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Elementary Introduction to Stochastic
Finance in Discrete Time

Peter Jaeger
Ludwig Maximilians University of Munich
Germany

Summary. This article gives an elementary introduction to stochastic
finance (in discrete time). A formalization of random variables is given and some
elements of Borel sets are considered. Furthermore, special functions (for buying
a present portfolio and the value of a portfolio in the future) and some statements
about the relation between these functions are introduced. For details see: [8] (p.
185), [7] (pp- 12, 20), [6] (pp. 3-6).

MML identifier: FINANCE1, version: 7.12.01 4.167.1133

The notation and terminology used in this paper have been introduced in the
following papers: [15], [2], [1], [3], [4], [11], [10], [9], [5], [14], [12], and [13].

We use the following convention: Op, Oy are non empty sets, Si, F are
o-fields of subsets of O1, and Sy, Fy are o-fields of subsets of Os.

Let a, r be real numbers. We introduce the halfline finance of a and r as a
synonym of [a,r[. Then the halfline finance of a and r is a subset of R.

We now state two propositions:

(1) For every real number & holds R\ [k, +00[ = |—00, k.
(2) For every real number k holds R\ |—o0, k[ = [k, +00].

Let a, b be real numbers. The half open sets of a and b yields a sequence of
subsets of R and is defined by the conditions (Def. 1).

(Def. 1)(i)  (The half open sets of a and b)(0) = the halfline finance of a and
b+ 1, and
(ii) for every element n of N holds (the half open sets of a and b)(n+1) = the

halfline finance of a and b + n%rl

A sequence of real numbers is said to be a price function if:
@ 2012 University of Bialystok
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2 PETER JAEGER

(Def. 2) 1t(0) = 1 and for every element n of N holds it(n) > 0.

Let p1, j1 be sequences of real numbers. We introduce the elements of buy
portfolio of p; and j; as a synonym of p; - j1. Then the elements of buy portfolio
of p1 and j; is a sequence of real numbers.

Let d be a natural number. The buy portfolio extension of py, ji1, and d
yields an element of R and is defined as follows:

(Def. 3) The buy portfolio extension of p1, ji, and d = (3.5 _, (the elements of
buy portfolio of p; and j1)(«))ken(d).
The buy portfolio of p1, ji, and d yielding an element of R is defined as follows:
(Def. 4) The buy portfolio of p1, j1, and d = (3°5 _((the elements of buy portfolio
of p1 and j1) T 1)(a))ren(d — 1).

Let O1, Os be sets, let S1 be a o-field of subsets of O, let Sy be a o-field of
subsets of Os, and let X be a function. We say that X is random variable on
S1 and Sy if and only if:

(Def. 5) For every element x of S holds {y € O1: X(y) is an element of z} is an
element of Sj.

Let O1, O3 be sets, let F' be a o-field of subsets of O1, and let F5 be a o-field
of subsets of Oz. The set of random variables on F' and F3 is defined by:

(Def. 6) The set of random variables on F' and Fy = {f : O1 — Os: f is random
variable on F' and Fb}.

Let us consider O1, O, F', F5. One can check that the set of random variables
on F' and F» is non empty.

Let O1, Oy be non empty sets, let I’ be a o-field of subsets of O1, let F5 be
a o-field of subsets of Oo, and let X be a set. Let us assume that X = the set of
random variables on F' and F5. Let k be an element of X. The change element
to function F', F5, and k yielding a function from O; into Os is defined by:

(Def. 7) The change element to function F', Fy, and k = k.

Let O1 be a non empty set, let F' be a o-field of subsets of O1, let X be a

non empty set, and let & be an element of X. The random variables for future

elements of portfolio value of F' and k yields a function from O; into R and is
defined by the condition (Def. 8).

(Def. 8) Let w be an element of O;. Then (the random variables for future ele-
ments of portfolio value of F' and k)(w) = (the change element to function
F, the Borel sets, and k)(w).

Let p be a natural number, let O1, Os be non empty sets, let I’ be a o-field
of subsets of 01, let F5 be a o-field of subsets of Os, and let X be a set. Let us
assume that X = the set of random variables on F' and F5. Let G be a function
from N into X. The element of F', F», G, and p yields a function from O; into
O9 and is defined as follows:

(Def. 9) The element of F', F5, G, and p = G(p).
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Let r be a real number, let O; be a non empty set, let ' be a o-field of
subsets of O1, let X be a non empty set, let w be an element of Oy, let G
be a function from N into X, and let p; be a sequence of real numbers. The
future elements of portfolio value of r, p1, F', w, and G yields a sequence of real
numbers and is defined by the condition (Def. 10).

(Def. 10) Let n be an element of N. Then (the future elements of portfolio value
of r, p1, F, w, and G)(n) = (the random variables for future elements of
portfolio value of F' and G(n))(w) - p1(n).

Let r be a real number, let d be a natural number, let p; be a sequence of
real numbers, let O; be a non empty set, let F' be a o-field of subsets of Oy,
let X be a non empty set, let G be a function from N into X, and let w be
an element of O1. The future portfolio value extension of r, d, p1, F', G, and w
yields an element of R and is defined by the condition (Def. 11).

(Def. 11) The future portfolio value extension of r, d, p1, F, G, and w =
(>ok_p (the future elements of portfolio value of r, p;, F, w, and
G)())wen(d).

The future portfolio value of r, d, p1, F, GG, and w yields an element of R and
is defined by the condition (Def. 12).

(Def. 12) The future portfolio value of r, d, p1, F, G, and w = (3_5_((the future
elements of portfolio value of r, p1, F, w, and G) T 1)(a))ken(d — 1).
Let us observe that there exists an element of the Borel sets which is non
empty.
One can prove the following propositions:
(3) For every real number k holds [k, +oo] is an element of the Borel sets
and |—oo, k[ is an element of the Borel sets.

(4) For all real numbers kj, k2 holds [ke, k1] is an element of the Borel sets.

(5) For all real numbers a, b holds Intersection (the half open sets of a and
b) is an element of the Borel sets.

(6) For all real numbers a, b holds Intersection (the half open sets of a and
b) = [a, b].

(7) Let a, b be real numbers and n be a natural number. Then (the partial
intersections of the half open sets of a and b)(n) is an element of the Borel
sets.

(8) For all real numbers k1, ko holds [ka, k1] is an element of the Borel sets.

(9) Let X be a function from O; into R. Suppose X is random variable
on S and the Borel sets. Then for every real number & holds {w € Os:
X(w) > k} is an element of S and {w € O;: X(w) < k} is an element
of Sy and for all real numbers ki, ko such that k1 < kg holds {w € Oy:
ki < X(w) N X(w) < ka} is an element of S; and for all real numbers
k1, ko such that k1 < kg holds {w € O1: k1 < X(w) A X(w) < ka} is an
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element of S} and for every real number r holds LE-dom(X,r) = {w € Oy:
X (w) < r} and for every real number r holds GTE-dom(X,r) = {w € Oy:
X(w) > r} and for every real number r holds EQ-dom(X,r) = {w € Oy:
X (w) = r} and for every real number r holds EQ-dom(X, ) is an element
of Sl.

(10) For every real number s holds O; — s is random variable on S; and
the Borel sets.

(11) Let p; be a sequence of real numbers, j; be a price function, and d be a
natural number. Suppose d > 0. Then the buy portfolio extension of pi,
j1, and d = p1(0) + the buy portfolio of pi, ji, and d.

(12) Let d be a natural number. Suppose d > 0. Let 7 be a real number, p;
be a sequence of real numbers, and G be a function from N into the set of
random variables on F' and the Borel sets. Suppose the element of F, the
Borel sets, G, and 0 = O1 —— 1+ r. Let w be an element of O;. Then the
future portfolio value extension of r, d, p1, F, G, and w = (14+7)-p1(0)+the
future portfolio value of r, d, p1, F', G, and w.

(13) Let d be a natural number. Suppose d > 0. Let r be a real number.
Suppose 7 > —1. Let p; be a sequence of real numbers, j; be a price
function, and G be a function from N into the set of random variables on
F and the Borel sets. Suppose the element of F', the Borel sets, G, and
0 =01 +—— 1+ 7. Let w be an element of O;. Suppose the buy portfolio
extension of p1, j1, and d < 0. Then the future portfolio value extension
of r, d, p1, F, G, and w < (the future portfolio value of r, d, p1, F, G,
and w) — (1 + ) - the buy portfolio of p;, ji, and d.

(14) Let d be a natural number. Suppose d > 0. Let r be a real number.
Suppose r > —1. Let p; be a sequence of real numbers, j; be a price
function, and G be a function from N into the set of random variables on
F and the Borel sets. Suppose the element of F', the Borel sets, G, and
0 = O1 —— 1+r. Suppose the buy portfolio extension of p1, j1, and d < 0.
Then

(i)  {w € Os: the future portfolio value extension of r, d, p1, F, G, and
w > 0} C {w € Oy: the future portfolio value of r, d, p1, F, G, and
w > (14 r) - the buy portfolio of p1, j1, and d}, and

(i)  {w € Os: the future portfolio value extension of r, d, p1, F, G, and
w > 0} C {w € Oy: the future portfolio value of r, d, p1, F, G, and

> (14 r) - the buy portfolio of p1, j1, and d}.

(15) Let f be a function from O; into R. Suppose f is random variable on S;
and the Borel sets. Then f is measurable on {2(g,) and f is a real-valued
random variable on Sj.

(16) The set of random variables on S; and the Borel sets C the real-valued
random variables set on 5.
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Summary. In the article we introduce a valuation function over a field [1].

Ring of non negative elements and its ideal of positive elements have been also
defined.
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The notation and terminology used here have been introduced in the following
papers: [11], [19], [4], [15], [20], [8], [21], [10], [9], [16], [3], [5], [7]. (18], [17], [13],
[14], [6], [2], and [12].

1. EXTENDED REALS

We use the following convention: z, ¥, z, s are extended real numbers, ¢ is
an integer, and n, m are natural numbers.
The following propositions are true:
(1) If z = —=x, then z = 0.
(2) Ifx+x=0,then z=0.
(© 2012 University of Biatystok
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fo<z<yand0<s<z thenz-s<y-z.
Ify;é—i—ooand0<xand0<y,then0<%.
Ify;é+ooandx<0<y,then%<0.

Ify;é—ooand0<a:andy<0,then§<O.

t

J

Ifw,yGRorzER,then%ﬂ’:§+%.
Ify7é+ooandy7é—ooandy7é0,then%-y:x.
9 Ify;é—ooandy;«é—i—ooandx;éOandy;éO,then%#().

Let = be a number. We say that x is extended integer if and only if:

e e e e T
co D
~— — ~— — ~— ~— ~—

(Def. 1) =z is integer or z = 400.
Let us mention that every number which is extended integer is also extended
real.
One can verify the following observations:
* 400 is extended integer,
% —o00 is non extended integer,
* 1 is extended integer, positive, and real,
* every number which is integer is also extended integer, and
* every number which is real and extended integer is also integer.
Let us observe that there exists an element of R which is real, extended inte-
ger, and positive and there exists an extended integer number which is positive.
An extended integer is an extended integer number.
In the sequel z, y, v denote extended integers.
One can prove the following propositions:
(10) Ifzx <y, thenz+1<y.
(11) —oo < z.
Let X be an extended real-membered set. Let us assume that there exists
a positive extended integer i¢ such that ¢g € X. The functor least-positive X
yielding a positive extended integer is defined by:
(Def. 2) least-positive X € X and for every positive extended integer i such that
i € X holds least-positive X < 1.
Let f be a binary relation. We say that f is extended integer valued if and
only if:
(Def. 3) For every set x such that = € rng f holds z is extended integer.
Let us note that there exists a function which is extended integer valued.
Let A be a set. Note that there exists a function from A into R which is
extended integer valued.
Let f be an extended integer valued function and let x be a set. Note that
f(z) is extended integer.
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2. STRUCTURES

One can prove the following proposition

(12) Let K be a distributive left unital add-associative right zeroed right
complementable non empty double loop structure. Then —1x-—1x = 1.

Let K be a non empty double loop structure, let S be a subset of K, and
let n be a natural number. The functor S™ yielding a subset of K is defined by:
(Def. 4)(i) S™ = the carrier of K if n =0,
(ii)  there exists a finite sequence f of elements of 2the carrier of K gyichy that
S™ = f(len f) and len f = n and f(1) = S and for every natural number
i such that 4, i + 1 € dom f holds f(i + 1) = S * f;, otherwise.
In the sequel A denotes a subset of D. The following propositions are true:
(13) Al = A.
(14) A?=AxA.
Let R be a ring, let S be an ideal of R, and let n be a natural number.
Observe that S™ is non empty, add closed, left ideal, and right ideal.
Let G be a non empty double loop structure, let g be an element of G, and
let i be an integer. The functor ¢ yielding an element of G is defined as follows:

(Def. 5) ¢_{

Let G be a non empty double loop structure, let g be an element of G, and

powerq(g, |i]), if 0 <4,
powerg(g, |i]) 7!, otherwise.

let n be a natural number. Then g™ can be characterized by the condition:
(Def. 6) g¢™ = powerg(g,n).

In the sequel K is a field-like non degenerated associative add-associative
right zeroed right complementable distributive Abelian non empty double loop
structure and a, b, ¢ are elements of K. We now state two propositions:

(15) a™™™ =qa"-a™.

(16) If a # Ok, then a’ # O

3. VALUATION

Let K be a double loop structure. We say that K has a valuation if and only
if the condition (Def. 7) is satisfied.

(Def. 7) There exists an extended integer valued function f from K into R such
that
) for every element a of K such that a # O holds f(a) € Z,
(iii)  for all elements a, b of K holds f(a-b) = f(a) + f(b),
) for every element a of K such that 0 < f(a) holds 0 < f(1x + a), and
) there exists an element a of K such that f(a) # 0 and f(a) # +oc.
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Let K be a double loop structure. Let us assume that K has a valuation.
An extended integer valued function from K into R is said to be a valuation of
K if it satisfies the conditions (Def. 8).
(Def. 8)(i) It(0x) = o0,

(ii) for every element a of K such that a # Ok holds it(a) € Z,

(iii)  for all elements a, b of K holds it(a - b) = it(a) + it(b),

(iv)  for every element a of K such that 0 < it(a) holds 0 < it(1x + a), and

(v)  there exists an element a of K such that it(a) # 0 and it(a) # +oo.

In the sequel v denotes a valuation of K.
One can prove the following propositions:

If K has a valuation, then v(1g) = 0.

If K has a valuation and a # O, then v(a) # +oo.

If K has a valuation, then v(—1g) = 0.

If K has a valuation, then v(—a) = v(a).

If K has a valuation and a # O, then v(a™!) = —v(a).

If K has a valuation and b # Oy, then v(§) = v(a) — v(b).

If K has a valuation and a # Ox and b # O, then v(}) = —v(g).
If K has a valuation and b # Ox and 0 < v(%), then v(b) < v(a).

If K has a valuation and a # Ox and b # Ox and v(7) < 0, then
0 <w(2).

N = =
S © oo 3

e e e e T T T N
NN
=W NN =

S N N e T N N N N

[\
t

26) If K has a valuation and b # Ox and v(§) < 0, then v(a) < v(b).
27) If K has a valuation, then min(v(a),v(b)) < v(a + b).

28) If K has a valuation and v(a) < v(b), then v(a) = v(a + b).

29) If K has a valuation and a # Ok, then v(a’) =i - v(a).

w
(=)

If K has a valuation and 0 < v(1x + a), then 0 < v(a).
If K has a valuation and 0 < v(1x — a), then 0 < v(a).
If K has a valuation and a # Ox and v(a) < v(b), then 0 < v(%).

If K has a valuation, then 400 € rngwv.

W W w
= W N

If v(a) = 1, then least-positiverngv = 1.

w
ot

If K has a valuation, then least-positiverng v is integer.

e N N T N T e e N e N e N
w w
(=] —
N e e e e e N N N N N

If K has a valuation, then for every element x of K such that z # Ox
there exists an integer ¢ such that v(x) = i - least-positive rng v.

Let us consider K, v. Let us assume that K has a valuation. The functor
Pgenerator v yielding an element of K is defined as follows:

(Def. 9) Pgenerator v = the element of v~!({least-positiverng v}).

Let us consider K, v. Let us assume that K has a valuation. The functor
normal-valuation v yields a valuation of K and is defined by:

(Def. 10) wv(a) = (normal-valuationv)(a) - least-positive rng v.
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We now state a number of propositions:
(37) If K has a valuation, then v(a) = 0 iff (normal-valuationv)(a) = 0.
(38) If K has a valuation, then v(a) = +oo0 iff (normal-valuation v)(a) = +oc.

(39) If K has a valuation, then v(a) = v(b) iff (normal-valuationv)(a) =
(normal-valuation v)(b).

(40) If K has a valuation, then v(a) is positive iff (normal-valuationv)(a) is
positive.

(41) If K has a valuation, then 0 < v(a) iff 0 < (normal-valuation v)(a).

(42) If K has a valuation, then v(a) is non negative iff (normal-valuation v)(a)

is non negative.
(43) If K has a valuation, then (normal-valuation v)(Pgenerator v) = 1.
(44) If K has a valuation and 0 < v(a), then (normal-valuationv)(a) < v(a).
(45
(

46

)
)
) If K has a valuation and v(a) = 1, then normal-valuationv = v.

) If K has a valuation, then normal-valuation(normal-valuationv) =
normal-valuation v.

4. VALUATION RING

Let K be a non empty double loop structure and let v be a valuation of K.
The functor NonNegElements v is defined as follows:

(Def. 11) NonNegElementsv = {z € K: 0 < v(x)}.
The following four propositions are true:
(47) Let K be a non empty double loop structure, v be a valuation of K, and
a be an element of K. Then a € NonNegElements v if and only if 0 < v(a).
(48) For every non empty double loop structure K and for every valuation v
of K holds NonNegElementsv C the carrier of K.

(49) For every non empty double loop structure K and for every valuation v
of K such that K has a valuation holds 0 € NonNegElements v.

(50) If K has a valuation, then 1x € NonNegElementsv.

Let us consider K, v. Let us assume that K has a valuation. The functor
ValuatRing v yields a strict commutative non degenerated ring and is defined
by the conditions (Def. 12).
(Def. 12)(i)  The carrier of ValuatRing v = NonNegElements v,
(ii)  the addition of ValuatRing v = (the addition of K)[(NonNegElements v x
NonNegElements v),
(iii) the multiplication of ValuatRingv = (the multiplication of
K)[(NonNegElements v x NonNegElements v),
(iv)  the zero of ValuatRingv = O, and
(v)  the one of ValuatRingv = 1.
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The following propositions are true:

(51) If K has a valuation, then every element of ValuatRingv is an element
of K.

(52) If K has a valuation, then 0 < v(a) iff a is an element of ValuatRingv.

(53) If K has a valuation, then for every subset S of ValuatRingv holds 0 is
a lower bound of v°S.

(54) Suppose K has a valuation. Let x, y be elements of K and z1, y; be
elements of ValuatRingv. If x = z; and y = y1, then x +y = 21 + y1.

(55) Suppose K has a valuation. Let x, y be elements of K and x1, y; be
elements of ValuatRingv. If x = z; and y = y1, then -y = x1 - y1.

(56) If K has a valuation, then OvaluatRingv = Ok -
(67) If K has a valuation, then lvaluatRingv = 1K -

(58) If K has a valuation, then for every element x of K and for every element
y of ValuatRing v such that x = y holds —x = —y.

(59) If K has a valuation, then ValuatRing v is integral domain-like.
(60) If K has a valuation, then for every element y of ValuatRingwv holds
powerK(y, n) = powerValuatRingv(ya TL)

Let us consider K, v. Let us assume that K has a valuation. The functor
PosElements v yields an ideal of ValuatRingv and is defined as follows:

(Def. 13) PosElementsv = {z € K: 0 < v(z)}.
Let us consider K, v. We introduce vpv as a synonym of PosElements v.
Next we state three propositions:
(61) If K has a valuation, then a € vpuv iff 0 < v(a).
(62) If K has a valuation, then Ox € vpo.
(63) If K has a valuation, then 1x ¢ vpo.
Let us consider K, v and let .S be a non empty subset of K. Let us assume

that K has a valuation and S is a subset of ValuatRing v. The functor min(S, v)
yielding a subset of ValuatRing v is defined as follows:

(Def. 14) min(S,v) = v~ ({inf(v°9)}) N S.
The following four propositions are true:

(64) For every non empty subset S of K such that K has a valuation and S
is a subset of ValuatRingv holds min(S,v) C S.

(65) Let S be a non empty subset of K. Suppose K has a valuation and S is
a subset of ValuatRingv. Let = be an element of K. Then z € min(S,v)
if and only if the following conditions are satisfied:

(i) ze€S, and
(ii)  for every element y of K such that y € S holds v(z) < v(y).
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(66) Suppose K has a valuation. Let I be a non empty subset of K and x be an
element of ValuatRing v. If I is an ideal of ValuatRing v and x € min(I,v),
then I = {x}-ideal.

(67) For every non empty double loop structure R holds every add closed non
empty subset of R is a set closed w.r.t. the addition of R.

Let R be aring and let P be a right ideal of R. A submodule of RightMod(R)
is called a submodule of P if:
(Def. 15) The carrier of it = P.
Let R be a ring and let P be a right ideal of R. Note that there exists a
submodule of P which is strict. Next we state the proposition

(68) Let R be a ring, P be an ideal of R, M be a submodule of P, a be a
binary operation on P, z be an element of P, and m be a function from
P x the carrier of R into P. Suppose a = (the addition of R)[(P x P) and
m = (the multiplication of R)[(P x the carrier of R) and z = the zero of
R. Then the right module structure of M = (P, a, z, m).
Let R be a ring, let My, M> be right modules over R, and let h be a function
from M into Ms. We say that h is scalar linear if and only if:
(Def. 16) For every element x of M; and for every element r of R holds h(z-r) =
h(z) - r.
Let R be a ring, let M; be a right module over R, and let M2 be a submodule
of M;. Observe that incl(My, M) is additive and scalar linear.
Next we state a number of propositions:
(69) If K has a valuation and b is an element of ValuatRing v, then v(a) <
v(a) +v(b).
(70) If K has a valuation and a is an element of ValuatRingwv, then
power g (a,n) is an element of ValuatRing v.
(71) If K has a valuation, then for every element x of ValuatRing v such that
x # O holds powery (z,n) # Ok.
(72) If K has a valuation and v(a) = 0, then a is an element of ValuatRing v
and ¢! is an element of ValuatRingv.

(73) If K has a valuation and a # Ox and a is an element of ValuatRingv
and a~! is an element of ValuatRing v, then v(a) = 0.

(74) If K has a valuation and v(a) = 0, then for every ideal I of ValuatRing v
holds a € I iff I = the carrier of ValuatRing v.

(75) 1If K has a valuation, then Pgenerator v is an element of ValuatRingv.

(76) If K has a valuation, then vpv is proper.

(77) If K has a valuation, then for every element x of ValuatRing v such that
x ¢ vpv holds v(x) = 0.

(78) If K has a valuation, then vpv is prime.
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(79) If K has a valuation, then for every proper ideal I of ValuatRing v holds
I Cvpo.
(80) If K has a valuation, then vpv is maximal.

(81) If K has a valuation, then for every maximal ideal I of ValuatRingv
holds I = vpw.

(82) If K has a valuation, then NonNegElementsnormal-valuationv =
NonNegElements v.

(83) If K has a valuation, then ValuatRingnormal-valuationv =
ValuatRing v.
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Let X be a non empty topological space. One can verify that there exists a
function from the carrier of X into C which is continuous.
The following propositions are true:

(2) Let X be a non empty topological space and f be a function from the
carrier of X into C. Then f is continuous if and only if for every subset Y
of C such that Y is open holds f~1(Y) is open.

(3) Let X be a non empty topological space and f be a function from the
carrier of X into C. Then f is continuous if and only if for every point x
of X and for every subset V of C such that f(z) € V and V is open there
exists a subset W of X such that x € W and W is open and f°W C V.

(4) Let X be a non empty topological space and f, g be continuous functions
from the carrier of X into C. Then f+ g is a continuous function from the
carrier of X into C.

(5) Let X be a non empty topological space, a be a complex number, and
f be a continuous function from the carrier of X into C. Then a - f is a
continuous function from the carrier of X into C.

(6) Let X be anon empty topological space and f, g be continuous functions
from the carrier of X into C. Then f — g is a continuous function from the
carrier of X into C.

(7) Let X be anon empty topological space and f, g be continuous functions
from the carrier of X into C. Then f - ¢ is a continuous function from the
carrier of X into C.

(8) Let X be a non empty topological space and f be a continuous function
from the carrier of X into C. Then |f]| is a function from the carrier of X
into R and |f| is continuous.

Let X be a non empty topological space. The C-continuous functions of X
yields a subset of C-Algebra(the carrier of X) and is defined by:

(Def. 3) The C-continuous functions of X = {f : f ranges over continuous func-
tions from the carrier of X into C}.

Let X be a non empty topological space. Observe that the C-continuous
functions of X is non empty.

Let X be a non empty topological space. Observe that the C-continuous
functions of X is C-additively linearly closed and multiplicatively closed.

Let X be a non empty topological space. The C-algebra of continuous func-
tions of X yielding a complex algebra is defined by the condition (Def. 4).

(Def. 4) The C-algebra of continuous functions of X = (the C-continuous func-
tions of X, mult(the C-continuous functions of X, C-Algebra(the car-
rier of X)), Add(the C-continuous functions of X, C-Algebra(the car-
rier of X)), Mult(the C-continuous functions of X, C-Algebra(the carrier
of X)), One(the C-continuous functions of X, C-Algebra(the carrier of
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X)), Zero(the C-continuous functions of X, C-Algebra(the carrier of X))).
Next we state the proposition

(9) Let X be a non empty topological space. Then the C-algebra of conti-
nuous functions of X is a complex subalgebra of C-Algebra(the carrier of
X).

Let X be a non empty topological space. Observe that the C-algebra of
continuous functions of X is strict and non empty.

Let X be a non empty topological space. One can check that the C-algebra of
continuous functions of X is Abelian, add-associative, right zeroed, right com-
plementable, vector distributive, scalar distributive, scalar associative, scalar
unital, commutative, associative, right unital, right distributive, vector distri-
butive, scalar distributive, scalar associative, and vector associative.

Next we state several propositions:

(10) Let X be a non empty topological space, F', G, H be vectors of the
C-algebra of continuous functions of X, and f, g, h be functions from
the carrier of X into C. Suppose f = F and ¢ = G and h = H. Then
H = F + G if and only if for every element x of the carrier of X holds
h(z) = f(z) + g(x).

(11) Let X be a non empty topological space, F', G be vectors of the C-
algebra of continuous functions of X, f, g be functions from the carrier of
X into C, and a be a complex number. Suppose f = F and g = G. Then
G = a - F if and only if for every element x of X holds ¢g(z) = a - f(x).

(12) Let X be a non empty topological space, F', G, H be vectors of the
C-algebra of continuous functions of X, and f, g, h be functions from
the carrier of X into C. Suppose f = F and ¢ = G and h = H. Then
H = F - G if and only if for every element x of the carrier of X holds
h(z) = f(z) - g(z).

(13) For every non empty topological space X holds
0the C-algebra of continuous functions of X = X — O(C'

(14) For every non empty topological space X holds
Line C-algebra of continuous functions of X — X r— Ic.

(15) Let A be a complex algebra and A;, A2 be complex subalgebras of A.
Suppose the carrier of A; C the carrier of As. Then A; is a complex
subalgebra of As.

(16) Let X be a non empty compact topological space. Then the C-algebra
of continuous functions of X is a complex subalgebra of the C-algebra of
bounded functions of the carrier of X.

Let X be a non empty compact topological space. The C-continuous func-
tions norm of X yields a function from the C-continuous functions of X into R
and is defined by:
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(Def. 5) The C-continuous functions norm of X = (C-BoundedFunctionsNorm (the
carrier of X)) [the C-continuous functions of X.

Let X be a non empty compact topological space. The C-normed algebra
of continuous functions of X yields a normed complex algebra structure and is
defined by the condition (Def. 6).

(Def. 6) The C-normed algebra of continuous functions of X = (the C-continuous
functions of X, mult(the C-continuous functions of X, C-Algebra(the car-
rier of X)), Add(the C-continuous functions of X, C-Algebra(the car-
rier of X)), Mult(the C-continuous functions of X, C-Algebra(the car-
rier of X)), One(the C-continuous functions of X, C-Algebra(the carrier
of X)), Zero(the C-continuous functions of X, C-Algebra(the carrier of
X)), the C-continuous functions norm of X).

Let X be a non empty compact topological space. Note that the C-normed
algebra of continuous functions of X is non empty and strict.

Let X be a non empty compact topological space. Observe that the C-
normed algebra of continuous functions of X is unital.

Next we state the proposition

(17) Let X be a non empty compact topological space. Then the C-normed
algebra of continuous functions of X is a complex algebra.

Let X be a non empty compact topological space. One can check that the
C-normed algebra of continuous functions of X is right complementable, Abe-
lian, add-associative, right zeroed, vector distributive, scalar distributive, scalar
associative, associative, commutative, right distributive, right unital, and vector
associative.

One can prove the following proposition

(18) Let X be a non empty compact topological space and F' be a point
of the C-normed algebra of continuous functions of X. Then (Mult(the
C-continuous functions of X, C-Algebra(the carrier of X)))(1¢, F) = F.

Let X be a non empty compact topological space. Observe that the C-
normed algebra of continuous functions of X is vector distributive, scalar distri-
butive, scalar associative, and scalar unital.

We now state a number of propositions:

(19) Let X be a non empty compact topological space. Then the C-normed
algebra of continuous functions of X is a complex linear space.

(20) Let X be a non empty compact topological space. Then X —— 0 =
0t;he C-normed algebra of continuous functions of X -

(21) Let X be a non empty compact topological space and F' be a point of
the C-normed algebra of continuous functions of X. Then 0 < || F|.

(22) Let X be a non empty compact topological space, f, g, h be functions
from the carrier of X into C, and F, G, H be points of the C-normed
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algebra of continuous functions of X. Suppose f = F and ¢ = G and
h = H. Then H = F + G if and only if for every element x of X holds
h(z) = f(z) + g(x).

(23) Let a be a complex number, X be a non empty compact topological
space, f, g be functions from the carrier of X into C, and F', G be points
of the C-normed algebra of continuous functions of X. Suppose f = F
and ¢ = G. Then G = a - F if and only if for every element x of X holds
g(x) =a- f(z).

(24) Let X be a non empty compact topological space, f, g, h be functions
from the carrier of X into C, and F, G, H be points of the C-normed
algebra of continuous functions of X. Suppose f = F and ¢ = G and
h = H. Then H = F - G if and only if for every element x of X holds
h(z) = f(z) - g(z).

(25) Let X be a non empty compact topological space.

Then ||O¢the C-normed algebra of continuous functions of X | = 0.

(26) Let X be a non empty compact topological space and F' be a point of
the C-normed algebra of continuous functions of X. Suppose ||F| = 0.
Then F' = Othe C-normed algebra of continuous functions of X -

(27) Let a be a complex number, X be a non empty compact topological
space, and F' be a point of the C-normed algebra of continuous functions
of X. Then |la- F| = |a] - || F|.

(28) Let X be a non empty compact topological space and F, G be points
of the C-normed algebra of continuous functions of X. Then ||F + G| <
IE]+ G-

Let X be a non empty compact topological space. Observe that the C-
normed algebra of continuous functions of X is discernible, reflexive, and com-
plex normed space-like.

The following propositions are true:

(29) Let X be a non empty compact topological space, f, g, h be functions
from the carrier of X into C, and F, G, H be points of the C-normed
algebra of continuous functions of X. Suppose f = F and ¢ = G and
h = H. Then H = F — G if and only if for every element x of X holds
h(@) = f(x) - g(a).

(30) Let X be a complex Banach space, Y be a subset of X, and s; be a
sequence of X. Suppose Y is closed and rngs; C Y and s; is C-Cauchy.
Then s7 is convergent and lims; € Y.

(31) Let X be a non empty compact topological space and Y be a subset of
the C-normed algebra of bounded functions of the carrier of X. If Y = the
C-continuous functions of X, then Y is closed.

(32) Let X be a non empty compact topological space and s; be a sequence

19
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of the C-normed algebra of continuous functions of X. If s; is C-Cauchy,
then s; is convergent.

Let X be a non empty compact topological space. One can verify that the
C-normed algebra of continuous functions of X is complete.

Let X be a non empty compact topological space. Observe that the C-
normed algebra of continuous functions of X is Banach Algebra-like.

Next we state three propositions:

(33) For every non empty topological space X and for all functions f, g from
the carrier of X into C holds support(f + g) C support f U support g.

(34) Let X be a non empty topological space, a be a complex number, and f
be a function from the carrier of X into C. Then support(a-f) C support f.

(35) For every non empty topological space X and for all functions f, g from
the carrier of X into C holds support(f - g) C support f U support g.

Let X be a non empty topological space. The CCjy-functions of X yielding
a non empty subset of the C-vector space of the carrier of X is defined by the
condition (Def. 7).

(Def. 7) The CCoy-functions of X = {f;f ranges over functions from the
carrier of X into C: f is continuous A Vy . non empty subset of x (¥ 18
compact A A 4. subset of x (A = support f = A is a subset of Y))}.

The following propositions are true:

(36) Let X be a non empty topological space. Then the CCp-functions of X
is a non empty subset of C-Algebra(the carrier of X).

(37) Let X be a non empty topological space and W be a non empty subset
of C-Algebra(the carrier of X). Suppose W = the C'Cy-functions of X.
Then W is C-additively linearly closed.

(38) For every non empty topological space X holds the CCp-functions of X
is add closed.

(39) For every non empty topological space X holds the CCp-functions of X
is linearly closed.

Let X be a non empty topological space. Observe that the CCy-functions
of X is non empty and linearly closed.
The following propositions are true:

(40) Let V be a complex linear space and Vi be a subset of
V. Suppose Vi is linearly closed and V; is not empty. Then
(Vi,Zero(V1,V), Add(V1, V), Mult(Vy,V)) is a subspace of V.

(41) Let X be a non empty topological space. Then (the CCy-functions of
X, Zero(the CCp-functions of X, the C-vector space of the carrier of
X),Add(the CCp-functions of X, the C-vector space of the carrier of
X), Mult(the CCp-functions of X, the C-vector space of the carrier of
X)) is a subspace of the C-vector space of the carrier of X.
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Let X be a non empty topological space. The C-vector space of Cy-functions
of X yielding a complex linear space is defined by the condition (Def. 8).

(Def. 8) The C-vector space of Cp-functions of X = (the CCyp-functions of
X, Zero(the CCp-functions of X, the C-vector space of the carrier of
X),Add(the CCp-functions of X, the C-vector space of the carrier of
X),Mult(the CCp-functions of X, the C-vector space of the carrier of
X)).

Next we state the proposition

(42) Let X be a non empty topological space and = be a set. If x € the
CCy-functions of X, then z € C-BoundedFunctions (the carrier of X).

Let X be a non empty topological space. The CCjyp-functions norm of X
yielding a function from the C'Cy-functions of X into R is defined by:

(Def. 9) The CCp-functions norm of X = (C-BoundedFunctionsNorm (the car-
rier of X))[the CCyp-functions of X.

Let X be a non empty topological space. The C-normed space of Cy-functions
of X yielding a complex normed space structure is defined by the condition
(Def. 10).

(Def. 10) The C-normed space of Cp-functions of X = (the CCop-functions of
X, Zero(the CCp-functions of X, the C-vector space of the carrier of
X),Add(the CCp-functions of X, the C-vector space of the carrier of
X),Mult(the CCp-functions of X, the C-vector space of the carrier of
X), the CCy-functions norm of X).

Let X be a non empty topological space. One can check that the C-normed
space of Co-functions of X is strict and non empty.

One can prove the following propositions:

(43) Let X be a non empty topological space and x be a set. Suppose = € the
C'Cp-functions of X. Then z € the C-continuous functions of X.

(44) For every non empty topological space X holds

Othe C-vector space of Co-functions of X — X — 0.
(45) For every non empty topological space X holds

0the C-normed space of Cop-functions of X = X —0.
(46) Let a be a complex number, X be a non empty topological space, and

F', G be points of the C-normed space of Co-functions of X. Then || F|| =

0 iff » - %he C-normed space of Co-functions of x and ||CL ) FH = |CL| ) ||F|| and

IF+Gl < IFI+IGT

Let X be a non empty topological space. Note that the C-normed space of
Co-functions of X is reflexive, discernible, complex normed space-like, vector
distributive, scalar distributive, scalar associative, scalar unital, Abelian, add-
associative, right zeroed, and right complementable.

The following proposition is true
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(47) Let X be a non empty topological space. Then the C-normed space of
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Co-functions of X is a complex normed space.
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The Rotation Group

Karol Pak
Institute of Informatics

University of Biatystok
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Summary. We introduce length-preserving linear transformations of Euc-
lidean topological spaces. We also introduce rotation which preserves orientation
(proper rotation) and reverses orientation (improper rotation). We show that
every rotation that preserves orientation can be represented as a composition
of base proper rotations. And finally, we show that every rotation that rever-
ses orientation can be represented as a composition of proper rotations and one
improper rotation.
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The papers [11], [35], [36], [8], [10], [9], [3], [7], [14], [2], [30], [4], [19], [12], [31],
[24], [34], [13], [22], [17], [1], [20], [15], [16], [40], [38], [33], [25], [28], [37], [23], [6],
[39], [18], [21], [32], [5], [26], [29], and [27] provide the terminology and notation
for this paper.

1. PRELIMINARIES

We adopt the following rules: x, X are sets, «, a1, ag, r, s are real numbers,
and 7, j, k, m, n are natural numbers.
We now state three propositions:

(1) Let K be a field, M be a square matrix over K of dimension n, and P be
a permutation of Segn. Then Det(((M - P)T - P)T) = Det M and for all 4,
j such that (i, j) € the indices of M holds ((M - P)* - P){; = Mp;) p(j)-

(2) For every field K and for every diagonal square matrix M over K of
dimension n holds M™* = M.
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(3) For every real-valued finite sequence f and for every i such that i € dom f
holds 3=2(f +- (i,r)) = (X2 — f(i)?) + 2.
Let us consider X and let F' be a function yielding function. We say that F'
is X-support-yielding if and only if:
(Def. 1) For every function f and for every x such that f € dom F and F'(f)(x) #
f(z) holds =z € X.

Let us consider X. One can check that there exists a function yielding func-
tion which is X-support-yielding.

Let us consider X and let Y be a subset of X. One can check that every func-
tion yielding function which is Y-support-yielding is also X-support-yielding.

Let X, Y be sets. Note that every function yielding function which is X-
support-yielding and Y-support-yielding is also X N Y-support-yielding. Let f
be an X-support-yielding function yielding function and let g be a Y-support-
yielding function yielding function. Note that f - ¢ is X U Y-support-yielding.

Let us consider n. Observe that there exists a function from £} into £F which
is homogeneous.

Let us consider n, m. Observe that every function from £F into £F' is finite
sequence-yielding.

Let us consider n, m and let A be a matrix over Ry of dimension n x m.
One can check that Mx2Tran A is additive.

Let us consider n and let A be a square matrix over Rp of dimension n. Note
that Mx2Tran A is homogeneous.

Let us consider n and let f, g be homogeneous functions from E% into EF.
Note that f - g is homogeneous.

2. IMPROPER ROTATION

In the sequel p, ¢ are points of £F.

Let us consider n, i. Let us assume that ¢ € Segn. The axial symmetry of ¢
and n yields an invertible square matrix over Rg of dimension n and is defined
by the conditions (Def. 2).

(Def. 2)(i)  (The axial symmetry of ¢ and n);; = —1g,, and
(ii)  for all k, m such that (k, m) € the indices of the axial symmetry of
i and n holds if kK = m and k # 4, then (the axial symmetry of i and
n)ik = lrp and if £ # m, then (the axial symmetry of ¢ and n)g », = Ory.

The following propositions are true:

(4) If i € Segn, then Det (the axial symmetry of ¢ and n) = —1g,.

(5) If i, j € Segn and i # j, then (®p) - (the axial symmetry of i and
n)o; = p(Jj)-

(6) Ifi € Segn, then (®p) - (the axial symmetry of i and n)g,; = —p(i).
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(7) Suppose i € Segn. Then
(i)  the axial symmetry of i and n is diagonal, and
(ii)  (the axial symmetry of ¢ and n)~ = the axial symmetry of ¢ and n.
(8) If i € Segn and i # j, then (Mx2Tran (the axial symmetry of i and
n))(p)(7) = p(j)-
(9) If i € Segn, then (Mx2Tran (the axial symmetry of ¢ and n))(p)(i) =

—p(i).
(10) If i € Segn, then (Mx2Tran (the axial symmetry of i and n))(p) =

(11) If i € Segn, then Mx2Tran (the axial symmetry of i and n) is {i}-
support-yielding.
(12) For all elements a, b of Rp such that a = cosr and b = sinr holds

Det (the Or,-block diagonal of << —ab Z > ™) = g,

3. PROPER ROTATION

Let us consider n, o and let us consider ¢, j. Let us assume that 1 <7 < j <
n. The functor Rotation(i, j, n, ) yielding an invertible square matrix over Rp
of dimension n is defined by the conditions (Def. 3).
(Def. 3)i) (Rotation(s, j,n,))i; = cosc,
(ii)  (Rotation(i,j,n,®));; = cosa,
(i)  (Rotation(i, j,n, ));; = sincy,
(iv)  (Rotation(i, j,n,a));; = —sinc, and
(v)  for all k, m such that (k, m) € the indices of Rotation(s, j,n, ) holds
if k =m and k # i and k # j, then (Rotation(s, j,n, ®))rr = 1, and if
k # m and {k,m} # {i, j}, then (Rotation(s, j,n, @))km = Or-
We now state a number of propositions:
(13) If 1 <i< j <mn, then Det Rotation(s, j,n,a) = 1g,.
(14) If1 <i < j <nandk € Segn and k # i and k # j, then (9p) -
(Rotation(i, j, n, o))g i = p(k).
(15) If1<i<j<nmn,then (®p)- (Rotation(i,j,n,a))n; = p(i) - cos a+ p(j) -
—sin a.
(16) If1<i< j<n,then (®p)- (Rotation(i,j,n,a))q,; = p(i) -sina + p(j) -
COS Q.
(17) If 1 < i < j < n, then Rotation(i,j,n,a;) - Rotation(s, j,n,as) =
Rotation(i, j, n, a1 + ag).
(18) 1If 1 <i < j < n, then Rotation(s, j,n,0) = I[EFX“.
(19) If 1 < i < j < n, then Rotation(i,j,n,a) is orthogonal and
(Rotation(i, j,n, o))~ = Rotation(, j, n, —«).
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(20) If1<i<j<nandk+#iandk # j, then
(Mx2Tran Rotation(i, j,n, a))(p) (k) = p(k).

(21) If1 <i < j < n,then (Mx2Tran Rotation(i, j,n, a))(p)(¢) = p(i)-cos a+
p(j) - —sina.

(22) If1 <i< j <mn,then (Mx2Tran Rotation(i, j,n,«))(p)(j) = p(i)-sin a+
p(j) - cosa.

(23) If1<i<j<mn,then (Mx2Tran Rotation(i,j,n,«))(p) = (pl(i =" 1)) °
(p(i)-cos a+p(j)-—sin )~ (p1i[(j="i="1)) " (p(i) -sin a+p(j)-cos @)~ (p|;)-

(24) If1<i<j<nands?<p(i)?+p(j)?, then there exists o such that
(Mx2Tran Rotation(i, 7, n, «))(p)(i) = s.

(25) If1 <i<j<nands?<p(i)?+p(j)? then there exists a such that
(Mx2Tran Rotation(i, j,n, «))(p)(j) = s.

(26) If 1 < i < j < n, then Mx2Tran Rotation(i, j,n,a) is {4, j}-support-
yielding.

4. LENGTH-PRESERVING LINEAR TRANSFORMATIONS

Let us consider n and let f be a function from &% into £F. We say that f is
rotation if and only if:

(Def. 4)  |p| = |f(p)]-
One can prove the following proposition

(27) If i € Segn, then Mx2Tran (the axial symmetry of i and n) is rotation.

Let us consider n and let f be a function from &% into £F. We say that f is
base rotation if and only if the condition (Def. 5) is satisfied.
(Def. 5) There exists a finite sequence F' of elements of the semigroup of functions
onto the carrier of £F such that f = [[F and for every k such that
k € dom F there exist i, j, r such that 1 < ¢ < j < n and F(k) =
Mx2Tran Rotation(s, j, n, r).
Let us consider n. One can check that idg% is base rotation.
Let us consider n. One can check that there exists a function from £} into
ET which is base rotation.
Let us consider n and let f, g be base rotation functions from &} into &F.
One can check that f - g is base rotation.
Next we state the proposition
(28) If 1 <i < j < n, then Mx2Tran Rotation(i, j,n,r) is base rotation.
Let us consider n. Observe that every function from £} into £F which is base
rotation is also homogeneous, additive, rotation, and homeomorphism.

Let us consider n and let f be a base rotation function from &% into &F.
Note that f~! is base rotation.
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Let us consider n and let f, g be rotation functions from £} into £F. One
can check that f - g is rotation.
In the sequel f, fi, fo are homogeneous additive functions from &% into EF.
Let us consider n and let us consider f. The functor AutMt f yields a square
matrix over Rp of dimension n and is defined as follows:
(Def. 6) f = Mx2Tran AutMt f.
Next we state several propositions:
(29) AutMt(f1 . f2) = AutMt fo - AutMt fi.
(30) Suppose k € X and k € Segn. Then there exists f such that
(i)  f is X-support-yielding and base rotation,
(ii) if X NSegn > 1, then f(p)(k) > 0, and
(ili)  for every ¢ such that i € X NSegn and i # k holds f(p)(:) = 0.
(31) For every subset A of &F such that f[A =ida holds f[Lin(A) = idp(a)-
(32) Let A be a subset of £F. Suppose f is rotation and f[A =id4. Let given
i. Suppose i € Segn and the base finite sequence of n and i € Lin(A).
Then f(p)(i) = p(i)-
(33) Let f be a rotation function from &£ into £F. Suppose f is X-support-
yielding and for every i such that i € X N Segn holds p(i) = 0. Then

fp) =p

(34) If i € Segn and n > 2, then there exists f such that f is base rotation
and f(p) =p+ (i, —p(i)).

(35) If f is {i}-support-yielding and rotation, then AutMt f = the axial sym-
metry of i and n or AutMt f = Ig*".

(36) If fy is rotation, then there exists fo such that fy is base rotation and
fa - f1 is {n}-support-yielding.

5. ROTATION MATRIX CLASSIFICATION

The following three propositions are true:
(37) If f is rotation, then Det AutMt f = 1g, iff f is base rotation.
(38) If f is rotation, then Det AutMt f = 1g, or Det AutMt f = —1g,.
(39) If f; is rotation and Det AutMt f; = —1r, and i € Segn and AutMt fo =
the axial symmetry of ¢ and n, then f; - fs is base rotation.

Let us consider n and let f be a rotation homogeneous additive function
from £F into £F. One can check that AutMt f is orthogonal.

Let us consider n. One can verify that every function from £F into £ which
is homogeneous, additive, and rotation is also homeomorphism.
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6. THE ROTATION MAPPING A GIVEN POINT TO ANOTHER POINT

One can prove the following propositions:

(40) Suppose n = 1 and |p| = |q|. Then there exists f such that f is rota-

tion and f(p) = ¢ either AutMt f = the axial symmetry of n and n or
AutMt f = Ip~".

(41) If n # 1 and |p| = |q|, then there exists f such that f is base rotation

[15]
[16]
[17]
18]
[19]
[20]
21]

[22]
23]

[24]

[25]

and f(p) = .
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Summary. In this article, we formalize differentiability of functions on
normed linear spaces. Partial derivative, mean value theorem for vector-valued
functions, continuous differentiability, etc. are formalized. As it is well known,
there is no exact analog of the mean value theorem for vector-valued functions.
However a certain type of generalization of the mean value theorem for vector-
valued functions is obtained as follows: If ||f’(z +¢- h)|| is bounded for ¢ between
0 and 1 by some constant M, then ||f(z+t-h)— f(x)|| < M -||h||. This theorem is
called the mean value theorem for vector-valued functions. By this theorem, the
relation between the (total) derivative and the partial derivatives of a function
is derived [23].
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The notation and terminology used here have been introduced in the following
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1. PRELIMINARIES

In this paper r is a real number and S, T are non trivial real normed spaces.
Next we state several propositions:

(1) Let R be a function from R into S. Then R is rest-like if and only if for
every real number r such that » > 0 there exists a real number d such
that d > 0 and for every real number z such that z # 0 and |z| < d holds
2|7 R <
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(2) Let R be arest of S. Suppose Ry = 0g. Let e be a real number. Suppose
e > 0. Then there exists a real number d such that d > 0 and for every
real number h such that |h| < d holds ||Ry|| < e- |h|.

(3) For every rest R of S and for every bounded linear operator L from S
into T" holds L - R is a rest of T

(4) Let R; be a rest of S. Suppose (R1)p = 0g. Let Ry be a rest of S, T If
(R2)og = Or, then for every linear L of S holds Ry - (L + Ry) is a rest of
T.

(5) Let Ry be a rest of S. Suppose (R1)9 = 0g. Let R be a rest of S, T
Suppose (Rz)og = Or. Let Ly be a linear of S and Ly be a bounded linear
operator from S into 7. Then Ly - Ry + Ro - (L1 + Ry) is a rest of T.

(6) Let zy be an element of R and g be a partial function from R to the
carrier of S. Suppose g is differentiable in xy. Let f be a partial function
from the carrier of S to the carrier of 7. Suppose f is differentiable in g,,.
Then f - g is differentiable in zg and (f - g)'(x0) = f'(gao) (9’ (%0))-

(7) Let S be a real normed space, x1 be a finite sequence of elements of S,
and y; be a finite sequence of elements of R. Suppose lenx; = leny; and
for every element ¢ of N such that ¢ € domx; holds y;(i) = ||(x1):||. Then
12Xzl < X

(8) Let S be a real normed space, x be a point of S, and Ny, Ny be neigh-
bourhoods of z. Then N1 N Ny is a neighbourhood of z.

(9) For every non-empty finite sequence X and for every set x such that
x € [] X holds z is a finite sequence.

Let G be a real norm space sequence. One can verify that [ G is constituted
finite sequences.
Let G be a real linear space sequence, let z be an element of [[ G, and let j
be an element of dom G. Then z(j) is an element of G(j).
One can prove the following propositions:
(10) The carrier of [[G =[] G.
(11) Let i be an element of dom G, r be a set, and x be a function. If € the
carrier of G(i) and = € [[ G, then = +- (i,r) € the carrier of [[G.
Let G be a real norm space sequence. We say that G is nontrivial if and only
if:
(Def. 1) For every element j of dom G holds G(j) is non trivial.
Let us mention that there exists a real norm space sequence which is non-
trivial.
Let G be a nontrivial real norm space sequence and let ¢ be an element of
dom G. Note that G(i) is non trivial.
Let G be a nontrivial real norm space sequence. Note that [ G is non trivial.
The following propositions are true:
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(12) Let G be a real norm space sequence, p, ¢ be points of [ G, and rg, po,
qgo be elements of [ G. Suppose p = pg and ¢ = qo. Then p+ q = 7 if and
only if for every element i of dom G holds ro(i) = po () + qo(%).

(13) Let G be a real norm space sequence, p be a point of [[ G, r be a real
number, and 79, pg be elements of [[G. Suppose p = pg. Then r - p = 79
if and only if for every element i of dom G holds 7 (i) = r - po(i).

(14) Let G be a real norm space sequence and py be an element of [[ G. Then
OHG = po if and only if for every element i of dom G holds po(i) = Og(;)-

(15) Let G be a real norm space sequence, p, ¢ be points of [ G, and rg, po,
qo be elements of [[G. Suppose p = pg and ¢ = qo. Then p — g = 7 if and
only if for every element i of dom G holds 79 (i) = po(i) — qo(7).

2. MEAN VALUE THEOREM FOR VECTOR-VALUED FUNCTIONS

Let S be a real linear space and let p, ¢ be points of S. The functor |p, q|
yielding a subset of S is defined as follows:

(Def. 2) |p,q[={p+t-(q— p);t ranges over real numbers: 0 <t A t < 1}.

Let S be a real linear space and let p, ¢ be points of S. We introduce [p, ¢]
as a synonym of L(p, q).
Next we state several propositions:

(16) For every real linear space S and for all points p, ¢ of S holds |p, q[ C
[p, q-

(17) Let T be a non trivial real normed space and R be a partial function
from R to T'. Suppose R is total. Then R is rest-like if and only if for every
real number r such that r > 0 there exists a real number d such that d > 0

and for every real number z such that z # 0 and |z| < d holds % <.

(18) Let R be a function from R into R. Then R is rest-like if and only if
for every real number r such that r > 0 there exists a real number d such

that d > 0 and for every real number z such that z # 0 and |z| < d holds
IR

||
(19) Let S, T be non trivial real normed spaces, f be a partial function from
S to T, p, g be points of S, and M be a real number. Suppose that
(i) [p,q] € domf,
(ii)  for every point x of S such that x € [p, g] holds f is continuous in z,

(iii)  for every point x of S such that x € |p, q[ holds f is differentiable in z,
and

(iv)  for every point = of S such that = € |p, ¢[ holds || f'(z)|| < M.
Then [If; — fyll < M- lg — p.
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(20) Let S, T be non trivial real normed spaces, f be a partial function from
S to T, p, q be points of S, M be a real number, and L be a point of the
real norm space of bounded linear operators from .S into T". Suppose that

(i) [p,q] S domf,
(ii)  for every point x of S such that x € [p, g] holds f is continuous in z,
(ili)  for every point x of S such that = € |p, ¢[ holds f is differentiable in =,
and
(iv)  for every point z of S such that = € |p, ¢[ holds || f'(z) — L|| < M.

Then |[fy — fp — L{g = p)[| < M - [lg — p||.

3. PARTIAL DERIVATIVE OF A FUNCTION OF SEVERAL VARIABLES

Let G be a real norm space sequence and let ¢ be an element of dom G. The
projection onto i yielding a function from [[ G into G(i) is defined by:

(Def. 3) For every element = of [][G holds (the projection onto 7)(x) = z(i).

Let G be a real norm space sequence, let ¢ be an element of dom GG, and let
x be an element of []G. The functor reproj(i, z) yielding a function from G(i)
into [[ G is defined by:

(Def. 4) For every element r of G(i) holds (reproj(i,z))(r) =z +- (i, 7).
Let G be a nontrivial real norm space sequence and let j be a set. Let

us assume that 7 € dom G. The functor modetrans(G, j) yields an element of
dom G and is defined by:

(Def. 5) modetrans(G, j) = j.

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let i be a set, let f be a partial function from [[ G to F', and let
x be an element of [[ G. We say that f is partially differentiable in z w.r.t. 7 if
and only if:

(Def. 6) f - reproj(modetrans(G,i),z) is differentiable in (the projection onto
modetrans(G,i))(z).

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let ¢ be a set, let f be a partial function from [[G to F, and let x
be a point of [[ G. The functor partdiff(f,z,4) yielding a point of the real norm
space of bounded linear operators from G(modetrans(G,i)) into F' is defined as
follows:

(Def. 7) partdiff(f,z,7) = (f - reproj(modetrans(G, i), x))’((the projection onto
modetrans(G,i))(x)).
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4. LINEARITY OF PARTIAL DIFFERENTIAL OPERATOR

For simplicity, we adopt the following rules: G’ denotes a nontrivial real norm
space sequence, F' denotes a non trivial real normed space, ¢ denotes an element
of domG, f, f1, fo denote partial functions from [[ G to F, = denotes a point
of [] G, and X denotes a set.

Let G be a nontrivial real norm space sequence, let F' be a non trivial real
normed space, let i be a set, let f be a partial function from [[G to F', and let
X be a set. We say that f is partially differentiable on X w.r.t. ¢ if and only if:

(Def. 8) X C dom f and for every point z of [ G such that x € X holds f[X is
partially differentiable in  w.r.t. i.

Next we state several propositions:
(21) For every element x5 of G(i) holds H(reproj(z',()HG))(xg)H = ||x2]|.

(22) Let G be a nontrivial real norm space sequence, i be an element of dom G,
x be a point of [[ G, and r be a point of G(i). Then (reproj(i, x))(r) —x =
(reproj(i, 011 @) (r — (the projection onto i)(z)) and  — (reproj(i, z))(r) =
(reproj(t, OH «))((the projection onto 7)(x) —r).

(23) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x be a point of [[G, and Z be a subset of []G. Suppose Z is open and
x € Z. Then there exists a neighbourhood N of (the projection onto )(x)
such that for every point z of G(i) if z € N, then (reproj(i,x))(z) € Z.

(24) Let G be a nontrivial real norm space sequence, T' be a non trivial real
normed space, i be a set, f be a partial function from [[G to T, and Z
be a subset of [[G. Suppose Z is open. Then f is partially differentiable
on Z w.r.t. ¢ if and only if Z C dom f and for every point = of [[ G such
that x € Z holds f is partially differentiable in x w.r.t. 7.

(25) For every set ¢ such that i € dom G and f is partially differentiable on
X w.r.t. ¢ holds X is a subset of [[G.

Let G be a nontrivial real norm space sequence, let S be a non trivial real
normed space, and let ¢ be a set. Let us assume that ¢ € dom G. Let f be a partial
function from [[G to S and let X be a set. Let us assume that f is partially
differentiable on X w.r.t. i. The functor f[*X yields a partial function from [ G

to the real norm space of bounded linear operators from G(modetrans(G, )) into
S and is defined by:

(Def. 9) dom(f["X) = X and for every point x of [[G such that € X holds
(f le)x = partdlﬁ(fv Zz, Z)
One can prove the following propositions:

(26) For every set i such that ¢ € domG holds (fi + fa2) -
reproj(modetrans(G,i),z) = fi - reproj(modetrans(G,i),x) + f2 -
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reproj(modetrans(G,i),z) and (f; — fa) - reproj(modetrans(G,i),z) =
f1 - reproj(modetrans(G, i), z) — f2 - reproj(modetrans(G, i), x).

(27) For every set i such that i € dom G holds r-(f-reproj(modetrans(G, i), x))
(r - f) - reproj(modetrans(G, i), x).

(28) Let i be a set. Suppose ¢ € dom G and f; is partially differentiable in z
w.r.t. ¢ and fs is partially differentiable in  w.r.t. i. Then f1+ f> is partially
differentiable in x w.r.t. ¢ and partdiff(f1 + fo,x,4) = partdiff(fi1,z,q) +
partdiff (fo, z, 7).

(29) Let i be a set. Suppose i € dom G and f; is partially differentiable in x
w.r.t. ¢ and fs is partially differentiable in x w.r.t. ¢. Then f;— f5 is partially
differentiable in = w.r.t. ¢ and partdiff(fi — fa,x,4) = partdiff(fi,z,7) —
partdiff (fo, z, 7).

(30) Let i be a set. Suppose i € dom G and f is partially differentiable in x
w.r.t. i. Then r - f is partially differentiable in z w.r.t. ¢ and partdiff(r -
fyx i) = r - partdiff (f, z,17).

5. CONTINUOUS DIFFERENTIATIBILITY OF PARTIAL DERIVATIVE

Next we state the proposition
(31) ||(the projection onto 7)(x)| < |||
Let G be a nontrivial real norm space sequence. One can verify that every
point of [] G is len G-element.
We now state a number of propositions:

(32) Let G be a nontrivial real norm space sequence, T' be a non trivial real
normed space, i be a set, Z be a subset of [[ G, and f be a partial function
from [[G to T. Suppose Z is open. Then f is partially differentiable on
Z w.r.t. ¢ if and only if Z C dom f and for every point x of [[ G such that
x € Z holds f is partially differentiable in z w.r.t. 7.

(33) Let i, j be elements of dom G, = be a point of G(i), and z be an element
of [1G such that z = (reproj(, OHG))(JJ) Then
(i) if i = j, then 2(j) = z, and
(ii) if ¢ # j, then 2(j) = Og(j).
(34) For all points z, y of G(i) holds (reproj(i, 011 o +y) =
(reproj(i, 01 ) (%) + (reproj(i, 01 o)) (v)-
(35) Let z, y be points of []G. Then (the projection onto i)(z + y) = (the
projection onto i)(x) + (the projection onto 7)(y).
(36) For all points z, y of G(i) holds (reproj(s, OHG))(a: -y =
(reproj(i, 01 ) (%) — (reproj(i, 01 o)) (v)-
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(37) Let x, y be points of [[G. Then (the projection onto ¢)(z — y) = (the
projection onto 7)(x) — (the projection onto 7)(y).

(38) For every point = of G(7) such that = # 0¢(;) holds (reproj(s, 01T a)(x) #

OHG‘

(39) For every point x of G(i) and for every element a of R holds
(reproj(s, OH o)(a- ) =a- (reproj(i, OH o) (@).

(40) Let = be a point of [[ G and a be an element of R. Then (the projection
onto i)(a - x) = a - (the projection onto @)(x).

(41) Let G be a nontrivial real norm space sequence, S be a non trivial
real normed space, f be a partial function from [[G to S, = be a
point of [[G, and i be a set. Suppose f is differentiable in x. Then
f is partially differentiable in x w.r.t. ¢ and partdiff(f,z,7) = f/'(z) -
reproj(modetrans(G, i), OH )

(42) Let S be a real normed space and h, g be finite sequences of elements
of S. Suppose lenh = leng 4+ 1 and for every natural number 7 such that
i € dom g holds g; = h; — hi+1. Then h1 — hjenp = Zg.

(43) Let G be a nontrivial real norm space sequence, z, y be elements of [[ G,
and Z be a set. Then x+-y[Z is an element of [[G.

(44) Let G be a nontrivial real norm space sequence, x, y be points of [[ G,
Z, zo be elements of [[G, and X be a set. If Z = OHG and g = = and
y = Z+-a0l X, then ||yl < Jl2].

(45) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [] G to S, and z, y be points
of [T G. Then there exists a finite sequence h of elements of [| G and there
exists a finite sequence g of elements of S and there exist elements Z, g
of [I G such that
yo=yand Z = OHG and lenh = len G+1 and len g = len G and for every
natural number ¢ such that ¢ € dom h holds h; = Z+-yo[ Seg((len G+1) —'
i) and for every natural number ¢ such that ¢ € dom g holds ¢g; = fy4pn, —
fz+h,, and for every natural number ¢ and for every point h; of [[ G such
that ¢ € domh and h; = hq holds ||hi|| < ||y|| and foiy — fo =D 9.

(46) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x, y be points of [[ G, and 2 be a point of G(7). If y = (reproj(i, x))(z2),
then (the projection onto i)(y) = x2.

(47) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
y be a point of [[ G, and ¢ be a point of G(7). If ¢ = (the projection onto
i)(y), then y = (reproj(i, y))(q)-

(48) Let G be a nontrivial real norm space sequence, ¢ be an element of dom G,
x, y be points of [ G, and 3 be a point of G(7). If y = (reproj(i, x))(z2),
then reproj(i, z) = reproj(i,y).
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(49) Let G be a nontrivial real norm space sequence, i, j be elements of
dom @G, z, y be points of [[G, and z2 be a point of G(i). Suppose
y = (reproj(i,x))(z2) and i # j. Then (the projection onto j)(z) = (the
projection onto 7)(y).

(50) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, ¢ be an element of dom G, = be a point of [[ G, z2 be a point
of G(i), f be a partial function from [] G to F', and g be a partial function
from G(i) to F. If (the projection onto 7)(z) = x2 and g = f - reproj(i, z),
then ¢'(x9) = partdiff (f, x,1).

(51) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, f be a partial function from [[G to F, x be a point of
[ G, i be a set, M be a real number, L be a point of the real norm space
of bounded linear operators from G(modetrans(G,i)) into F, and p, q be
points of G(modetrans(G,i)). Suppose that

(i) i€dom@G,

(ii)  for every point h of G(modetrans(G,i)) such that A € |p,q[ holds
|partdiff (f, (reproj(modetrans(G, i), z))(h),i) — L|| < M,

(ili)  for every point h of G(modetrans(G,i)) such that A € [p,q| holds
(reproj(modetrans(G, i), z))(h) € dom f, and

(iv)  for every point h of G(modetrans(G,1)) such that h € [p,q] holds f is
partially differentiable in (reproj(modetrans(G,i),z))(h) w.r.t. i.
Then ||f(reproj(modetrans(G,i),x))(q) - f(reproj(modetrans(G,i),x))(p) - L(q - p) || <
M -lg —pll.

(52) Let G be a nontrivial real norm space sequence, x, y, z, w be points of
I1G, i be an element of dom GG, d be a real number, and p, ¢, r be points
of G(i). Suppose ||y — z|| < d and ||z — z|| < d and p = (the projection
onto i)(y) and z = (reproj(i,y))(q) and r € [p, q] and w = (reproj(i,y))(r).
Then ||w — z|| < d.

(53) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [ G to .S, X be a subset of [[ G,
x, y, z be points of [ G, i be a set, p, ¢ be points of G(modetrans(G, 1)),
and d, r be real numbers. Suppose that i € dom G and X is open and x €
X and ||ly—z|| < dand ||z—z|| < dand X C dom f and for every point x of
[1 G such that x € X holds f is partially differentiable in « w.r.t. ¢ and for
every point z of [] G such that ||z—z|| < d holds z € X and for every point
z of [T G such that ||z — || < d holds ||partdiff(f, z,7) — partdiff (f, z,4)|| <
r and z = (reproj(modetrans(G,i),y))(p) and ¢ = (the projection onto
modetrans(G, 7)) (y). Then || f, — f, — (partdiff (f, z,7))(p—q)|| < |[[p—ql| -

(54) Let G be a nontrivial real norm space sequence, h be a finite sequ-
ence of elements of [[G, y, x be points of [[G, vy, Z be elements of
[IG, and j be an element of N. Suppose y = 1o and Z = OHG and
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lenh = lenG 4+ 1 and 1 < j < lenG and for every natural number
i such that ¢ € domh holds h; = Z+-yo|Seg((lenG + 1) =" i). Then
x+ h; = (reproj(modetrans(G, (len G+ 1) —' j), x4+ hj41))((the projection
onto modetrans(G, (len G + 1) —' j))(z + y)).

(55) Let G be a nontrivial real norm space sequence, h be a finite sequ-
ence of elements of [[G, y, x be points of [[G, yo, Z be elements of
[IG, and j be an element of N. Suppose y = yog and Z = OHG and
lenh = lenG+1 and 1 < j < lenG and for every natural number 1
such that ¢ € domh holds h; = Z+-yo| Seg((len G + 1) —' i). Then (the
projection onto modetrans(G, (len G + 1) —' j))(z + y) — (the projection
onto modetrans(G, (len G 4+ 1) =’ j))(xz + hj41) = (the projection onto
modetrans(G, (len G + 1) = 5))(y).

(56) Let G be a nontrivial real norm space sequence, S be a non trivial real
normed space, f be a partial function from [[G to S, X be a subset of
I G, and = be a point of [[G. Suppose that

(i) X is open,

(i) ze€ X, and

(iii)  for every set i such that ¢ € dom G holds f is partially differentiable
on X w.r.t. i and f]?X is continuous on X.
Then

(iv)  f is differentiable in x, and

(v) for every point h of [][G there exists a finite sequence w of elements
of S such that domw = dom G and for every set ¢ such that i € dom G
holds w(i) = (partdiff (f, z,7))((the projection onto modetrans(G,i))(h))
and f'(z)(h) = > w.

(57) Let G be a nontrivial real norm space sequence, F' be a non trivial real
normed space, f be a partial function from [[G to F', and X be a subset
of [ G. Suppose X is open. Then for every set i such that ¢ € dom G holds
f is partially differentiable on X w.r.t. i and f|'X is continuous on X if
and only if f is differentiable on X and ff y is continuous on X.
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1. PRELIMINARIES

Let us observe that ) is (-valued and ) is onto.
Next we state three propositions:
(1) For every function f and for every set Y holds dom(Y[f) = f~1(Y).
(2) For every function f and for all sets Y7, Y2 such that Yo C ¥ holds
(Y1) (Ya) = f71(Ya).
(3) Let S, T be topological structures and f be a function from S into 7. If
f is homeomorphism, then f~! is homeomorphism.
Let S, T be topological structures. Let us note that the predicate S and T
are homeomorphic is symmetric.
For simplicity, we use the following convention: T, T5, T3 denote topological

spaces, A1 denotes a subset of T7, Ao denotes a subset of Ty, and A3 denotes a
subset of T53.
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Next we state several propositions:

(4) Let f be a function from T; into T,. Suppose f is homeomorphism.
Let g be a function from T3 [f~'(A2) into To[As. If g = As[f, then g is
homeomorphism.

(5) For every function f from 73 into T, such that f is homeomorphism
holds f~!(As) and As are homeomorphic.

(6) If Ay and As are homeomorphic, then Ay and A; are homeomorphic.

(7) If Ay and A are homeomorphic, then A; is empty iff As is empty.

(8) If A; and Ay are homeomorphic and Ay and Az are homeomorphic, then
Aq and Asz are homeomorphic.

(9) If T3 is second-countable and T; and T, are homeomorphic, then T is
second-countable.

In the sequel n, k are natural numbers and M, N are non empty topological
spaces.
The following propositions are true:
(10) If M is Hausdorff and M and N are homeomorphic, then N is Hausdorff.

(11) If M is n-locally Euclidean and M and N are homeomorphic, then N is
n-locally Euclidean.

(12) If M is n-manifold and M and N are homeomorphic, then N is n-
manifold.

(13) Let x1, z2 be finite sequences of elements of R and i be an element of N. If
i € dom(z1ex3), then (z1022)(7) = (x1);-(z2); and (z1022); = (21);-(x2);-

(14) For all finite sequences x1, z2, Y1, y2 of elements of R such that lenz; =
lenxo and leny; = lenys holds 1 ~yy @ z2 ~yo = (21 @ 22) ™ (y1 @ y2).

(15) For all finite sequences x1, z2, Y1, y2 of elements of R such that lenz; =
len xo and leny; = lenys holds [(z1 ™ y1,22 " y2)| = |(z1, z2)| + |(y1, y2)|-

In the sequel p, ¢, p1 are points of £} and r is a real number.
One can prove the following propositions:

(16) If k € Segn, then (p1 + p2)(k) = p1(k) + p2(k).

(17)  For every set X holds X is a linear combination of R5*™ iff X is a linear
combination of £F.

(18) Let F be a finite sequence of elements of £, fi be a function from &f
into R, F; be a finite sequence of elements of R]%g", and fo be a function
from REE™ into R. If f; = fo and F = F, then fi - F = fo - F.

(19) Let F be a finite sequence of elements of £ and F; be a finite sequence
of elements of R%egn. If [ = F, then > F =3 F}.

(20) For every linear combination Ly of R®™ and for every linear combina-
tion Ly of £} such that Ly = L holds ) L1 = Lo.
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(21) Let A4 be a subset of R%eg” and As be a subset of &F. Suppose A4 = As.
Then Ay is linearly independent if and only if Aj is linearly independent.

(22) For every subset V' of & such that V' = RN-Basen there exists a linear
combination [ of V' such that p =>_1.

(23) RN-Basen is a basis of &f.

(24) Let V be a subset of £F. Then V' € the topology of £} if and only if for
every p such that p € V there exists r such that » > 0 and Ball(p,r) C V.

Let n be a natural number and let p be a point of £F.
The functor InnerProduct p yields a function from £ into R! and is defined
by:
(Def. 1) For every point ¢ of £} holds (InnerProduct p)(q) = |(p, q)|.

Let us consider n, p. Note that InnerProduct p is continuous.

2. PLANES

Let us consider n and let us consider p, g. The functor Plane(p, q) yielding
a subset of £F is defined as follows:

(Def. 2) Plane(p, q) = {y;y ranges over points of E}: |(p,y — q)| = 0}.
The following propositions are true:
(25) (transl(pi, EL))° Plane(p, p2) = Plane(p, p1 + p2).
(26) If p # Ogn, then there exists a linearly independent subset A of £ such
that A =n —1 and Qi 4) = Plane(p, Ogr).

(27) Ifpy # Ogn and pg # Ogn, then there exists a function R from £F into &f
such that R is homeomorphism and R° Plane(pi,Ogz) = Plane(pa, Ogn ).

Let us consider n and let us consider p, g. The functor TPlane(p, ¢) yields a
non empty subspace of £F and is defined by:

(Def. 3) TPlane(p, q) = £} Plane(p, ).
The following three propositions are true:
(28) The base finite sequence of n + 1 and n + 1 = (Ogz) ~ (1).
(29) For all points p, g of E%H such that p # Og¥+1 holds & and TPlane(p, q)
are homeomorphic.

(30) For all points p, g of 5%“ such that p # Og¥+1 holds TPlane(p, q) is
n-manifold.
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3. SPHERES

Let us consider n. The functor S™ yields a topological space and is defined

(Def. 4) S™ = TopUnitCircle(n + 1).

Let us consider n. Note that S™ is non empty.
Let us consider n, p and let S be a subspace of £F. Let us assume that p €

Sphere((0Ogz), 1). The functor og,, yielding a function from .S into TPlane(p, Ogn)
is defined as follows:

(Def. 5) For every ¢ such that ¢ € S holds (05,)(q) = 7= - (¢ — |(¢,p)| - ).

1-[(g,p)]
Next we state the proposition

(31) For every subspace S of £ such that Qg = Sphere((Ogz), 1) \ {p} and

pE Sphere((Og%), 1) holds og, is homeomorphism.
Let us consider n. One can verify the following observations:
* S™ is second-countable,
* S" is n-locally Euclidean, and

*  S™ is n-manifold.
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1. DEFINITION OF Z-MODULE

We introduce Z-module structures which are extensions of additive loop
structure and are systems

( a carrier, a zero, an addition, an external multiplication ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, and the external multiplication is a function
from Z x the carrier into the carrier.

Let us mention that there exists a Z-module structure which is non empty.

Let V' be a Z-module structure. A vector of V is an element of V.

In the sequel V' denotes a non empty Z-module structure and v denotes a
vector of V.

Let us consider V', v and let a be an integer number. The functor a - v yields
an element of V' and is defined by:

(Def. 1)  a-v = (the external multiplication of V')(a,v).

I This work was supported by JSPS KAKENHI 21240001.
2This work was supported by JSPS KAKENHI 22300285.
@ 2012 University of Bialystok

CC-BY-SA License ver. 3.0 or later
47 ISSN 1426-2630(p), 1898-9934(e)


http://fm.mizar.org/miz/zmodul01.miz
http://ftp.mizar.org/

48 YUICHI FUTA et al.

Let Z1 be a non empty set, let O be an element of Z7, let F' be a binary
operation on Zp, and let G be a function from Z x Z; into Z;. One can verify
that (Z1,0, F,G) is non empty.

Let I; be a non empty Z-module structure. We say that I is vector distri-
butive if and only if:

(Def. 2) For every a and for all vectors v, w of I; holds a- (v+w) =a-v+a-w.
We say that I is scalar distributive if and only if:

(Def. 3) For all a, b and for every vector v of I; holds (a +b)-v=a-v+b-wv.
We say that I; is scalar associative if and only if:

(Def. 4) For all a, b and for every vector v of I1 holds (a-b)-v=a- (b-v).
We say that I; is scalar unital if and only if:

(Def. 5) For every vector v of I; holds 1-v = v.

The strict Z-module structure the trivial structure of Z-module is defined
as follows:

(Def. 6) The trivial structure of Z-module = (1, opg, 0ps, m2(Z X 1)).

Let us observe that the trivial structure of Z-module is trivial and non empty.

Let us observe that there exists a non empty Z-module structure which
is strict, Abelian, add-associative, right zeroed, right complementable, scalar
distributive, vector distributive, scalar associative, and scalar unital.

A Z-module is an Abelian add-associative right zeroed right complementable
scalar distributive vector distributive scalar associative scalar unital non empty
Z-module structure.

In the sequel v, w denote vectors of V.

Let I; be a non empty Z-module structure. We say that I; inherits cancelable
on multiplication if and only if:

(Def. 7)  For every a and for every vector v of I; such that a-v = 0(;,) holds a = 0
or v = 0( IE

The following propositions are true:

1) Ifa=0orv=0y, then a-v=0y.
2) —v=(-1)-w.
3) If V inherits cancelable on multiplication and v = —v, then v = Oy .

N

If V inherits cancelable on multiplication and v + v = Oy, then v = Oy .

a-—v=(—a)-v.

(=)

a:-—v=—a-.

J

(—a)-—v=a-v.

oo

a-(v—w)=a-v—a-w.

Ne)

(a—b)-v=a-v—>b-v.

=~ o~ o~ o~ o~ o~ o~ o~ o~
(a=) ot
N N e e e e e e N N

—~

If V' inherits cancelable on multiplication and ¢ # 0 and a - v = a - w,
then v = w.
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(11) If V inherits cancelable on multiplication and v # Oy and a-v = b - v,
then a = 0.
For simplicity, we follow the rules: V is a Z-module, u, v, w are vectors of
V, F, G, H, I are finite sequences of elements of V', j, k, n are elements of N,
and fy is a function from N into the carrier of V.
Next we state several propositions:
(12) Iflen F' =lenG and for all k, v such that k € dom F' and v = G(k) holds
F(k)=a-v,then } F=a-> G.
(13) For every Z-module V and for every integer a holds a -
Z(g(the carrier of V)) =0y.
(14) For every Z-module V and for every integer a and for all vectors v, u of
V holds a - > (v,u) =a-v+a-u.
(15) For every Z-module V and for every integer a and for all vectors v, u, w
of V holds a- > {(v,u,w) =a-v+a-u+a-w.
(16) (—a)-v=—a-wv.
(17) Iflen F' = len G and for every k such that k € dom F holds G(k) = a- F,
then "G =a-) F.

2. SUBMODULES AND COSETS OF SUBMODULES IN Z-MODULE

We use the following convention: V', X are Z-modules, Vi, V5, V3 are subsets
of V, and x is a set.
Let us consider V', V;. We say that Vj is linearly closed if and only if:
(Def. 8) For all v, u such that v, u € V] holds v +u € Vj and for all a, v such
that v € V] holds a-v € V4.
One can prove the following propositions:
(18) 1If V4 # 0 and V; is linearly closed, then Oy € Vj.
(19) If V4 is linearly closed, then for every v such that v € V; holds —v € V;.
(20) If V; is linearly closed, then for all v, u such that v, w € V; holds
v—u€W.
(21) If the carrier of V = Vi, then V; is linearly closed.
(22) 1If V is linearly closed and V5 is linearly closed and Vi = {v +u : v €
Vi A u € Va}, then V3 is linearly closed.
Let us consider V. Observe that {Oy} is linearly closed.
Let us consider V. Note that there exists a subset of V which is linearly
closed.
Let us consider V' and let Vi, V5 be linearly closed subsets of V. Note that
V1 N Vy is linearly closed.
Let us consider V. A Z-module is called a submodule of V if it satisfies the
conditions (Def. 9).
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(Def. 9)(i)  The carrier of it C the carrier of V,

(ii)) Oy = Oy,
(iii)  the addition of it = (the addition of V') | (the carrier of it), and
(iv)  the external multiplication of it = (the external multiplication of

V)I(Z x the carrier of it).

In the sequel W5 denotes a submodule of V' and w, wy, we denote vectors of
w.
We now state a number of propositions:

If x € Wy and W7 is a submodule of Ws, then x € Wa.
Ifx € W, then z € V.

w 1s a vector of V.

DN NN
S O s W

Ow = Oy .

\)
-

Owr) = Oqwy)-
If wqy = v and wy = u, then wy + wy = v + .

N DN
O

Ifw=wv,thena -w=a-w.
If w=wv, then —v = —w.

If w1 = v and wy = u, then wq — wy = v — .

32) V is a submodule of V.
33) Oy e W.

34) Oy, € Wa.

35) Oy V.

w
(=2}

Ifu,ve W, thenu+veW.
Ifve W, thena-veW.
If v € W, then —v € W.
If u,ve W, thenu—v e W.

In the sequel d; is an element of D, A is a binary operation on D, and M is

w w
-~ S
P N e N N N N N i N N N

AN AN N N N N N N N N N N N N /N /N /N
w w
o —

w
Nej
=

a function from Z x D into D.
We now state several propositions:

(40) Suppose V4 = D and dy = Oy and A = (the addition of V') [ (V4) and
M = (the external multiplication of V')[(Z x V1). Then (D, d;, A, M) is a
submodule of V.

(41) For all strict Z-modules V', X such that V is a submodule of X and X
is a submodule of V holds V' = X.

(42) If V is a submodule of X and X is a submodule of Y, then V is a
submodule of Y.

(43) If the carrier of W C the carrier of Wy, then W is a submodule of Wj.

(44) If for every v such that v € Wj holds v € Wa, then W; is a submodule
of WQ.
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Let us consider V. Note that there exists a submodule of V' which is strict.
Next we state several propositions:

(45) For all strict submodules Wy, W5 of V' such that the carrier of W; = the
carrier of W5 holds W7 = Wh.

(46) For all strict submodules W7, W5 of V such that for every v holds v € W
iffve W5 holds W7 = Wh,.

(47) Let V be a strict Z-module and W be a strict submodule of V. If the
carrier of W = the carrier of V, then W = V.

(48) Let V be a strict Z-module and W be a strict submodule of V. If for
every vector v of V holds v e W iff v € V, then W = V.

(49) If the carrier of W = Vi, then V; is linearly closed.

(50) If V4 # 0 and V; is linearly closed, then there exists a strict submodule
W of V such that V; = the carrier of W.

Let us consider V. The functor Oy yielding a strict submodule of V' is defined
by:
(Def. 10) The carrier of Oy = {0y }.

Let us consider V. The functor €y yields a strict submodule of V and is
defined by:

(Def. 11)  Qy = the Z-module structure of V.

We now state several propositions:

51) Opw = Oy.
52 Owy) = O(wy)-
53) Oy is a submodule of V.

54
55
56

Let us consider V', v, W. The functor v + W yields a subset of V' and is
defined as follows:

(Def. 12) v+W ={v+u:ue W}
Let us consider V', W. A subset of V' is called a coset of W if:
(Def. 13) There exists v such that it = v + W.

In the sequel B, C are cosets of W.
The following propositions are true:

Oy is a submodule of W.
Ow,) is a submodule of Wj.
Every strict Z-module V' is a submodule of Qy,.

(
(
(
(
(
(

~— — — ~— ' ~—

(57) Oy v+ W iffveW.

(58) vewv+W.

(59) Oy + W = the carrier of W.
(60) v+ 0y = {v}.

(61)

61) v+ Qy = the carrier of V.
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(62) Oy € v+ W iff v+ W = the carrier of W.

(63) v e W iff v+ W = the carrier of W.

(64) If v € W, then a- v+ W = the carrier of W.

(65) ueWifv+W =v+u+W.

(66) veWifv+W = (v—u)+W.

(67) veu+Wifu+W =v+ W.

(68) Ifue€wv+W and u € vg + W, then vy + W = v + W.

(69) Ifve W, thena-vev+W.

(70) u+vev+Wiff ue W.

(7M1) v—uev+Wiffue W

(72) w € v+ W iff there exists v1 such that v; € W and u = v + vy.

(73) uw € v+ W iff there exists v1 such that v1 € W and u = v — vy.

(74) There exists v such that vy, vo € v + W iff v; — vy € WL

(75) If v+ W = u+ W, then there exists v; such that v; € W and v+ v1 = u.

(76) If v+ W = u+ W, then there exists v; such that v1 € W and v — vy = u.

(77) For all strict submodules W1, Wa of V such that v+ W; = v+ W5 holds
Wi = Was.

(78) For all strict submodules Wy, Ws of V' such that v+ Wy = u+ W5 holds
W1 = Was.

(79) C is linearly closed iff C' = the carrier of W.

(80) For all strict submodules W7, Wy of V' and for every coset C; of W; and
for every coset C of Wy such that C; = C9 holds W, = Wh.

(81) {wv} is a coset of Oy .

(82) If Vi is a coset of Oy, then there exists v such that Vi = {v}.

(83) The carrier of W is a coset of W.

(84) The carrier of V' is a coset of Qy .

(85) If V; is a coset of Qy, then V; = the carrier of V.

(86) Oy € C iff C' = the carrier of W.

87) weCiff C=u+W.

(88) 1If u, v € C, then there exists vy such that vy € W and u + v; = v.
(89) If u, v € C, then there exists v; such that v; € W and v — vy = v.
(90) There exists C such that vy, vg € C iff v] — vy € W.

(91) Ifue Bandu e C, then B=C.
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3. OPERATIONS ON SUBMODULES IN Z-MODULE

For simplicity, we use the following convention: V' is a Z-module, W, Wy,
Ws, W3 are submodules of V', u, u1, us, v, v1, v are vectors of V', a, a1, ay are
integer numbers, and X, Y, y, y1, yo are sets.
Let us consider V', Wi, Ws. The functor W1 4+ W3 yielding a strict submodule
of V is defined by:
(Def. 14) The carrier of W1 + Wo ={v+u:v e Wy A u € Wa}.
Let us notice that the functor W7 + W5 is commutative.
Let us consider V', W1, Ws. The functor Wy N Wy yields a strict submodule
of V and is defined as follows:
(Def. 15) The carrier of W7 N Wy = (the carrier of Wy) N (the carrier of Wa).

Let us observe that the functor W7 N Ws is commutative.
We now state a number of propositions:
(92) x € Wy + Wy iff there exist v, vy such that v; € Wy and vy € Wo and
Tr = v1 + v9.

(93) If v e W; or v e Wa, then v € Wy + Wha.

(94) zeWiNnW,yiff z € W and o € Wa.

(95) For every strict submodule W of V holds W + W = W.

(96) Wi+ (Wa+ Ws) = (W + Wa) + Ws.

(97) W is a submodule of Wy + Wj.

(98) For every strict submodule Wy of V' holds W is a submodule of Wy iff

Wi+ Wy =W,

(99) For every strict submodule W of V holds Oy + W = W.
(100) Oy + Qy = the Z-module structure of V.
(101) Qy + W = the Z-module structure of V.
(102) For every strict Z-module V holds Qy + Qy = V.
(103) For every strict submodule W of V holds WNW = W.
(104) Win (WQ N Wg) = (W1 N Wg) N Wis.
(105) Wy N Wy is a submodule of 7.
(106) For every strict submodule W of V' holds W is a submodule of Wy iff
Wy N Wy = Wi,
107) Oy NW = 0y.
108) Oy NQy = 0y

For every strict submodule W of V' holds Qy NW = W.

For every strict Z-module V holds Qy N Qy = V.

Wy N Wy is a submodule of W7 + W,

For every strict submodule W5 of V' holds W1 N Wo 4+ Wo = W,

—_
—
(=)

e e e N e
[a— [a—
— e
— ©

S N e S N
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For every strict submodule Wj of V holds Wy N (Wy + Wa) = Wh.

W1 N Wy + Wy N Wi is a submodule of Wo N (W7 + W3).

If W7 is a submodule of Wy, then Wo N(W1 + W3) = Wi NWa+WoNWs.
Wy + W1 N W3 is a submodule of (W + Wa) N (W, + W3).

If W is a submodule of Wy, then Wo+W1NW5 = (W1 +Wa)N(Wa+Ws3).
If W7 is a strict submodule of W3, then Wi +WonWs = (W1 4+Wa)NWs.

For all strict submodules W7, W of V holds W1 +Wy = Wh iff WiNWsy =
Wi.

(120) For all strict submodules Wa, W3 of V' such that W is a submodule of
W5 holds W7 + W3 is a submodule of Wo + W3,

(121) There exists W such that the carrier of W = (the carrier of Wj) U (the
carrier of Ws) if and only if W7 is a submodule of W5 or W5 is a submodule
of Wl.

Let us consider V. The functor Sub(V) yields a set and is defined by:

(Def. 16) For every x holds = € Sub(V) iff z is a strict submodule of V.
Let us consider V. One can verify that Sub(V') is non empty.

[EE—
[ Y
(2 NN

e N e N N e N
— =
— =
~N

— Y ~— Y Y ~— —

—_
—_
(0.0)

We now state the proposition
(122) For every strict Z-module V holds V' € Sub(V).
Let us consider V', Wy, Ws. We say that V' is the direct sum of Wy and Wh
if and only if:
(Def. 17) The Z-module structure of V= W; + Wy and W; N Wy = Oy .
Let V be a Z-module and let W be a submodule of V. We say that W has
linear complement if and only if:
(Def. 18) There exists a submodule C of V such that V' is the direct sum of C' and
wW.
Let V be a Z-module. Observe that there exists a submodule of V' which has
linear complement.
Let V' be a Z-module and let W be a submodule of V. Let us assume that
W has linear complement. A submodule of V is called a linear complement of
W if:
(Def. 19) V is the direct sum of it and W.
One can prove the following propositions:
(123) Let V be a Z-module and Wy, W5 be submodules of V. Suppose V is
the direct sum of Wy and Ws. Then Ws is a linear complement of Wj.

(124) Let V be a Z-module, W be a submodule of V' with linear complement,
and L be a linear complement of W. Then V is the direct sum of L and
W and the direct sum of W and L.
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(125) Let V be a Z-module, W be a submodule of V' with linear complement,
and L be a linear complement of W. Then W+ L = the Z-module structure
of V.

(126) Let V be a Z-module, W be a submodule of V' with linear complement,
and L be a linear complement of W. Then W N L = Oy.

(127) 1If V is the direct sum of W; and Wa, then V is the direct sum of Wj
and Wi.

(128) Let V be a Z-module, W be a submodule of V' with linear complement,
and L be a linear complement of W. Then W is a linear complement of
L.

(129) Every Z-module V is the direct sum of 0Oy and 2y and the direct sum
of QV and Ov.
(130) For every Z-module V holds Oy is a linear complement of Qy and Qy is
a linear complement of Oy .
In the sequel C' is a coset of W, ('} is a coset of Wy, and Cs is a coset of Ws.
Next we state several propositions:
(131) If Cq meets Co, then C1 N Cy is a coset of Wi N Wo.
(132) Let V be a Z-module and W;, W5 be submodules of V. Then V is the

direct sum of W7 and Ws if and only if for every coset C of W7 and for
every coset Co of W5 there exists a vector v of V' such that C1 NCy = {v}.

(133) Let V be a Z-module and Wi, Wa be submodules of V. Then W; 4+ Wy =
the Z-module structure of V if and only if for every vector v of V there
exist vectors vy, v9 of V' such that v1 € W7 and vy € Wy and v = v1 + vs.

(134) If V is the direct sum of W; and Wy and vy + vo = uj + ug and vy,
u; € Wq and vs, us € Ws, then v1 = uq and vg = uo.

(135) Suppose V. = W; + Wy and there exists v such that for all vy, ve, ug,
ug such that vy + vo = u; + ug and vy, vy € Wy and ve, us € Ws holds
v1 = uq and vo = ug. Then V is the direct sum of W7 and Whs.

Let us consider V', v, Wi, Ws. Let us assume that V is the direct sum of
W1 and Wa. The functor v (Wi, w2) yields an element of (the carrier of V') x (the

carrier of V') and is defined as follows:
(Def. 20) v = (U(WI,W2>>1 + (U(Wl,W2>)2 and (U(Wl,Wz))l € Wy and (v<W1,W2))2 €
Wa.
Next we state several propositions:
(136) If V is the direct sum of W and Wy, then (U(Wl,Wg))l = (U(W27W1>)2.
(137) If V is the direct sum of W and Wa, then (U(W17W2>)2 = (U(W%Wl))l.

(138) Let V be a Z-module, W be a submodule of V' with linear complement,
L be a linear complement of W, v be a vector of V, and ¢ be an element
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of (the carrier of V) x (the carrier of V). If t1 +t2 = v and t; € W and
to € L, then t = U(WL)'

(139) Let V be a Z-module, W be a submodule of V' with linear complement,
L be a linear complement of W, and v be a vector of V. Then (v<WL))1 +

(U(W,L))2 = .

(140) Let V be a Z-module, W be a submodule of V' with linear complement, L
be a linear complement of W, and v be a vector of V. Then (U<WL))1 ew
and (U(W,L))z € L.

(141) Let V be a Z-module, W be a submodule of V' with linear complement,
L be a linear complement of W, and v be a vector of V. Then (v<WL))1 =

(U<L7W> )2.
(142) Let V be a Z-module, W be a submodule of V' with linear complement,
L be a linear complement of W, and v be a vector of V. Then (v<WL))2 =

(U(L,W))l'
In the sequel Ay, Ag, B are elements of Sub(V).
Let us consider V. The functor SubJoin V' yielding a binary operation on
Sub(V) is defined by:
(Def. 21) For all Ay, As, Wi, Wy such that Ay = W; and Ay = Wy holds
(SubJoin V)(Al, Az) = Wi+ Wa.

Let us consider V. The functor SubMeet V' yields a binary operation on
Sub(V') and is defined by:

(Def. 22) For all Ay, As, Wy, Wy such that Ay = W; and As = Wy holds
(SubMeet V')(A1, A2) = Wi N Wa.
One can prove the following proposition
(143) (Sub(V'), SubJoin V, SubMeet V') is a lattice.

Let us consider V. Note that (Sub(V'), SubJoin V, SubMeet V') is lattice-like.
We now state several propositions:

(144) For every Z-module V holds (Sub(V'), SubJoin V, SubMeet V') is lower-

bounded.

(145) For every Z-module V holds (Sub(V'), SubJoin V, SubMeet V') is upper-
bounded.

(146) For every Z-module V holds (Sub(V'), SubJoin V, SubMeet V') is a bound
lattice.

(147) For every Z-module V holds (Sub(V'), SubJoin V, SubMeet V') is modular.
(148) Let V be a Z-module and W7, Wy, W3 be strict submodules of V. If W
is a submodule of W5, then W7 N W3 is a submodule of Wy N W3.

(149) Let V be a Z-module and W be a strict submodule of V. Suppose that
for every vector v of V' holds v € W. Then W = the Z-module structure
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of V.
(150) There exists C such that v € C.

4. TRANSFORMATION OF ABELIAN GROUP TO Z-MODULE

Let Az be a non empty additive loop structure. The left integer multiplication
of As yielding a function from Z x the carrier of A3 into the carrier of Ag is
defined by the condition (Def. 23).

(Def. 23) Let i be an element of Z and a be an element of As. Then
(i) if ¢ > 0, then (the left integer multiplication of As)(i,a) =
(Nat-mult-left A3)(i,a), and
(i) if ¢ < 0, then (the left integer multiplication of Ajs)(i,a) =
(Nat-mult-left A3)(—i, —a).
The following propositions are true:

(151) Let R be a non empty additive loop structure, a be an element of R, i
be an element of Z, and i; be an element of N. If ¢ = 41, then (the left
integer multiplication of R)(i,a) =i - a.

(152) Let R be a non empty additive loop structure, a be an element of R,
and i be an element of Z. If i = 0, then (the left integer multiplication of
R)(i,a) = Op.

(153) Let R be an add-associative right zeroed right complementable non
empty additive loop structure and ¢ be an element of N. Then
(Nat-mult-left R)(,0r) = Og.

(154) Let R be an add-associative right zeroed right complementable non emp-
ty additive loop structure and ¢ be an element of Z. Then (the left integer
multiplication of R)(i,0r) = Og.

(155) Let R be a right zeroed non empty additive loop structure, a be an
element of R, and ¢ be an element of Z. If i = 1, then (the left integer
multiplication of R)(i,a) = a.

(156) Let R be an Abelian right zeroed add-associative right complementable
non empty additive loop structure, a be an element of R, and ¢, j, k be
elements of N. If ¢ < j and k = j — 4, then (Nat-mult-left R)(k,a) =
(Nat-mult-left R)(j,a) — (Nat-mult-left R)(7, a).

(157) Let R be an Abelian right zeroed add-associative right complementable

non empty additive loop structure, a be an element of R, and i be an
element of N. Then —(Nat-mult-left R) (i, a) = (Nat-mult-left R) (i, —a).

(158) Let R be an Abelian right zeroed add-associative right complementa-
ble non empty additive loop structure, a be an element of R, and ¢, j be
elements of Z. Suppose i € N and j ¢ N. Then (the left integer multipli-
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cation of R)(i + j,a) = (the left integer multiplication of R)(i,a) + (the
left integer multiplication of R)(j,a).

(159) Let R be an Abelian right zeroed add-associative right complementable
non empty additive loop structure, a be an element of R, and i, j be
elements of Z. Then (the left integer multiplication of R)(i + j,a) = (the
left integer multiplication of R)(7,a) + (the left integer multiplication of
R)(j,a).

(160) Let R be an Abelian right zeroed add-associative right complementable
non empty additive loop structure, a, b be elements of R, and i be an
element of N. Then (Nat-mult-left R)(i,a + b) = (Nat-mult-left R)(¢, a) +
(Nat-mult-left R)(7,b).

(161) Let R be an Abelian right zeroed add-associative right complementable
non empty additive loop structure, a, b be elements of R, and ¢ be an
element of Z. Then (the left integer multiplication of R)(i,a + b) = (the
left integer multiplication of R)(i,a) + (the left integer multiplication of
R)(i,Db).

(162) Let R be an Abelian right zeroed add-associative right comple-
mentable non empty additive loop structure, a be an element of
R, and i, j be elements of N. Then (Nat-mult-left R)(i - j,a) =
(Nat-mult-left R)(7, (Nat-mult-left R)(j, a)).

(163) Let R be an Abelian right zeroed add-associative right complementable
non empty additive loop structure, a be an element of R, and i, j be
elements of Z. Then (the left integer multiplication of R)(i-j,a) = (the left
integer multiplication of R)(i, (the left integer multiplication of R)(j,a)).

(164) Let Az be a non empty Abelian add-associative right zeroed right com-
plementable additive loop structure. Then (the carrier of As, the zero of
As, the addition of As, the left integer multiplication of As) is a Z-module.
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Summary. In this article we defined mathematical morphology image pro-
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1. MINKOWSKI SET OPERATIONS

Let E be a non empty RLS structure. A binary image of F is a subset of E.

In the sequel E denotes a real linear space and A denotes a binary image of E.

Let E be a real linear space and let A, B be binary images of E. The functor
A 6 B yielding a binary image of F is defined as follows:

(Def. 1) AcB={2€E: N\p.clement of g (D EB = z—be A)}.

Let a be a real number, let E be a real linear space, and let A be a subset
of E. We introduce a - A as a synonym of a ® A. The following propositions are
true:

(1) Let E be a real linear space and A, B be subsets of E. If B = (), then
A®B=Band B® A= B and A© B = the carrier of FE.

(2) For every real linear space E and for all subsets A, B of E such that
A#(and B=0 holds B& A= B.
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(3) Let E be a real linear space and A, B be subsets of E. If B = the carrier
of E and A # (), then A® B= B and B® A= B.

(4) For every real linear space E and for all subsets A, B of E such that
B = the carrier of E holds Be A = B.

(5) A® B =J{b+ A;b ranges over elements of E: b € B}.

Let E be a non empty RLS structure. A binary image family of E is a family
of subsets of the carrier of E.

We follow the rules: F'; G are binary image families of £ and A, B, C are
non empty binary images of E. We now state four propositions:

(6) Ao B={b+ A;branges over elements of E: b € B}.

(1) AeB={veE: (v+(-1)-B)nA#0}.

8) AoB={veE:v+(-1)-BC A}

(9) ((The carrier of E)\ A)® B = (the carrier of E)\ A© B and ((the carrier
of E)\ A) © B = (the carrier of E) \ A® B.

Let E be a non empty Abelian additive loop structure and let A, B be
subsets of E. Let us note that the functor A @ B is commutative.
One can prove the following propositions:

(10) For every non empty add-associative additive loop structure E and for
all subsets A, B, C of E holds (A+ B)+C =A+ (B+C).

(11) (AeB)eC=Aa (Ba().

(12) UF @ B =J{X @ B; X ranges over binary images of E: X € F'}.
(13) AeUF =U{A @ X; X ranges over binary images of E: X € F'}.
(14) NF@® B C{X @ B; X ranges over binary images of E: X € F'}.
(15) AeNF CN{A® X; X ranges over binary images of E: X € F}.
(16)

For every non empty additive loop structure E and for all subsets A, B,
C of F such that BC C holds A+ B C A+ C.

(17) w+A)eB=A®(v+B)and (v+A)@B=v+AdB.

(18) N F o B ={X © B; X ranges over binary images of E: X € F'}.

(19) N{B © X; X ranges over binary images of E: X € F} C B&(F.
(20) U{X © B; X ranges over binary images of E: X € F'} CJF © B.

(21) If F #0, then B&UF =N{B & X; X ranges over binary images of E:
X e F}.

(22) fACB,then AoCCBoC.

(23) fACB,then CoBCCo A

(24) (w+A)eoB=Ac(w+B)and (v+A)eB=v+ASB.

(25) AeBoC=Ac (Ba(O).
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2. DILATION AND EROSION

Let E be a real linear space and let B be a binary image of . The functor
dilation B yields a function from 2the carrier of E jp¢q othe carrier of E' 51y d i defined

as follows:
(Def. 2) For every binary image A of E holds (dilation B)(A4) = A& B.

Let E be a real linear space and let B be a binary image of . The functor
erosion B yields a function from 2the carrier of E jpq othe carrier of £ 51 ig defined
by:

(Def. 3) For every binary image A of E holds (erosion B)(A) = Ao B.

The following propositions are true:

(26) (dilation B)(J F') = U{(dilation B)(X); X ranges over binary images of
E: X € F}.

(27) If A C B, then (dilation C')(A) C (dilation C)(B).

(28) (dilation C)(v + A) = v + (dilation C)(A).

(29) (erosion B)(NF) = N{(erosion B)(X); X ranges over binary images of
E: X € F}.

(30) If A C B, then (erosionC)(A) C (erosion C)(B).

(31) (erosionC)(v+ A) = v + (erosion C')(A).

(32) (dilation C')((the carrier of E)\ A) = (the carrier of E) \ (erosion C)(A)
and (erosion C')((the carrier of E)\ A) = (the carrier of F)\ (dilation C')(A).

(33) (dilation C')((dilation B)(A)) = (dilation(dilation C')(B))(A) and

(erosion C')((erosion B)(A)) = (erosion(dilation C)(B))(A).
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Summary. In control engineering, differentiable partial functions from R
into R" play a very important role. In this article, we formalized basic properties
of such functions.
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The notation and terminology used in this paper are introduced in the following
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Let us observe that there exists a sequence of real numbers which is conver-
gent to 0 and non-zero.

For simplicity, we adopt the following convention: xq, r denote real numbers,
7, m denote elements of N, n denotes a non empty element of N, Y denotes a
subset of R, Z denotes an open subset of R, and f;, fo denote partial functions
from R to R™.

The following proposition is true

(1) For all partial functions fi, fo from R to R™ holds f1 — fo = f1 + — fo.
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Let n be a non empty element of N, let f be a partial function from R to
R", and let x be a real number. We say that f is differentiable in x if and only
if:
(Def. 1) There exists a partial function g from R to (E™,|| - ||) such that f =g
and ¢ is differentiable in z.
One can prove the following proposition

(2) Let n be a non empty element of N, f be a partial function from R to

R™, h be a partial function from R to (£™,| - ||), and = be a real number.
Suppose h = f. Then f is differentiable in z if and only if A is differentiable
in z.

Let n be a non empty element of N, let f be a partial function from R to
R™, and let x be a real number. The functor f’(z) yields an element of R™ and
is defined as follows:
(Def. 2) There exists a partial function g from R to (€™, || - ||) such that f =g
and ['(z) = ¢'(2).
One can prove the following proposition
(3) Let n be a non empty element of N, f be a partial function from R to
R™, h be a partial function from R to (£™,| - ||), and = be a real number.
If h = f, then f'(z) = I (x).
Let us consider n, f, X. We say that f is differentiable on X if and only if:
(Def. 3) X C dom f and for every x such that x € X holds f[X is differentiable
in x.
The following propositions are true:
(4) If f is differentiable on X, then X is a subset of R.
(5) f is differentiable on Z iff Z C dom f and for every x such that x € Z
holds f is differentiable in x.
(6) If f is differentiable on Y, then Y is open.

Let us consider n, f, X. Let us assume that f is differentiable on X. The
functor ff  yields a partial function from R to R" and is defined by:

(Def. 4) dom(fjx) = X and for every z such that € X holds fiy(z) = f'().
One can prove the following propositions:

(7) Suppose Z C dom f and there exists an element r of R™ such that
rng f = {r}. Then f is differentiable on Z and for every x such that x € Z
holds (f{)z = (0,...,0).

(8) Let xo be a real number, f be a partial function from R to R", g be a
partial function from R to (£",] - ||), and N be a neighbourhood of .
Suppose f = g and f is differentiable in g and N C dom f. Let given h, c.
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Suppose rng ¢ = {xg} and rng(h+¢) € N. Then h=1- ((g«(h+¢)) — (g«¢))
is convergent and f’(zo) = im(h™1 - ((g«(h + ¢)) — (g«c)))-

(9) If f is differentiable in x¢, then 7 f is differentiable in 2o and (r- f)’(zo) =
r- f(xo).

(10) If f is differentiable in xg, then — f is differentiable in z¢ and (= f)’(zo) =
—f' (o).

(11) If f; is differentiable in zg and fy is differentiable in zq, then f; + fo
differentiable in z¢ and (f1 + f2)'(z0) = fi'(zo) + f2(x0).

(12) If f; is differentiable in xp and fy is differentiable in zg, then f; — fy is
differentiable in i) and (f1 — fg)/(l‘g) = fll(xo) — fQ,(l‘o).

(13) Suppose Z C dom f and f is differentiable on Z. Then r - f is differen-
tiable on Z and for every z such that z € Z holds (r - f)|,(z) =7 f'(z).

(14) If Z C dom f and f is differentiable on Z, then —f is differentiable on
Z and for every z such that z € Z holds (—f)|4(z) = —f'(2).

(15) Suppose Z C dom(f1 + f2) and f; is differentiable on Z and f> is diffe-
rentiable on Z. Then f; + fo is differentiable on Z and for every x such
that = € Z holds (f1 + fa2)|,(2) = fi' (x) + fo' (2).

(16) Suppose Z C dom(f; — f2) and f; is differentiable on Z and f; is diffe-
rentiable on Z. Then f; — fo is differentiable on Z and for every x such
that x € Z holds (f; — f2)/rZ(33) = fi'(z) — /().

(17) If Z C dom f and f[Z is constant, then f is differentiable on Z and for
every x such that z € Z holds f{,(z) = (0,...,0).

AR

n

(18) Let r, p be elements of R™. Suppose Z C dom f and for every z such
that € Z holds f, = -7+ p. Then f is differentiable on Z and for every
z such that z € Z holds f{,(z) =r.

(19) For every real number xg such that f is differentiable in xg holds f is
continuous in xg.

(20) If f is differentiable on X, then f[X is continuous.
(21) 1If f is differentiable on X and Z C X, then f is differentiable on Z.
Let n be a non empty element of N and let f be a partial function from R
to R™. We say that f is differentiable if and only if:
(Def. 5)  f is differentiable on dom f.

Let us consider n. One can check that R —— (0,...,0) is differentiable.
——

—-

S

Let us consider n. Note that there exists a functi?)n from R into R™ which
is differentiable.
One can prove the following proposition
(22) For every differentiable partial function f from R to R™ such that Z C
dom f holds f is differentiable on Z.
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In the sequel G, R are rests of (€™, - ||} and Dy, L are linears of (E™, || - ||).
Next we state a number of propositions:

(23) Let R be a partial function from R to (€™, || - ||). Suppose R is total.
Then R is rest-like if and only if for every real number r such that r» > 0
there exists a real number d such that d > 0 and for every real number z
such that z # 0 and |z| < d holds |z|™1 - | R.|| < r.

(24) Let g be a partial function from R to (£, ||-||) and x¢ be a real number.
Suppose 1 < i < n and g is differentiable in xg. Then Proj(i,n) - ¢ is
differentiable in g and (Proj(i,n))(¢'(zo)) = (Proj(i,n) - g)’(xo).

(25) Let g be a partial function from R to (€™, || -||) and x¢ be a real number.
Then g is differentiable in zq if and only if for every element ¢ of N such
that 1 <4 <n holds Proj(i,n) - g is differentiable in z.

(26) Let f be a partial function from R to R™ and xy be a real number.
Suppose 1 < i < n and f is differentiable in zy. Then Proj(i,n) - f is
differentiable in z¢ and (Proj(i,n))(f'(x0)) = (Proj(i,n) - f)'(xo).

(27) Let f be a partial function from R to R™ and zy be a real number. Then
f is differentiable in zq if and only if for every element ¢ of N such that
1 <4 < n holds Proj(i,n) - f is differentiable in zg.

(28) Let g be a partial function from R to (€™, - ||). Suppose 1 < i < n
and g is differentiable on X. Then Proj(i,n) - g is differentiable on X and
Proj(i,n) - g’rX = (Proj(i,n) 'g)er'

(29) Let f be a partial function from R to R™. Suppose 1 < i < n and
f is differentiable on X. Then Proj(i,n) - f is differentiable on X and
Proj(i,n) - fix = (Proj(i,n) - f)x-

(30) Let g be a partial function from R to (€™, ] - ||). Then g is differentiable
on X if and only if for every element ¢ of N such that 1 < ¢ < n holds
Proj(i,n) - g is differentiable on X.

(31) Let f be a partial function from R to R™. Then f is differentiable on X if
and only if for every element i of N such that 1 < i < n holds Proj(i,n)- f
is differentiable on X.

(32) For every function J from (£1,|| - ||) into R and for every point xq of
(L, ]] - ||) such that J = proj(1,1) holds J is continuous in z.

(33) For every function I from R into (£, - ||) such that I = proj(1,1)~!
holds I is continuous in zg.

(34) Let S, T be real normed spaces, fi be a partial function from S to R,
fo be a partial function from R to 7', and xy be a point of S. Suppose
xo € dom(f2- f1) and f; is continuous in xg and fo is continuous in (f1)q,-
Then fs5 - f1 is continuous in x.

(35) Let J be a function from (£, - ||) into R, x be a point of (€L, - |),
yo be an element of R, g be a partial function from R to (€™, || -|), and f
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be a partial function from (€L, || - ||) to (€™, - ||). Suppose J = proj(1,1)
and zo € dom f and yp € domg and zp = (yp) and f = g - J. Then f is
continuous in xg if and only if g is continuous in yo.

(36) Let I be a function from R into (EL, || - ||), 2o be a point of (1, - ||}, yo
be an element of R, ¢g be a partial function from R to (£",] - ||), and f be
a partial function from (£, - ||) to (€] - ||). Suppose I = proj(1,1)~!
and zg € dom f and yy € domg and xzo = (yo) and f-I = g. Then f is
continuous in x( if and only if g is continuous in .

(37) For every function I from R into (£, - ||) such that I = proj(1,1)~!
holds I is differentiable in 2o and I'(zg) = (1).

Let n be a non empty element of N, let f be a partial function from (™, |- ||)

to R, and let = be a point of (€™, || - ||). We say that f is differentiable in z if
and only if the condition (Def. 6) is satisfied.

(Def. 6) There exists a partial function g from R™ to R and there exists an
element y of R™ such that f = g and « = y and g¢ is differentiable in y.
Let n be a non empty element of N, let f be a partial function from (£, || -||)
to R, and let x be a point of (£, - ||). The functor f’(x) yields a function from
(E™, |l - 1|) into R and is defined by:
(Def. 7) There exists a partial function ¢g from R™ to R and there exists an
element y of R™ such that f = g and x =y and f'(x) = ¢'(y).
We now state several propositions:
(38) Let J be a function from R! into R and z¢ be an element of R!. If
J = proj(1,1), then J is differentiable in z¢ and J'(zg) = J.
(39) Let J be a function from (€1, ||-||) into R and g be a point of (€%, || -||).
If J = proj(1,1), then J is differentiable in z¢ and J'(zo) = J.
(40) Let I be a function from R into (€%, - ||). Suppose I = proj(1,1)~t.

Then

(i) for every rest R of (€1, -}, (€™, || ||) holds R-T is a rest of (£, || - ||),
and

(i)  for every linear operator L from (€1, | - ||) into (€™, - ||) holds L - I is
a linear of (€™, | - [|).

(41) Let J be a function from (£, | - ||) into R. Suppose J = proj(1,1). Then
(i) for every rest R of (€™, | -||) holds R-J is a rest of (€L |- ), (€™, ||- |},
and
(ii)  for every linear L of (£",] - ||) holds L - .J is a bounded linear operator
from (€1, - ) into (€7, | )
(42) Let I be a function from R into (€L, || - ||), 2o be a point of (1, - ||}, yo
be an element of R, g be a partial function from R to (£, - ||), and f be
a partial function from (£, - ||) to (€] - ||). Suppose I = proj(1,1)~!
and zop € dom f and yp € domg and z¢p = (yo) and f-I = g and f is
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differentiable in xg. Then g is differentiable in yo and ¢'(yo) = f'(z0)((1))
and for every element r of R holds f/(zo)((r)) = ¢ (yo).

(43) Let I be a function from R into (€%, || - ||), zo be a point of (1, - |}, yo
be an element of R, g be a partial function from R to (€™, - ||), and f be
a partial function from (€1, || - ||) to (€™, - ||). Suppose I = proj(1,1)~!
and xo € dom f and yy € domg and z¢p = (yo) and f-I = g. Then f is
differentiable in x( if and only if ¢ is differentiable in yq.

(44) Let J be a function from (€1, || - ||) into R, zg be a point of (£, || - ||,
yo be an element of R, g be a partial function from R to (£",] - ), and f
be a partial function from (€%, | - ||) to (€™, || - ||). Suppose J = proj(1,1)
and zg € dom f and yy € domg and zy = (yp) and f = g - J. Then f is
differentiable in x¢ if and only if g is differentiable in yg.

(45) Let J be a function from (£, - ||) into R, xo be a point of (€L, - /),
yo be an element of R, g be a partial function from R to (€™, || -|), and f
be a partial function from (€%, | - ||) to (€™, || - ||). Suppose J = proj(1,1)
and zyp € dom f and yg € domg and zp = (yo) and f = ¢g-J and g is
differentiable in yo. Then f is differentiable in x¢ and ¢'(yo) = f'(x0)((1))
and for every element r of R holds f/(zo)((r)) = ¢'(yo)-

(46) Let R be a rest of (", || - [|). Suppose Rg = Ogn .y Let e be a real
number. Suppose ¢ > 0. Then there exists a real number d such that
d > 0 and for every real number h such that |h| < d holds ||Rx|| < e - |h].

In the sequel m, n denote non empty elements of N.
One can prove the following propositions:

(47) For every rest R of (€™, | -||) and for every bounded linear operator L
from (", - ||) into (E™, || - ||) holds L - R is a rest of (E™, || - ||).

(48) Let Ry be arest of (£",]|-[[). Suppose (R1)o = Oen .|y Let Rz be a rest
of (€™, [[- 1), (€™, [ [I)- Suppose (R2)oen ., = O(gm|.|)- Let L be a linear
of (€™,| - ). Then Ry - (L + Ry) is a rest of (€™, || - ||).

(49) Let Ry be a rest of (", | - [|). Suppose (R1)o = Oen .|y- Let Rz be a
rest of (E", [ - [)), (€™, || - |I). Suppose (R2)oen ., = Otgm |- Let L1 be
a linear of (£",] - ||) and L2 be a bounded linear operator from (£, || - ||)
into (€™, -||). Then Ly - Ry + Ra - (L1 + Ry) is a rest of (€™, || - ||)-

(50) Let zg be an element of R and g be a partial function from R to (€™, ||-||).
Suppose ¢ is differentiable in z. Let f be a partial function from (E™, || ||)
to (€™, || - 1|). Suppose f is differentiable in ¢,,. Then f - g is differentiable

in zo and (f - 9)'(z0) = f'(gx0)(9' (w0))-
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Summary. This article describes definitions of subsymmetric matrix, anti-
subsymmetric matrix, central symmetric matrix, symmetry circulant matrix and
their basic properties.

MML identifier: MATRIX17, version: 7.12.02 4.174.1136
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[5], and [10].

1. BASIC PROPERTIES OF SUBORDINATE SYMMETRIC MATRICES

For simplicity, we use the following convention: n denotes a natural number,
K denotes a field, a, b denote elements of K, p, ¢ denote finite sequences of
elements of K, and M7, My denote square matrices over K of dimension n.

Let K be a field, let n be a natural number, and let M be a square matrix
over K of dimension n. We say that M is subsymmetric if and only if:
(Def. 1) For all natural numbers i, j, k, [ such that (i, j) € the indices of M and

k= (n—l—l) —jand [ = (n+1) — ¢ holds Mi,j ZM]C,[.

Let us consider n, K, a. Note that (a)™*™ is subsymmetric.

Let us consider n, K. Observe that there exists a square matrix over K of
dimension n which is subsymmetric.

! Authors thanks Andrzej Trybulec and Yatsuka Nakamura for the help during writing this
article.
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Let us consider n, K and let M be a subsymmetric square matrix over K of
dimension n. Note that —M is subsymmetric.
Let us consider n, K and let M7, My be subsymmetric square matrices over
K of dimension n. One can check that M; + Ms is subsymmetric.
Let us consider n, K, a and let M be a subsymmetric square matrix over K
of dimension n. Note that a - M is subsymmetric.
Let us consider n, K and let M7, My be subsymmetric square matrices over
K of dimension n. One can verify that M; — My is subsymmetric.
Let us consider n, K and let M be a subsymmetric square matrix over K of
dimension n. Observe that M7 is subsymmetric.
Let us consider n, K. Observe that every square matrix over K of dimension
n which is line circulant is also subsymmetric and every square matrix over K
of dimension n which is column circulant is also subsymmetric.
Let K be a field, let n be a natural number, and let M be a square matrix
over K of dimension n. We say that M is anti-subsymmetric if and only if:
(Def. 2) For all natural numbers i, j, k, [ such that (i, j) € the indices of M and
k= (TL—‘r 1) —jand [ = (n+ 1) — ¢ holds Mz‘,j = _Mk,l-
Let us consider n, K. One can verify that there exists a square matrix over
K of dimension n which is anti-subsymmetric.
The following proposition is true
(1) Let K be a Fanoian field, n, i, j, k, [ be natural numbers, and M; be
a square matrix over K of dimension n. Suppose (i, j) € the indices of
Myandi+j=n+landk=(n+1)—jandl = (n+1)—iand M; is
anti-subsymmetric. Then (M;);; = Ok.
Let us consider n, K and let M be an anti-subsymmetric square matrix over
K of dimension n. Note that —M is anti-subsymmetric.
Let us consider n, K and let M;, M5 be anti-subsymmetric square matrices
over K of dimension n. Observe that M; + M, is anti-subsymmetric.
Let us consider n, K, a and let M be an anti-subsymmetric square matrix
over K of dimension n. One can verify that a - M is anti-subsymmetric.
Let us consider n, K and let M7, M5 be anti-subsymmetric square matrices
over K of dimension n. One can check that M; — My is anti-subsymmetric.
Let us consider n, K and let M be an anti-subsymmetric square matrix over
K of dimension n. One can verify that M7 is anti-subsymmetric.

2. BAsic PROPERTIES OF CENTRAL SYMMETRIC MATRICES

Let K be a field, let n be a natural number, and let M be a square matrix
over K of dimension n. We say that M is central symmetric if and only if:

(Def. 3) For all natural numbers i, j, k, [ such that (i, j) € the indices of M and
k=(n+1)—iand = (n+1)—j holds M; ; = M.
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Let us consider n, K, a. Note that (a)"*™ is central symmetric.

Let us consider n, K. One can verify that there exists a square matrix over
K of dimension n which is central symmetric.

Let us consider n, K and let M be a central symmetric square matrix over
K of dimension n. One can verify that —M is central symmetric.

Let us consider n, K and let M7, M5 be central symmetric square matrices
over K of dimension n. One can verify that M; 4+ M> is central symmetric.

Let us consider n, K, a and let M be a central symmetric square matrix
over K of dimension n. Note that a - M is central symmetric.

Let us consider n, K and let My, M> be central symmetric square matrices
over K of dimension n. Observe that My — My is central symmetric.

Let us consider n, K and let M be a central symmetric square matrix over
K of dimension n. Observe that M7 is central symmetric.

Let us consider n, K. Note that every square matrix over K of dimension n
which is symmetric and subsymmetric is also central symmetric.

3. BASIC PROPERTIES OF SYMMETRIC CIRCULANT MATRICES

Let K be a set, let M be a matrix over K, and let p be a finite sequence. We
say that M is symmetry circulant about p if and only if the conditions (Def. 4)
are satisfied.

(Def. 4)(i) lenp = width M,
(ii)  for all natural numbers i, j such that (i, j) € the indices of M and
i+ j #lenp+ 1 holds M;; = p(((i + j) — 1) mod lenp), and
(iii)  for all natural numbers i, j such that (i, j) € the indices of M and
i+ j =lenp+ 1 holds M; ; = p(lenp).

The following propositions are true:

(2) (a)™" is symmetry circulant about n — a.

(3) If M is symmetry circulant about p, then a - M; is symmetry circulant
about a - p.

(4) If M; is symmetry circulant about p, then —M; is symmetry circulant
about —p.

(5) If M is symmetry circulant about p and My is symmetry circulant about
q, then My + M> is symmetry circulant about p + q.

Let K be a set and let M be a matrix over K. We say that M is symmetry
circulant if and only if:

(Def. 5) There exists a finite sequence p of elements of K such that lenp =
width M and M is symmetry circulant about p.

Let K be a non empty set and let p be a finite sequence of elements of K.

We say that p is first symmetry of circulant if and only if:
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(Def. 6) There exists a square matrix over K of dimension len p which is symme-
try circulant about p.
Let K be a non empty set and let p be a finite sequence of elements of K.
Let us assume that p is first symmetry of circulant. The functor SCirc p yielding
a square matrix over K of dimension lenp is defined as follows:
(Def. 7) SCircp is symmetry circulant about p.
Let us consider n, K, a. Note that (a)™*™ is symmetry circulant.
Let us consider n, K. Note that there exists a square matrix over K of
dimension n which is symmetry circulant.
In the sequel D is a non empty set, ¢ is a finite sequence of elements of D,
and A is a square matrix over D of dimension n.
We now state the proposition
(6) Let p be a finite sequence of elements of D. Suppose 0 < n and A is
symmetry circulant about p. Then AT is symmetry circulant about p.

Let us consider n, K, a and let M7 be a symmetry circulant square matrix
over K of dimension n. Note that a - M7 is symmetry circulant.

Let us consider n, K and let M, My be symmetry circulant square matrices
over K of dimension n. Note that M; + M is symmetry circulant.

Let us consider n, K and let M7 be a symmetry circulant square matrix over
K of dimension n. Note that — M7 is symmetry circulant.

Let us consider n, K and let M, My be symmetry circulant square matrices
over K of dimension n. Observe that M; — My is symmetry circulant.

The following propositions are true:

(7) If A is symmetry circulant and n > 0, then AT is symmetry circulant.
(8)

(9) If p is first symmetry of circulant, then SCirc(—p) = —SCircp.
(10)

If p is first symmetry of circulant, then —p is first symmetry of circulant.

Suppose p is first symmetry of circulant and ¢ is first symmetry of cir-
culant and lenp = leng. Then p + ¢ is first symmetry of circulant.

(11) Iflenp = lenq and p is first symmetry of circulant and ¢ is first symmetry
of circulant, then SCirc(p + ¢q) = SCircp + SCircgq.

(12) If p is first symmetry of circulant, then a-p is first symmetry of circulant.

(13) If p is first symmetry of circulant, then SCirc(a - p) = a - SCirc p.

(14) If pis first symmetry of circulant, then a-SCirc p+b-SCirc p = SCirc((a+
b) - p).

(15) If p is first symmetry of circulant and ¢ is first symmetry of circulant
and lenp = leng, then a - SCircp + a - SCirc ¢ = SCirc(a - (p + q)).

(16) Suppose p is first symmetry of circulant and ¢ is first symmetry of cir-
culant and lenp = lenq. Then a - SCircp+ b - SCircq = SCirc(a-p+0b-q).

(17) If M; is symmetry circulant, then M,T = M.
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Let us consider n, K. Note that every square matrix over K of dimension n

which is symmetry circulant is also symmetric.
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1. ON THE FUNCTIONS FROM R INTO n-DIMENSIONAL REAL SPACE

For simplicity, we adopt the following convention: X denotes a set, n denotes
an element of N, a, b, ¢, d, e, r, ¢ denote real numbers, A denotes a non empty
closed-interval subset of R, f, g, h denote partial functions from R to R", and
FE denotes an element of R™. We now state a number of propositions:

(1) Ifa<e<b, then c€ [a,b] and [a,c] C [a,b] and [c,b] C [a,b].

! This work was supported by JSPS KAKENHI 22300285.
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(2) Ifa<c<d<band [a,b] C X, then [¢,d] C X.

(3) Ifa<bandec dE€ [a,b] and [a,b] C X, then [min(c,d), max(c,d)] C X.

(4) Ifa<c<d<band [a,b C domf and [a,b] C domg, then [c,d] C
dom(f + g).

(5) Ifa<c<d<band [a,b C domf and [a,b] C domg, then [c,d] C
dom(f — g).

(6) Let f be a partial function from R to R. Suppose a < ¢ < d < b and f
is integrable on [a,b] and f[[a, b] is bounded and [a, b] C dom f. Then r - f
is integrable on [c,d] and (7 - f)[[c, d] is bounded.

(7) Let f, g be partial functions from R to R. Suppose that a < ¢ < d <b
and f is integrable on [a,b] and g is integrable on [a,b] and f[[a,b] is
bounded and g[[a,b] is bounded and [a,b] C dom f and [a,b] C domg.
Then f — g is integrable on [¢,d] and (f — g)[[c,d] is bounded.

(8) Suppose a < b and f is integrable on [a,b] and f[]a,b] is bounded and
[a,b] C dom f and ¢ € [a,b]. Then f is integrable on [a,c] and f is inte-

b c b
grable on [c, b] and /f(ar)dw:/f(x)dx+/f(x)dx.

(9) Supposea < ¢ < d < band f is integrable on [a, b] and f[[a, b] is bounded
and [a,b] C dom f. Then f is integrable on [c,d] and f[[c, d] is bounded.

(10) Suppose that a < ¢ < d < b and f is integrable on [a,b] and g is
integrable on [a,b] and f[[a,b] is bounded and g[[a,b] is bounded and
[a,b] C dom f and [a,b] C domg. Then f + ¢ is integrable on [c,d] and
(f + 9)Ie, d] is bounded.

(11) Supposea < ¢ < d < band f is integrable on [a, b] and f[[a, b] is bounded
and [a,b] C dom f. Then r - f is integrable on [c,d] and (r - f)[[e,d] is
bounded.

(12) Suppose a < ¢
bounded and [a, b]
is bounded.

(13) Suppose that a < ¢ < d < b and f is integrable on [a,b] and g is
integrable on [a,b] and f[[a,b] is bounded and g[[a,b] is bounded and
[a,b] € dom f and [a,b] C domg. Then f — g is integrable on [c,d] and
(f — g)I[c, d] is bounded.

(14) Let n be a non empty element of N and f be a function from A into R".
Then f is bounded if and only if |f| is bounded.

(15) If f is bounded and A C dom f, then f[A is bounded.

(16) Let f be a partial function from R to R™ and ¢ be a function from A
into R". If f is bounded and f = g, then g is bounded.

(17) For every partial function f from R to R™ and for every function g from

d < b and f is integrable on [a,b] and f[[a,b] is

< :
C dom f. Then —f is integrable on [c, d] and (—f)[[c, d]
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A into R"™ such that f = g holds |f| = |g|.
(18) If A C domh, then |h[A| = |h|[A
(19) Let n be a non empty element of N and h be a partial function from R

to R™. If A C domh and h[A is bounded, then |h|[A is bounded.

(20) Let n be a non empty element of N and h be a partial function from R
to R™. Suppose A C dom h and h[A is bounded and h is integrable on A

and |h| is integrable on A. Then ]/h(m)dw\ < /]h!(m)dm
A

(21) Let n be a non empty element of N and h be a partial function from R to
R™. Suppose a < b and [a,b] C domh and h is 1ntegrable on [a, b] and |h| is

integrable on [a, b] and h[[a,b] is bounded. Then | / h(z)dx| < / |h|(x

(22) Let n be a non empty element of N and f be a partlal functlon from R
to R"™. Suppose that a < b and f is integrable on [a, b] and |f| is integrable
on [a,b] and f[[a,b] is bounded and [a,b] C dom f and ¢, d € [a,b]. Then
|f| is integrable on [min(c,d), max(c,d)] and |f|[[min(c, d), max(c,d)] is

max(c,d)
bounded and \/f(x)dx| < / |f|(z)dz
min(c,d)

(23) Let n be a non empty element of N and f be a partial function from
R to R™. Suppose that a < b and ¢ < d and f is integrable on [a,b] and
|f| is integrable on [a,b] and f[[a,b] is bounded and [a,b] C dom f and
¢, d € [a,b]. Then |f| is mtegrable on [c,d] and |fI1[c,d] is bounded and

\/f da:\</m dwand\/f dm\</\f\

(24) Let n be a non empty element of N and f be a partial function from
R to R™. Suppose that a < b and ¢ < d and f is integrable on [a,b] and
|f| is integrable on [a, b] and f[[a,b] is bounded and [a,b] C dom f and c,
d € [a,b] and for every real number = such that = € [¢,d] holds |f;] < e.
d

Then |/f(x)da:| <e-(d—c)and |/f(;1:)dx| <e-(d—c).
c d

(25) If a < b and f is integrable on [a,b] and f[[a,b] is bounded and [a,b] C
d d

dom f and ¢, d € [a, b], then /(r - f(x)de =1r- /f(x)dw

(26) If a <band f is integrable on [a,b] and f[[a,b] is bounded and [a,b] C
d

d
dom f and ¢, d € [a, b], then /(—f)(x)d:z = —/f(x)dx

c C
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(27) Suppose that a < b and f is integrable on [a,b] and g is integrable on
[a,b] and f[a,b] is bounded and g[[a,b] is bounded and |a, b] C dom f

and [a,b] C domg and ¢, d € [a,b]. Then/(f+g)( dm—/f ydx +

/g(x)d:b.

(28) Suppose that a < b and f is integrable on [a,b] and g is integrable on
[a,b] and f[[a,b] is bounded and g[[a,b] is bounded and |[a, b] C dom f
and [a,b] € domg and ¢, d € [a,b]. Then/(f g)(x) dm—/f )dx —

/g(x)d:z.

(29) Suppose a < b and [a,b] C dom f and for every real number z such that
x € [a,b] holds f(x) = E. Then f is integrable on [a,b] and f[[a,b] is
b

bounded and /f(a;)dx =(b—-a)-FE
(30) Suppose a Sa b and for every real number x such that x € [a,b] holds
f(z) = E and [a,b] C dom f and ¢, d € [a, b]. Then /f(x)dx =(d—c)-E.
(31) If a <band f is integrable El)n [a,b] and f[[a,b] isc bodunded and [a,b] C
dom f and ¢, d € [a,b], then /f(a;)dx = /f(m)da: + /f(x)dw

(32) Suppose that a < b and f is integrable on [a, b] and f[[a,b] is bounded
and [a,b] C dom f and ¢, d € [a,b] and for every real number x such that
d

x € [min(c, d), max(c,d)] holds | f;| < e. Then \/f(x)da?| <n-e-|d—c|

(33) /af(ﬂf)dw = —/bf(ﬂf)dfC
b a

2. ON THE FUNCTIONS FROM R INTO n-DIMENSIONAL REAL NORMED SPACE

Let R be a real normed space, let X be a non empty set, and let g be a
partial function from X to R. We say that g is bounded if and only if:
(Def. 1) There exists a real number r such that for every set y such that y € dom g
holds ||gy|| < 7.
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Next we state a number of propositions:

(34) Let f be a partial function from R to R™ and g be a partial function
from R to (€™, | - ||). If f = g, then f is bounded iff g is bounded.

(35) Let X, Y be sets and f1, fa be partial functions from R to (E™, || - ||).
Suppose f1]X is bounded and f>[Y is bounded. Then (f1 + fo)[(X NY)
is bounded and (f; — f2)[(X NY) is bounded.

(36) Let f be afunction from A into R", ¢ be a function from A into (", ||-||),
D be a Division of A, p be a finite sequence of elements of R™, and ¢ be a
finite sequence of elements of (E™, || - ||). Suppose f = g and p = ¢q. Then
p is a middle volume of f and D if and only if ¢ is a middle volume of ¢
and D.

(37) Let f be afunction from A into R", ¢ be a function from A into (", ||-||),
D be a Division of A, p be a middle volume of f and D, and ¢ be a
middle volume of g and D. If f = g and p = ¢, then middle sum(f,p) =
middle sum(g, q).

(38) Let f be a function from A into R"™, g be a function from A into (€™, ||-||),
T be a division sequence of A, p be a function from N into (R™)*, and ¢
be a function from N into (the carrier of (€™, -|))*. Suppose f = g and
p = q. Then p is a middle volume sequence of f and T if and only if ¢ is
a middle volume sequence of g and T.

(39) Let f be a function from A into R"™, g be a function from A into (€™, ||-||),
T be a division sequence of A, S be a middle volume sequence of f and

T, and U be a middle volume sequence of g and T. If f = g and S = U,
then middle sum(f, S) = middle sum(g, U).

(40) Let f be a function from A into R", g be a function from A into (™, ||-|]),
I be an element of R™, and J be a point of (£",]| - ||). Suppose f = g and
I = J. Then the following statements are equivalent
(i)  for every division sequence T' of A and for every middle volume se-
quence S of f and T such that ér is convergent and lim(d7) = 0 holds
middle sum(f, S) is convergent and lim middle sum(f,S) = I,
(ii)  for every division sequence T of A and for every middle volume se-
quence S of g and T such that dp is convergent and lim(é7) = 0 holds
middle sum(g, S) is convergent and lim middle sum(g, S) = J.

(41) Let f be a function from A into R™ and g be a function from A into
(E™, || - |I)- Suppose f = g and f is bounded. Then f is integrable if and
only if g is integrable.

(42) Let f be a function from A into R™ and g be a function from A into
(E™ |l - 1I). Suppose f = g and f is bounded and integrable. Then g is
integrable and integral f = integral g.

(43) Let f be a partial function from R to R™ and g be a partial function
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from R to (€",] - ||). Suppose f = ¢ and f[A is bounded and A C dom f.
Then f is integrable on A if and only if g is integrable on A.

(44) Let f be a partial function from R to R™ and g be a partial function from
R to (€™, ]| - ||). Suppose f = g and f]A is bounded and A C dom f and f
is integrable on A. Then g is integrable on A and /f(q:)dx = /g(m)daz.

A A
(45) Let f be a partial function from R to R™ and g be a partial function
from R to (E™, || - ||). Suppose f = g and a < b and f[[a b] is bounded and

[a,b] C dom f and f is integrable on [a, b]. Then / f(z)dx = / g(z

(46) Let f, g be partial functions from R to (€™, | - ||). Suppose a < b and
f is integrable on [a,b] and g is integrable on [a,b] and [a b] C dom f
b

and [a,b] € domg. Then /(f+g /f daz—i—/ x)dx and

/b(f —g)(z)dx = /bf(ﬁ)dx - /bg(x)dx.

a a a

(47) For every partial function f from R to (€™, ] - ||) such that a < b and
a b
[a,b] C dom f holds /f(:n)dm = —/ f(z)dzx
b

(48) Let f be a partial function from R to (E",]| - ||) and g be a partial
function from R to R™. Suppose f = g and a < b and [a,b] C dom f
and f[[a,b] is bounded and f is integrable on [a,b] and ¢, d € [a,b]. Then

d d

/f(:v)dz :/g(sn)dq:.

(49) Let f, g be partial functions from R to (€™, || - ||). Suppose that a < b
and f is integrable on [a,b] and g is integrable on [a,b] and f[[a,b] is
bounded and g|[a, b] is bounded and [a b] C dom f and [a, b] C dom g and

¢, d € [a,b]. Then/(f+g) dx—/f d:n—l—/

(50) Let f, g be partial functions from R to (€™, || - ||). Suppose that a < b
and f is integrable on [a,b] and g is integrable on [a,b] and f[[a,b] is
bounded and g[[a, b] is bounded and [a, b] C dom f and [a, b] € dom g and

d d d
¢, d € [a,b]. Then /(f —g)(z)dz = /f(:c)d:n — /g(x)dw

(51) Let E be a point of (£",| - ||) and f be a partial function from R to

(E™ |l - 1I)- Suppose a < b and [a,b] C dom f and for every real number
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x such that x € [a,b] holds f(x) = E. Then f is integrable on [a,b] and
b
f1la,b] is bounded and /f(x)d:c =(b—a) E.

(52) Let E be a point of (€™, - ||) and f be a partial function from R to
(E™ |l 1) Suppose a < b and [a,b] C dom f and for every real number x

d
such that x € [a,b] holds f(z) = E and ¢, d € [a,b]. Then /f(:c)dx =

(d—c¢)- E.
(53) Let f be a partial function from R to (€™, ] - ||). Suppose a < b and f
is integrable on [a,b] and f[[a,b] is bounded and [a,b] C dom f and ¢,

d € [a,b]. Then/df(:c)d:v:/cf(x)d:v+/df(x)dx.

(54) Let f be a partial function from R to (€™, || - ||). Suppose that a < b and
f is integrable on [a,b] and f[[a,b] is bounded and [a,b] C dom f and ¢,
d € [a,b] and for every real number = such that x € [min(c, d), max(c, d)]

d
holds [ f,]| < e. Then H/f(m)d:z:H <n-e-ld—d|.

3. FUNDAMENTAL THEOREM OF CALCULUS

The following two propositions are true:

(55)2 Let n be a non empty element of N and F, f be partial functions from R
to (€™, || -]|)- Suppose that a < b and f is integrable on [a, b] and f[a,b] is
bounded and [a,b] C dom f and ]a,b[ C dom F' and for every real number

x such that = € ]a,b] holds F(x) = /f(:c)dx and zo € |a,b] and f is

continuous in xg. Then F is differentiable in xg and F'(zqg) = fa,-

(56) Let n be a non empty element of N and f be a partial function from R to
(E™,||-1I)- Suppose a < b and f is integrable on [a, b] and f[[a, b] is bounded
and [a,b] C dom f and o € Ja,b[ and f is continuous in zp. Then there
exists a partial function F' from R to (", ] - ||) such that |a,b] C dom F

and for every real number x such that x € |a,b[ holds F(z) = /f(a;)dx

and F is differentiable in o and F'(x¢) = fa,-

?Fundamental Theorem of Calculus (for R™)
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Summary. In this article, we formalize operations of points on an elliptic
curve over GF(p). Elliptic curve cryptography [7], whose security is based on a
difficulty of discrete logarithm problem of elliptic curves, is important for infor-
mation security. We prove that the two operations of points: compellpyq jCo and
addellprojCo are unary and binary operations of a point over the elliptic curve.
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The terminology and notation used here are introduced in the following papers:

(51, (171, [3], [1], [13], [4], [2], [12], [14], [10], [9], [16], [15], [8], [11], and [6].

1. ArRITHMETIC IN GF(p)

For simplicity, we adopt the following convention: i, j denote integers, n
denotes a natural number, K denotes a field, and a1, a9, a3, a4, as, ag denote
elements of K.

One can prove the following propositions:

(1) If a; = —ag, then a;? = a?.
2) (1x) ™' =1k
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(3) Ifay # 0k and ay # Ox and a1 -az ' = az-as~ ", then a; - ag4 = as - as.
(4) Ifas # Ok and a4 # O and a1 - ag = as - a3, then ay -as™' = az-as~!.
(5) If ag =0 and n > 1, then a;™ = Ok.

(6) If a; = —ag, then —aj = as.

(7) a1+as+as+ay = ag+as+as+ay and ay+as+as+ag = a1 +ag+az+as.
(8) (a1 +az2+az)+as=a1+(az+az+as) and (a1 + a2 +az +aq) +as =

a1 + (ag + az + as + as).

(9) (a1 +azx+as+ag+as)+ag =ay + (az + az + ag + a5 + ag).

(10) ay-az-a3-as=aq-az-ag-ay and aj -az-as-aqs =ay - a4 - ag - as.
)
)

(1) (
(

(12
ay - (a2 - as - aq) - as - ag.
n

(13) (a1 -ag - ag)” = aln . agn -asg .

ay-ag-ag)-ag = a1-(az-as-aq) and (aj-az-as-aq)-as = aj-(az-as-aq-as).

ay-ag-as-as-as)-ag = ay-(ag-as-as-as-ag) and aj -az-az-aq-as-ag =

(14) aj-(ag+as+aqg) =a1-az+aj-a3+a;-aq and a1 - ((ag + az) —aq) =
(a1-ag+a1-a3) —ai-aq and ay - ((a2 —az) +as4) = (a1-a2 —a1-a3) +ai-aq
and a1 - (ag —ag—aq) =ay-a2 —aj-az3—ay-aq and ay - (—ag +az+aq) =
—ay - ag+aj-az+ai-aq and a;-((—ag+as)—aq) = (—ay - ag+ai-az)—ai-aq
and a;-((—ag—as)+aq) = (—a1 - ag—ai-az)+ai-aq and a1-(—ag—ag—ay) =
—aj-a —ai-az —aj - a4.

(15) ((11 + CLQ) . (a1 — ag) = a12 — (122.

(16) (a1 + ag) . ((a12 —aj - ag) + a22) = a13 + a23.

(17) (a1 — az) . (a12 + a1 -as + a22) = (113 — (123.

Let n, p be natural numbers. We say that p is n or greater if and only if:
(Def. 1) n <p.
Let us note that there exists a natural number which is 5 or greater and
prime.
The following propositions are true:

(18) For all elements g1, g2, g3, a of GF(p) such that g; = ¢ mod p and
g2 =j mod p and g3 = (i + j) mod p holds g1 -a+ g2 - a = g3 - a.

(19) For all elements g1, g2, a of GF(p) such that ¢g; = ¢ mod p and g2 =
jmod pand j=¢+1holds g1 -a+a=gs-a.

(20) For all elements g4, a of GF(p) such that g4 = 2 mod p holds a+a = g4-a.

(21) For all elements g1, g2, g3, a of GF(p) such that g1 = ¢ mod p and
g2 =j mod p and g3 = (i — j) mod p holds g1 -a — g2 - a = g3 - a.

(22) For all elements gi, g2, a of GF(p) such that g = ¢ mod p and g2 =
jmod pandi=j+1holdsg;-a—gs-a=a.

(23) For all elements gi, g2, a of GF(p) such that gy = ¢ mod p and g2 =
jmodpandi=j+1holds g1 -a—a=gs-a.
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(24) For all elements g4, a of GF(p) such that g4 = 2 mod p holds g4-a—a = a.

(25) For all elements g4, a, b of GF(p) such that g4 = 2 mod p holds (a + b)* =
a’?+gs-a-b+ b2

(26) For all elements g4, a, b of GF(p) such that g4 = 2 mod p holds (a — b)* =
(a®> — g4-a-b)+ b2

(27) For all elements g4, a, b, ¢, d of GF(p) such that g4 = 2 mod p holds
(a-c+b-d?=a2-+gs-a-b-c-d+b*d2

(28) Let p be a prime number, n be a natural number, and g4 be an element
of GF(p). If p > 2 and g4 = 2 mod p, then g4 # Ogp(p) and g4™ # Ogr(p)-

(29) Let p be a prime number, n be a natural number, and g4, g5 be elements
of GF(p). If p > 3 and g5 = 3 mod p, then g5 # Ogp(y) and g5" # Ogr(p)-

2. PARAMETERS OF AN ELLIPTIC CURVE

Let p be a 5 or greater prime number. The parameters of elliptic curve p
yielding a subset of (the carrier of GF(p)) x (the carrier of GF(p)) is defined as
follows:

(Def. 2) The parameters of elliptic curve p = {{a, b); a ranges over elements of
GF(p), b ranges over elements of GF(p): Disc(a) # Ogp(p)}-

Let p be a 5 or greater prime number. Observe that the parameters of elliptic
curve p is non empty.

Let p be a 5 or greater prime number and let z be an element of the parame-
ters of elliptic curve p. Then z7 is an element of GF(p). Then z2 is an element
of GF(p).

The following proposition is true

(30) Let p be a 5 or greater prime number and z be an element of the para-
meters of elliptic curve p. Then p > 3 and Disc(z1) # Ogr(p)-
For simplicity, we adopt the following rules: pi, p2, p3 denote sets, P, P,
P5 denote elements of GF(p), P denotes an element of ProjCo(GF(p)), and O
denotes an element of ECgetprojco(a).
Let p be a prime number, let a, b be elements of GF(p), and let P be an
element of ECsetprojco(a). The functor Py yields an element of GF(p) and is
defined as follows:
(Def. 3) If P = (p1, p2, p3), then Py = py.

The functor Ps yielding an element of GF(p) is defined as follows:
(Def. 4) If P = (p1, p2, p3), then Py = po.

The functor Ps yielding an element of GF(p) is defined by:
(Def. 5) If P = (p1, p2, p3), then P = ps.

We now state three propositions:
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(31) For every prime number p and for all elements a, b of GF(p) and for
every element P of ECgetprojco(a) holds P = (P, P, P3).

(32) Let p be a prime number, a, b be elements of GF(p), P be an element
of ECsetprojco(a), and @ be an element of ProjCo(GF(p)). Then P = Q if
and only if the following conditions are satisfied:

i) Pr=Q1,
(i) P2 =Q2,and
(iii) Ps = Qs.

(33) Let p be a prime number, a, b, P;, Py, P3 be elements of GF(p), and P
be an element of ECgetprojco(a). If P = (P1, P, P3), then P; = P; and
P2 = PQ and P3 = Pg.

Let p be a prime number, let P be an element of ProjCo(GF(p)), and let Cy
be a function from (the carrier of GF(p)) x (the carrier of GF(p)) x (the carrier
of GF(p)) into GF(p). We say that P is on curve defined by an equation Cj if
and only if:

(Def 6) Cl(P) = OGF(p)
The following two propositions are true:

(34) P is on curve defined by an equation ECwgqprojco(a) iff P is an element
of ECSetProjCo(a)‘

(35) Let p be a prime number, a, b be elements of GF(p), and P be an element
of ECsetprojco(a). Then (P2)? Ps—((P1)*+a-Py-(P3)*+b:(P3)°) = Ogr(y)-

Let p be a prime number and let P be an element of ProjCo(GF(p)). The
represent point of P yields an element of ProjCo(GF(p)) and is defined by:
(Def. 7)(i)  The represent point of P = (Py - (P3)~!, Py - (P3)~!, 1) if P35 # 0,
(ii)  the represent point of P = (0, 1, 0) if P3 =0,
(iii) P =0, otherwise.
The following propositions are true:

(36) Let p be a5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P be an element of ECgetprojco(21). Then the
represent point of P = P and the represent point of P € ECgetprojco(21)-

(37) Let p be a prime number, a, b be elements of GF(p), and P be an ele-
ment of ProjCo(GF(p)). Suppose (the represent point of P)g = 0. Then
the represent point of P = (0, 1, 0) and P3 = 0.

(38) Let p be a prime number, a, b be elements of GF(p), and P be an ele-
ment of ProjCo(GF(p)). Suppose (the represent point of P)g # 0. Then
the represent point of P = (Py - (P3)~!, Py - (P3)~!, 1) and P3 # 0.

(39) Let p be a5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECsetprojco(21). Then P = Q
if and only if the represent point of P = the represent point of ().
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3. OPERATIONS OF POINTS ON AN ErLLiPTIC CURVE OVER GF(p)

Let p be a 5 or greater prime number and let z be an element of the para-
meters of elliptic curve p. The functor compellp,,;c, (2, p) yields a function from
ECgetProjco(z1) into ECgetprojco(#1) and is defined as follows:

(Def. 8) For every element P of ECgetprojco(21) holds (compellprojco(z,p))(P) =
(P1, —Pa, P3).

Let p be a 5 or greater prime number, let z be an element of the pa-
rameters of elliptic curve p, let F' be a function from ECsetprojco(21) into
ECsetpProjco(21), and let P be an element of ECgetprojco(z1). Then F(P) is an
element of ECgetprojco(21)-

We now state a number of propositions:

(40) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and O be an element of ECgetprojco(21)- If O = (0, 1,
0), then (compellp,,;c0(2,p))(0) = O.

(41) Let p be a 5 or greater prime number, z be an element of the para-
meters of elliptic curve p, and P be an element of ECsetprojco(21). Then

(CompeuPrOjCo(z7p))((compeuPrOjCo(z7p))(P)) =P

(42) Let p be a 5 or greater prime number, z be an element of the parame-
ters of elliptic curve p, and P be an element of ECgetprojco(21). Sup-
pose P3 # 0. Then the represent point of (compellp,ico(2,p))(P) =
(compellp, ;00 (2, p))(the represent point of P).

(43) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECsetprojco(21). Then P = Q
if and Only if (CompeHProjCo(Zap))(P) = (CompeHProjCo(Z’p))(Q)'

(44) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P be an element of ECgetprojco(21). If P3 # 0, then
P = (compellp,ico(2,p))(P) iff P2 =0.

(45) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21)- If P3 # 0,
then Py = Q1 and P3 = Q3 iff P = Q or P = (compellp,,;c0(2,0))(Q)-

(46) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECsetprojco(21). Then P = Q
if and Only if (CompellProjCO(zap))(P) = (CompeuProjCo(Z7p))(Q)‘

(47) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21). Then P =
(CompeuprojCo(zap))(Q) if and Only if (CompeHProjCo(z>p>)(P) = Q

(48) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21)- Suppose P3 #
0 and Q3 # 0. Then the represent point of P = (compellp,;c,(2, p))(the
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represent point of @) if and only if P = (compellp,,;c, (2, P))(Q).

(49) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21). If P = Q,
then P2 . Q3 = Q2 . P3.

(50) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21). Suppose P3 #
0 and Q3 # 0. Then P = Q or P = (compellp,,;c,(2,p))(Q) if and only if
Py-Q3 =01 Ps.

(51) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21). If P3 # 0
and Q3 # 0 and P # 0, then if P = (compellp,y;co(2,p))(Q), then
P2 - Q3 # Q2 - Ps.

(52) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, and P, @ be elements of ECgetprojco(21). If P # @ and
P= (compellprojco(z,p))(Q), then Py - Q3 # Q2 - Ps.

(53) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g5 be an element of GF(p), and P be an element of
ECsetProjco(21)- If g5 = 3 mod p and P, = 0 and P3 # 0, then 2 - (P3)2 +
g5 (P1)” #0.

(54) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g, g7, gs be elements of GF(p), P, Q be elements
of ECgetprojco(#1), and R be an element of (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)). Suppose that

(i) g4 =2 mod p,
(ii) g6 =Q2-P3— P2-Qs,

(iii) gr=Q1-Ps— P1-Qs,

(iv) gs=g6> P3-Q3—g7° —ga-g7*- Pr-Qs, and

(v) R={(g7-98, 96 (97° - Pr- Qs —gg) — g7° - P2 - Q3, g7° - P3 - Q3).
Then g7 - P3- Ry = —(g6 - (R1- P3 — P1- R3) +g7- P2 - R3).

(55) Let p be a 5 or greater prime number, z be an element of the parameters

of elliptic curve p, g4, g6, g7, gs be elements of GF(p), P, @ be elements

of ECsetProjco(#1), and R be an element of (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)). Suppose that

) ga=2mod p,

) 96 =Q2-P3— P2-Qs,
(iii) gr=Q1-P3— P1-Qs,

) 98=96" Ps-Q3—gr® —ga-g7° - Pr-Q3, and

) R=1{(97-9s 96 (97°- P1- Q3 —g8) — g7° - P2 - Q3, g7° - P3- Q3).
Then —g7* - (P3- Qs R1+ P3- Q1+ Rs+ P1 - Qs - Rg)+P5-Q3-R3-g¢* =
Ocr(p)-
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(56) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g, g7, gs be elements of GF(p), P, Q be elements
of ECgetProjco(#1), and R be an element of (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)). Suppose that

(i)  94=2 mod p,

(i) g6 =Q2-P3— P2-Qs3,

(ili) gr=Q1-P3s—P1-Qs,

(iv) g8 =g6" Ps-Q3—g7° —ga-97°- P1-Qs, and

(v) R={g7-9s, 96 (97" Pr- Qs —gs) —g7° - P2 - Qs, g7° - P3- Q3).
Then z9-g7%-(P3)*-Q3-R3 = —g7> - P3- Py - Q1 - Ri+(g7- P2 — g6 - P1)*-
Qs - Rs3.

(57) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g, g7, gs be elements of GF(p), P, Q be elements
of ECgetProjco(#1), and R be an element of (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)). Suppose that

(i) g4 =2 mod p,

(ii) g6 =Q2-P3— P2-Qs,

(iii) gr=Q1-P3— P1-Qs,

(iv) gs=g6" Ps-Q3—g7° —ga-g7°- Pr-Qs, and

) R={(g7-98 96 (97" Pr-Q3—gs) —97° - P2~ Q3, g7° - P3- Q3).
Then z1 - g7° - P3-Q3- Rz =g7° - (P1-Q1-R3+P3-Q1-R1i+P1-Q3-
R1)+94-96-Q3-R3- (g7 P2 —gs- P1).

(58) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g6, g7, gs be elements of GF(p), P, @ be elements
of ECgetProjco(#1), and R be an element of (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)). Suppose that

(v

(i) g4 =2 mod p,

(ii) g6 =Q2-P3— P2-Qs,

(iii) gr=Q1-P3— P1-Qs,

(iv) gs=ug6" Ps-Q3—g7° —ga-g7°- Pr-Qs, and

(v) R={(g7-98, 96 (97" Pr- Qs —gs) — g7° - P2 - Q3, g7° - P3 - Q3).
Then g72‘(P3)2‘Q3'((R2)2'R3—((R1)3+21'Rl'(R3)2+22'(R3)3)) = OGF(p)-

(59) Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, 95, 911, 99, 96, 97, 93, 910 be elements of GF(p), P
be an element of ECgetprojco(21), and R be an element of (the carrier of
GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)). Suppose that
ga =2 mod p and g5 = 3 mod p and g11 = 4 mod p and g9 = 8 mod p
and g6 = 21+ (P3)> + g5 - (P1)” and g7 = P2 - P3 and gs = P; - P2 - g7 and
910 = 96> — g9 - gs and R = (g1~ g10- 97, g6 - (911 93 — g10) — go - (P2)* - g7°,
99-97°). Then gy4-g7-Ps-Ra = —(g6 - (P3 - R1 — P1 - R3) + ga - g7- P2 R3).
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Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g5, 911, 99, 96, 97, gs, gio be elements of GF(p), P
be an element of ECgetprojco(21), and R be an element of (the carrier of
GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)). Suppose that
g4 =2 mod p and g5 = 3 mod p and g11 = 4 mod p and g9 = 8 mod p
and g6 = 21 - (P3)> + g5 - (P1)? and g7 = P, - Py and gs = Py - P - g7 and
gio = 962 —go-gs and R = (g4-9g10- 97, 96 - (911 - 98 — 910) — g9 - (Pz)2 '972,
g9 - 97°). Then g1 - g7* - P3 - Ry = Rs - (96> - Ps — go - g7° - P1).

Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g5, 911, 99, 6, 97, g3, gio be elements of GF(p), P
be an element of ECgctprojco(21), and R be an element of (the carrier of
GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)). Suppose that
g4 = 2 mod p and g5 = 3 mod p and g11 = 4 mod p and g9 = 8 mod p and
g6 = 21+ (P3)* +g5- (P1)* and g7 = Py P and gs = Py - P2 - g7 and g1 =
96>—g9-9s and R = (g1-910-97, g6 (911-9s—910)—go(P2)*-g7%, g9-97*). Then
g11-97%(P3)*(22-R3) = R3 (94 - g7 P2 — g6 - P1)* —g11- 97> - (1) Ra.

Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g5, 911, 99, 96, 97, 93, 910 be elements of GF(p), P
be an element of ECgctprojco(21), and R be an element of (the carrier of
GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)). Suppose that
g4 =2 mod p and g5 = 3 mod p and g1; = 4 mod p and g9 = 8 mod p
and g6 = 21 - (P3)? + g5 - (P1)* and g7 = Py - Ps and gs = Py - Py - g7 and
910 = 96> — g0 - gs and R = (g4~ g10- 97, g6 - (911 gs — g10) — g0 - (P2)* - g7°,
g9 - 97°). Then g4 - g72 - (P3)* - (21 Rs) = g6 - P3 - R3 - (94 97 P2 — g6 -
Pi)+g7% (911 P1-Ps-Ri+ga- (P1)° Rs).

Let p be a 5 or greater prime number, z be an element of the parameters
of elliptic curve p, g4, g5, 911, 99, 96, 97, 93, 910 be elements of GF(p), P
be an element of ECgetprojco(21), and R be an element of (the carrier of
GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)). Suppose that
g4 =2 mod p and g5 = 3 mod p and g1; = 4 mod p and g9 = 8 mod p and
g6 =21 (P3)* +g5- (P1)” and g7 = Py - P3 and gs = Py - P2 - g7 and g1o =
962 —g9-gs and R = (g1-g10- 97, 96 (911 9s — 910) — 9o - (P2)* - g7%, g9 g7°).
Then g11-g7%(P3)*-((Rz)* Rs—((R1)’+21-Ra-(Rs)*+22+(R3)°)) = Ocr(y)-

Let p be a 5 or greater prime number and let z be an element of the para-
meters of elliptic curve p. The functor addellp,ojco(2,p) yields a function from

ECSet

ProjCo(Zl) X ECSetProjCo(Zl) into ECSetProjCo(Zl) and is defined by the

condition (Def. 9).

(Def. 9)

(i)
(i)

Let P, @, O be elements of ECgetprojco(21) such that O = (0, 1, 0).
Then
if P = O, then (addellpyojco(2,p))(P, Q) = Q,
if @ = O and P # O, then (addellpyojco(2,p))(P, Q) = P,
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(iii) if P # O and Q # O and P # @, then for all elements g4, g¢, g7,
gs of GF(p) such that g4 = 2 mod p and g¢ = Q2 - P3 — P2 - Q3 and
g7 =Q1-Ps—P1-Qs and gs = g¢* - Ps- Q3 — g7° — g4~ g7° - P1 - Q3 holds
(addellprojco(2,p)) (P, Q) = {97 - g8, g6 - (97% - P1- Q3 — g8) — g7° - P2 - Qs,
g7% - P3 - Q3), and

(iv) if P# O and @ # O and P = @Q, then for all elements g4, g5, 911,
99, 96, 97, 9s, gio of GF(p) such that g4 = 2 mod p and g5 = 3 mod p
and g11 = 4 mod p and g9 = 8 mod p and gg = 21 - (P3)2 + g5 - (Pl)2
and g7 = P, - P3 and gs = Py - P2 - g7 and gi0 = g6° — go - gs holds
(addellprojco (2, p)) (P, Q) = (g4~ g10- 97, g6 - (911 gs — 910) — go - (P2)” - g7%,
99 - g7°).

Let p be a 5 or greater prime number, let z be an element of the parameters
of elliptic curve p, let F' be a function from ECgetprojco(21) X ECsetprojco(21)
into ECsetpProjco(21), and let @, R be elements of ECgetprojco(21). Then F(Q, R)
is an element of ECgetprojco(#1)-
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