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queness of cod and dom. It is proven that set-theoretical disjoint union is the
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The notation and terminology used in this paper have been introduced in the
following articles: [10], [7], [6], [1], [IT], [2], [3], [8], [4], [12], [14], [13], and [5].
From now on I denotes a set and E denotes a non empty set.
Let I be a non empty set, A be a many sorted set indexed by I, and ¢ be an
element of I. Let us observe that coprod(i, A) is relation-like and function-like.
Let C be a non empty category structure, o be an object of C, I be a set,
and f be an objects family of I and C. A morphisms family of f and o is a
many sorted set indexed by I and is defined by

(Def. 1) Let us consider an element 7. Suppose ¢ € I. Then there exists an object
o1 of C such that

(i) o1 = f(i), and
(ii) 4t(¢) is a morphism from o; to o.
Let I be a non empty set. Let us note that a morphisms family of f and o
can equivalently be formulated as follows:

(Def. 2) Let us consider an element ¢ of I. Then it(7) is a morphism from f(7) to
0.
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Let M be a morphisms family of f and o and ¢ be an element of I. Note
that the functor M (i) yields a morphism from f(i) to o. Let C' be a functional
non empty category structure. Let I be a set. Let us note that every morphisms
family of f and o is function yielding.

Now we state the proposition:

(1) Let us consider a non empty category structure C, an object o of C', and
an objects family f of @ and C. Then () is a morphisms family of f and o.

Let C be a non empty category structure, I be a set, A be an objects family
of I and C, B be an object of C, and P be a morphisms family of A and B. We
say that P is feasible if and only if

(Def. 3) Let us consider a set i. Suppose i € I. Then there exists an object o of
C such that

(i) o= A(i), and
(ii) P(7) € (o, B).
Let I be a non empty set. Let us observe that P is feasible if and only if the
condition (Def. 4) is satisfied.
(Def. 4) Let us consider an element ¢ of I. Then P(i) € (A(i), B).
Let C be a category and I be a set. We say that P is coprojection morphisms
if and only if
(Def. 5) Let us consider an object X of C' and a morphisms family F' of A and
X. Suppose F' is feasible. Then there exists a morphism f from B to X
such that
(i) f € (B,X), and
(ii) for every set i such that ¢ € I there exists an object s; of C' and there
exists a morphism P, from s; to B such that s; = A(i) and P; = P(i)
and F (i) = f - P;, and
(iii) for every morphism f; from B to X such that for every set i such
that ¢ € I there exists an object s; of C' and there exists a morphism
P; from s; to B such that s; = A(i) and P, = P(i) and F(i) = f1 - P;
holds f = fi.
Let I be a non empty set. Let us note that P is coprojection morphisms if
and only if the condition (Def. 6) is satisfied.

(Def. 6) Let us consider an object X of C' and a morphisms family F' of A and
X. Suppose F is feasible. Then there exists a morphism f from B to X
such that

() f € (B,X), and
(ii) for every element ¢ of I, F(i) = f - P(i), and

(iii) for every morphism f; from B to X such that for every element i of
I, F(i) = f1 - P(i) holds f = fi.
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Let A be an objects family of () and C. Note that every morphisms family
of A and B is feasible.
Now we state the propositions:

(2) Let us consider a category C, an objects family A of ) and C, and an
object B of C. Suppose B is initial. Then there exists a morphisms family
P of A and B such that P is empty and coprojection morphisms. The
theorem is a consequence of (1).
(3) Let us consider an objects family A of I and Ensggy and an object o of
Ensggy. Then I — ) is a morphisms family of A and o.
(4) Let us consider an objects family A of I and Ensggy, an object o of
Ensggy, and a morphisms family P of A and 0. If P =T +— (), then P
is feasible and coprojection morphisms. PROOF: P is feasible by [I1, (7)].
Reconsider f = () as a morphism from o to Y. For every set i such that
i € I there exists an object s; of C' and there exists a morphism P; from
si to o such that s; = A(i) and P, = P(i) and F(i) = f- P; by [11}, (7)]. O
Let C be a category. We say that C' has coproducts if and only if
(Def. 7) Let us consider a set I and an objects family A of I and C. Then there
exists an object B of C' and there exists a morphisms family P of A and
B such that P is feasible and coprojection morphisms.
Note that Ensggy has coproducts and there exists a category which is strict
and has products and coproducts.
Let C be a category, I be a set, A be an objects family of I and C, and B
be an object of C'. We say that B is A-category coproduct-like if and only if
(Def. 8) There exists a morphisms family P of A and B such that P is feasible
and coprojection morphisms.
Let C be a category with coproducts. Let us observe that there exists an
object of C' which is A-category coproduct-like.
Let C be a category and A be an objects family of () and C. Note that every
object of C' which is A-category coproduct-like is also initial.
Now we state the propositions:
(5) Let us consider a category C, an objects family A of ) and C, and an
object B of C. If B is initial, then B is A-category coproduct-like. The
theorem is a consequence of (2).

(6) Let us consider a category C, an objects family A of I and C, and objects
C4, Cy of C. Suppose

(i) Cy is A-category coproduct-like, and
(ii) Cy is A-category coproduct-like.
Then C1,Cy are iso.

From now on A denotes an objects family of I and Ensg.
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Let us consider I, E, and A. Assume [Jcoprod(A4) € E. The functor [[ A4
yielding an object of Ensg is defined by the term
(Def. 9) Jcoprod(A).
The functor Coprod(A) yielding a many sorted set indexed by I is defined
by
(Def. 10) Let us consider an element i. Suppose ¢ € I. Then there exists a function
F from A(7) into |Jcoprod(A) such that

(i) dt(i) = F, and
(ii) for every element x such that x € A(¢) holds F(z) = (x, 7).

Let us observe that Coprod(A) is function yielding.
Assume |Jcoprod(A) € E. The functor [] A yielding a morphisms family of
A and ] A is defined by the term
(Def. 11) Coprod(A).
Now we state the propositions:
(7) If Jcoprod(A) = 0, then Coprod(A) is empty yielding.
(8) If Ucoprod(A) =0, then A is empty yielding.
(9) 1If Ucoprod(A) € E and |Jcoprod(A) = 0, then [[A = I — 0. The
theorem is a consequence of (7).
(10) If Jcoprod(A) € E, then [[ A is feasible and coprojection morphisms.
The theorem is a consequence of (7) and (8).

(11) IfJcoprod(A) € E, then [] A is A-category coproduct-like. The theorem
is a consequence of (10).

(12) If for every I and A, |Jcoprod(A) € E, then Ensg has coproducts. The
theorem is a consequence of (10).
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Summary. Based on the Petri net definitions and theorems already for-
malized in the Mizar article [I0], in this article we were able to formalize the
definition of Cell Petri nets. It is based on [? ]. Colored Petri net is already have
been defined in [9]. In addition the conditions of the firing-rule and ColoredSet
to this definition, that defines the Cell Petri nets extended to CPNT.i further.
Although it was synthesis of two Petri nets in [9], it is synthesis from the family
of Colored Petri nets (?? Colored-PT-net-Family of I) of finite number of pieces.
That is, extension to a CPNT family is performed by defining the output arc
from the transition of a certain Colored Petri nets to Place of a certain another
Colored Petri nets (definition of the neighborhood). Finally, activation of Colored
Petri nets was formalized.
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The notation and terminology used in this paper have been introduced in the
following articles: [? |, [17], [18], [4], [19], 5], [2], [? ], [I5], [? ], [1O], [9], [0, [?
I, [@, [13], [, [16], [7 ], (7 ], 02], [6], [14], [3], and [11].

1. PRELIMINARIES

Let I be a non empty set and C; be a many sorted set indexed by I. We say
that C; is colored-pt-net-family-like if and only if
(Def. 1) Let us consider an element i of I. Then C(7) is a colored place/transition
net.

Note that there exists a many sorted set indexed by I which is colored-pt-
net-family-like.

A colored place/transition net family of I is a colored-pt-net-family-like ma-
ny sorted set indexed by I. Let C} be a colored place/transition net family of I
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and i be an element of 1. One can check that the functor C(¢) yields a colored
place/transition net. Let Cy be a colored place/transition net family of I. We
say that Cs is disjoint valued if and only if

(Def. 2) Let us consider elements i, j of I. Suppose i # j. Then
(i) the carrier of Cy(7) misses the carrier of Cy(j), and
(ii) the carrier’ of Cs(i) misses the carrier’ of Ca(j).

Now we state the propositions:
(1) Let us consider a set I and many sorted sets F', D, R indexed by I.
Suppose
(i) for every element i such that i € I there exists a function f such that
f=F(i) and dom f = D(i) and rng f = R(7), and
(ii) for every elements i, j and for every functions f, g such that i, j € T
and i # j and f = F(i) and g = F(j) holds dom f misses dom g.
Then there exists a function G such that
(iii) G =Urng F, and
(iv) dom G = Jrng D, and
(v) rng G = Jrng R, and
(vi) for every elements i, x and for every function f such that i € I and
f=F(i) and z € dom f holds G(x) = f(x).
PROOF: For every element z such that z € (Jrng F' there exist elements
x, y, i such that z = (z, y) and z € F(i) and i € I. For every element
z such that z € (Jrng F' there exist elements z, y such that z = (z, y).
Reconsider G = [Jrng F' as a binary relation. G is a function. For every
element z, x € domG iff x € (Jrng D by [4, (3)]. For every element z,
x €mg G iff z € Jrng R by [4, (3)]. For every elements i, 2 and for every
function f such that ¢ € I and f = F (i) and = € dom f holds G(x) = f(z)
by (1), (3)]. O
(2) Let us consider a set I and many sorted sets Y, Z indexed by I. Suppose
elements 7, j. If i, j € [ and i # j, then Y(4)NZ(j) = 0. Then Y(Y' \ Z) =
UY \UZ. ProoF: Set X =Y \ Z. For every element z, x € [Jrng X iff
xeUrngY \Urng Z by [4, (3)]. O
(3) Let us consider a set I and many sorted sets X, Y, Z indexed by I.
Suppose

(i) X CY\ Z, and
(ii) for every elements i, j such that ¢, j € I and i # j holds Y (i)NZ(j) =
0.
Then X CUY \UZ. The theorem is a consequence of (2).
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2. SYNTHESIS OF CPNT AND I

Let I be a non trivial set. The functor XorDelta I yielding a non empty set
is defined by the term

(Def. 3) {{(i, j), where i, j are elements of I : i # j}.
Now we state the proposition:

(4) Let us consider a non trivial finite set I and a colored place/transition net
family Cy of I. Then U{(the carrier of Cy(j))°"Pds(C2())  where i, ] are
elements of I : i # j} is not empty.

Let I be a non trivial finite set and Cy be a colored place/transition net fami-
ly of I. A connecting mapping of (' is a many sorted set indexed by XorDelta I
and is defined by

(Def. 4) (i) rngit C J{(the carrier of Cy(j))OutPd(C2(?) | where 4, j are elements
of I :i1+# j}, and

(ii) for every elements i, j of I such that i # j holds it({i, j)) is a function
from Outbds(C4(7)) into the carrier of Ca (7).

Now we state the proposition:

(5) Let us consider colored place/transition nets Cy, C, a function O14 from
Outbds Cy into the carrier of C5, and a function gi2. Suppose

(i) dom g2 = Outbds Cy, and

(ii) for every transition ¢o; of Cy such that ¢y; is outbound holds ¢i2(to1)
is a function from the thin cylinders of the colored set of Cy and
*{to1} into the thin cylinders of the colored set of C4y and O12°%p;.

Then g12 € (U{(the thin cylinders of the colored set of Cy and O12°tp1)®, where
to1 is a transition of Cy : tg1 is outbound})o““Ods Ca_ where « is the thin
cylinders of the colored set of Cy and *{¢o;}.

Let I be a non trivial finite set, Cy be a colored place/transition net family
of I, and O be a connecting mapping of C3. A connecting firing rule of O is a
many sorted set indexed by XorDelta I and is defined by

(Def. 5) Let us consider elements i, j of I. Suppose i # j. Then there exists
a function Og from Outbds(Cs(i)) into the carrier of Co(j) and there
exists a function gg such that g5 = it((i, j)) and O = O((7, j)) and
dom gg = Outbds(C2(i)) and for every transition to; of Cy(i) such that
to1 is outbound holds gg(tp1) is a function from the thin cylinders of the
colored set of Ca(7) and *{to;} into the thin cylinders of the colored set of
CQ(Z) and O6Ot01.
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3. EXTENSION TO A FAMILY OF COLORED PETRI NETS

Let I be a non trivial finite set, Cy be a colored place/transition net family
of I, O be a connecting mapping of Cs, and ¢ be a connecting firing rule of
O. Assume ()} is disjoint valued and for every elements i, ji, jo of I such that
i # j1 and i # jo and there exist elements x, y1, y2 such that {(z, y1) € q({i, j1))
and (z, y2) € q({i, j2)) holds j; = jo. The functor synthesis g yielding a strict
colored place/transition net is defined by

(Def. 6) There exist many sorted sets P, T', Sy, Tg, C3, F indexed by I and there
exist functions Uy, Us such that for every element i of I, P(i) = the carrier
of C(i) and T'(i) = the carrier’ of C(i) and Sy(i) = the S-T arcs of Co(i)
and Tg(i) = the T-S arcs of Cs(i) and C5(i) = the colored set of Cy(i) and
F(i) = the firing-rule of Cy(i) and Uy = Jrng F' and Ug = Jrngq and
the carrier of it = |Jrng P and the carrier’ of it = [JrngT and the S-T
arcs of it = |Jrng Sy and the T-S arcs of it = ([JrngTs U Jrng O and
the colored set of it = |Jrng Cs and the firing-rule of it = Ug+-Us.

4. DEFINITION OF CELL PETRI NETS

Let I be a non empty finite set and Cy be a colored place/transition net
family of I. We say that Cs is cell Petri nets if and only if

(Def. 7) There exists a function N from I into 2" ©2 such that for every element
iof I, N(i) = {C2(j), where j is an element of [ : j # i}.

Let N be a function from I into 22 and O be a connecting mapping of
Cy. We say that (N, O) is cell Petri nets if and only if

(Def. 8) Let us consider an element i of I. Then N(i) = {C2(j), where j is
an element of [ : j # ¢ and there exists a transition ¢ of C3(7) and there
exists an element s such that (¢, s) € O({i, j))}.

Now we state the proposition:

(6) Let us consider a non trivial finite set I, a colored place/transition net
family Cs of I, a function N from I into 2"8¢2_ and a connecting mapping
O of Cs. Suppose

(i) Cy is one-to-one, and
(ii) (N, O) is cell Petri nets.

Let us consider an element i of I. Then Cy(i) ¢ N (7).
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5. ACTIVATION OF PETRI NETS

Let Cg be a colored place/transition net structure. We say that Cg has

nontrivial colored set if and only if
(Def. 9) The colored set of Cg is not trivial.

One can verify that there exists a strict colored-PT-net-like colored Petri
net which has nontrivial colored set.

Let C5 be a colored place/transition net with nontrivial colored set. One can
verify that the colored set of (5 is non trivial.

Let Cg be a colored place/transition net with nontrivial colored set, S be a
subset of the carrier of Cg, and D be a thin cylinder of the colored set of Cg and
S. A color threshold of D is a function from loc D into the colored set of Cg.
Let Cg be a colored place/transition net. A color count of Cp is a function from
the colored set of Cj into N. The colored states of Cg yielding a non empty set
is defined by the term

(Def. 10) the set of all e where e is a color count of Cs.

A colored state of Cg is a function from Cg into the colored states of Cg.
From now on Cg denotes a colored place/transition net with nontrivial colored
set, m denotes a colored state of (s, and ¢ denotes an element of the carrier’ of
Cs.

Let Cg be a colored place/transition net with nontrivial colored set, m be
a colored state of Cg, and p be a place of Cg. Observe that the functor m(p)
yields a color count of Cg. Let mq be a color count of Cg and = be an element.
Let us observe that the functor mq(z) yields an element of N. Let us consider
Cs, m, and t. Let D be a thin cylinder of the colored set of Cs and *{t} and C,
be a color threshold of D. We say that ¢ is firable on m and Cj, if and only if

(Def. 11) (i) (the firing-rule of C¢)({t, D)) # 0, and

(ii) for every place p of Cg such that p € loc D holds 1 < m(p)(Cy(p)).
The firable set on m and ¢ yielding a set is defined by the term
(Def. 12) {D, where D is a thin cylinder of the colored set of Cs and *{t} : there
exists a color threshold C, of D such that ¢ is firable on m and C,}.
Now we state the proposition:
(7) Let us consider a thin cylinder D of the colored set of Cg and *{¢}. Then
there exists a color threshold C, of D such that ¢ is firable on m and C,
if and only if D € the firable set on m and t.
Let us consider Cg, m, and t. Let D be a thin cylinder of the colored set of
Cs and *{t}, C, be a color threshold of D, and p be an element of Cg. Assume ¢

is firable on m and C,. The Petri subtraction(Cy,m,p) yielding a function from
the colored set of Cg into N is defined by

(Def. 13) Let us consider an element x of the colored set of Cs. Then
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(i) if p € loc D and = = Cy(p), then it(x) = m(p)(z) — 1, and
(ii) if it is not true that p € loc D and = = C,(p), then it(z) = m(p)(x).
Let D be a thin cylinder of the colored set of Cg and {t}. The Petri
addition(Cy,m,p) yielding a function from the colored set of C into N is defined
by
(Def. 14) Let us consider an element x of the colored set of Cg. Then
(i) if p € loc D and z = Cy(p), then it(x) = m(p)(z) + 1, and
(ii) if it is not true that p € loc D and = = C,(p), then it(z) = m(p)(x).

Let D be a thin cylinder of the colored set of Cg and *{t} and E be a thin
cylinder of the colored set of Cg and ﬁ Let Cy; be a color threshold of E. The
firing result(Cy,Cq,m,p) yielding a function from the colored set of C into N is
defined by the term

the Petri subtraction(Cy,m,p), if t is firable on m and C, and p € loc D \ loc E,
(Def. 15) the Petri addition(Cy,m,p), if ¢ is firable on m and C, and p € loc E \ loc D,
m(p), otherwise.

Let us consider a thin cylinder Dy of the colored set of Cs and *{t}, a thin
cylinder D of the colored set of Cg and m, a color threshold (Y, of Dy, a color
threshold C. of D1, an element x of the colored set of Cg, and an element p of
Cs. Now we state the propositions:

(8) m(p)(z) — 1 < (the firing result(Cy,C.,m,p))(x) < m(p)(x) + 1.
(9) If t is outbound, then m(p)(x) — 1 < (the firing result(Cy,C.,m,p))(x) <
m(p)(x)-
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the propositions:
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(i) (f+9)I'X = (fI'X) + (9I'X).

IThis work was supported by JSPS KAKENHI 23500029 and 22300285.

@ 2013 University of Bialystok
CC-BY-SA License ver. 3.0 or later
249 ISSN 1426-2630(Print), 1898-9934(Online)


http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/ndiff_7.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

250 YUICHI FUTA, NOBORU ENDOU, AND YASUNARI SHIDAMA

(2) Suppose X is open and i € dom G and f is partially differentiable on X
w.r.t. ¢ and g is partially differentiable on X w.r.t. i. Then

(i) f — g is partially differentiable on X w.r.t. 7, and
(i) (f = 9)I'X = (fI'X) = (gI'X).
Now we state the propositions:

(3) Let us consider a real norm space sequence G, a real normed space F', a
set i, a partial function f from [[G to F, a real number r, and a subset

X of [[G. Suppose
(i) X is open, and
(ii) 7 € dom G, and
(iii) f is partially differentiable on X w.r.t. i.
Then
(iv) r- f is partially differentiable on X w.r.t. 7, and
(v) 7 fI'X =7 (fI'X).
PROOF: Set h = r- f. For every point x of [] G such that x € X holds h is
partially differentiable in x w.r.t. ¢ and partdiff (h, z, i) = r-partdiff (f, z, )
by [18, (24), (30)]. Set f3 = f[*X. For every point z of [[ G such that x € X
holds (r - f3), = partdiff (h, z,7). O
(4) Let us consider sets X, Y, Z, functions I, f, and aset X. Then (f[X)-I =
(f - DIHX).
Let us consider S and T'. Let f be a function from .S into 1. We say that f
is isometric if and only if
(Def. 1) Let us consider an element x of S. Then ||f(x)| = ||z||.
Now we state the propositions:
(5) Let us consider a linear operator I from S into 7'. If I is isometric, then
for every point x of S, I is continuous in «.
(6) Let us consider a linear operator I from S into 7" and a subset Z of S.
If I is isometric, then [ is continuous on Z. The theorem is a consequence
of (5).
(7) Let us consider a linear operator I from S into T'. Suppose [ is one-to-
one, onto, and isometric. Then there exists a linear operator J from T into
S such that
(i) J=1I"1 and
(ii) J is one-to-one, onto, and isometric.
PROOF: Reconsider .J = I~ ! as a function from 7T into S. For every points
v, wof T, J(v+w) = J(v)+ J(w) by [5, (113)], [4, (34)]. For every point
v of T and for every real number r, J(r -v) = r - J(v) by [5, (113)], [4,
(34)]. For every point v of T', ||J(v)|| = ||v]| by [5, (113)], [4, (34)]. O
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Let us consider a linear operator I from S into 7" and a sequence s; of S.
Now we state the propositions:
(8) If I is isometric and s1 is convergent, then I -s; is convergent and lim([ -
s1) = I(lim sy).
(9) If I is one-to-one, onto, and isometric, then s; is convergent iff I - s is
convergent.
Let us consider a linear operator I from S into 7" and a subset Z of S. Now
we state the propositions:
(10) If I is one-to-one, onto, and isometric, then Z is closed iff I°Z is closed.
(11) If I is one-to-one, onto, and isometric, then Z is open iff I°Z is open.
(12) If I is one-to-one, onto, and isometric, then Z is compact iff I°Z is
compact.
Now we state the propositions:
(13) Let us consider a partial function f from 7" to W, a function g from S
into T, and a point = of S. Suppose

(i) € domg, and

(ii) g € dom f, and
(iii) ¢ is continuous in z, and
(iv) f is continuous in g,.
Then f-g is continuous in . PROOF: Set h = f-g. For every real number r
such that 0 < r there exists a real number s such that 0 < s and for every
point x; of S such that z; € domh and ||x; — | < s holds ||hgy, —ha|| <7
by [14, (7)), [12, (3), (4)]. O

(14) Let us consider a partial function f from T to W and a linear operator
I from S into T'. Suppose I is one-to-one, onto, and isometric. Let us
consider a point x of S. Suppose I(z) € dom f. Then f - I is continuous
in z if and only if f is continuous in I(x). The theorem is a consequence
of (7), (5), and (13).

(15) Let us consider a partial function f from T to W, a linear operator [
from S into T, and a set X. Suppose

(i) X C the carrier of T, and
(ii) I is one-to-one, onto, and isometric.

Then f is continuous on X if and only if f - I is continuous on I~1(X).
The theorem is a consequence of (14) and (4). PROOF: For every point y
of T such that y € X holds f]X is continuous in y by [5, (113)], [22, (57)].
O
Let X, Y be real normed spaces. The functor IsoCPNrSP(X,Y) yielding a
linear operator from X x Y into [[(X,Y") is defined by
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(Def. 2) (i) it is one-to-one and onto, and

(ii) for every point z of X and for every point y of Y, it(x,y) = (x,y),
and

(iv) it is isometric.

The functor IsoPCNrSP(X,Y) yielding a linear operator from [[(X,Y’) into
X x Y is defined by

(Def. 3) (i) it = (IsoCPNrSP(X,Y))"!, and
(ii) 4t is one-to-one and onto, and

(iii) for every point z of X and for every point y of Y, it((x,y)) = (x, y),
and

(iV) OXXY = it<OH<X,Y))7 and
(v) it is isometric.
Now we state the propositions:

(16) Let us consider real normed spaces X, Y and a point z of X x Y. Then
IsoCPNrSP(X,Y) is continuous in z. The theorem is a consequence of (5).

(17) Let us consider real normed spaces X, Y and a point z of [[(X,Y’). Then
IsoPCNrSP(X,Y) is continuous in z. The theorem is a consequence of (5).

(18) Let us consider real normed spaces X, Y and a subset Z of X x Y. Then
(i) IsoCPNrSP(X,Y’) is continuous on Z, and
(ii) Z is closed iff (IsoCPNrSP(X,Y))°Z is closed, and
(iii) Z is open iff (IsoOCPNrSP(X,Y))°Z is open, and
(iv) Z is compact iff (IsoCPNrSP(X,Y))°Z is compact.
The theorem is a consequence of (6), (10), (11), and (12).

(19) Let us consider real normed spaces X, Y and a subset Z of [[(X,Y).
Then

(i) IsoPCNrSP(X,Y) is continuous on Z, and

(ii) Z is closed iff (IsoPCNrSP(X,Y))°Z is closed, and
(iii) Z is open iff (IsoPCNrSP(X,Y))°Z is open, and
(iv) Z is compact iff (IsoPCNrSP(X,Y))°Z is compact.
The theorem is a consequence of (6), (10), (11), and (12).

(20) Let us consider real normed spaces S, T', W, a point f of the real norm
space of bounded linear operators from S into W, a point g of the real norm
space of bounded linear operators from 7" into W, and a linear operator I
from S into T'. Suppose

(i) I is one-to-one, onto, and isometric, and
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(i) f=g-1
Then || f|| = ||g||- The theorem is a consequence of (7). PROOF: Consider
J being a linear operator from 7 into S such that J = I~ and J is one-
to-one, onto, and isometric. Reconsider g9 = ¢ as a Lipschitzian linear
operator from 7T into W. Reconsider g4 = ¢ - I as a Lipschitzian linear
operator from S into W. For every element x, x € {||go(t)||, where ¢ is
a vector of T : ||t|| < 1} iff x € {]|ga(w)||, where w is a vector of S : ||w]|| <
1} by [ (13), (35)]. O

(21) Let us consider real normed spaces X, Y, a partial function f from [[(X,
Y) to W, and a point z of X xY. Suppose (IsoCPNrSP(X,Y))(z) € dom f.
Then f-IsoCPNrSP(X,Y) is continuous in z if and only if f is continuous
in (IsoCPNrSP(X,Y))(z). The theorem is a consequence of (14).

(22) Let us consider real normed spaces X, Y, a partial function f from X xY
to W, and a point z of [[(X,Y). Suppose (IsoPCNrSP(X,Y))(2) € dom f.
Then f-IsoPCNrSP(X,Y) is continuous in z if and only if f is continuous
in (IsoPCNrSP(X,Y))(z). The theorem is a consequence of (14).

(23) Let us consider real normed spaces X, Y, a partial function f from
[[{(X,Y) to W, and a set D. Suppose D C the carrier of [[(X,Y). Then
f - IsoCPNrSP(X,Y) is continuous on (IsoCPNrSP(X,Y))~1(D) if and
only if f is continuous on D. The theorem is a consequence of (15).

(24) Let us consider real normed spaces X, Y, a partial function f from
X xY to W, and a set D. Suppose D C the carrier of X x Y. Then
f - IsoPCNrSP(X,Y) is continuous on (IsoPCNrSP(X,Y))~1(D) if and
only if f is continuous on D. The theorem is a consequence of (15).

(25) Let us consider a linear operator I from S into 7. If I is isometric, then
I is a Lipschitzian linear operator from .S into 7.

Let us consider real normed spaces X, Y. Now we state the propositions:

(26) IsoCPNrSP(X,Y) is a Lipschitzian linear operator from X xY into [[(X,
Y).

(27) IsoPCNrSP(X,Y) is a Lipschitzian linear operator from [[(X,Y) into
X xY.

Let X, Y be real normed spaces. Note that the functor IsoCPNrSP(X,Y")
yields a Lipschitzian linear operator from X x Y into [[(X,Y’). Let us observe
that the functor IsoPCNrSP(X,Y") yields a Lipschitzian linear operator from
[I{X,Y) into X x Y.

Let us consider real normed spaces X, Y, W, a point f of the real norm
space of bounded linear operators from X x Y into W, and a point g of the real
norm space of bounded linear operators from [[(X,Y) into W. Now we state
the propositions:

(28) If f = g - TsoCPNiSP(X,Y), then | f]| = |lg.
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(29) If g = f-IsoPCNrSP(X,Y), then || f|| = ||g]-
Now we state the propositions:
(30) Let us consider real normed spaces S, T', a Lipschitzian linear operator
L from S into T', and a point zg of S. Then
(i) L is differentiable in x, and
(i1) L'(xg) = L.
PROOF: Reconsider L = L0 as a point of the real norm space of bounded
linear operators from S into 7. Reconsider R = (the carrier of S) — Op
as a partial function from S to T. Set N = the neighbourhood of zq. For

every point z of S such that x € N holds L0, — L0, = L(xz — z¢) + Ry—z,
by [19 (7)], [20, (4)]. O

(31) Let us consider real normed spaces X, Y and a point zy of X x Y. Then
(i) IsoCPNrSP(X,Y) is differentiable in z¢, and
(i) (IsoCPNrSP(X,Y)) (x¢) = IsoCPNrSP(X,Y).
(32) Let us consider real normed spaces X, Y and a point zg of [[(X,Y).
Then
(i) IsoPCNrSP(X,Y) is differentiable in z¢, and
(i) (IsoPCNISP(X,Y)) (z0) = IsoPCNISP(X, Y).

(33) Let us consider a partial function f from T to W, a Lipschitzian linear
operator I from S into T', and a point Iy of the real norm space of bounded
linear operators from S into T'. Suppose Iy = I. Let us consider a point x
of S. Suppose f is differentiable in I(x). Then

(i) f-1I is differentiable in z, and
(i) (f-D)(x) = f'(I(x)) - Lo-

The theorem is a consequence of (30).

(34) Let us consider real normed spaces X, Y, a partial function f from [[(X,
Y) to W, and a point I of the real norm space of bounded linear operators
from X xY into [[(X,Y). Suppose I = IsoCPNrSP(X,Y"). Let us consider
a point z of X x Y. Suppose f is differentiable in (IsoCPNrSP(X,Y))(z).
Then

(i) f-IsoCPNrSP(X,Y) is differentiable in z, and
(ii) (f -IsoCPNrSP(X,Y)) (z) = f/((IsoCPNrSP(X,Y))(2)) - I.

(35) Let us consider real normed spaces X, Y, a partial function f from X x
Y to W, and a point I of the real norm space of bounded linear operators
from [J(X,Y’) into X x Y. Suppose I = IsoPCNrSP(X,Y). Let us consider
a point z of [[(X,Y"). Suppose f is differentiable in (IsoPCNrSP(X,Y))(z).
Then
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(i) f-IsoPCNrSP(X,Y) is differentiable in z, and
(i1) (f -IsoPCNrSP(X,Y)) (z) = f'((IsoPCNrSP(X,Y))(2)) - I.

(36) Let us consider a partial function f from T to W and a linear operator
I from S into T'. Suppose I is one-to-one, onto, and isometric. Let us
consider a point x of S. Then f - I is differentiable in x if and only if f
is differentiable in I(x). The theorem is a consequence of (7), (25), (30),
and (33).

(37) Let us consider real normed spaces X, Y, a partial function f from [[(X,
Y) to W, and a point z of X xY. Then f-IsoCPNrSP(X,Y") is differentiable
in z if and only if f is differentiable in (IsoCPNrSP(X,Y"))(z). The theorem
is a consequence of (36).

(38) Let us consider a partial function f from 7' to W, a linear operator I
from S into T, and a set X. Suppose

(i) X C the carrier of T', and
(ii) I is one-to-one, onto, and isometric.

Then f is differentiable on X if and only if f-I is differentiable on I~1(X).
The theorem is a consequence of (36) and (4). PROOF: For every point y
of T such that y € X holds f[X is differentiable in y by [5, (113)]. O

(39) Let us consider real normed spaces X, Y, a partial function f from X xY
to W, and a point z of [[(X,Y’). Then f-IsoPCNrSP(X,Y) is differentiable
in z if and only if f is differentiable in (IsoPCNrSP(X,Y"))(2). The theorem
is a consequence of (36).

(40) Let us consider real normed spaces X, Y, a partial function f from
[[{(X,Y) to W, and a set D. Suppose D C the carrier of [[(X,Y). Then
f -IsoCPNrSP(X,Y) is differentiable on (IsoCPNrSP(X,Y))~ (D) if and
only if f is differentiable on D. The theorem is a consequence of (38).

(41) Let us consider real normed spaces X, Y, a partial function f from
X XY to W, and a set D. Suppose D C the carrier of X x Y. Then
f -IsoPCNrSP(X,Y) is differentiable on (IsoPCNrSP(X,Y))~ (D) if and
only if f is differentiable on D. The theorem is a consequence of (38).

(42) Let us consider real normed spaces X, Y, a partial function f from
[[{(X,Y) to W, and a subset D of [[(X,Y). Suppose f is differentiable
on D. Let us consider a point z of [[(X,Y). Suppose z € dom ffD. Then
ffD(Z) = ((f - IsoCPNISP(X, Y))/[(ISOCPNrSP(X,Y))—l(D))(ISOPCNYSP(XvY))(Z) )
(IsoCPNrSP(X,Y))~!. The theorem is a consequence of (40) and (33).
PROOF: Set I = IsoCPNrSP(X,Y). Set J = IsoPCNrSP(X,Y). Set g =
f+1.Set E = I"1(D). For every point z of [[(X,Y) such that z € dom ffD
holds f{p(2) = (9}g) () - L' by [0, (31)], 5, (113)], [22, (36)]. O

(43) Let us consider real normed spaces X, Y, a partial function f from
X xY to W, and a subset D of X x Y. Suppose f is differentiable on

255
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D. Let us consider a point z of X x Y. Suppose z € dom ffD. Then
ffD(Z) = ((f . ISOPCNI’SP(X, Y))/[(ISOPCNrSP(X,Y))_l(D)>(ISOCPNrSP(X7Y))(Z) ’
(IsoPCNrSP(X,Y))~!. The theorem is a consequence of (41) and (33).
PROOF: Set I = IsoPCNrSP(X,Y). Set J = IsoCPNrSP(X,Y). Set g =
f-1.Set E=I"1(D). For every point z of X x Y such that z € dom fip

Let X, Y be real normed spaces and = be an element of X x Y. The functor
reprojl z yielding a function from X into X x Y is defined by

(Def. 4) Let us consider an element r of X. Then it(r) = (r, x2).
The functor reproj2 z yielding a function from Y into X x Y is defined by
(Def. 5) Let us consider an element r of Y. Then it(r) = (z1, 7).
Now we state the proposition:
(44) Let us consider real normed spaces X, Y and a point z of X x Y. Then
(i) reprojl z = IsoPCNrSP(X,Y)-reproj(1(€ dom(X,Y)), (IsoCPNrSP(X,Y))(2)),
and
(ii) reproj2z = IsoPCNrSP(X,Y)reproj(2(€ dom(X,Y)), (IsoCPNrSP(X,Y))(2)).

Let X, Y be real normed spaces and z be a point of X x Y. Observe that
the functor z; yields a point of X. Let us note that the functor zo yields a point
of Y. Let X, Y, W be real normed spaces. Let f be a partial function from X x
Y to W. We say that f is partial differentiable in‘l z if and only if

(Def. 6) f -reprojl z is differentiable in z7.
We say that f is partial differentiable in‘2 z if and only if
(Def. 7) f -reproj2 z is differentiable in zs.
Now we state the propositions:
(45) Let us consider real normed spaces X, Y and a point z of X x Y. Then
(i) z1 = the projection onto 1(€ dom(X,Y))((IsoCPNrSP(X,Y))(2)),
and
(ii) z2 = the projection onto 2(€ dom(X,Y))((IsoCPNrSP(X,Y))(2)).
(46) Let us consider real normed spaces X, Y, W, a point z of X x Y, and a
partial function f from X x Y to W. Then
(i) f is partial differentiable in‘l z iff f -IsoPCNrSP(X,Y) is partially
differentiable in (ISOCPNrSP(X,Y))(z) w.r.t. 1, and
(ii) f is partial differentiable in‘2 z iff f - IsoPCNrSP(X,Y") is partially
differentiable in (ISOCPNrSP(X,Y))(z) w.r.t. 2.
The theorem is a consequence of (44) and (45).

Let X, Y, W be real normed spaces, z be a point of X XY, and f be a partial
function from X x Y to W. The functor partdiff‘1(f, z) yielding a point of the
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real norm space of bounded linear operators from X into W is defined by the
term
(Def. 8) (f - reprojl z)'(z1).
The functor partdiff2(f, z) yielding a point of the real norm space of boun-
ded linear operators from Y into W is defined by the term
(Def. 9) (f - reproj2z)’(z2).
Now we state the propositions:
(47) Let us consider real normed spaces X, Y, W, a point z of X x Y, and a
partial function f from X x Y to W. Then
(i) partdiff'l(f, z) = partdiff (f-IsoPCNrSP(X,Y), (IsoCPNrSP(X,Y))(2),1),
and

(i) partdiff‘2(f, z) = partdiff (f-IsoPCNrSP(X,Y), (IsoCPNrSP(X,Y))(2), 2).
The theorem is a consequence of (44) and (45).

(48) Let us consider real normed spaces X, Y, W, a function I from X into
Y, and partial functions fi, fo from Y to W. Then
i) (fi+fo) I=fi-I+f>-1I and
(i) (—=fo) I=fi-I—fa-1
PROOF: Set Dy = the carrier of X. For every element s of D, s €
dom((f1+f2)-I)iff s € dom(fi-I+ f2-I) by [4, (11)]. For every element z of
Dy such that z € dom((fi1+ f2)-I) holds ((f1+f2)-I)(z) = (fi- I+ f2-1)(2)
by [, (11), (12)]. For every element s of Di, s € dom((f1 — f2) - I) iff
s € dom(f1 - I — fa-I) by [4, (11)]. For every element z of D; such that
z € dom((f1 — f2) - I) holds ((f1 — f2) - I)(2) = (f1- I — f2- I)(2) by [4
(11), (12)]. O
(49) Let us consider real normed spaces X, Y, W, a function I from X into Y,
a partial function f from Y to W, and a real number . Then r- (f-I) =
(r-f)-1. PROOF: Set D; = the carrier of X. For every element s of Dy,
s edom((r- f)-I)iff s € dom(f-1I) by [4, (11)]. For every element s of
Dy, s e dom((r- f)-I)iff I(s) € dom(r- f) by [4, (11)]. For every element
z of Dy such that z € dom(r - (f - 1)) holds (r- (f-1))(z) = ((r- f)-I)(2)
by [, (12)]. O
Let us consider real normed spaces X, Y, W, a point z of X x Y, and partial
functions f1, fo from X x Y to W. Now we state the propositions:

(50) Suppose fi is partial differentiable in‘l z and fo is partial differentiable
in‘l z. Then

(i) f1 + fo is partial differentiable in‘1 z, and
(i) partdift*1((f1 + f2),z) = partdiff‘1(fi, z) + partdiff‘1(fo, 2), and
(iii) f1 — fo is partial differentiable in‘l z, and
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(iv) partdiffl((f1 — f2), z) = partdiff*1(f1, z) — partdiff‘1( fo, 2).
(51) Suppose fi is partial differentiable in‘2 z and f, is partial differentiable
in‘2 z. Then
(i) f1 + f2 is partial differentiable in‘2 z, and
(i) partdiff2((f1 + f2), z) = partdiff2(fi, z) + partdiff2(fa, z), and
(iii) f1 — fo is partial differentiable in‘2 z, and
(iv) partdiff2((f1 — f2), z) = partdiff*2(f1, z) — partdiff‘2(f2, 2).
Let us consider real normed spaces X, Y, W, a point z of X XY, a real number
r, and a partial function f from X x Y to W. Now we state the propositions:
(52) If f is partial differentiable in‘l z, then r - f is partial differentiable in‘l
z and partdiff1((r - f), z) = r - partdiff*1(f, 2).
(53) If f is partial differentiable in‘2 z, then r - f is partial differentiable in‘2
z and partdiff2((r - f), z) = r - partdiff*2(f, z).
Let X, Y, W be real normed spaces, Z be a set, and f be a partial function
from X xY to W. We say that f is partial differentiable on‘l Z if and only if
(Def. 10) (i) Z C dom f, and
(ii) for every point z of X x Y such that z € Z holds f[Z is partial
differentiable in‘1 z.
We say that f is partial differentiable on‘2 Z if and only if
(Def. 11) (i) Z C dom f, and
(ii) for every point z of X x Y such that z € Z holds f[Z is partial
differentiable in‘2 z.
Now we state the proposition:
(54) Let us consider real normed spaces X, Y, W, a subset Z of X x Y, and
a partial function f from X x Y to W. Then
(i) f is partial differentiable on‘l Z iff f - IsoPCNrSP(X,Y) is partially
differentiable on (IsoPCNrSP(X,Y))"}(Z) w.r.t. 1, and
(ii) f is partial differentiable on‘2 Z iff f -IsoPCNrSP(X,Y") is partially
differentiable on (IsoPCNrSP(X,Y))"1(Z) w.r.t. 2.
The theorem is a consequence of (46) and (4). PROOF: Set I = IsoPCNrSP(X,Y).
Set g = f-1.Set E = I"Y(Z). f is partial differentiable on‘l Z iff g is
partially differentiable on E w.r.t. 1 by [5, (113)], [4, (34)], [5} (38)]. f is
partial differentiable on‘2 Z iff g is partially differentiable on E w.r.t. 2
by [B, (113)], [ (34)], [5, (38)]. O
Let X, Y, W be real normed spaces, Z be a set, and f be a partial func-
tion from X X Y to W. Assume f is partial differentiable on‘l Z. The functor

f ‘partial‘l| Z yielding a partial function from X X Y to the real norm space of
bounded linear operators from X into W is defined by
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(Def. 12) (i) dom it = Z, and
(ii) for every point z of X xY such that z € Z holds it, = partdiff‘1(f, z).

Assume f is partial differentiable on‘2 Z. The functor f ‘partial‘2| Z yielding
a partial function from X x Y to the real norm space of bounded linear operators
from Y into W is defined by

(Def. 13) (i) dom it = Z, and
(ii) for every point z of X xY such that z € Z holds it, = partdiff‘2(f, z).

Let us consider real normed spaces X, Y, W, a subset Z of X x Y, and a
partial function f from X x Y to W. Now we state the propositions:

(55) Suppose f is partial differentiable on‘l Z. Then f ‘partial‘l|Z = (f -
IsoPCNrSP(X, Y) ! (IsoPCNrSP(X,Y)) ™' (Z)) - IsoCPNrSP(X, Y).

(56) Suppose f is partial differentiable on‘2 Z. Then f ‘partial‘2|Z = (f -
IsoPCNrSP (X, Y)[?(IsoPCNrSP(X,Y)) ' (Z)) - IsoCPNrSP(X, Y).

(57) Suppose Z is open. Then f is partial differentiable on‘l Z if and only
if Z C dom f and for every point x of X x Y such that x € Z holds f is
partial differentiable in‘1 x.

(58) Suppose Z is open. Then f is partial differentiable on‘2 Z if and only
if Z C dom f and for every point x of X x Y such that x € Z holds f is
partial differentiable in‘2 x.

Let us consider real normed spaces X, Y, W, a subset Z of X xY, and partial
functions f, g from X x Y to W. Now we state the propositions:

(59) Suppose Z is open and f is partial differentiable on‘l Z and g is partial
differentiable on‘l Z. Then

(i) f + g is partial differentiable on‘l Z, and
(i) (f +g) ‘partial‘l| Z = (f ‘partial‘l| Z) + (g ‘partial‘l| Z).

(60) Suppose Z is open and f is partial differentiable on‘l Z and g is partial
differentiable on‘l Z. Then

(i) f — g is partial differentiable on‘l Z, and
(ii) (f — g) ‘partial‘l| Z = (f ‘partial‘l| Z) — (g ‘partial‘l| Z).

(61) Suppose Z is open and f is partial differentiable on‘2 Z and g is partial
differentiable on‘2 Z. Then

(i) f+ g is partial differentiable on‘2 Z, and
(i) (f + g) ‘partial‘2| Z = (f ‘partial‘2| Z) + (g ‘partial‘2| Z).

(62) Suppose Z is open and f is partial differentiable on‘2 Z and ¢ is partial
differentiable on‘2 Z. Then

(i) f — g is partial differentiable on‘2 Z, and
(ii) (f —g) ‘partial‘2| Z = (f ‘partial‘2| Z) — (g ‘partial‘2| Z).
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Let us consider real normed spaces X, Y, W, a subset Z of X x Y, a re-
al number r, and a partial function f from X x Y to W. Now we state the
propositions:

(63) Suppose Z is open and f is partial differentiable on‘l Z. Then
(i) r- f is partial differentiable on‘l Z, and
(ii) r- f‘partial‘l| Z = r - (f ‘partial‘l| Z).

(64) Suppose Z is open and f is partial differentiable on‘2 Z. Then
(i) r- f is partial differentiable on‘2 Z, and
(ii) r- f ‘partial‘2| Z = r - (f ‘partial‘2| Z).

Let us consider real normed spaces X, Y, W, a subset Z of X x Y, and a
partial function f from X x Y to W. Now we state the propositions:

(65) Suppose f is differentiable on Z. Then ffZ is continuous on Z if and only

if (f-IsoPCNrSP(X, Y))/[(ISOPCNrSP(X,Y))_l(Z) is continuous on (IsoPCNrSP(X,Y))~1(2).
(66) Suppose Z is open. Then f is partial differentiable on‘l Z and f is

partial differentiable on‘2 Z and f ‘partial‘l| Z is continuous on Z and

f ‘partial‘2| Z is continuous on Z if and only if f is differentiable on Z and

fiz is continuous on Z.
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Summary. In this article, we described the differential equations on func-
tions from R into real Banach space. The descriptions were based on the article
[20]. As preliminary to prove these theorems, we proved some properties of diffe-
rentiable functions on real normed space. For the proof we referred to descriptions
and theorems in the article [21I] and the article [3I]. And applying the theorems
of Riemann integral introduced in the article [22], we proved the ordinary diffe-
rential equations on real Banach space. We referred to the methods of proof in
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(1) Let us consider a real normed space Y, a function J from (€1, - ||) into
R, a point zg of (€1, - ||), an element yo of R, a partial function g from
R to Y, and a partial function f from (€', || - ||) to Y. Suppose

(i) J =proj(1,1), and

(ii) xo € dom f, and
(ili) yo € domg, and

(iv) @o = (yo), and

v) f=g-J.
Then f is continuous in xg if and only if g is continuous in yg. PROOF: If
f is continuous in xg, then g is continuous in yo by [14} (2)], [6, (39)], [36

(36)]. O
(2) Let us consider a real normed space Y, a function I from R into (£1,[|-||),
a point g of (€1, |-}, an element yo of R, a partial function g from R to

Y, and a partial function f from (€', - ||) to Y. Suppose

1 and

(i) I = (proj(1,1) qua function)™
(ii) xo € dom f, and
(iii) yo € domg, and

(iv) o = (yo), and

V) f-I=g
Then f is continuous in xg if and only if g is continuous in y9. PROOF:
If f is continuous in xg, then g is continuous in yo by [14}, (1)], [21}, (33)],

[26, (15)]. O
(3) Let us consider a function I from R into (€Y, ||-||). Suppose I = (proj(1,1) qua function) .
Then
(i) for every rest R of (€%, |- ), Y, R- I is a rest of Y, and
(ii) for every linear operator L from (€1, | -} into Y, L - I is a linear of
Y.

PROOF: For every rest R of (€1, || -|]), Y, R- I is a rest of Y by [I5,
(23)], [B, (47)], [14, (3)]. Reconsider Ly = L as a function from R! into
Y. Reconsider L1 = Lg - I as a partial function from R to Y. Reconsider
jo = 1 as an element of R. Reconsider r = L1(jo) as a point of Y. For
every real number p, L1, = p-r by [6, (13)], [14, (3)], [6, (12)]. O

(4) Let us consider a function J from (€', - ||) into R. Suppose J =
proj(1,1). Then

(i) for every rest R of Y, R-J is a rest of (£1,] ), Y, and

(ii) for every linear L of Y, L - J is a Lipschitzian linear operator from
(4,1 ) into V-
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PROOF: For every rest R of Y, R-J is a rest of (€%, -), Y by [14, (4)],
[15, (6)], [5, (47)]. Consider r being a point of ¥ such that for every real
number p, L, = p-r. U

(5) Let us consider a function I from R into (€1, ||-||), a point zg of (€L, |- |,

an element yy of R, a partial function g from R to Y, and a partial function
f from (EL,] - ||) to Y. Suppose

(i) I = (proj(1,1) qua function)™!, and
(ii) xo € dom f, and
(iii) yo € domg, and
(iv) o = (yo), and
(v) f-I=g,and
(vi) f is differentiable in xg.
Then

(vii) g is differentiable in yg, and

(viii) ¢'(y0) = f'(x0)((1)), and
(ix) for every element 7 of R, f/(z0)((r)) =1 ¢'(yo)-

The theorem is a consequence of (3). PROOF: Consider N; being a ne-
ighbourhood of zg such that N; C dom f and there exists a point L of
the real norm space of bounded linear operators from (&1, || - ||) into Y
and there exists a rest R of (€%,] - ), Y such that for every point x of
(EL,]] - ||) such that z € Ny holds fi — fu, = L(z — 20) + Ry_z,. Con-
sider e being a real number such that 0 < e and {z, where z is a point
of (L] -11) = Iz — wol| < e} € Ny. Consider L being a point of the real
norm space of bounded linear operators from (£, - ||) into Y, R being a
rest of (€1, - ), Y such that for every point x3 of (£, - ||) such that
x3 € Ny holds fr, — fz, = L(z3 — x0) + Rgs—a,- Reconsider Rg = R - I as
a rest of Y. Reconsider Lo = L - I as a linear of Y. Set N = {z, where
z is a point of (€L, || - ||) : ||z — zo|| < e}. N C the carrier of (€1, - ||). Set
No = {z, where z is an element of R : |z — yo| < e}. Jyo — e,y0 + €[ € Ny
by [28, (1)]. No C ]Jyo — e,y0 + €[ by [28, (1)]. For every real number y;
such that y; € Nog holds (f - 1)y, — (f - I)yy = Loy,—y, + Roy,—y, by [6}
(12), [7, (35), [, (3)). O

(6) Let us consider a function I from R into (€1, ||-||), a point zg of (€L, |- |,
a real number g, a partial function g from R to Y, and a partial function
f from (€', ]| -||) to Y. Suppose

(i) I = (proj(1,1) qua function)™*

, and
(ii) xo € dom f, and

(iii) yo € domg, and
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(iv) zo = (o), and

V) f-I=g.

Then f is differentiable in xg if and only if g is differentiable in yy. The
theorem is a consequence of (5) and (4). PROOF: Reconsider J = proj(1,1)
as a function from (€Y, - ||) into R. Consider Ny being a neighbourhood
of yo such that Ny C dom(f-I) and there exists a linear L of Y and there
exists a rest R of Y such that for every real number y such that y € Ny
holds (f 1)y — (f 1)y, = Ly—y, + Ry—y,. Consider eg being a real number
such that 0 < eg and Ny = |yo—eo, yo+eo[. Reconsider e = ej as an element
of R. Set N = {z, where z is a point of (€L, ||-||) : ||z — 0] < e}. Consider
L being a linear of Y, R being a rest of Y such that for every real number
y1 such that y; € No holds (f-1)y, —(f-1)yy = Ly, —yo+ Ry, —y,- Reconsider
Ry = R-J as arest of (€1,]-]), Y. Reconsider Ly = L-J as a Lipschitzian
linear operator from (€1, ||-||) into Y. N C the carrier of (€1, |-||). For every
point y of (€, |||} such that y € N holds f, — fu, = Lo(y — z0) + Roy—z,
by 6, (13)], [ (35)], [4, (4)]. O

(7) Let us consider a function J from (€1, ||-||) into R, a point xq of (1, -],

an element yg of R, a partial function g from R to Y, and a partial function
f from (EL,] - ||) to Y. Suppose

(i) J =proj(1,1), and

(ii) xo € dom f, and

(iii) yo € domg, and

(iv) 2o = (yo), and

V) f=g-J
Then f is differentiable in xg if and only if g is differentiable in yy. The
theorem is a consequence of (6).

(8) Let us consider a function I from R into (£, ||-]|), a point zq of (L, |||},

an element yy of R, a partial function g from R to Y, and a partial function
f from (€1, ]]-||) to Y. Suppose

(i) I = (proj(1,1) qua function)_l, and
(ii) xo € dom f, and

(iv) o = (yo), and
(v) f-I=g,and
(vi) f is differentiable in xg.

)

(iii) yo € dom g, and
)
)

Then ||¢'(vo)|| = ||f'(z0)||- The theorem is a consequence of (5). PROOF:
Reconsider d; = f’(xg) as a Lipschitzian linear operator from (&1, || - ||)
into Y. Set A = PreNorms(d;). For every real number r such that r € A
holds r < [|g"(yo) || by [14, (1), (4)]. O
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Let us consider real numbers a, b, z and points p, ¢, = of (€1, -||). Now we
state the propositions:

(9) Suppose p = (a) and ¢ = (b) and z = (z). Then
(i) if z € ]a, b[, then = € |p, q[, and

(i) if = € |p, ¢q[, then a # b and if a < b, then z € ]a,b] and if a > b, then
z € 1b,al.

(10) Suppose p = (a) and ¢ = (b) and = = (z). Then
(i) if z € [a,b], then z € [p, ¢], and
(ii) if = € [p, ¢|, then if a < b, then z € [a,b] and if a > b, then z € [b, a].

Now we state the propositions:

(11) Let us consider real numbers a, b, points p, ¢ of (€%, |- ||), and a function
I from R into (€%, ]| - ||). Suppose

) p = (o), and

(ii) ¢ = (b), and

(iii) I = (proj(1,1) qua function)~?.
Then

(iv) if a < b, then I°[a,b] = [p, q], and
(v) if a < b, then I°]a,b] = |p, ¢q|.

The theorem is a consequence of (10) and (9).

(12) Let us consider a real normed space Y, a partial function g from R to
the carrier of Y, and real numbers a, b, M. Suppose

(i) a < b, and
(ii) [a,b] € dom g, and

(iii) for every real number x such that = € [a,b] holds g is continuous in
xz, and

(iv) for every real number x such that x € ]a,b] holds g is differentiable
in z, and

(v) for every real number x such that x € Ja, b[ holds ||¢'(z)| < M.

Then ||gy — gal| < M - |b — a|. The theorem is a consequence of (11), (10),

(1), (9), (7), and (8).
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2. DIFFERENTIAL EQUATIONS

In the sequel X, Y denote real Banach spaces, Z denotes an open subset

of R, a, b, ¢, d, e, r, xp denote real numbers, yy denotes a vector of X, and GG
denotes a function from X into X.

Now we state the propositions:

(13) Let us consider a real Banach space X, a partial function F' from R to

the carrier of X, and a continuous partial function f from R to the carrier
of X. Suppose

(i) [a,b] € dom f, and
(i) ]a,b[ € dom F', and

(iii) for every real number z such that = € Ja,b[ holds F, = /f(x)d:v,
and ‘
(iv) zg € ]a,b[, and
(v) f is continuous in zg.
Then
(vi) F' is differentiable in xg, and
(vil) F'(z0) = fa,-

(14) Let us consider a partial function F' from R to the carrier of X and a
continuous partial function f from R to the carrier of X. Suppose

(i) dom f = [a, b], and
(ii) dom F' = [a,b], and

¢
(iii) for every real number ¢ such that ¢ € [a,b] holds F; = /f(x)dx.

Let us consider a real number z. If z € [a, b], then F is continuous in z.

(15) Let us consider a continuous partial function f from R to the carrier of

X. If a € dom f, then /f(:v)dz = Ox.

Let us consider a continuous partial function f from R to the carrier of X and
a partial function g from R to the carrier of X. Now we state the propositions:

(16) Suppose a < b and dom f = [a, b] and for every real number ¢ such that

t
t € [a,b] holds g = yo + /f(az)d:c. Then g, = yo.
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(17) Suppose dom f = [a,b] and dom g = [a,b] and Z = ]a,b[ and for every
t

real number ¢ such that ¢t € [a, b] holds g; = yo + / f(x)dx. Then

(i) g is continuous and differentiable on Z, and
(ii) for every real number ¢ such that ¢t € Z holds ¢'(t) = f;.
Let us consider a partial function f from R to the carrier of X. Now we state
the propositions:
(18) Suppose a < b and [a,b] C dom f and for every real number z such that

x € [a,b] holds f is continuous in x and f is differentiable on |a, b and for
every real number = such that = € |a, b[ holds f/'(z) = 0x. Then f, = f,.

(19) Suppose [a,b] C dom f and for every real number z such that z € [a, ]
holds f is continuous in = and f is differentiable on ]a, b[ and for every real
number x such that x € Ja,b[ holds f’(z) = O0x. Then f[]a,b] is constant.

Now we state the propositions:
(20) Let us consider a continuous partial function f from R to the carrier of
X. Suppose

(i) [a,b] = dom f, and
(ii) fl]a,b[ is constant.
Let us consider a real number z. If z € [a, b], then f, = f,.

(21) Let us consider continuous partial functions y, G from R to the carrier
of X and a partial function g from R to the carrier of X. Suppose

(i) a < b, and

(ii) Z =]a,b[, and

(iii) domy = [a, b], and

(iv) domg = [a, b], and

(v) dom Gy = [a, b], and

(vi) y is differentiable on Z, and
i)
)

(vii) Ya = yo, and
(viii) for every real number ¢ such that ¢ € Z holds 3/ (t) = G14, and

(ix) for every real number ¢ such that ¢ € [a, b] holds g; = yo+/ Gi(z)dzx

a
Then y = g. The theorem is a consequence of (17), (16), (19), and (20).
PROOF: Reconsider h = y — g as a continuous partial function from R
to the carrier of X. For every real number z such that £ € dom h holds
h, = 0x by [34, (15)]. For every element x of R such that € domy holds

y(z) = g(x) by [34, (21)]. O
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Let X be a real Banach space, yy be a vector of X, G be a function from
X into X, and a, b be real numbers. Assume a < b and G is continuous on
dom G. The functor Fredholm(G, a, b, y) yielding a function from the R-norm
space of continuous functions of [a, b] and X into the R-norm space of continuous
functions of [a,b] and X is defined by
(Def. 1) Let us consider a vector = of the R-norm space of continuous functions
of [a,b] and X. Then there exist continuous partial functions f, g, G1 from
R to the carrier of X such that

(i) x = f, and

¢
(vi) for every real number ¢ such that ¢ € [a, b] holds ¢g; = yo+/ Gi(x)dx.

Now we state the propositions:

(22) Suppose a < band 0 < r and for every vectors y1, y2 of X, |Gy, =Gy, || <
7+|ly1 —y2||. Let us consider vectors u, v of the R-norm space of continuous
functions of [a,b] and X and continuous partial functions g, h from R to
the carrier of X. Suppose

(i) g = (Fredholm(G, a,b,yo))(u), and

(ii) h = (Fredholm(G, a,b,yo))(v).
Let us consider a real number ¢. Suppose t € [a,b]. Then |g; — h| <
(r-(t—a))-|lu—wv|. PROOF: Set F = Fredholm(G,a,b,yo). Consider
f1, g1, G3 being continuous partial functions from R to the carrier of
X such that v = f; and F(u) = ¢1 and dom f; = [a,b] and domg; =
[a,b] and G3 = G - f1 and for every real number ¢ such that ¢ € [a,b]

t
holds g1; = yo + /Gg(m)daz. Consider fs, g2, G5 being continuous partial
a

functions from R to the carrier of X such that v = fy and F(v) = ¢
and dom f = [a,b] and dom g2 = [a,b] and G5 = G - fo and for every real
t

number ¢ such that ¢ € [a, b] holds go, = yo+/ Gs(x)dx. Set G4 = G3—G5.

For every real number z such that z € [a, t]aholds |Gazll <7+ |lu—v| by
[20, (26)], [6, (12)]. O

(23) Suppose a < b and 0 < r and for every vectors y;, y2 of X, ||Gy, —
Gy, || <7 -]ly1 — y2l|- Let us consider vectors u, v of the R-norm space of
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continuous functions of [a,b] and X, an element m of N, and continuous
partial functions g, h from R to the carrier of X. Suppose

(i) g = (Fredholm(G,a,b, o))"+ (u), and
(ii) h = (Fredholm(G, a,b,y0))™ ! (v).

Let us consider a real number ¢. Suppose ¢t € [a,b]. Then |g: — he| <
%HU—UH The theorem is a consequence of (22). PROOF: Set F' =
Fredholm(G, a, b, yp). Define Plnatural number| = for every continuous
partial functions g, h from R to the carrier of X such that g = F$1+1(u;)

and h = F$1+1(vl) for every real number ¢ such that ¢ € [a,b] holds
))$1+

oo — ol < S ) P{O] by B (70)], I8, (5), (13)]. For
every natural number & such that P[k] holds P[k+1] by [4, (71)], [6, (13)],
[36, (27)]. For every natural number k, P[k] from [1 Sch. 2]. O

(24) Let us consider a natural number m. Suppose
(i) a < b, and
(ii) 0 < r, and
(iii) for every vectors y1, y2 of X, |Gy, — Gyoll < 7 |ly1 — 2|

Let us consider vectors u, v of the R-norm space of continuous functions of

[a,b] and X. Then ||(Fredholm(G, a, b, yo))™ ! (u)—(Fredholm(G, a, b, y0) )™ (v) | <
(r:(b—a))™
(m+1)!

(25) If @ < b and G is Lipschitzian on the carrier of X, then there exists
a natural number m such that (Fredholm(G, a,b,y0))™"! is contraction.
The theorem is a consequence of (24).

(26) Ifa < band G is Lipschitzian on the carrier of X, then Fredholm(G, a, b, yo)
has unique fixpoint. The theorem is a consequence of (25).

- |lu — v||. The theorem is a consequence of (23).

(27) Let us consider continuous partial functions f, g from R to the carrier
of X. Suppose

(i) dom f = [a, b], and
(ii) dom g = [a, b], and
(iii) Z =]a,b], and
(iv) a < b, and
(v) G is Lipschitzian on the carrier of X, and
(vi) g = (Fredholm(G, a, b, y0))(f)-
Then
(vii) ga = yo, and
(viii) g is differentiable on Z, and
(ix) for every real number ¢ such that t € Z holds ¢'(t) = (G - f):.
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The theorem is a consequence of (17) and (16).

(28) Let us consider a continuous partial function y from R to the carrier of
X. Suppose

(i) @ < b, and
(ii) Z =]a,b[, and
(iii) G is Lipschitzian on the carrier of X, and
(iv) domy = [a,b], and
(v) y is differentiable on Z, and

i)

(v

(vii) for every real number ¢ such that ¢t € Z holds ¢/(t) = G(y¢).

Ya = Yo, and

Then y is a fixpoint of Fredholm(G, a, b, yp). The theorem is a consequence

of (21). ProoF: Consider f, g, G1 being continuous partial functions from

R to the carrier of X such that y = f and (Fredholm(G,a,b,40))(y) = ¢

and dom f = [a,b] and dom g = [a,b] and G; = G - f and for every real
t

number ¢ such that ¢ € [a,b] holds g = yo + / G1(x)dx. For every real

number ¢ such that ¢ € Z holds v/(t) = Gy, by [6l, (13)]. O

(29) Let us consider continuous partial functions yi, y2 from R to the carrier
of X. Suppose

(i) a < b, and
(ii) Z =]a,b[, and
(iii) G is Lipschitzian on the carrier of X, and
(iv) domy; = [a,b], and
(v) y is differentiable on Z, and

(vii) for every real number t such that ¢t € Z holds y1'(¢t) = G(y1,), and
(viii)) domys = [a,b], and
(ix) ya is differentiable on Z, and

(x

(xi) for every real number ¢ such that t € Z holds yo'(t) = G(y2;).

) Z
)
)
)
(Vi) y1, = Yo, and
i)
)
)
)

Y24 = Yo, and

Then y; = y2. The theorem is a consequence of (26) and (28).

(30) Suppose a < b and Z = ]a,b| and G is Lipschitzian on the carrier of X.

Then there exists a continuous partial function y from R to the carrier of
X such that

(i) domy = [a,b], and
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(ii) y is differentiable on Z, and
(iil) Y4 = Yo, and
(iv) for every real number ¢ such that ¢t € Z holds y/'(t) = G ().

The theorem is a consequence of (26) and (27).
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Summary. In this article, we formalize a free Z-module and its property.
Specially, we formalize a vector space of rational field corresponding to a free
Z-module and prove formally that submodules of a free Z-module are free. Z-
module is necassary for lattice problems, LLL (Lenstra, Lenstra and Lovész) base
reduction algorithm and cryptographic systems with lattice [20]. Some theorems
in this article are described by translating theorems in [II] into theorems of
Z-module, however their proofs are different.
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1. VECTOR SPACE OF RATIONAL FIELD GENERATED BY A FREE Z-MODULE

From now on V denotes a Z-module and W, W7, W5 denote submodules of
V.
Let us consider a Z-module V', submodules Wi, Wy of V| and submodules
Ws, Wg of Wy + Ws. Now we state the propositions:
(1) If W5 = Wy and Wg = W, then Wy + Wy = Wi + W,
(2) If W5 = Wy and W = Ws, then Wy N Wy = W5 N Wy,
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Let V be a Z-module. Note that (the carrier of V') x (Z\ {0}) is non empty.
Assume V is cancelable on multiplication. The functor EQRZM V' yielding
an equivalence relation of (the carrier of V) x (Z\ {0}) is defined by

(Def. 1) Let us consider elements S, 7. Then (S, T') € it if and only if S, T €
(the carrier of V') x (Z\{0}) and there exist elements 21, z2 of V' and there
exist integers i1, i3 such that S = (z1, i1) and T' = (22, i2) and i; # 0 and
iQ#OandiQ-zlzil-ZQ.

Now we state the proposition:
(3) Let us consider a Z-module V, elements 21, zo of V, and integers i1,
io. Suppose V is cancelable on multiplication. Then ({z1, i1), (22, i2)) €
EQRZMV if and only if ’il 7& 0 and ig ?é 0 and ig cR1 = i1 *Z29.

Let V be a Z-module. Assume V is cancelable on multiplication. The functor
addCoset V yielding a binary operation on Classes EQRZM V is defined by

(Def. 2) Let us consider elements A, B. Suppose A, B € Classes EQRZM V. Let
us consider elements 21, z3 of V' and integers i1, is. Suppose

(i) i1 #0, and
(ii) 72 # 0, and
(iii) A = [{21, i1)|pqrzm v+ and
(iv) B = [(22, i2)lgqromv-
Then it(A, B) = [(i2 - 21 + i1 - 22, i1 " i2)|gqromv-

Assume V is cancelable on multiplication. The functor zeroCoset V' yielding
an element of Classes EQRZM V is defined by

(Def. 3)  Let us consider an integer i. Suppose i # 0. Then it = [(Ov, @) gqrzmv-

Assume V is cancelable on multiplication. The functor ImultCoset V' yielding

a function from (the carrier of FRat)x Classes EQRZM V into Classes EQRZM V/
is defined by

(Def. 4) Let us consider an element ¢ and an element A. Suppose
(i) ¢ € Q, and
(ii) A € ClassesEQRZM V.

Let us consider integers m, n, ¢ and an element z of V. Suppose

(vi) A= [z, )pqramv-

Then it(g, A) = [{m -z, n - )|pqramv-
Now we state the propositions:
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(4) Let us consider a Z-module V, an element z of V, and integers i, n.
Suppose
(i) i # 0, and
(ii) n # 0, and
(iii) V is cancelable on multiplication.
Then [(2, i) gqrzmv = [{n - 2, 7 i)]gqrazav- The theorem is a consequ-
ence of (3).
(5) Let us consider a Z-module V and an element v of (Classes EQRZM V, addCoset V, zeroCoset V, ImultCo
Suppose V is cancelable on multiplication. Then there exists an integer ¢
and there exists an element z of V' such that i # 0 and v = [(z, i) |pqrav v
Let V be a Z-module. Assume V is cancelable on multiplication. The functor
ZMQVectSp V yielding a vector space over FRat is defined by the term
(Def. 5) (Classes EQRZM V, addCoset V, zeroCoset V, ImultCoset V).
Assume V is cancelable on multiplication. The functor MorphsZQ V' yielding
a function from V into ZMQVectSp V' is defined by
(Def. 6) (i) it is one-to-one, and
(ii) for every element v of V', it(v) = [{v, 1)]gqrzm v and
(iii) for every elements v, w of V', it(v + w) = it(v) + it(w), and
)

(iv) for every element v of V' and for every integer ¢ and for every element
q of FRat such that ¢ = ¢ holds it(i - v) = ¢q - it(v), and

(v) t(0y) = OzMmQVectSp V-
Now we state the propositions:
(6) Let us consider a Z-module V. Suppose V' is cancelable on multiplication.
Let us consider a finite sequence s of elements of V' and a finite sequence
t of elements of ZMQVectSp V. Suppose

(i) lens =lent, and

(ii) for every element i of N such that i € dom s there exists a vector s;
of V' such that s; = s(¢) and (i) = (MorphsZQ V') (s1).

Then )t = (MorphsZQ V)(Y s). PROOF: Define P[natural number| = for
every finite sequence s of elements of V' for every finite sequence ¢ of ele-
ments of ZMQVectSp V such that len s = $; and len s = len t and for every
element 7 of N such that i € dom s there exists a vector s; of V such that
s1 = s(7) and ¢(i) = (MorphsZQ V')(s1) holds Y~ ¢t = (MorphsZQV)(>_ s).
P[0] by [27, (43)]. For every natural number k such that P[k] holds P[k+1]
by [5, (59)], B, (11)], [5, (4)]. For every natural number k, P[k] from [3]
Sch. 2]. O
(7) Let us consider a Z-module V', a subset I of V', a subset I of ZMQVectSp V',

a z linear combination [ of I, and a linear combination l5 of Is. Suppose
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(i) V is cancelable on multiplication, and
(ii) Is = (MorphsZQV')°I, and
(iii) I =I5 - MorphsZQ V.
Then > l5 = (MorphsZQ V) (3_1). The theorem is a consequence of (6).

(8) Let us consider a Z-module V', a subset 5 of ZMQVectSp V', and a linear
combination [5 of Is. Then there exists an integer m and there exists an
element a of FRat such that m # 0 and m = a and rng(a - l5) C Z.
PROOF: Define P[natural number] = for every linear combination 5 of Ig

such that the support of [5 = $; there exists an integer m and there exists
an element a of FRat such that m # 0 and m = a and rng(a - l5) C Z.
P[0] by [28, (28)], [8, (113)], [28, (3)]. For every natural number n such
that P[n] holds P[n+1] by [2, (44)], [10, (31)], [2 (42)]. For every natural
number n, P[n] from [3, Sch. 2]. O

(9) Let us consider a Z-module V', a subset I of V| a subset I of ZMQVectSp V/,
and a linear combination 5 of Is. Suppose

(i) V is cancelable on multiplication, and

(ii) Is = (MorphsZQV)°I.
Then there exists an integer m and there exists an element a of FRat and
there exists a z linear combination [ of I such that m # 0 and m = a
and [ = (a - I5) - MorphsZQ V and (MorphsZQ V)~!(the support of I5) =
the support of [. The theorem is a consequence of (8). PROOF: Consider m
being an integer, a being an element of FRat such that m # 0 and m = a
and rng(a - l5) C Z. Reconsider | = (a - l5) - MorphsZQ V' as an element
of 7Zthe carrier of V.- Qot T — [y where v is an element of V : I(v) # 0}.
Set F' = MorphsZQV. T C F~!(the support of I5) by [7, (13)], [8, (38)].
F~1(the support of I5) C T by [8, (38)], [7, (13)]. O

(10) Let us consider a Z-module V', a subset I of V', a subset I of ZMQVectSp V',

a linear combination [5 of I, an integer m, an element a of FRat, and a
z linear combination [ of I. Suppose

(i) V is cancelable on multiplication, and

(ii) Is = (MorphsZQV')°I, and
(iii) m # 0, and

(iv) m = a, and

(v) 1 =(a-l5)-MorphsZQV.
Then a- )" l5 = (MorphsZQ V')(31). The theorem is a consequence of (7).

(11) Let us consider a Z-module V, a subset I of V, and a subset Is of
ZMQVectSp V. Suppose

(i) V is cancelable on multiplication, and
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(ii) Is = (MorphsZQV)°I, and
(iii) I is linearly independent.
Then I is linearly independent. The theorem is a consequence of (9) and
(10).

(12) Let us consider a Z-module V', a subset I of V', a z linear combination !

of I, and a subset I of ZMQVectSp V. Suppose

(i) V is cancelable on multiplication, and

(ii) Is = (MorphsZQV)°I.
Then there exists a linear combination [5 of Ig such that
(iii) I =I5 - MorphsZQ V', and

(iv) the support of I5 = (MorphsZQ V')°the support of [.
PROOF: Reconsider Iy = the support of [ as a finite subset of V. Recon-
sider Iy = (MorphsZQ V)°Ij as a finite subset of ZMQVectSp V. Define
Plelement, element| = $; € Iy and there exists an element v of V such that
v € Iy and $; = (MorphsZQ V) (v) and $2 = I(v) or $; ¢ Iy and $2 = Opgat.
For every element z such that x € the carrier of ZMQVectSp V' there
exists an element y such that y € Q and Plz,y] by [8, (64)], [25, (14)].
Consider 5 being a function from the carrier of ZMQVectSp V into QQ such
that for every element x such that x € the carrier of ZMQVectSp V' holds
Plz,l5(x)] from [8, Sch. 1]. The support of I5 C I7. For every element z

such that x € dom! holds I(z) = (I5 - MorphsZQ V')(z) by [8, (35), (19)],
[T, (12)]. I; C the support of I5 by [8, (64)], [7, (12)], [14, (8)]. O
(13) Let us consider a free Z-module V, a subset I of V, a subset Is of
ZMQVectSp V', a z linear combination [/ of I, and an integer i. Suppose
(i) i # 0, and
(ii) Is = (MorphsZQV)°I.
Then [(>°1, i)|pqrzmy € Lin(l). The theorem is a consequence of (12)
and (7).
Let us consider a free Z-module V, a subset I of V, and a subset Is of
ZMQVectSp V. Now we state the propositions:
(14) If Iy = (MorphsZQ V)°I, then T = I;.
(15) If I = (MorphsZQV)°I and I is a basis of V, then Is is a basis of
ZMQVectSp V.
Let V be a finite-rank free Z-module. Note that ZMQVectSp V is finite
dimensional.
Now we state the propositions:
(16) Let us consider a finite-rank free Z-module V. Then rank V' = dim(ZMQVectSp V).
The theorem is a consequence of (15) and (14).
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(17) Let us consider a free Z-module V' and finite subsets I, A of V. Suppose
(i) I is a basis of V, and
(i) T+1=4.
Then A is linearly dependent. The theorem is a consequence of (15), (11),
and (14).

(18) Let us consider a free Z-module V and subsets A, B of V. If A is linearly
dependent and A C B, then B is linearly dependent.

(19) Let us consider a free Z-module V' and subsets D, A of V. Suppose
(i) D is basis of V' and finite, and
(i) D c A.
Then A is linearly dependent. The theorem is a consequence of (17) and
(18).
(20) Let us consider a free Z-module V' and subsets I, A of V. Suppose
(i) I is basis of V' and finite, and
(ii) A is linearly independent.
Then A C T.

2. SUBMODULE OF FREE Z-MODULE

Now we state the proposition:
(21) Let us consider a Z-module V. If Qy is free, then V is free.

Let us consider a Z-module V', submodules Wy, W5 of V', and strict submo-
dules W3, Wy of V. Now we state the propositions:

(22) If W3 = Quy, and Wy = Qyy,, then W5 + Wy = Wy + Wh.
(23) If W3 = Qu, and Wy = Quy,, then W3 N Wy = Wy N Wa.
Now we state the propositions:

(24) Let us consider a Z-module V and a strict submodule W of V. Suppose

W # 0y. Then there exists a vector v of V' such that
(i) ve W, and

(il) v # Oy.

(25) Let us consider a subset A of V' and z linear combinations [1, Iy of A.
Suppose (the support of 1) N (the support of I3) = (). Then the support

of l1 +13 = (the support of /1) U(the support of l3). PROOF: (The support
of 11) U (the support of I3) C the support of i1 + l3 by [14], (8)]. O
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(26) Let us consider subsets Aj, As of V and a z linear combination [ of
A1 UA,. Suppose A1 N Ay = (). Then there exists a z linear combination I;
of A1 and there exists a z linear combination Iy of A9 such that | = 1 + 5.
PROOF: Define Plelement, element] = if $; is a vector of V, then $; € A4
and $2 = [($1) or $1 ¢ A; and $5 = 0. For every element x such that
x € the carrier of V there exists an element y such that y € Z and P[x, y].
There exists a function /; from the carrier of V into Z such that for every
element x such that = € the carrier of V holds P[x,;(z)] from [§, Sch. 1].
Consider l; being a function from the carrier of V into Z such that for
every element x such that x € the carrier of V holds P|x, [;(x)]. For every
element x such that = € the support of I; holds x € A; by [14} (8)]. Define
Qlelement, element] = if $; is a vector of V, then $; € Ay and $2 = 1($1)
or $; ¢ Az and $2 = 0. For every element = such that x € the carrier of
V there exists an element y such that y € Z and Q[z,y|. There exists a
function ls from the carrier of V into Z such that for every element x such
that = € the carrier of V' holds Q[z,l2(x)] from [8, Sch. 1]. Consider Iy
being a function from the carrier of V into Z such that for every element
x such that = € the carrier of V' holds Q[z,l2(x)]. For every element z
such that x € the support of I3 holds = € As by [14], (8)]. For every vector
vof V,1(v) = (1 +12)(v). O
(27) Let us consider a Z-module V|, free submodules Wy, Wy of V', a basis I
of W1, and a basis Iy of Wy, If V is the direct sum of W7 and W5, then
ILiNI =0.
Let us consider a Z-module V', free submodules W7, W5 of V', a basis I; of
W1, a basis I of Ws, and a subset I of V. Now we state the propositions:

(28) If V is the direct sum of Wi and Wy and I = I; U I, then Lin(J) =
the Z-module structure of V.

(29) If V is the direct sum of W; and Wy and I = I U I, then [ is linearly
independent.

Let us consider a Z-module V and free submodules W7, W5 of V. Now we
state the propositions:

(30) If V is the direct sum of W; and Wa, then V is free.
(31) If W1 N Ws = 0y, then W7 + Wy is free.

Let us consider a free Z-module V', a basis I of V', and a vector v of V. Now
we state the propositions:

(32) If v eI, then Lin(I \ {v}) is free and Lin({v}) is free.
(33) If v eI, then V is the direct sum of Lin(/ \ {v}) and Lin({v}).

Let V be a finite-rank free Z-module. One can verify that every submodule
of V is free.

Now we state the propositions:
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(34) Let us consider a Z-module V', a submodule W of V| and free submodules
W1, Wy of V. Suppose

(i) Wi N Wy =0y, and
(ii) the Z-module structure of W = Wj + Wha.

Then W is free. The theorem is a consequence of (31).

(35) Let us consider a prime number p and a free Z-module V. If Zy;QvectSp(V, p)
is finite dimensional, then V is finite-rank.

(36) Let us consider a prime number p, a Z-module V', an element s of V,
an integer a, and an element b of GF(p). Suppose b = a mod p. Then
b ZMtoMQV (V, p, s) = ZMtoMQV (V, p,a - s).

(37) Let us consider a prime number p, a free Z-module V', a subset I of
V', a subset I of ZyQvectSp(V,p), and a z linear combination [ of 1.
Suppose Is = {ZMtoMQV(V,p,u), where u is a vector of V' : v € I}.
Then ZMtoMQV (V, p, > 1) € Lin(lp).

(38) Let us consider a prime number p, a free Z-module V', a subset I of V,
and a subset I of ZyQvectSp(V, p). Suppose

(i) Lin(I) = the Z-module structure of V', and
(i1) Is = {ZMtoMQV (V,p,u), where u is a vector of V : u € I}.

Then Lin(Is) = the vector space structure of ZyQvectSp(V,p). The the-
orem is a consequence of (37). PROOF: For every element v3 of ZyQvectSp(V, p),
vs € Lin(lg) by [15, (22)], [14, (64)]. O
(39) Let us consider a finitely-generated free Z-module V. Then there exists
a finite subset A of V such that A is a basis of V. The theorem is a
consequence of (38). PROOF: Set p = the prime number. Consider B being
a finite subset of V' such that Lin(B) = the Z-module structure of V. Set
B = {ZMtoMQV(V,p,u), where u is a vector of V' : u € B}. Define
F(element of V') = ZMtoMQV (V, p, $1). Consider f being a function from
the carrier of V' into ZyQvectSp(V, p) such that for every element x of V/,
f(z) = F(x) from [8, Sch. 4]. For every element y such that y € B; there
exists an element z such that = € dom(f[B) and y = (f[B)(z) by [31],
(62)], [7, (47)]. Consider I being a basis of ZyQvectSp(V, p) such that
Is C By. O
One can verify that every finitely-generated free Z-module is finite-rank and
every finite-rank free Z-module is finitely-generated.
Now we state the proposition:
(40) Let us consider a finite-rank free Z-module V' and a subset A of V. If A

is linearly independent, then A is finite. The theorem is a consequence of
(19).
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Let V be a Z-module and W7, Wy be finite-rank free submodules of V. One
can check that Wy N Ws is free.

Note that W7 N W5 is finite-rank.

Let V be a finite-rank free Z-module. Note that every submodule of V is
finite-rank.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[2] Grzegorz Bancerek. Cardinal arithmetics. Formalized Mathematics, 1(8):543-547, 1990.

[3] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[4] Grzegorz Bancerek. |The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[6] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[6] Czestaw Byliniski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.

[7] Czestaw Bylinski. [Functions and their basic properties. Formalized Mathematics, 1(1):
55-65, 1990.

[8] Czestaw Bylinski. Functions from a set to a setl Formalized Mathematics, 1(1):153-164,
1990.
[9] Czestaw Bylinski. [Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
[10] Czestaw Bylinski. |[Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

[11] Jing-Chao Chen. The Steinitz theorem and the dimension of a real linear space. Formalized
Mathematics, 6(3):411-415, 1997.

[12] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[13] Yuichi Futa, Hiroyuki Okazaki, and Yasunari Shidama. Z-modules. Formalized Mathe-
matics, 20(1):47-59, 2012. doi:10.2478/v10037-012-0007-z.

[14] Yuichi Futa, Hiroyuki Okazaki, and Yasunari Shidama. Quotient module of Z-module.
Formalized Mathematics, 20(3):205-214, 2012. doi:10.2478/v10037-012-0024-y.

[15] Yuichi Futa, Hiroyuki Okazaki, and Yasunari Shidama. Free Z-module. Formalized Ma-
thematics, 20(4):275-280, 2012. doii10.2478/v10037-012-0033-x.

[16] Yuichi Futa, Hiroyuki Okazaki, Daichi Mizushima, and Yasunari Shidama. Gaussian
integers. Formalized Mathematics, 21(2):115-125, 2013. doi;10.2478/forma-2013-0013.

[17] Andrzej Kondracki. Basic properties of rational numbers. Formalized Mathematics, 1(5):
841-845, 1990.

[18] Eugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

[19] Rafal Kwiatek and Grzegorz Zwara. The divisibility of integers and integer relatively
primes. Formalized Mathematics, 1(5):829-832, 1990.

[20] Daniele Micciancio and Shafi Goldwasser. Complexity of lattice problems: A cryptogra-
phic perspective. 2002.

[21] Robert Milewski. Associated matrix of linear map. Formalized Mathematics, 5(3):339—
345, 1996.

[22] Konrad Raczkowski and Pawet Sadowski. Equivalence relations and classes of abstraction.
Formalized Mathematics, 1(3):441-444, 1990.

[23] Christoph Schwarzweller. |The ring of integers, Euclidean rings and modulo integers.
Formalized Mathematics, 8(1):29-34, 1999.

[24] Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics, 1(1):
115-122, 1990.

[25] Andrzej Trybulec. Subsets of complex numbers. Mizar Mathematical Library.
[26] Michal J. Trybulec. [Integers. Formalized Mathematics, 1(3):501-505, 1990.

[27] Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,
1990.

[28] Wojciech A. Trybulec. Linear combinations in vector space. Formalized Mathematics, 1

283


http://fm.mizar.org/1990-1/pdf1-2/card_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/card_2.pdf
http://fm.mizar.org/1990-1/pdf1-1/nat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/ordinal1.pdf
http://fm.mizar.org/1990-1/pdf1-1/finseq_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/finseq_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/binop_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/partfun1.pdf
http://fm.mizar.org/1990-1/pdf1-1/zfmisc_1.pdf
http://fm.mizar.org/1997-6/pdf6-3/rlvect_5.pdf
http://fm.mizar.org/1990-1/pdf1-1/finset_1.pdf
http://dx.doi.org/10.2478/v10037-012-0007-z
http://dx.doi.org/10.2478/v10037-012-0024-y
http://dx.doi.org/10.2478/v10037-012-0033-x
http://dx.doi.org/10.2478/forma-2013-0013
http://fm.mizar.org/1990-1/pdf1-5/rat_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/vectsp_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/vectsp_1.pdf
http://fm.mizar.org/1990-1/pdf1-5/int_2.pdf
http://fm.mizar.org/1990-1/pdf1-5/int_2.pdf
http://fm.mizar.org/1996-5/pdf5-3/matrlin.pdf
http://fm.mizar.org/1990-1/pdf1-3/eqrel_1.pdf
http://fm.mizar.org/1999-8/pdf8-1/int_3.pdf
http://fm.mizar.org/1990-1/pdf1-1/domain_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/int_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/rlvect_1.pdf
http://fm.mizar.org/1990-1/pdf1-5/vectsp_6.pdf

284 YUICHI FUTA, HIROYUKI OKAZAKI, AND YASUNARI SHIDAMA

(5):877-882, 1990.

[29] Wojciech A. Trybulec. Basis of vector space. Formalized Mathematics, 1(5):883-885,
1990.

[30] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

[31] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73-83, 1990.

[32] Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

[33] Edmund Woronowicz and Anna Zalewska. [Properties of binary relations, Formalized
Mathematics, 1(1):85-89, 1990.

[34] Mariusz Zynel. |The Steinitz theorem and the dimension of a vector space. Formalized
Mathematics, 5(3):423-428, 1996.

Received December 31, 2013


http://fm.mizar.org/1990-1/pdf1-5/vectsp_7.pdf
http://fm.mizar.org/1990-1/pdf1-1/subset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_2.pdf
http://fm.mizar.org/1996-5/pdf5-3/vectsp_9.pdf

	altcat_6
	=0pt Coproducts in Categories without Uniqueness of cod and dom  By Maciej Golinski and Artur Korniłowicz  

	petri_3
	=0pt Formulation of Cell Petri Nets  By Mitsuru Jitsukawa et al.  

	ndiff_7
	=0pt Isometric Differentiable Functions on Real Normed Space  By Yuichi Futa, Noboru Endou, and Yasunari Shidama  

	ordeq_02
	=0pt Differential Equations on Functions from R into Real Banach Space  By Keiko Narita, Noboru Endou, and Yasunari Shidama  

	zmodul04
	=0pt Submodule of free Z-module  By Yuichi Futa et al.  


