the autocorrelation function. In particular, for stationary signals,
these functions are closely related by the Fourier transformation:

G.(f)=2 ij(f)e*fodr, (16)
where:
1 T
R(2)= lim j xX(0)x(t + 7)dt, (17)
0

is the autocorrelation function of the signal x(f). Mean value Xm
of the random process can be determined from the autocorrelation
function:

X, =4/ R, (), (18)

and the mean value of x(t) is a function of the PSD presented
as a Dirac function at zero frequency

The formula (19) shows that the mean value is equal to the
positive square root of the "surface" underlying the Dirac function.
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This is an abstract space, as Dirac function takes the value +cofor
an infinite small interval. For this reason, the direct use of formula
(19) to determine the mean value on the basis of a PSD function
of a random function is virtually impossible. Numerical algorithms
to estimate the PSD functions are limited to the basic frequency
resolution and the value of the function R«(0) results from the
mean value x(f) and from the mean square value of a random
process from the interval (0, A f). Proper separation of these two
values is impossible without additional information such as of the
static value. Therefore, in practice, we analyze those two values
separately, the dynamic and static component of the random
process according to equation (11).

4. PSD FUNCTION OF A TRANSFORMED STRESS COURSE

The crossing of the signal x({) by a linear system with constant
parameters determined by the impulse response h(z) and the
transfer function H(f) describes the following relationships (Bendat
and Piersol, 1976, 1980; Kirsten, 2002):

¥ = [ )x(e = o, (20)
0

G, () =|H( [ G.(f), (21)

where: y(f) — output signal of the system, Gxf) and Gy(f) -
respectively PSD input and output. From the equation (21) we can
notice that the power spectral density of the output signal can be
calculated knowing the gain factor |H(f)| of the system. Fig. 2(a)
shows schematically the signal pass through a linear system.
The spectral method of determining the fatigue life using the PSD
function is used to describe the course of stress directly in the
frequency domain. If the stress course includes a static and
a fluctuant component then the transformed course should be
designated according to equation (2). Treating the fluctuant
component of the course [o(f) — om] as an input signal of an linear
system with constant coefficient of strengthening |H(f)| = K(om) we
can determine the PSD of a transformed strain course:

G (f)=K(0,) G, (f), (22)

where G f) are the power spectral density of a centered stress
course. Fig. 2(b) presents the interpretation of the linear process
of strain transformation due to the mean value, which can be
compared to the transition signal by a linear system, Fig. 2(a).
Formula (22) allows the use of different forms of K(om)-factor,
for example, described by equations (5)-(9), in the process
of determining the fatigue life by means of spectral method taking
into account the static stress component. The main advantage
of the proposed solution is that the transformation is subjected
to power spectral density function before using the models
to determine the fatigue life. This gives the possibility of applying
fatigue formulas in the spectral method for the waveforms
developed for narrow-band frequency and the more universal
solutions correctly describing most of the random waveforms used
in the calculation of fatigue (Niestony and Macha, 2007; Niestony,
2003, 2008).
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a)

x(7) Linear circuit with w(1)
—» constant parameters [

h(7)i H(f)

b)

at)-o, Transformation due to oi(t)
—®| the mean value K(o,) [~ >

Fig. 2. Single entry linear system (a) and interpretation of the linear
process of transformation strain due to the average value (b)

Such a method is proposed by Dirlik (1985) which
is developed by wusing the empirical formula describing
the probability distribution of amplitudes ranges.

-7 _7z2 _7?

K, % K, Z = —
Lok ¢ 22 LK Ze 2 |, (23)

1
p(Ao) =
21[}710 K4

where: Z, Ki, K2, K3, Ks, R — factors which are functions of the first
five moments mk (k=0, ...,4) of the transformed PSD stress
function:

mi = [Gor (N1 249
0

Fatigue life is calculated using the selected hypotheses
of fatigue damage accumulation, e.g. for a linear Palmgren-Miner
hypothesis with the amplitude below the fatigue limit we obtain:

1

) Tip (4o) dAc |
0 N(AG)

(25)

cal

where the number of cycles for a range of amplitudes is calculated
on the basis of the characteristics of the material fatigue:

N(Ao) = O';;-NO(ATG] . (26)

5. CALCULATION ALGORITHM

In order to calculate the fatigue life using the spectral method
and taking into account the impact of the mean stress on fatigue
life you should follow these steps:

a) Assigne or define the PSD of the fluctuant component
of the stress course G(f) and its static part om,

b) Calculate the coefficient K(om) according to the right model,
formulas (5)-(9), and the choice of model depends
of the mean stress value sensitivity of material,

c) Calculate PSD of then transformed stress G,(f) according
to the equation (22),

d) Calculate the fatigue life using spectral method formulas i.e.
(23) and (25) (Niestony A. and Macha E., 2007).
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6. CONCLUSIONS AND OBSERVATIONS

Based on the literature research it can be noticed, that there
are no papers that would propose the transformation of the power
spectral density function of the stress, to take into account the
influence of the mean value on the fatigue life. The proposed
formula (21) allows the calculation of the PSD of the transformed
stress, using models that are well known and widely verified
in experimental researches. The proposal of Kihl and Sarkani
(1999) uses a Rayleigh amplitude distribution approximation,
which reduces the area of application of the formula (9) only
to narrowband processes. The method introduced by the authors
doesn’t have this limitation and therefore allows a wide usage
of many formulas used to predict the fatigue life by means of the
spectral method. Compared with the time domain fatigue life
prediction methods, the spectral method shows greater efficiency
and it can be used there, where a multiplicand fatigue calculation
is required (constructions optimization, fatigue damage maps
etc.). The experimental verification should be performed to verify
the correctness of the fatigue calculations evaluated according
to the proposed method, nevertheless the transformation of the
PSD function in the spectral method is equivalent to the formula
(2) in the time domain.

REFERENCES

1. Bendat J.S., Piersol A.G (1976), Methods of analysis and
measurement of random signals (in Polish), PWN, Warszawa.

2. Bendat J.S., Piersol A.G. (1980), Engineering Applications
of Correlation and Spectral Analysis, John Wiley & Sons, New York.

3. Bohm M. (2010), Influence of static stresses on fatigue life of cast
iron under variable-amplitude loading (in Polish), MSc Thesis,
Opole, 65.

4. Dirlik T. (1985), Application of Computers in Fatigue Analysis, PhD
Thesis, UK: University of Warwick.

5. Kihl D., Sarkani S. (1999), Mean stress effects in fatigue of welded
joint, Probabilistic Engineering Mechanics, 97-104.

6. Kirsten K. (2002), Spectral methods in mathematics and physics,
Chapman & Hall/CRC, London New York.

7. ‘tagoda T., Macha E., Pawliczek R. (1998), Influence of the
expected random stress history on fatigue life of 10HNAP steel
under uniaxial tension (in Polish), PMR, Warszawa, Z. 11/1998,
121-138.

8. tagoda T., Macha E., Pawliczek R. (2001), The influence of the
mean stress on fatigue life of 10HNAP steel under random loading,
International Journal of Fatigue, 23, 283-291.

9. Niestony A. (2003), Generalization of the spectral method of fatigue
life determination to the extend of multiaxial loads (in Polish), PhD
Thesis, Opole, 109

10. Niestony A. (2008), Determination of fatigue damage layers
by means of the spectral method (in Polish), Publishing hause
of Opole University of Technology, Opole.

11. Niestony A. (2010), Comparison of some selected multiaxial fatigue
failure criteria dedicated for spectral method, Journal of Theoretical
and Applied Mechanics, Warsaw, Nr 48, 233-254.

12. Niestony A., Macha E. (2007), Spectral method in multiaxial
random fatigue, Springer-Verlag, Berlin Heidelberg.

13. Pawliczek R. (2000), Predictment of the fatigue life under cyclic
bending and torsion with the mean stress value (in Polish), Scientific
Issue of the Opole University of Technology, Opole, Issue 62,
83-104.



acta mechanica et automatica, vol.6 no.2 (2012)

INTEGRATION OF THE EQUATIONS OF MOTION OF MULTIBODY SYSTEMS
USING ABSOLUTE NODAL COORDINATE FORMULATION

Grzegorz ORZECHOWSKI', Janusz FRACZEK*

"The Institute of Aeronautics and Applied Mechanics, The Faculty of Power and Aeronautical Engineering,
Warsaw University of Technology, ul. Nowowiejska 24, 00-665 Warsaw, Poland

gorzech@meil.pw.edu.pl, jfraczek@meil.pw.edu.pl

Abstract: Recently, a finite element formulation, called the absolute nodal coordinate formulation (ANCF), was proposed for the large rota-
tion and deformation analysis of flexible bodies. In this formulation, absolute position and slope coordinates are used to define the finite el-
ement configuration. Infinitesimal or finite rotations are not used as nodal coordinates. The ANCF finite elements have many unique fea-
tures that distinguish them from other existing finite element methods used in the dynamic analysis of the flexible multibody systems.
In such systems, there appears the necessity of solving systems of differential-algebraic equations (DAEs) of index 3. Accurate solving
of the DAEs is a non-trivial problem. However, in the literature about the ANCF one can hardly find any detailed information about the pro-
cedures that are used to solve the DAEs. Therefore, the current paper is devoted to the analysis of selected DAE solvers, which are ap-

plied to simulations of simple mechanisms.

Key words: Flexible Bodies, Multibody Systems, Absolute Nodal Coordinate Formulation, ANCF, Differential-Algebraic Equations,

DAE Solvers

1. INTRODUCTION

In flexible multibody systems (FMS), rigid, flexible and very
flexible bodies are interconnected by mechanical joints that allow
for large relative reference translations and rotations between
bodies (Fraczek, 2002). In recent years, a particular interest
of many research centres concentrated on the problems of effec-
tive analysis of multibody systems, whose bodies undergo large
deformations and displacements. One of such methods is the
Absolute Nodal Coordinate Formulation (ANCF) (Shabana, 1997).
The characteristic feature of this formulation is lack of rotational
degrees of freedom. Instead, to define rotation, one uses three
independent slope coordinate vectors. The result is that ANCF
elements usually have more nodal coordinates than the standard
elements used in the FEM analysis. However, a single ANCF
element is capable to obtain some complex deformed shapes
(Shabana and Yakoub, 2001). Moreover, beam and shell ANCF
elements may be treated as isoparametric elements, so that an
arbitrary rigid body displacements, including rigid body rota-
tions, produces zero strains (Shabana, 2003). On top of that,
in the case of fully parameterised elements (i.e. those, which have
all first-order slope vectors in each node), elastic forces may be
calculated not only from classical beam, plate or shell theories,
but also by using general continuum mechanics approach based
on linear or nonlinear strain-displacement relationships.

Additionally, in the ANCF method, mass matrix of system
is a constant one, even in the case of three-dimensional analysis.
This fact has an essential influence on effectiveness of methods
used for solving equations of motion. Moreover, the formulae
expressing external forces assume concise and simple forms.
Because the mass matrix of the finite element is a constant ma-
trix, centrifugal and Coriolis forces do not appear in the equations
of motion. Instead, elastic forces and their Jacobian matrix de-

pend strongly nonlinearly on nodal coordinates, even in the cases
of simple systems consisting of two-dimensional elements.

From the point of view of numerical analysis, the equations
of motion used to describe a flexible multibody system constitute
a system of differential-algebraic equations (DAE), whose struc-
ture is similar to that of equations describing rigid multibody sys-
tems (Fraczek, 2002). Such a system has a differentiation index
equal to 3, and consists of differential equations and algebraic
constraints equations (usually nonlinear) (Haug, 1989). Solving
differential-algebraic equations is a much more complicated and
less recognized task than solving ordinary differential equations
(ODE) (Brenan et al., 1996). This is because the DAEs have
some features of weakly conditioned ordinary differential equa-
tions. Furthermore, in the case of thin or stiff structures, the ANCF
coupled deformation modes can be associated with very high
frequencies that can be source of numerical problems. Because
of that, effectiveness of some integration algorithms is low (Hus-
sein et al., 2008). The mentioned characteristics of DAEs
and ANCF cause that the choice of an adequate algorithm
for integrating equations of motion is not a trivial task, and needs
a thorough analysis (Fraczek and Malczyk (in print)). In this work,
we present an approach to the analysis of selection of DAE solv-
ers in application to simple analyses of dynamics of flexible
mechanisms.

Special, dedicated methods have been used for solving
the differential-algebraic equations. In total, five different algo-
rithms were tested. The algorithms DASSL (Brenan et al., 1996),
GAMD (lavernaro and Mazzia, 1998), as well as Radau
and Radau5 (Haier and Wanner, 1996) were provided for free
by their authors. However, the algorithm HHT-I3 (Hussein et al.,
2008) is an original method, specially implemented for the needs
of the ANCF. It is a generalization of the Hilbert-Hughes-Taylor
(HHT) method (Bathe, 1996) applied to DAEs. All the algorithms,
besides of the DASSL, are capable of directly solving DAEs
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of index 3. In the case of the DASSL, it is necessary to convert the
DAE system to the form of equations of index reduced to 1.

The presented algorithms, applied for solving the DAEs, have
been tested with the use of three long-term analyses of multibody
systems. The analysed model was a simple mechanism
of a single physical pendulum moving in a gravitational field. In the
first case, the pendulum was modelled as a rigid body, in the
second case — as a flexible body of high stiffness (high value
of Young’s modulus), and the third model was a flexible pendulum
of high flexibility. In each model, one analysed selected parame-
ters, such as changes of period and amplitude of oscillations,
as well as changes in total energy of the system. Because dissi-
pation forces did not appear in the models, the total energy of the
system should be preserved, so its value should not change
in time. Moreover, for rigid pendulum, and for flexible pendulum
of high stiffness, also period and amplitude of oscillations should
keep their values unchanged. Then, the change in these values
observed in a numerical solution may signify lack of accuracy
of the applied method.

The presented work is organised in the following way. In sec-
tion 2, we present the essentials of the absolute nodal coordinate
formulation. Expressions defining basic quantities that appear
in equations of motion are given there, as well as notation
of differential-algebraic equations of the analysed motion. In sec-
tion 3, the analysed methods of solving of differential-algebraic
equations of motion are briefly characterised. The results of per-
formed simulation of example tests are enclosed in section 4.
The last section presents summary of results of the carried-out
tests, and final conclusions.

2. BACKGROUND

A single node of fully-parameterised, three-dimensional ANCF
element may be characterised by at least twelve parameters [13]:

. T T iT
T r ort odrt or

e =7 = I
rax dy 0z

(1)

where i is node number, r' is the vector defining global position
of the node, and vectors dr!/da are, for a = x,y, z, the global
slope vectors of the element nodes. Here x, y, z are the coordi-
nates of an arbitrary point on the element in the undeformed
configuration.

A standard ANCF beam element contains two fully-
parameterised nodes [16]:

e’ =[e1T 27] (2)
Using the definition of element nodal coordinates, given by

equation (2), we can write position vector of an arbitrary point P
in the form:

rf =S(x,y,z)e (3)

where S is the matrix containing the element’s shape functions,
which is independent of nodal coordinates. For the beam element,
this matrix takes the form:

S=[s]] sI - sgl] (4)

where s,,s,,...,Sg are the element's shape functions, and 1
isa 3 x 3 identity matrix. For the two-node ANCF beam element
of twenty-four parameters, these functions can be represented
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as follows [16]:

s;=1-382428%, 5, =1(§ — 282+ &),
{53 =1 —én), s, = 1(¢ = §0),

s5 = 3% —2¢°, se = (= +¢7),

s; = 1&n, sg = 1§¢.
where [ is length of the element, while & =x/I, n =1vy/I
and ¢ = z/1 are the element natural coordinates.

The mass matrix of ANCF element can be calculated based

on kinetic energy relationships. The global velocity vector may be
found by differentiating the position vector (3) with respect to time:

vP =P =§e (6)

Kinetic energy of the element can be defined as:

(5)

1
Ex = —f pvTvdV (7
2y

where p and V are, respectively, mass density and volume

of a finite element. It is worth noting that the density and the vol-

ume pertain to the initial configuration of an undeformed element.
Substituting velocity equation (6) into equation (7) we obtain:

1 1

E,=—-¢éT f pSTSdV é = - éTMeé (8)
2 v 2

where M is the symmetric mass matrix of the finite element:

M = f pSTSdV )
14

It is worthy to note that the above matrix is a constant one.

In the ANCF the Coriolis forces, tangent and centrifugal forc-
es, and other forces resulting from differentiation of kinetic energy
are equal to zero. Therefore, non-zero force values in equations
of motion can only originate from external forces, from reactions
in nodes, and form elastic forces. The vector of elastic forces can
be written as:

0E

T _ 7S
QS ae
where E; is the elastic energy. This energy can be expressed

asa function of the Green-Lagrange strain vector €, and the
second Piola-Kirchhoff stress vector o in the following form:

(10)

1
Ey=> f eTadv (1)
14

For the linear elastic model of material, which is actually taken
into consideration, we may formulate the following relationship
between vectors of stress and strain:

o = D¢ (12)

where D is the matrix of elastic coefficients. Substituting equation
(12) into (11) we obtain;

1
Es=> f e'DedV (13)
14

Then, for calculating the value of elastic energy, it is enough
to determine the strain vector. The latter is associated with the
Green-Lagrange strain tensor, which can be found using the
following relationship:



1
em =507 -1 (14)
where ] is the deformation gradient matrix:
dr
=— 15
e (15)

Differentiating the function given by equation (13) with respect
to the element nodal coordinates we obtain:

T GS)T
Ql = fv <6e DedV (16)
Making use of equation (16), one can directly determine elas-
tic force values for a given element. It is known, however, that
when this relationship is used in the case of a classic ANCF beam
element, there may appear volume locking [7]. To avoid this ef-
fect, one can apply selective reduced integration [6]. In order to do
s0, the matrix of elastic coefficients D should be divided into two
parts:

D = D° + DV (17)

where Poisson effect is taken into account only in the matrix DY.
Then, D is a diagonal matrix having the following form:

E 000 0 0

[OEOOOO]

0O E 0 0 0
=|000c;0 0| (18)
00 0 0 Gk, 0
0000 0 Gk

where E is the Young’'s modulus, G is the Kirchhoff's modulus,
while k, and k5 are shear correction factors that are used for
correction of transverse shear stiffness. As one can see, the
values in matrix D° do not depend on the value of Poisson’s
ratio v.

The following equation shows how Poisson effect is taken into
account in matrix DV:

[21/ 1 1 0 O O]
1 2v 1 0 0 0
DY = Ev |1 1 2v 0 0 0 (19)
(1+v)(1—2v)|0 0 0 0 0 0
o 0 0 0 0 0
o 0 0 o ol

We substitute the formula of elastic coefficients (17) into elas-
tic energy equation (13) and obtain:

1 1 RED
E, = —f €TD%dV +—f €'DVedV (20)
2 14 2 14

where the component containing matrix D° is computed using full
integration, while the component with matrix DV is integrated
in a reduced way. In the case of the considered beam element,
the reduced integration means that the function is integrated only
along the beam’s axis.

The only relationship to be determined is that of the general-
ised external force Q. associated with the gravity forces whose
acceleration equals g:

= f STpgdV 21)
14

Using the following expressions the dynamic equations of the
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flexible multibody system can be obtained in a matrix form as
(Haug, 1989):

P=0

where A is vector of the Lagrange multipliers, vector & contains
nonlinear constrains equations, while ®, = d®/ de is Jacobian
matrix of the vector of constrains relative to system parameters.

Because constrains equations and their Jacobian matrix take
a standard form, well known from rigid multibody systems Haug,
1989; Nikravesh, 1988), they will not be described here in detail.

Equations (22) can be solved by means of typical integration
algorithms used for ordinary differential equations. It can be done
after decreasing their differentiation index to one, i.e. by double
differentiation of constrains equations. However, solving equations
of such a type may lead to computational problems, so it is nec-
essary to apply measures stabilizing equations of constrains
(i.e. Baumgarte stabilization (Nikravesh, 1988)). For that reason,
a more effective way might be the application of algorithms dedi-
cated for solving differential-algebraic equations.

3. AGORITHMS FOR SOLVING DIFFERENTIAL-ALGEBRAIC
EQUATIONS

Four algorithms applicable for solving equation (22) will be
analysed in this section: the algorithm DASSL based on the
backward differentiation formulae, the algorithms Radau and
Radaub based on implicit Runge-Kutta method, the algorithm
GAMD based on generalised Adams method, and the algorithm
HHT-I3 based on generalised HTT method. These algorithms
represent different groups of numerical methods applicable for
solving DAE systems. Therefore, the obtained results may contain
valuable hints on applicability of various numerical schemes
in solution of DAEs in the proposed initial formulation.

In most of these algorithms, it is necessary to modify
the solved equations, so that they take the forms adequate for the
applied algorithm. Appropriate transformations will be presented
in further part of this section.

3.1. Method of backward differentiation — algorithm DASSL

The software of DASSL is an implementation of the method
of backward differentiation (Backward Differentiation Formulae,
BDF) [2], with variable order of the method changing from one to
five. This was one of the first numerical methods developed for
integrating DAE systems. It allows solving differential-algebraic
equations of index not greater than one.

The differential scheme implemented in the DASSL procedure
makes it possible to solve an equation system given in the follow-
ing, implicit form;

G(t,ya,¥a) = 0 (23)

where y4 is the system state vector, and G is a vector of state
equations. The program DASSL requires differential-algebraic
equations expressed as a first-order system of equations. In order
to reduce the order of equation (22), one can use the new set
of variables:

u=é (24)

However, to decrease the integration index, one can perform
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one differentiation of the constrains vector with respect to time:
b= é+P =0 (25)
Substituting equations (24) and (25) into (22), we obtain:
Mu + Q, + A = Q.
u—¢e=20 (26)
®u+ d, =0
Exclusion of equations of constrains from the above system
of equations causes that the constrains may be violated (Haug,
1989). In order to prevent it, a new set of variables should be

introduced, which leads to a formulation with index stabilization
(the Gear-Gupta-Leimkuhler method (Gear at al., 1985)):

Mu + Q, + ®JA = Q,

u—é+<l>;ru=0 (27)
du+Pd. =0
=0

where p is the vector of the new variables, which have the char-
acter of Lagrange multipliers. One considers solution to the above
equation system as a correct one if the vector p is permanently
equal to zero. Numerical solution to equation (27) guarantees that
the equations of position and velocity constrains are fully satisfied.
The index of the above equation is equal to two. It can be further
decreased to the value of one by substituting the multipliers A and
p with the new variables, ) = A and { = p. The obtained equa-
tion has a differentiation index equal to one. The method has
many advantages, first of all one does not need to perform the
double differentiation of constrains equations, thus avoiding high
computational costs. After introducing the new variables, we
obtain:

Mu + Qs + ®o1 = Q.

u—é+<l>;FZ=0 (28)
Pu+d. =0
=0

The state vector and the vector of state equations, used in the
DASSL program, have the forms:

ya=[u® e T T (29)
Mu + Qs + 1 — Q.
G = u—é+ ol (30)
P u+ P,
P

It is noticeable that the vector G depends both on the state
vector, and its derivative. In order to effectively carry out the simu-
lation, one not only needs to calculate the value of vector G, but
also calculate the Jacobian matrix for this vector with respect to
the state vector, as well as its derivative.

Making use of the relationships presented above, we can pre-
pare appropriate procedures needed by the DASSL program for
the analysis of a multibody system. The advantage of the pre-
sented method, called the Stabilized Index 1 (SI1) formulation,
is that it takes into account the influence of constrains on positions
and velocities in the system. Owing to that fact, the obtained
results are often more accurate in comparison to those which
don't take advantage of stabilization. A disadvantage of the SI1
formulation is high computational cost associated with calculation
of the vector G and its Jacobian matrix.
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3.2. Implicit Runge-Kutta methods - algorithms Radau
and Radau$

The programs Radau and Radaub5 are based on implicit
Runge-Kutta methods (Radau /A method) [8] with an automatic
control of integration step. In the Radau method, the order
is variable, equal to 5, 9 or 13, while the Radau5 method has
a constant order, equal to 5.

Both algorithms are used for solving weekly-conditioned ordi-
nary differential equations, as well as differential-algebraic equa-
tions of index not greater than 3. The algorithms are capable of
solving first-order equations of the explicit form:

M.y, = F.(¢,y:) (31)

where M, is a constant matrix of masses, y, is the state vector,
and F, is a vector function of the right sides. In the case of solving
DAEs M. is a singular matrix. This matrix must not be confused
with the mass matrix M of a multibody system, i.e. that appearing
in equation (22).

Similarly as in the case of DASSL program, it is necessary to
lower the order of equation to one, which can be done by substitu-
tion defined by equation (24). One obtains the equation of motion
in the form:

M 0 q)eT u Qe - Qs
01 ollel=] u (32)
0 0 olla P

The structure of the above equation reflects the structure
of equation (31). However, it must be noted that the matrix corre-
sponding to the matrix M. is not a constant one. Due to this fact,
the above equation should be re-written in a different form.
In order to do so, one introduces new variables w = w, which
represent accelerations of the vector e. Then, the differential
equations may be written as additional constrains equations:

0 0 0 O]fw Mw + @A+ Q, — Q.

01 o offlaf_ w
0 0 I olle]l” u (33)
0 0 0 olli )

On the basis of the above equations, one can easily write,
in an explicit form, the matrix of masses and the vector of right
sides for the Radau programs. It is clear that now the mass matrix
is a constant (and singular) one. The state vector can be written
as:

Ve =[wT uT eT aT]" (34)

To use the programs Radau and Radaud effectively, one
needs to calculate the Jacobian matrix for vector F,. with respect
to the state vector y,.. This matrix takes a more simple form than

the Jacobian matrix for the program DASSL (although computa-
tional cost is still high).

3.3. Generalized Adams method - algorithm GAMD

The GAMD software is an implementation of the generalized
Adams method (GAM - acronym of Generalized Adams Method)
(lavernaro and Mazzia, 1998). This is a method of variable order
(3, 5, 7 or 9), with automatic control of integration step. By using
this algorithm, one can solve differential-algebraic equations
of index not greater than 3. In this algorithm, the authors used



a part of the code from the procedure Radaub.

The GAMD algorithm can solve equations having identical
form as those solved by Radaub, i.e. given by equation (31). The
algorithm solves equations in an explicit form, such as equation
(33), with the state vector from equation (34). In practice, both
Radau programs and the GAMD program use the same proce-
dures for calculating the mass matrix, the vector of right sides,
and the Jacobian matrix of this vector.

3.4. Generalized HHT method - algorithm HHT-I3

The implicit algorithm HHT-I3 serves for directly solving differ-
ential-algebraic equations of index equal to 3, having the form
represented by equation (22) (Hussein et al., 2008). The algorithm
is based on classic Hilbert-Hughes-Taylor method (Bathe, 1996)
adapted for solving DAEs of index equal to 3. This algorithm has
the possibility of selecting the magnitude of numerical damping,
and was tested in application to flexible bodies modelled with the
use of the ANCF method. The algorithm offers the possibility
of automatic selection of integration step. In contrast to previously
described methods used for solving DAEs, any widely available
implementation of this algorithm has not been known to the au-
thors. Because of that, the algorithm was originally implemented
by the authors for the needs of this paper.

The HHT method is often used for solving second-order ordi-
nary differential equations. It is based on the Newmark method
(Bathe, 1996). Numerical damping, introduced into this method,
facilitates eliminating undesirable, high-frequency oscillations. The
Newmark method is unconditionally stable, but is characterised by
first-order convergence. The HHT method also introduces numeri-
cal damping, is unconditionally stable, and guarantees second-
order (quadratic) convergence.

When using the HHT-I3 method, we write equation (22) in the
form:

{Mé =H
D=0
where the vector H(t, e, &) = Q, — Q; — ®JA.

The algorithm HHT-I3 solves equation (35) in a direct way,
so that there is no simple division into the vector of right sides and
the state vector, unlike to what was needed in the case of previ-
ously described general-purpose algorithms. It is necessary,
however, to assume initial conditions for positions and velocities,
and prepare appropriate procedures for computation of the Jaco-
bian matrix. It is worth emphasizing that computational cost
of determining Jacobian matrix in the procedure HHT-/3 is compa-
rable to that encountered in the programs Radau and GAMD.
A detailed description of the HHT-I3 algorithm can be found
in literature (Hussein et al., 2008).

It should be emphasized that, in the program HHT-I3, there
is no implemented procedure for assessing the necessity of recal-
culating the Jacobian matrix in a consecutive steps of integration.
In consequence, this matrix is calculated in each integration step.
This characteristic of the procedure causes that its effectiveness
might be much lower than effectiveness of other algorithms,
in which a method for assessing Jacobian matrix is implemented.

(35)

4. TEST EXAMPLE

Simple numerical tests are proposed for the programs pre-
sented in section 3. The tests are concerned with computations
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of dynamics of three-dimensional mechanisms, both rigid
and flexible ones. The purpose of the tests is an initial assess-
ment of effectiveness of the integrating algorithms through evalua-
tion of their computational accuracy, numerical stability and time
of computations.

The computations were performed with the use of Fortran
program on a computer equipped with a four-core, eight-thread
processor with 3.4 GHz nominal frequency and 8 MB cache
memory (Intel Core i7-2600K).

As a test example, we have chosen a problem of dynamic
analysis of a single physical pendulum fixed at one of its ends to
abase by the revolute joint. The pendulum moves under the
influence of gravitation forces. The element has a cuboidal shape
of 40cm length, 4cm height and 2cm depth. In all models, the
element's material has a density of 7801kg/m? and the Poisson
ratio equal to 0,3. At the initial moment, the pendulum is in
a horizontal position.

It is known that rigid physical pendulum should move with
constant frequency of oscillations and constant amplitude, irre-
spective of duration of stimulation time. In such a system, there
are no dissipation forces, so that total energy of the system must
be preserved. Of course, because of errors arising in the process
of integration (including the integration and numerical errors) the
value of the mentioned quantities might change in time. One can
assess the range of this variability for individual algorithms.

In the case of analysis of dynamics of a rigid physical pendu-
lum it is possible to calculate the theoretical period of oscillations.
For an infinitesimal angle of oscillation, the theoretical period
of oscillation can be expressed by the formula:

Iy
mgr

where I, is moment of inertia of the body with respect to the point
of rotation, m is mass of the body, g is acceleration of gravity,
and r is the distance between the centre of mass and the point of
rotation. For the presented data, this period equals T, = 1.04s.

In order to calculate the period of oscillation of a rigid physical
pendulum moving in a finite rage of oscillation angles, one should
determine the value of the following integral:

2T, (™/? d
L= _Of I (37)
T Jo 1—k?sin? ¢

where ¢ is the independent variable, and k =Sin%amax1

in which a,.4 is the maximum angle of pendulum, measured with
respect to the equilibrium position (in the considered case, this
angle equals 90°). The integral was calculated numerically, and
the period of oscillations was found equal to T, = 1.22s.

In the simulations described in this section, one assumed the
ending time equal to t, = 600s. During the simulations,
we calculated the parameters such as total energy value, ampli-
tude decay, and elongation of oscillation period. The value of total
energy was calculated directly. The percentage amplitude decay
was calculated from the formula:

A —_
A, = °A0 x 100% (38)

where A, is the theoretical value of amplitude, and A is its current
value. Positive values of this parameter mean that oscillations are
damped (the maximal value of 100% indicates complete decay
of oscillations), while negative values of A, denote oscillations
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of increasing amplitude.
The period elongation of oscillations can be calculated
in a similar way:

Tw="—7 £ % 100%

t

(39)

where T is the current value of oscillation period, and T; is its
theoretical value calculated from equation (37). For a rigid pendu-
lum, T, should be always equal to zero. Its negative value means
shortening of the period.

The results presented in Tab. 1, 2 and 3 are extreme values
of the analysed quantities calculated for the whole duration
of simulation. All the analyses were carried out for default values
of majority of the parameters in solving procedures. The variable
values were absolute errors (denoted as Atol) and relative errors
(Rtol). When analysing the procedure HHT-I3, it was only possible
to determine the value of relative error — the Afol value was ig-
nored in this procedure.

4.1. Rigid physical pendulum

In this case, position of the body is described with a vector
of seven independent coordinates (three of them describing posi-
tion of the centre of mass, and four others are Euler parameters
defining orientation of the body), and there are six equations
of constrains (one equation for Euler parameters, and five equa-
tions for the revolute joint). Therefore, the analysed system has
one degree of freedom.

For a rigid body, total energy is a sum of element’s kinetic en-
ergy and its potential energy in gravitation field. In Tab. 1, there
are presented results of performed simulations. In the cases
of procedures Radau and Radaub, some of the simulations ended
ahead of time, because the selected integration step was too
small. In such a situation, there are no results in Table 1, and the
value in the column of computational time means the time
of simulation termination due to the procedure error.

Tab. 1 presents results for three selected tolerance values.

Tab. 1. Results of simulation of rigid physical pendulum

For the greatest tolerance value (test I), we managed to obtain
acceptable results only in the case of the algorithm HHT-/3. For
the remaining programs, simulation failed, or oscillations of pen-
dulum were strongly damped. The results obtained in test I
showed that the algorithms DASSL, GAMD and HHT-I3 solved the
problem without difficulties, and the simulation results could be
considered as acceptable. In the cases of algorithms GAMD and
HHT-13, the oscillations were mildly damped; however, the algo-
rithm DASSL produced oscillations of increasing amplitude. This
was an undesirable effect which, for a longer duration of simula-
tion, might indicate lack of convergence of the solution.

When the lowest values of tolerances (test lll) were applied,
all the algorithms gave satisfactory results. In this case, the algo-
rithm DASSL proved the most effective, and gave very good
overall results. It might result from the fact that the applied SI1
formulation takes into account not only the equations of constrains
(which are considered in all remaining algorithms), but also their
velocities.

The algorithm DASSL proved the best one as far as time
of computations was concerned. The calculation step, selected by
the program, was relatively big, and computation of the Jacobian
matrix was performed not very frequently. Slower than this one
were the algorithms from the Radau group. At the same time
it should be noted that the results obtained with different algo-
rithms of this group, and the times of computations for the con-
stant-order algorithm (Randau5) and the variable-order algorithm
(Radau) were comparable.

The GAMD algorithm turned out to be twice slower than the
Radau algorithms, however, it could solve the problem in which
tolerance values were much higher. The HHT-/3 algorithm turned
out to be the slowest one. It was due to the fact that, in this algo-
rithm, the Jacobian matrix was computed in each iteration step.
Moreover, this method was designed especially for the needs
of the ANCF method, therefore the algorithm might not optimally
select integration step in the case of analysis of rigid bodies
(where mass matrix is not a constant one). Nevertheless, by using
this algorithm, we could obtain correct solution even for the great-
est tolerance values.

Tolerance | Algorithm | Total energy [J] | Amplitude decay [%] | Period elongation [%] | Computation time [s]
Test I: DASSL -2.40 48.8 -8.99 0.82
Atol Rasaub - - sim.t0 1.3
1076 Radau - - - sim. t0 3.3
Rtol GAMD -1.73 354 -6.85 9.67
1073 HHT-I3 -0.11 0.99 -0.22 9.87
Test II: DASSL 0.27 -5.50 1.29 15
Atol Rasaub - - sim. to 37.6
1077 Radau - - - sim. to 130
Rtol GAMD -0.59 12.0 -2.58 12.8
1075 HHT-13 -0.39 7.9 173 8.6
Test III: DASSL 0.004 -0.08 0.02 29
Atol Rasaub 0.05 0.32 -0.07 8.5
107° Radau 0.05 0.28 -0.06 8.6
Rtol GAMD 0.05 -0.07 0.01 20.3
1077 HHT-13 -0.03 0.6 -0.13 35.3
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4.2. Flexible physical pendulum

The pendulum was constructed with the use of standard, fully
parameterised, ANCF beam elements. Elastic forces were com-
puted by applying selective, reduced integration, in order to avoid
the influence of volume locking on the results. The pendulum,
shown in Fig. 1, was divided into six finite elements, so that the
system was described by eighty-four differential equations. Addi-
tionally, one must take into account six algebraic equations
of constrains describing the revolute joint. In comparison to the
rigid pendulum, this system of equation of motion consisted of the
same number of algebraic equations, and twelve times greater
number of differential equations. We also carried out simulations
with the use of a pendulum consisting of ten finite elements. How-
ever, the differences between the results of simulation of this
pendulum, and those obtained for the six-element pendulum were
insignificant, so that only the latter would be presented here.

27 I

[ =0,4m
Fig. 1. Flexible physical pendulum

h = 4cm

|
w = 2cm

The simulations were carried out for two flexible models differ-
ing from one another by the values of Young's modulus. In the
first case, Young's modulus was equal to E = 2 x 10! Pa.
Such a stiff pendulum should deform only insignificantly when
moving in the field of gravitational forces. Because of that, the
courses obtained in simulation should be similar to those of de-
termined for rigid pendulum. It means that the values of amplitude
and period of oscillation are comparable to respective values
of oscillation amplitude and period of the rigid pendulum.

The difficulty of solving a system of high stiffness is associat-
ed with to the fact that the equations of a standard ANCF beam
element with high value of Young’s modulus contain high-
frequency components, which causes numerical difficulties. The
following example will illustrate how the above-described algo-
rithms could cope with solving a very stiff system of equations.

Tab. 2. Results of simulation of flexible physical pendulum (E = 2 x 10''Pa)
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In the second model, the value of Young’'s modulus was de-
creased to E = 2 x 107 Pa. The ANCF formulation is excep-
tionally effective in the case of models of low stiffness (Gerstmayr
and Shabana, 2006), so that the described algorithms should
solve this problem with relatively low computational cost. Low
stiffness of the pendulum means that there might appear signifi-
cant deformations of various frequencies, so that making compar-
isons between amplitudes and oscillation periods is useless.
Therefore, only total energy value was calculated for this model.
The results shown in Tab. 1 and 2 indicate that the information
about total energy value is sufficient for assessment of accuracy
of the analysed algorithms. For the systems with flexible bodies,
total energy value was calculated as asum of kinetic energy,
potential energy of gravity forces and elastic energy (according
to formula (20)).

Tab. 2 summarises simulation results obtained for the first,
stiffer pendulum model. The tests carried out with the use of the
Radau algorithms ended ahead of time in each case, because of
too small integration step applied by the procedure. The results
obtained by using the DASSL algorithm are printed in italics,
because duration of all simulations performed with this algorithm
exceeded the maximum allowable computation time equal to 10
hours. In such cases, the value in the “computation time” column
means the time of calculation end reached after 10 hours of com-
putations. We managed to obtain correct results only when using
the algorithms GAMD and HHT-I3.

None of the algorithms gave satisfactory results for the high-
est tolerance values (test I). The results obtained with the use
of the GAMD algorithm indicated that the oscillations were com-
pletely damped, while those produced by the HHT-I3 were
at variance with the physical sense of the problem. Simulation
results obtained for lower tolerance values were fully acceptable,
and their accuracy increased with decreasing tolerance values.
The algorithm HHT-I3 proved much more effective than the
GAMD (despite the fact that its implementation was not optimal)
for medium and low tolerance values. In the case of the highest
tolerances (test I), the computations performed with the use of this
algorithm took a much longer time, which was due to the fact that
the computed results were erroneous (oscillations of increasing
amplitude).

Tolerance | Algorithm | Total energy [J] | Amplitude decay [%] | Period elongation [%] | Computation time
Test I DASSL 0.01 0.32 0.18 sim. to 30.3s
Atol Rasaub - - sim. to 0.6s
1076 Radau - - - sim. to 1s
Rtol GAMD -4.90 100 -15.5 18m 19s
107° HHT-I3 138.4 -102 98.9 1h 16m 28s
Test II: DASSL -0.001 0.06 0.09 sim. to 75s
Atol Rasaub - - sim. t0 8.7s
1077 Radau - - - sim. t0 2.3s
Rtol GAMD 0.07 -1.36 0.32 1h 25m 57s
107° HHT-I3 -0.02 0.44 -0.09 17m 38s
Test - DASSL 5x106 -0.02 0.12 sim. to 83.3s
Atol Rasaub - - sim. to 16.0s
10~° Radau - - - sim. to 16.4s
Rtol GAMD 0.07 0.02 -0.008 2h 47m 20s
1077 HHT-I3 -0.002 0.04 -0.02 1h 03m 44s
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Tab. 3. Results of simulation of flexible physical pendulum
(E =2x107Pa)

Tolerance | Algorithm | Total energy [J] | Computation time
Test I DASSL 0.007 2h 57m 04s
Atol Rasaub 1.27 17m 02s
10-¢ Radau 3.67 27m 45s
Rtol GAMD 0.07 11m 31s
1073 HHT-I3 246 3m 54s
Test II: DASSL 0.007 42m 48s
Atol Rasau5 0.07 13m 38s
1077 Radau 0.09 28m 51s
Rtol GAMD 0.07 14m 50s
1075 HHT-I3 0.25 11m 36s
Test III: DASSL 0.007 43m 08s
Atol Rasaub 0.07 28m 34s
107° Radau 0.08 28m 44s
Rtol GAMD 0.07 1h 00m 48s
1077 HHT-I3 0.007 1h 14m 44s

In Tab. 3, there are shown results of simulation of the pendu-
lum which can be subject to significant deformations because
of low value of Young’s modulus. In the case of this model, it was
possible to obtain some results for all algorithms and all tolerance
values. In the case of test |, acceptable results were obtained only
when using the algorithms DASSL and GAMD. The results ob-
tained with the use of the remaining methods significantly differ
from the nominal values. However, for lower tolerance values, all
the results can be treated as acceptable. With the exception of the
algorithm HHT-13, all other algorithms gave results which did not
differ much from one another when one assumed medium or low
tolerance values.

Calculation time in the carried-out simulations proved strongly
dependent on the tolerance values. The lowest impact of toler-
ances on computation time was observed in the algorithms Radau
and Radaub. The algorithms GAMD and HHT-I3 exhibited signifi-
cant increase in computation time with decreasing tolerance
value. In the case of algorithm DASSL, all the simulations lasted
relatively long, and computations time needed in test | was much
longer than that in tests Il and IIl.

For this model, application of the algorithms GAMD and HHT-
13 gave correct results in a shortest time (for all tolerance values).
However, for the lowest tolerance values, the algorithms Radau
and Radau5 proved much more effective.

5. SUMMARY AND CONCLUSION

The results presented in this paper have shown significant dif-
ferences in effectiveness of algorithms used for solving differen-
tial-algebraic equations in application to multibody systems. Cor-
rect results were obtained for all analysed models only when
applying the algorithms GAMD and HHT-I3. The algorithms
Radau and Radaub were not able to solve the system of a flexible
pendulum of high stiffness, and the calculations performed for this
system with the use of the DASSL algorithm lasted unacceptably
long.

Considering the time of computation, one could conclude that
the algorithm HHT-I3 was the most effective one in the cases
of simulations where tolerance values were medium or high.
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In this respect, the characteristics of algorithm GAMD were simi-
lar. The algorithm DASSL proved very effective in the analysis
of pendulum modelled with the use of a rigid body, while in the
analysis of the flexible pendulum this algorithm turned out to be
the slowest one. Nevertheless, the results obtained with the use
of this algorithm were often the most accurate ones. The algo-
rithms Radau and Radau5 did not differ much, neither in accuracy
of computations, nor in effectiveness (in some simulations, how-
ever, the algorithm Radau5 was much faster). These algorithm
proved to be effective in cases of low tolerance values.

On the basis of the presented results we can state that,
for solving a multibody system, one should apply, in the first place,
the algorithms GAMD or HHT-I3. If it turns out that these algo-
rithms have too low effectiveness, one can try to apply the algo-
rithm Radau5, which in some cases may give a higher effective-
ness. The algorithm Radau is based on the same method
of solving DAEs as the algorithm Radau5. However, we have not
notice any substantial advantages of using this algorithm in com-
parison to the algorithm Radaub. Unlike the previous ones, the
algorithm DASSL turns out to be a good one only in the cases
of systems with low number of degrees of freedom, for example
when analysing a rigid body. In the analysis of flexible systems,
this algorithm was usually the slowest one.

It should be emphasised that this publication does not fully
exhaust the presented topic. The works are carried out, aimed
at complementing the results with the analyses of more complex
examples. The algorithms have been tested, so far, only on rela-
tively simple models; neither have we taken into account such
properties of integrating procedures as, e.g., the ability of solving
equations with inconsistent initial conditions. The mentioned
problems are beyond the scope of this publication and need fur-
ther analyses.
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Abstract: This work features a geometric and static analysis of the lower limb during bicycle ride. Basic dimensions are indicated, which
are necessary for the description of movement geometry. The simplified flat model was adopted for the analysis. Using the transformation
of Denavit-Hartenberg frames, vectors were developed for the position of the rotation axis of the joints in immovable frame. The inverse
kinematics problem was solved. The course of displacement changes in the ankle joint was adopted as an angle function for crankset posi-
tion, based on experimental research results, published in professional literature. The course was approximated with fifth grade polynomi-
al. Joint displacements and loads were established. A sample calculation is presented, illustrating the subject computational algorithm.

Key words: Bicycle, Lower Limb, Movement Geometry, Matrix Method, Static Analysis, Jacobian

1. INTRODUCTION

Bicycle riding is currently becoming more and more recog-
nised and accessible form of recreation, physical well-being im-
provement and muscle building (Szczerek, 2012).

The course of displacement and joint and muscle loads de-
pends on the assumed riding position, frame geometry, saddle
and handlebars position, and the length of cranksets (Wanich
etal., 2007). Another key factor is the crankset load, which de-
pends on the gear ratio, configuration and type of the ground, air
resistance and pedalling technique. Other important factors
are bicycle weight, resistance of bicycle drivetrain systems (chain,
bearing) and resistance of tyre rolling on the ground.

The correct selection of parameters influencing travel comfort
and safety has been subject to many studies, with the literature
dominated by the results of experimental studies. The studies
concern the influence of bicycle element dimensions on selected
values, e.g. the influence of the dimensions of steering system
on stability during fast ride (Prince and Al-Jumaily, 2011), the
influence of the dimensions of pedal crank on the knee joint load
(Boyd et al., 1997), the influence of different geometry of the
frame on the crank load (Gregor et al., 2002) and muscle load
(Ricard et al., 2006).

The research also covered the kinematics and dynamics
of the cyclist, e.g. the vector of angle (Cockcroft, 2011) and load
(Park S.-Y. et al., 2012), (Li Li and Caldwell, 1998) change, in the
hip, knee and ankle joints for the constant pedalling power using
EMG measurement method. The study (Diefenthaeler et al., 2008)
also investigated trunk movement using a camera. Another ele-
ments subject to measurements are generated power, pulse and
the level of lactic acid under isokinetic conditions (Koninckx et al.,
2010), oxygen demand, blood pressure (Shimomura et al., 2009)
and strength adaptation of muscles for changing speed (Neptune
and Herzog, 2000).

The referred studies provide data for calculations as well as
results of multi-faceted research inspiring the direction for theoret-
ical works, furthermore they allow for verification of these works.
In the context of theoretical publications, which utilise commercial
software, the work (Apkarian et al., 1989) can be regarded
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as trailblazing. The authors give mathematical formulas, using the
matrix method of kinematics and estimate the load of lower limb
joints on the basis of Newton-Euler equations.

The aim of this work is establishing the geometry of lower limb
movement and indicating displacement and balancing torque
in joints during bicycle ride. A preliminary analysis was introduced,
in which a solution to the inverse kinematics problem was provid-
ed and the load of joints was estimated. The research used Jaco-
bian matrix transforming the vector of loading force acting
on pedal bearing into balancing torques in the joints. The work
also provided an algorithm simplifying the estimation of Jacobi
matrix. The estimations did not account for the issue of inertia.
The analysis assumed that the torque applied to the crankset
is of constant value during round full angle cycle. A simulation
of movement was performed using own software.

2. ANALYSIS OF LIMB MOVEMENT DURING PEDALLING

Analysis of limb movement during pedalling comes down
to indicating:

— the coordinates of the position of knee and ankle joint rotation
axes in the frame {x,, y,} adopted as immovable,

— inverse problem solution, i.e. indicating the value of angular
positions in joints as coordinate functions for the pedal axis
position.

Fig. 1a presents kinematic chain of lower limb during bicycle
riding scaled in Denavit-Hartenberg frame. We have adopted the
flat model of lower limb (Siemieniako et al., 2010) simplified
as compared to that suggested in Zielinska and Trojnacki (2009).
Together with the crankset, it creates an articulated pentagon,
which constitutes a problematic issue in indicating a uniform
inverse problem solution.

It is necessary to introduce dependencies between the two se-
lected angles. The most preferable angle indicated as the function
of the second angle is the position angle in the ankle joint
By, — Fig. 1b. The course of value changes for the angle B, =
f(oy.) depends on anatomical structure, individual riding style and
there even occurs a differentiation between the course for left and
right leg, which was confirmed by the Authors of the paper (Kusiak



and Winiarski, 2009) in their experimental research. In order to
describe the course B, = f(ay) an equation of adopting fifth
grade polynomial to a set of n points of the coordinates

(o Bp,i)-

Fig. 1. Kinematic chain geometry; a — lower limb during bicycle ride,
b — crankset system

A movement analysis of lower limb was performed for the
simplified flat model. Movement trajectory of point O; was de-
scribed using the parametric equations of the circle, thus the
coordinates of the position of the pedal axis (X030, Y03,0)
in relation to the immovable frame {x,, y,}, according to Fig. 1a
and 1b may be described as:

x03'0 = x04'0 + RK Sin Olk,

Y03,0 = Yoao T Rk COS . (1)

The kinematics matrix method using the Denavit-Hartenberg
frame transformation was used in order to transform the vectors
of positions rg; ; of the points marked "0i", determined in frames
"i" into vectors of coordinates (Xo;0, Yoio) determined in rela-
tion to the immovable frame {x,, yo}-

The matrices transforming coordinate frames from zero into
first, from first into second and from second into third will have the
form:

¢ -5, 0 Ig
e 0 s,
A =[0G i | where i=1,2, 3, (2)
0o 0 1
0 0 0 1

whereas s; = sin@;,c; = cosO;, [; distance between
the axes of the turning pairs of the unit i, @; — rotation angle
between the units i -1 and i.

Coordinates of the vectors for the kinematic pair centres
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04, 0, and O3 in immovable frame, which will be used
for further calculations and in the programme of movement anima-
tion, may be defined as follows:

Xo1,0 hie,
Ls

Yoo =Arg, = i 3)
Z01,0 0

1 1
_xoz,o_ ey +hey

ls,+1,s
Yo2,0 :A1Azl’oz,z _| ST , (4)
202,0 0
1] 1
_x03,0_ Loy + ey + ey
Lis; + 1,8, + 158

Y030 :A1A2A3r03’3 _ | %1 T %12 T3s3 (5)
2030 0
1] 1

Treating the variable distance 0,05 = 1,5 as known,
the coordinates of the vector for the position of turning pair O4
in relation to the frame {x,, y,} may be also determined as:

X03,0 hiey +1sc13
Y03,0 lysy + 138103
=AjAyrp33 = 0 ) (6)
203,0
1 1

where: A,; — matrix transforming the frame {x;, y,} into frame
{x3, ¥3}, 512 = sin(0; + 6,), ¢;; = c0s(0; + 03), 5123 =
sin(0; + 0,), ¢1,5 = cos(0, + 03).

Inverse problem solution implies determining the angles 65,
03, 0, and angle O (Fig. 1a). For the purposes of inverse prob-
lem solution we must determine the following:

— the value of the angle @; based on Fig. 1b according to de-
pendency:

05(8,)=057+ 8, -a., ()

— the variable distance 0,05 = 1,3, which may be calculated
according to dependency:

Iy (Oy) =12 + 12 + 21,1 cos @, | (8)

— the value of the angle ®, and @; as dimension function
l,5(03), by using the dependency (6) and solving the simul-
taneous equations:

X030 =her + 13¢5, Yoz =11 + 138103 9)

we obtain the value of angle @, as the function 1,5 (65):

0, =2atan2(Bl +4 47 +BE -D}, 4, +D1), (10)

where: A; = 2x030l1, By = 2Yp30l1, Dy = X330 + Y530 +

1F —135(05);
— the value of the angle @ as the dimension function [,5 (05):

o, :atan2(\ll—A22,A2j, (11)

x53,0+Y53,0+15-153(03)
213113(03)
From the triangle 0,0,03, based on Fig. 1b, we can derive

where: 4, =
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the value of angle ©,:

o, :atan2(\/1—A32,A3)+@é, (12)

13-13+133(03).
2l3l53(03) '
— the value of the angle a, may be determined based on the
dependency:

o, = atanZ(wll—Af ,A4j , (13)

RE+3-(%04,0-%02,0) =0V 04,0-Y 02,0)°
213Rg

whilst the coordinates (xp2,0, Y02,0) are determined based

on the dependency (4).

where: A, =

where: A, =

3. LIMB STATIC ANALYSIS

Static analysis serves to determine the load of joints for im-
parted motion along the trajectory, which comprises mainly values
of the torque for balancing the load of the foot during pedalling.

The load Rj; 3 of the pedal determines the dependency:

M
Ry = R_: ' (14)
where: My is the imparted torque for loading the turning pair
of the crankset during the ride.

The values of the coordinates of the loading force vector, de-
termined within a frame of coordinates with the starting point O4
determine the dependencies:

R3’3’x = R3’3 Sln O(S ) R3’3’y = R3’3 COS as . (15)
The vector of the loading force acting on the foot transforms

into vectors of torques for driving forces in joints, according to the
dependency:

M, =J3T,3R3,3’ (16)

where: M — the vector of driving torques in the joints, R5 3 —the
vector of loading force acting on pedal bearing, determined in the
frame {x3, ¥3}, J% 3 — transposed Jacobian matrix transforming
the vector of loading force acting on pedal bearing into balancing
torques in the joints.

Transposed Jacobian matrix 3 X n is specified as follows:

/81,3,x IBI,S,y ﬂl,?),z
T
J3,3 = ﬂ2,3,x ﬂ2,3,y ﬂ2,3,z ) (17)
/83,3,x 183,3,)1 ﬂ3,3,z

whose elements may be determined according to an algorithm
simplifying the method of their derivation, presented in Stepniew-
ski (2008):

ﬂi,?),x IBi+1,3,x li+l,3,y

Bisy |=| Bivisy | T My |s (18)
,Bi,s,z ﬂi+l,3,z Niv13,y
whereas:
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ﬂ3,3,x 0
ﬂ3,3,y = 13 ) (19)
ﬂ3,3,z 0

where: [liy13y Miy13y ni+1l3,y]T the matrix composed
of elements from the first, second and third column of the second
line of the matrix A; (i = 2) and A,A; (i = 1), thus for (i =
2):

_ﬂ2,3,x 0 53 Lrs;
ﬂ2,3,y = 13 + 12 C3 = 12C3 + 13 . (20)
| Pos: 0 0 0

Based on the second line of the matrix A,A;:

Piix l5s5 S73 lisy3 + 1584
ﬂl,S,y =\ L+hLesy [+ e |=] ey +hey +15 | (21)
B3, 0 0 0

The value of torques in joints, balancing the load acting on
foot, according to the dependency (16) is determined as follows:

Mg, hisys +1ys3 ey +hes+1l; O Ry,

Mp, |= JsT,nR3,3 = lys3 Loy +1y 0| Ry3,
| Mg | 0 I, of o
[ My, | (11523 +1585 )R3,3,x + (11C23 +hes+ 1 )R3,3,y

Mg, | = Ls3Ry 5, + (12C3 +1 )R3,3,y - (22)
| M g3 | LRy 5,

4. NUMERICAL EXAMPLE

The calculation involved the following data: length: 1,= 0.40m,
1,= 0.35m, 15= 0.18m, Rg= 0.195m, coordinates of the position
of crankset turning pair in the hip joint frame: (X040, Yo4,0) =
(0.22, -0.55), constant angle ac = 45° nine coordinates
(i Bpi): (0, 40°), (45°, 5°), (90°, 0), (135°, -15°), (1807,
-55°), (225°, 25°), (270°, 30°), (315°, 35°), (360°, 40°). The
calculation adopts constant torque for loading the crankset
Mg=10 N-m and constant force of a foot of one leg on the pedal
during the full cycle (pedal with gear).

The results of the above calculations are presented in Fig. 2.

a
Yo 1 2 3 4 5 x10'm
Xg
1
6
33 ¥R
7 . 3,3,x
8 Ri3
x101[m]




©; [deg]
100
O
100 200 300 [deg]
o
e, k
)]
100/\_/
MRi [N'm] M
R1
40
30 Mgo
20
10 MR3
00 200 3 [deg]
Ol
10
20

Fig. 2. Calculation results; a — simulation of limb movement during

5.

bicycle ride, b — courses of displacements in joints,
¢ — courses of balancing torques in joints

CONCLUSIONS

On the basis of the performed geometrical and static anal-

yses, the following conclusions are to be made:

Lower limb together with flat version crankset creates
an articulated pentagon with three drives.

Movement in the ankle joint is not strictly determined, realisa-
tion of movement is possible for several different courses
of the joint angle changes.

Based on the acquired results it can be stated that:

The ranges of relative angular displacements in the joints are:
hip 55°, knee 75° and ankle 65°.

The extreme values of relative angular displacements in the
joints are: hip 10° with a;,=35° and - 45° with a,;=220°, knee
-70° with a;,=150° and - 145° with «;,=330°, ankle 20° with
a;=140° and 85° with a;,=320°.

The torques are of similar character and reach the maximum
values in the joints: hip 40 N-m with a;,=155°, knee 25 N-m
with a;,=190° and ankle 10 N-m with a;,=170°.

During the full cycle there occur two positions, where torques
in the joints change their sense: in hip and ankle joint with
ai = 50° and a;= 260°, in knee joint with a;.= 85° and «,, =
310°.

The above values were obtained by means of adopted geo-

metrical measurements of the limb and bicycle, assuming con-
stant torque for loading the crankset. Further analysis involves:
changeability of the load torque, inertia interaction and optimisa-
tion of the geometrical measurements. It seems preferable
to develop a comprehensive limb model, including the anatomical
structure of the joints, which would allow for estimating the contact
load of bones and ligaments. Obtained results of the estimation
would give ground for clarification of practical guidelines concern-
ing the use of a bike, e.g. for knee arthroscopy rehabilitation,
where "movement therapy" is advisable.
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Abstract:The phenomenon of the tool rebound from the object processed, that can be noticed particularly in the case of impact marking,
has a negative influence on the quality of the processing of moving objects, which is a result of the blur effect caused by the shift of the ob-
ject processed at the time of its retraction. The objective of the study was to determine the influence of both the capacity of the chamber
of the accumulator and the working pressure on the characteristics of the phenomenon of the piston rebound from the obstacle that can be
noticed after it hits a hard fender for the very first time. The article present the results of research consisting in the analysis of the rebound
phenomenon for impact cylinder pistons. The tests were carried out for cylinders whose structure allowed for the change in the capacity
of the accumulator chamber. Cylinders with the pistons of 40 and 100 mm in diameter and supplied by 4 and 6 bar pressure were subject
to tests that were undertaken at the test stand equipped with Phantom V310 high speed digital camera

Key words: Impact Cylinder, High Speed Camera, Marking, Bounce, Kinetic Energy

1. INTRODUCTION

Impact cylinders are a kind of pneumatic actuators character-
ised by the speed of the movement of the piston several times
higher than the one of typical actuators, which depending on the
structure, can even reach the speed greater than 10 m/s. Sudden
acceleration is caused by the differential surface system,
as a result of which the entire surface of the piston is subject to
the influence of the pressure of the air stored in the container,
known as an accumulator, located at the back of the cylinder.

High working velocities of the piston allow for the application
of impact cylinders as a drive system ensuring high level of kinetic
energy. A relation between the energy and the mass as well as
the dimensions of the drive constitutes a significant advantage
of the device. The application of the pneumatic drive system
greatly increases the resistance of the kinematic system to over-
load taking place at the time of the impact. These features allow
for the application of high speed actuators in situations when
the piston’s force is of percussive character. The main areas
of technological application include marking, perforation and the
production of light pressed products (Lenczewski and tunarski,
1999; 2000, 2011; Mikulczynski and Kiczkowiak, 1999).

Because of the application of the gaseous working medium,
the collision of the piston with the obstacle is characterized
by a high restitution coefficient. As a result of the collision, uncon-
trolled rebound of the piston from the object and its pneumatically
enforced return to the object's surface take place. These are
caused by the influence of the pressure of the air stored in the
chamber of the cylinder (Liu and Jiang, 2007). The second time
the piston hits the object ends with a dynamic finisher.

This phenomenon badly influences the quality of edges creat-
ed at the time of marking or pressing. The intensity of disturb-
ances increases in the case of operations performed on a fast
moving object. As a result of a constant movement of the object,
the area of the second impact of the piston does not agree with
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the first one and thus the edges of the initially created cavity are
damaged and blurred. In order to estimate the parameters of the
technological process of quick marking, it is necessary to deter-
mine the real time of the impact of the head with the processed
surface.

Current studies concerning the determination of energy pa-
rameters of cylinders allowed the characteristics of the piston
stroke to be recorded with the use of laser triangulation method
(Czajka and Giesko, 2008). The resolution of the method, howev-
er, did not allow for the recording of the brief collision of the tool
with the obstacle. Simulation tests for high speed cylinders were
predominantly directed at the development of a mathematical
model enabling the optimization of process parameters and the
selection of a proper tool (Kiczkowiak and Grymek, 2000). The
application of high speed digital cameras enabled the movement
of the piston to be recorded with high resolution which allowed for
exact identification and analysis of the collision proces (Zbrowski
and Jézwik, 2012a, b). The application of high speed vision tech-
niques resulted in the increase in sampling frequency up to 6 kHz.

2. PRESENTATION OF THE PROBLEM

Tests carried out with view of determining the movement
characteristics for impact cylinders indicated that after the collision
of the piston with the obstacle a rebound of the piston connected
with a dynamic finisher and a stop could be noticed.

In the case of some applications, the rebound of the piston
is pretty disadvantageous as repeated uncontrolled strikes
of the piston may worsen the quality of the geometry or the
structure of the processed surface. A blur effect caused by the
shift of the processed object can be observed for the processing
of fast moving objects (Fig. 1).
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Fig. 1. Blur effect caused by the rebound

The characteristics of the movement of the piston (Fig. 2)
depict the rebound effect in which after the collision of the piston
with the fender, an oscillatory change in the direction
of the movement can be noticed.
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Fig. 2. Characteristics of the moment of the piston in the time function

The objective of the tests conducted was to determine
the influence of the capacity of the chamber of the accumulator
and the working pressure on the characteristics of the rebound
of the piston from the processed surface after the first strike.

3. RESEARCH METHOD AND TEST STAND

The measurements were carried out on the test stand
intended particularly for impact cylinder tests (Giesko et al., 2007;
Czajka et al., 2008; Giesko and Zbrowski, 2008) that was modified
in a way enabling the observation of the phenomenon (Fig. 3).
The movement of the cylinder was impeded by a 25 mm thick
steel plate that was used as a hard fender, which was located
130 mm away from the head of the piston of the D40 cylinder
and 100 mm from the head of the piston of the D100 cylinder.

A high speed Phantom V 310 camera by Vision Research
and halogen lighting were used (Fig. 3).The tests were carried
out for actuators equipped with a regulation screw enabling
the regulation of the volume of the chamber of the accumulator.
The cylinders that were under investigation had piston
of 40 and 100 mm in diameter and they were supplied by the air
of 4 and 6 bars.

The measurement system was calibrated with the use of the
pattern length located behind the piston, parallel to the direction
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of its movement. The parameters of the camera and the lighting
system used allowed the phenomenon to be recorded at the
speed of 6000 fps, resolution of 800x600 pixels and the exposure
time of 0.1 ms.

a) A, = — Model len
f gth
- i o=,
! \__Fender
Accumulator chamber %/ T Camera vision angle
Regulation screw []
camera
~ Lighting
PC
b)

Fig. 3. Measurement stand: a) draft, b) view
4. TESTS RESULTS

Characteristics of the movement of the piston were
determined with the use of TEMA MOTION commercial software
intended for image analysis. High resolution of the method
revealed that after its collision with the fender, the piston rebounds
of its surface and then hits the obstacle again and stops.
The speed of the first impact is presented in Fig. 4.
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Fig. 4. Impact speed

0

The rebound phenomenon was not observed for the D100
actuator with the minimum capacity of the chamber of the
accumulator.

From the characteristics of the movement path of the piston
recorded in the function of time (Fig. 5) it appears that for D40
and D100 cylinders supplied by the pressure of 0.4 MPa,
the distance of the rebound increases together with the volume
of the regulatory chamber, whereas for the D100 actuator fed
by the pressure of 0.6 MPa, the rebound time is visibly shorter,
with no significant differences in the distance.
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Fig. 5. Characteristics of the movement path of the piston in the function Fig. 6. Characteristics of the speed of the piston in the function of time:
of time: a) D40 actuator with pressure of 0.4 MPa, b) D40 a) D40 actuator with pressure of 0.4 MPa, b) D40 actuator
actuator with pressure of 0.6 MPa, c) D100 actuator with pressure with pressure of 0.6 MPa, c) D100 actuator with pressure
of 0.4 MPa, d) D100 actuator with pressure of 0.6 MPa. of 0.4 MPa, d) D100 actuator with pressure of 0.6 MPa.
(The ,I” values stand for the volume of the regulation chamber) (The ,|” values stand for the volume of the regulation chamber)

90



The characteristics of the speed of the piston movement in the
function of time (Fig. 6) indicate that the speed of the rebound
is proportional to the volume of the chamber of the accumulator
and the supply pressure.

The increase in the volume of the chamber of the accumulator
leads to the growth in the distance the piston moves at after the
rebound (Fig. 7) and accelerates the speed of the rebound

(Fig. 8).
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Fig. 7. Characteristics of the distance of the rebound in relation
to the volume of the chamber of the accumulator
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At the time of the first collision, there was vacuum in the
chamber of the D100x200 actuator (speed of the piston
decreased) (Lenczewski and tunarski, 2001). The increase in the
speed of the backward movement of the piston could be noticed
for ca. 8 ms after the rebound (Fig. 7). High value of the rebound
for the feed pressure of 6 bars is a result of the increased speed
of the first impact in comparison to the feed pressure of 4 bars.

The rebound time for the D40 cylinder does not change much,
while for the D100 actuator it decreases together with the level
to which the regulatory chamber is filled up (Fig. 9). For the D40
actuator the energy of the finisher amounted to ca. 12%
of the energy of the first impact. For the D100 actuator the energy
quotient for the first and the second impact is dependent on the
feed pressure and the volume of the chamber of the accumulator
(Fig. 10).

5. CONCLUSIONS

Application of high speed vision techniques enables precise
recording of the collision of the piston of the impact cylinder with
the obstacle.

The characteristics of the movement of the piston obtained
can be used for the designing of technological stands in which
the object processed moves at a great speed in relation to the tool
mounted on the piston of the impact cylinder. The determination
of the rebound time allows the permissible speed of the shift
of the object processed to be established.

On the basis of the tests conducted a following remark can be
made; D100 actuators supplied by the standard pressure of 6 bars
are characterized by a longer rebound time than D40 ones. This is
connected with the piston stroke; the speed of the repeated
rebound is, however, greater than in the case of the D40 actuator.

The reduction of the feed pressure for both the actuators
tested results in a prolonged time of rebound and badly influences
the efficiency of the technological process.
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ABSTRACTS

Adam Adamowicz, Piotr Grze$
Convective Cooling of a Disc Brake During Single Braking

This study is primarily focused on the investigation of an impact of heat transfer coefficient on heat dissipation from the solid disc using the finite
element method (FEM). The analysis was carried out within four individual cases of braking of the passenger vehicle simulating mountain de-
scent with different velocities and the following release periods, where the convective terms of cooling were dependent on the angular velocity
of the disc. For the purpose of confronting contrasting conditions of the braking action, apart from heating region, the whole surface of the disc
was insulated. The process was performed under the operation conditions of a real front disc brake, whose dimensions and thermophysical
properties of materials were adopted and applied to the FE model. It was concluded that the influence of cooling of the exposed surfaces
of the disc during relatively short braking is insignificant. However the period after brake release results in considerable decrease in temperature
of the disc.

Jacek Batchanowski, Antoni Gronowicz
Design and Simulations of Wheel-Legged Mobile Robot

The problems of determining dynamic and kinematic parameters of wheel-legged mobile robot were considered in the paper. The numerical
computer model of robot was worked out and simulation researches of suspension were completed. The motion of wheel on road with obstacles
and walking motion of wheel were analyzed for determining kinematic and dynamic parameters.

Pawet Baranowski, Pawet Bogusz, Pawet Gotowicki, Jerzy Matachowski
Assessment of Mechanical Properties of Offroad Vehicle Tire: Coupons Testing and FE Model Development

In this paper the subsequent stages of tire rubber coupons mechanical properties experimental assessment are presented. Experimental uniaxial
tension and compression tests were carried out on the strength testing machine with the assistance of high-speed camera and special software
for strain measurements. Obtained stress-strain curves were applied into the chosen Mooney-Rivlin constitutive rubber material model in order
to estimate necessary material constants. Simultaneously, the numerical off-road vehicle tire model was developed. Geometry of the tire and rim
was achieved using a 3D scanning method. Moreover, with the assistance of microscope and X-ray device the tire cords pattern was verified,
which in the next stages was implemented into the FE model. Consequently, tire radial deflection test was simulated in order to validate evaluat-
ed material constants and proposed concept of the numerical tire modelling. Obtained results were compared with the actual deflection test data
included in technical documentation of the tire.

Leszek Cedro
Identification of an Electrically Driven Manipulator Using the Differential Filters - Input Error Method

The paper presents an example of solving the parameter identification problem in case of robot with three degrees of freedom has been present-
ed. The identification has been performed with the use of elaborated differential filters. The applied identification method does not require differ-
ential equations solving but only determining the appropriate derivatives. Identification method and its generalizations using the object inverse
model require information on time derivatives of the input and output signals. The required derivative order depends on the order of differential
equations describing the object.

Adam Czaplicki, Krzysztof Dziewiecki, Tomasz Sacewicz
Identification of Internal Loads at the Selected Joints and Validation of a Biomechanical Model During Performance
of the Handspring Front Somersault

The handspring front somersault in pike position is analyzed in this paper. The computations have been based on a three-dimensional model
of the human body defined in natural coordinates. The time histories of net muscle torques and internal reactions at the ankle, knee, hip and up-
per trunk-neck joints have been obtained after the solution of the inverse dynamics problem. The sagittal, frontal and transverse plane compo-
nents of selected net muscle torques and internal reactions are presented and discussed in the paper. It has also been demonstrated that natu-
ral coordinates provide a useful framework for modelling spatial biomechanical structures.

Marek Dzwiarek
Practical Examples of Determination of Frequency of Periodical Inspection of Machinery Safety Systems

The paper deals with the problem of choosing an appropriate inspection interval for monitoring of safety related control systems in machinery.
According to international standards the safety related systems are categorized according to their Safety Integrity Levels or Performance Levels,
depending on their reliability parameters. Extremely simple, approximate models have been proposed in order to provide practitioners without
reliability training with useful tools for the determination of inspection policies. The method(s) based on the required availability of the system.
The paper presents some practical examples of systems of categories B, 1 and 3, respectively The frequencies of periodical inspection are cal-
culated for: system monitoring closure of the door, behind which a dangerous element moves slowly, system of monitoring the access door
on the automated production line and system, in which a light curtain is employed to monitor the access to the dangerous zone of an automatic
assembly machine.
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Marcin Graba
Numerical Verification of the Relationship Between The “In-Plane Geometric Con-Straints” used in Fracture Mechanics Problems

In the paper, numerical verification and catalogue of the numerical solutions based on Modify Boundary Layer Approach to de-termine the rela-
tionship between Q-stress and T-stress are presented. Based on the method proposed by Larsson and Carlsson, the Q-stress value are calcu-
lated for some elastic-plastic materials for different value of T-stress and external load expressed by J-integral. The influence of the external
load, T-stress value and material properties on Q-stress value were tested. Such catalogue may be useful during solving the engineering prob-
lems, especially while is needed to determine real fracture toughness with including the geometric constraints, what was proposed in FITNET
procedures.

Antoni Gronowicz, Jarostaw Szrek, Stawomir Wudarczyk
A Rig for Testing the Leg of a Wheel-Legged Robot

The paper describes a rig specially constructed for testing a single leg of the wheel-legged robot being designed and presents exemplary test
results. The aim of the tests was to verify the mechanical structure and control system operation in laboratory conditions. The operation of the
control, communication and data transmission modules was verified. Also tests aimed at selecting proper parameters for the drive controllers
were carried out on the test rig.

Jerzy Jaroszewicz , Krzysztof K. Zur
Limitation of Cauchy Function Method in Analysis of Estimators of Frequency and Form of Natural Vibrations of Circular Plate
with Variable Thickness and Clamped Edges

In this paper the Berstein-Kieropian double estimators of basic natural frequency of circular plate with power variable thickness along the radius
and clamped edges in diaphragm form were analyzed in a theoretical approach. The approximate solution of boundary problem of transversal
vibration by means of Cauchy function and characteristic series method has been applied for chosen values of power indicator of variable thick-
ness m and material Poisson’s ratio v has been chosen which led to exact form solutions. Particular attention has been given to a singularity
arising from the uncertainty of estimates of Bernstein-Kieropian. Improving this method has been obtained the general form of Cauchy function
for arbitrary values of m and v, which are physically justified. Therefore, the aim of the paper was to explore the reason why for a plate above
a certain value m=3.97 exact solution, which Conway couldn’t receive (Conway, 1958a, b).

Tadeusz Kaczorek
Positive Realizations for Descriptor Discrete-Time Linear Systems

Conditions for the existence of positive realizations for descriptor discrete-time linear systems are established. A procedure for computation
of positive realizations for improper transfer matrices is proposed. The effectiveness of the method is demonstrated on numerical example.

Jozef Knapczyk , Mateusz Ryska
Stiffness Matrix Analysis of Six-Revolute Serial Manipulator

This paper presents a simple procedure that can be used to determine the stiffness matrix of 6R serial manipulator in selected points of the work
space with joint stiffness coefficients taking into account. Elastokinematical model for the robot manipulator FANUC S-420F was considered
as spatial and serial kinematical chain composed of six rigid links, connected by ideal revolute joint (without clearances and deformable ele-
ments), with torsion elasticity of the joint drive system (relative torsion deformations are proportional to acted torques) taking into account.
Assumed model is used for displacement analysis of the end-effector for a given applied force in quasi-static condition. The analysis results
are presented as Cartesian stiffness matrix of studied manipulator.

Igor Maciejewski
Load-Dependent Controller of the Active Seat Suspension with Adaptive Mass Recognizing

The paper deals with the load dependent control system of active seat suspension. This system based on the primary controller which evaluates
the desired active force, the reverse model which calculates the input signal of force actuator and the adaptation mechanism which recognizes
the actual mass loading. An optimisation procedure additionally presented in this paper allows to find the primary controller settings that mini-
mizes the vibration of cabin's floor transmitted to operator's seat at the pre-defined value of the maximum relative displacement of suspension
system.

Adam Niestony, Michat Béhm
Mean Stress Value in Spectral Method for the Determination of Fatigue Life

The paper presents a proposal of account of mean stress value in the process of the determination of the fatigue life, using the spectral method.
The existing approaches have been described and some chosen stress models used to take into account the influence of the mean value
in the process of the determination of fatigue life have been introduced. Those models, referring to their linear character, have been used to de-
termine the power spectral density function (PSD) of the transformed stress taking into account the mean value. The method introduced
by the authors allows a wide usage of many formulas used to predict the fatigue life by means of the spectral method.
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Grzegorz Orzechowski, Janusz Fraczek
Integration of the Equations of Motion of Multibody Systems Using Absolute Nodal Coordinate Formulation

Recently, a finite element formulation, called the absolute nodal coordinate formulation (ANCF), was proposed for the large rotation and defor-
mation analysis of flexible bodies. In this formulation, absolute position and slope coordinates are used to define the finite element configuration.
Infinitesimal or finite rotations are not used as nodal coordinates. The ANCF finite elements have many unique features that distinguish them
from other existing finite element methods used in the dynamic analysis of the flexible multibody systems. In such systems, there appears
the necessity of solving systems of differential-algebraic equations (DAEs) of index 3. Accurate solving of the DAEs is a non-trivial problem.
However, in the literature about the ANCF one can hardly find any detailed information about the procedures that are used to solve the DAEs.
Therefore, the current paper is devoted to the analysis of selected DAE solvers, which are applied to simulations of simple mechanisms.

Andrzej A. Stepniewski
Loads of Lower Limb Joints During Bicycle Ride

This work features a geometric and static analysis of the lower limb during bicycle ride. Basic dimensions are indicated, which are necessary
for the description of movement geometry. The simplified flat model was adopted for the analysis. Using the transfor-mation of Denavit-
Hartenberg frames, vectors were developed for the position of the rotation axis of the joints in immovable frame. The inverse kinematics problem
was solved. The course of displacement changes in the ankle joint was adopted as an angle function for crankset position, based on experi-
mental research results, published in professional literature. The course was approximated with fifth grade polynomial. Joint displacements
and loads were established. A sample calculation is presented, illustrating the subject computational algorithm.

Andrzej Zbrowski, Wojciech Jozwik
Impact Process Identification for Impact Cylinder Piston

The phenomenon of the tool rebound from the object processed, that can be noticed particularly in the case of impact marking, has a negative
influence on the quality of the processing of moving objects, which is a result of the blur effect caused by the shift of the object processed
at the time of its retraction. The objective of the study was to determine the influence of both the capacity of the chamber of the accumulator
and the working pressure on the characteristics of the phenomenon of the piston rebound from the obstacle that can be noticed after it hits
a hard fender for the very first time. The article present the results of research consisting in the analysis of the rebound phenomenon for impact
cylinder pistons. The tests were carried out for cylinders whose structure allowed for the change in the capacity of the accumulator chamber.
Cylinders with the pistons of 40 and 100 mm in diameter and supplied by 4 and 6 bar pressure were subject to tests that were undertaken
at the test stand equipped with Phantom V310 high speed digital camera
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