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ABSTRACTS

Emre Can, Mehmet Bozca
Optimising the Geometric Parameters of a Gear in a Tractor Transmission under Constraints Using KISSsoft

We optimise the speed gears in a tractor transmission with KISSsoft software under three constraints: input power torque,
transmission system volume and the gear ratio for each speed. This study aimed to optimise the module, face width, gear quality,
centre distance, number of teeth, helix angle, addendum modification coefficient and pressure angle for each speed while
considering the above constraints based on an optimisation chart. Tooth bending stress, tooth contact stress, contact ratio
and specific sliding were considered during optimisation. Additionally, the effects of changes in a module on the gear profiles,
overlap ratio, number of teeth and weight of the gear pair were examined. Strength calculations of gear pairs that were optimised
and defined for all geometric parameters with KISSsoft were calculated with the mathematical model described in 1ISO 6336,
and results were then compared. Finally, backlash was minimised for all gear pairs as defined with geometric parameters,
and all dimensions and tolerances were determined for gear inspection after manufacturing. A concept design was also presented.
We conclude that both the KISSsoft results and mathematical model results are within the range of the target value.

Muzafar A. Kalwar
Geological and Geotechnical Assesment of Aggregates used in Nagar Parkar district Tharparkar Sindh Pakistan

This study aims to determine the geology of granite and evaluate the engineering properties of the samples to make
recommen-dations for the construction industry. The study area is situated in the Nagar Parker complex in Pakistan, which
is located in the extreme south-east of the Thar District and the desert of the Sindh Province, near the Run of Kutch
(24° 15'-35 30" N, 70° 40'-58 07’ E), and it covers ca. 500-1,000 km2. In this region, several Quaternary deposits, subordinate
and dispersed Jurassic-Tertiary sandstones and clays are overlying the Nagar Igneous Complex basement. According
to international standards, there are various possible aggregate sources. However, only a few of them have been reviewed
for suitability reasons. Six quarries in Nagar Parker, Pakistan, were selected for evaluation as coarse aggregate in concrete
construction and civil engineering works in this research. Although the aggregates from the six quarries are specified and already
widely used in the Sindh Province, there is a lack of studies on their geological properties. The results of the presented research
revealed that samples from Dhedvero, Karai, Nagarparkar, Mokrio, Dinsi and Wadlai meet all of the international standard
requirements for aggregates. Geotechnical, petrographic and geochemistry laboratory tests were conducted in this research
and included bulk density, water absorption, specific gravity test, index of flakiness and elongation, soundness aggregate test,
crushing value aggregate, impact value aggregate and abrasion value of Los Angeles. Furthermore, chemical alkali-silica reaction
potential test and petrographic examination were tested. As a result, we evaluated the properties of granite, which is a crystalline
igneous rock with a visibly crystalline structure and texture, made up of feldspar, i.e., potash feldspar and oligoclase.
The evaluated minerals are compatible with the standards of civil engineering works and can be used as a concrete aggregate.
The evaluated three types of minerals included Dhedvero simple intrusion, Nagar pink granite and grey granite.

Thomas Koch
Microbiology of Metalworking Fluids: What We Know and Lessons to be Learnt

Water-miscible metalworking fluids are an essential component of many manufacturing processes. During their lifetime they are
subject to per-manent changes in their physical and chemical characteristics. Due to their high content of water and their chemical
composition in use, metalworking fluids (MWF) are prone to microbial life, i.e. the proliferation of bacteria and fungi. The microbial
activity leads to significant changes in the chemical composition of the MWF, which can result in the loss of their technical
properties. This paper briefly discusses the influences of microbial contamination on the technical quality of MWF and presents
common monitoring systems for the detection of microorganisms. Finally, measures are described that can be taken to protect
MWF from damage caused by high microbial loads in daily practice. In a short outlook, alternative research approaches
are mentioned that aim at sustainable use of MWF.

Xl
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Leander Marquardt, Heiner-Joachim Katke, Andreas Reinke, Niklas Kockskdamper
Influence of Valve-Seat Angles to Operation Values and Emissions of Medium-Speed Diesel Engines

For the development of gas exchange for large diesel engines, a compromise has to be found between efficient valve-flow
and the time between overhauls. On the one hand, large effective flow areas, especially during valve-overlap, are demanded.
On the other hand, there are limitations of cylinder bore regarding the maximum diameter of inlet and outlet valves
and the minimum distance (dead space) between valves and piston, as well as wear-related smaller seat angles. For large
medium-speed diesel engines, a valve-seat angle of B = 30° for inlet and outlet valves is a standard application.
For engine-operation with clean fuels, a valve-seat lubrication (gasoil) or smaller seat angles (natural gas) need to be applied.
With this presentation, the basic influence of different valve-seat angles on the operation values and emissions will be considered
for the example of the single-cylinder research engine FM16/24. Using a self-developed testbed, experimental investigations into
effective flow areas as a function of valve-lift at inlet and outlet valves have to be executed. With this input, different cycle calcula-
tions including T/C have to be carried out to determine deviances in specific fuel-oil consumption, exhaust-gas temperatures, NOx
emissions and air/fuel ratio. The results will be discussed critically.

Krzysztof Oprzedkiewicz, Wojciech Mitkowski, Maciej Rosot
Fractional Order, State Space Model of the Temperature Field in the PCB Plate

In the paper the fractional order, state space model of a temperature field in a two-dimensional metallic surface is addressed.
The proposed model is the two dimensional generalization of the one dimensional, fractional order, state space of model
of the heat transfer process. It uses fractional derivatives along time and length. The proposed model assures better accuracy
with lower order than models using integer order derivatives. Elementary properties of the proposed model are analysed.
Theoretical results are experimentally verifed using data from industrial thermal camera.

Tadeusz Kaczorek, Andrzej Ruszewski
Standard and Fractional Discrete-Time Linear Systems with Zero Transfer Matrices

The transfer matrix of the standard and fractional linear discrete-time linear systems is investigated. Necessary and sufficient
conditions for zeroing of the transfer matrix of the linear discrete-time systems are established. The considerations are illustrated
by examples of the standard and fractional linear discrete-time systems.

Khalissa Saada, Salah Amroune, Moussa Zaoui, Amin Houari, Kouider Madani, Amina Hachaichi
Experimental and Numerical Study of the Effect of the Presence of a Geometric Discontinuity of Variable Shape
on the Tensile Strength of an Epoxy Polymer

XV

The presence of geometric discontinuity in a material reduces considerably its resistance to mechanical stresses, therefore
reducing the service life of materials. The analysis of structural behaviour in the presence of geometric discontinuities is important
to ensure the proper use, especially if it is regarding a material of weak mechanical properties such as a polymer. The objective
of the present work is to analyse the effect of the notch presence of variable geometric shapes on the tensile strength
of epoxy-type polymer specimens. A series of tensile tests were carried out on standardised specimens, taking into account
the presence or absence of a notch. Each series of tests contains five specimens. Two notch shapes were considered: circular
(hole) and elliptical. The experimental results in terms of stress—strain clearly show that the presence of notches reduces
considerably the resistance of the material, where the maximum stress for the undamaged specimen was 41.22 MPa
and the lowest stress for the elliptical-notched specimen was 11.21 MPa. A numerical analysis by the extended finite element
method (XFEM) was undertaken on the same geometric models; in addition, the results in stress—strain form were validated
with the experimental results. A remarkable improvement was obtained (generally an error within 0.06%) for strain, maximum
stress, Young’'s modulus and elongation values. An exponential decrease was noted in the stress, strain, and Young’s modulus
in the presence of a notch in the material.
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Krzysztof Magnucki, Joanna Kustosz, Damian Goliwas
Effective Shaping of a Stepped Sandwich Beam with Clamped Ends

The aim of this work is to propose a sandwich beam with stepped layer thickness in three parts along its length. The total depth,
width of the cross-section and its mass are constant. The beam is under a uniformly distributed load. The system of two equilibrium
equations was formulated for each part based on the literature. This system was analytically solved for the successive parts
of the beam and the functions of the shear effect and deflection were determined in them. The effective stepped layer thicknesses
was determined on the basis of the adopted criterion for minimizing the maximum deflection of the beam. The example
calculations were made for two elected beams. The effective shapes of these beams are shown in the figures. Moreover,
FEM numerical calculations of the deflections of these beams are performed.

Zbyszko Klockiewicz, Grzegorz $laski
The Influence of Friction Force and Hysteresis on the Dynamic Responses of Passive Quarter-Car Suspension
with Linear and Non-Linear Damper Static Characteristics

Vehicle passive suspensions consist of two major elements generating force — spring and passive damper. Both possess
non-linear characteristics, which are quite often taken into account in simulations; however, the friction forces inside the hydraulic
damper and the damping force’s hysteresis are usually left out. The researchers in this paper present the results of examination
of the influence of using complex damper models — with friction and hysteresis; and with linear and non-linear static characteristics
— on the chosen dynamic responses of a suspension system for excitations in the typical exploitation frequency range. The results
from the simulation tests of the simplified and advanced versions of the damper model — different transfer functions and their
relation to the reference model's transfer functions — are compared. The main conclusion is that friction and hysteresis add extra
force to the already existing damping force, acting similar to damping increase for the base static characteristics. But this increase
is not linear — it is bigger for smaller frequencies than for higher frequencies. The research shows the importance of including
non-linear characteristics and proposed modules in modelling passive dampers.

Michal Macias, Dominik Sierociuk
Finite Length Triple Estimation Algorithm and its Application to Gyroscope MEMS Noise Identification

The noises associated with MEMS measurements can significantly impact their accuracy. The noises characterised by random
walk and bias instability errors strictly depend on temperature effects that are difficult to specify during direct measurements.
Therefore, the paper aims to estimate the fractional noise dynamics of the stationary MEMS gyroscope based on finite length triple
estimation algorithm (FLTEA). The paper deals with the state, order and parameter estimation of fractional order noises originating
from the MEMS gyroscope, being part of the popular Inertial Measurement Unit denoted as SparkFun MPU9250. The noise
measurements from x, y and z gyroscope axes are identified using a modified triple estimation algorithm (TEA) with finite
approximation length. The TEA allows a simultaneous estimation of the state, order and parameter of fractional order systems.
Moreover, as it is well-known that the number of samples in fractional difference approximations plays a key role, we try to show
the influence of applying the TEA with various approximation length constraints on final estimation results. The validation of finite
length TEA in the noise estimation process coming from MEMS gyroscope has been conducted for implementation length
reduction achieving 50% of samples needed to estimate the noise with no implementation losses. Additionally, the capabilities
of modified TEA in the analysis of fractional constant and variable order systems are confirmed in several numerical examples.

Mateusz Pietrala, Piotr Lesniewski, Andrzej Bartoszewicz
An ITAE Optimal Sliding Mode Controller for Systems with Control Signal and Velocity Limitations

In this paper, a sliding mode controller, which can be applied for second-order systems, is designed. Robustness to external
dis-turbances, finite regulation time and a good system’s behaviour are required for a sliding mode controller. In order to achieve
the first two of these three goals, a non-linear, time-varying switching curve is introduced. The representative point (state vector)
belongs to this line from the very beginning of the control process, which results in elimination of the reaching phase. The stable
sliding motion along the switching curve is provided. Natural limitations such as control signal and system’s velocity constraints
will be taken into account. In order to satisfy them, the sliding line parameters will be properly selected. However, a good
dynamical behaviour of the system has to be provided. In order to achieve that, the integral time absolute error (ITAE) quality index
will be introduced and minimised. The simulation example will verify theoretical considerations.

XV
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Jamil A. Haider, Sana Gul, Jamshaid U. Rahman, Fiazud D. Zaman
Travelling Wave Solutions of the Non-Linear Wave Equations

This article focuses on the exact periodic solutions of nonlinear wave equations using the well-known Jacobi elliptic function
expansion method. This method is more general than the hyperbolic tangent function expansion method. The periodic solutions
are found using this method which contains both solitary wave and shock wave solutions. In this paper, the new results
are computed using the closed-form solution including solitary or shock wave solutions which are obtained using Jacobi elliptic
function method. The corresponding solitary or shock wave solutions are compared with the actual results. The results
are visualised and the periodic behaviour of the solution is described in detail. The shock waves are found to break with time,
whereas, solitary waves are found to be improved continuously with time.

Nidhish K. Mishra
Computational Analysis of Soret and Dufour Effects on Nanofluid Flow Through a Stenosed Artery
in the Presence of Temperature-Dependent Viscosity

In this study, the Soret and Dufour effects in a composite stenosed artery were combined with an analysis of the effect of varying
viscosity on copper nanofluids in a porous medium. Blood viscosity, which changes with temperature, is taken into account using
the Reynolds viscosity model. The finite difference approach is used to quantitatively solve the governing equations. For use
in medical applications, the effects of the physical parameters on velocity, temperature and concentration along the radial axis
have been investigated and physically interpreted. The results are graphically displayed and physically defined in order to facilitate
comprehension of the various phenomena that occur in the artery when nanofluid is present. It is observed that the Soret effect
increases the rate of heat transfer but decreases the rate of mass transfer. The new study enhances knowledge of non-surgical
treatment options for stenosis and other abnormalities, hence reducing post-operative complications. Additionally, current research
may have biomedical applications such as magnetic resonance angiography (MRA), which provide a picture of an artery
and enable identification of any anomalies, and thus may be useful

Adam Szczes$niak, Zbigniew Szczes$niak, Leszek Cedro
Synthesis of Pneumatic Systems in the Control of the Transport Line of Rolling Elements

This paper presents the synthesis of a pneumatic control system for a selected configuration of the transport path for the delivery
of rolling elements to spiral storage in inter-operational transport. The sequential control system sets the state of the manifolds
to ensure a flow of workpieces to serve the subsequent storage. The essential module of the control system is the memory block.
It is developed based on a storage filling sequence graph. The filling level of the storages can be monitored in one or two points
using sensors. The rolling element displacement control sensors work together with appropriately designed systems to execute
the delay of the rising and falling edge input signal. By using a two-level control of the filling level of the storages, it is possible
to control the emptying status of the storages as a function of the technological time of removal of the items from the storage
between the two control points. Control systems were synthesised and verified using Festo’s FluidSim computer programme.

Aastha Aastha, Khem Chand
Soret and Dufour Effects on Chemically Reacting and Viscous Dissipating Nanofluid Flowing Past a Moving Porous Plate
in the Presence of a Heat Source/Sink

XVl

This study performed a numerical investigation of the Soret and Dufour effects on unsteady free convective chemically reacting
nanofluid flowing past a vertically moving porous plate in the presence of viscous dissipation and a heat source/sink.
The equations directing the flow are non-dimensionalised, modified to ordinary differential equations and emerging equations
are resolved computationally by using the bvp4c function in MATLAB software. The results obtained from this analysis indicate that
the resulting velocity of the nanofluid increases with increasing Grashof number, mass Grashof number and porosity parameter.
An increase in the Dufour number increases the fluid temperature, whereas the concentration profile declines with the increase
in the Schmidt number. It is also observed that the skin friction coefficient, Nusselt number and Sherwood number increase
with increasing magnetic field parameter, Eckert number and Schmidt number, respectively. The present study reveals the impact
of Soret and Dufour effects on heat and mass transfer rates in chemically reacting and viscous dissipating nanofluids.
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Roman Krél, Kazimierz Krol
Multibody Dynamics Model of the Cycloidal Gearbox, Implemented in Fortran for Analysis of Dynamic Parameters
Influenced by the Backlash as a Design Tolerance

In this study, dynamical parameters of the cycloidal gearbox working at the constant angular velocity of the input shaft
were investigated in the multibody dynamics 2D model implemented in the Fortran programming language. Time courses of input
and output torques and forces acting on the internal and external sleeves have been shown as a function of the contact modelling
parameters and backlash. The analysis results in the model implemented in Fortran were compared with the results in the 3D
model designed using MSC Adams software. The values of contact forces are similar in both models. However, in the time courses
obtained in MSC Adams there are numerical singularities in the form of peaks reaching 500 N for the forces at external sleeves
and 400 N for the forces acting at internal sleeves, whereas in the Fortran model, there are fewer singularities and the maximum
values of contact forces at internal and external sleeves do not exceed 200 N. The contact damping and discretisation level
(the number of discrete contact points on the cycloidal wheels) significantly affect the accuracy of the results. The accuracy
of computations improves when contact damping and discretisation are high. The disadvantage of the high discretization
is the extended analysis time. High backlash values lead to a rise in contact forces and a decrease in the force acting time.
The model implemented in Fortran gives a fast solution and performs well in the gearbox optimisation process. A reduction
of cycloidal wheel discretisation to 600 points, which still allows satisfactory analysis, could reduce the solution time to 4 min,
corresponding to an analysis time of 0.6 s with an angular velocity of the input shaft of 52.34 rad/s (500 RPM).

Zbigniew Kneba, Jacek Kropiwnicki, Jakub Hadrzynski, Maciej Ziotkowski
Forecasting Biogas Formation in Landfills

The aim of the present research was to develop a mathematical model for estimating the amount of viscous gas generated
as a function of weather conditions. Due to the lack of models for predicting gas formation caused by sudden changes in weather
conditions in the literature, such a model was developed in this study using the parameters of landfills recorded for over a year.
The effect of temperature on landfill gas production has proved to be of particular interest. We constructed an algorithm
for calculating the amount of the produced gas. The model developed in this study could improve the power control of the landfill
power plant.

Michaela ZeiRig, Frank Jablonski
Numerical Investigation of Production-Related Characteristics Regarding their Influence on the Fatigue Strength of Additively Manufactured
Components

In order to further enhance the application of additive manufacturing (AM) processes, such as the laser powder bed fusion (L-PBF)
process, reliable material data are required. However, the resulting specimen properties are significantly influenced by the process
parameters and may also vary depending on the material used. Therefore, the prediction of the final properties is difficult.
In the following, the effect of residual stresses on the fatigue strength of 316L steel, a commonly used steel in AM, is investigated
using a Weibull distribution. The underlying residual stress distributions as a result of the building process are approximated
for two building directions using finite element (FE) models. These imply significantly different distributions of tensile and compres-
sive residual stresses within the component. Apart from the residual stresses, the impact of the mean stress sensitivity
is discussed as this also influences the predicted fatigue strength values.

Lukas Peters, Riidiger Kutzner, Marc Schéfer, Lutz Hofmann
Ability of Black-Box Optimisation to Efficiently Perform Simulation Studies in Power Engineering

In this study, the potential of the so-called black-box optimisation (BBO) to increase the efficiency of simulation studies in power
engineering is evaluated. Three algorithms (“Multilevel Coordinate Search” (MCS) and “Stable Noisy Optimization by Branch
and Fit" (SNOBFIT) by Huyer and Neumaier and “blackbox: A Procedure for Parallel Optimization of Expensive Black-box
Functions” (blackbox) by Knysh and Korkolis) are implemented in MATLAB and compared for solving two use cases: the analysis
of the maximum rotational speed of a gas turbine after a load rejection and the identification of transfer function parameters
by measurements. The first use case has a high computational cost, whereas the second use case is computationally cheap.
For each run of the algorithms, the accuracy of the found solution and the number of simulations or function evaluations needed
to determine the optimum and the overall runtime are used to identify the potential of the algorithms in comparison to currently
used methods. All methods provide solutions for potential optima that are at least 99.8% accurate compared to the reference
methods. The number of evaluations of the objective functions differs significantly but cannot be directly compared as only
the SNOBFIT algorithm does stop when the found solution does not improve further, whereas the other algorithms use
a predefined number of function evaluations. Therefore, SNOBFIT has the shortest runtime for both examples. For computationally
expensive simulations, it is shown that parallelisation of the function evaluations (SNOBFIT and blackbox) and quantisation
of the input variables (SNOBFIT) are essential for the algorithmic performance. For the gas turbine overspeed analysis,
only SNOBFIT can compete with the reference procedure concerning the runtime. Further studies will have to investigate whether
the quantisation of input variables can be applied to other algorithms and whether the BBO algorithms can outperform
the reference methods for problems with a higher dimensionality.

XVII
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Jacek Kropiwnicki, Tomasz Gawtas
Estimation of the Regenerative Braking Process Efficiency in Electric Vehicles

XVIiI

In electric and hybrid vehicles, it is possible to recover energy from the braking process and reuse it to drive the vehicle using
the batteries installed on-board. In the conditions of city traffic, the energy dissipated in the braking process constitutes a very large
share of the total resistance to vehicle motion. Efficient use of the energy from the braking process enables a significant reduction
of fuel and electricity consumption for hybrid and electric vehicles, respectively. This document presents an original method
used to estimate the efficiency of the regenerative braking process for real traffic conditions. In the method, the potential amount
of energy available in the braking process was determined on the basis of recorded real traffic conditions of the analysed vehicle.
The balance of energy entering and leaving the battery was determined using the on-board electric energy flow recorder. Based
on the adopted model of the drive system, the efficiency of the regenerative braking process was determined. The paper presents
the results of road tests of three electric vehicles, operated in the same traffic conditions, for whom the regenerative braking
efficiency was determined in accordance with the proposed model. During the identification of the operating conditions
of the vehicles, a global positioning system (GPS) measuring system supported by the original method of phenomenological signal
correction was used to reduce the error of the measured vehicle’s altitude. In the paper, the efficiency of the recuperation process
was defined as the ratio of the accumulated energy to the energy available from the braking process and determined
for the registered route of the tested vehicle. The obtained results allowed to determine the efficiency of the recuperation process
for real traffic conditions. They show that the recuperation system efficiency achieves relatively low values for vehicle No. 1,
just 21%, while the highest value was achieved for vehicle No. 3, 77%. Distribution of the results can be directly related
to the power of electric motors and battery capacities of the analysed vehicles.
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Abstract: We optimise the speed gears in a tractor transmission with KISSsoft software under three constraints: input power torque,
transmission system volume and the gear ratio for each speed. This study aimed to optimise the module, face width, gear quality, centre
distance, number of teeth, helix angle, addendum modification coefficient and pressure angle for each speed while considering the above
constraints based on an optimisation chart. Tooth bending stress, tooth contact stress, contact ratio and specific sliding were considered
during optimisation. Additionally, the effects of changes in a module on the gear profiles, overlap ratio, number of teeth and weight
of the gear pair were examined. Strength calculations of gear pairs that were optimised and defined for all geometric parameters
with KISSsoft were calculated with the mathematical model described in ISO 6336, and results were then compared. Finally, backlash
was minimised for all gear pairs as defined with geometric parameters, and all dimensions and tolerances were determined for gear
inspection after manufacturing. A concept design was also presented. We conclude that both the KISSsoft results and mathematical model

results are within the range of the target value.

Key words: gears, geometric parameters, optimisation, KISSsoft

1. INTRODUCTION

Gears are typically used in many mechanical systems, par-
ticularly automotive systems, and can be designed to be more
reliable, lighter and quieter via optimisation studies. Additionally,
gears can be more cost-competitive during optimisation. Thus,
many studies have investigated the optimisation of gears’ geomet-
ric parameters.

Within the scope of the study, the results obtained with the
mathematical model are compared with the results found with
KISSsoft. In this study, both the mathematical model and KISSsoft
analyses are carried out. This is the main difference that distin-
guishes this study from the existing studies in the literature.

The design and contact stress of helical gears in lightweight
cars have been analysed in various studies. High stresses that
cause pitting decrease as gear width increases. Contact failure in
gears can be predicted by calculating contact stress [1].

The combined effects of the gear ratio, helix angle, face width
and module on the bending and compressive stress of steel alloy
helical gears have also been investigated. Increasing the module,
face width and helix angle results in decreased tooth-root stress
2.

The effect of gear design variables on the dynamic stress of
multistage gears has also been analysed. Increasing the module
results in higher dynamic stress, increasing the pressure angle
markedly increases stress levels, and increasing the contact ratio
increases bending stress [3].

The effects of the module and pressure angle on contact
stresses in spur gears have also been investigated. Studies have
shown a decrease in contact fatigue life with an increase in the

module and pressure angle [4].

The effect of backlash on bending stresses in spur gears has
also been investigated. Both stresses and deformations increase
as a result of increased backlash [5].

The effects of gear parameters on the surface durability of
gear flanks have also been investigated. The optimum parameters
of cylindrical gear pairs are determined in terms of specific sliding
and the contact stresses on the flanks [6].

The effects of sliding speed and specific sliding of the interval
meshing gears have also been analysed. Increasing the profile
shift coefficient decreases specific sliding but also decreases the
contact ratio [7].

The effects of profile shifts in helical gear mechanisms with
analytical and numerical methods have also been investigated.
Both tooth-root stress and tooth contact stress decrease with a
positive profile shift coefficient [8].

The optimisation of addendum modification for the bending
strength of involute spur gears has also been studied. Increasing
both the profile shift coefficient and pressure angle decreases
tooth-root stress [9].

Finite element analysis of the contact stress and bending
stress in the helical gear pair has also been performed. Increasing
the helix angle increases both tooth-root stress and tooth contact
stress [10].

The optimisation of the geometric parameters of gears under
variable loading conditions has also been performed and show
that tooth-root stresses increase due to negative profile shifts and
decrease by positive profile shifts [11].

Effective design parameters have been optimised for an au-
tomotive transmission gearbox to reduce tooth bending stress.
Both tooth-root stress and tooth contact stress decrease with

145


mailto:canemrecan@hotmail.com
https://orcid.org/0000-0002-9298-2616
https://orcid.org/0000-0002-2620-6053

§ sciendo

Emre Can, Mehmet Bozca

DOI 10.2478/ama-2023-0016

Optimising the Geometric Parameters of a Gear in a Tractor Transmission under Constraints Using KISSsoft

decreasing contact ratio via an increasing pressure angle [12].

Empirical model-based optimisation of gearbox geometric de-
sign parameters to reduce rattle noise in an automotive transmis-
sion was presented and showed that by optimising the geometric
parameters of the gearbox, it is possible to obtain a lightweight
gearbox structure and minimise rattling noise [13].

Torsional vibration model-based optimisation of gearbox geo-
metric design parameters to reduce rattle noise in an automotive
transmission was studied and showed that by optimising the
geometric parameters of the gearbox, it is possible to obtain a
lightweight gearbox structure and minimise rattling noise [14].

Transmission error model-based optimisation of the geometric
design parameters of an automotive transmission gearbox to
reduce gear-rattle noise showed that by optimising the geometric
parameters of the gearbox, it is possible to obtain a gear structure
with high bending and contact strengths, and to minimise the
torsional vibration, transmission error and gear-rattling noise [15].

The remainder of the present study is structured as follows:
Section 2 discusses the calculation of the load-carrying capacity
of the helical gear; Section 3 the optimisation concept; Section 4
the optimisation steps with KISSsoft; Section 5 provides the re-
sults and discussion; and Section 6 presents the conclusions.

2. CALCULATING THE LOAD CAPACITY
OF HELICAL GEARS

Gears encounter tooth bending stress and tooth contact stress
during power-torque transfers. Therefore, damage can occur on
gears due to stresses on the gears, which must be considered
during design.

2.1. Tooth bending stress

The tangential force creates a bending stress on the tooth,
and the radial force creates a compressive stress on the tooth.
These forces cause stress concentrations at the root of the tooth,
and the stress concentration must be considered so that the load
capacity of the gear can be calculated. The distribution of the
forces on the gears is shown in Fig. 1, and the tooth bending
stress according to the ISO 6336 standard is calculated as follows
[16]:

i Line of Action
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// : \\
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Fig. 1. Tooth bending stress

The real tooth-root stress, or, is calculated as follows:

F,
O = ﬁYFYSYEYBKAKVKFBKFa (1)
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where Ft is the nominal tangential load (N), b is the face width
(mm), mn is the normal module (mm), Y is the form factor (-), Ys
is the stress correction factor (-), Y, is the contact ratio factor (-),
Yg is the helix angle factor (-), Ka is the application factor (-), Kv is
the dynamic factor (-), K is the face load factor (-) and Krq is the
transverse load factor (-).

The permissible bending stress, ore, is calculated as follows:

Orp = Op 1im YsTYnYsYrYx (2)

where Orim is the nominal stress (N/mm?2), Ysr is the stress
correction factor (=), Yn is the life factor (=), Ys is the relative
notch sensitivity factor (—), Yr is the relative surface factor (—) and
Yx is the size factor ().

The safety factor for bending stress Sr is calculated as
follows:
Sp =22 3)

OF
2.2. Tooth contact stress

The force that affects the surfaces in contact with each other
in the gear pair creates a high surface pressure called Hertzian
contact stress shown in Fig.2 due to the effect on a small area of
the surface during power transmission. These stresses cause
wear and pitting depending on material fatigue. The surface pres-
sure that occurs on gears is calculated according to the ISO 6336
standard as follows [17]:

// Z ‘n/

Fig. 2. Tooth contact stress

The real contact stress, aw, is calculated as follows:

Fr(u+1)
Oy = / Zmnu ZyZpZZg\|KaKyKypKya (4)

where u is the gear ratio (-), Zn is the zone factor (), Ze is the
elasticity factor, Z¢ is the contact ratio factor (=), Zs is the helix
angle factor (—), Kug is the face load factor and Kke is the trans-
verse load factor (—).

The permissible contact stress, arp, is calculated as follows;

Onp = OniimZnZLZyZrZywZly ©)

where omim is the allowable stress (N/mm?2), Zy is the life factor
(=), Zv is the lubrication factor (=), Zv is the velocity factor (—), Zr
is the roughness factor (—), Zw is the work hardening factor (=)
and Zx is the size factor (-).

The safety factor for contact stress, SH, is calculated as fol-
lows:
Sy =22 (6)

OH



§ sciendo

DOI 10.2478/ama-2023-0016

3. OPTIMISATION

Gears are currently used in many mechanical systems. Both
safe and cheaper gear systems can be designed via optimisation,
and efficient systems can be created to determine requisite geo-
metric parameters. During optimisation, all geometric parameters
of the gear pairs are determined step by step, as indicated in the
flow chart below:

1. Face width, gear quality and first-level module optimisation

2. Outputs: the module graphic, Sr, Sk; changes in the gear
profiles; the overlap ratio; the teeth number; the gear ratio;
and the system weight

3. Centre-distance optimization

4. Outputs: the tip-diameter graphic; the centre distance; and the
Sk, S, centre-distance graphic
5. Last-level module optimisation
6. Number of teeth optimisation
7. Outputs: the specific-sliding graphic, the number of teeth, and
the contact ratio
8. Helix angle optimisation
9. Outputs: axial forces and contact ratio
10. Addendum modification coefficient optimisation
11. Outputs: the angle-of-rotation graphic, the specific sliding and
changes in the gear profiles

12. Pressure-angle optimisation

13. Comparison of the results for both the KISSsoft and mathe-
matical models

14. Outputs: tooth bending stress, tooth contact stress and safety
factors

15. Backlash optimisation

16. Outputs: dimensions and tolerances for inspection of all gears
after manufacturing

17. Concept design

18. Outputs: conceptual 3D design

OPTIMISATION

4 N\
/—l\ Geometrical Parameters
v initial values
N vy
4 ™\
Calculate
Objective Function and
Constraints
- J
No?
Yes?

Design is OK

Fig. 3. Flow chart of optimisation
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4. OPTIMISATION WITH KISSSOFT

Four speed gears of a tractor transmission shown in Fig.4
were optimised via KISSsoft software in this study. The input
power was 50 kW, and the torque was 238 Nm for the speed
gears that were optimised in this study. These four speed gears
have ratios that are similar to those in Tab. 1 with tolerances of
4%.

Engine and Clutch Range and Reverse  Speed Gear  Range Gear Differential and
Group Gear Group Group Group Planetary Gear Group

— Y =S 3

Tt |

| s
e TLs
At ] :
T AT TR
W
I'H

Group
Fig. 4. Gear scheme of tractor transmission

Tab. 1. Ratios

Speed Ratio (4%)
1 3.1

1.9

11

0.7

AN

The volume that can be used for speed gears is limited due to
other systems on both tractors and transmission. The maximum
volume that can be used in transmission for these speed gear
groups is shown in Fig. 5.

144 mm

216 mm

210 mm

Fig. 5. Maximum volume

4.1. Gear width, gear quality and first-level module
optimisation

First, suitable geometric parameters of gear width, gear quali-
ty and module were calculated while considering constraints with
KISSsoft. Other geometric parameters were assumed to be con-
stant, and these other geometric parameters were optimised in
the subsequent steps to design an efficient system.
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The vertical dimension was considered 186 mm (216- 30 mm)
during optimisation because all gear pairs that assemble at the
same centre distance can use space approximately 15 mm along
the vertical dimension based on the number of teeth and module
of gear pairs. The centre distance was considered 93 mm
(186 mm/2 mm) during the first optimisation step so that two
shafts could be placed at 186 mm. Volume measures are shown
in Fig.6.

15mm ¢

‘ 93 mm

186 mm A—
il 93 mm
A L

15 mm

Fig. 6. Centre distance

The pressure angle was considered to be 20°, which is used
as a standard for many manufacturers. The helix angle was con-
sidered to be 17°, which is the average value for similar tractor
transmission. The material was defined as 16 MnCr5, which is
used in similar systems. These parameters were accepted as
specified initially but were later optimised.

First, optimisation was begun with the same gear width for
four gear pairs, and then each gear width was defined according
to the results. The horizontal dimension was 210 mm, as shown in
Fig. 5 and Fig.7. Four gears (bs, b2, bs and bs) and two synchro-
meshes (s1 and s3) must be placed 210 mm away from each
other. Each synchromesh requires 50 mm in the horizontal direc-
tion, and there should be 5 mm spaces (s2) between the second
and third gears for safety due to production and assembly errors.
The initial gears’ widths are shown in Tab. 2.

L
C

©
I
I
|
I

Fig. 7. Four speed gear group

Tab. 2. Gear widths

$1 S2 S3 b1 b2 b3 b4
(mm) | (mm) | (mm) | (mm) | (mm) [ (mm) | (mm)
50 5 50 2625 | 26.25 | 26.25 | 26.25

Gear pairs that can be used for the first speed gear were cal-

culated with KISSsoft considering 50 kW power, 238 Nm torque,
3.1 gear ratio, 20° pressure angle, 17° helix angle, 93 mm centre
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distance, 7 quality, 26.25 mm gear width, and a module between
1 mm and 5 mm. According to the results, 386 different solutions
were found for the first speed gear pair, and all results are shown
in Fig. 8 to evaluate the parameters. In the figure, the horizontal
axis represents the module, the vertical axis represents the mini-
mum root safety and the colour scale represents the minimum
flank safety. Increasing the module results appears to increase
the root safety. For the 1 mm module, root safety was calculated
to be approximately 0.6, for the 4.8 mm module, it was approxi-
mately 2.1. Considering the colour scale, the colours change from
red to blue with increasing modules; thus, increasing the module
results in decreased flank safety.

Minimumrootsafety .

i
i H
Normal module [mm]

Fig. 8. Optimisation of the first speed gear pairs (b = 26.25 mm)

For this system, the root safety is between 1.3 and 1.5. There
are some optimisation steps for this study; thus, root safeties that
are between 1.1 and 1.9 are sufficient for this first optimisation
considering that there can be changes in other steps. Additionally,
the flank safeties must be at least 1, and average value of flank
safety have to be 1.1 in the figure. According to Fig. 8, all flank
safeties are <1; thus, these gear pairs cannot be used for this
system. Gear width and quality were changed so that flank safe-
ties could be increased. First, the gear width was increased to 35
mm and 40 mm, and then the gear quality was increased from 7
to 6. The gear width was not increased by >40 mm because the
horizontal dimension was limited, and space is needed for other
gear pairs. The results based on these new parameters are
shown in Figs. 9-11 and Tab. 3.

Tab. 3. Optimisation of the first speed gear pairs with new parameters

Gear width (mm) | Gear quality | Shmin
26.25 7 0.756

35 7 0.919

40 7 0.982

40 6 1.018

[e————

Minimum root safety

Normal module [mm]

Fig. 9. Optimisation of the first speed gear pairs with new parameters
(b=35mm)
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Normal module [mm]

Minimum root safety

Fig. 10. Optimisation of the first speed gear pairs with new parameters
(b =40 mm, 7 quality)

Minimum root safety

b et - )

114 YT
] H Normal module fmm1

1,5 " 275 L

Fig. 11. Optimisation of the first speed gear pairs with new parameters
(b =40 mm, 6 quality)

According to the results, a 40 mm gear width and a quality of
6 yield the optimal first speed gear pair. Additionally, the module
should be between 1.5 mm and 2.75 mm wide.

After optimising the first speed gear pairs, the second speed
gear pairs were optimised. The input conditions were the same as
in the first gear optimisation except for the ratio, which was set to
1.9. According to the results, 587 different solutions were found,
and the results are shown in Tab. 4 and Fig. 12. According to the
results, a 25 mm gear width and a quality of 7 yielded the optimal
second speed gear pair. Additionally, the module should be be-
tween 1.5 mm and 2.75 mm wide.

Tab. 4. Optimisation of the second speed gear pairs with new parameters

Gear width (mm) Gear quality | SHmin
30 7 1.130
25 7 1.016

Minimum root safety

._.
o
|
v
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'
'
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:
:
:
:
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:
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:
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Normal module [mm]

2,75

Fig. 12. Optimisation of the second speed gear pairs (b = 25 mm)

After optimisation of the first and second speed gear pairs,
a 40 mm horizontal space remained as the horizontal limit of the

acta mechanica et automatica, vol.17 no.2 (2023)

system. Therefore, the gear width was set equal to 20 mm for
both the third and fourth speed gear pairs.

Optimisation was performed for the third speed gear pair, and
774 different solutions were found. As shown in Tab. 5 and Fig.
13, a 20 mm gear width and a quality of 8 yielded the optimal third
speed gear pair. Additionally, the module should be between 1.5
mm and 3 mm.

Finally, the fourth speed gear pair was optimised, and 716 dif-
ferent solutions were found. As shown in Tab. 6 and Fig. 14, a 20
mm gear width and a quality of 8 yielded the optimal fourth speed
gear pair. Additionally, the module should be between 1.5 mm and
2.75 mm.

Tab. 5. Optimisation of the third speed gear pairs with new parameters

Gear width (mm) Gear quality | Skmin
20 7 1.063
20 8 1.009

Fe———

Minimum root safety

Normal module [mm]

Fig. 13. Optimisation of the third speed gear pairs (8 quality)

Tab. 6. Optimisation of the fourth speed gear pairs with new parameters

Gear width (mm) Gear quality | Skmin
20 7 1.186
20 8 1.111

Minimum root safety I

Normal module [mm]

T IR ..

5 ,

Lo
9]
~

Fig. 14. Optimisation of the fourth speed gear pairs (8 quality)
4.2. Centre-distance optimisation

The centre distance was set equal to 93 mm, which is the cen-
tre of the useable vertical dimension of considering the gear width,
quality and first-level module optimisation. In this step, the centre
distance was optimised between reasonable values of 86 mm and
98 mm.

For the first speed gear pair, the optimisation was performed
with the following assumptions: 50 kW power, 238 Nm torque, 3.1
gear ratio, 20° pressure angle, 17° helix angle, quality of 6, 40
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gear width, and modules between 1.5 mm and 2.75 mm with
standard measurements in steps of 0.25 mm. Based on these
values, 1,006 different solutions were found. The tip diameters of
gears are important to optimise the centre distance due to volume
constraints. In Fig. 15, the horizontal axis represents the tip diam-
eters of the driver gear, the vertical axis represents the tip diame-
ters of the driven gear and the colour scale represents the centre
distances.

Tip diameter Gear 2 [mm)]

Tip diameter Gear 1 [mm)]

Fig. 15. Centre distance for the first speed gear pair

According to input constraints, the horizontal limit is 144 mm,
and the vertical limit is 216 mm; thus, 186 mm is used due to
assembly conditions. Additionally, 2 mm of space for each side of
the gears was included; thus, the horizontal limit was considered
to be 140 mm. Thus, the tip diameter of each gear should not be
>140 mm. Additionally, the sum of the tip diameters of the gear
pair should not be >186 mm. According to Fig. 15, the tip diameter
of the driver gear can reach 47.5 mm, and the tip diameter of the
driven gear can reach 138.5 mm when considering the two above-
mentioned constraints. For these values, the solutions are shown
in blue; thus, the centre distances between 86 mm and 90 mm are
suitable for the first speed gear pair according to the colour scale.

Additionally, Fig. 16 was generated using the same solutions
to optimise the centre distance for the case shown in Fig. 15. In
the figure, the horizontal axis represents the centre distances, the
vertical axis represents the flank safety of the gear pair and the
colour scale represents the root safety of the gear pair. Increasing
the centre distance is shown to increase the flank safety. Average
flank safety must be approximately 1.1; however, the average
flank safety is <1.1 for centre distances of 86 mm and 87 mm.
Therefore, centre distances of 88 mm, 89 mm and 90 mm are
suitable for the first speed gear pair based on Figs. 15 and 16.

Minimum flank safety
R e Sl R
1 1
v ' Center distance [mm]
1 1 !
88 89 90

Fig. 16. Centre distance for the first speed gear pair

Then, optimisation was performed for the second speed gear
pair, and 1,584 solutions were found according to the input con-
straints. Figs. 17 and 18 show that the tip diameter of the driver
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gear can reach 65.5 mm, and the tip diameter of the driven gear
can reach 120.5 mm. Additionally, centre distances between 86
mm and 89 mm are shown to be suitable.

Tip diameter Gear 2 [mm]

Tip diameter Gear 1 [mm]

Fig. 17. Centre distance for the second gear pair

Minimum flank safety

Center distance [mm]

Fig. 18. Centre distance for the second gear pair

An optimisation of the third speed gear pair was then per-
formed and yielded 2,265 solutions. As shown in Figs. 19 and 20,
the tip diameter of the driver gear can reach 88 mm, and the tip
diameter of the driven gear can reach 98 mm. A centre distance
between 86 mm and 90 mm is shown to be suitable, and values
>90 mm are overdesigned for this gear pair.

Finally, an optimisation was performed for the fourth speed
gear pair, and 1,997 solutions were found. As shown in Figs. 21
and 22, the tip diameter of the driver gear can reach 107.5 mm,
and the tip diameter of the driven gear can reach 78.5 mm. Addi-
tionally, all centre distances are suitable for the fourth speed gear
pair, but other gear pairs must be considered during optimisation.

Tip diameter Gear 2 [mm]

Tip diameter Gear 1 [mm]

88

Fig. 19. Centre distance for the third gear pair

Results show that the centre distance can be between 88 mm
and 90 mm when considering all gear pairs. Therefore, a centre
distance of 89 mm was selected based on all of the optimisations
performed.
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Minimum flank safety I

Center distance [mm]

Fig. 20. Centre distance for the third gear pair

Tip diameter Gear 2 [mm]

Tip diameter Gear 1 [mm]

Fig. 21. Centre distance for the fourth speed gear pair

Minimum flank safety

Center distance [mm]

Fig. 22. Centre distance for the fourth speed gear pair
4.3. Last-level module optimisation

During the first-level module optimisation, the module was de-
fined as a range for all speed gear pairs according to the results.
A last-level module optimisation was then performed to determine
certain modules.

This optimisation was performed for the first speed gear pair
while considering the following input values: 50 kW power, 238
Nm torque, 3.1 gear ratio, 20° pressure angle, 17° helix angle, 89
mm centre distance, quality of 6, 40 mm gear width, and a module
between 1.5 mm and 2.75 mm. With these inputs, 230 solutions
were found. In Fig. 23, the horizontal axis represents the module,
the vertical axis represents the root safety and the colour scale
represents the flank safety.

The root safety must be between 1.3 and 1.5 for this last-level
optimisation, and a 1.75 mm module yields a root safety between
1.3 and 1.5. However, according to previous experience from field
tests, the durability of the first speed gear pair can be problematic
due to the associated high gear ratio; therefore, a 2 mm module
was used to increase safety. This situation is only valid for the first
speed gear pair, and there is no need to overdesign the other
speed gear pairs.

Then, an optimisation was performed for the second speed
gear pair. According to calculations based on input constraints,

acta mechanica et automatica, vol.17 no.2 (2023)

115 solutions were found and are shown in Fig. 24, where the root
safety is between 1.3 and 1.5 with 2 mm modules.

Minimum root safety

Normal module [mm]

Fig. 23. Module optimisation for the first speed gear

Minimum root safety o ok ity

Normal module [mm]

[T A,

Fig. 24. Module optimisation for the second speed gear

Then, an optimisation was performed for the third speed gear
pair, and 162 solutions were found, as indicated in Fig. 25. A 2
mm module is shown to be suitable for root safety, which is be-
tween 1.3 and 1.5.

Finally, an optimisation was performed for the fourth speed
gear pair, and 162 solutions were found, as indicated in Fig. 26. A
1.75 mm module is shown to be satisfy root-safety requirements,
which is between 1.3 and 1.5.

Normal module [mm]

- 3 L
Fig. 25. Module optimisation for the third speed gear

Minimum root safety

1 Normal module [mm]

Fig. 26. Module optimisation for the fourth speed gear
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4.4. Number of teeth optimisation

After optimising the gear width, gear quality, centre distance
and module, the number of teeth of the gear pair that is suitable
for the defined ratio must be determined. Therefore, an optimisa-
tion of the number of gear teeth was performed.

First, an optimisation was performed for the first speed gear
pair with the following input values: 50 kW power, 238 Nm torque,
3.1 gear ratio, 20° pressure angle, 17° helix angle, 89 mm centre
distance, gear quality of 6, 40 mm gear width and 2 mm module.

All gear pairs with defined ratios were calculated with
KISSsoft. According to calculations, 14 different gear pairs were
found, as shown in Tab. 7, which describes the number of teeth of
driver gear (z1), the number of teeth of driven gear (z2), the profile
shifts of driver gear (x1), the profile shifts of driven gear (x2), the
total contact ratio (€y), the maximum specific sliding ({mex) and the
gear ratio (i).

In Fig. 27, the horizontal axis represents the maximum specif-
ic sliding, the vertical axis represents the number of teeth of driver
gear and the colour scale represents the total contact ratio.

The maximum specific sliding should be between —1 and +1
to avoid wear on the gears. In the figure, solutions 2, 3, 6 and 9
appear to meet the requirements of specific sliding. Additionally,
solution 9 has the highest contact ratio according to the colour
scale. The gear pair that has a high contact ratio does not pro-
duce much noise during meshing. Therefore, a high contact ratio
is desirable for gear systems. According to the results, solution 9
can be used for the first gear pair. However, as shown in Tab. 7,
solution 9 has 21 teeth for the driver gear and 63 teeth for the
driven gear. In this case, the ratio is 63/21 = 3, which causes wear
on the teeth because the same teethes work during meshing. For
this reason, solution 6 with a gear pair of 20-64 was preferred.

Tab. 7. Number of teeth optimised for the first speed gear pair
Sol.

no. 1| 22 X1 X2 & Tinaks. i
1 20 | 63 | 0.31984 | 0.87368 | 3.215 | —1.268 | 3.15
2 20 | 63 | 041984 | 0.77368 | 3.203 | —1.04 | 3.15
3 20 | 63 | 051984 | 0.67368 | 3.189 | —0.847 | 3.15
4 20 | 64 | 0.20295 | 0.40344 | 3.319 | —1.619 3.2
5 20 | 64 | 0.30295 | 0.30344 | 3.304 | —1.294 3.2
6 20 | 64 | 040295 | 0.20344 | 3.287 | —1.031 3.2
7 21 | 63 | 0.1933 041309 | 3.325 | —1.529 3
8 21 | 63 | 0.2933 0.31309 | 3.311 | —1.237 3
9 21 | 63 | 0.3933 0.21309 | 3.295 | —0.996 3

10 | 21 | 64 | 0.09127 | —0.03291 | 3417 | —2.003 | 3.048
11 [ 21|64 019127 | —0.13291 | 34 | -1.561 | 3.048
12 | 21| 64 | 029127 | —0.23291 | 3.381 | —1.218 | 3.048
13 | 21 | 65 | 0.01277 | —0.46034 | 3496 | —2.794 | 3.095
14 |21 ] 65| 011277 | —0.56034 | 3.472 | —2.023 | 3.095

Then, an optimisation was performed for the second speed
gear pair, and 21 solutions were found, as indicated in Fig. 28.
According to Fig. 28, solution 18 with a gear pair of 30-55 is
suitable in terms of both the specific sliding and total contact ratio.

Then, an optimisation was performed for the third speed gear
pair, and 24 solutions were found, as indicated in Fig. 29. Solution
13 with a gear pair of 40-45 is optimal.

Finally, an optimisation was performed for the fourth speed
gear pair, and 27 solutions were found, as indicated in Fig. 30.
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According to the results, solution 20 with a gear pair of 5741 is
suitable in terms of specific sliding and the total contact ratio.

Number of teeth Gear 1

1

1

1

1

1

1

1
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Fig. 27. Number of teeth optimised for the first speed gear pair
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Fig. 28. Number of teeth optimised for the second speed gear pair

Number of teeth Gear 1 ! Tescotact

0 Maximum
' specific
sliding

Fig. 29. Number of teeth optimised for the third speed gear pair

Number of teeth Gear 1

Maximum
specific
sliding

Fig. 30. Number of teeth optimisation for fourth speed gear pair

4.5. Helix angle optimisation

The helix angle of gear pairs was optimised after optimising
the gear width, gear quality, module and number of teeth. Current-
ly, the gear pair uses a helix angle so that it can operate quietly
due to the high contact ratio. Although such a gear pair has an
advantage in terms of the noise level, gear pairs with helix angles
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generate axial forces on the systems as shown in Fig.31. There-
fore, the helix angle is important for the design of shafts and
bearings.

Fig. 31. Forces on gear

An optimisation of the helix angle for the first speed gear pair
was performed while considering the following input values: 50
kW power, 238 Nm torque, 3.1 gear ratio, 20° pressure angle, 89
mm centre distance, quality of 6, 40 mm gear width, 2 mm mod-
ule, and helix angles of 13°, 15°, 17° and 19°, which are geomet-
rically satisfactory.

The calculated axial force and total contact ratio according to
the helix angle are shown in Tab. 8. A higher contact ratio results
in increased axial forces, and a high contact ratio tends to pro-
duce lower noise levels; however, a high axial force is not ideal for
shaft and bearing systems.

For this system, a contact ratio of 2.5 appears minimal based
on previous experience from field tests. According to Tab. 8, all
helix angles have a contact ratio that is >2.5; thus, a 13° helix
angle was selected for the first speed gear pair due to its minimal
axial force.

Tab. 8. Helix angles for first speed gear pair

Helix angle B (°) | Axial force Fa(N) Contact ratio (gy)
13 2,685.2 2.774
15 3,089.4 3.062
17 3,489.9 3.342
19 3,886.2 3.610

The results for the second speed gear pair are shown in Tab.
9, and a 15° helix angle was selected for the second speed gear
pair due to its minimal helix angle, which yields a total contact
ratio that is >2.5.

Tab. 9. Helix angle for second speed gear pair

Helix angle B (°) Axial force Fa(N) Contact ratio (gy)
13 1,790.1 2.364
15 2,059.6 2.566
17 2,326.6 2.759
19 2,590.8 2.934

The results for the third and fourth speed gear pairs are
shown in Tabs. 10 and 11. A 17° helix angle for the third speed
gear and a 15° helix angle for the fourth speed gear were select-
ed based on the total contact ratio.

acta mechanica et automatica, vol.17 no.2 (2023)

Tab. 10. Helix angles for third speed gear pair

Helix angle B (°) Axial force Fa(N) Contact ratio (gy)
13 1,342.6 2.170
15 1,544.7 2.358
17 1,745.0 2.536
19 1,943.1 2.69%4

Tab. 11. Helix angles for fourth gear pair

Helix angle B (°) Axial force Fa(N) Contact ratio (gy)
13 1,076.8 2.365
15 1,238.9 2.574
17 1,399.5 2.763

4.6. Addendum modification coefficient optimisation

An optimisation was then performed on the addendum modifi-
cation coefficient, which can be determined based on the defined
module, helix angle and centre distance.

First, an optimisation was performed for the first speed gear
pair while considering the following inputs: 50 kW power, 238 Nm
torque, 3.1 gear ratio, 20° pressure angle, 13° helix angle, 89 mm
centre distance, quality of 6, 40 mm gear width, 2 mm module,
and an addendum modification coefficient between 0 and +0.7
that is geometrically satisfactory. Results of this optimisation are
shown in Tab. 12.

Tab. 12. Addendum modification coefficient for the first speed gear pair

X1 0 0.1 0.2 0.3 04 0.5 0.6 0.7
X2 1.54 144 | 134 | 124 | 114 | 1.04 | 094 | 084
Cimin. | 252 | -207 | -1.70 | 141 | 116 | -0.95 | -0.78 | -0.63
Clmaks | 026 | 030 | 033 | 036 | 039 | 041 | 043 | 046
Comin. | -0.36 | -043 | -050 | -0.57 | -064 | -0.71 | -0.78 | -0.85
Comaks | 0.71 067 | 063 | 058 | 053 | 048 | 043 | 0.38
g 277 | 277 | 276 | 275 | 274 | 273 | 272 | 2.70
Sr1 1.32 135 | 138 | 140 | 142 | 143 | 144 | 145
Sr2 1.70 163 | 156 | 151 | 146 | 142 | 139 | 1.36
S 1.09 1.09 | 1.09 | 1.08 | 1.08 | 1.07 | 1.07 | 1.06

In Tab. 12, increasing the addendum modification of the driver
gear from 0 to +0.7 results in a decrease in the addendum modifi-
cation of the driver gear from 1.54 to 0.84 due to the constant
centre distance. Increasing the addendum modification of the
driver gear from 0 to +0.7 results in an increase in root safety from
1.32 to 1.45 due to an increase in tooth thickness. Additionally,
decreasing the addendum modification of the driven gear results
in decreasing root safety from 1.70 to 1.36 due to thinning of tooth
thickness.

Increasing the addendum modification of the driver gear re-
sults in a decrease in the total contact ratio from 2.77 to 2.70.
Additionally, this change has some effect on flank safety.

Increasing the addendum modification of the driver gear from
0 to +0.7 results in decreasing the specific sliding of the driver
gear from 2.52 to —0.63 of the driver gear, increasing the specific
sliding of the driven gear from —0.3 to —0.85. According to the
results, an addendum modification of +0.6 should be used for this
system. Additionally, Fig. 32 shows the associated specific sliding
according to the angle of rotation of the gear. In the figure, A-B-C-
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D-E represents the contact point of the gear pair during meshing,
the red curve represents the driver gear and the green curve
represents the driven gear.

Then, an optimisation was performed for the second speed

cording to the results, an addendum madification coefficient of 0
for the driver gear is suitable.

Tab. 14. Addendum modification coefficient for the third speed gear pair

gear pair, and the results are shown in Tab. 13 and Fig. 33. Ac- X1 02 | 01 0 0.1 0.2 03
cording to the results, an addendum modification coefficient of X2 0.25 0.15 005 | 004 | -014 | 024
+0.3 for the driver gear is suitable. imin 124 | 109 | -09 | -084 | -0.72 | -0.61
Then, an optimisation was performed for the third speed gear Timaks 0.38 0.42 0.45 0.48 0.51 0.54
pair, and the results are shown in Tab. 14 and Fig. 34. According Zomin 063 | 073 | 083 | -004 | 106 | -1.19
to.the result_s, an addendum modification coefficient of +0.1 for the Zomake 055 052 049 045 042 038
driver gear is suitable. & 2532 | 2535 | 2536 | 2534 | 2529 | 2522
Sk1 1.273 1.294 1.311 1.324 1.333 1.338
Specfic siing c o & Sr2 1338 | 1329 | 1318 | 1303 | 1.284 | 1.262
1.40 ‘ SH 1.128 1.129 1.129 1.128 1.127 1.125
0.70
-O.?g Specific slidinr%q B C b
-1.40 ] 1_40; H
-2.10— 0.70
-2.80-] 0
-3.50— -0.70 1
-4.20 -1.40
-4.90, P I [ o . -2.10*_
-120 -8.0 -4.0 0 4.0 8.0 -2.80
Angle of rotation (Gear A) [°] 3.50
Fig. 32. Specific sliding of the first speed gear pair for +0.6 4,20
of the addendum modification coefficient of the driver gear 490 | —_—
-8.0 -6.0 -40 -20 0 20 4.0
e .. Angle of rotation (Gear A) [°]
Tab. 13. Addendum modification coeff|_c|ent Fig. 34. Specific sliding of the third speed gear pair
for the second speed gear pair for +0.1 of addendum modification of the driver gear
X1 -0.2 -0.1 0 0.1 0.2 0.3 04 0.5
X2 072 | 062 | 052 | 042 | 032 | 022 | 0.12 | 0.02 o .
T 183 | 159 | 137 | 118 1 401 | 086 | 072 | -060 Tab. 15. {c\ddﬁnium rr:]odlflcatlon coe_fﬂuent
T | 030 | 033 | 037 | 040 | 042 | 045 | 048 | 050 or the fourth speed gear pairs
Zomn | 043 | -050 | 058 | -0.66 | -0.75 | -083 | -0.92 | -1.01 X1 -02 | 01 0 0.1 02 03
Zmaks | 064 | 061 | 057 | 054 | 050 | 046 | 042 | 037 X2 032 | 022 | 012 | 002 | -0.07 | 017
& 256 | 256 | 256 | 256 | 255 | 254 | 253 | 252 Cimin -09 | -0.87 | -0.78 | -0.69 | -0.61 | -0.53
Skt 124 | 127 | 129 | 131 | 133 | 134 | 1.34 | 135 Uimaks | 0.35 0.39 0.43 0.46 0.50 0.53
Sr2 136 | 134 | 133 | 132 | 131 | 129 | 1.28 | 1.26 Zomin -056 | -065 | =076 | —0.88 | -1.00 | -1.14
Sk 114 | 114 | 114 | 114 | 113 | 143 | 113 | 112 Zomaks | 049 046 043 0.41 0.38 0.34
&y 2.558 | 2.567 | 2574 | 2579 | 2581 | 2.580
Specific sliding 5 c 5 e Sk1 1284 | 1300 | 1.315 | 1.327 | 1.339 | 1.350
140 | Sk2 1.351 1346 | 1.340 | 1.331 1.319 | 1.304
070 SH 1214 | 1216 | 1.219 | 1.220 | 1.223 | 1.226
s 2 L S
:“l‘:zzi Specific sliding s co .
-2.10 1.40
-2.80*_ 0.70 ]
-3.50 1
-4,20— -0.70——
490 .3 : 5 S -1.40
-8.0 -4.0 0 4.0 -2.10—
Angle of rotation (Gear A) [°] 2.80
Fig. 33. Specific sliding of the second speed gear pair -3.50
for +0.3 of addendum modification of the driver gear -4.20—
-4.90

Finally, an optimisation was performed for the fourth speed
gear pair, and the results are shown in Tab. 15 and Fig. 35. Ac-
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-6.0‘-5|.0A4.0-3‘.0-2.0-1‘.0I 0 1.0‘2.0 3.0
Angle of rotation (Gear A) [°]
Fig. 35. Specific sliding of the fourth speed gear pair
for +0.1 of addendum modification of the driver gear
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4.7. Pressure-angle optimisation

After optimising other geometric parameters, pressure-angle
optimisation was performed while considering pressure angles of
14°,16°, 18°, 20° and 22°. Results are shown in Tab. 16.

Tab. 16. Pressure angles for the first speed gear pair

an 14° 16° 18° 20° 22°
X1 0.6 0.6 0.6 0.6 0.6
X2 1.0894 | 1.0236 | 0.9766 | 0.9419 | 0.9157
Cimin -1.53 -1.19 -0.95 0.78 -0.65
imaks 0.50 0.48 0.46 043 0.41
Zomin -1.00 -0.93 -0.86 0.78 0.71
Zomaks 0.60 0.54 0.48 043 0.39
&y 2.784 2772 2.750 2.724 2.697
Sk1 1.410 1.419 1.432 1.447 1.463
Sr2 1.367 1.363 1.373 1.391 1.412
S 1.017 1.038 1.055 1.070 1.082

Although the addendum modification of the driver gear was
constant, the addendum modification of the driven gear changed
due to changing the pressure angle from 14° to 22°. Increasing
the pressure angle results in a decrease in the total contact ratio
due to thinning of the top section of the gear.

Increasing the pressure angle results in increased root safety
of the driver gear from 1,410 to 1,463 due to thickening of the
tooth root.

Specific sliding was not limited at pressure angles of 14° and
16° but was at 18°, 20° and 22°. However, the difference among
these values is small; therefore, a pressure angle of 20° was
selected because it is a standard value that is used by most man-
ufacturers. Additionally, the optimisation results are similar for
other speed gear pairs, and a pressure angle of 20° was also
selected for the other gear speed pairs.

4.8. Backlash optimisation

Backlash optimisation was performed after determining all ge-
ometric parameters of the gear pairs. Backlash occurs in gear
pairs due to installation faults, gear quality and thermal expansion
of the system. Therefore, some backlash is generated with tooth
thickness tolerances and centre-distance tolerances. These two
factors are optimised for suitable backlash.

After optimising the first speed gear pair, the tooth thicknesses
of the gears are shown in Fig. 36.

s=4,015 mm

z,=64

z,=20
$=4,513 mm

Fig. 36. Tooth thickness of first speed gear pair
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There are different methods that are used by manufacturers to
measure backlash. In this study, circumferential backlash is con-

sidered during optimisation as shown in Fig.37.

Fig. 37. Circumferential backlash

In this gear system, suitable backlash is considered to be be-
tween 0.1 mm and 0.3 mm based on practical experience. There-
fore, tooth thickness tolerances and centre-distance tolerances
are determined according to the considered backlash values.
First, the backlash value is calculated while considering only the
tooth thickness of the first speed gear pair; results are shown in
Tab. 17. According to Tab. 17, backlash is suitable for tooth thick-
ness tolerances between —0.05 mm and —0.14 mm.

Tab. 17. Backlash for first speed gear pair

Tolerance (mm) | Backlash (mm)
-0.03 0.064
-0.05 0.106
-0.08 0.170
-0.13 0.275
0.14 0.297
-0.15 0.318

In addition to tooth thickness tolerances, centre-distance tol-
erances affect the backlash values. If gear pairs are near each
other, backlash decreases, and if the gear pair's axes are more
distant, backlash increases as shown in Fig.38. Centre-distance
tolerances consist of the dimensional deviation of the shaft, bear-
ing and casting.

*"Tolerance  "+"Tolerance § a=89mm

Fig. 38. Centre-distance tolerances

As shown in Tab. 18, backlash values were calculated con-
sidering the 1SO 286 standard of centre-distance tolerances and
tooth thickness tolerances between —0.05 mm and —0.14 mm. As
mentioned before, suitable backlash is between 0.1 mm and 0.3
mm. According to Tab. 17, the backlash values are near the target
for J6, J7 and J8 centre-distance tolerances. Additionally, the
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backlash values are outside of the target for J9 and J10. Although
the backlash is near the target for J6 and J7, these tolerance
groups are not suitable in terms of manufacturing tractor parts.

Therefore, the tolerances of J8 are selected for this system.

Tab. 18. Backlash for first speed gear pair

Positive | Negative Min. Max.
+) ) backlash | backlash
Standards | 4;|erance tolerance (mm) (mm)
(mm) (mm)

- 0 0 0.106 0.297
ISO286J6 | +0.011 -0.011 0.096 0.307
IS0 286J7 | +0.0175 -0.0175 0.090 0.313
IS0 286J8 | +0.027 -0.027 0.081 0.322
1SO286J9 | +0.0435 -0.0435 0.066 0.337

SO0 | woor | 007 | o041t | 032

Then, tooth thickness tolerances were calculated again con-
sidering 1SO 286 J8 so that the backlash values are between 0.1
mm and 0.3 mm. Results are shown in Tab. 19. According to the
results, —0.06 mm and —0.13 mm tolerances of tooth thickness
are suitable for the first speed gear pairs.

The tolerances of other gear pairs and dimensions for inspec-
tion of all the gear pairs were calculated similarly and are shown
in Tab. 19.

4.9. Optimisation results

The optimisation results for the four speed gear groups are
shown in Tab. 19. Additionally, the dimensions and tolerances for
inspection of all the gears are shown in Tab. 19.

The optimal four speed gears were placed in a volume, as
shown in Fig. 39, which confirms that the design meets the vol-
ume constraint; all gears can be assembled properly in the vol-
ume.

Tab. 19. Optimisation results

DOI 10.2478/ama-2023-0016

thiclfl‘;‘:s o | 3885 | 3446 | 3157- | 2619
20 (mm) 3.955 3.518 3.227 2,689
oon | 4383~ | 3%~ | 2951- | 2784
2 (mm) 4453 3.402 3.021 2.854
Base
tangent 21.967- 27.785- 33.761- 35.001-
length 22.033 27.851 33.827 35.066
betweenk | k:4teeth | k:5teeth | ki6teeth | k:7teeth
teeth of 4
Base
tangent 59.188- 46.162- 33.726- 29.557-
length 59.253 46.227 33.792 29.623
betweenk | k:10teeth | k:8teeth | k:6teeth | k: 6 teeth
teeth of z2
Dimension
over 49.800~ 68.655— 88.706- 107.068-
balls/ball 49.925 68.807 88.877 107.249
diameter of D: 4.250 D: 3.750 D: 3.500 D: 3.000
Z1
Dimension
over 140.226- 119.340- 98.594- 78.472-
balls/ball 140.381 119.512 98.772 78.644
diameter of D:3.750 D: 3.500 D: 3.500 D: 3.000
22
Centre
distance 88.973-89.027
(mm)
Backlash 0.102- 0.102- 0.105- 0.105-
(mm) 0.300 0.300 0.293 0.293
144 mm

Fig. 39. Speed gears in a volume

5. RESULTS AND DISCUSSION

210 mm

SRR
216 mm
=
, _ ~ )

Parameters | 1.Speed | 2.Speed | 3.Speed | 4.Speed
Number of

teeth 1 20 30 40 57
Number of

teeth 2, 64 55 45 41

Module

(mm) 2 2 2 1.75

Pressure

angle () 20 20 20 20
He"’zo"’;"g'e 13 15 17 15
Addendum
modification 0.6 0.3 0.1 0
coefficient x
Addendum
modification 0.9419 0.2201 -0.0416 0.1297
coefficient x2
Face width

(mm) 40 25 20 20

Quality 6 7 8 8
T°‘a('kvgv)e'9h‘ 5.262 2.861 2133 2.155
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Many results and relations between geometric parameters of
the gear pairs were observed during optimisation. These relations
are important when designing efficient gear systems.

Changing the module was found to affect the root safety by
changing the gear profiles, as shown in Fig. 40. Increasing the
module has an effect on the tooth thickness and seriously affects
root safety.

Fig. 40. Gear profiles based on the module
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Apart from gear profiles, the module affects the overlap ratio,
which also affects both the durability and noise level of the gear
pairs. In Figs. 41-43, the contact pattern of the gear pairs is
shown on the face width. Decreasing the module thus increases
the overlap ratio due to the decreased size of the gear profiles.

Height [mm]
3ro
36.0
35.0
34.0
33.0
320
31.0
30.0
29.0
28.0—
27.0 - -

T
-120 80 40 0 40 80 120
Width [mm]

Fig. 41. Contact pattern (m =5 mm, i = 1.8)

dif

Height [mm]

34.50
3400

3350~
33.00-
32.50-]
32,00+
3150

31.00-
3050

30.00-

dNf

T
-12.0 -0 <40 0 40 8.0 120
Width [mm]

Fig. 42. Contact pattern (m = 2.3 mm, i = 1.8)

Height [mm]

3340 dNa
33.20-|
33.00-|
3280 |
32,60~
3240 |
3220
3200

31.80-]
3160
3140

dNf

T T T
120 80 40 0 40 80 120
Width [mm]

Fig. 43. Contact pattern (m =1 mm, i = 1.8)

Finally, the module affects the weights of the gear pair, which
is an important constraint for the systems. As shown in Fig. 44,
increasing the module increases the weight for the same ratio of
gear pairs.

| m=1mm, i=0,7 | m=2,5mm, i=0,7 |

f | !
2,269 kg 2,408 kg 2,639 kg

m=5 mm, i=0,7 |

Fig. 44. Gear pair weight according to module
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The tooth bending stress, tooth contact stress and safety fac-
tor of pinion gears for each speed, which were optimised via
KISSsoft, were also calculated according to the mathematical
model in ISO 6336. The characteristics of the pinion gears from
both KISSsoft and the mathematical model are shown in Tab. 20.

Tab. 20. Optimisation results

Optimisation 1.Pinion | 2.Pinion | 3. Pinion .4.'
results Pinion

Tooth-root
stress or from
KISSsoft
(N/mm?)
Tooth-root

stress or from
mathematical 546.97 607.52 625.93 561.37
model (N/mm?)

Safety factor for
bending stress
Sr from 1.41 1.34 1.32 1.34
KISSsoft
Safety factor for
bending stress
Sk from 1.46 1.32 1.28 143
mathematical
model

Contact stress
on from
KISSsoft 1,363.60 1,286.05 1,292.8 1,197.23
(N/mm?)
Contact stress
6H from
mathematical
model (N/mm2)

Safety factor for
contact stress

Sy from 1.10 1.13 1.13 1.22

KISSsoft

Safety factor for
contact stress
Sk from 1.12 1.19 1.21 1.22
mathematical
model

543.96 569.46 576.47 570.03

1,345.09 1,264.66 1,239.2 | 1,226.15

In Tab. 20, the tooth-root stress of pinion 1 is 546.97 N/mm?
according to the mathematical model, which is 0.5% larger than
the KISSsoft result (543.96 N/mm?2). For the root-safety factor, the
results of the mathematical model are 1.46% and 3.5% larger than
the results of KISSsoft (1.41). The tooth contact stress of pinion 1
is 1345.09 N/mm2 according to the mathematical model, which is
1.4% smaller than the results of KISSsoft (1363.60 N/mm2). For
the flank safety factor, the mathematical model result is 1.12
(1.8% larger) than the KISSsoft result (1.10).

For pinion 2, the mathematical model result is 6.7% larger
than the KISSsoft result for tooth-root stress. The tooth contact
stress according to the mathematical model is 1.7% smaller than
the KISSsoft result. For the root-safety factor, the mathematical
model result is 1.5% smaller than the KISSsoft result, and the
flank safety factor calculated by the mathematical model is 5.3%
larger than the KISSsoft result.

For pinion 3, the tooth-root stress according to the mathemati-
cal model is 8.5% larger, and the tooth contact stress according to
the mathematical model is 4.1% smaller. For the root-safety fac-
tor, the result of the mathematical model is 3% smaller, and the
flank safety factor for the KISSsoft result is 7% smaller than that of
the mathematical model.
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For pinion 4, the tooth-root stress according to the mathemati-
cal model is 1.5% smaller, and the tooth contact stress is 2.4%
larger than the KISSsoft result. The root-safety factor of the math-
ematical model is 6.7% larger than the KISSsoft result, and the
flank safety factors are the same.

According to the results, there is a maximum 8.5% difference
between the KISSsoft and mathematical model results (oF =
625.93 N/mm2 by mathematical model and or = 576.47 N/mm2 by
KISSsoft) since KISSsoft considers the tolerances and defor-
mation of gears, and KISSsoft specifies correction coefficients
based on user inputs. Although there are some differences be-
tween the results, the safety factors calculated using both meth-
ods are suitable based on the target values. Therefore, KISSsoft
can be used reliably to calculate the strength of gears.

This study is not an improvement study of any design. It is an
original work, and therefore there are no pre-existing values with
which to compare the results obtained.

6. CONCLUSION

Four speed gears in a tractor transmission were optimised us-
ing KISSsoft software. During optimisation, the input power
torque, ratios and maximum volume were considered constraints,
and the face width, centre distance, module, quality, number of
teeth, helix angle, addendum modification coefficient and pressure
angle of gear pairs were specified as inputs for the optimisation
according to a flow chart. Then, the tooth-root stress, tooth con-
tact stress and safety factors were calculated according to the
mathematical model described in 1ISO 6336. Results were then
compared. Regarding tooth-root stresses, the maximum differ-
ence was 8.5% for pinion 3. Regarding tooth contact stresses, the
maximum difference was 4.1% for pinion 3. Regarding root-safety
factors, the maximum difference was 6.7% for pinion 4. Regarding
the flank safety factors, the maximum difference was 7% for pin-
ion 3.

According to this study, both the KISSsoft software’s results
and the mathematical model’s results are within the range of the
target value. Additionally, the following results were determined
via optimisation:

1. Increasing the module increases the root-safety factor and
decreases the flank safety factor.

2. Increasing the face width of gears increases the flank safety
factor.

3. Increasing the gear quality results increases the flank safety
factor.

4. Decreasing the module results increases the number of teeth
and overlap ratio.

5. Decreasing the module results increases the sensitivity of the
ratio, which can be chosen for the gear pair.

6. Increasing the centre distance decreases the tooth contact
stress.

7. Increasing the helix angle increases the contact ratio and axial
forces.

8. Increasing the addendum modification coefficient increases
the root-safety factor by increasing the tooth thickness.

9. Increasing the addendum modification coefficient decreases
the contact ratio.

10. Increasing the module increases the weight of a gear pair.

11. Increasing the pressure angle increases the tooth thickness at
the root zone and decreases the tooth thickness at the tip
zone.
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Optimised gears with other drivetrain components like shafts,
bearings, washers, circlip, synchromeshes are presented as a
concept design in Fig. 45-46.

Fig. 45. Concept design

4.Speed Pinion

3-4 Synchromesh / Bearing
3. Speed Pinion \ - /
/ A

Shaft

Bearing \

Circlip

Bearing

Washer

A\

\ 2. Speed Gear

1-2 Synchromesh

1. Speed Gear

Bearing

Fig. 46. Disassembly of concept design

The results obtained from this study will be especially benefi-
cial to engineers working in the industry. This is because, in this
study, it has been revealed that optimisation serves as a useful
tool in the design phase, in which the capability is available to
simultaneously and accurately optimise several parameters.

REFERENCES

1. Hiwan HHS, Htay HW, Myint T. Design and contact stress analysis of
helical gear for light-weight car. Proceedings of 105th The IIER
International Conference. Bangkok. Thailand. 5th — 6th June 2017.

2. Wenkatesh B. Prabhakar SV, Deva PS, Investigate the combined
effect of gear ratio, helix angle, facewidth and module on bending
and compressive stress of steel alloy helical gear. 3rd International
Conference on Materials Processing and Characterisation. 2014;6:
1865-1870.

3. James K, John K. Effect of gear design variables on the dynamic
stress of multistage gears. Innovative Systems Design and
Engineering. 2012;2:30-42.

4. Murali MV, Ajit SL. Influence of module and pressure angle on
contact stresses in spur gears. International Journal of Mechanical
Engineering and Robotics Research. 2016;3:224-228.

5. Dyaneshwar S, Mangrulkar KS. Effect of backlash on bending
stresses in spur Gears. International Journal of Scientific
Development and Research. 2016;7:349-354.



§ sciendo

DOI 10.2478/ama-2023-0016

6.

Zvonko S, Mileta R, Bozidar R, Dragan R, Zivoslav A. The influence
of gear parameters on the surface durability of gear flanks.
Strojarstvo. 2011;53(5):383-387.

Nijazi |, Sadullah A. The influence of sliding speed and specific
sliding of the interval meshing gears. 10th International Research/
Expert Conference Trends in the Development of Machinery and
Associated Technology. Barcelona, Spain, 11-15 September 2006.
Karadere G, Yiimaz I. Investigation of the effects of profile shift in
helical gear mechanisms with analytical and numerical methods.
World Journal of Mechanics. 2018;8:200-209.

Mujammil A, Mushtag AC. Optimization of addendum modification for
bending strength of involute spur gear. International Engineering
Research Journal. 2015;1093-1097.

. Vishal S. Finite element analysis of helical gear pair for bending and

contact stresses. International Journal of Computer Engineering in
Research Trends. 2018;5:136-140.

. Bozca M, Dikmen F. Optimisation of geometric parameters of ears

under variable loading condition. Advanced Materials Research.
2012;1005-1010.

. Bozca M. Optimisation of effective design parameters for an

automotive transmission gearbox to reduce tooth bending stress.
Modern Mechanical Engineering. 2017;7:35-36.

. Bozca M, Fietkau P. Empirical model based optimization of gearbox

geometric design parameters to reduce rattle noise in an automotive
transmission. Mechanism and Machine Theory. 2010;1599-1612.

14.

15.

16.

17.

acta mechanica et automatica, vol.17 no.2 (2023)

Bozca M. Torsional vibration model based optimization of gearbox
geometric design parameters to reduce rattle noise in an automotive
transmission. Mechanism and Machine Theory. 2010;1583-1598.
Bozca M. Transmission error model-based optimisation of the
geometric design parameters of an automotive transmission gearbox
to reduce gear-rattle noise. Applied Acoustics. 2017;247-259.

ISO 6336-3: calculation of load capacity of spur and helical gears,
part 3: calculation of tooth bending strength.

ISO 6336-2: calculation of load capacity of spur and helical gears,
part 2: calculation of surface durability (pitting).

Acknowledgements: This work was supported by Research Fund of the
Yildiz Technical University (BAP) Project Number: FYL-2018-3506.

Emre Can:

Mehmet Bozca:

https://orcid.org/0000-0002-9298-2616

https://orcid.org/0000-0002-2620-6053

159


https://orcid.org/0000-0002-9298-2616
https://orcid.org/0000-0002-2620-6053
https://orcid.org/0000-0002-9298-2616
https://orcid.org/0000-0002-2620-6053

§ sciendo

Muzafar A. Kalwar DOI 10.2478/ama-2023-0017
Geological and Geotechnical Assessment of Aggregates used in Nagar Parkar District Tharparkar Sindh Pakistan

GEOLOGICAL AND GEOTECHNICAL ASSESSMENT OF AGGREGATES
USED IN NAGAR PARKER DISTRICT THARPARKAR SINDH PAKISTAN

Muzafar A. KALWAR*

*Institute of Hydro-Engineering, Polish Academy of Sciences, ul. KoScierska 7, 80-328 Gdansk, Poland

muzafar.kalwar@pg.edu.pl

received 20 August 2022, revised 18 November 2022, accepted 20 November 2022

Abstract: This study aims to determine the geology of granite and evaluate the engineering properties of the samples to make
recommendations for the construction industry. The study area is situated in the Nagar Parker complex in Pakistan, which is located in the
extreme south-east of the Thar District and the desert of the Sindh Province, near the Run of Kutch (24° 15'-35 30" N, 70° 40'-58 07’ E),
and it covers ca. 500-1,000 km2. In this region, several Quaternary deposits, subordinate and dispersed Jurassic-Tertiary sandstones
and clays are overlying the Nagar Igneous Complex basement. According to international standards, there are various possible aggregate
sources. However, only a few of them have been reviewed for suitability reasons. Six quarries in Nagar Parker, Pakistan, were selected
for evaluation as coarse aggregate in concrete construction and civil engineering works in this research. Although the aggregates
from the six quarries are specified and already widely used in the Sindh Province, there is a lack of studies on their geological properties.
The results of the presented research revealed that samples from Dhedvero, Karai, Nagarparkar, Mokrio, Dinsi and Wadlai meet
all of the international standard requirements for aggregates. Geotechnical, petrographic and geochemistry laboratory tests
were conducted in this research and included bulk density, water absorption, specific gravity test, index of flakiness and elongation,
soundness aggregate test, crushing value aggregate, impact value aggregate and abrasion value of Los Angeles. Furthermore, chemical
alkali-silica reaction potential test and petrographic examination were tested. As a result, we evaluated the properties of granite,
which is a crystalline igneous rock with a visibly crystalline structure and texture, made up of feldspar, i.e., potash feldspar and oligoclase.
The evaluated minerals are compatible with the standards of civil engineering works and can be used as a concrete aggregate.
The evaluated three types of minerals included Dhedvero simple intrusion, Nagar pink granite and grey granite.

Key words: geotechnical engineering, granite, aggregate, construction, Nagar Parker

1. INTRODUCTION make up more than three-quarters of concrete volume—their
physic-mechanical chemical—they have bulk volume and reduce
concrete cost. The consistency of the finished product is directly
influenced by mineral properties [3]. Destructive manifestations,
such as alkali-silica/alkali carbonate reactions/physical effects,
may occur if aggregate properties are not up to standard, com-
promising concrete strength and, as a result, lowering construc-
tion quality [4].

Aggregates are valuable raw materials used in various indus-
tries, with the cement and building industries being the primary
consumers. Physical, mechanical, chemical and mineralogical
properties of regional or local aggregate resources must all be
considered in a strategic assessment. It is the most common
source of coarse aggregate in the construction industry. This rock
can be found in large quantities in Pakistan. Pakistan has investi-
gated their suitability for use in various industries, including con-
struction [5-7]. Previous studies [8] examined the engineering
characteristics of 35 quarries in the Khyber Pakhtunkhwa (KPK)
area of Nowshera. The study identifies locally available aggre-
gates in Nowshera, reducing the reliance on the Margalla crush,
widely used due to its high quality and suitability for structure [9,
20]. Aggregates from the Allai region were investigated for use in
the restoration and renovation of buildings damaged by the Octo-
ber 2005 earthquake [11]. Earlier studies [12] investigated the
effects of freezing and thawing on the hardness of coarse aggre-

To Natural building aggregate is one of the most available and
commonly used common resources. The majority of roads, bridg-
es, dams, houses and other infrastructure projects are made up of
construction aggregate, crushed and sized rock material used in
concrete and asphalt. Construction aggregate accounted for
>90% of asphalt paving and 80% of concrete. The rest is made up
of a binder like asphalt or cement. Crushed stone accounts for
about 52% of all building aggregate, with sand and gravel ac-
counting for the remaining 48% [1]. There are many important
factors to be considered when deciding if a rock is suitable for use
as aggregates in road construction. The aggregate used in the
road’s surface course (running surface) must be resistant to the
polishing action from vehicle tyres, or the road will become slick,
particularly when wet. Aggregates used in construction must be
durable.

On the other hand, concrete is a construction substance made
from coarse cement paste and fine aggregates. Gravel, sand and
crushed stone aggregates are examples of coarse to medium-
grained particulate material referred to as ‘construction aggregate’
or ‘aggregate’. Aggregates may be either natural or synthetic,
depending on their origin, ACI, E1 [2]. Aggregates are the most
quarried materials on the planet, and they are used to add
strength to composite materials. Besides that, since aggregates
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gate concrete. Little analysis has been done so far to determine
the quality of the resources because the aggregate material is
already being extracted in the study area. The classification of
aggregate is significant, particularly in the construction of
megastructures, since the aggregate material determines the
quality of concrete [13-14].

At the confluence of the Thar Desert and Rann of Kutch, Paki-
stan’s Nagar Parkar area occupies about 500 km2. A recently
constructed metalled road connects it to Mithi and Badin; the
Rann and Indian Territories surround it on three sides. This area
is characterised by granitic rock mounds and bold hills in an oth-
erwise levelled landscape of sandy, salty and salty plains, except
for the Thar Desert, which is mostly covered by dunes. Karunjhar
hill, a prominent desert geomorphic landmark in southeastern
Pakistan, rises to 356 m a.s.|. At Karai, Dhedvero and the central
part of the district, coarse-grained gabbro dykes and medium- to
fine-grained dolerites cut through igneous and metamorphic rocks
[15]. Several authors have provided detailed information about
geology, mineral formations, petrology and the complex’s geo-
chemistry [16-20]. However, we believe that more research into
the engineering properties of Dhedvero, Karai, Nagarparkar,
Mokrio, Dinsi and Wadlai is required.

1.1. Geological setup

The Nagar Parker area is located in the extreme southeast
region of Pakistan, on the border with India (Fig. 1).

acta mechanica et automatica, vol.17 no.2 (2023)

dio (not shown on the map). At Dhedvero (24°24'27" N, 70°57'14"
E), a 75-m-long and 10-m-wide quartzite body was discovered as
xenoblock within coarse-grained pink granite.
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Fig. 2. Regional geological map and geological map of NPIC area,
location of samples in the study area (a) the map of Pakistan
and location of the study area (b) a simplified regional geological
map, showing the tectonic configuration and geographical
position of the Nagar Parker area of the Indian shield (modified
after the literature [37, 38]) (c) geological map of Nagar Parker,
Sindh province of Pakistan [17, 18, 20, 39]
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Fig. 1. A simplified regional map showing the tectonic configuration
and geographical position of Nagar Parker in the Indian shield
[20, 37-38]

It is considered the western continuation of the Precambrian
Indian shield [20-23]. Existing works [16] presented a geological
map of the district, noting Quaternary deposits, subordinate Ju-
rassic-Tertiary sandstone, clay and the overlying basement, and
classifying the region as the Dhedvero simple intrusions, the
Nagar Parker pink granite and the Karunjhar grey granite (Fig. 3).
Small exposures of schists, paragneisses, migmatites and quartz-
ites can be found to the southeast of the Dhedvero and west of
Berana, especially near Walo jo Wandio (Fig. 2) and Moti jo Wan-

DL A AR R I

Fig. 3. (a) Dolerite intruding amphibolites at Dhedvero, (b) Dolerite
intruding gabbro dyke at Karai, (c) Dolerite intruding gray
granite at Nagarparker and (d) Dolerite intruding pink granite
at Mokrio [20]

A

The paragneisses have an N50°W striking angle and a 55°
SW dip. Pink granites, mafic and acidic dykes, and amphibolites
are intruded by these metasedimentary rock assemblages. Shear-
ing and deformation have occurred in metamorphic rocks, intruded
granites, and mafic dykes in various forms. Existing studies [20]
classified the Nagar Parker granites into five rock units based on
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field observations and mineral and geochemical compositions:
pink, reddish pink, pinkish grey, grey and greyish white granites.
Pink granites have minor differences in mineralogy and geochem-
istry, but they are distinct from grey and greyish white granites
[20].

2. METHODOLOGY
2.1. Field work

This research was limited to the aggregates collected from
quarries in District Tharparkar: Dhedvero, Karai, Nagarparkar,
Mokrio, Dinsi and Wadlai. We performed the examination and
evaluation of the coarse aggregate source material which was
performed in the study area. Fig. 2 demonstrates the locations of
the quarries, which were sampled for the comparison of the min-
erals.

2.2. Sampling

The device ASTM D-75 was used to collect representative
samples from the quarries when necessary [24]. The conveyor
belts and flowing barrels were used as stockpiles to achieve the
minimum mass recommended by ASTM D-75 in equal incre-
ments. The available quarries for this research study are de-
scribed in the table below along with their selection status.

The samples were then transported to the following laborato-
ries for processing and examination under the ASTM and BS
standards: We performed the geotechnical experiments in the
Mehran University of Engineering and Technology Jamshoro’s
Geotechnical and Concrete Laboratory, as well as the Center for
Pure and Applied Geology Jamshoro’s Petrographic and Geo-
chemistry Laboratory. The following tests were performed: bulk
density, water absorption and specific gravity test, index of flaki-
ness and elongation, soundness aggregate test, crushing value
aggregate, impact value aggregate and abrasion value of Los
Angeles, and furthermore, chemical alkali-silica reaction potential
test and petrographic examination were conducted. In the end, the
concrete cylinders were observed by compressive strength test.

3. RESULTS AND DISCUSSIONS
3.1. Bulk density

According to literature [25, 26], all of the examined specimens
are standard weight aggregates, with bulk densities ranging from
80 pcf to 1,130 pcf (1,130-1,920 kg/m3).

3.2. Specific gravity and water absorption

The aggregates and specific gravity are measured under vari-
ous moisture conditions: (a) when the water has been poured
through all of the aggregate’s apertures, the surface still remains
dry. This is referred to as a surface dry saturated state SSD. (b)
The aggregate is seen to be air dry (AD) when the aperture water
is removed by drying it in the air, and bone dry or oven dry (OD)
when all the moisture is removed by drying the aggregate in an
oven.
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The test was conceded in compliance with existing standards
[27]. The standard weight aggregates have a relative bulk gravity
of 2.4-2.7 (ASTM C 125-03), so the specimens from all quarries
are standard weight aggregates. The quarry aggregates have a
water absorption value of <2%, which is suitable for construction
purposes.

3.3. Flakiness index (F1) and elongation index (El)

The coarse aggregate’s regular geometric texture is essential
because they disturb compaction, workability and stress re-
sistance. The workability of concrete and its bonding properties
are improved using smooth and rounded aggregates [28]. The
workability of the rough, flaky, angular or elongated aggregate, on
the other hand, is reduced. This test was conducted following the
existing methodology [29], by mass approach. The FI and El of
samples from most quarries are within the acceptable limits of
international standards (Tab. 1).

3.4. Soundness

The aggregates refer to their capability to withstand possible
weather circumstances, including freeze and thaw cycles, as well
as wetting and drying cycles. Temperature changes cause volume
expansion, which compromises the resilience of the concrete.
This test was conducted according to the existing methodology
[30], and all of the aggregate samples were considered sound
because their values were within the ASTM acceptable range
(Tab. 1).

3.5. Aggregate crushing value

This test was carried out following the standard BS 812: Part
110 [31]. According to the IS: 2,386 requirements, the following
are the acceptable limits:

— Concrete Works = 45%
— Pavement wearing surfaces = 30%

We found the aggregate crushing values for specimens from
Dhedvero, Karai, Nagarparkar, Mokrio, Dinsi and Wadlai to be
<30%, indicating that they can be used on wear surfaces and in
other concrete works. Different samples, on the other hand, can
be safely used for both concrete and pavement (see Fig. 4 and
Tab. 1).

3.6. Aggregate impact value (AlIV)

The studied area as Dhedvero, Karai, and Nagarparkar ag-
gregates are appropriate for heavy-duty concrete floorings or rigid
asphalts, according to the guidelines outlined in BS 882 [32]. They
can also be used in standard concrete projects (see Tab. 1).

3.7. Loss angeles abrasion value

This Loss Angeles test was carried out according to the
standard ASTM C131. For the use in concrete, the appropriate
range of abrasion is up to 50% (ASTM C-131 and AASHTO T-96)
[33], but the specified limits may differ, depending on the type
of use (Tab. 1).
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Tab. 1. Summary of the test results
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3;'. Quarries Ab‘s’f:'tpetzon FI(%) | El(%) sr:)eusnsd 'L(\%, 32; IE%A Petrography ASR \?eozlzf:;tsll
(%) (%) (psi)
01 Dhedvero 0.4 25.8 18.2 2.3 25.1 218 16.1 Innocuous Deleterious 4,809
02 Karai 0.5 22.4 15 41 29.4 23.4 17.7 Deleterious Innocuous 4910
03 Nagar parkar 0.43 16.2 134 1.3 18.3 21.3 15.8 Innocuous Deleterious 5,128
04 Mokrio 0.46 171 321 2.1 27.2 24.7 15.9 Deleterious Deleterious 4,712
05 Dinsi 0.54 149 14.6 57 22.6 25 18.3 Deleterious Innocuous 4,739
06 Wadlai 0.64 14.8 14 2.3 214 259 18.1 Innocuous Deleterious 4,612
ACV, aggregate compression value; AlV, aggregate impact value; ASR, alkai silica reactivity; El, elongation index; Fl, flakiness index; LAA,
Loss Angeles abrasion

CRUSHAGGREGATE 25-38 mm

Medium grained pink GRANITE

o, B = 5
Coarse gaine-d grey Granite

Fig. 4. Study area samples and varieties used in the construction
3.8. Compressive strength

The compressive strength of the aggregates varies from
12,000 psi to 42,000 psi, while tensile strength is 400-2,400 psi
[8]. All of the concrete cylinder samples have identical compres-
sive strength values (Tab. 1). Before being tested for strength, the
cylinders were cast according to the requirements and cured for 7
days and 28 days. The ratio of the cylinder casting was 1:2:4, and
the water/cement ratio was 0.49.

The results can be found in the remaining information in Tab.
1. Although mortar crushed the majority of the cylinders, a few
aggregate particles were found split.

3.9. Alkali silica

A chemical reaction between alkalis in the cement (sodium ox-
ide or potassium) and certain siliceous minerals in the aggregate
occurs under certain moisture conditions, resulting in the for-
mation of an alkali-silica gel, which causes concrete expan-
sion/swelling and cracking. We used the ASTM C-289 [34], which
is the method to determine alkali-silica reactivity. The aggregates
from the respite of the quarries were initiated to be stable.

3.10. Petrographic examination

The existing standard ASTM C 295 [35] specifies a petro-
graphic test. The petrography of the samples revealed that
Dhedvero and Nagar Parker samples contain harmful materials.
Tab. 1 summarizes the petrographic results of all of the test sam-
ples.

There are a few coarse-grained gabbro dykes among the me-
dium- to fine-grained dolerites. Biotite is a mineral that surrounds
olivine and clinopyroxene grains in minor quantities (Fig. 5a).
Clinopyroxene is found as an oikocryst containing plagioclase in
sample 1 (Fig. 5b). Dolerites with a medium to fine grain are found
all over the world. The dolerites at Karai are about 25 m wide and
52 m long, with amphibolites and gabbros intruding in the N40° W
and N30° E directions sample 2 (Figs. 3a,b). Plagioclase, titanif-
erous augite, hornblende, biotite and titanite are all contained in
these dolerites. Accessories include apatite and zircon. The
opaques are magnetite, hematite, titanomagnetite, ilmenite, pyrite
and chalcopyrite, and dolerites with medium to fine grain, such as
brown, pink and greyish-white granites dating back from 1,100 Ma
to 750 Ma (Figs. 3c,d). Pink granite at Nagar Parker, Mokrio,
Kharsar, and Wadali, and amphibolite and meta-sedimentary
rocks at Dhedvero are situated [20].

Fig. 5. (a) Photomicrograph of gabbro dyke (sample 1) illustrating olivine,
clinopyroxene, and plagioclase. Olivine contains plagioclase
as inclusion. Biotite is developed rimming the olivine and clinopy-
roxene grains. All photomicrographs are taken in crossed polars.
(b) Photomicrograph of gabbro dyke (sample 2) showing clinopy-
roxene oikocryst containing plagioclase

Plagioclase, hornblende and augite are the main minerals in
dolerites. They range from subophitic to ophitic in thin sections.
Plagioclase, on the one hand, is transformed into sericite, calcite
and epidote in part. On the other hand, hornblende is transformed
into biotite and chlorite in part. Some of the dolerites that have
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intruded through the deformed pink granites have been deformed
(Fig. 6a). Quartz grains appear as interstitial masses and meg-
acrysts in one of the dyke samples, sample 3. Stresses have
fractured the quartz megacryst in sample 3 (Fig. 6b). At the Nagar
Parker [36] site, this dyke intrudes 750-Ma reddish-pink granite.

== o 300um
Fig. 6. (a) Photomicrograph of dolerite showing deformation as depicted
by microfracture in the rock, the bulk of the rock comprises
plagioclase, clinopyroxene, hornblende, biotite and opaques.
(b) Photomicrograph of dolerite (sample 3) depicting deformed
quartz phenocryst in altered ground mass

The current study revealed that some localities in the
Tharparkar and Nagar Parker districts have a substantial supply of
coarse aggregate material which can be used as an important
material. The crush from the studied area is of high quality, as
demonstrated by numerous tests performed on these samples,
which revealed that they follow ASTM or BS standards. Next in
quality to Nagar Parker and Karai, this has strong physical and
chemical properties making it suitable for aggregate use. The
Dhedvero crush, on the other hand, had excellent physical results
but failed the chemical examination.

4. CONCLUSIONS

The Pakistani Geological Survey estimates over 297 billion
tonnes of granite reserves in the Nagar Parkar region of Sindh,
Pakistan, with over 25 different granite types in various colours
and varieties. We conducted the study to provide information to
prospective investors to plan a complete business plan for the
quarry of their selection. Granite is a crystalline igneous rock with
a visibly crystalline structure and texture. Granite is made up of
feldspar, i.e., mostly potash feldspar and oligoclase, primarily
whitish or grey, with a speckled appearance caused by the darker
crystals. Granite is generally used for outdoor applications, such
as flooring tiles, highway design, lodge and house cladding, and
so on. Granite contains a specific gravity ranging from 2.63 to 2.7.
It has become a common building stone, with applications includ-
ing external flooring and facing and internal flooring.
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In comparison to marble, it is more robust, more durable, less
porous and needs less maintenance. Granite does not need re-
polishing after it has been polished and fixed in the desired place,
while marble needs polishing at least once every two years be-
cause of the rigid compacted granular shape. The low porosity of
granite does not absorb water and is thus commonly used in
kitchens, bathrooms, research laboratories and other offices.
Aggregates are used in all civil projects, such as houses, bridges,
dams, canals, highways and railway tracks. Therefore, the con-
struction industry is dependent on the supply of granite worldwide.
Nagar Parker granite has all the engineering characteristics for
road construction in compliance with existing standards AASHTO,
ASTM and BS due to its negligible low porosity and strong crush-
ing strength. Besides, the increased road construction in Thar
District's surrounding areas and quality development to supply
aggregates to the local market and reduce long-distance transpor-
tation costs. To classify the mineralogy grain, we used both petro-
logic and petrographic methods in the study which include size,
shape, fabric and weathering states.

5. RECOMMENDATIONS

Based on the findings of this study, the following recommen-

dations have been made:

— The aggregate deposit is highly recommended for use in all
types of concrete and highway construction.

— Nagar Parker aggregates can be used safely on regular roads
and concrete projects.

— The aggregates Dedhvero and Karai are more appropriate for
the building.

— The Mokrio, Dinsi and Wadlai aggregates performed well in
physical tests to be used in everyday construction.

— More studies should be conducted in the adjacent areas of
Nagar Parkar and Tharparkar in light of the present study.
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Abstract: Water-miscible metalworking fluids are an essential component of many manufacturing processes. During their lifetime
they are subject to permanent changes in their physical and chemical characteristics. Due to their high content of water and their chemical
composition in use, metalworking fluids (MWF) are prone to microbial life, i.e. the proliferation of bacteria and fungi. The microbial activity
leads to significant changes in the chemical composition of the MWF, which can result in the loss of their technical properties. This paper
briefly discusses the influences of microbial contamination on the technical quality of MWF and presents common monitoring systems
for the detection of microorganisms. Finally, measures are described that can be taken to protect MWF from damage caused by high
microbial loads in daily practice. In a short outlook, alternative research approaches are mentioned that aim at sustainable use of MWF.

Key words: Metalworking fluids, microbiology, biofilms, monitoring

1. INTRODUCTION: METALWORKING FLUIDS (MWF)

The use of MWF in metal cutting and forming processes has
been state of the art for decades. In machining processes, a large
proportion of the machine power input is converted into heat,
which can have a detrimental effect on the machined workpiece
and the tools. MWF counteract this process by dissipating the
heat energy directly at the point of machining and/or reducing the
generation of heat by reducing friction (s. Fig. 1). The use of MWF
generally leads to better machining results and ensures cost-
saving production.

The elementary role that machining and MWF play in every-
day life was described by Hans Ernst as early as 1951 as follows;
‘Directly or indirectly, it (metal cutting) affects every aspect of our
civilization. Every product we use, wear, or eat is related to metal
cutting, either directly, in its own manufacture, or indirectly,
through the manufacture of the machine that makes it [1].

For the user, the longest possible service life of the MWF with
constant performance is of great relevance. Drag-out losses due
to chips and scooping parts require subsequent redosing with
MWEF. A decrease in technical quality due to physical-chemical
processes and in particular microbial activity in water-mixed MWF
leads to changes in MWF chemistry and a decline in the working
result. Therefore, proper monitoring and surveillance of the MWF
are necessary. An optimally coordinated use of MWF can lead to
cost savings irrespective of the size of the plant and equipment. In
addition, extended change intervals and reduced waste quantities
also contribute to environmentally conscious production. The use
of water-mixed lubricants thus contributes significantly to the cost
structure in a production chain [2, 3].
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Workpiece

Lubricating

Fig. 1. Primary functions of cooling and lubricating of a MWF.
The arrows indicate the areas in which the two functions
are effective

2. MWF’ TASKS AND CHEMISTRY

According to DIN51385, coolant lubricants are divided into
three groups: non-water-miscible, water-miscible and water-mixed
coolant lubricants. The water-mixed MWF designates the applica-
tion state of the water-miscible MWF after mixing a MWF concen-
trate with 90-95% water. Mineral oils, hydrocrack oils, polyolefins
and synthetic esters of various origins with different degrees of
refinement are used as base oils in these technical fluids. In their
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application state, MWFs are divided into emulsions and solutions.
To convert the two phases of water and oil from the concentrate
into a stable emulsion, surface-active substances known as emul-
sifiers or surfactants are added to the concentrate. These have an
amphiphilic molecular structure, i.e. they consist of a nonpolar,
hydrophobic part and a polar, hydrophilic part. They reduce the
interfacial tension between the two phases by dissolving with their
non-polar part in the oil and their polar part in the water. As a
result, they form finely dispersed droplets, known as micelles, with
the oil. The stability of the emulsion depends on the size of the
micelles that form. They represent the degree of dispersity of the
emulsion. The average droplet size of a MWF emulsion is be-
tween 0.1 um and 10 um [4]. Finely dispersed emulsions have
smaller micelles and are more stable. MWF emulsions can be
demulsified by lowering the pH value, salinisation, evaporation, or
energy input using ultrasound. MWF solutions are true solutions in
the chemical sense, in which the ingredients are uniformly dis-
solved in water. They are homogeneous mixtures of inorganic
and/or organic substances with water [5-7].

High demands are placed on the machining process when
cutting metals. Here, MWF has the task of reducing friction and
wear at the contact points of the tool and workpiece, as well as
dissipating the developing heat. Due to the use of MWF, changes
in friction mechanisms and reduced wear occur, and the quality of
the newly created surface in the machining process can be signifi-
cantly improved. The occurrence of lower cutting forces enables
the increase of process performance. Fig. 1 displays the areas of
cooling and lubricating in a metal-cutting process. Gottwein et al.
[8] wrote a fundamental work on whose content almost all subse-
quent work was based. A detailed description of the MWF ingredi-
ents will not be given here; this has already been done in detail in
[9-11]. The turnover rate of in-use MWFs in Germany is about
600.000 tons p.a. [12].

In addition to the primary functions of cooling, lubrication and
transport of chips and swarf there are further relevant functions of
MWE. Depending on the machining process, there are secondary
requirements, such as corrosion protection, oxidation stability and
a low tendency to foam formation. Due to the high demands
placed on the machining process in manufacturing today, the
fields that MWF must cover have expanded significantly. In addi-
tion to other literature, in Germany, the rule DGUV R-109-003 of
the Employer's Liability Insurance Association defines the re-
quirements that an effective MWF should meet today. The follow-
ing is a selection of MWF secondary requirements [6, 11, 13]:

— Cooling capacity

— Lubricity

— Flushing capacity

— Long service lifetime

— Corrosion protection

— Anti-foaming properties
—  Skin compatibility

— Low hazardous potential
— Environmental friendliness
— Wetting capacity

— Compatibility with other machine tool components
— Low disposal costs

Due to these requirements, a MWF can be formulated with up
to 30 different ingredients, and >300 raw materials are available
for the formulation of MWFs. The degree of purity of the raw
materials used is of technical quality, so in any case admixtures of
unknown origin and concentration must be expected [9, 10, 14].

3. MICROORGANISMS AND MWF

Microorganisms are ubiquitously present. In MWF bacteria
and fungi are the main microbial inhabitants. Microorganisms
have special abilities. They represent the oldest form of life, they
are involved in all natural cycles, e.g. C-, N-, and they are adapted
to live in extreme environments e.g. temperatures >100°C, pres-
sures >100 bars, pH-values 0-14. Bacterial cells usually have a
size between about 0.5 um and about 5 um, and the single cells
of fungi can reach sizes of up to 20 um. The existence of bacteria
and fungi in MWF however, has been described since the early
1920s. The first studies on the interactions between microbial
contamination, hygienic aspects and the quality of the MWF date
back to the 1920s [15-18]. The significance of the microbial infes-
tation of MWF derives from the microorganism’s capability to use
the ingredients of a MWF for their metabolism. The degradation
led to a decline in the components and consequently altered the
technical quality of the MWF [19, 20].

Average land wear mark VB after a Additive M, bacterial
cutting length of 1.000 mm cell counts CFU
80 8.0
—_——~_T - N - —
<~ ---../ Cell counts CFU — o1
(um) | / -
Additive M ! M Logimi]

/

40 4 40
Average land wear mark VB

LTINS

9 10 11 12 13 14 15 16 17 Weeksl19
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Fig. 2. Course of average tool wear, bacterial cell counts and a selected
additive in a drilling process over a run time of 19 weeks

All technical fluids containing water are susceptible to micro-
bial infestation. Due to their water content of >90% MWF are
prone to microbial infection. Microorganisms find very favourable
conditions for their growth and cell reproduction in MWF. They
utilise all biological usable components of the MWF as a source of
food and energy. The temperatures in the cooling system ranging
from 20°C to 45°C also ensure optimum conditions for mesophilic
microorganisms. In the course of the degradation processes,
changes occur in the chemical composition of the MWF and the
structure of ingredients. This results in a loss of the desired tech-
nical properties of the MWF. The microbial utilisation of MWF
ingredients is accompanied by the formation of new, unknown
intermediates and end products and a drop in the pH value. The
microbial degradation of MWF ingredients as emulsifiers, corro-
sion inhibitors and/or performance additives causes increased
wear and corrosion of tools and workpieces as well as the for-
mation of foul odours and discolouration of the MWF. The in-
crease in average land wear mark in a drilling process due to
microbial degradation of ingredients (e.g. additive M) and the
increase in bacterial cell counts in a MWF is given in Fig. 2. The
process parameters were a drilling process of 16MnCr5, tool had
a diameter of 10.0 mm, land wear mark VB was determined after
a cutting length of 1.000 mm, MWF was a 5% mineral oil-based
emulsion, bacterial cell counts detected by colony forming units
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(CFU). Microbial infestation of MWF leads to increased consump-
tion of concentrate, biocides and additives, as well as a shift in the
chemical composition. The microbial degradation of a MWF is
complex and does not affect a single ingredient or property alone.
Therefore, the initial condition of the MWF cannot be restored by
the addition of additives. The damaged MWF must be replaced
and disposed of prematurely. This results in costs for the user that
can be avoided. Careful selection, proper care and maintenance,
and proper personal protection during use can significantly im-
prove productivity and worker safety [9, 14, 19, 20].

In summary, the microbial degradation processes can have
the following effects on the MWF system [13, 21]:

1. Effects on the MWF

— Degradation of the ingredients

— Decrease in the pH-value

— Decrease in corrosion protection
2. Effects on the circulation system

— Qil separation, emulsion splitting

— Clogging of lines by biofilms

— Occurrence of foam

— Hydraulic difficulties during filtration
3. Effects on the environment

— Risk of infection for employees

— Accumulation of skin irritation

— Occurrence of odours
4. Effects on downstream systems

— Interference with ultrafiltration during disposal of cooling

lubricants

— Carryover into downstream systems

— Increase in dissolved organic carbon/chemical oxygen

demand (DOC/CSB) in the wastewater disposal stream

In the production process, the aim should be to achieve the
lowest possible microbial load in MWF to keep the technical quali-
ty of the MWF at a high level.

A particular problem of contamination of MWF is the develop-
ment of biofilms present in the system. The term biofilms refers to
the extensive growth of bacteria and fungi on interfaces. Biofilms
are found on almost all interfaces that are in contact with water.
On clean surfaces in contact with an aqueous phase, a condition-
ing film of macromolecules forms spontaneously within a few
minutes, on which bacteria grow to form a biofilm. According to
Costerton et al. [23] bacterial biofilms represent the most success-
ful form of life regarding the entire biomass as well as the diversi-
ty, type and expansion of populated habitats.

Life in biofilms offers microorganisms a series of advantages
over existence as free-floating organisms in the water zone. The
biofilm has to be understood as a three-dimensional habitat that is
neither shaped evenly in a temporal nor in a spatial sense. It
presents its inhabitants with protection from hydraulic loads, fluc-
tuation in pH, osmotic stress, dehydration and pollutants such as
biocides. At the same time, the biofilm is in a way decoupled from
the water body. That makes it impossible to read from data from
the water body where biofilms are, what extent they have and
which organisms live within them. The extracellular polymeric
substance (EPS) is the base frame for biofilms; it is traversed by
water-filled channels in which signalling and messenger sub-
stances and nutrients are transported. It serves as a storage
space for nutrients and is the compartment for chemical-physical
reaction processes. The coexistence of different species of micro-
organisms forms a pool of genetic information in a narrowly de-
fined space leading to the development of micro-consortia. This
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results in the possibility of horizontal gene transfer and the ability
to degrade molecules in co-metabolic processes, which cannot be
degraded by single microbes. With increasing thickness of the
biofilm and decreasing oxygen content, more ecological niches
emerge for anaerobic organisms. These local habitats do not
emerge in the free water zone, as anaerobic bacteria could not be
active physiologically there. Fig. 3 displays a schematic of a bio-
film structure [23-27].

+ -
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biological activity
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I Subsﬁatum ‘ l ) J_L

Genpool, anoxic area,
protection from biocides

or harmful substances
formation of microconsortia

Fig. 3. Schematic representation of a biofilm and selected gradients over
the depth of the biofilm. Natural biofilms usually consist of >90%
water and in the EPS matrix, the proportion of microorganisms is
very low [acc. [28] modified]

Bukfid | Biofimlid
Week 16 17 19 21 B15 B17 B19 B21

Fig. 4. DGGE-analysis of the bacterial community in Biofilms in a MWF
system, A = Plot of the DGGE-analysis, B = Backside of the lid
containing a visible biofilm dripping in the bulk fluid

Biofilms ranging in thickness from a few micrometres to a few
centimetres are regularly found in MWF systems. In a MWF sys-
tem, the microbial community of a biofilm is in exchange with the
bulk liquid in terms of the predominant species spectrum. Fig. 4
shows the analysis of denaturing gradient gel electrophoresis
(DGGE) of the bulk fluid and the biofilm on the backside of a lid in
a MWF system, and the testing interval was six weeks. Every
single bar in the lanes of the gel plot represents a specific bacteri-
al strain. It is clearly visible that the species composition is nearly
identical in the bulk fluid and the biofilm. In pipelines and filter
systems, the reduction of the cross section or the complete block-
ing of the lines can lead to hydraulic difficulties in the MWF sys-
tem. Due to their good adhesion and persistence to chemicals,
biofilms can only be removed from a MWF system by a combina-
tion of system cleaning and mechanical post-treatment of the
surfaces [25].
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4. MONITORING SYSTEMS

In Germany, the monitoring of MWF is regulated in DGUV-R-
109-003. Once a week the noticeable alterations in the MWF, pH
value, MWF concentration, and nitrite content of the MWF have to
be measured and documented. The measurement of the microbial
load in MWF is not provided. In case of an increased microbial
occurrence in the MWF, reference is made to the rule DGUV-I 051
(BGI762) and the documents available in the appendix of the rule
[13, 31].

Due to the high relevance of microbial loads in MWF, this
chapter will give an overview of the common techniques for the
detection of bacteria and fungi in MWF displaying their ad-
vantages and disadvantages. It should be noted that all methods
described below evaluate the cell counts in the bulk fluid. Cell
count determination in microbial biofilms is more complex and is
not performed in MWF monitoring practice.

4.1. Dip-Slides

Dip-Slides are still the most widely used method in operational
practice to monitor microbial cell counts in MWF. They are plastic
strips coated with a growth media for the identification of bacteria
and fungi/yeasts on each side respectively. For cell enumeration,
the strips are dipped into the MWF to be wetted with the fluid.
Afterwards the strips are sealed in a tube. After an incubation time
of mostly 48 h for bacterial and 72 h for fungi/yeast growth respec-
tively at a given temperature, the slides can be evaluated. The
addition of a dye to the medium serves the colouring of the bacte-
ria colonies and is supposed to simplify the reading. The classifi-
cation of the results is conducted with a colour scale supplied by
the manufacturer, which displays the cell number estimation in
intervals of orders of magnitude (s. Fig. 5).

RSP S
10%/mL 104/mL

Fig. 5. Left: Dip-Slides after 48h incubation time. MWF were taken at
different sample sites of the machine tool. The photograph shows
the side with the media for bacterial growth. The red dots are col-
oured colonies that have arisen from a single cell. Right: Example
of a colour scale for the cell count enumeration of the Dip-Slides

Unfortunately, the results of the cell count estimation via Dip-
Slides are overrated in operational practice, and a nonexistent
growth is interpreted as sterility. The results are more an estima-
tion of cell counts than a reliable determination due to the follow-
ing inaccuracies:

— The volume of MWF remaining on the Dip-Slide after dipping
is dependent on viscosity and temperature and is therefore
not constant

— By dipping the slide directly into the MWF, the oily surface film
is brought onto the Dip-Slide

— Bacterial strains that are not colourised by the dye are often
overlooked in the reading

— Bacterial strains with a low rate of cell division do not form
colonies large enough to be identified by eye inspection

— The method is time-consuming (48—72 h)
The main advantages of Dip-Slides are their low price and

their easy handling, which does not require a laboratory [32].

4.2. CFUlplate counts

The culturing of microorganisms on solid media has been a
proven technique to determine microbial cell counts for decades.
The reproductive rate of microorganisms is used to make them
visible to the human eye and therefore accessible for quantifica-
tion. A defined volume (normally 0.1 mL) of fluid/MWF out of a
dilution series is applied to a solid medium and evenly spread to
separate the organisms. A numerical evaluation of the forming
colonies takes place after a predetermined incubation period of
normally between 24 h and 48 h. Fig. 6 shows as an example a
section of a CFU plate with bacterial cultures of different sizes.
The result is represented in cell count per mL. The determination
of the CFU offers the possibility to cultivate bacterial strains selec-
tively by using specific media and thus differentiate species within
bacteria populations. Single strains or bacteria groups from one
mixed culture can be isolated and verified selectively. The deter-
mination of the cell counts employing CFU requires laboratory
equipment and requires qualified personnel [33, 34]. Therefore,
this technique is mainly used in research on MWF microbiology.
The advantages and disadvantages of using CFU for the determi-
nation of microbiology in MWF can be summarised as follows:

— Lab required, therefore costs are higher
— Reliable results when using the same cultivation media in
routine control

— Selective growth conditions can be set up
— Routine required for reliable assessment
— Time consuming (>48 h)

| “ AN >

Fig. 6. Section of a CFU plate incubated with MWF. The dots are
bacterial colonies that have grown from a single cell.
The different sizes of the colonies are due to the different
growth rates of the respective bacterial strains and indicates
the presence of different species in the sample

4.3. Adenosine triphosphate (ATP)-measurement

ATP is the overall energy supply used in cells, which is trace-
able in all living beings. The measurement of the ATP content is
therefore an appropriate method for the detection and monitoring
of microbial loads in MWF. The basis of the ATP determination is
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the reaction of luciferin with the enzyme luciferase. In the pres-
ence of ATP and oxygen, the luciferin-luciferase-complex is oxi-
dised by the emission of light (s. Fig. 7).

LL + ATP + Oz (Mg?*) —

LL (oxid.) + AMP + CO2 + PP; + Light

LL = luciferin-luciferase-complex; AMP = adenosine mono-

phosphate; PP; = inorganic phosphate (acc. [35]).

In the detection process according to ASTM E2694 [36]
(American Society for Testing and Materials) at first, the microbial
cells were disrupted, and the released ATP is bound to a filter.
After a washing step, the ATP is resolved and can react with the
added luciferin-luciferase complex. The emitted light is detected
and from these data, microorganism equivalents can be calculat-
ed. Depending on the ATP measuring device in use, the time
needed for an ATP content measurement is between 5 min and
20 min. Thus, it offers fast results and allows intervention in the
MWEF system if necessary. It can be carried out without any spe-
cial laboratory equipment. Furthermore, the method is well suited
to show changes in the microbial load in monitoring over time. If
changes in the measured values occur the process can be flanked
by further methods (e.g. determination CFU). Passman et al. [37]
confirm this statement and emphasise the high reproducibility of
the measurement results. They conclude that ATP measurement
is a powerful tool to improve microbial monitoring in MWF.

ATP Luciferase Light
(Source: Firefly)

Fig. 7. Scheme for the measurement of adenosine triphosphate (ATP).
Upper part: A = Microbial contaminated MWF samples.
B = Bacterial cells containing ATP. Below: Reaction
of the extracted ATP with the luciferin-luciferase-complex
from firefly lead a light emission

4.4. Molecular biological techniques

The permanent development of chemical-analytical methods
has allowed for new procedures for the fast determination and
exact identification of microorganisms. Molecular biological meth-
ods, such as the amplification of DNA with the polymerase chain
reaction (PCR), are standard in daily work in microbiological
laboratories. Based on this, further methods have been estab-
lished in the most scientific reflection on MWFs microbiology. The
PCR technique requires laboratory and qualified personnel and
therefore have currently no role in daily MWF surveillance. But
they have been contributing significantly to the scientific under-
standing of the microbiology of MWF. Developments such as Lab
on Chip, which are already state of the art in other fields of appli-
cation, will certainly also find their way into MWF monitoring short-
ly and contribute to fast and reliable test results.
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Fig. 8 compares the methods presented here for their charac-
teristics in terms of cost, the time required between sampling and
result presentation, routine, validity and laboratory requirements.
The methods Dip-Slides and ATP measurement are, due to the
easy handling and the possibility to be used on-site, the methods
that have the widest spread in practice.

Validity

Dip-Slides

On-site | ool 5

Molecularbiol.

Fig. 8. Comparison of the presented methods for the determination
of microbial cell counts in MWF. The evaluation of the characte-
ristics costs, the time between sampling and result presentation,
standardisation, validation and necessity of a laboratory is done
by a traffic light system

5. METHODS FOR COUNTERACTING

This section briefly presents physical methods and chemical
counteracting that exert a biocidal effect in MWF and have
achieved relevance in practice.

Physical methods:

UV-Radiation in the wavelength 254 nm destroys chemical
bonds in the microbial DNA. This method can only be used in
bypass, as the penetration depth is low and in addition, shadow-
ing effects occur.

Ultrasonic treatment is @ method that is mainly used in the
food industry to get liquids free of microbes. When used in MWF,
there is a risk that the energy input will destroy emulsion droplets
and macromolecules.

Contact catalysts as e.g. AGXX® disrupt the electric field of a
cell, causing damage to the cell membrane that can lead to cell
death. It has a limited range and produces the effect only in pass-
ing liquids.

The physical methods mentioned here, only act in the bulk flu-
id and have no biocidal effect on biofilms.

Chemical counteracting:

Common substance classes of chemical agents are formalde-
hyde releasing agents, isothiazolinone, chlorocresol and iod-
carbamate. The main acting site of chemical agents is also within
the bulk fluid. In biofilms, the impact of chemical biocides is de-
creased due to reactions of the substances with the EPS matrix
and a significantly lower flow velocity. With the entry into force of
the Globally Harmonised System GHS regulation, the number of
chemicals available on the market that may be used as biostatics
or biocides in the EU has been significantly reduced. Currently, 11
substances are approved for storage preservation and 6 sub-
stances as protective agents for machining fluids [24, 29, 30].

6. RESEARCH RESULTS

Microbial life in MWF is dynamic regarding the cell counts and
the diversity of the microorganisms. Fig. 9 displays the develop-
ment of microbial cell counts in a MWF system detected over a
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period of 27 weeks. CFU plate counts, ATP measurement accord-
ing to ASTM E2694, and Dip-Slides were used as techniques for
the enumeration of the bacterial cell counts. Dip-Slides lead to an
underevaluation in the range of one to more than two orders of
magnitude compared to CFU and ATP measurement. Therefore
Dip-Slides could give only a hint of bacterial life in MWF and
should not be used for a reliable enumeration of cell counts. For
the description of the changes in bacterial diversity patterns over
time, the dominating strains on CFU plates were identified by
molecular biological techniques. The identified bacterial strains
are displayed in the text below Fig. 5. Pseudomonas pseudoalcal-
igenes was the strain which could be detected in the longest time
range in the MWF, starting two weeks after the start until the end
of the investigation time of 27 weeks. The changes in diversity are
due to the varying rate of degradation of the MWF ingredients and
thus the varying nutrient supply for the bacteria.
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Fig. 9. The graph displays microbial cell counts in a MWF over a time
period of 27 weeks, detected by CFU, Dip-Slides and ATP
measurement according to ASTM E2694. The underestimation
of cell counts by Dip-Slides is evident. The dynamic in diversity
is given by the names of the predominant bacterial species
identified per measurement date from the CFU plates.
A =Brevundimonas diminuta, Ochrobactrum rhizospherum,
unidentified strain; B = Pseudomonas pseudoalcaligenes;
C =Arthroabcter sulfureus, Ps. pseudoalcaligenes, unid. strain;
D = Sphingomonas yanoikuyae, Ps. pseudoalcaligenes, unid.
strain; E = Acinetobacter sp., Sp. yanoikuyae, Ps. pseudoalcali-
genes, Brev. diminuta; F = Sp. yanoikuyae, Ps. pseudoalcali-
genes; G = Sp. yanoikuyae, Ps. pseudoalcaligenes, unid. strain;
H =Sp. yanoikuyae, Ps. pseudoalcaligenes. (acc. [38] modified)

The bacterial diversity also varies in one MWF at the same
time in one machine tool at different places. In Fig. 10 the results
of measuring the microbial cell counts using the methods CFU,
Dip-Slides and ATP-measurement according to ASTM E2694 are
compared in the graph. In addition, the dominating strains on CFU
plates were identified by molecular biological techniques. These
results are given in the table above the graph. The samples were
taken at the same time from different sample sites in the machine
tool. From these results, the underestimation using Dip-Slides
compared to the other techniques can be seen. In addition, the
cell counts as well as the abundance of the bacterial species are
different, depending on the site samples were taken. For MWF
surveillance in daily practice, this means that routines concerning
the sampling site are necessary to achieve valid results.

[Log / mi

MO.- Equiv.)
B ] p—
5 p—

4

CFU, Dip Slides [Log / mi)

ATP [MO.- Equiv.]

MWF-Reservoir Chip conveyor Feed pipa
BCFU @Dip-Shides @ ASTM E2694
Abundance

Bactenial species MWF-Reservoir  Chip conveyor Feed pipe
Sphingomonas yanoikuyae 4+ ++ ++
Pseudomonas pseudoalcaligenes + ++ ++
Brevundimonas diminuta J. 1 +
Stenatrophomonas maltophila J, 1. +

Fig. 10. Comparison of the results of measurement of microbial cell
counts by CFU, Dip-Slides and ATP measurement according to
ASTM E2694. The samples were taken from one machine tool
at different sample sites. Cell counts differ, depending
on the sample site and method used. The bacterial diversity
differs concerning the sample site. (acc. [38] modified)

7. CONCLUSIONS

The life and proliferation of microorganisms are an integral
part of almost all aqueous technical fluids. The degradation of fluid
ingredients by microbial activity led to a loss of the required tech-
nical properties of the fluid, hygienic problems and, in the case of
biofilm formation, disturbances concerning fluidic and thermal
processes.

The microbiology of MWF has a history of decades, with only
little evolution regarding monitoring and prevention techniques.
Nevertheless, it still represents a relevant problem in manufactur-
ing technology today, which should be brought back into focus.
Due to legal regulations, fewer biocidal agents are available for
use as preservation of MWF. This results in improved health
protection for employees, but also in the problem of an increasing
spread of microorganisms in MWF.

The following points should be realised and implemented in
practice and research to enable an extended service life and thus
a resource-saving use of MWF in the future:

— Microbial growth in MWF and other water containing technical
fluids cannot be avoided.

— Besides the regular examinations of the physical-chemical
parameters, the determination of microbial cell counts is nec-
essary for successful monitoring and surveillance of the MWF.

— Molecular biological surveillance techniques should be state of
the art in MWF surveillance.

— The result of an individual measurement of the microbial cell
counts is not meaningful, a time course of measurements
must always be recorded.

— Only suitable methods for cell count determination should be
used.

— Compliance with industrial hygiene and machine cleaning
standards must be maintained.

— The development of new, alternative biocidal agents or tech-
nical processes should be the focus of scientific research.

17



§ sciendo

Thomas Koch
Microbiology of Metalworking Fluids: What We Know and Lessons to be Learnt

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

172

The knowledge about biofiims in MWF systems is only in its
infancy and also requires more intensive research.

Legislation such as Biocidal Products Regulation (BPR) and
REACh/GHS can be a driver for new developments regarding
new biocidal products with a lower hazardous potential.
Research is needed for the development of alternative and
renewable ingredients, e.g. plant-based emulsifiers, antioxi-
dants, performance additives or biocidal substances.
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Abstract: For the development of gas exchange for large diesel engines, a compromise has to be found between efficient valve-flow
and the time between overhauls. On the one hand, large effective flow areas, especially during valve-overlap, are demanded. On the other
hand, there are limitations of cylinder bore regarding the maximum diameter of inlet and outlet valves and the minimum distance (dead
space) between valves and piston, as well as wear-related smaller seat angles. For large medium-speed diesel engines, a valve-seat
angle of # = 30° for inlet and outlet valves is a standard application. For engine-operation with clean fuels, a valve-seat lubrication
(gasoil) or smaller seat angles (natural gas) need to be applied. With this presentation, the basic influence of different valve-seat angles
on the operation values and emissions will be considered for the example of the single-cylinder research engine FM16/24. Using
a self-developed testbed, experimental investigations into effective flow areas as a function of valve-lift at inlet and outlet valves have
to be executed. With this input, different cycle calculations including T/C have to be carried out to determine deviances in specific fuel-oil
consumption, exhaust-gas temperatures, NOx emissions and air/fuel ratio. The results will be discussed critically.

Key words: medium-speed engine, gas exchange, valve-seat angle, flow coefficient, thermal load

1. PROJECT MOTIVATION

More than 95 % of the world’s merchant ship fleets are pow-
ered by diesel engines. Currently about 71 % are burning heavy
fuel-oil [1]. The market share of =1 % for gas-engines is mainly
induced by special boil-off requirements of LNG-carriers. Directly
driving 2-stroke engines with speeds up to 104 rev/min dominate
the propulsion market for container ships, tankers and bulkers.
Cruise liners, ferries, container-feeders and special-purpose
vessels are mainly propelled with reduction gears by medium-
speed four-stroke engines with engine speeds between 333 rpm
and 1,000 rpm. Gensets are mostly medium-speed powered.
Intensive competition in the propulsion market led to extreme
concentration of manufacturing capacities.

As a result of aggressive competition, the remaining compa-
nies increased the specific output of their engines to ensure the
resultant cost-attenuation that would enable them to retain them-
selves in this market. The basic requirement is a sufficient charge-
air pressure, limited by the maximum circumferential speed of T/C
wheels. Large four-stroke diesel-engines with optimised volumet-
ric efficiency generate with every bar charge-air pressure ~6 bar
mean effective pressure, which are paid by customers, while parts
of available charge-air pressure must be used for emission reduc-
tion by Miller-timing. Optimised gas exchange is a usable way for
breaking up this trade-off between vendable power and limited
T/C capacity.

For the development of gas exchange of large diesel engines,
a compromise must be found between efficient valve-flow and

sufficient time between overhauls of at least 5,000 h for valves.
At one side, large effective flow areas, especially during valve-
overlap, are demanded for low exhaust-gas temperatures. Other-
wise, there are limitations of cylinder bore regarding the maximum
diameter of inlet and outlet valves and the minimum distance
(dead space) between valves and piston, as well as wear-related
smaller seat angles. For large medium-speed diesel engines,
a valve-seat angle of Bv = 30° (Fig. 1) for inlet and outlet valves is
a standard application.

Index:

A - Exhaust Valve

E —Inlet Valve

Geometric Values:

hy - Valve Lift

i
|
2, \
1Y T
i
1 T dy - Inner Valve-seat Diameter
< —— b = AEIA
; \ By
@D, |

Fig. 1. Flow-relevant geometry of engine-valves

/| /" h D,y — Outer Valve-seat Diameter
N
’ Ry - Valve-seat Angle

For engine-operation with clean fuels (i.e. all fuels without lu-
bricating effects of combustion deposits, such as distillate fuels or
fuel gases), a valve-seat lubrication (gasoil-operated MAN medi-
um-speed) or smaller seat angles (natural-gas fired MaK engines)
would be needed.
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Based on our study of the literature, we have gauged that
there are no publications pertaining to the influence of valve-seat
angles on operational values and emissions. By interchanges with
development engineers of MaK and MAN, this result was con-
firmed. According to the authors’ experience from industry, no
advantages of CFD calculations versus experimental investiga-
tions regarding correctness of results and economic issues were
found. With special consideration for financial limits and staff-
potentials of a small university, it was decided to carry out only
experimental investigations and cycle calculations related to this
issue.

2. EXPERIMENTAL INVESTIGATIONS
2.1. Investigations at fluid-dynamic testbed

For experimental investigations of the behaviour of gas ex-
change valves in cylinder heads, a special testbed was designed
and assembled (Fig. 2). The supply of compressed air was real-
ised by a dry screw-compressor (for charging of test engines),
calmed in a 400 L volume reservoir and measured by a thermal
mass flow meter. As long as possible a constant difference-
pressure of 50 mbar over the valves was used for measurements
at smaller valve-lifts. For a valve-lift larger than hy = 6 mm, the
flow-capacity of the screw-compressor was not sufficient to keep
this difference-pressure. The compressor was operated at maxi-
mum speed, and the resultant difference-pressure was considered
for these measurements. At the maximum valve-lift of hy = 12 mm,
a pressure difference of ~20 mbar was obtained. According to the
measurement described in the literature [2, 3], this pressure dif-
ference used does not exercise any influence on the flow coeffi-
cients.

Exhaust Port Inlet Port

Homogeniser line

P <—=

Air supply
for inlet port

Air connection
for inlet port

Cylinder-head

Blanking-plug
for injection valve

Cylinder-liner

Air connection Sensors:

for exhaust port
(not installed for inlet measurents)

Ambient pressure
Pressure difference valve
Temperature before valve
Valve lift

Mass-flow air

Pu
Apy
Tw

Air supply
for exhaust port

Fig. 2. Testbed for fluid-flow experiments

Every discrete valve-lit was adjusted and measured by an or-
dinary dial indicator. Pressure difference over valves was detected
by a digital manometer. With a pressure calibrator, the ambient
pressure was quantified.

This testbed represents valve-flow under steady-state condi-
tions. Conception and design of this testbed for fluid-flow experi-
ments orientated to experiences according to the testbed con-
cepts at MAN Augsburg and MaK Kiel as well as the same model
for cycle-calculation based on [4] is used. The results of these
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measurements had to be comparable to the flow-measurements
at serial models to ensure representative results for different
families of medium-speed engines. Up to now, no dynamic meth-
ods as described in the study of Szpica [5] are used at German
manufactures of commercial medium-speed engines.

The jacket of a truncated cone normal to valve-seat was cho-
sen as a reference surface for the geometric flow area (Fig. 3a) [4,
6 and source code of 7 without references to other authors]. Addi-
tionally, the significant effective flow area is calculated by multipli-
cation of geometric area and flow coefficient, and the definition of
the geometrical value is even. Published in the handbook for
mechanical engineering of Beitz and Grote [8] is the alternative
use of a cylinder’s jacket, erected at the inner valve-seat diameter
up to the seat ring. In the study of Heywood [9], a more compli-
cated section-related version with three different cases in the
order of valve-lift is published. All three variants are compared in
the study of Swiderski [2]. Maximum deviation between the easier
description as a truncated cone’s jacket with just one equation as
used for these investigations [4] and the complex formulas ac-
cording to Heywood [9] is with 3.7 % at maximum valve lift for the
test engine used quite low. A different formula for the same mod-
elling of the geometric flow area as an area of a truncated cone’s
jacket is given in the study of Tanaka [10, p. 293].

Geometric flow area:

| Avgeo =2y - hy - cOS(By) -y + hy - sin(By) - cos(By) - 10

2y - Number of Valves
hy - Valve Lift
dy - Inner Valve Seat Diameter

B, - Valve SeatAngle

Flow coefficient:

my

Avgeo - [ Pw - Pw - ¥ (T1y=poy/pw . %)

my — Massflow measured

Pw — Pressure before Valves
~ Density before Valves
~ Flow function

W =

Pw
¥ (Ily, %)

Fig. 3a. Calculation of flow coefficients
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Fig. 3b. Definition of Flow-Function

Pressures before and after valves were calculated from ambi-
ent pressure and pressure difference according to the position of
pressure sensors and flow direction at valves. Properties of air
were calculated with formulas according to Zellbeck [4]. Definition
of flow-function (Fig. 3b) was used according to Zellbeck [4] and
Urlaub [11] with the fluid-dynamic model of a not-expanded orifice.
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A different formulation for flow-function is known from the Japa-
nese manufacturer Niigata.

To ensure realistic values in engine field operation for all re-
lated measurements, a used cylinder head, grabbed out after
~15,000 h at the main engines of SY ‘Sea Cloud’ (Ex ‘Hussar’),
was used instead of a new one. Reference measurements for inlet
and exhaust were carried out several times to quantify their re-
peatability.

Diagrammed in Fig. 4 are the results of three measurements
for inlet and two for outlet port versus valve-lit up to maximum
value in the serial engine. Flow coefficients for zero lift are extrap-
olated with measured ones for 1 mm and 2 mm. In spite of the
difficulties in correct adjusting small lits at both valves and the
resultant relative error in geometric flow area even at small valve
lifts the repeatability is with a tolerance of max. 4.5 % at 1 mm lift
of inlet valve quite well.

Digital manometer  Dial indicator
(Apy) (hy)

Data logger

Pressure calibrator Cylinder-head

(Pu) Cylinder-liner

X Measurements
Average of 2 measurements

a b |

& 40 y
z , IEER
= > ¢ ¢ max.
5 0,9
3 )
E \
8
S os /
E max.
o Average of 3 measurements
e '
0,7
0,6
3000
T max.
£ '
E 2500 i
€ 1
< 2000
o
[
<
3 1500 max
o
w
21 19000 FM16/24 - Serial valves (steel
] Exhaust: Inlet:
5 s00 di =45.00mm  dg =45.07 mm
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0 1 2 3 4 5 6 7 8 9 10 11 12
Valve Lift hy [mm]

Fig. 4. Repeatability of fluid-dynamic measurements (serial valves)

As known from other medium-speed engines, the flow coeffi-
cients for the exhaust valves at higher valve-lifts are larger than
the ones at inlet side due to diffuser effects in the exhaust-port.

While at higher valve-lifts rising geometric flow areas are more
compensated by falling flow coefficients, the increase of effective
flow area becomes smaller. With maximum possible valve-lift
inside the engine, the maxima of effective flow area were not
reached. The valve-lift of the engine is not designed too large.

Several prototype-valves with different seat angles were de-
signed, based on the geometry of standard valve for serial appli-
cation (Fig. 5). For all prototype-valves, the diameter of valve-desk
was kept constant for a sufficient mounting space inside the cylin-
der head. Equal heights of valve-desks ensured constant dead
space between valves and piston inside an engine, as well as a
constant compression ratio.

9] h7
- =]
0412 °
= : = | Seat-insets C
/ . \ (aluminum) Valve-head
(aluminum)
Valve-shaft

(steel)

Constant Inlet-valve Parameters:

Valve-desk diameter : Dye = 52,0 mm
Valve-desk height : 3,5mm
Valve-shaft diameter : 12,0 mm
Valve-groove radius : R25 mm
Inner diameter insert : 41,2 mm

20

@ 45.00 o~

252 052

Fig. 5. Split-design inlet valves and valve-seats for fluid-dynamic tests

With a 25 mm radius of damageable valve-groove, it was en-
sured that sufficient safety would be available regarding mechani-
cal stresses. For economic reasons, all prototype-valves for fluid-
dynamic testbed were manufactured in split-design with steel
valve-shafts and replaceable valve-heads made of aluminium.
Seat-inserts for cylinder head (i.e. ‘Seat-rings’) were made of
aluminium, too. Furthermore, prototypes with standard geometry
were made to determine the influence of the manufacturing pro-
cess. For flow-dynamic tests, the same cylinder head was used as
for measurements with serial valves. Serial seat-inserts inside this
cylinder head were ground out and replaced by the aluminium
ones.

Fig. 6 shows the results of the fluid-dynamic test for the varia-
tion of valve-seat angle at inlet. With the split-designed valve in
serial geometry, the influence of manufacturing process for proto-
type could be quantified.

Compared with flow coefficients of serial valves (dotted line
and green line in Fig. 4), it is to be seen that the split-designed
prototype valve with the same geometry as serial valves delivers
slightly lower volume flows at higher valve-lifts and in that way
larger flow-velocities. That can be explained by the manufacturing
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tolerance around the joint between valve-heads and valve-shaft.
This deviation is about 7 % in volume-flow. All interpretations of
influence of valve-seat angle are referred to prototype valve in
serial geometry. Diagrams with flow coefficient in relation to the
quotient of valve-lift and inner seat diameter (hv/dvi) were not
used, and comparisons to other engines were not considered.

Flow Coefficient pye[ -]

o R=45° i, 2%

2000 Serial (x) Prototype (o) . T
de =45.07mm i dg =45.00mm e
1750 Pe =30° P Pe=45° i ; A !

i dg =45.07 mm

Effective Flow-Area Ayg [Mm?]
]
3

0 1 2 3

- 5 6 7 8 9 10 11 12
Valve Lift hyg [mm]

Fig. 6. Results of fluid-dynamic tests for variation of inlet valve-seat angle

As expected, the larger valve-seat angles deliver slightly larg-
er effective flow areas. But the higher flow coefficients are partly
compensated by smaller geometric flow areas, so that the effec-
tive flow area at higher valve-lifts is only slightly enlarged for a
valve-seat angle of 45°. Up to a valve-lit of 5 mm, which is rele-
vant for scavenging during valve-overlap, the valve-seat with 45°
delivers worse flow characteristics compared to a standard geom-
etry. The trend of both effects on the thermal load of the engine
are opposing, so that an estimation seems to be difficult. As a
next step, this impact had to be considered by real cycle calcula-
tions including the T/C.

2.2. Test-run at single-cylinder engine and calibration
of calculations

Tests at constant-speed operation were carried out at a sin-
gle-cylinder test engine, shown with its main technical data
in Fig. 7. Charge-air pressure was controlled by an electronic
frequency-converter of the dry screw-compressor. Back-pressure
of T/C’s turbine is simulated by throttle-valve after exhaust-gas
vessel. Charge-air temperature remains at 45°C before the cylin-
der for all operating points. To keep comparableness to serial
multi-cylinder engines in field operation, the same indicated power
(not the effective output at crankshaft) was adjusted. Three at-
tached pumps for lubrication oil and cooling water (fresh and sea
water) were taken into consideration.

For this test-run, a 60-Hz constant-speed operation at 1,200
rpm between 100 % and 10 % load was chosen.
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The commencement of delivery of the injection pump was set
constant at all loads. This operation represents a typical medium-
speed propulsion plant with controllable-pitch propeller (CPP
operation) and shaft-generator and gensets for auxiliary use on
board ships or stationary electric power-generation. Medium-
speed engines driving fixed pitch propellers (FPP operation) are
rare in commercial ships.

. 4 Single-cylinder research diesel-engine FM16/24:

Bore x stroke: 160 mm x 240 mm

Output 110 kW(m.) @ 1200 rpm

Peak pressure: 170 bar

Break: Asynchron-engine / 200 kW(el.)

Charging: dry screw-compressor (10 bar)
vessels (10 bar/80 °C + 10 bar/550 °C)
electrical charge air heating (80 °C)
‘turbine’-backpressure adjustable

Torque-Metering Torque-flange 5000 Nm

Valve train: Shaft with exchangeable cams

Injection: Convent. / adjust. SOl (WGG-H)
CR-system / 2000 bar (WTZ)
Fuel: Destillates (option: Residuals)

Fig. 7. Test engine for calibration of calculation model

Fuel consumption was measured by a mass flowmeter (Corio-
lis). All relevant exhaust-gas components were detected by clas-
sical physical methods (NDIR, MPA, FIA, CLA). The engine is full-
indicated by pressure probes before, inside and after the cylinder
as well as in the injection-line. Operational values and emissions
according to 1SO8178, start of injection, injection rate and heat
release in cylinder are calculated by own-developed computer
programs.

These measurements carried out were used for calibration
and calculation of the cycle as well as for estimation of NOx emis-
sions, as describe below. With additional experimental variations
of charge-air pressure, charge-air temperature and start of deliv-
ery, the used cycle calculation models were proven regarding right
estimation of operational values and NOx emissions.

3. CYCLE CALCULATIONS FOR ESTIMATION
OF OPERATIONAL BEHAVIOR
AT DIFFERENT SEAT ANGLES

As a next step, cycle calculations were carried out for the
measured operating points described in Section 2.2 to validate the
calculation models used for these considerations.

For the related cycle calculations the FORTRAN-code ‘DYN’,
developed in a FVV working group [4] for all German medium-
speed manufactures, was applied. This source code is open for
members and therefore it was developed further and adapted for
special needs of the users. For this consideration, the version
V36.2 of MAN Augsburg was used [12].

Basis is a real cycle calculation with a single-zone model. Up
to 20 cylinders with up to two turbochargers can be connected
with up to 12 containers, so that even two-stage charging can be
simulated. Calculation of gas exchange is done by simple quasi-
static ‘fill-and-relief-method, without any considerations of gas-
dynamic effects inside inlet manifold and exhaust-gas line.

All layouts for large 4-stroke MAN diesel engines were carried
out with that program. Several comparisons with commercial
software (e.g. GT power) showed its reliability even for predictions
of back-flow into charge-air receivers at 5L engines. An example
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for such derated layouts is published in the study of Marquardt
[13].

For calculation of the measured operational values, a model
with one cylinder and two containers (before and after cylinder)
was used (Fig. 8a). Both containers were set to the pressure
values for charge-air and exhaust-gas as measured. From pres-
sure indication at full load, the measured heat release inside the
cylinder was replaced by a Vibe-function [14]. Vibe-parameters
were converted for the other loads following the Woschni/Anisits-
rule [15] (Fig. 8b). Therefore, the cylinder mass exponent [16] was
set to X = 0.5. Heat transfers to cylinder walls were calculated by
Woschni law, as modified by Gerstle/Eilts [6]. For NOx-calculation
of medium-speed engines, the two-zone-model by Heider [17] has
been well proofed. Its weakness regarding presumptions for varia-
tions of air/fuel ratio is known [16] and presented at test-engine
FM16/24, too.

000 000
000 100 200 000
(| Container 1 =
] L
|
S —
Type of Component iij =3 200
68 i diisiation = e | Component - ‘
" J“‘a::C - ;c I kil [| No. of Component
neake-Lyincet = No. of Junction
2: Exhaust Cylinder -

Fig. 8a. Model with two containers for comparison of measurement
and cycle calculation
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Fig. 8b. Modelling and conversion of heat release by Vibe-function [3, 16]

As mentioned before, the test-engine FM16/24 was operated
at the same cylinder-indicated power (not with the same effective
output at crankshaft) to ensure a comparison to a 9L serial en-
gine. The mechanical efficiency of a MAN-Holeby 9L16/24 inclu-
sive of three attached pumps was known by the authors. The
mechanical losses of the crank drive of the single-cylinder
FM16/24 test engine were determined before by indicator-method.
The conversion of both effective outputs at crankshaft were ren-
dered possible this way. All calculation results are diagrammed in
relation to the equivalent output of the serial multi-cylinder engine.

Fig. 8c shows the satisfying precision of cycle calculation for
loads between 100 % and 25 % at constant-speed operation.

Fuel-oil consumption, peak-pressure in cylinder and air consump-
tion are estimated well at loads above 50 %. Experience shows
that differences become larger at low loads. Down to 25 % load
the exhaust-gas temperature before turbine has a maximum
failure of 10 K, which is quite well. A two-zone calculation model
for NOx emissions was calibrated at full load and gives calculated
values with @ maximum error of 0.25 g/lkWh at 25 % load. A valid
calibration of engine-model as a precondition for estimations of
the influence of valve-seat angle by cycle calculations is docu-
mented with this comparison of measurement and cycle calcula-
tion.
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Fig. 8¢. Comparison of measurement and cycle calculation
at constant-speed operation

For estimation of operational values and emissions, with inlet-
valve-seat angle dissenting from standard 30°, cycle calculations
for 9L engines with T/C (MAN TCR14-41xxx) were carried out with
a six-containers-model (Fig. 9). As is usual for modern engines, a
single-exhaust pipe was chosen. The diameter of the exhaust pipe
was set to the value of the cylinder bore to ensure constant-
pressure charging as applied for field operations of this engine-
type. Cooling-water pumps (CWP) for both temperature levels (HT
and LT) were attached, as well as an engine-driven lub-oil pump
(LOP). The power required for engine-driven pumps was estimat-
ed at 19.8 kW. For the sufficient trade-off between fuel-oil con-
sumption and NOx emission for engines with restricted peak-
pressure, an injection timing without relevant increase of cylinder-
pressure after commencement of combustion was set as a con-
stant for all calculations.

The engine is equipped with conventional valve-timing accord-
ing to inlet-closing for maximum volumetric efficiency and an
overlap of 105° crank-angle. With constant-pressure combustion,
a charge-air pressure could be layout to 3.7 bar(a) without ex-
ceeding the peak-pressure limits (Table 1). According to the T/C
performance of TCR14-41xxx, a maximum turbine-inlet tempera-
ture of #530°C could be achieved, which is quite high at an ambi-
ent pressure of 1 bar. Air/fuel ratio >2 at full load ensures ac-
ceptable thermal loads of combustion chamber. NOx emissions
according to cycle E2 (1ISO8178) for CPP operation ensures IMO-
certification for Tier 3 outside Emission-controlled Areas (ECA).

177



§ sciendo

Leander Marquardt, Heiner-Joachim Katke, Andreas Reinke, Niklas Kockskdmper

DOI 10.2478/ama-2023-0019

Influence of Valve-Seat Angles to Operation Values and Emissions of Medium-Speed Diesel Engines

—

Container 1
(Ambient)

<

Turbine 1

Compressor 1

Shaft 1

——

Container 6
(Ambient) =2

Te

Throttel 3

CMJHC
2 :

Throttel 2

Throttel 1

Charge-air
cooler 1

Fig. 9. Calculation model of 9L-engine with constant-pressure T/C and single-stage charge-air cooler

Tab. 1. Results of cycle calculation

Cylinder-output Pz [kW] 100

Speed ny  [min) 1200

Valve-seat angle exhaust B, [7] 45

Type of inlet-vaive Serial/Proto.  [[__Serial | Split-design

Symbol in Fig. 6 xi+/ialo x + ) Pyemex =11 mm
Valve-seat angle intake B rl 30 20 30 45 i 45
Charge-air pressure pz [mbar(@))f 3700 +9 3712 +0 -2
Peak pressure Pzmax [D@F(2)] 170 0 170 0 0
Spec. air-flow l [kg/kWh]|| 7.50 -0.01 7.48 -002 :-002
Spec. fuel consumption besz7 [9/kWh] 2137 +0.1 2142 -02 -05
Airltuel ratio w o L] 208 +0.00 207 +001 | +001
Turbine-inlet temp. tr  ['C] 531 2 533 +1 +0
Cycle-emissions E2 NO, [g/kWh] 7.5 +0.0 76 -0.1 -0.1

Deviations to the calculated values with same valve-geometry
in split-design are quite small. To compensate the slightly en-
larged flow-resistance, the charge-air pressure had to be raised
by 12 mbar. The resulting fuel consumption is enlarged by 0.2 %
according to the higher losses in gas exchange. Exhaust-gas
temperature is nearly the same. The chosen strategy of using
split-designed valves for fluid-dynamic tests seemed to be useful.

From that layout, the deviations in operational values and
emissions were estimated by further cycle calculations for the
unconventional inlet valve-seat angles of 20° and 45°. In every
case, charge-air pressure at full load was adjusted to achieve
peak-pressures of 170 bar for all layouts. With valve-set angle of
20°, the exhaust-gas temperature at turbine inlet raises by barely
2 K, which seems to be a very small increase in thermal load.

By using the larger seat angle 45°, the thermal load of the en-
gine inside the cylinder, mainly determined by its air/fuel ratio, is
nearly the same as with standard geometry. Temperature at
turbine inlet is slightly increased by 1 K, due to the lower effective
flow area at full lift of inlet valve. No significant influence of valve-
seat angles on NOx emissions is identified. This result is in con-
formity with the fact that usually no IMO-numbers are marked at
valves, so that they are not classified as NOx-relevant engine
components.

According to Fig. 6, for a valve-seat angle of 45°, the largest
effective flow area is not reached at maximum valve-lit. The
maximum effective flow area was reached 1 mm before maximum
valve-lift, so that the valve-lift at inlet could be reduced with mar-
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ginal thermodynamic advantages and a slightly improved fuel
consumption. Higher dead-spaces between valves and piston or
reduced deepness of cut-outs in piston-crown (i.e. ‘valve pockets’)
could also be chosen. To this end, a newly designed inlet cam,
inclusive of new NOx certification from IMO, would be necessary.

4. CONCLUSIONS

The influence of unconventional valve-seat angles at inlet

of large medium-speed diesel engines was considered with exper-
imental investigations at fluid-dynamic testbed. Before commenc-
ing this small research project, related literature studies were
undertaken, and no comparable investigations were found.
The impacts of the resulting effective flow areas at the engine’s
inlet on the operational behaviour and NOx emissions were esti-
mated by cycle calculation for turbo-charged multi-cylinder serial
engines. For this use, calculation models were calibrated by ex-
perimental data, generated at the single-cylinder test-engine
FM16/24.

By wear optimised seat-angles at inlet of Be = 20° specific fuel
consumption raised by 0.1 g/kWh compared to standard e = 30°,
temperature deviation of 2 K at turbine inlet does not influence the
thermal load of the T/C significantly. The air/fuel ratio during com-
bustion is not changed, so that the temperatures at valves will not
be higher than the standard design. No negative influences were
identified for reduced valve angles at inlet. Given the expected
larger valve-seat wear while operating medium-speed engines on
fuels without lubricating combustion deposits, the reduction of
valve-seat angles at inlet seems to be useful.

Fuel savings with enlarged inlet valve-seat angles Be = 45°
are with be = -0.2 g/kWh lower than the tolerances of testbeds for
factory acceptance tests. Even with an optimised cam-geometry
no thermal derating of the turbine could be detected by these
investigations. Enlarged seat angles at the inlet seem to be un-
productive.

Mechanical impacts to the wear of valve-seats and head-
inserts must be considered by tests in field operation. With valve-
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seat lubrication, an easy and economical countermeasure was
suggested, which can be applied if needed.

Investigations are continued by analogue experiments at ex-
haust-side as well as with studies of the influence of serial toler-
ances of casting processes for the cylinder heads [18].
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Abstract: In the paper the fractional order, state space model of a temperature field in a two-dimensional metallic surface is addressed.
The proposed model is the two dimensional generalization of the one dimensional, fractional order, state space of model of the heat
transfer process. It uses fractional derivatives along time and length. The proposed model assures better accuracy with lower order than
models using integer order derivatives. Elementary properties of the proposed model are analysed. Theoretical results are experimentally

verifed using data from industrial thermal camera.

Key words: fractional order systems, fractional order state equation, temperature field, heat transfer, thermal camera

Abbreviations: MIMO — Multiple Input Multiple Output, 10 — Integer
Order, FO - Fractional Order, CFE - Continuous Fraction Expan-
sion, IIR - Infinite Impulse Response, FIR - Finite Impulse Re-
sponse, PSE — Power Series Expansion.

1. INTRODUCTION

The modelling of processes and plants hard to describe using
another mathematical tools is one of the main areas of application
of the FO calculus.

Fractional models of different physical phenomena have been
presented by many Authors for years. Fundamental results are
presented e.g. by (1), (2) (the heating of an one dimensional
beam), (3) (FO models of chaotic systems and lonic Polymer
Metal Composites), (4). Fractional Order diffusion processes are
considered u.a. in (5), (6), (7). A collection of results using new
Atangana-Baleanu operator can be found in (8). This book pre-
sents i.e. the FO blood alcohol model, the Christov diffusion equa-
tion and fractional advection-dispersion equation for groundwater
transport processes.

Recently FO models are used u.a. to describe a spread of
diseases. This issue is considered e.g. in the papers: (9) (the
modelling of the dynamics of COVID using Caputo-Fabrizio opera-
tor), (10) (the modelling of a transmission of Zika virus using
Atangana-Baleanu operator).

The state space FO models of the one dimensional heat
transfer have been proposed in many previous papers of authors,
e.g. (1), (12), (13), (14), (15), (16), (17), (18). These models
employed different FO operators: Griinwald-Letnikov, Caputo,
Caputo-Fabrizio and Atangana-Baleanu as well as discrete opera-
tors CFE and PSE. Each proposed model has been thoroughly
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theoretically and experimentally verified. In addition, each of them
assures better accuracy in the sense of square cost function than
its 10 analogue.

Models of temperature fields obtained with the use of thermal
cameras are presented e.g. by (19), (20). Analytical solution of the
two-dimensional, 10 heat transfer equation is presented in the
paper (21). Numerical methods of solution of PDE-s can be found,
e.g., in (22). Fractional Fourier integral operators are analyzed
u.a. by (23). It is important to note that a significant part of known
investigations deals only with a steady-state temperature elds with
omitting their dynamics.

The paper (24) presents the generalization of FO models
mentioned above to a two dimensional surface. It is important to
note that in this paper the FO derivation only along the time is
considered. The derivation along both space coordinates is de-
scribed by the 2'nd order operator.

In this paper we propose and analyze a new, FO, state space
model of heat transfer in a flat metallic surface. The model uses
FO derivatives along time and space coordinates. Such an ap-
proach allows to obtain the better accuracy in the sense of a
square cost function than model proposed previously. In addition,
it is expected that satisfying accuracy will be achieved for relative-
ly low order. Our knowledge shows that such a model has not
been proposed yet. The proposed approach can be employed e.g.
to modelling and reconstruction images from thermal cameras.

The paper is organized as follows. Preliminaries recall some
basic ideas from fractional calculus, necessary to present results.
Next the model using FO operator along the time is remembered.
Furthermore its generalization applying FO operators along both
time and space coordinates is presented and analyzed. Finally
theoretical results are verified with the use of experimental data.
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2. PRELIMINARIES

At the beginning the non-integer order, integro-differential op-
erator is presented (see e.g. (1), (4), (25), (26)).

Definition 1 (The elementary non integer order operator) The
non-integer order integro-differential operator is defined as fol-
lows:

a%(®) a>0
dta
Dig) =qg® a=0 1)

f;g(‘r)(dr)_“ a<0

where a and t denote time limits for operator calculation, @ € R
denotes the non integer order of the operation.

Next an idea of complete Gamma Euler function is recalled
(see for example (26)):

Definition 2 (The complete Gamma function)
I(x)=[f"t*te tdt (2)

An idea of Mittag-Leffler function needs to be given next. It is
a non-integer order generalization of exponential function et and it
plays crucial role in the solution of a FO state equation. The two
parameter Mittag-Leffler function is defined as follows:

Definition 3 (The two parameter Mittag-Leffler function)

k
Eap () = X0 roearsy )
For 8= 1 we obtain the one parameter Mittag-Leffler function:

Definition 4 (The one parameter Mittag-Leffler function)

xk

Ea(®) = Xk rarsy (4)

The fractional order, integro-differential operator (1) is de-
scribed by different definitions, given by Griinwald and Letnikov
(GL definition), Riemann and Liouville (RL definition) and Caputo
(C definition). Relations between Caputo and Riemann-Liouville,
between Riemann-Liouville and Griinwald-Letnikov operators are
given e.g. in (27), (4). Discrete versions of these operators are
analysed with details in (28). The C definition has a simple inter-
pretation of an initial condition (it is analogical as in integer order
case) and intuitive Laplace transform. Additionally its value from a
constant equals to zero, in contrast to e.g. RL definition. That's
why in the further consideration the C definition will be used. It is
recalled beneath.

Definition 5 (The Caputo definition of the FO operator)

1 o W
ngf(t) = F(V—a) fo (t_T)a+1—V dT (5)
In (5) Vis a limiter of the non-integer order: V-1 <a< V.If V=1

then consequently 0 < a < 1 is considered and the definition (5)
takes the form:

SDEf () =

Finally a fractional linear state equation using Caputo defini-
tion should be recalled. It is as follows:

EDZx(t) = Ax(t) + Bu(t)
y(£) = Cx(t)

1 foo f@) dt (6)

r(l-a)“0 (t-o)«

(7)

where a € (0,1) is the fractional order of the state equation,
x(t) € RE, u(t) € RL, y(t) € RP are the state, control and
output vectors respectively, A, B, C are the state, control, and
output matrices.

3. THE EXPERIMENTAL SYSTEM AND ITS FO MODEL

The Figure 1 shows the simplified scheme of the considered
heat system. This is the PCB plate of size X x Y pixels. The val-
ues of X and Y are determined by the resolution of a sensor of a
camera. The plate is heated by at heater denoted by H. Its coordi-
nates are denoted by Xn1, Xnz, yn1 and ynz respectively. The surface
area Sy of the heater is equal:

SH = dxh dyh (8)
where:

Ayn = Xnz — Xp1 9)
dyh =Ynz2 — Ym

The temperature is measured using thermal camera, the area
of measurement is configurable and denoted by S. Its coordinates
are equal xst, Xs2, yst and yse. The surface area Ss of the meas-
urement area is equal:

Ss = dys dys (1 0)
where:

Ays = X5 — X1
11
dys =Vs2 — Ys1 ( )

More details about the construction of this laboratory system
are given in the section "Experimental Results". The heat transfer
in the surface is described by the Partial Differential Equation
(PDE) of the parabolic type. All the side surfaces of plate are
much smaller than its frontal surface. This allows to assume the
homogeneous Neumann boundary conditions at all edges of the
plate as well as the heat exchange on the surface needs to be
also considered. It is expressed by coefficient Ra. The control and
observation are distributed due to the size of heater and size of
temperature eld read by camera. The heat conduction coefficient
aw along both directions x and y is the same.

I X X
r >l
Y
1 |0 (Xn1,Yh1)
(Xn2,Yh2)
Y (Xslfysl)
. Measured Area
(XSZIVSZ)
_Y

Fig. 1. The simplified scheme of the experimental system.
Origin of the coordinate system is located in the left upper corner
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The two dimensional, IO heat transfer equation has been con-
sidered in many papers (e.g. (29), (30), (31)). The fractional ver-
sion with fractional derivative along the time and 2'nd order integer
derivative along the length is presented with details in the paper
(24).

This paper presents the model employing the fractional de-
rivatives along both coordinates. This allows to obtain better
accuracy with its smaller size.

The proposed model is as follows:

Fxy.t) | 9yt
6DfQ(x,y,t) = aw( Py I ayP )v

—RaQ(X, Y t) + b(x' Y)u(t):

20050 _ o 1 > o
ax =

HEYD =~ 0,t 20, 0

< 9Q(x,0,t) —0t>0 ( )
ay ) — )
90D _ g ¢>0
ay ) — )

Q(x%,y,00=0,0<x<X,0<y<Y,
X Y
y(t) = ko fo fo Q(x,y,0)c(x,y)dxdy.

In (12) a and 8 are non-integer orders of the system, aw > 0,
R, € R are coefficients of heat conduction and heat exchange, ko
is a steady-state gain of the model, b(x, y) and c(x, y) are heater
and sensor functions described as follows:

1,x,yeEH

b(x'y):{O,x;eEH 13
1,x,y €S

) ={o i es (14)

Let 2 € RY it be an appropriate restricted area. The fraction-

% + % in LA (2) with Dirichlet or
Neumann boundary conditions is a discrete operator. The discrete
operator has only a point spectrum (see e.g. (32), pp. 204, 460).
Without going into details it is generally known from the spectral
theorem for compact and self-adjoint operators that all eigenval-
ues A, , of the Laplace operator 4 in L?(£2) (with Dirichlet or
Neumann boundary conditions) are non-negative, with finite multi-
plicities and 4,, —» oo for n — oo. Additionally, there is in L?(£2)
an orthonormal basis (complete system) composed of eigenfunc-
tions of the appropriate operator A. In special cases of the area
N € RY (e.g. for a rectangle on a plane) analytical formulae for
eigenvalues and eigenfunctions of the appropriate Laplace opera-
tor 4 can be given (see e.g. (33) pp. 21, 26 for the Dirichlet prob-
lem or (34) p 133, 138, 301, 305).

The Laplace operator A is self-adjointed, it has compact re-
solvent a it builds the Hilbert base LF(2) = {v: [ vF (§)d¢ <

oo} with standard scalar product (v, u) = [ u(&)y(§)d<.

The eigenfunctions and eigenvalues for the Laplace operator
A and Dirichlet boundary conditions are given u.a. by (34),
pp.133, 138, 301, 305 or in book (32), pp.253-255.

The construction of the experimental system requires to as-
sume the homogenous Neumann boundary conditions. This yields
the following form of eigenfunctions and eigenvalues:

al Laplace operator 4 =
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(1, m,n=0,

2Y ni.

—cos—y,m =0,n=1,2,..
mn Y

2X mmnx

men(x,y) ={—cos——,n= oom=1,2,..

2 1 mmx NI,
— cos—cos—y,m,n =12, ..
T B B B X Y

me

xB yB

B B
Amn(x,¥) = —a,, [7;_6"' :_ﬁ P — R, myn=1.2,.. (16)

(15)

Consequently the considered two dimensional heat equation
(12) can be expressed as an infinite dimensional state equation:

6DFQ(t) = AQ(t) + Bu(t) (17)
y(£) = CQ(B)

where:

2Poxy) | 9Poxy)
AQ=aw( 3P + ayPB )_RaQ(x;y);

D(A) ={Q € H*(0,1):Q'(0) = 0,Q'(X) = 0,Q'(Y) = 0},
ay, R, >0,

CQ) = (c, QD) Bu(t) = bu(t).
(18)

The state vector Q(f) is defined as beneath:

T
Q) = [CIo,o' 40,1, 90,27 -+ 91,00 91,1, 91,2 - ] (19)

The main difference to the model presented in the paper (24)
is that the non-integer order 5 must be taken into account in the
state, control and observation operators. This is presented below.

The state operator A takes the following form:

A= diag{lo‘o, /10'1, lo‘z, e ,/11'0, 11‘1, e ,/12,2, ey ){m,n, . }
(20)

The control operator takes the following form:
T
B = [boo,bo1,bo2s s brg bya, ] - (21)
X Y
bm,n = (H, Wm,n) = fo fo b(x, y)Wm,n(x' y)dxdy. (22)

Taking into account (15) we obtain:

Sy,m,n =0,

2y?2
thxhanhy,m = O,n = 1,2,
yn
b = q 2x2 (23)
mmn — —
Z—dyhamhx,n =0m=1,2,..
[hxm
kaL
Ampr @ mn=1.2,..
hxmhyn mhx“nhy, "% 14

where Sk, din and dys are described by (8), (9) and:

hym = ﬂ:

o (24)
hyn = 7 .

2 1

Kyn = ~ .
S P (25)
XPHYE

Amhx = Sin(ﬂxmxﬂz) - Sin(ﬂxmxﬂl) )
Anpy = sin(ﬂynyﬂz) - sin(ﬂyny[l).

(26)
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The output operator is as beneath:
C = [CO,OI CO,l’ CO,Z’ ""Cl,O’ Cl,l’ ...]. (27)
where:
X Y
Cmn = (S, Winn) = fg fg c(x, Y)W n(x, y)dxdy. (28)

In (28) each element cm,n is expressed analogically, as (23):

S, m,n =0,
2y2
thxsansy,m =0,n=1,2,..
yn
Cma = 2X? (29)
Iz—dysamsx,n =0m=1,2,..
th

kmn
Aoy O mn=12,..
khxmhyn msxYnsy» ''h 14

In (29) hxmyn and kmn are expressed by (24), (25), Sk, dwn and
dyn are described by (10), (11) and:

sy = SIN(ynXsz) — Sin(lynXs1) (30)
anSy = Sin(ﬂynysz) - Sin(ﬂynysl)-

3.1. The decomposition of the model

The decomposition of the model is done by the similar way as
for the system considered in the paper (24). Due to the form of the
state operator A (20) the system (17)-(29) can be splitted to infi-
nite number of independent scalar subsystems associated to
particular eigenvalues:

D*Q(¢t) = AQ(t) + Bu(t),
AWm,n = Am,nWm,n-

ako  aPq
DQ(t) = a,, (ax_ﬁ-l_ﬁ) — R,Q + Bu,

Bﬁq ; 6Bq ;
D% 5im T G = @ (Eino S5 + By S22 -
_Ra Z;‘Z:O Z‘;.lozo Qmn + Bu,

Famn | 0Pam,
DGy = aw( axr;n + ayn;n — RaGmn + bl

(31)

The form of equation (31) implies the decomposition of the
system (7) into systems related to single eigenvalues
Amnmom,n =0,1,2, ... This decomposition allows to easily
compute the step and impulse responses of the system as a sum
of responses of particular modes. This is presented below.

Assume the homogenous initial condition in the equation
(12):Q(x; yo) = 0. Then the step response is as follows:

Yoo (t) = Xim=1 Xin=1Yimn (t)- (32)
where m, n-th mode of response is as follows:

Ea(/lm,nta)_l(t) b c (33)

mntmn-

ym,n(t) =

Amn

In (33) E,(..) is the one parameter Mittag-Leffler function (4),
Amms bmn @nd ¢, ,, are expressed by (16), (22) and (28) respec-

tively.
Analogically the impulse response takes the following form:
9o () = Em=1 Xrr=1 Gmn ()- (34)

where m, n-th mode of response is as follows:

gm,n(t) = Ea,a(lm,nta)bm,ncm,n' (35)
In (35) E, 4 (..) is the two parameters Mittag-Leffler function

(3).

During simulations it is possible to use of the finite - dimen-
sional sums only. Consequently (32) and (34) take the following
form:

YM,N(t) = %:0 Zﬁ:o ym,n (t) (36)

gM,N(t) = %:0 Zﬁ:o gm,n(t)- (37)

The values of M and N assuring the assumed accuracy and
convergence of the model can be estimated numerically or analyt-
ically.

3.2. The convergence

The convergence of the proposed model can be estimated us-
ing Rate of Convergence (ROC) defined as the steady-state value
of the strongest damped mode of the step response. The estima-
tion of it in the one dimensional case was relatively simple due to
particular modes of a step response are in descending order.

In the two dimensional case particular modes of a step re-
sponse are not ordered. In addition, eigenvalues (16) can be
multiple. This makes the analysis of the convergence of the pro-
posed model a little bit more complicated. The ROC is defined as
follows:

bm,NCM,N

) , AMN

(38)

The relation (38) can be employed to numerical analysis of
convergence in different places of measurement. This will be
presented in the next section.

4. EXPERIMENTAL VALIDATION OF RESULTS

4.1. The experiments

Experiments were done with the use of the heat system
shown in the Figure 2. The dimensions of the PCB plate in pixels
are: X = 380, Y = 290. The PCB is heated by the heater 170x20
pixels with maximum power 10W located in points: xa1 = 100, yn1 =
40 The temperature field is read using thermal camera OPTRIS PI
450, connected to computer via USB and installed dedicated
software OPTRIS Pl CONNECT. The measured temperature
covers range 0 — 250 °C, the sampling frequency is 80 Hz. The
signal powering the heater is given from computer using NI Lab-
View, NI myRIO and amplifier. The maximum current from ampli-
fier equal 400mA at a voltage of 12V gives the maximum power
4:8W. The tested PCB plate is not isolated from the environment.
This implies that measurements strongly depend on ambient
temperature. An another cause of noise during The considered
experiment was done in hot summer. During experiments the step
response of the system was investigated. The "zero" level de-
notes the heater switched off, the "one" level is the full power of
the heater.
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Fig. 3. The steady-state temperature fields for non-heated (top) and
heated plate (bottom). The temperature strongly depends on
ambient temperature. The colour scale in each case is different
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Fig. 2. The experimental system
The temperature fields for both states are shown in the Figure &
3. This figure shows also the points of measurement of the step 60 —
response, marked as "Area 1-4". Areas 1-3 are located in differ- | ==
ent points of plate, area 4 covers the heater and it describes its _55 Areat
mean temperature. Coordinates of all measuring areas are de- ot —:g:§
scribed by the Table 1. The step responses in the selected areas 545_
1, 2, 3 and 4 are shown in the Figure 4. During calculations these g /
coordinates x.. and .. were given relative to X and Y. For exam- Saop
ple, xs1 = 75 during calculating elements of C matrix with respect el I B
to (29) was equal: xs1 = 75/380 = 0.1974. T U NN RS BN
e B
Tab. 1. Coordinates of measuring areas (in pixels) B, 1o 20 Son A0 B0 600 700, B0
Area Xs1 Vst Xs2 ¥s2 HEL
1 50 75 50 77 Fig. 4. The step responses of temperature in all tested fields
2 200 100 202 102
3 300 200 302 202 4.2. The identification of the model
4 120 40 250 60

The identification of parameters of the proposed model has
been done via minimization of the Mean Square Error (MSE) cost
function. This function describes the mean difference between the
step responses of the plant and the model at the same time-
spatial mesh:

MSE = 3K _,[y(k) — ye (k)]?

In (39) K is the number of all collected samples, y(k) is the
step response of the model, computed using (36), ye(k) is the
experimental response measured in the same place and at the
same time instants k with the use of thermal camera. The sample
time during a step response measurement was equal 1[s]. In each
case the mean temperature of the whole area is measured.

The cost function (39) is a function of parameters a, 8, aw and
R.. Its optimization was done with the use of the MATLAB function
fminsearch, the step response was calculated using finite-
dimensional formula (36). Calculations were done using the fol-
lowing values of both orders: M=N=3and M= N =5,

Results are given in the tables 2. The comparison of step re-
sponses model vs experiment for M = N = 5 is presented in the
Figure 5.

The results in tables 2 and 3 show that the use of 3'rd order
model assures practically the same accuracy in the sense of cost
function (39) as the use of 5'th order model. This result is con-
firmed by the convergence analysis presented in the next subsec-
tion.

(39)
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Next, if we recall the results from paper (24), the accuracy of
the proposed model is practically the same as the accuracy of 8'th
order model with integer order § = 2.

Tables 4 and 5 compare the values of cost function (39) for all
considered models: integer order, fractional order along the time
and fractional order along both coordinates.

Tab. 2. |dentified parameters of the model for M= N =3

Area a B aw Ra MSE (39)
1 1.0794 1.8138 | 0.0033 | 0.0032 0.0110

2 0.9356 1.6167 | 0.0538 | 0.0089 0.0217

3 1.4878 1.8712 | 0.0208 | 0.0003 0.0059

4 0.8156 | 2.0028 | 0.0100 | 0.0235 0.0627

Tab. 3. Identified parameters of the model for M= N=5

Area a p aw Ra MSE (39)
1 1.0794 | 1.8641 | 0.0032 | 0.0032 0.0110
2 0.9590 | 0.3959 | 0.0357 | 0.0057 0.0207
3 14877 | 1.8712 | 0.0208 | 0.0003 0.0059
4 0.8156 | 1.2400 | 0.0098 | 0.0234 0.0627

Tab. 4. The cost function MSE for all models and M= N=3

Area | a=2,=2 aERB=2 aeRBER
1 0.0233 0.0170 0.0110
2 0.0183 0.0205 0.0217
3 0.0644 0.1429 0.0059
4 1.1448 0.1145 0.0627

Tab. 5. The cost function MSE for all models and M= N=5

Area | a=2,=2 aeERB=2 aeERPBER
1 0.0233 0.0170 0.0110
2 0.0497 0.0205 0.0207
3 0.0665 0.1162 0.0059
4 0.0920 0.1145 0.0627

Quite surprising is the large dispersion of values in the model
parameters for points 1, 2 and 3, which are the same in terms of
the material. This is probably caused by measurement disturb-
ances related to light reflections and different emissivity of the
surface.
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Fig. 5. The step responses of the FO model (M = N = 5) vs real plant
for area 1(top) to 4 (bottom)

4.3. The numerical analysis of the convergence

The convergence of the proposed model can be estimated us-
ing the ROC coefficient expressed by (38). It is a function of place
of measurement and a function of both orders of the model M and
N. However to simplify the analysis assume that both orders are
equal: M = N. The value of ROC as a function of order N for all
tested places and for parameters given in the table 3 is presented
in the Figure 38. From diagrams presented in Figure 38 it can be
concluded that the maximum orders M = N = 4 assure the good
accuracy of the model. Further increasing of orders does not
improve the accuracy and increases computational complexity.
This is compliant to results of identification, given in the tables 2-5.
Next, the ROC depends not only on order N, but also on the
location and size of place of measurement.
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Fig. 6. The Rate of Convergence (38) for all areas and maximum orders
M=N=8

5. CONCLUSIONS

The main final conclusion from this paper is that the proposed,
fully FO model of the distributed parameter system assures better
accuracy in the sense of the MSE cost function than the model
using fractional derivative only along the time. In addition, the
good accuracy can be achieved for relatively low order of model.

The future work will cover deeper analysis of the convergence
of the proposed model. Numerical results show, that the conver-
gence depends not only on orders M and N but also on the loca-
tion and size of area of measurement.

Another important issues are e.g. the positivity analysis as
well as the use of a new fractional operators with nonsingular
kernel: Atangana-Baleanu and Caputo-Fabrizio to modelling of the
presented system.

Next, the use of thermal camera allows to collect many inter-
esting data from different thermal processes, e.g. it allows to
investigate thermal processes going in microcontroller system
during its work. Such a process can be also described using FO
approach and this is planned to describe using the proposed
approach.
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Abstract: The transfer matrix of the standard and fractional linear discrete-time linear systems is investigated. Necessary and sufficient
conditions for zeroing of the transfer matrix of the linear discrete-time systems are established. The considerations are illustrated

by examples of the standard and fractional linear discrete-time systems.

Key words: fractional, discrete-time, linear system, observability, reachability, zero transfer matrix

1. INTRODUCTION

The notion of controllability and observability and the decom-
position of linear systems have been introduced by Kalman [13,
14]. This theory was developed in the following years (e.g. Kailath
[12], Klamka [15], Rosenbrock [22]), and became the basic con-
cepts of the modern control theory (e.g. Antsaklis [2], Farina and
Rinaldi [5], Poldermann [21]) and modern data-driven system
theory and control (see e.g. Dorfler et al. [4], Markovsky and
Dérfler [16] and other works cited in this paper). The notion of
controllability and observability have been also extended to posi-
tive linear systems [5, 9] and electrical circuits [7, 11]. A dynamical
system is called positive if its trajectory starting from any non-
negative initial state remains forever in the positive orthant for all
non-negative inputs. Variety of positive models can be found in
electrical engineering, economics, social sciences, biology and
medicine, etc.

Fractional calculus is the branch of mathematics that studies
integrals and derivatives of non-integer order. Mathematical fun-
damentals of the fractional calculus are given in various mono-
graphs (e.g. Oldham and Spanier [18], Ostalczyk [19], Podlubny
[20]). The fractional calculus and its application in many fields of
science and engineering have been recently investigated. Numer-
ous applications have been found in mechanics, electricity, chem-
istry, signal processing, etc. [19, 24, 27]. Fractional-order models
of real world phenomena have become more accurate than clas-
sical integer order ones. Theory of fractional systems is a rapidly
growing field and it concerns properties of processes and control
systems, including stability, controllability, observability, realisabil-
ity, etc. [1, 3, 6, 7, 17, 23, 26, 28]. The standard and positive
fractional linear systems have been investigated in monographs
by Kaczorek [9] and Kaczorek and Rogowski [11] and the positive
linear systems with different fractional orders have been analysed
by Kaczorek [8] and Sajewski [25].

Transfer functions (matrices) are very popular in modelling
physical phenomena and represent the relation between input and
output signals. They are commonly used in the analysis of dynam-
ical systems. In this paper the standard and fractional linear dis-
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crete-time systems with zero transfer matrices will be investigated.
To the authors’ knowledge, this problem for the fractional discrete-
time linear systems has not been considered yet. This paper
extends the theory of fractional-order systems on this topic.

The remainder of this paper is organised as follows. In Section
2 the basic definitions and theorems concerning the linear dis-
crete-time are given and a class of standard linear discrete-time
with zero transfer matrices is investigated. The basic definitions
and theorems concerning the fractional linear discrete-time sys-
tems and an extension of the results of Section 2 are presented in
Section 3. The considerations have been illustrated by linear
discrete-time systems. Concluding remarks are given in Section 4.

The following notation will be used: ‘R is the set of real num-
bers; R™*™ represents the set of n x m real matrices; RT*™
denotes the set of n x m matrices with non-negative and
RT = R¥*L; and I, is the n X n identity matrix.

2. STANDARD LINEAR DISCRETE-TIME SYSTEMS

Consider a linear discrete-time system described by the fol-
lowing equations:

Xiy1 = Axi + Bui, i € Z+ = {0, 1, }, (213)
i = Cx;, (2.1b)

with the initial condition x,, where x; € R™, u; € R™ and
y; € RP are the state, input and output vectors and A € R™*",
B € R™™ and C € RP*™.

The transfer matrix of the linear system (2.1) is given by the
following equations:

T(z) = C[l,z— A]"'B. (2.2)

Definition 2.1. [11, 15] The linear system (2.1) is called reachable
in g <n steps if there exists an input u; € R™ for i =
0,1,...,g <n—1 that transfers the state of the system from
the initial state x, € R™ to the given final state x; = x, in the q
steps.


https://orcid.org/0000-0002-1270-3948
https://orcid.org/0000-0003-0095-6486

§ sciendo

DOI 10.2478/ama-2023-0021

acta mechanica et automatica, vol.17 no.2 (2023)

Special Issue "Modern Trends in Automation and Robotics in tribute to Professor Tadeusz Kaczorek"

Theorem 2.1. [11, 15] The linear system (2.1) is reachable in g
steps if and only if one of the following equivalent conditions is
satisfied:

rank[B, AB, ..., A" 1B] =n, (2.3)
rank[l,z— A, B] =nforallz € C
(the field of complex numbers). (2.4)

Definition 2.2. [11] The linear system (2.1) is called observable in
q steps if knowing the input u; and the output y; inthe ¢ < n —
1 steps it is possible to find its unique initial state x,.

Theorem 2.2. [11] The linear system (2.1) is observable in g
steps if and only if one of the following equivalent conditions is
satisfied:

rank I ‘ (2.5)
CATL 1

IZ A]

rank =nforallz € C. (2.6)

It is well-known [11] that if the linear system (2.1) is unreacha-
ble or unobservable then some cancelation of common factors in
the numerator and denominator of the transfer matrix (2.2) occurs.
Theorem 2.3. Let the transfer matrix (2.2) of the linear system
(2.1) be a zero matrix. Then:

1. if the matrix C is non-zero, then the pair (4, B) of the linear
system (2.1) is unreachable; and

2. if the matrix B is non-zero, then the pair (4, C) of the linear
system (2.1) is unobservable.

Proof. It is well-known that the impulse response matrix g; of the

linear system satisfies the condition

gi=CA"'B=0fori=1, ...,n (2.7)

if and only if the transfer matrix (2.2) is a zero matrix.
From Eq. (2.7), we have

C[B, AB, ..., A" 'B] =0. (2.8)
Therefore, if C # 0 then
rank[B, AB, .., A" Bl <n (2.9)

and the pair (4, B) is unreachable.
Similarly, if B # 0 then

C

rank :CA <n (2.10)
‘CAn_l

and the pair (4, C) is unobservable.

The following theorem gives the necessary and sufficient con-
ditions for zeroing of the transfer matrix (2.2) of the linear system
(2.1).

Theorem 2.4. The transfer matrix (2.2) of the unreachable and
unobservable linear system (2.1) is a zero matrix if and only if
n>=m+ pand

CB =0. (2.11)

Proof. It is well known [2, 5, 9, 11] that if the pair (4, B) is un-
reachable then there exists a non-singular matrix P € R™*" such
that

PAP~! = [Al ]PB [Bl] CP1=[C, C] (212a)

where A; € R™*™M A4, e R™M*"2 A, € R™2*™2 B, €
mnlxm, Cl € mpxnl, Cz € SRpxnz, nl + le =n,
rank[B, AB, ..., A" 1Bl =n, (2.12b)

and the pair (A4, B;) is reachable, i.e. rank[B,, A;By, ...
Alnl_lBl] = nl.
Note that

CB=CP'PB=[C; G] [gl] —C,B, =0, (2.13)

since the pair (4, C) is unobservable and C; = 0.
Using (2.2) and (2.12a) we obtain

T(z) = C[l,z — A]"'B = CP~'[PP~'z — PAP~']'PB

Un,z—A1] -4 - B;
=6 G [0 [Inzz—A3]] [0 |
_ [Inlz Al]_l * Bl
=[G Cz][ - Ag]_l] o]

(2.14)

if and only if the condition (2.11) is satisfied, where * denotes a
matrix unimportant in these considerations. Therefore, the transfer
matrix (2.2) of the unreachable and unobservable linear system
(2.1) is a zero matrix if and only if n = m + p and the condition
(2.11) is satisfied.

Example 2.1. Consider the linear system (2.1) with the matrices

120 4
A=[1 0 o [[B= zl,c=[—o.5 1 ol (2.15)
10 -1 1

The pair (A, B) with (2.15) is unreachable and the pair
(A, C)is unobservable, since

4 8 16
rank[B, AB, A’B] = rank [2 4 8 l =2<n=3
1 3 5
(2.16a)
and
C —-05 1 0
rank [CA | = rank |0.5 -1 0|l=1<n=3.
CA? —-05 1 0
(2.16b)
The condition (2.11) is also satisfied, since
CB=[-05 1 0] [2] =0. (2.17)
In this case the matrix P has the form
1 -2 0
= (0.5 0 Ol (2.18)
-05 1 0
and
-1 2 0 1
A_=PAP_1=[O 2 1 ,B=PB=2],
0 0 -1 0
c=[0 o 1] (2.19)
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The transfer function of the linear system with (2.15) has the
form

T(z) = C[lzz—A]"'B =
z—1 =2 0
[-05 1 0] [—1 z 0

H =0 (2.20)
1 0 z+1

1

and
T(z) = C[l;z— A]™'B =

z4+1 =2 0 I
[0 o 1]]0 z—2 -1 Hzo. (2.21)
0 0 z+1l lo

This confirms Theorem 2.4.

3. FRACTIONAL LINEAR DISCRETE-TIME SYSTEMS

Consider the fractional discrete-time linear system described
by the equations

A%, =Ax;+Bu;, 0<a<1,i€Z, (3.1a)

yi = Cx;, (3.1b)

where

A%x; = Z§-=1 CiXi_j (3.2a)

5= () ()= fuemen o 21,
! (3.2b)

is the fractional a-order difference of x; and x; € R"™, u; € R™
and y; € RP are the state, input and output vectors, x,is the
initial condition and A € R™", B € R™™ and C € RP*". Eq.
(3.2a) is the definition of the Griinwald-Letnikov fractional deriva-
tives.

Substitution of Eq. (3.2) into Eq. (3.1a) yields

Xip1 = AgX; — Z] L2CiXi—j41 T Bu, i € Z,, (3.3a)
where

Ay = A+ o (3.3b)
The solution of Eg. (3.1a) is given by

x; = ®yxo + X524 P j_1 By, (3.4a)

where the matrices ®; are defined by

iy = DA + Z1 () 0, g = I,

i=0,1,.. (3.4b)
It is well-known [9] that if 0 < a < 1 then

1) —¢; > 0forj=1.2,.. (3.5a)

2) X =-1 (3.5b)

The transfer matrix of the fractional linear discrete-time sys-
tem is given by

T(Z) = C[l,z— A,]"'B, (3.6a)
where

. (04 .
=2y g = NiL(—1)/1 (j )z, (3.6b)
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Definition 3.1. [9] The fractional linear discrete-time system (3.1)
is called reachable in g steps if for any given final state x; € R™
there exists an input sequence u; for i € [0, q] that steers the
state of the system from x, = 0 to the given final state x, = x;.

Theorem 3.1. [9] The fractional linear discrete-time system (3.1)
is reachable if and only if one of the equivalent conditions is satis-
fied:

1) rank[B, AgB, ..., A9 'B] =n, (3.7a)

2) rank[l,z— A, B]l=nforallz€C
(the field of complex numbers). (3.7b)

Definition 3.2. [9] The fractional linear discrete-time system (3.1)
is called observable in q steps if knowing the input u; € R™ and
the output y; € RP in the g steps it is possible to find its unique
initial state x, € R™.

Theorem 3.2. [9] The fractional linear discrete-time system (3.1)
is observable in g steps if and only if one of the following equiva-
lent conditions is satisfied:

c
CA

frank .~ |=n, (3.8a)
cAL™?
L,z—A,] _

2) rank [ ; ] =nforallz € C. (3.8b)

Theorem 3.3. The transfer matrix (3.6) of the unreachable and
unobservable linear system (3.1) is a zero matrix if and only if
n=m+ pand

CB = 0. (3.9)

Proof. It is well-known that the transfer matrix T(z) = 0 if and
only if the corresponding matrix of impulse responses g; = 0. If
the pair (A,, B) is unreachable then the pair by similarity trans-
formation can reduced to the form

A A B
Aa — [Ola 20(] Alo( mn1><"1 A mnzxnz’ B = [01]’
ERM M ni+n, =n (3.10a)
and
C=[C; G, CLeRP™M, (, € RP*M2, (3.10b)
In this case, from Eq. (3.4b), it follows that
o} o}
e I S S ED)
(o} o} B
s =cap=ics cald 2[5 - con
0, (3.12)

since the system is unobservable and C; = 0.

Therefore, the transfer matrix is a zero matrix if the system is
an unreachable and unobservable system and the condition (3.9)
is satisfied.

Note that the Theorem 3.3 can be also proved in a manner
similar to Theorem 2.4.
Example 3.1. Consider the fractional discrete-time linear system
(3.1) for a = 0.4 with the matrices

04 01 0.2 04 0
A=10 03 0| B=]0 1, ¢=[0 0 1].
0 0 04 0 O

(3.13)


https://en.wikipedia.org/wiki/Gr%C3%BCnwald%E2%80%93Letnikov_derivative
https://en.wikipedia.org/wiki/Gr%C3%BCnwald%E2%80%93Letnikov_derivative

§ sciendo

DOI 10.2478/ama-2023-0021

acta mechanica et automatica, vol.17 no.2 (2023)

Special Issue "Modern Trends in Automation and Robotics in tribute to Professor Tadeusz Kaczorek"

In this case we have

06 01 02] , 4,
Aa=A+13a=[0 07 0 lz[ol“ AZ“],
6 o1 0 0 08 3¢
Amz[o' 0:7],/13“:[0.8]. (3.14)
Note that the pair (A4, B)
rank[B, AyB]
04 0 024 0.1
=rank |0 10 07]=2<n=3 (3.15)
0 0 0 0

is unreachable and the pair (4,, C)

rank

C 0 0 1
CA l = rank [0 0 04 l =1l<n=3 (3.16)
CA? 0 0 032

is unobservable.

The transfer matrix of the system with Eq. (3.13) can be given as

T(Z) = C[l3Z — A" 'B

7—06 —0.1 -0.2 17104 o
=[0 0 1]fo 7=07 0 0 1
0 0 z—08l lo o

=[0 o]

This confirms Theorem 3.3.

From a comparison of the considerations presented in Sec-
tions 2 and 3, we have the following important conclusion.
Conclusion 3.1. The zeroing of the transfer matrix of the linear
systems is invariant under the order of the differential equations
describing the linear discrete-time systems.

The above considerations can be extended to normal linear
discrete-time systems [10].

(3.17)

4. CONCLUDING REMARKS

The problem of zeroing of the transfer matrix of standard and
fractional linear discrete-times has been investigated. Necessary
and sufficient conditions for the zeroing of the transfer matrices of
linear discrete-time systems have been established (Theorem 2.3
and 2.4).These conditions have been extended to fractional linear
discrete-time systems (Theorem 3.3). It has been shown that the
necessary and sufficient conditions are invariant under the frac-
tional orders of the linear discrete-time systems. The considera-
tions have been illustrated by standard and fractional examples of
linear discrete-time systems. The considerations can be extended
to linear discrete-time systems characterised by different orders.
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Abstract: The presence of geometric discontinuity in a material reduces considerably its resistance to mechanical stresses, therefore
reducing the service life of materials. The analysis of structural behaviour in the presence of geometric discontinuities is important
to ensure the proper use, especially if it is regarding a material of weak mechanical properties such as a polymer. The objective
of the present work is to analyse the effect of the notch presence of variable geometric shapes on the tensile strength of epoxy-type
polymer specimens. A series of tensile tests were carried out on standardised specimens, taking into account the presence or absence
of a notch. Each series of tests contains five specimens. Two notch shapes were considered: circular (hole) and elliptical.
The experimental results in terms of stress—strain clearly show that the presence of notches reduces considerably the resistance
of the material, where the maximum stress for the undamaged specimen was 41.22 MPa and the lowest stress for the elliptical-notched
specimen was 11.21 MPa. A numerical analysis by the extended finite element method (XFEM) was undertaken on the same geometric
models; in addition, the results in stress—strain form were validated with the experimental results. A remarkable improvement was obtained
(generally an error within 0.06%) for strain, maximum stress, Young’s modulus and elongation values. An exponential decrease was noted
in the stress, strain, and Young’s modulus in the presence of a notch in the material.

Key words: Tensile test, Hole-notched, Elliptical-notched, XFEM, Finite element method

1. INTRODUCTION diameters were produced. These specimens were tested in uniax-
ial tensile, open hole tensile, tension at different strain rates,
bending and in-plane shear. The obtained results indicated that
those treated at a higher temperature of 230°C, but at a shorter
time of 60 s, had the best mechanical performance. Also, the
linear elastic finite element (FE) model of KPNCs agreed well with
the experimental results in the valid strain range of 0%-0.5% for
the uniaxial tensile test and 0%—1% for the bending test. Tensile
specimens according to ASTM D1822 were manufactured using a
3D printer by Galeta et al. [19]. In this study, the authors deter-
mined the impact of three different lattice-like hollow structures
considered as honeycombs, drills and scratches on the tensile
strength of 3D printed samples. The test samples were prepared
on a 3D printer, with variations of the geometric structure internal.
The results of the tensile test revealed that the honeycomb struc-
ture and the structured samples exhibited the greatest strength.
Khosravani et al. [20] found that the tensile strength of sam-
ples of polylactic acid (PLA) and acrylonitrile butadiene styrene
(ABS) indicates that increasing the diameter of the hole leads to a
decrease in the strength of the part. The finite element method
(FEM) has been generally used for predicting the mechanical

In the recent years, scientific researchers and industrial ex-
perts have focused their efforts on biocomposite materials, due to
their properties of being sustainable, renewable, biodegradable
and biocompatible [1-4]. Biocomposite materials can be used in
different areas of applications, especially in light structures that
have a bolted assembly before using. It is necessary to determine
their mechanical properties through the different experimental
techniques used under different types of loading such as traction
[5-7], compression [8, 9], torsion [10-12], fatigue [13-15] and
impact [16]. The study of the geometry effect of the tensile spec-
imens on the mechanical properties has gained importance from
several authors. Notably, Baykan et al. [17] conducted an experi-
mental study on the effect of hole size and position on the me-
chanical properties of tensile specimens using peridynamic (PD)
theory and compared them numerically using code developed on
MATLAB and ANSYS. The authors noticed that PD can accurately
capture fracture stress, strain and hole interaction in composite
laminates.

In another study presented by Hao et al. [18], plastic speci-
mens reinforced with Kenaf fibres containing holes of different
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behaviour of composite materials [21-23], while Mohammadi et al.
[24] established standard open-hole tensile (OHT) laminated
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composites using the FEM to quantify the damage mechanism.
Moreover, Ghezzo—Fabrizia et al. [25] presented a numerical and
experimental study conducted on T300/epoxy carbon fibre thin
laminates with multiple cutouts subjected to in-plane loads. Liao
and Adanur [26] studied a new model, which is based on the
geometric modelling of woven and braided fabric structures in
three dimensions using a computer-aided geometric design (CAD)
technique. Recently, Recement Bogrekci et al. [27] analysed the
impact of modified PLA specimen geometries on structural
strength using FE analysis. Moreover, several types of adhesives
such as epoxy, polyester resin, phenolic and polyurethane have
been used for manufacturing of sandwich joints [28, 29].

Most of these studies did not take into account in their analy-
sis the effect of the presence of notches on a material with weak
mechanical properties such as polymer. Our work is a part of this
context. The aim of this paper is to propose a mixed extended
finite element method (XFEM) formulation for the elasto-plastic
analysis of stress and strain. The objective is to see the effect of
the presence of a geometric discontinuity on the tensile strength
of an epoxy type-polymer and to see how its mechanical proper-
ties evolve compared with the shape of the notch, and on the
other hand, to try to use the XFEM to analyse the variation of the
stress applied according to the deformation. Tensile tests were
carried out on specimens in the presence of different shapes of
geometric discontinuity (hole, elliptical notch). The effect of these
geometric shapes (hole and ellipse) on the mechanical properties
of the polymer was examined and compared with undamaged
specimens. The experimental results were compared with those
obtained with the FE numerical analysis using the ABAQUS soft-
ware using XFEM. The effect of the geometric shape of the notch
was evaluated in terms of the maximum stress and maximum
deformation. On the other hand, the calculation of the stress
concentration factor Kt in the different epoxy specimens has been
highlighted.

2. MATERIALS AND METHODS

2.1. Specimen geometry

The epoxy polymer specimens intended for the tensile test are
shown in Fig. 1. The dimensions are standardised according to
the ASTM D638-14 standard (Fig. 1a). Two notch shapes were
considered: a circular shape (Fig. 1b) and an elliptical shape (Fig.
1c). The presence of the notch aims to concentrate the stresses
and locate a plastification, which will be a source of initiation of the
damage.

Fig 1. (@) Undamaged specimen, (b) specimen with hole
and (c) specimen with elliptical notch

acta mechanica et automatica, vol.17 no.2 (2023)

The dimensions of the samples were 165 x 19 x 7 mma3,
where the hole diameter is about 6 mm and for the elliptical notch
the dimensions are r' = 3 mm, r2=6 mm.

2.2. Test procedure

The samples were connected to the handles of the device and
then the displacement was measured by the computer program.
The stress values relate to the force (F) and section area (S) of
samples. Also, the force—displacement curves of the samples are
recorded followed by incorporation of the total energy absorption
(EA) into the force—displacement curve with the following relation
[30]:

EA = [} FdS = F,,S (1)

For displacement u and field q to be used for the XFEM of the
model [31].

UM = Yien Niui(M) + Yiese N;Hui' +
= ® -
Siexe Loy NiFOufO = Ha 2)

q" = Yieae Niq]" + "
~ ~ % .
Yiese NiHG!" + Tiexe X34 NiF;* qi(j )= Hqq 3)

where: i and j are a numbered node, 1, § are the global vectors,
and N; corresponds to the functions of quadratic shape approx-
imation or associated with the linear continuum, while N; is the
linear shape function of the FEs which construct the partition of

unity. ui(M) 1(]96) qffand qux) denote the unknowns at

i, Hand F].(") are the functions on the sides.

In this work, we used the XFEM technique which allows us to
initiate and predict the propagation of the crack in the structure to
be damaged. Our structure is fixed in their extremities in order to
quickly cause the damage, adding to this the mode of loading that
appears as an important effect and quickly causes the damage in
our analysis. Not only does it accumulate the load to quickly
cause the damage, but it also gives us a broad understanding of
the behaviour of our structure for analysis. The XFEM technique is
implemented in the standard ABAQUS calculation code. In tech-
nique XFEM the damage is presented in the following forms:

u(x) = Yi=n Ni(u; + Xieny Ni(x)H(x)a; +
Sien, NG (5o Fo D)) @)

where N is all the nodes of the mesh and u_i is the classical de-
gree of freedom at node I; N_i (x) are the classical FE shape func-
tion associated with node |, where a and b are the corresponding
degrees of freedom, H(x) is a Heaviside type enrichment function
and F;(x) Enrichment functions represent the singularity in the
vicinity of the crack front as follows:

{F,(x)} = {x/?sin 8 Jrcos® rsinlsing vrcosEsin 9}
2 2 2 2 2 2
(%)

In the deformation zone, there is a point (yield point) which,
if exceeded by the stress value, does not return to its original
value [32] as follows:

H M
YU, qi ,u

oc=0,(1+¢) (6)
Jy de = (7)

ljdl
lo 1
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Etrue = In (ll—;) (8)
Erue = In (lol:M) )
Etrue = IN(1 + ¢) (10)

Isotropic materials have the same mechanical properties in all
directions in all points of the material as follows:

_01_
)
O3
Oy =
Os
Og
Cii Cz Gz o 0 0 K
Ci; 0 0 0 0 ||
Cy O 0 0 3
tuzCez g o (le] (1)
2
Cq1-C
112 12 0 £5
sym C11;C12 €e

For the ellipse shape which is parallel to the axis and the plate
a =0 or a = 1/2, which indicated the concentration of stresses
around the ellipse and the concentration of stress at the edge
of the given hole [33]:

o 1-m?—2m+2 cos 26
I Zmeos20emE (12)
1-2mcos260+m

sothat 0 <m< 1.
The maximum stress equals:

g=a0

Omax = KtOnom (13)

The stress concentration factor kt:

kt=1+z\/% (14)

R: Curve radius
2.3. Materials tested

Three sample types of epoxy resin with and without fibres
were prepared, and the notches were created in the shape of
elliptical holes (Fig. 2). During the manufacturing process, the
samples were exposed to a polymerisation temperature of 70°
and for 5 h in order to improve their mechanical properties. The
testing conditions were as follows: these samples will be subject-
ed to a tensile test under a displacement speed estimated at F = 1
mm/min and the diameter of the hole was droll = 6 mm for hole-
notched specimen and the dimensions of the samples were 165 x
19 x 7 mm3.

2.4. Design of experiments

The purpose of determining the tensile curves for the different
specimens was to take into account the location of rupture of the
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specimens by the presence of notches. The different geometric
notch shapes have the purpose of defining the sensitivity of the
specimen with respect to the tensile loading. For this, five speci-
mens were considered for each type, as shown in Fig. 2.

£ 6 7 K 9 10112

[ A R R,

Ep 4|

ittt iyl

Ellipse

Undamaged Hole

: \‘ h,' .ﬁ:‘ “‘:.A '& {
Fig. 2. (a) The undamaged sample of epoxy. (b) Epoxy specimens
with ellipse. (c) Epoxy specimens with hole

3. EXPERIMENTAL ANALYSIS

The experimental results obtained refer to five samples for
each of the specimens: complete Fig. 3(a), hole-notched speci-
men Fig. 3(b) and elliptical-notched specimen Fig. 3(c). Obtaining
a reproducibility of the results was a little difficult, especially for
the samples in the presence of elliptical notch. Machining this
shape was a bit difficult. For the other specimens the shape of the
curves was the same. We notice a variation in the tensile curves
for the three specimens, where the mechanical properties of
resistance (stress and Young’s modulus) as well as the defor-
mation were influenced by the presence of notches. A considera-
ble drop in these properties is noted compared with the results of
the solid samples (Fig. 4). The maximum stress is dropped from
40 MPa to 21.06 MPa (a reduction of almost 50%) for the samples
with holes and 11.21 MPa (a reduction of almost 75%) for the
samples with elliptical notch.

The experimental results in Fig. 4, including Young's modulus
and maximum stress value, indicate that the highest value for
them is at the undamaged specimen (1,793.80 MPa and 41.22
MPa, respectively). The value of the hole-notched specimen is
lower with a Young's modulus of 1,423.36 MPa and a maximum
stress equal to 21.06 MPa; the smallest of them is the elliptical-
notched specimen with a maximum stress of 11.21 MPa and a
Young's modulus of 547.59 MPa.

The experimental results indicate that the elasticity area of the
undamaged specimen is larger than the elasticity area of the hole-
notched specimen and the elliptical-notched specimen.
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\ . The three-epoxy specimens were analysed by performing a

(Fig. 4) tensile test to obtain the mechanical properties and enter-
T e ing the values for numerical analysis using the Abaqus program;
ettt the results are shown in Tab. 1.
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Stress (MPa)
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4] T Tab. 1. Mechanical properties of Epoxy specimen under tensile test
2 Young’s e-Fmax | eBreak | oBreak Maximal
L — Features modulus (%) %) (MPa) stress
0 1 2 3 4 5 (MPa) 0 0 (MPa)
Strain (%)
Fig. 3. Different experimental results for the five samples. (a) The five Undamaged | 479300 | 412 | 519 | 3474 | 3958
undamaged specimens. (b) The five hole-notched specimen. Specimen
(c) The five elliptical-notched specimens Hole-
notched 1,423.36 2.11 2.30 19.15 21.06
specimen
¥ Y ¥ ¥ (a) Elliptical-
40 4 Histamagec 59 notched 547.59 3.30 386 | 1036 | 11.21
| specimen
— 304 ) . .
S / | Fig. 5 summarises the tensile test results for the three epoxy
= samples, where the results of standard deviation showed the
2 20- : effect of the samples on the mechanical properties. We notice that
& ; | the larger the hole opening like ellipse, the lower the results of
; stress and Young's modulus, as well as strain. We also notice a
10 - convergence between the strain results for each of the hole-
notched specimen and elliptical-notched specimens.
0 . : ' ‘ i The three test samples for the undamaged specimen and the
0 1 2 3 4 5 ( hole-notched specimen as well as the specimen containing the
Strain (%) ellipse shape had the average Young's modulus for the undam-
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aged specimen 1,635.96 + 341.66 MPa compared with the hole-
notched specimen, Young's modulus 1,450.41 + 162.51 MPa.
While for the elliptical-notched specimen the Young’s modulus
710.06 + 260.48 MPa as shown in Fig. 5(a), while Fig. 5(b) shows
the average stresses for the three samples, which were 35.68 +
8.60 MPa and for the undamaged specimen, and stress 21.28 +
217 MPa and 12.81 £ 4.58 MPa for each of the hole-notched
specimen and elliptical-notched specimens, respectively. Fig. 5(c)
presents the deformation for the three samples. It showed less
strain for the hole-notched specimen with an average strain of
2.16 + 0.13%, followed by the elliptical-notched specimen with an
average strain of 2.75 + 0.65% and the largest of these was the
undamaged specimen with an average strain of 3.68 + 0.48%
.The standard deviations of the three test samples for the undam-
aged specimen, the hole-notched specimen and the elliptical-
notched specimen were in the range of 6%-37%.
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Fig. 5. Young’s modulus and stress and strain for all three samples
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4. NUMERICAL ANALYSIS
4.1. Mesh view

The numerical model was realised by FE under the code
Abaqus. A fine mesh has been undertaken for the different mod-
els.

There are two types of mesh: a mesh around the hole and a
uniform 3 x 3 mesh as shown in Fig. 6. The mesh around the
circular hole and around the elliptical hole has been refined. The
mesh optimisation provides accurate values compared with the
normal mesh in the FEM, and thus gives better results to ensure
convergence between the experimental and numerical results.
They tried to model the three specimens with the same number of
mesh elements, as shown in Fig. 6.

In order to be close to the real loading conditions in the trac-
tion machine, the following boundary conditions have been as-
sumed. One end of the specimen was embedded and the other
subjected to an applied stress. Application of force perpendicular
force F = 1 mm/min to the tensile samples was done, as shown in
Fig. 7.

Tab. 2. Input parameters of numerical simulation

Total Displace Young’s
Specimen number ment Mesh modulus
of nodes speed type (MPa)
Hexagon
Undamaged 1,008 1 (C3D8R) 1,793.80
Hexagon
Hole-notched 1,050 1 (C3D8R) 1,423.36
Elliptical- Hexagon
notched 1,050 ! (CapeR) | 24799

The tensile test of the specimens was carried out numerically
and the behaviour of the specimens was studied according to the
presence of the notch. In the numerical analysis in the ABAQUS
software, it showed a convergence between the experimental
results and the results of the numerical analysis for the three
specimens (Figs 8-10). Moreover, the maximum stress value (red
colour) was 41.20 MPa and the minimum stress (blue colour) was
around 0 MPa for the undamaged specimen, as shown in Fig. 8.
The maximum stress value (red colour) was 20.51 MPa and the
minimum stress (blue colour) was around 0 MPa for the hole-
notched specimen (Fig. 9). The maximum stress value (red col-
our) was 11.17 MPa and the minimum stress (blue colour) was
around 0 MPa for the elliptical-notched specimen (Fig. 10).

A high concentration of stress is noted in the vicinity of the
notch which reduces the resistance of the specimen. However, for
the specimen without notch, the stresses are distributed uniformly
along its useful length. The elliptical notch represents a higher
concentration of stress than that in the presence of a circular
notch. The stresses in the complete sample are greater than in
the other samples. A comparison of the results was made with
respect to the Young's modulus, maximum stress, and defor-
mation between the experimental results and those obtained
numerically (see Tab. 5). There is clearly a slight difference be-
tween the different properties between the simulation and experi-
mental results.
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(@)

Fig. 6. Mesh view. (a) The undamaged specimen. (b) The hole-notched specimen. (c) The elliptical-notched specimen

Fig. 7. Application of force to specimens in ABAQUS program
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Fig. 8. Comparison between the experimental and numerical results
for the undamaged specimen

It can be seen in Tab. 3 that the effect of stresses is higher in
the undamaged specimen and lower in the elliptical-notched
specimen. Stresses in the undamaged specimen were 41.20 MPa
and stresses in the elliptical-notched specimen were 11.17 MPa.
As for the results of PEMAG (the magnitude of equivalent plastic
strains) and PEEQ (equivalent plastic strain) in the Abaqus soft-

ware, the results were close and similar in the perforated and
elliptical-notched specimen and slightly higher in the undamaged
specimen.

25 T T T T

g
= 15+ -
b ot vt et ——SPH (EXP)
8 ——SPH (NUM)
s 104 i
[5]

5 -

o T 1 T I

0,0 0,5 1,0 1,5 2,0 2,5

Strain (%)

Fig. 9. Comparison between the experimental and numerical results
for hole-notched specimen

Tab. 5 shows, comparing the results of the reactions generat-
ed in the three specimens along the steepest region, that the
highest value of RF magnitude is 310.7 N in the undamaged
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specimen, 83.49 N in the hole-notched specimen and 55.26 N in
the elliptical-notched specimen. The displacement is close for the

Tab. 4. Experimental and simulation result with error
for the Young's modulus

hole-notched specimen and the undamaged specimen of 5.993 Specimen Experimental ABAQUS Error (%)
mm and 4.580 mm, respectively, and it is lower for the elliptical- Undamaged 1,793.80 1,650.01 8.08
notched specimen of 1.421 mm. Hole-notched 142336 118592 16.89
Elliptical- 547,59 47447 13.35
. . ; : notched

124 _—sPE (NUM)
|—SPE (EXP)

Stress (MPa)

00B: Job-2.0b  Abaqus/Standard

S, Mises
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Fig. 10. Comparison between the experimental and numerical results
for elliptical-notched specimen
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Tab. 3. Experimental and simulation result with error for the stress

Specimen Experimental ABAQUS Error (%)
Undamaged 41.20 41.22 0.04
Hole-notched 20.51 21.06 2 .61
Elliptical-
notched 11.17 11.21 0.35

Fig. 11 shows that the cracks propagated directly from the
edge of the hole to the nearest edge of the samples, due to the
quasi-isotropic characteristic of the samples of the epoxy compo-
sites. This can be clearly seen in the optical images included in
Fig. 11, the tensile specimens after fractures for all three types
(undamaged, circular and elliptical). The damage occurred across
the width of the specimen on either side of the hole at the notched

specimen and the ellipse notched specimen, while different dam-
age could be observed at various locations on solid specimens,
the fracture of the destroyed specimen occurred along the plane
perpendicular to the direction of maximum tensile stress.

ptical-notched specimen

Fig. 11. Tensile specimens after fractures

Tab. 5. Comparison between numerical results for the three specimens on ABAQUS

Specimen STR(E;F?;;’IAX imﬁ:):gol) PEMI(S;E) MAX PEEQ MAX RF I\I’\IIIAa)gz(n"ilt)ude U'\I’\In:)g(;(nnilt;?e STAT'\:IJ:))((FEM
Undamaged 41.20 0.05828 0.03739 0.03740 310.7 4.580 1.000
Hole-notched 20.51 0.04016 0.02635 0.02640 83.49 5.993 1.000
Elliptical-notched 1117 0.04185 0.02660 0.02660 55.26 1.421 0.4001
STRESS min E IYIIN_ (%) PI?MAG PEEQ min RF M_agnitude U M_agnitude STATU§XFEM
(MPa) principal min (%) min(N) min(mm) min
Undamaged 3.333 4.86 0.003116 0.003116 25.89 0.3816 0.0800
Hole-notched 1.709 0.003347 0.002.196 0.002200 6.958 0.499 0.0833
Elliptical-notched 0.9305 0.003488 0.002261 0.0002217 4.602 0.1184 0.03334

5. CONCLUSION

The study undertaken in this work aims to use the XFEM
technique for modelling the behaviour of an epoxy-type polymer to
see the influence of the presence of notch on the tensile re-
sponse. The obtained experimental results indicate that the un-
damaged specimen has ultimate tensile strength of 41.22 MPa
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and Young’s modulus of 1,793.80 MPa, which are the strongest
parts among the studied specimens. Comparison of the ultimate
tensile strength indicates that an increase in hole diameter leads
to a decrease in the strength of the part. The ultimate maximum
stress is a decrease of 11.21 MPa and a Young’s modulus of
547.59 MPa for the elliptical-notched specimen. The weakest
examined is the elliptical-notched specimen. The standard devia-
tions of the three test samples for the undamaged specimen, the



§ sciendo

DOI 10.2478/ama-2023-0022

hole-notched specimen and the elliptical-notched specimen are in
the range 6%—37%. The comparison of the numerical results with
the experimental values revealed good agreement and that the
error ratios are less than 3% for the maximum stress, while the
error rate is less than 17% for the Young’s modulus.

FE analysis using the XFEM technique is efficient and pre-

sents good results if the mesh of the specimen is well optimised.

A high stress concentration is noted around the elliptical and

circular notches. These geometric discontinuities reduce the width
of the plate and provide a considerable drop in the value of the
maximum tensile stress.
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Abstract: The aim of this work is to propose a sandwich beam with stepped layer thickness in three parts along its length. The total depth,
width of the cross-section and its mass are constant. The beam is under a uniformly distributed load. The system of two equilibrium equa-
tions was formulated for each part based on the literature. This system was analytically solved for the successive parts of the beam and
the functions of the shear effect and deflection were determined in them. The effective stepped layer thicknesses was determined on the
basis of the adopted criterion for minimizing the maximum deflection of the beam. The example calculations were made for two elected
beams. The effective shapes of these beams are shown in the figures. Moreover, FEM numerical calculations of the deflections of these

beams are performed.

Key words: analytical modelling, bending, shaping criterion, FEM calculation

1. INTRODUCTION

Sandwich constructions initiated in the 20th century are inten-
sively developed in the 21st century. Vinson [1] presented a gen-
eral introduction to the mechanics of sandwich structures with
reference to the 174 articles. Icardi [2] developed a sublaminate
model taking into account the zig-zag theory for the analysis of
laminated and sandwich beams. The aim is to show the ad-
vantages of using higher-order approximations of displacements
in sublaminates. Yang and Qiao [3] developed an analytical high-
order impact model of a soft-core sandwich beam to analyse its
response to foreign body impact. The results of analytical tests
were compared with the results of FEM (Finite Element Method)
numerical tests. Magnucka-Blandzi and Magnucki [4] presented
the problem of effective shaping of a sandwich beam with a metal
foam core with variable properties along its thickness. The optimal
dimensionless parameters of the beam were determined on the
basis of the adopted criterion. Kreja [5] described, based on a
review of 246 articles, the state of the art in the field of analytical
and numerical FEM methods used in the calculations of laminated
composite and sandwich panels. Wang and Li [6] presented a
theoretical analysis of bending of two types of sandwich beams
with aluminium or steel facings and cores made of shape memory
polymers. Nguyen et al. [7] studied sandwich panels with stepped
facings and honeycomb cores. They have demonstrated in nu-
merous examples that stepped linings can increase the strength
and rigidity of sandwich structures. Phan et al. [8], taking into
account the high-order theory of sandwich panels (HSAPT), de-
veloped a one-dimensional high-order theory for elastic ortho-
tropic sandwich beams, taking into account the transverse com-
pressibility of the core. Magnucki et al. [9] developed analytical
and numerical FEM models of a five-layer sandwich beam and
analysed its strength and stability. Sayyad and Ghugal [10] made
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a critical review of analytical and numerical studies described in
selected 515 papers on bending, buckling and free vibration of
homogeneous, laminated composite and sandwich beams, taking
into account the applied theories. Birman and Kardomateas [11]
presented, based on a review of 363 articles, contemporary trends
in the development of sandwich structures in terms of theory and
their practical application, with an emphasis on aviation, civil and
marine engineering, electronics and biomedicine. In addition,
sandwich structures are used in ships, which was described in
detail by Kozak in 2018 [12]. Magnucki [13] presented analytical
studies of bending of sandwich and I-beams with a symmetrical
structure using two deformation models of flat cross-sections.
Magnucki et al. [14] studied analytical and numerical FEM bend-
ing, buckling and free vibration of a sandwich beam with an
asymmetric structure. The analytical model was developed taking
into account the classic broken-line theory. Sayyad and Ghugal
[15] presented a review of research, including 250 articles, on the
modelling and analysis of functionally stepped sandwich beams
and indicated directions for further research. Chinh et al. [16]
analysed the bending of sandwich beams with a symmetrical
structure with functionally stepped facings and a porous core
subjected to a uniformly distributed load. Four types of supports
for these beams, simply supported, clamped-clamped, clamped-
hinged and clamped-free, were included. Magnucki et al. [17]
developed three models of a simply supported sandwich beam
and studied analytical and numerical FEM bending, buckling and
free vibration. Kustosz et al. [18] analysed analytical and numeri-
cal FEM bending of a stepped sandwich beam with fixed ends
under the action of a uniformly distributed load along its length.
This work is a theoretical study presenting a generalized model of
a sandwich beam, thanks to which it is possible to test the bend-
ing strength of beams with stepped structures.

The aim of this work is to propose the effective shaping of a
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symmetrically stepped sandwich beam along its length. This work
is a continuation of the studies presented in the paper [18].

2. ANALYTICAL STUDIES

2.1. Analytical model of the stepped sandwich beam

The subject of the studies is the sandwich beam stepped in
three parts arranged symmetrically along its length. This beam
with clamped ends of the length L, the total depth h and width b is
subjected to the uniform load of intensity g (Fig. 1).

RN RN RN RN
At = ‘
Z D n .

Fig. 1. Scheme of the stepped sandwich beam and the load

The volume of the core of the classical sandwich beam with
constant layer thicknesses is given as follows

V< = bh,L, (1)

where h, is the thickness of the core.
However, the volume of the core of the stepped sandwich
beam (Fig. 1) is given in the following form:

VY = b(2hey Ly + heyLy), 2)

where h, is the thickness, L, is the length of the first part of the
beam, k., is the thickness and L, is the length of the second-
middle part of the beam.

Equating the volumes of the core of the classical beam (1)

and the stepped beam (2), V. = .9, after simple transfor-
mation, the following is obtained:

2Xc1M F Xe2Az = XA = const, 3)
from which

A=2)c14
Xeo = %00 (4)

where y. = h./h, xc1 = hei /Ry Xz = hep/his the relative
thicknesses of the coresand A = L/h, A, = L,/h, 1, = L,/h
is the relative lengths of the beam and its parts, also 24, + 4, =
A

It is noted that the expression (3) also provides a constant
volume of the faces, so it is a condition for constant mass of the
stepped sandwich beam.

The system of two differential equations of equilibrium for indi-
vidual parts of the stepped sandwich beam, based on the paper
[18], is formulated in the following form:

a2p® ayp®

Cvm' % - C‘U‘l[)l. d{f = [(f fz)ql’z - ZMO] Ey bhz’ (5)
35 a2y

Copi % = Cyypi —55 e + sz}tzlp,@ &) =0, (6)

where ¢ = x/L is the dimensionless coordinate, i = 1,2 is the
number of the beam part, 79 (&) = v®@ (&) /L is the relative
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deflection, 1/)]9)(5) is the dimensionless longitudinal displace-

ments in faces, Cpy=1—(1—e)xs, Copi=3-—
4 ec

(B —2edxz, Cyyi =413—B—exal, Cpi= —

1+Vc xci'
e. = E./Ey is the dimensionless coefficient, Ey, E,. is the Young
modulus of faces and the core, v, is the Poisson ratio of the core
and M, is the clamped-ends moment.
This system of two differential equations, Eqgs (5) and (6), after
simple transformation, is reduced to one differential equation in
the following form:

)
IIJ Cyyi
a @D () = —6(1 = 2) ot 2 S (1)

CowiCwi . . . . .
where a; = |[—22Z%L__is the dimensionless coefficient.
CoviCypi=Copi

The solution of this equation is given as the following function:

PP (&) = k[Cyy sinh(@;A8) + Cy; cosh (e A8) +
+6(1 — 25)],1E‘;—b,

Coyi

vvibtyi

where k,; = is the coefficient and Cy;, C,; are integration

constants.
Eq. (5), after the first integration, is given as follows:

(2 -t

val d;{ C31 + Cmpzll’,gl) (f)
26, ) & ©)

where Cs; is the integration constant and M, = M,/qL? is the
dimensionless clamped-ends moment.

Efb

2.2. Analytical solution

The analytical solution is realized in the individual parts of the
stepped beam.
The dimensionless longitudinal displacements in faces:

— thefirstpart (i =1),0 <& < A,/2

The function (8), with consideration of the boundary condition
1/)}1) (0) = 0, from which C,; = —6, is provided in the following
form:

(&) = kea[Cyy sinh(a; A8) — 6 cosh(ay A8) +

10
+6(1 — 25)];—1. (10)

This function for § = A, /A is as follows

1/)(1) ( ) =k, [C11 sinh(a;1,) — 6 cosh(a;4,) +
e
A1 Egb’
— the second-middle part (i = 2), 1, /A <& <1/2
The function (8), with consideration of the condition
1/)}2)(1/2) = 0 and simplification, is provided in the following
form:

¥ () = 6kea(1 - 26) 15 (12)

(11)
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Taking into account the continuity condition for the longitudinal
displacements in faces 1pf1) /) = 1[)(2) (1,/2), the integra-
tion constant is obtained as follows:

cosh(ayy) + <212, (13)
cl

6
Co=———|
11 sinh(aq41) A

Consequently, the function (10) is provided in the following form:

Y€)= 6ker {~

sinh[a;(4;-4¢)]
sinh(a141)

A
+1—25};f—b.

sinh(a1A§) kep—kep A2
sinh(a141) ke 2

(14)

Therefore, the function for & = 4, /2 is given as follows:
1) — _a_
v (3) = 6kaata (15)

The relative deflection:
— thefirstpart (i =1),0 < ¢ <A,/

Eg. (9), with consideration of the boundary condition
dv ™ /dé& |, = 0, from which C5, = 0, is provided in the follow-
ing form:

d*(l)
Coon "5 = Copnthf? (€)= 6 (582 =38 — 261, ) 22 (16)
Therefore, the derivative of the relative deflection curve for
& = A,/ is given as follows

av®
A p—t
ag '3t
qa

{6Cupiker 2~ [(2+2) 2 - 120, 1,2 }1—fb

(17)
Eq. (16) after integration is given as follows:

_ A
valv(l) ) =Cu + 6kc1Cv1p1q)1(p1) €3] # -

18)
e (82 A (
6 ( 6 12 E MO) Efb 4
where

o)) __ cosh[a;(1,-19)] cosh(@14§) kez—ke1 4z -
q)lll €)= a1y sinh(a1d;)  agdgsinh(aqdy)  ker A ¢

&2 (19)
Based on the boundary condition 7(*(0) = 0, the integra-
tion constant is given as follows:

_ 6kc1  Coyp1 [ kea—ke1 /12] qr
C41 - smh(alll) a A COSh(alAl) t kcr A Efb (20)

Therefore, the relative deflection of this part for & = A, /1 is

given as follows:
v (3) = {okeaonn o5 (527 - 1) + (1-3)3] -
6M0]/1} ot

a A kc1
valEfb

- 4)4-

cosh(aq11)-1
sinh(ay44)
— the second-middle part (i = 2), 1, /A <& <1/2
Taking into account Eq. (9) with consideration of the function

(12), based on the condition dv@® /d¢ |/, = 0, the integration
constant is obtained as follows:

(21)

where k, = is the dimensionless coefficient.
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— 23
Csp = %(1 - 12M0)ﬁ. (22)
Therefore, Eq. (9) is provided in the following form:

dﬁ(z)
vv2 ag

= {6C,yokea(1 - 28) +[3 — 362 + 26° —
_ (23)
—6(1 — 25)M0]AZ}%.

Thus, the derivative of the relative deflection curve for
& = A,/ Ais given as follows:

av® _ Ar) (Ar)
g |71 - {66“‘/’2](02 1 [2 B (3 B 27) (T) B
o) 27}
Based on the continuity condition for the derivative of the rela-

tive deflection curve dv®/dé |y ;n =dv®/dE |y, . the
dimensionless clamped-ends moment is obtained as follows:

(24)

Cyszfb

M, = a0 (25)

12[2(Cop1=Cov2) A1 —Cop1 212

where the numerator of this expression is given as follows:

Nio = 12(6”"26”11’1 CWlCWPZ) key — wllz + (26)
+2(va1 vvz) (2 + )AZ
Eq. (23) after integration is given as follows:
Cona®® (§) = Caz + {6Coyaker(§ — §) + [56 - 82 + (27)

58— 60— MY

Based on the continuity condition for the relative deflection
curve 7 (A,/2) = 5@ (1,/4), the integration constant is
obtained as follows:

~ ~ ~ ~ i
C4-2 = [6(6421 - C4-22) - (C4-23 + C424)12] %1 (28)
where

Cyv2 ko (kea—kc1 Az _ A\ A
Caz1 = Coy 5 en {ala( PR 1) (1 ) /1}’

= A1\ 4
Cazz = Cmpzkcz (1 - 71) 71,

=2 (-2 -00] ()
o= {1 (- 2)3]-om) (- 1)

Taking into account Eq. (27), the maximum relative deflection
of the stepped sandwich beam is given as follows:

_ _ 1 -

Vmax = 7@ (E) = Vmax #1 (29)
where

Vmax = (Ty + 7,4%)2, (30)
and

~ Coy1 ko 1 Cyy2

Uy = {val i [( 2~ cl) kcl] +3 s ke, +

(31)

Cmpl Cmpz A1) A1
+(G ke — )( -3
Covr 1 Cppp 2 A/ 2
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~ 5 = = =
Uy = (5 - %Mo — Cyz3 — C424) C:_vz (32)

Thus, the criterion of effective shaping of the stepped sand-
wich beam was assumed as the minimization of the maximum
dimensionless deflection of this beam, with considering two ex-
pressions (4) and A, = A — 244, and is obtained in the following
form:

minll,)(cl [ﬁmax (2-1: Xcl)] : (33)
The detailed calculations are carried out for the exemplary

stepped sandwich beams.
3. DETAILED CALCULATIONS

3.1. Beam B-1

The data of the classical sandwich beam B-1 are specified
in Tab. 1. However, the results of the calculations, the effective
dimensionless sizes and maximal deflection, are specified
in Tab. 2.

Tab. 1. The classical sandwich beam — B-1

acta mechanica et automatica, vol.17 no.2 (2023)

3.2. Beam B-2

The data of the classical sandwich beam B-2 are specified in
Tab. 3. Moreover, the results of the calculations, the effective
dimensionless sizes and maximal deflection, are specified in Tab.
4, and the graph of the dimensionless longitudinal displacements
— shear effect functions (12) and (14) - is shown in Fig. 4. The
scheme of the effective shape of this stepped sandwich beam is
similar to Fig. 3.

Tab. 3. The classical sandwich beam — B-2

A’ eC VC XC ﬁmax

20 1/20 0.3 16/20 613.14

Tab. 4. The effective dimensionless sizes and maximal deflection — B-2

A eC VC XC ﬁmax

20 1/20 0.3 17/20 728.66

Tab. 2. The effective dimensionless sizes and maximal deflection — B-1

Al,ef Az,ef Xcl,ef )(cz,ef ﬁma\x

2.4 15.2 14.66/20 | 17.74/20 676.02

Moreover, the graph of the dimensionless longitudinal dis-
placements — shear effect functions (12) and (14) — is shown in
Fig. 2, and the scheme of the effective shape of the stepped
sandwich beam is shown in Fig. 3.

¢r (1),
Y ()
1015t
Y
0
0.032 A 1 ¢
Fig. 2. The graph of the dimensionless longitudinal displacements —
shear effect functions
. A A;
V7
é‘ A
4_._._._ o _|He2 1
A

Fig. 3. The scheme of the effective shape of the stepped sandwich beam

/11,ef /12,ef Xcl,ef Xcz,ef ﬁmax
2.5 15.0 13.22/20 | 16.93/20 576.16
Ve
ViG]
9.209 —
8.977
A6,
0.04063 _/%_ % &

Fig. 4. The graph of the dimensionless longitudinal displacements -
shear effect functions

4. NUMERICAL FEM STUDIES

4.1. Beam B-1

The numerical model of the example effective stepped sand-
wich beam B-1 was developed in the ABAQUS 6.12 system using
84,000 hexahedral linear finite elements (C3D8R type). The mod-
el of the beam is solid and represents only half of the beam due to
the symmetry. The longitudinal x-axis is collinear with the beam
neutral axis, the y-axis is directed and the z-axis is parallel to the
cross-section of the beam. The beam is under a continuous load
and its ends are clamped (Fig. 5).

Fig. 5. The scheme of the numerical FEM model of the effective stepped
sandwich beam B-1
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The value of the maximum deflection determined numerically

is as follows: 7., = 678.96. The difference between analytical
(An) and numerical (FEM) results is 0.43% in these exemplary
stepped sandwich beam.

4.2,

Beam B-2

The numerical model of the B-2 beam is analogous to the

model of the B-1 beam. The value of the maximum deflection
determined numerically is given as follows: 7., = 581.58. The
difference between analytical (An) and numerical (FEM) resullts is
0.94% in these exemplary stepped sandwich beams.

5.

CONCLUSIONS

The detailed calculations for the exemplary stepped sandwich

beams provide the following conclusions:

204

The stiffness of the sandwich structures can be increased by
introducing stepped facings, which is expressed in smaller
maximum deflections compared to the maximum deflection of
the classical sandwich beam, and so for the beam B-1 by
7.2% and for the beam B-2 by 6.0%.

The developed analytical and numerical FEM models of this
beam are equivalent, the differences between the values of
the maximum deflections of the exemplary beams calculated
based on these two models are less than 1%, and so for the
beam B-1 is 0.43% and for the beam B-2 is 0.94%.

The facings thicknesses of the effective sandwich beams in
the first part, at clamped beam ends, are greater than the fac-
ings thicknesses in the middle part of these beams (Figs. 3
and 5).

In future works related to this paper, the problem of effective
shaping of sandwich beams with a stepped structure, taking
into account the local buckling (face wrinkling), could be con-
sidered.
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Abstract: Vehicle passive suspensions consist of two major elements generating force — spring and passive damper. Both possess
non-linear characteristics, which are quite often taken into account in simulations; however, the friction forces inside the hydraulic damper
and the damping force’s hysteresis are usually left out. The researchers in this paper present the results of examination of the influence
of using complex damper models — with friction and hysteresis; and with linear and non-linear static characteristics — on the chosen
dynamic responses of a suspension system for excitations in the typical exploitation frequency range. The results from the simulation tests
of the simplified and advanced versions of the damper model - different transfer functions and their relation to the reference model’s
transfer functions — are compared. The main conclusion is that friction and hysteresis add extra force to the already existing damping force,
acting similar to damping increase for the base static characteristics. But this increase is not linear — it is bigger for smaller frequencies
than for higher frequencies. The research shows the importance of including non-linear characteristics and proposed modules in modelling

passive dampers.
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1. INTRODUCTION

The car suspension — in a sense of mechanical components —
is a group of elements such as springs, shock absorbers and
linkages that connect the vehicle body or frame to its wheels and
transmit longitudinal, lateral and vertical forces between them
while simultaneously allowing relative vertical motion between the
wheel and the body or frame of the vehicle.

In the sense of functionality in an area of vehicle vertical dy-
namics, the suspension must support both road holding/handling
and ride quality, which are at odds with each other. The structure
of suspension, wheels and the body forms an oscillatory system,
affected by kinematic excitation z, caused by the road surface
profile (Fig. 1) and also by the force excitations caused by inertial
forces acting on vehicle body during manoeuvres in the longitudi-
nal or lateral directions (1).

In detail, the functionality of the suspension in the area of ver-
tical dynamics involves keeping the car wheel in contact with the
road surface as much as possible, because all the road or ground
forces acting on the vehicle do so through the contact patches of
the tyres. The suspension also protects the vehicle itself and any
cargo or luggage from damage and wear, working as a vibro-
isolation system that minimises the effects of road kinematic
excitations.

The kinematic excitations processed by the suspension’s dy-
namic structure produce responses such as bounce displacement
of the sprung mass z,, and the unsprung mass z,,; the relative
displacement of both masses — the suspension deflection (rattle

space) zy — z,,; the acceleration of the sprung and unsprung
masses (Zy,Zn,); as well as the forces F, of tyre—road contact.
The relations between road excitation and listed suspension
responses, in a function of excitation frequency, usually are called
suspension transmissibility functions (2), the dynamic characteris-
tics of suspension, the frequency response function or the magni-
tude—frequency characteristics (3,4).

Oscillating systems

7 Input
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F
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Fig. 1. A car suspension as an oscillatory system
with its dynamic characteristics

The shape and amplitude values of the frequency response
functions (transfer functions) allow the easy assessment of sus-
pension performance in terms of the criteria of comfort, safety and
suspension rattle space, which is a technical limitation of suspen-
sions. Ride comfort can be assessed using the sprung mass
acceleration transfer function Z,(w), the safety potential using the
dynamic wheel load transfer function F;(w) and technical limita-
tions with the wheel rattle space amplification function. This func-
tion is also important from the point of view of the kinematic per-
formance of the suspension — possible changes of wheel camber
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and steer angles — and the influence of vertical dynamics on
lateral dynamics.

These functions can be shaped by tuning the parameters of
the suspension components — sprung and unsprung masses,
spring characteristics and shock absorber (damper) characteris-
tics and the tyre stiffness and damping coefficients or characteris-
tics. Thus, it can be said that synthesis of suspension perfor-
mance involves finding the right compromise between fulfilling all
the tasks in terms of vertical dynamics by setting adequate sus-
pension stiffness and damping parameters or characteristics to
fulfil all the tasks in an optimised way.

A lot of research concerning improving the ride comfort and
handling performance has been done purely on theoretical, simpli-
fied models of vehicle vertical dynamics, usually linear, where the
stiffness and damping characteristics are described by only linear
parameters. This method of modelling suspensions is justified
when using shock absorbers and springs with linear characteris-
tics in earlier periods of motor car history and also while narrowing
the range of analysis only to the use of the linear part of the spring
or characteristics of the shock absorber. Finally, the use of linear
parameters could be justified by the use of substitute linear pa-
rameters in place of real non-linear characteristics.

The experimental tests of shock absorber characteristics show
that not only are non-linear static characteristics often not imple-
mented in simple mathematical models but also additional phe-
nomena, such as dry friction or hysteresis in a suspension, are not
considered.

Thus, more advanced models include non-linear characteris-
tics and/or asymmetrical characteristics. Sometimes, dry friction is
added (5-7), while taking into account damping force hysteresis is
rare. The authors therefore decided to research the influence of
inclusion of friction and hysteresis modules into the shock absorb-
er model on changes in the estimated frequency responses of
suspensions with linear and non-linear static shock absorber
characteristics.

2. RESEARCH METHOD

2.1. Research matrix and model parameters

In the research, computer simulation of a vertical dynamics
model of a quarter car was implemented in MatLab/Simulink
software. Specifically, modified quarter-car models with different
damper models were used for the different cases, as presented
in Tab. 1.

Tab. 1. Shared features of a quarter-car model used in the research

The investigation began by analysing Case 1 — the simplest
possible damping characteristic — passive linear one with mini-
mum (900 Ns/m) and maximum (3,100 Ns/m) damping coefficient.
The case involving just the non-linear static characteristic without
friction and hysteresis, namely Case 5, was chosen as the easiest
way to model real damper characteristics in both maximum and
minimum damping modes (Fig. 4). Cases 2—4 and 6-8 were also
tested as passive suspension, with constant shock absorber static
damping characteristics but including additionally either friction or
hysteresis, or both of them.

Fig. 2. Quarter-car model used in the simulations

The notations in the figure mean: M — the sprung mass, m —
the unsprung mass, k,, — the suspension stiffness coefficient, k,,,
- the tyre stiffness coefficient, c,, — the suspension damping
coefficient, c,, — the tyre damping coefficient, z,, — the sprung
mass displacement, k,,, — the unsprung mass displacement, h -
the kinematic excitation.

All other suspension parameters were shared between all ver-
sions of the model: the linear stiffness characteristics of a tyre and
suspension were used (Tab. 2), while the quarter-car model used
is shown in Fig. 2.

Tested models were subjected to the excitation that enables
calculation of the suspension dynamic responses in the form of
transfer functions (frequency response function) between excita-
tion and responses important for evaluation of suspension dynam-
ic performance:

- suspension deflection for evaluation of necessary rattle space;

- sprung mass acceleration and sprung mass displacement for
evaluation of ride comfort;

- cumulative tyre force for evaluation of safety potential.

Tab. 2. Shared features of a quarter-car model used in the research
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Case Linear char- Non-linear Friction HystereSiS Parameter Unsprung SPrung Tyre Tyre SUSPension
no. acteristic | characteristic mass | mass |stiffness | damping | stiffness
1 v - - - Unit (kg) (kg) (kN/m) (Ns/m) (kN/m)
2 v - (4 - Value 50 400 200 350 30
3 v - - 4
4 v - v v The road excitation used in the research was a vertical sinus-
5 - v - - oidal displacement with a constant amplitude of 3 mm and a
6 _ v v _ variable frequency starting from 0.0001 Hz up to 40 Hz (Fig. 3). It
7 ~ ; - ; is similar to that used in European Shock Absorber Manufactures
Association (EUSAMA) testers during periodical technical inspec-
8 - v v v tions of car suspensions.
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Fig. 3. Changes in the frequency of the input signal over simulation time

Important frequencies when analysing suspension dynamics
cover a range from 0.5Hz to 25Hz. The frequency values
changed in a non-linear fashion in order to allow more cycles to
occur in a lower range, which gives better results when calculating
transfer functions (8). Additionally, frequencies <0.5 and >25 Hz
were added to the simulation in order to further stabilise the re-
sults of the tfestimate MatLab function, which was used to esti-
mate the transfer function of the suspension.

2.2. Damper models including friction and hysteresis

The damper model for all cases, besides Case no. 1 (labelled
as ‘linear”), had non-linear, asymmetric characteristics identified
after empirical testing of damping forces of a real damper and
averaging these forces to obtain the static characteristics (9) (Fig.
4).

All the damper model versions, besides Case no. 1, included
a model of an adjustable damper with hysteresis, friction and also
actuation delay modelled but not used in this research (Fig. 5).

Four main modules were applied to model the total damper
force:

1. the static damping force,
2. hysteresis force,

3. friction force and

4. dynamic response.
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Fig. 4. Damper model static characteristics; lin. — linear,
non-lin. — non-linear

The static damping characteristics module models the damp-
ing force as a function of deflection speed, differing for the com-
pression and rebound and also on the control current if it models
the electrically adjusted damper. Its implementation in Simulink is
shown in Fig. 6.
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N Control current calculation
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>

Damping force

Base damping force module

Control Control current T
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Fig. 6. Advanced damper simulation model
Damp. — Damping; Susp. defl. — Suspension deflection

207



§ sciendo

Zbyszko Klockiewicz, Grzegorz Slaski

DOI 10.2478/ama-2023-0024

The Influence of Friction Force and Hysteresis on the Dynamic Responses of Passive Quarter-Car Suspension with Linear and Non-Linear Damper Static Characteristics

For linear and symmetrical characteristics, the damping force
can be modelled using simple equations (it was done for linear
damper for Case no. 1):

Fq = cx, (1)

where c is the damping coefficient and x is the damper compres-
sion/extension velocity.

In cases of non-linear and asymmetrical characteristics (cases
no. 2-4 and 6-8), interpolation of experimental characteristics
was used by wusing the “Look-up table” block during
MatLab/Simulink software implementation.

For the adjustable damper, the interpolation was also neces-
sary for the value of damping force in relation to the control cur-
rent. This also can be accomplished with two-dimensional “Look
up table” block for the three-dimensional shock absorber charac-
teristics. Assuming a linear relation between the control current
and the damping forces, the medium damping Fs ,,, static char-
acteristic was used along with the coefficient K, to increase or
decrease damping force according to the value of the valve coil

current and the state of the damper work — compression or re-
bound:

FdS_I = FdS_m " K, ()

where: F; s ; —interpolated value of damping force from the static
characteristic for a given current, Fys ,,, — the middle static char-
acteristics damping force (for middle value of valve coil current),
K, - the coefficient to increase or decrease the damping force
according to the value of valve coil current and state of damper
work — compression or rebound. K, values for the modelled shock
absorber formulas, according to the value of the current I. (0.6
< 1, <1.6 A), were determined respectively for compression and
rebound as follows:

and
K = 0711 + 1.74 4)

i
Control
current

Contr. cur.  Scal. coef.

Scaling coefficient

for extension

(3 ) pl 1
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Fig. 7. Base damping force calculation subsystem

Contr. cur., control current; Scal. coeff., scaling coefficient; Susp. defl., suspension deflection

o
Susp. defl.
velocity P tanh(u) >l
» ,
S - .
Suspension Hysteresis force
deflection e—
P Control current Scale factor
Control
current Scale factor calc.
Fig. 8. Hysteresis module of the Simulink damper model
calc., calculation; Susp. defl., suspension deflection
The damper hysteresis module (Fig. 8) is important for high following formulas:
damping forces and high velocities. A simple model based on a Fo—keta (5)
previous work (10) was proposed to simulate the hysteretic force— h = %
velocity characteristic of the damper. This model is given by the z=F," tanh([b‘c + 6sign(x)), (6)
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where: k — the stiffness coefficient, which is responsible for the
hysteresis opening found from the vicinity of zero velocity; a large
value of k corresponds to the hysteresis opening of the ends;
z — the hysteretic variable given by the hyperbolic tangent func-
tion; B — the scale factor of the damper velocity defining the hys-
teretic slope; a large value of B gives a steep hysteretic slope.
0 - factor determining the width of the hysteresis through the term
Osign(x); a wide hysteresis results from a large value of 9,
a - scale factor of the hysteresis that determines the height of the
hysteresis; its value depends on the control current.

Based on the dynamic characteristic analysis of the tested
shock absorber, a formula for the relation between scale factor
a and valve coil current 1. was developed as follows:

a=ay- (_2'151C + 4’.45) (7)

where: a, — scale factor a of the hysteresis for middle static char-
acteristics damping force.

ifful >v_ug_gr)
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The hysteresis force’s value was dependent on the suspen-
sion deflection and its velocity, as well as on the control current's
value and a number of empirically obtained parameters [9].

The internal friction module (Fig. 9) models the force F; and
consists of two elements — the value of the kinetic friction force
and a signum function due to the model friction force with opposite
sign to the damping force. The friction force calculation depends
on the suspension deflection velocity: if it was greater than a given
threshold, then the friction force had a value equal to the defined
kinematic friction (35N); if it was smaller, then the kinematic
friction value was multiplied by the ratio of current suspension
deflection velocity to the threshold value.

35if Vgesy > 0.1m/s
Fr =
r- {35 Udeﬂ if Vgep1 <0.1m/s

[N] (8)

Susp. defl.
velocity Susp. defl.

velocity criterion

else

if{}

Sus. defl. vel. Friction force 1

P{ Sus. defl. vel.

else{}
Friction force P

merge

Friction force

Fig. 9. Friction force calculation subsystem
Susp. defl., suspension deflection; vel., velocity
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Fig. 10. Damper forces from the experimental test performed with the
presented stand (1 — material test system [MTS] electrohydraulic
excitator, 2 — force transducer, 3 —tested damper,

4 — travel sensor) and modelled

Forces modelled by the static non-linear model with added
hysteresis and friction modules are presented in Fig. 10 and
compared with the results from the experiment, as presented in
the photograph in Fig. 10. Experimental tests of the characteristics
of the three various types of shock absorbers, using a material
test system (MTS) electrohydraulic actuator, performed by one of
the authors, are described in a previous publication (11).

The comparison of damping forces calculated from static
characteristics with those calculated from friction and hysteresis

modules shows that the influence of including friction and hystere-
sis should be much bigger for lower frequencies due to their much
larger share in the total damping force, as seen in Figs. 11
and 12.
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Fig. 11. Comparison of damping forces calculated from static
characteristics with those calculated from friction and hysteresis
modules for the first resonant frequency, which is approximately
equal to 1 Hz

As previously stated, there were a few versions of a quarter-
car model used in the research: one only static and linear version,
which was set to maximum damping force; one with minimum
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force (reference model); and six versions of advanced models —
linear and non-linear, which had switched-on modules of friction,
hysteresis, or friction and hysteresis.
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Fig. 12. Comparison of damping forces calculated from static
characteristics with those calculated from friction and hysteresis
modules for the second resonance: approximately 11 Hz

3. METHODOLOGY FOR ANALYSIS
OF THE TESTING AND SIMULATION RESULTS

In the simulation tests, a quarter-car model that includes
a non-linear damper model with controllable friction and hysteresis
modules, which could be turned on or off, was used. Besides the
damper module, the remainder of the model was linear, with the
parameters of the model presented in Tab. 2. For each variant,
the same excitation was applied — a changing-frequency sine
wave of amplitude 3 mm, with the course of frequency’s variability
shown in Fig. 3.

The influence of friction and hysteresis implemented separate-
ly or simultaneously was analysed for three indicators: 1) suspen-
sion deflections; 2) cumulative force between the tyre and the
road surface; and 3) sprung mass accelerations for linear passive
dampers and non-linear passive dampers. The analysed indica-
tors allow for the evaluation of the suspension performance in
terms of ride comfort, ride safety and rattle space of suspension
required for its work. The tools chosen for the analysis of suspen-
sion performance were the transfer functions (frequency respons-
es) between the given indicator and the kinematic excitation. They
were chosen because these indicators are not defined by a single
value but are expressed as a function of the excitation frequency.

These functions were calculated using the response signals
(deflection, cumulative tyre force and sprung mass acceleration)
obtained during simulations, as would be done for an experi-
mental testing of suspension frequency responses. These func-
tions between particular responses and kinematic excitation were
calculated using the MatLab tfestimate function. The reason why
these functions were not calculated analytically using suspension
element parameters was the non-linear character of the damper
model. The resulting frequency responses were then plotted as
graphs, which show their magnitude as a function of frequency,
with frequencies ranging from 0.5 Hz to 25 Hz being investigated.
The results for the relative values between a given case and the
reference model also were used.
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4. RESULTS

4.1. Influence of friction and hysteresis on a linear damper
with minimum damping coefficient

The investigation began by analysing the influence of inclu-
sion of friction force, hysteresis and their combined effects on a
suspension with the simplest possible damping characteristic —
passive linear one with minimum (900 Ns/m) and maximum
(3,100 Ns/m) damping coefficient. This was meant both to test the
method of creating the transfer function graphs and to observe the
effects of hysteresis and friction on the frequency response of a
model. This resulted in the overall shape and behaviour of the
linear damper matching the expectations and theory that was
previously presented in literature (3,12) (blue characteristics in
Figs. 13-18) — the reference transfer function for the model con-
sidering only the damping force.

First, the influence of friction force, hysteresis and their com-
bined effects on the behaviour of the linear damper of minimum
assumed damping, with damping coefficient of 900 Ns/m (dimen-
sionless damping coefficient of 0.13) was analysed.

The resulting transfer functions for the suspension deflection
are shown in Fig. 13.

For other suspension performance assessment criteria, anal-
ogous information was extracted from the graphs for the most
crucial frequencies:

- sprung mass resonant frequency — approximately 1 Hz;

- unsprung mass resonant frequency — approximately 10 Hz;

- frequency between resonances for sprung and unsprung
masses — approximately 3 Hz; and

- maximum tested frequency — 25 Hz.

The relative values were calculated as the ratio between a
given dynamic response’s value for a damper model with friction,
hysteresis or both of them over the corresponding value for a
simplified model (only static damper characteristics).

The suspension deflection transfer function analysis showed
that adding hysteresis and friction to the damping force yields
similar results as the increasing of the damping coefficient — for
minimal damping, lowering the magnitude from 3.2 m/m to around
1.9 m/m for the first resonant frequency and from 3 m/m to 2.5
m/m for the second frequency (Fig. 13a).

Comparing the suspension deflection transfer function values
for the four chosen frequency ranges, it is visible that the biggest
influence of friction and hysteresis can be seen for unsprung and
(especially) sprung mass resonant frequencies, with hysteresis
affecting the results more than does friction (Fig. 13b — in relation
to the reference model).

The next analysis was done for the transfer function of cumu-
lative tyre force, which is synonymous with the contact force
between the road and the tyre, which is used as an indicator for
ride safety criteria. Adding friction and hysteresis decreases the
values of the transfer function in the first and second resonance
ranges: in the first, even to almost 40%; in the second, from about
6% to 12% (Fig. 14). The biggest influence is for the frequencies
between the first and second resonances — from 40% to 90%
increase — but the absolute values are still much smaller (>10
times) than for the second resonance.

The analysis of transfer function of sprung mass acceleration
(Fig. 15), which is used as an indicator for the ride comfort criteri-
on, shows that the influence of friction and hysteresis is visible for
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three of the four analysed frequency ranges. For two of them, the
sprung mass acceleration is greater than for the reference model.
For the sprung mass resonant frequency range, the trend is re-
versed — the accelerations are smaller in value, which translates
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to a better ride comfort for low frequencies, while being worse for
higher ones. Once again, hysteresis plays a bigger role than

friction for all frequencies.
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Fig. 13. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions of reference
(simpl.) and tested (adv.) models for minimal linear damping - 900 Ns/m (adv., advanced; simpl., simplified)
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4.2. Influence of friction and hysteresis on a linear damper
with maximum damping coefficient

Similarly to the linear damper of the minimum damping coeffi-
cient, the influence of the components of an advanced damper
model on the transfer functions for different dynamic responses
was analysed for a suspension with linear damping of maximum
damping coefficient of 3,100 Ns/m (dimensionless damping coeffi-
cient of 0.45).

In the case of maximal damping and suspension deflection
transfer function analysis (Fig. 16), it is visible that adding hyste-
resis (which also had a bigger effect on the minimal damping case
than friction) causes the gain to drop to <1.1 m/m for all frequen-
cies and removes two separate resonances, leaving the one
around 3 Hz.

The suspension deflection transfer function values for the four
analysed frequency ranges and the comparison for those fre-
quencies with the reference model (Fig. 17) show that the range
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around 3 Hz is not sensitive to the inclusion of friction and hyste-
resis. For ranges of lower and higher frequencies, the influence of
hysteresis is much bigger than the influence of friction. Hysteresis
decreases the amplitudes of the first resonance about 40% and of
the second about 25%, while reducing friction by about 10% and
7%, respectively (Fig. 17).

The next transfer function analysed was the cumulative tyre
force for maximum linear damping. Compared to the minimum
damping coefficient, a big difference is visible for low frequencies
(Fig. 14 vs Fig. 17). In the first resonant frequency, the transfer
function values are actually greater for the more advanced model
by around 25% (Fig. 17), while for minimal damping, they are
lower by around the same amount for friction and hysteresis, and
even almost 40% lower for friction and hysteresis (Fig. 14). Fric-
tion’s influence is also less pronounced for all frequencies, which
is linked with its maximum value (35 N) being smaller, in compari-
son with the damping forces for higher damping coefficients.
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Fig. 16. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions
of reference (simpl.) and tested (adv.) models for maximal linear damping — 3,100 Ns/m (adv., advanced; simpl., simplified)
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Fig. 17. Transfer function (a) between road excitation and cumulative tyre force and ratio (b) between cumulative tyre force transfer functions

(adv., advanced; simpl., simplified)

The results for sprung mass accelerations are similar to those
for the cumulative tyre force for 1 Hz, while the higher frequencies
show higher influence of friction and hysteresis for almost all
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cases compared to the results for minimum linear damping (Fig.
18). The effects are best visible for 3 Hz, while also being very
noticeable for 25 Hz. For all frequencies, the transfer function
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values are higher than in a reference model, indicating higher
sprung mass accelerations, which translates to lower ride comfort.
Seeing these effects, a question arose regarding whether it is
possible to find an equivalent damping coefficient, which could
be used instead of more complicated models with friction and
hysteresis modules. Simulation was conducted for a number of
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values (Fig.19), and the results suggest that finding just one value
that could simulate the behaviour of a model with friction and
damping is impossible — big differences will arise either in the first
or second resonant frequency. The potential solution to this prob-
lem would be the use of bilinear models, which have been previ-
ously extensively studied (8).
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Fig. 18. Transfer function (a) between road excitation and sprung mass acceleration and ratio (b) between sprung mass acceleration transfer functions
of reference (simpl.) and tested (adv.) models for maximal linear damping — 3,100 Ns/m (adv., advanced; simpl., simplified)
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Fig. 19. Search for equivalent linear damping to friction and hysteresis -
damping coefficient 1,800 Ns/m and 1,200 Ns/m

4.3. Influence of friction and hysteresis on a non-linear
damper with the lowest damping mode

The next step was to look at the effects of friction and hyste-
resis on passive models that had non-linear characteristics im-
plemented - for both the highest and the lowest possible damping
modes. The results proved to be similar to those achieved in a
fully linear model - friction and hysteresis acted as if the damping
force was increased. It can be also observed that the total effect
of both those forces is almost equal to a sum of both of them for
all analysed suspension responses. Both friction and hysteresis
had a slightly bigger impact near the first resonant frequency for
minimal damping mode, decreasing the values of all analysed
responses — tyre force, suspension deflection and both sprung

mass acceleration and displacement.

For the minimum non-linear damper model, the influence of
friction and hysteresis on suspension deflections is less pro-
nounced than for a linear model for 1 Hz, while being almost
identical in other frequencies (Fig. 20). In general, the influence of
a more advanced model does not exceed 20% for the minimum
damping non-linear model.

Hysteresis and friction do not show a substantial influence on
the cumulative tyre forces for the minimum damping non-linear
model (especially compared to the linear version), the biggest
effects being seen for the 3-Hz range, where the transfer function
is higher by 35% for both forces implemented into the model.

For the remaining frequencies, the resulting cumulative tyre
force transfer functions are slightly lower than in the reference
model (Fig. 21).

Transfer functions for sprung mass accelerations show slightly
bigger influence of friction and hysteresis (Fig. 22). The difference
is that models with friction and hysteresis have transfer functions
bigger than the reference model — especially for 3 Hz and 25 Hz.

Summarising the analysis for all responses, we can state that
as the frequency rises, all the relations between the transfer func-
tions shifted to values >1 (meaning that the dynamic responses
for model with friction and/or hysteresis were greater than those
for the reference ones), with the exception of suspension deflec-
tion, which remained <1 for the entire range. Maximum gain was
achieved for all transfer functions for 3 Hz. After the first resonant
frequency, the response for the maximum damping model was
slightly greater compared to that for minimal damping - being
smaller by 5-10 percentage points in the maximum for the model
with both friction and hysteresis.
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4.4. Influence of friction and hysteresis on a non-linear
damper with highest damping mode

For the maximum non-linear damping model, the effects of
hysteresis are much more visible for the entire range of frequen-
cies, with the exception of frequencies around 3 Hz (Fig. 23). This
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influence ranges from 32% for the first resonance to around 22%
for the second resonance, while the influence of friction does not
exceed 6%. Additional elements in the damper model for suspen-
sion deflection cause the transfer function values to drop below
reference values.
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Fig. 23. Transfer function (a) between road excitation and suspension deflection and ratio (b) between suspension deflection transfer functions of reference
(simpl.) and tested (adv.) models for maximal non-linear damping (adv., advanced; simpl., simplified)
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The relative values for the maximum non-linear model’'s cumu-
lative tyre force (Fig. 24) are analogous to the ones for minimum
non-linear damping — the transfer function values are greater for
the 3-Hz range while remaining almost unchanged for the remain-
ing frequencies. Hysteresis once again has a bigger impact than
friction.

The transfer functions for sprung mass accelerations show a
slightly bigger influence of friction and hysteresis (Fig. 25). The
difference relative to the cumulative tyre force is that the influence
of friction and hysteresis is similar to and slightly bigger for the
ranges of approximately1 Hz and 3 Hz, bigger for approximately
10 Hz and much bigger for approximately 25 Hz.

5. SUMMARY RESULTS

After the analysis of each of the four cases (minimum linear,
maximum linear, minimum non-linear and maximum non-linear), a
synthesis of the influence was done. For better visualisation of the
influence of friction, hysteresis and both combined on different
indicators of suspension performance, summary charts were
prepared (Figs. 26-28). These charts present the results of the
relative values between a given case and the reference model for
four chosen frequencies — near the first resonant frequency (ap-
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proximately 1 Hz), 3 Hz, the second resonant frequency (around
10 Hz) and the maximum tested frequency (25 Hz).

Suspension deflection transfer functions are less sensitive to
added friction or hysteresis in the range between the first and
second resonances. The biggest influence is visible for the first
resonance (approximately 1 Hz), whereby adding friction de-
creases the transfer function values from 25% to 48% compared
to the linear static model. The influence for the non-linear mini-
mum damping is smaller — the decrease is about 13%-29%.

The second resonance shows a smaller influence — the de-
crease is from 7% to 15% for linear models and from 6% to
26.33% for non-linear models. Changes in the values of the trans-
fer functions for the frequencies about 25 Hz are similar to those
for the second resonance, but the influence is half the value (3%—
15%) for non-linear models and much smaller compared to linear
models (1%—6%).

The transfer functions for the cumulative tyre forces are most
sensitive to added friction or hysteresis in the range between the
first and second resonances. Added friction or hysteresis increas-
es the transfer function values from 7% to 92% compared to the
linear static model. The biggest influence is observed for the
minimal damping models — especially the minimum damping
linear model.
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The next level of influence is in the first resonance - it results
in a decrease of the transfer function values from 22% to 38% for
the minimum linear model and from 1% to 23% for the other mod-
els. It is less visible for the maximum damping non-linear model.

In the range of the second resonance (unsprung mass reso-
nance), adding friction and hysteresis also decreases the transfer
function values but by a lesser extent — from 4% to 14% for the
minimal damping linear models and from 1% to 9% for the maxi-
mal damping linear models.

In the case of sprung mass accelerations used to assess the
ride comfort, the increase in transfer function values are visible in
the range between the first and second resonances and around
the 25 Hz range. This increase is bigger for the minimum damping
models — from 12% to 63% for the first resonance range and from
9% to 81% for the range of approximately 25 Hz.

There is almost no influence on the sprung mass transfer
function values in the range of the second resonance - only a
small increase of about 1%-3% is seen. For the range of the first
resonance, a small decrease is visible.

6. CONCLUSION

During the research, the influence of inclusion of friction, hys-
teresis and combined friction and hysteresis into models of linear
and non-linear damping forces on the three most important dy-
namic responses of a passive quarter-car suspension was tested.

The obtained results allow the assessment of this influence in
both qualitative and quantitative ways. The quantitative influence
is described in more detail in the “Results” and “Summary results”
sections.

In general, it can be assumed that the effect of including fric-
tion and hysteresis gives an effect similar to that found on increas-
ing the damping force; however, this effect is not linear, which
results from the different influence of additional forces in the cases
of low and higher operating speeds of the shock absorber (Figs.
11 and 12).

The differences in the influence of added friction and hystere-
sis are, in general, similar for both the minimum and maximal
damping characteristics of the tested models. Bigger changes are
visible between the minimum linear and non-linear models due to
the fact that the linear model has a low damping coefficient for all
working speeds. In the case of the non-linear model, for the low-

est speed, the damping coefficient is higher than for the higher
speed (Fig. 4).

In the case of suspension deflection transfer functions, the
addition of friction and hysteresis for all frequencies decreases or
does not change (in the range of approximately 3 Hz) the transfer
function values. The biggest decrease (up to almost 48% com-
pared to the reference linear model) is observed for the first reso-
nance, then for the second resonance and then the range of
approximately 25 Hz.

In the case of the cumulative tyre force, which is used to as-
sess the safety potential, the biggest negative impact on safety is
visible in the range of approximately 3 Hz. However, in that range,
only the relative gain is large. The absolute values of this transfer
function for the said frequency range are small in general, and the
only important one is the second resonance range (approximately
10.12 Hz) - the decrease in the amplitudes of the transfer function
is from 2% to 14% for linear and from 1% to 9% for non-linear
damping characteristics.

For assessing comfort, the sprung mass acceleration transfer
function is used, and the range of the second resonance is the
most important as the absolute values of this function are the
biggest. Added friction and hysteresis cause only a small (1%-—
3%: Fig. 28) increase. A much bigger influence (increase by 63%
to 81%) is found for ranges of approximately 3 Hz and approxi-
mately 25 Hz. Yet, the absolute values are much smaller than for
the second resonant frequency.

The research shows the importance of including the proposed
modules (friction and hysteresis) in the damper model analysing
the transfer functions for passive dampers. It can explain some
differences observed between the dynamic responses of suspen-
sion models with only static characteristics and responses of a
real suspension. This is all the more important because, currently,
hydraulic gas-pressure shock absorbers with non-linear static
characteristics are used in modern cars.
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Abstract: The noises associated with MEMS measurements can significantly impact their accuracy. The noises characterised by random
walk and bias instability errors strictly depend on temperature effects that are difficult to specify during direct measurements. Therefore,
the paper aims to estimate the fractional noise dynamics of the stationary MEMS gyroscope based on finite length triple estimation
algorithm (FLTEA). The paper deals with the state, order and parameter estimation of fractional order noises originating from the MEMS
gyroscope, being part of the popular Inertial Measurement Unit denoted as SparkFun MPU9250. The noise measurements from x, y and z
gyroscope axes are identified using a modified triple estimation algorithm (TEA) with finite approximation length. The TEA allows
a simultaneous estimation of the state, order and parameter of fractional order systems. Moreover, as it is well-known that the number
of samples in fractional difference approximations plays a key role, we try to show the influence of applying the TEA with various
approximation length constraints on final estimation results. The validation of finite length TEA in the noise estimation process coming
from MEMS gyroscope has been conducted for implementation length reduction achieving 50% of samples needed to estimate the noise
with no implementation losses. Additionally, the capabilities of modified TEA in the analysis of fractional constant and variable order

systems are confirmed in several numerical examples.

Key words: fractional calculus, fractional Kalman filter, estimation of fractional order systems, fractional order noise

1. INTRODUCTION

The fractional calculus (FC) is, in itself, an extension of tradi-
tional differential and integral calculus. The differential orders in
FC can be real or even complex numbers. The fractional deriva-
tive appeared for the first time in the correspondence between
Leibniz and I'Hopital in 1695, and thereby, it appeared almost
simultaneously with the integer order calculus. The theoretical
background for this calculus can be found in several already
classic works in the literature [1, 2, 3, 4, 6]; additionally, in multiple
relatively recently published books [7,8], some applications of this
calculus have been explored.

The main advantage of fractional order operators in compari-
son to the integer order case is that the fractional order derivatives
depend not only on local time conditions but also on the whole
past of the function [10]. This property can be especially useful for
the description of dynamics possess with a long-term memory
nature. The FC was found to be especially efficient in modelling
diffusive systems [11, 12, 13, 14]. For example, in the heat trans-
fer process of the solid beam, it is possible to describe dynamics
between temperature and heat flux at the desired point as a half-
order integral. When the heated material is not solid (heterogene-
ous), the order of the integration can be different by half, as was
presented in the study of Sierociuk et al. [11].

The FC also allows the construction of new types of filters and
new tools for signal analysis. Some applications of fractional order
calculus in signal processing have been presented in the literature
[5, 15, 16, 17]. For constant and variable fractional order systems,
some generalisations of the Kalman filter have been presented in

the studies of Sierociuk et al. [18], Sierociuk [19] and Sierociuk
and Ziubinski [20]. When the uncorrelated noise (such as white
noise) passes through a dynamical system, the dynamically corre-
lated noise (coloured noise) is obtained. When the dynamics
contain fractional order, a fractional noise is obtained. In the study
of Wyss [21], an introduction is presented to fractional order nois-
es (the noises obtained by applying uncorrelated white noise to
fractional order dynamics). In the study of Sierociuk and Ziubinski
[22], estimation schemes are presented for discrete fractional and
integer order state-space systems with fractional order coloured
noise. In the latter of these studies, owing to the additional infor-
mation about noise dynamic used by the estimation algorithm
proposed therein, better estimates of the state vector could be
obtained.

The MEMS gyroscope sensors are quite complex dynamical
systems encompassing non-linear dynamics, external disturb-
ances and thermal noises, especially in high acceleration and
high-velocity environments such as space crafts [34], hypersonic
vehicles [35], missiles or munition [36]. The use of advanced
control algorithms is necessary for a study of the application of
nonlinearities in MEMS gyroscopes, especially those involving a
hysteresis of quantisation levels.. For example, neural network
approaches were used in the studies of Shao et al. [37, 38] and
Shao and Shi [39]; additionally, in the study of Shao et al. [40], a
fuzzy wavelet neural control was applied. In this paper, only static
case noise analysis will be considered, and accordingly the re-
search approach used in the present study would be a special
case that omits the influence of sensor externally driven dynamics
and focusses only on modelling thermal and other noises that can
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be measured when the sensor does not move. Especially, ther-
mal-like noises can be efficiently modelled using fractional order
models (fractional noises), which is the main motivation for apply-
ing fractional order estimation tools and undertaking investigation
of static noise cases.

In practical fractional noise estimation, there is a problem with
properly determining the parameters and order of the noise. In the
study of Sierociuk and Macias [23], the triple estimation algorithm
(TEA) for state vector, order and system parameters’ estimation
was proposed and described in detail. In the study of Macias et al.
[24], a triple estimation algorithm was used to carry out identifica-
tion of fractional order noise in MEMS accelerometer measure-
ments. In the practical application of the triple estimation algo-
rithm, it was found that the algorithm requires quite a high numeri-
cal power. The principal difficulty lies in the realisation of fractional
order differences when the full number of samples is used.The
problem of direct application of fractional order difference resulting
in a high numerical power consumption is a well-recognised one
in the literature, and there have been multiple studies proposing
other methods characterised by much lower levels of numerical
power consumption. In Stanistawski et al. [25,26], some types of
approximations including Laguerre-based differences were pro-
posed and analysed. The most typical method of approximation is
to reduce the number of samples that are considered, which has
an influence on derivative accuracy.

The paper’s novelty lies in its modification of the triple estima-
tion algorithm by introducing a limited number of samples during
computation. Then, the new algorithm will be applied in the identi-
fication of the state, order and parameter of the gyroscope’s x, y
and z axes’ noises as part of the Inertial Measuring Unit denoted
by MPU9250. Moreover, the results will be compared to each
other considering the various implementation lengths of FLTEA.
So, in contrast with the approaches used in the studies of
Sierociuk and Ziubinski [22] and Sierociuk and Macias [23], we
present the triple estimation algorithm with finite length approxi-
mation and its application to the gyroscope’s noises’ estimation.
The numerical power consumption of the proposed algorithm has
also been analysed.

The remainder of the paper is organised as follows: Section 2
recalls the fractional noises’ definition and particular fractional
order definition with finite length approximation. In Section 3, the
modified TEA with approximation length constraints is presented.
Finally, Sections 4 and 5 show the possibilities of TEA in several
numerical examples and during the estimation process of noise
data originating from the gyroscope’s built-in MEMS technology.

2. FRACTIONAL CALCULUS AND FRACTIONAL NOISES

In FC, the three most popular definitions of fractional constant
order integral and derivative are used, namely, Grinwald-
Letnikov, Riemann-Liouville and Caputo. These definitions pos-
sess different properties and may be applied in various areas of
engineering.

In this paper, we use the Griinwald—Letnikov definition, which
is usually used in discrete systems, as a base for fractional varia-
ble order (FVO) difference definition. Due to the applied nature of
this work, we will use a discrete approximation of the Griinwald—
Letnikov derivative with a finite (not going to 0) sampling time h.
Hence, we have the constant order difference definition, which is
formulated as the following:
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Jj!
a € Ris a fractional order and h is a time sampling.

Since the estimation of the order will be processed in time,
this leads us to variable order operators. Four switching schemes
and their equivalence to four definitions of FVO derivatives are
presented in the literature [27, 28, 29]. In our paper, we will use
the following FVO type of difference:

S (-1
(/) s

ANTK,, =
oA X = e \

J
j=0

where a;, € Ris FVO.
3. FRACTIONAL NOISE

The time-correlated (coloured) noises are the noises that con-
tain a dynamic correlation between the noise samples. Such
noises can be obtained when some noise (uncorrelated) is passed
through dynamical systems. For example, electromagnetic field
noise can induct some current in an electronic circuit, leading to
some dynamically correlated noise in voltage because of some
dynamic between current and voltage. When the order of the
dynamics is an integer, we will have a dynamically correlated
integer order noise, which the following relation can describe:

X1 = [ + wy,

where x,, is a time-correlated noise, and w, is an uncorrelated
noise, for example, white Gaussian noise.

When the dynamics of the system are fractional, for example,
in temperature transport (for ideal beam temperature is half order
integral of heat flux [11]), the uncorrelated heat flux noise can lead
to fractional order dynamically correlated noise in temperature.
The coloured fractional order noise is given as follows:

a -
0Bks1Xks1 =[x + oy
J— (04 a
Xer1 = R 0Aki1Xpea
k+1

- Z (-1’ (;z) Xie—j+1r
j=1

where x,, is a fractional coloured noise, « is an order of the noise
and wy, is an uncorrelated noise.

The appearance of FVO noise can be observed in the case
wherein the fractional order of the dynamical system is character-
ised by changes with time (e.g. when the structure of the heated
medium changes over time [12]). Depending on the order-
switching manner, different definitions can describe such dynam-
ics. For example, for A-type definition, we will have the following
FVO noise dynamics:
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Identification of the fractional noise in a real application is a
complex process because we do not know the order and system
parameters of the noise. We also do not have information about
dynamically uncorrelated source noise. In the study of Ziubinski
and Sierociuk [30], an identification algorithm for fractional noise
was presented, but under the assumption that output noise is the
only evident fractional order noise. In experimentally obtained
noises, we would instead acquire a combination of dynamically
correlated and uncorrelated noises, as the following expression
describes:

Yk = Xk +Vk.

That is why, in this article, we use a triple estimation algorithm
to identify parameters of fractional order noises.

4. FINITE LENGTH APPROXIMATION

The definition given by Eq. (2) leads to some implementation
problems because of the very long tail of samples used for obtain-
ing the value of difference. This resulted in the problems’ charac-
terisation by a high number of numerical operations as well as a
high degree of memory consumption. In the literature there exist
several algorithms using which to arrive at a more numerically
efficient fractional difference approximation, among which the
studies of Stanistawski et al. [25,26] can be mentioned as prime
examples. In our paper, we will use the most popular method,
which involves restricting the number of samples considered to
some predefined value L, which will be known as the length of
implementation. The finite length approximation will have the
following form:

L(k)
AL Ak —
P

j=o

—1)J
T (e

where

_(k ifk<L
L(k) = {; ith > L

Naturally, this approximation will have an influence in deter-
mining the accuracy of the obtained results, which will depend on
used sampling time, time constants of the object and used input
signals.

5. FINITE LENGTH TRIPLE ESTIMATION ALGORITHM

The triple estimation algorithm (TEA) allows estimating state
vector, system parameters and fractional order simultaneously. In
deploying this algorithm, our main idea is to separate the estima-
tion processes used for states, parameters and orders. This sepa-
ration allows a better adjustment of used filters, making it possible
to obtain better estimation results. A detailed introduction of TEA
was presented in the study of Sierociuk and Macias [23]. Here, a

modification of that algorithm including finite length approximation
of fractional order differences will be proposed (FLTEA).

The FLTEA will be defined for the following linear discrete
fractional variable order state-space (DFVOSS) A-type system
[31] with finite length implementation of difference:

AL AQfet+1 —
0 Ak+1 Xk+1 = Axk + Buk + Wy,

— ha AL A X+1
X1 = hORFL Q70D T Xy

L(k)+1
i (Ak+1
= > () e
=1
Yk = ka +Vk,

where u;,, € R is a system input; y, € RP is a system output;
A€ RVN B e RV*4 and C € RP*N are the state system,
input and output matrices, respectively; x, € R" is a state vec-
tor; and N is a number of state equations.

In the TEA process, the estimations of the FVO, state varia-
bles and parameters are divided into three estimation actions
(filters). The first filter, KFx, estimates the state variables’ vector
X) based on estimates of order and system parameters corre-
sponding to the other filters, namely KFo and KFw, respectively.
The second, KFw, estimates the vector of system parameters W,
based on state variable and order estimates obtained in the re-
maining two filters KFx and KFo, respectively. The third filter,
KFo, estimates the FVO with the knowledge of state variable and
system parameters from filters KFx and KFw, respectively. The
scheme of the TEA is given in Fig. 1.

Q-1
e >
1 KFo
Te-1| ||
KFz
Yks Uk—1- 1
KFw
We_1|

Fig. 1. The triple estimation algorithm scheme
5.1. Order estimation filter KFo

For the order estimation problem, the unscented fractional
variable order Kalman filter with finite length differences imple-
mentation is used. The order changing dynamics is assumed to
be a constant, given by

— o
Apy1 = A + Wy,

where wy, is a noise with variance given by matrix Q7. The matrix
Q. represents our knowledge over how big fluctuations in time
actually are vis-a-vis those that were assumed by us.
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The KFo algorithm equations are given as follows:
ay = Ag-q,
By =Pl +Q-y

b = [ak G i( (@ +A)ﬁk")],

4

ALATigR = A(Wy_1)Rk—1 + Buy_1,
Tei = heit A%y,
L(o )
(@)
- /() 2
=
Yoo =Cxew

2L
7= W,
i=0

2L
Py = Z VVi(C) [Uire — 5i)[Yir — Yk]T
=1

+R°,
2L
. Y 1o . 1T
PC?kYk = Z m(C)[ai,k - ak][yi,k - Yk] )
i=1
-1
fiC,? = P‘kak(PJ?kyk) ,
@ = a + I — T,
P =B = K2P) iKY,
ng =(1- 50)Q1€—1
+8° (KD 0 = IR e = T (HKDT,

where (,/(L + A)Pk)i is i-th column of matrix square root (e.g.

Cholesky factorisation), L is a dimension of estimated state vector
(2L + 1 is a number of sigma points) and coefficients of un-
scented transformation W are given by

w™ = 2/(L+ 2,
WO(C) =A/(L+1D)+(1—-UA?+9B),
w™  =w® =1/ + ),

where 1 = A%(L + k) — L, A is a coefficient describing the
width of point expansion during the transformation (in the litera-
ture, this is obtained in the range 1 < A < 1e — 4, and is usual-
ly denoted as «a, but in the present article, since we are using
order a, this notation has been changed); x is an additional scal-
ing coefficient usually chosen as 3 —L; and B is a coefficient that
corresponds with our knowledge about type of noise, for Gaussian
noise is chosen as B = 2 (in the literature this is usually denoted
as B). The § coefficient is a ‘forgetting factor’ according to the
Robbins—Monro stochastic approximation scheme for estimating
the innovations (see Haykin’s study [32], p. 240). The initial values
of matrix P§ represent our a priori knowledge about error in
choosing the initial value of order a, (we assume that the initial
value is different from the original).

5.2. State estimation filter KFx

As the KFx filter, the fractional variable order Kalman filter al-
gorithm with finite length differences implementation is used, and
has the following form:
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P = (I_ch)pk'
where initial conditions are
xo € RY, Py = E[(Xo — x0) (%o — x0)"],

and v, and w; are assumed to be independent with zero ex-
pected value.

5.3. Parameters estimation filter KFw

For KFw filter, another unscented fractional variable order
Kalman filter with finite implementation of differences is used. The
dynamics of parameter-change are also assumed to be constant,
given by

j— w
Wii1 = Wi + @i,

where wy, is a noise with variance given by matrix Qy’. The equa-
tions of the filter KFw are very similar to those for filter KFo, and
the difference is only in the model replica part:

Vi Wki< /(L+A)f’,?’>],

ALAC-1 g = A(Wiei)Ri-1 + By,
L(k)

3 e

j=1

Wk =

Resuming the explanation for TEA, it consists of three sub-
filters requiring separate sets of parameters and initial condi-
tions.Parameters of the order estimation filter KFo are denoted
with the upper index ° (e.g. P2, QP_,), whereas parameters of
KFw are denoted with the upper index ¥ (e.g., Y, Q,‘;V_l) and
parameters of KFx are rendered without an upper index.

6. IDENTIFICATION AND ANALYSIS OF FRACTIONAL
VARIABLE ORDER SYSTEM PARAMETERS

Before we apply the finite length triple estimation algorithm to
real plant data (noises’ estimation of MEMS sensor), we will pre-
sent the results of some numerical experiments for constant and
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FVO systems. The one state variable discrete state-space sys-
tem, used in numerical experiments, is given as follows:

ple, the implementation length of TEA is reduced to 50% of the
original ones needed to cover a full range of consideration of
fractional order system, with no losses in number of samples.

Example 1. Let us consider the DFVOSS A-type system given
by Egs (1)-(3), where

A=f=-03B=1,C=1,a, =0.6.

oﬂ'LAZ’:;lxkﬂ = fxp + u + Wy (1)
Xpy1 = h¥k+1 SQ'LAZ’:&lka
L(k)+1 2
i (Ck+1
= > Y (M) e
j=1
Ve = X + Vg 3)

6.1. Analysis of fractional constant and variable order system
with input signal known

The number of samples in the numerical implementation of
fractional order differences plays a significant role in determining
the accuracy of the results. Therefore, in this section, we try to
validate the influence of TEA with finite length approximation on
final estimation results. We present the TEA with length con-
straints to make a numerical validation of its capabilities in the
analysis of fractional constant and variable order systems. The
estimation results were shown for various input signals and order
functions. So, the problem in this section is formulated as follows:
Estimate the state, order and parameter of the fractional order
system with known input signal based on TEA with length con-
straints. The numerical tests were conducted in the
Matlab/Simulink environment based on the Fractional Variable
Order Derivative Toolkit [33], with a sample time given as
h = 0.001 s. The possibilities of the TEA designed with limited
length were shown in the Examples (1)-(3). The aim of the exam-
ples is to assess the accuracy of the results derived from estima-
tion of the state, order and parameter under various scenarios.
The Example (1) deals with the fractional constant order system
with input signal being the sawtooth wave, while the Examples (2)
and (3) show the behaviour of TEA applied to fractional variable
order systems for input signal being the sawtooth wave and
Gaussian noise, respectively.

To compare the estimation results for various lengths of TEA
implementation, the Examples (1)—(3) were run with the following,
individually adjusted parameters:

Noises parameters

Elww™] =1075,
E[wT] =1078,
— Parameters of KFx filter
Py = [1],Qo = [1077],
xo = [0],R = [107%],
— Parameters of KFo filter
P¢ = [0.05],Q¢ = [0.005],
ay = [1],R° = [1073],
A=1,B=2,6°=0.5,
— Parameters of KFw filter
Py =[0.001], Q¥ = [0.01],
wo = [0],RY = [1073],
A=1,8=2,6"=0.5.
An identification of the fractional constant order system for
various lengths of TEA is presented in Example 1. In this exam-
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Fig. 2. Original and estimated state variable from Example 1
given for full (L. = 4,000) and finite (L. = 3,000,
L = 2,500 and L. = 2,000) approximation lengths

system order
imated order for 4000
P

for L =
£ ted order for L = 3000
estimated order for L = 2500
L=

estimated order fo

Bk i ks

0 0.5 % 1.5 . Z\‘ 25 3 3“‘3 4
Fig. 3. Original and estimated order from Example 1 given for full
(L = 4,000) and finite (L = 3,000, L = 2,500
and L = 2,000) approximation lengths
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Fig. 4. Original and estimated parameter from Example 1 given for full
(L = 4,000) and finite (L = 3,000,L = 2,500
and L = 2,000) approximation lengths

The state, order and parameter estimation of the system de-
scribed in Example 1 are presented in Figs. 2, 3 and 4, respec-
tively. In this example, for all implementation lengths of TEA, the
state estimation converges to the original one with high accuracy.
Moreover, despite the 50% length reduction of TEA, the order
estimations overlap each other and this overlap does not influence
the final order results. However, from Fig. 4, it is possible to note
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some amount of discrepancy between various tails’ implementa-
tions of TEA. The plots of the estimated parameters are near the
original one, but the differences between them are, in this case,
noticeable. All these observations indicate that order estimation is
much more robust in reducing samples of number than parameter
estimation. We can infer that in pursuance of maintaining the high
values of order estimation, even small differences in parameter
estimation lead to high accuracy in state estimation.

We achieved satisfying estimation results even with a high
percentage length reduction of TEA. Thus, it can also be interest-
ing to show the time execution of TEA depending on its implemen-
tation length. The time consumption of the TEA algorithm, de-
pending on its length implementation, is presented in Tab. 1. As
we can see, the average execution time of TEA equals around
230 s for a set of 4,000 combined samples of state, order and
parameter estimation. On the other hand, for 2,000 samples, the
same estimation process took around 184 s. The time-consuming
tests were conducted on a PC with an Intel Core i7-5500U CPU,
2.4 GHz, 8 GB RAM and Matlab version 2021b 64 bit. The sum
squared error (SSE) of state, order and parameter for various
implementation lengths of TEA corresponding to Example 1 is
given in Tab. 2. The SSE is calculated as a sum of squares’ dif-
ferences between original data and the corresponding estimates.

Tab. 1. Time execution of TEA depending
on its implementation length (L)

Implementation length (L) Time execution (s)
L = 4,000 230.75
L = 3,000 218.76
L =2,500 195.30
L =2,000 183.55

Tab. 2. The sum squared error of state, order and parameter

corresponding to Example 1; for various lengths of TEA

Length State Parameter Order

L=4,000 0.2179 37.8467 62.7249
L=3,000 0.2175 38.1044 62.7476
L=2,500 0.2180 38.6321 62.8327
L=2,000 0.2170 39.8187 62.9066

An estimation of the fractional variable order system is pre-
sented in Example 2. It is an extension of Example 1 while replac-
ing the constant value of the order with a time-varying function. In
this example, we show the results of applying the TEA with its full
implementation range and reduced to 50%.

Example 2. Let us consider the DFVOSS A-type sys-
tem given by Eqs (1)-(3), where

A=f=-03B=1C=1,
ap = 0.2+ 0.1kh fork = 1,2,3, ...

In this case, we can see that despite reduced estimation
length in TEA, the results tend to be the original values of the
desired system. The state, order and parameter estimation are
shown in Figs. 5, 6 and 7, respectively. The state estimation is
reflected with high accuracy for constraint and unconstraint TEA
implementation. The original and both estimated states overlap
with high accuracy. Compared to Example 1, the order and pa-
rameter estimations achieved the original values starting with 1 s,
and maintained these during the whole simulation process. In
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Figs. 6 and 7, we can observe the only slight difference between
the estimation of order and parameter for TEA considering 4,000
and 2,000 historical samples. These insignificant changes and
time-consumption reduction show the advantage of the proposed
TEA with implementation length constraints. The sum squared
error (SSE) of state, order and parameter for various implementa-
tion lengths of TEA corresponding to Example 2 is given in Tab. 3.

3 i LY
o - = = = input signal

——— x original

@
x estimated for L = 2000
v T N

2 25 3 35 4
t [s]

Fig. 5. Original and estimated state variable from Example 2 given for full
(L = 4,000) and finite (L = 2,000) approximation lengths

system order
0.9 estimated order for L = 4000
- - - - estimated order for L = 2000

o 0.5 1 1.5 2 25 3 3.5 4
t [s]

Fig. 6. Original and estimated order from Example 2 given for full
(L = 4,000) and finite (L. = 2,000) approximation lengths

system parameter
estimated parameter for L = 4000
- = = = estimated parameter for I = 2000

Fig. 7. Original and estimated parameter from Example 2 given for full
(L = 4,000) and finite (L. = 2,000) approximation lengths

Tab. 3. The sum squared error of state, order and parameter
corresponding to Example 2; for various length of TEA

Length State Parameter Order
L=4,000 0.1635 34.8872 1663.2
L=2,000 0.1634 35.0478 1663.1

Usage of the TEA in the estimation process for fractional vari-
able order system with input signal being the Gaussian noise is
shown in Example 3. The noise parameters are 0 mean value and
0.1 variance.
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Example 3. Let us consider the DFVOSS A-type system giv-
en by Egs (1)-(3), where
A=f=-03B=1C=1u, ~N(00.1)
a,=0.2+0.1kh fork =1,2,3, ....

The estimation results achieved in Example 3 are shown in
Figs. 8-10. In contrast with both of the previous examples, there
is no difference between state estimation for TEA with length
L = 4,000 vis-a-vis that with length L = 2,000. Applying the
noisy input signal and time-varying order to the TEA lead to the
same results for both algorithms’ lengths. It is an interesting issue
that decreasing the number of samples in TEA reduces its compu-
tation time and does not influence results. Fig. 9 shows that the
order estimations overlap the original one up to 2.5 s., and start-
ing with this time, the small difference occurs. A similar situation
can be observed on the plot with parameter estimation (see Fig.
10), where the curves are near the original ones. The obtained
results demonstrate the high precision of TEA for the reduced
number of samples applied to fractional variable order systems
with Gaussian noise as an input signal. The sum squared error
(SSE) of state, order and parameter for various implementation
lengths of TEA corresponding to Example 3 is given in Tab. 4.
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Fig. 8. Original and estimated state variable from Example 3 given for full
(L = 4,000) and finite (L = 2,000) approximation lengths
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Fig. 9. Original and estimated order from Example 3 given for full
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Fig. 10. Original and estimated parameter from Example 3 given for full
(L = 4,000) and finite (L = 2,000) approximation lengths

Tab. 4. The sum squared error of state, order and parameter
corresponding to Example 3; for various length of TEA

Length State Parameter Order
L=4,000 04711 738.2196 1875.8
L=2,000 0.4831 744.9644 1902.9

6.2. Identification without input signal knowledge

When an input signal is not measured, the identification pro-
cess can differ from desired values or order and system parame-
ter. This can be explained by the fact that in practice, the system
noise can have some unknown dynamical correlation of some
order and parameter. Let us assume the fractional noise system
equation in the following form:

ATxp1 = fixe + wi
where wy, is a system noise also containing the fractional order
dynamical correlation described by the following relation:

a ! —_ !
A W1 = fowp + 0y

where wy, is assumed to be noise without dynamical correlation.

By combining both equations, we obtain
AT Xpy1 — EA%w;c+1 = fixy — Ewk-

As we can see, this dynamical correlation can have a direct
effect on estimated order and system parameter in the estimation
process, which can make the obtained estimation results different
from those assumed in numerical models, because they consider
also the dynamical correlation of the source noise. However, this
will not pose a problem in estimation of real plant noise because
the aim of estimation is to find the most appropriate model with
the assumption that the source noise is without dynamical correla-
tion.

7. IDENTIFICATION AND ANALYSIS OF MEMS
GYROSCOPE’S NOISES

Motivated by the study of Macias et al. [24], where it was
shown that the accelerometer's noise of MPU9250 contains the
fractional order behaviour, we decided to make a noise analysis of
its three-axes gyroscope. We utilise the TEA with various approx-
imation lengths during the estimation process. The reduced im-
plementation length of TEA by up to 50% decreases time execu-
tion and has an insignificant impact on final estimation results.

This section provides the experimental results pertaining to
the modelling of noises for the three-axes gyroscope that forms
part of the SparkFun MPU9250 Inertial Measurement Unit (IMU)
built-in MEMS technology. We assume unknown input signal
knowledge during the entirety of the estimation process.

The MPU9250 unit is a nine degree of freedom MEMS with
three accelerometer's axes, three gyroscope’s axes and three
magnetometer's axes. It breakout board runs on 3.3 VDC and
contains 12C and SPI communication protocols.

7.1. Experimental setup

The gyroscope’s data were collected based on an experi-
mental setup that is presented in Fig. 11. The Inertial Measure-
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ment Unit (IMU), denoted as MPU9250 in a stationary position,
was connected to an Arduino Due development board using the
I2C protocol. Its operating range was configured to +/
—2,000 dps, and the step time for data gathering equals 0.01 s.
Then, the measurement noises from the three axes of the gyro-
scope were transferred to the Matlab/Simulink environment and
analysed using the triple estimation algorithm. The estimations of
state, order and parameter of noises corresponding to the gyro-
scope axes x,y and z were conducted based on TEA with full
implementation length (L = 3,000) and constrained to 50% by
setting L to 1,500 considering samples. The TEA was separately
applied to noise estimations carried out for the x,y and z axes
under, respectively, the following KFx, KFo and KFw parameters;
— Parameters of KFx filter:

P, = [0.01],Q, = [0.15],
0.0235 for x-axis noise
xo = [0],R = {0.0178 for y-axis noise
0.0191 for z-axis noise

— Parameters of KFo filter:
Pg = [0.01],Q8 = [0.1],
Q= [1,A=1,8=2,6°=0.5,
0.0235  for x-axis noise
R° = {0.0178 for y-axis noise
0.0191 for z-axis noise

— Parameters of KFw filter:

Py =1[0.01], Q¥ = [0.1],
w, =[0],A=1,8=286"=0.5,
0.0235 for x-axis noise
RY = {0.0178 for y-axis noise
0.0191 for z-axis noise

\

Fig. 11. The real view of experimental setup with an Arduino Due
development board and MPU9252 IMU mounted
on the shaft of a servo motor in a fixed position

7.2. Experimental results

The estimation of x-axis noise is presented in Fig. 12. It is
worth noting that the results overlap with no differences for both
lengths of TEA. The state, order and parameter plots are the
same despite significant TEA length reduction. Moreover, Fig. 13
confirms, in this case, the fractional order noise, which tends to
0.3. The parameter estimation stabilises its value around —1.6
(see Fig. 14). Collectively, all these observations suggest that the
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estimation results of x-axis noise are characterised by a high
degree of precision.

Analysis of y-axis noise is presented in Figs. 15-17. As shown
in Fig.15, the state estimation is well-reflected for both lengths of
TEA. In this case, the noise also exhibits the fractional order
dynamic, and its order value goes to 0.3 rapidly (see Fig. 16).
This order value was maintained until the final estimation process.
Additionally, it can be noted in Fig. 17 that the estimated parame-
ter tends to the value —1.5 and follows it with minor fluctuations.

The identification of z-axis noise is shown in Fig. 18. As in
previous cases, the constraints of TEA implementation length do
not influence estimation results. The order estimation shown in
Fig. 19 reveals its fractional behaviour. We can see that this time
also, the order value achieved the central value very quickly and
stabilises itself around the value 0.3. The parameter estimation of
y-axis noise presented in Fig. 20 attains the value —2 in approxi-
mately 5 s.

To summarise, using TEA during the noise estimation process
allows us to obtain high-accuracy noise models for the x,y and z
axes of the gyroscope that forms part of the MPU9250 sensor.
Moreover, all the investigated data highlight its fractional order
dynamic correlation and robustness for the length constraint of
TEA up to 50%. This fact can significantly reduce the time con-
sumption for TEA execution in the absence of estimation of preci-
sion losses. The sum squared error (SSE) of state, order and
parameter for various implementation lengths of TEA correspond-
ing to experimental data are given in Tab. 5. In this case, the SSE
is calculated directly between their estimates for lengths L = 3,000
and L = 1,500.

0.6

x-axis noise

estimated of z-axis noise for L = 3000
estimated of z-axis noise for L = 1500
i I | | |

0.4

0.2

0

-0.2

-0.4

-0.6

o 5 10 20 25 30

15
t [s]

Fig. 12. Original and estimation of x-axis noise given for full
(L = 3,000) and finite (L = 1,500) approximation lengths

1

estimated order for L = 3000
e estimated order for L = 1500

0.9 |

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

0 5 10 15 20 25 30
t [s]

Fig. 13. Order estimation for x-axis noise given for full (L. = 3,000)
and finite (L = 1,500) approximation lengths
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Fig. 18. Original and estimation of z-axis noise given for full
Fig. 14. Parameter estimation for x-axis noise given for full (L. = 3,000) (L = 3,000) and finite (L. = 1,500) approximation lengths

and finite (L. = 1,500) approximation lengths
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Fig. 15. Original and estimation of y-axis noise given for full
L = 3,000) and finite (L = 1,500) approximation lengths 0 ‘ , ‘
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Fig 20. Parameter estimation for z-axis noise given for full (L. = 3,000)
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Fig. 16. Order estimation for y-axis noise given for full (L = 3,000) Tab. 5. The sum squared error of state, order and parameter

and finite (L = 1,500) approximation lengths

corresponding to experimental noise data

Noise State Parameter Order

. x-axis 1.79-1078 2.16-1077 5.09-1078
el et B T y-axis 329-107° | 2.52-10° | 1.08-107°
i z-axis 6.52-107° 1.62-107° 7.36-1078
-0.6
=2 ] 8. CONCLUSIONS

-1

12

sl The paper presents the experimental and numerical results
| of applying the triple estimation algorithm with approximation
' length constraints. The possibilities of such algorithms have been
b 5 10 1‘[5] 20 25 30 revealed during the state, order and parameter estimation

t|s

of fractional constant and variable order systems in several nu-
merical examples. In sets of numerical examples, the implementa-
tion length of TEA was reduced to 50% of the number of samples

Fig. 17. Parameter estimation for y-axis noise given for full (L. = 3,000)
and finite (L = 1,500) approximation lengths
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needed to cover the whole computing range with no implementa-
tion losses. The estimated state and order plots for the fractional
constant order system tend to the original values. Only a tiny
discrepancy occurs during parameter estimation for selective
implementation length reduction. However, it has not influenced
the final state estimation results. When identifying the fractional
variable order system with different lengths of TEA, we can notice
only a slight difference between the order estimations. Despite a
length reduction to 50% of the original size, the estimated state,
order and parameter curves overlap and are near the original
ones. The numerical tests confirm the high accuracy of the
achieved estimation results even for a finite length of the triple
estimation algorithm. Combining numerical results leads to the
conclusion that a reduction of samples by up to 50% does not
significantly affect the state estimation results of considering
fractional order systems and substantially decreases its time
duration.

The triple estimation algorithm was also successfully used for
fractional noise estimation of the gyroscope, part of a popular
Inertial Measurement Unit known as MPU9250. The noise analy-
sis was conducted for x,y and z axes of the gyroscope. The
state, order and parameter estimation results for each axis of the
gyroscope are similar. The conducted experiments show that the
order of noises for the three gyroscopes’ axes equals approxi-
mately 0.3, and the estimated parameters achieve a value of
around —1.8. At this time, the approximation length also does not
influence the final estimation results. Moreover, the experiments
show the fractional order correlation dynamics of the investigated
noises.

The plethora of numerical examples and experiments allow us
to ascertain that the triple estimation algorithm with finite length
approximation becomes a convenient tool during the analysis,
identification and estimation of fractional variable order systems.
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Abstract: In this paper, a sliding mode controller, which can be applied for second-order systems, is designed. Robustness to external
disturbances, finite regulation time and a good system’s behaviour are required for a sliding mode controller. In order to achieve the first
two of these three goals, a non-linear, time-varying switching curve is introduced. The representative point (state vector) belongs to this
line from the very beginning of the control process, which results in elimination of the reaching phase. The stable sliding motion along
the switching curve is provided. Natural limitations such as control signal and system’s velocity constraints will be taken into account.
In order to satisfy them, the sliding line parameters will be properly selected. However, a good dynamical behaviour of the system
has to be provided. In order to achieve that, the integral time absolute error (ITAE) quality index will be introduced and minimised.

The simulation example will verify theoretical considerations.

Key words: sliding mode control, optimal control, state constraints

1. INTRODUCTION

The sliding mode approach belongs to the class of variable
structure control methodologies. The main idea is that the trajecto-
ry of the system state is constrained to a sub-space of the state
space. This simplifies the dynamical behaviour of the system.
Moreover, it allows us to obtain exceptional robustness with re-
spect to external perturbations [6] and requires small computa-
tional effort. These advantages made sliding mode control profuse
in the field of mechanical systems, electric drives and similar
industrial applications. The fundamental concepts of this method
were introduced in the previous century [20]; however, it remains
a lively field of inquiry both from the practical [21] as well as theo-
retical [9] point of view.

Due to the discontinuous control signal, sliding mode control is
especially useful in electric devices and power electronic control;
as in these applications, the control signal (semiconductor switch
state) is by its nature not continuous. The paper [7] presents a
super-twisting sliding mode controller for speed control of perma-
nent magnet synchronous machine (PMSM). The parameters of
the controller are tuned on-line using a neural network to adapt to
the varying, unknown disturbance values. The computer simula-
tions as well as experimental tests confirm marked improvements
over traditional sliding mode control as well as a PID (Proportional
Integral Derivative) controller. The authors of [23] develop a slid-
ing mode controller for a similar problem of linear PMSM control.
In order to minimise chattering, it is enhanced by a neural net-
work, which compensates the unknown impact of perturbations.
To reduce chattering even further, the sign function in the control-
ler is replaced by a time-varying saturation function, which deter-
mines the size of the boundary region to guarantee small error
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and minimum chattering. The control methodology is verified on a
laboratory stand and put alongside a sliding mode controller with-
out the fuzzy logic extension. The results plainly demonstrate an
improvement in control precision and oscillation reduction. In
contemporary applications, it becomes increasingly common to
control the plant through a network system, instead of a direct
connection between each sensor/actuator and the controller. Such
an approach can lower the costs and increase the modularity of
the system. Unfortunately, it also presents some new difficulties,
namely packet losses and transmission delays. In the work [8], an
extensive review of modern sliding mode control algorithms that
utilise networked control is presented.

In [10], a new sliding mode control approach was used in un-
interruptible power supply (UPS) systems. The slope of the sliding
line depends on the output voltage error via fuzzy logic. A simula-
tion example demonstrated that the total harmonic distortion is
lower than that in the strategy with the fixed sliding line. Further-
more, in [11], a laboratory experiment for the proposed strategy
was performed. Terminal sliding mode control for two classes of
non-linear systems was implemented in [16]. The first one com-
prises systems with the first- and second-order derivatives, and
the second one included only first-order derivatives. The controller
provided a finite reaching time and the stable sliding motion.
Computer simulations included RLC (Resistor, Inductor, Capaci-
tor) and RC (Resistor, Capacitor) plants with a non-linear resistor
and capacitor. Terminal sliding mode control was also used for
multi input multi output (MIMO) systems in [26]. The non-linear
switching curve was selected in order to achieve a finite time
convergence to the demand state.

The sliding mode approach is regularly applied not only in
controllers but also in observers. One of its advantages is forcing
the estimation error to zero in finite time [1, 17], in contrast to
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asymptotic convergence in “traditional” observers. In the paper [5],
the state of charge (SoC) estimation in a vanadium redox battery
is considered. The authors begin by deriving a concentration
model and tuning it using particle swarm optimisation. Next, it is
transformed to the canonical control form, and a sliding mode
observer is proposed. Since SoC in an actual battery is hard to
measure directly, the battery voltage discrepancy between the
observer and the real plant is used to assess the observation
precision. What is more is the colour of the electrolytes in the full
charge and discharge state verifies the observer performance. In
the paper [4], the stator current and rotor flux linkage in a bearing-
less induction machine is estimated via a sliding mode observer.
Such motors have important advantages, resulting from replacing
mechanical bearings by additional windings in the stator. With
proper control of the current in the windings, radial forces can be
developed, which make the rotor “levitate” inside of the stator.
This allows the motor to attain significantly higher speeds and
lowers friction force. A saturation function was used to reduce the
chattering of the observer. The results of computer simulations
show that the presented observer has faster convergence and
lesser steady state error than the model reference adaptive sys-
tem (MRAS) speed identification, which is typically used in its
place. The sliding mode paradigm was also used in [12] both for
observer and controller design for a gimbal control system for use
in satellite orientation control. The performance is verified in simu-
lations and in tests on a laboratory stand.

In the article [2], a sliding mode controller was implemented
on a robotic manipulator. The reaching phase was eliminated by
selecting the switching curve parameters in such a way that the
initial state belongs to it. In the first example, the proposed strate-
gy was applied to control the two-joint manipulator. The stable
sliding motion was provided, and the convergence to the demand
state is faster than that in previous methods. Moreover, the ro-
bustness to the external disturbances and modelling uncertainties
was achieved. In the second example, the five-joint, bipedal ma-
nipulator was considered. A similar approach was implemented in
[3], where the example with five-joint, bipedal manipulator was
studied in greater detail. Moreover, the strategy was compared
with a classical robot controller.

The control of unmanned aerial vehicles (UAVs) is recently
very active and often utilises the sliding mode methodology. In the
paper [24], quadrotor control is analysed. A reaching law compris-
ing two hyperbolic functions is introduced. It enables on the one
hand rapid convergence at a large distance from the switching
hyperplane, while on the other hand it limits the risk of exciting
oscillations in its vicinity. Then, a “system dynamics estimator” is
derived in order to assess the wind impact. In general, using
disturbance observers allows us to reduce chattering since it
enables a reduction of the discontinuous portion of the control
signal. The estimator design is grounded on the assumption of
bounded variation of wind speed. Since in reality, the wind can
come in gusts, it is not clear if this premise is realistic. Although
the approach is tested on a real UAV, the tests are performed
inside a laboratory, with constant wind speed simulated by a fan.
Thus, it is unclear, how the proposed controller would perform in
real conditions. A similar problem of UAV formation control was
tackled in [19], where an adaptive non-singular terminal super-
twisting sliding mode controller was proposed. One of the uses of
UAV formation is inspection works, such as monitoring electric
cables or solar panels. In the proposed approach, a sliding mode
trajectory tracking controller for the formation leader is derived.
Based on this trajectory, a formation controller produces trajecto-

ries for all of the following UAVs. Then, the same controller which
was used for the leader is implemented in every follower. The
robustness to wind perturbations is verified by computer simula-
tions. The formation control problem was also analysed in [15]
where a non-singular terminal sliding mode controller was de-
signed. The major difference is that in [15] the authors assume
that only local distance information is available, as not all followers
are able to directly communicate with the leader. Furthermore, a
collision avoidance mechanism was introduced, which is based on
an artificial potential field. The concept was analysed in theory, as
well as tested in computer simulations.

The topic of the paper [22] is control of a bridge crane. The
authors propose a time-varying sliding mode controller. Similarly,
as in this work, the sliding hyperplane initially passes through the
starting state, which ensures robustness from the beginning of the
control process. In the selected model, the movement of all the
masses (the load, the hook and the trolley) are taken into account,
while the main goal is to move the suspended load rapidly but not
induce large oscillations in the system. The authors compare their
approach with two methods with constant sliding hyperplanes in
computer simulations. The advantages, namely improved robust-
ness and smaller oscillations, are evident. The task of oscillation
minimisation of moving masses was also considered in [25] where
a benchmark problem of balancing a ball on a beam was ana-
lysed. The reaching phase was removed by using an integral
sliding mode controller, while the sign function was smoothed out
to reduce chattering. The laboratory tests confirm the impressive
position control precision. In the paper [18], a second-order sliding
mode controller for frequency control in a multi-area power system
was derived. The unknown system states are first estimated using
a linear observer. Then, a sliding mode controller utilises this
information to reduce the frequency deviations.

While designing any practical controller, it is necessary to
consider the constraints of the states and control action. One
example is limiting the velocity in order to prevent mechanical
damage. In our research, we came upon several methods which
combine these bounds with sliding mode control. This motivated
us to design such a sliding mode controller, which achieves good
performance, despite limitations. This paper builds upon the pre-
vious work [13], by taking into account the minimisation of a dif-
ferent quality criterion. The method allows the designer to ensure
a priori known bound on the system velocity and/or the control
signal value.

2. SLIDING MODE CONTROLLER DESIGN

This section will present the sliding mode controller for the
second-order system. During the design, we will focus on the
following several main goals:

1. The robustness for the whole control process has to be ob-
tained. It will be achieved by using a time-varying sliding
curve, and as the result of a consequence, the reaching phase
will be eliminated.

2. The state vector (representative point) has to reach the pre-
determined demand state in finite time.

3. External disturbances and natural restrictions such as control
signal or velocity limitations have to be considered.

4. The integral time absolute error (ITAE) quality index has to be
minimised in order to evaluate the performance of the control-
ler.
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Let us consider the following system:
G)'1(T) =0,(7) (1)
0, (1) = W(0;(1), 0,(1), V) + Y(1) + §v (1)

where 0 (t) describes the position of the system and ©, (1) is
its velocity. Two functions W (function of state vector and time t)
and Y (external disturbances) vary in time. Nevertheless, due to
the practical considerations, the absolute value of the sum of
these functions has to be limited from above by a known, positive
parameter denoted by Q. This inequality can be written as follows:

[¥(0,(1),0;(0), D +Y(D)| < Q. (2)

The main advantage of using inequality (2) is that it allows to
describe any bounded time-varying uncertainties. One does not
have to assume any frequency distribution of the disturbances,
which can be hard to obtain in practice. Positive scalar € affects
the control signal v. The representative point starts moving from
any position different from the desired one which is equal to 0, i.e
0,(0) = 0 and ©,(0) = 0. Moreover, it has to stop in the
desired state. Therefore, the demand point is equal to (0,0). The
first goal that we mentioned in this section was the robustness for
the whole control process and the elimination of the reaching
phase. In order to achieve that goal, we introduce a time-varying,
non-linear switching curve described by the following equation:

s(1) = 0,(1) + (1) sgn(0, (1)) /181 (|- @)

The function x corresponds to the variation rate of the sliding
curve. The faster x changes in time, the faster the sliding line
evolves. Once k ceases to change, the sliding line remains sta-
tionary. Itis given as follows:

_(yt for T=<T
k(o) = {yro for > TE' @)

Parameter v is positive and denotes the movement speed of the
switching curve. At the time t,, that curve stops and remains
fixed. Sign function sgn is equal to 1 for positive arguments, is
equal to 0 for 0 and is equal to —1 for negative arguments. Substi-
tuting T = 0 one can see that

5(0) = ©,(0) + k(0) sgn(©;(0)) /161 (0) = 0, (5)

which means that the representative point is on the sliding line at
the initial state and the reaching phase is eliminated. It results in
robustness to the external disturbances for the whole control
process. In order to provide the stable sliding motion, we propose
the following control signal:

1 d
v(r) = - B sgn(0:(1) V16, (0 2@

_ 6x(Mx() 2

28/10: (DI € sgn(s(0). (6)

Theorem 2.1 Control signal Eq. (6) provides the stable sliding
motion for the whole control process. To prove the stability of the
sliding motion, we have to guarantee that the following inequality

s()s(n) <0 (7

is fulfilled for any T > 0. The strict inequality is not necessary
because the representative point is on the switching curve at the
initial state. We determine the derivative of the sliding variable as
follows:

232

$(1) = 1-0,(1) + sgn(0:(1) V16, (DIK(D) + 27552 9
Using Egq. (1), we obtain the following:
$(1) = ¥(0,(1),0,(1), 1) + Y(1) — ngn(s(r)) 9)

From Eg. (2) and the sign function properties, we obtain that
inequality (7) is true.

3. ADMISSIBLE SETS

In this section, three sets of the switching curve parameters
that guarantee the control signal, system’s velocity and both of
these quantities limitation will be determined. These sets will be
composed of two parameters: y and t,. Moreover, we will cover
two possible outcomes-when the sliding line stops during the
control process and when the demand state is reached when it is
still in motion. Let us start by deriving formulas for absolute values
of both system’s position and system’s velocity. From Egq. (3) and
the fact that the sliding variable is equal to zero, we have the
following:

0,(1) = —K(7) 5gn(0; (1)) V16, (V|- (10)
Using Egs (1) and (10), one can obtain the following:
0, (1) + k(1) sgn(0: (1) /10:(D[ =0 . (1)

The above differential equation is fulfilled for

yt?
J61_T for Tt€]0,1y)
_ 2
|®1(T)| = 51 —% for TE (TO'Tf]’(12)
0 for te€ (t7,0)

where T denotes the regulation time. System’s position has to be
a continuous function. Therefore, in order to fulfil that property, the
absolute value of ®, has to be of the following form:

([ (Eo@I-Z)  for teld)

0, (0 = ( |01(0)|+%°Z—YT4—°T) for t€ (T, 1] (13)

L 0 for Té€ (t7,00)
and the regulation time is given as follows:
_1 2,/1041(0)]
Tf = ETO + #. (14)

In order to derive the absolute value of the system’s velocity,
we use Egs (10) and (13) and get:
102 ()| =

! yWB @I -2 for te[0,%)

2.3 2. 2
YTo |@1(0)|+%—% for te (tot] (19

0 for te€(t7,)

In the second possible scenario, when the switching curve
moves for the whole control process, we take into account only
two time intervals. In this case, the absolute values of system’s
position and system'’s velocity can be written as follows:
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10,(9)] = (VIe:@1-X)  for tefor) (16)

0 for tE€ (t7,0)

{yr\/ 0.1 -5 for tefor)
0 for TE(Tf,OO)

Regulation time is derived as follows:

10,(D)| = (17)

_ 248,01
=5 (18)

3.1. Control signal admissible set

In order to derive the admissible set in which the absolute val-
ue of the control signal is bounded from above the following ine-
quality,

VOI < Viax (19)

has to be fuffilled for any T > 0. Parameter v, is the maximum
admissible value of the control signal. After substituting Eqgs (6)-
(19), we obtain:

|sgn(€)1 (‘t)) VO, (Dx(D) + %)f((:)) +Q sgn(s(t))| <

|E|Vmax- (20)

Using properties of the absolute value, we can simplify the
above inequality to the following form:

NEAGIROR=

Let us consider two possible movements of the representative
point. In the first one, it moves along the fixed sliding line. In the
second one, the representative point will be sliding on a moving
switching curve.

1. The sliding line remains fixed.

Using the form of function k given by Eq. (4), one can see that
when the switching curve stops moving, it can be rewritten as
follows x(t) = yt,. Hence, k(t) = 0 and (21) can be rewritten
as follows:

< Iflvmax - Q. (21)

2.2
% < |E|Vmax - Q. (22)
Transforming the above equation one can get

T < x/2(|§|\’;nax_ﬂ). (23)
In order to derive the admissible set, we have to analyse the

second scenario, when the sliding switching curve is in motion.

2. The sliding line moves.

Now the function « takes the following form k(t) = yr, and its

derivative can be expressed as follows k(t) = y.Therefore, we

can rewrite our boundary in the form:

|18, o1 - L5

Inequality (22) from the previous scenario shows that
YZ‘EZ

< |E|Vmax - Q. (24)

< [E]Vinax — Q has to be true for T < t,. Parameters y
and t are both positive; therefore, we will demand that inequality

10| < [Elvimax — © (25)

is always true. The above equation can be transformed into the
boundary of the parameter y:

1Elvinax—Q
< rax— "2
V="e,01 (26)

When the sliding line changes its position for the whole regu-
lation process, we check the edge of the admissible set and ob-
tain that

[8lVmax—Q (27)

< .
Y= 6.

One can see that the second inequality is more strict; there-
fore, we have to demand its fulfilment.

3.2. System’s velocity admissible set

This subsection comprises the condition that has to be fulfilled
to constrain the velocity of the system. We have to demand that
forany T = 0 the following condition

[02(D)] < Omax (28)

is satisfied. Let us start by considering the scenario when the
switching curve moves. Hence, we will use the Eq. (17). We have
to find the solution of the equation ®,(t) = 0. One can get

v/10:(0)] - 2y21% = 0. (29)

From the above equation, we get that the maximum absolute
value of the system’s position is given as follows:

4 [3yY10: (O

MaX,so|0,(T)| = 3 (30)
and is obtained at the time

2 [3%/18:(0)]
T = ——. (31)

Therefore, the limitation on parameter y can be written as follows:

V= 6lo:0F

In the second scenario, we do not have to consider the case
when the sliding line is fixed. In this case, the maximum absolute
value of the systems velocity is reached at the time t,, due to the
shape of the switching curve. So, in this scenario, the constraint
on the parameter y is given as in Eqg. (32).

3.3. Control signal and system’s velocity admissible set

Taking into account both previous subsections one can write
that the constraint on parameter y in the case when the sliding
line becomes fixed during the control process is given as follows:

[€1Vimax—Q . 27®%max } (33)

< min ;
Y { [91(0)] " 16y]0.(0)[3

In the second scenario, when the switching curve moves, we
have the following:

[§1vmax—Q . 27®%max } (34)

< i
V= mm{z 101(0)] " 16{/(01(0)3
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4. MINIMISATION OF ITAE QUALITY INDEX

This section comprises the evaluation of dynamical perfor-
mance of the system by deriving and minimising the ITAE quality
index in the presence of earlier mentioned constraints. This quality
index takes the form:

I=[710,(0)|tdr. (35)

From the fact that we have proven that our controller provides
that the representative point reaches the desired state in the finite
time, the above equation is given as follows:

E = [;°10,(D)|tdr. (36)

In the first scenario, when the sliding line is fixed from some
time of the control process, we use Eq. (13) and rewrite ITAE as
follows:

To yt2\? 5 yt3
E= [ (VIo, @I - 1) ar+ [ ({16, (0] + 52 -
2
L) ¢ g, (37)

After some calculations, we can express the above equation
in the form:

1 1 1 VMEAOR
E = 310:(0)]7§ — 5vt5/10:(0)] +55v? el + = =+
|©1(0)?
(38)

3y213

Our goal is to minimise this quality index. Therefore, we will
equate the partial derivatives of ITAE with respect to y and T, to
zero as follows:

OE 1 1 V10103 2]04.(0)]?
= = — 110, ()] + oy — P UL (39)

oy 384 3y2 3y

Ok _1 _1.3 1 5.5 20,0

oty 2 101 (0)]To 7z YTov 10,(0)] + 2s ) To N
(40)

Equating Eq. (40) to zero one can get the real form of y as a
function of

— _4 |®12(0)| V Y — 4\/|®;(0)|. (41)
315 0

From the fact that y and 7 have to be positive, one can get
that only the second value of y in Eq. (41) belongs to the domain.
Substituting this value to Eq. (39) and equating it to zero, we
have:

——-14,/16:(0)] = 0. (42)

Again, 7, is positive; therefore, the quality index has no sta-
tionary points, and as a consequence, the minimum is obtained on
a boundary of the admissible set. In the second scenario, when
the sliding line moves for the whole regulation process, the ITAE
takes the form:

2y 2 2
E = [/ (V16,00 - =) tdr = |0, (0)| L -

4 2.6
iy Yy
16,0 + %

(43)

Substituting the regulation time Eq. (18) one gets that the
above equation can be rewritten as follows:

234

E — 2\/'91(0)'3 . (44)
3y
Hence,
6_E= _2V|®1§0)|3 (45)
ay 3y

and we conclude that again ITAE has no stationary points; there-
fore, in both cases, the quality index is minimised on the boundary
of the admissible set.

Minimisation of ITAE with control signal constraintin this
subsection, the minimum value of ITAE with control signal limita-
tion will be derived. We have already shown that ITAE is mini-
mised on the boundary of the admissible set, i.e. on the lines

_ [&lvmax—Q V2([§lvinax—Q)
~ V10:(0)] v
ond equation in Eq. (41), we get:

or Ty = . Substituting y to the sec-

TO — 2 |@1(0)| (46)

[Elvinax—9Q'
From the fact that the maximum value of t on this line is

2[04(0)]

[ElVmax—Q

Ty = (47)
we obtain that the only stationary point does not belong to the
admissible set. Therefore, the minimum value of ITAE will be
obtained for the maximum possible value of T, given by Eq. (47).
Now let us focus on deriving the optimal parameters of the switch-

Vv 2(I8lvmax—Q)
Y
to Eq. (38), one gets the following:

ing curve on the line T, = . Substituting this value

— 101 (0)|(I&lVinax—Q) _ \/|01(0)|(|E|Vmax_ﬂ)2 + (|E|Vmax_9)3

E 2 3 4
4y 12 96y
MCHON 1©,(0)I?
. 48
3y + 6(I&Ivmax—Q) ( )

Calculating the derivative of the right-hand side of the above
equation and equating it to zero, we obtain the only stationary
point:

(14324 V2) (Bvmax—0)
V= 2,/101(0)] ' (49)
From the fact that both (1€|vmax — ) and |0, (0)] are posi-
tive, we get that Eq. (49) is negative. Therefore, again, minimum
of ITAE is obtained on the boundary of admissible set and is equal
to the following:

6504 (0)|?
T 96(IElVimax—)"

(50)

Optimal switching curve parameters are given as follows:

_ 1§lvinax—Q

V=" les o

.= |20l )
0 [Elvimax—Q

In the second case, when the sliding line moves for the whole
control process, ITAE is also minimised for the maximum value of

= vmax—9 54 is expressed as follows:

2/10: (0]
4101 (0)|?

E = —

3(1&Ivimax—D)

(52)
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One can observe that E determined by Eq. (50) is smaller
than the value of the same parameter given by Eq. (52). Hence,
we can conclude that the optimal strategy is achieved when the
sliding line moves, and after that, it becomes and remains fixed to
the end of the control process.

4.1. Minimisation of ITAE using system’s velocity constraint

Again, we will start by considering the strategy, when the
switching curve stops during the control process. We have already
shown that the minimum of ITAE is obtained on the boundary of
the admissible set. Hence, it is equal to the following equation:

_92804(0)3
T 2187020,

(53)

When the sliding line moves for the whole control process,
then the minimum value of ITAE is written as follows:
g = 3210:0P (54)

> .
8102 max

One can easily conclude that the value of Eq. (54) is smaller
than that of Eq. (53). Hence, ITAE is minimised when the sliding
line moves for the whole control process.

4.2. Minimisation of ITAE by using both control signal and
system’s velocity constraints

In this section, when the switching curve stops during the con-
trol process, we have to consider three possible cases:
1 — [€lvimax—Q 2|04 (0)]
' 1©41(0)] 1€1vmax—Q
minimized ITAE is written as follows:

and 1, = . In this case, the

65/01(0)|2
E=—""— 55
96(|§lvimax—Q) ( )
2
Y = R and T, = W Now ITAE is given by
3
E = 2008 (56)
Slezmax
— _27%max_ 4 t, = 16\/z(|z|vma§—m|el(o>|3 In this
161101 (0)[3 2703max
case, the minimum value of ITAE can be expressed as fol-
lows:
E= 64(1€1Vinax—M101(0I*  1024(€|[vimax—0?(0,(0)I° n
- 4 6
72903 max 5904905, 4
2048(I¢1Vimax—2)310.(0)|° n 16|01 (0)|3 191(0)? (57)
159432308, 4 810%,,0x  6UEIVmax—)

Considering the second strategy, when the sliding line moves
for the whole control process, we get the minimum value of ITAE
as follows:

(58)

4101 (0)I? _32|®1(0)|3]

E = max[ .
3(Elvimax—Q) " 81034,

One can observe that both Egs (55) and (56) are always
smaller than Eq. (58). Without knowing the values of initial param-
eters, we will not be able to state which of the three values such
as Eqs (55), (56) or (57) will be the ITAE minimum. However, this
value can be easily calculated when these parameters are given.
The optimal strategy is the one: when the sliding line stops during
the control process.

5. SIMULATION EXAMPLE

In this section, we will verify theoretical considerations by in-
troducing the simulation. We present the following system:

{ (;51 () = 0, (@3]
6 (1) = —/16; (D] arctan(0, (1)) + Y(1) + Ev(r)

The representative point starts at (—4, 0). From the shape of
the switching curve and stable sliding motion, one can conclude
that the maximum value of W is 1 due to the fact that

%arctan((ﬁ)2 (1)) takes a value from [-1;1]. Absolute value of

external disturbances is limited by 3. These disturbances switch
20 times per second between the minimum and maximum admis-
sible value in order to provide the most difficult feedback from the
controller. Therefore, ) takes a value 4. We select parameter
& = 1. We set limits of control signal and systems velocity as
follows v = 15 and 0,2« = 4. Now, let us consider the first
case in our paper: when the control signal is constrained. The
minimum value of ITAE is

E = 0.9848 (60)

and parameters related to the switching curve are given as fol-
lows:

y =55
{‘EO = 0.8528s’ (61)

(59)

Representative point reaches the demand state after t; =
1.2792s. From the control signal chart shown in Fig. 1, one can
observe that it takes its maximum admissible value at the start of
a control process. After that, it switches with an amplitude equal to
the value of parameter Q = 4. When the sliding line is in motion,
the mean value of the input decreases monotonically. After time
Ty, it stops, and the control signal switches between its minimum
admissible value and —|v.x — 2Q| in order to maintain the
stable sliding motion. When it reaches the demand state, it takes
values 4 or —4 to remain in it. System position shown in Fig. 2
increases monotonically, and after time T, its value is always
equal to 0. System’s velocity (Fig. 3) starts rising due to the fact
that the object must accelerate in order to reach the demand
state. After some time, it peaks and starts decreasing. At the time
Ty, We can see a non-differentiable point in our figure. It is the
moment when the sliding line stops moving. Again, the demand
state is reached in finite time ;. In the next scenario, when the
absolute value of system’s velocity is bounded from above, we get
the optimal results when the switching curve moves for the whole
control process. Minimum value of ITAE is

E = 1.5802 (62)

and optimal parameter related to the speed of the switching curve
is given as follows:

y = 3.3750 (63)

In this case, due to the fact that the sliding line moves for the
whole control process, the control signal decreases monotonically.
From Fig. 4, one can observe that in this scenario, it exceeds the
value —15 because now we do not require the control signal limi-
tation. After time t; = 1.5396 s, again it switches with amplitude
Q in order to maintain the representative point in a demand state.
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Fig. 1. Control signal
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Fig. 2. System'’s position
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Fig. 3. System’s velocity
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Fig. 4. Control signal

System’s position (Figure 5) and velocity behave similarly as
in the first case. However, one can observe from Fig. 6 that the
limitation of the system’s velocity is fulfilled. This is the reason
why in this case the regulation time is longer than that in the
scenario when the control signal is constrained. The last case
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covers both control signal and velocity limitations. Minimised ITAE
is given as follows:

E =

Fig. 5.

O, (7)

Fig. 6.

1.5805. (64)
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Fig. 9. System’s velocity

We can see that it is the highest value of all three scenarios,
which is a logical outcome due to the fact that now we have to
provide the fulfilment of not one but two limitations. Optimal
switching curve parameters are as follows:

{ y = 3.3750

1, = 0.8528s’ (65)

The regulation time is t¢ = 1.5477. Again, one can observe
that in order to satisfy both constraints, we select the minimum
value of y from both scenarios and the regulation time is the
longest one from all three cases. From Figs. 7, 8 and 9, we can
see that control signal and system state behave as we expected,
and both control signal and velocity limitations are provided. The
chattering visible in the control signal in Figs. 1, 4 and 7 could be
reduced by changing the sign function of the sliding variable in Eq.
(6) to a saturation function. In this paper, we have chosen not to
do this to present the main contributions of our approach more
clearly. Moreover, unfortunately, using the saturation function
would result in a quasi-sliding motion instead of an ideal one.
Namely, the state would be constrained to a close vicinity of the
sliding line, not necessarily directly to it.

6. CONCLUSIONS

This work comprises the design of a sliding mode controller which
can be applied for second-order, nonlinear systems. A switching
curve that ensures the elimination of the reaching phase and the
robustness for the whole control process is introduced. A finite
time convergence of the representative point to the demand state
is ensured. Control signal and system’s velocity are both con-
strained separately, and after that, this approach is combined. In
order to achieve a satisfying dynamical performance of the sys-
tem, the ITAE quality index is minimised. It is noticeable that the
main difficulty of the approach was considering all the possible
scenarios and calculating the optimal parameter values for all of
them. However, once this is done, the approach can be used fairly
easily, using the final results presented above. Comparing the
approach applied in this article with the one used in [14], one can
conclude that IAE quality index treats the plant error similarly
throughout the whole control process, while ITAE penalises the
error more for further time periods. This results in obtaining slight-
ly higher initial values of error for ITAE quality index. However,
these values decrease more rapidly.
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Abstract: This article focuses on the exact periodic solutions of nonlinear wave equations using the well-known Jacobi elliptic function
expansion method. This method is more general than the hyperbolic tangent function expansion method. The periodic solutions are found
using this method which contains both solitary wave and shock wave solutions. In this paper, the new results are computed using
the closed-form solution including solitary or shock wave solutions which are obtained using Jacobi elliptic function method.
The corresponding solitary or shock wave solutions are compared with the actual results. The results are visualised and the periodic
behaviour of the solution is described in detail. The shock waves are found to break with time, whereas, solitary waves are found

to be improved continuously with time.

Key words: nonlinear evolution problems, coupled equations, Jacobi elliptic function, periodic solutions

1. INTRODUCTION

In several subfields within physics and engineering, the notion
of soliton is an important concept. The solitons are used in model-
ling of optics, hydrodynamics, nuclear physics, biomechanics,
plasma physics and many other fields [1-3]. While in most cases,
the solution to nonlinear governing equations is associated with a
soliton, this equation describes a wave that maintains its form
across time [4]. For the solution of the nonlinear differential equa-
tions, several methods are defined such as tangent hyperbolic
(tanh) expansion method [5], tanh-sech expansion method [6],
exponent expansion method [7], F-expansion method [8], modified
simple expansion method [9], exp(-@(a)) expansion method [10],
sine-cosine method [11], expansion method [12], coth-expansion
function method [13], and some more methods have also been
purposed [14-16]. These methods only predict the solution of the
solitary and the shock waves but are unable to predict the periodic
behaviour of the solutions.

Finding travelling wave solutions of nonlinear partial differen-
tial equations is of significant interest, especially in integrable
systems [17-26]. In past, the studies presented by different re-
searchers yielded several intriguing forms of solutions, including
soliton solutions, cnoidal solutions, compacton solutions and
peakon solutions. Nevertheless, as the literature indicates, dis-
covering these answers has not been simple. In recent studies
[27-33], the research scholars provided a straightforward method
for constructing travelling wave solutions to general nonlinear
equations, which may or may not be integrable, beginning with
solutions of simple equations (including even linear equations). As
proved by nontrivial examples (usually involving equations of the
third order), this method is particularly effective for getting travel-
ling wave solutions of nonlinear equations. The generation of

travelling wave solutions of a large class of partial differential
equations beginning with a trial travelling wave and an invertible
map from a trial travelling wave are the primary contributions
of this paper. However, we now realise that the underlying reason
for the simplicity of our earlier proposal [35] is due to some re-
markable properties of travelling wave solutions.

In 1996, a well-known mathematician [36] purposed the shock and
solitary wave solutions as well as the periodic solutions by using
the Weierstrass elliptic function. In this article, various nonlinear
wave equations are solved using the Jacobi elliptic function ex-
pansion approach, which is more general than the hyperbolic
tangent function expansion method. It is demonstrated that this
strategy yields periodic solutions that include certain shock wave
and solitary wave solutions. In mathematics, a group of funda-
mental elliptic functions known as the Jacobi elliptic functions can
be found easily. One can find the applications of these functions in
the characterisation of the oscillation of a pendulum and in the
design of electronic elliptic filters [37]. Jacobi’s elliptic operations
are the generalisation that refers to those other conics, the ellipse
in particular, whereas trigonometry functions are specified con-
ceming a circle. Unlike the Weierstrass elliptic functions, the
Jacobi elliptic functions do not need to be explained in terms of
complex analysis before they can be used in the real world.

2. METHOD EXPLANATION

The Jacobi elliptic function expansion method is summarised
as follows.

Consider a given equation for nonlinear waves
G( ow aw d%*w 3*w ) _ 0, (1

w2 wIw W
"ot’ ax’ at2’ ax2’

~
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the travelling wave is the solution to the form

w(x,t) =w(§),§ = k(x —ct), (2)

where k represents the number of waves and c represents their
speed, correspondingly. A method known as the expansion of the
Jacobi elliptic function can be used to represent w(§) as a finite
series of the Jacobi elliptic function, &, which stands for the an-
satz.

w(§) = Xy a;sn'§, ©)
is produced based on the highest degree, which is

oO(w(é) =m, 4)
which represents the differential equation. From Eq. (3), we have
2—? =Y ia;snt1E(en &)dné, (5)

where all the above functions sn &, cn & and dné are the Jacobi
elliptic functions of the third kind.

2.1. Relation between the square of the functions

sn?(&) + cn?() =1, (6)

dn?(&) + m*sn?(§) =1,
cn? 4+ m'sn? = dn?,

2.2. Jacobi elliptic functions as solutions of nonlinear
ordinary differential equations

The derivatives of the three basic Jacobi elliptic functions are:
0<m<1)

(d%) (sn(®) = cn(®)dn(?),
(d%) (Cn(f)) = —sn(§)dn($), 8)
(di;) (dn(f)) = —mzcn(f)sn(f)’

the ordinary differential equation balances the highest derivative
with the highest nonlinear part.

Tab. 1. Whenn = 0 or n = 1, the Jacobi elliptic functions are reduced
to non-elliptic functions

Function n=0 n=1
sn(u,n) sinu tanhu
cn(u,n) cosu sechu
dn(u,n) 1 sechu
ns(u,n) cscu cothu
nc(u,n) secu coshu
nd(u,n) 1 coshu
sd(u,n) sinu sinhu
cd(u,n) cosu 1

cs(u,n) cotu cschu
ds(u,n) cscu cschu
dc(u,n) secu 1

sc(u,n) tanu sinhu
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After this process, we choose the order of the ordinary differ-
ential equation on its base and choose the series of the function.

dd
0 (ﬁ) =m+gq,q=123,.. o)
0 (wp ‘:qT‘;’) =(p+1)m+q,q9=123,.. (10)

Therefore, m can be chosen in Eq. (3) to strike a good bal-
ance between the highest-order derivative term and the nonlinear
component Eq. (1).

Eq. (3) in its following form is shown in Tab. 1.

w(§) = i, a;tanh’s, (11)

Therefore, the Jacobi elliptic function expansion approach is
superior than the hyperbolic tangent function expansion method in
terms of its universal applicability.

2.3. Applications

A number of the nonlinear models are solved using the Jacobi
elliptic function method, and a lot of applications are found in
different fields of real word problems.

2.3.1. Model 1

The Korteweg-De Vries (KdV) equation in mathematics is a
mathematical model of waves on shallow water surfaces. It is
especially significant as the classic example of a perfectly solva-
ble model, i.e., a non-linear partial differential equation whose
solutions can be precisely described. The KdV equation can be
solved using the inverse scattering transform. The mathematical
theory behind the KdV equation is an active area of study. The
KdV equation was first presented by Boussinesq and afterwards
found by Diederik Korteweg and Gustav de Vries (1895) [38].
Zabusky and Kruskal (1965) [34] discovered statistically that the
solutions of the KdV equation appeared to break down at large
times into a collection of ‘solitons’: well-separated solitary waves.
Moreover, the shape of the solitons appears to be essentially
unaffected by their passage through one another (though this
could cause a change in their position). By demonstrating that the
KdV equation represented the continuum limit of the FPUT sys-
tem, they established a relationship to earlier numerical experi-
ments by Fermi, Pasta, Ulam and Tsingou. In 1967, Gardner,
Greene, Kruskal and Miura developed an analytic solution utilising
the inverse scattering transform [39-41].

aq aq 33q _
G +12a(3)+28(55) =0 (1)
Step 1: Using transformation for the above Eq. (11
q(x,t) = q(§),§ = k(x —ct), (12)

by using Eq. (12) transformation, the above partial differential
equations are converted into the ordinary differential equation,
and in the above transformation k and ¢ represent the wave num-
ber and the wave speed.

(59 = k(%) (13)
E9=x(EH (14)
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Putting Eqs (13) and (14) in Eq. (11), the above equation be-
comes,

—2c( )+1zﬂq( )+23k2(a$3) 0, (15)

which is the required ordinary differential equation that can be
obtained by travelling wave solution.

Step 2. Now balancing the above ordinary differential equation
balancing the highest derivative with the nonlinear part after this
process we balanced our required ordinary differential equation
balancing

0 (q (‘}‘;)) = 2m+1, (16)
0 ((3%‘;)) = m+3, (17)

Comparing Eqgs (16) and (17)
m = 2 (18)

The above ordinary differential equation is balanced at m = 2
Step 3: In this method, the finite series method of the Jacobi
elliptic function is employed for the nonlinear equation and the
values of constants are found. Here the trigonometric cosine and
sine functions are used and are represented with cn and sn.

The solution to the previous equation could take the form
of a travelling wave

q(§) = ag + aysn(§) + apsn*(§) + 0(sn*(©)), (19)
we truncated up to two terms because the above is balanced at m
=2.

(59 = (a1 +2a25n(©)en(dn(®), (20)

q (g_Z) = [apa; + (af + 2a9a;)sn(§) +
3a,a,5n*(§) + 2a3sn*(§)]en(§)dn($),
(5) =
ag?
2a, — (1 + m®)a;sn(é) — 4a,(1 + mz)snz(f)} (22)
+2m?a,sn3(§) + 6m2a,sn*(§) ’

ag3
[-(1 +m?®)a, —8(1 + mz)azsn(f)]cn(f)dn(f)} (23)
+[6m?a,;sn?(&) + 24m2a,sn3(&)]en(&)dn(&) )

Substituting Eqs (20-23) in Eq. (15)
—Zc[(a1 + 2azsn(f))cn(f)dn(f)] }

(21)

N e stiome A SOTC) I E
e | [ 2 encounce|
Comparing coefficients on both side
[—ca; + apa; — k*B(1 + m?)a,] = 0, (25)
[-2a%c + a? + 2aya, — 8k?B(1 + m?)a,] = 0, (26)
3a,a, + 6m?Bk? = 0 (27)
2a% + 24m?Bk?a, = 0, (28)

acta mechanica et automatica, vol.17 no.2 (2023)

By solving the above-mentioned equations using Mathematica
Bulit in Software for finding the values of the constants a,, a; and
az.

c+ 4Bk? + 4Bk?*m?, (29)

Ao

a, = 0, (30)

a, = —12k*m?pB, (31)

Putting the above values of the constant in the above-
mentioned equation
q(&) = c + 4Bk? + 4Bk*m? —
12k2m?Bsn?(§)+ O (sn?(8)),
This is the periodic solution precise to the model Eqg. (1). In
common usage, this solution is known as the cnoidal wave solu-

tion to the model equation that came before it. Whenm = 1, the
expression Eq. (22) is simplified as

q(&) = c — 4Bk? + 12k?Bsech?(§), (33)

Which is the model equation’s solitary wave solution particu-
larly when ¢ = 1.

q(&) = 3c(sech?(x — ct))\/% (x —ct), (34)

(32)

2.3.2.Model 2

This model represents the coupled system of partial differen-
tial equations [37].

a(50) + 124 (59) + (3) + e i) = o )

(5 +(%2) +65(59) = o, (3)

These are known as couple equations, so we solve these
equations by using a travelling wave solution.
Step 1: Here we suppose the possible travelling wave solution for
the above-coupled equations

q(x, t) Q(f); E = k(X - Ct), (37)
Z(.X, t) Z(f), E = k(x - Ct)l

By using Eg. (37), we transform the above coupled partial dif-
ferential equation into an ordinary differential equation. In the
above transformation, k and ¢ represent the wave number and the
wave speed, respectively.

(@) = —ck (33)

o) = ( D)) = ()

(59 = = (5

(59 =% (5)
Putting Eq. (38) in Eq. (35), we have the following equation:

—cq (32) + 124 (57) + (5) - ck?a (gf‘;) 0, (39)

which is the required ordinary differential equation that can be
obtained using travelling wave solution.

2q
fz

q
53
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Step 2: Now balancing the above ordinary differential equation
balancing the highest derivative with the nonlinear part after this
process we balanced our required ordinary differential equation
balancing

0 (q (Z—Z)) = 2m+1, (40)
0 ((Z%Z)) =m+3, (41)

Comparing Eqgs (40) and (41)
m = 2 (41)

The above ordinary differential equation is balanced
atm = 2.
Step 3: In this method, we apply a finite series method of the
Jacobi elliptic function on nonlinear equation and find the values
of constants. Here we use cosine and sine functions which are
represented by cn and sn.

The solution to the previous equation could take the form of a
travelling wave.

+12[3a,a,5n%(&) + 2a3sn3&]cn(&)dn(€) + [(by + 2bysné)en(E)dn(8)]
[-(1 4+ m*)a; —8(1 + m*)a,sn(§)]en(§)dn(§) I
—ck?a[+6m?a,sn?(&) + 24m?a,sn3(&)]en(§)dn(§) )

—cql(ay + 2a,snE)en(§)dn(9)] + [aga; + (a? + 2aoa2)sn(f)]cn(f)dn(s)1
,=0

—ck?a

Comparing coefficients on both sides
[-ca; + aga;, + by + ck?a(1 + m?)a,] = 0, (48)
[-2ayc + a? + 2aqa, + 2b, + 8ck?a(1 +

Plocral (49
3a,a, + 6m? = 0, (50)
2a% — 24m?a, = 0, (51)

Step 2: Again, we repeated Step 2 for the coupled partial differen-
tial equation.

Now balancing the above ordinary differential equation bal-
ancing the highest derivative with the nonlinear part after this
process we balanced our required ordinary differential equation
balancing

o(2(2) = 0(a(%)) = 2m+1 52)
0 <(Z%‘§)> =m+3, (53)

Comparing Eqgs (52) and (53)

The above ordinary differential equation is balanced at
m=2

DOI 10.2478/ama-2023-0027

q(€) = ag + a;sn(é) + asn®(§) +
0(sn*(©), (42)
z(§) = by + bysn(§) + bzsnz(f) + 0(5n3(f))‘

We truncated up to two terms because the above is balanced
atm=2.

(Z—z) = (a, + 2a,sné)cen(é)dn(é), (43)
q (Z_Z) = [a—oal + (a% + 2a0a2)5n(f) + (44)
3a,a,sn?(§) + 2aisn3&]en(&)dn(8),

(%) = b + 2b,5nE)en(©dn(®), s)

-

a3

[~(1 + m»)a, — 8(1 + m2azsn(§)]en(§)dn(§) } (46)
+[6m?a,sn?(§) + 24m?a,sn3(&)]en(&)dn(é) ’

By using the defining values of the above equations, we have,

(47)

Step 3: In this method, we apply a finite series method of the
Jacobi elliptic Function on a nonlinear equation and find the val-
ues of constants. Here we use cosine and sine functions which
are represented by cn and sn.

The solution to the previous equation could take the form of a
travelling wave.

(g_;) — (bl + zbzsnf)cn(f)dn(f)' (55)

1(5) =

[aghy + (arhy + 2aoby)sn(§)]cn(€)dn(§) } (56)
+[(2a b, + azby)sn?(€) + 2a,bysn3€]en(€)dn(§)
[5)
()
[boay + (ayhy + 2boaz)sn(&)]en(€)dn(§) } (57)
+[(2byay + azby)sn?(€) + 2bya,sn3¢Elen(§)dn(é)

63
) =
[—(1 + m?)a, — 8(1 + m?)azsn(§)]en(§)dn(£) ) (58)
+[6m2a,sn?(§) + 24m?a,sn3(&)]en(&)dn(é) V
By substituting the values of Eqs (55)-(58) in Eq. (36), we
have the following equation:

—c[(by + 2bysn&)cen(§)dn(§)] + [aghy + (a1by + 2a4by)sn(§)]en(§)dn($)

+[(2a,b, + ayby)sn?(€) + 2a,bysn*Elen(§)dn(§)
+[boa; + (aib; + 2byaz)sn(§)]en(§)dn($)
+[(2bya, + ayby)sn?(§) + 2b%a,sn3&]en(§)dn(§)
+Bk*[~(1 + m?*)a; — 8(1 + m?)azsn(§)]en(§)dn(§) J
+Bk?[6m?a,sn?(§) + 24m?a,sn3(&)]en(§)dn (&)
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By comparing the coefficients on both sides, we have,
[_Cbl + aobl + albo - kzﬁ(l + mz)al] = 0,

[_szc + 2a0b2 + 2a1b1 + Zboaz -
8k%B(1 + m?)a,] = 0,

3a1b2 + 3a2b1 + 6Bk2m2a1 = O,
4a2b2 + 24‘Bk2m2a2 = 0,

(60)

(61)
(62)
(63)

By solving the above-mentioned equations by using Mathe-
matica Bulit in Software for finding the values of the constants

ag, a1, dy, by, by and b,.

= AN _ 2 2
ag = c+ (Zac) 4ck*a (1l + m?),
a, = 0,

a, = 12k*m2ac,

bo = (2s) + 2801 + MK,
bl = 0,
b, = —6cB?*m?

(64)

Hence the series solution of the sn for the coupled Eqs (35)

and (36) written as
4@ = c+ (2) - 4ck?a(1 +m?) +
[12k?*m2ac]sn?(§) + 0(sn3(¢)),

2§) = (£5) + 2801+ mAk? +
[~6cB*m?]sn?(§) + 0(sn*(£)),

(70)

(71)

It is the solution for cnoidal waves and the precise periodic so-
lution of Eqs (70) and (71), while the corresponding solitary wave

solution for them is

q(§) =
¢+ (L) + ek - [12Kaclsech?(©)

2(6) = - (-5=) - 28K? - [6cp?Isech? (),

4a2c?

2.3.3.Model 3

(12)

(73)

Exact solutions of nonlinear evolution equations (NLEEs) are
very important to figure out how complex physical phenomena
work on the inside. In this work, the new generalised Jacobi ellip-
tic function expansion method is used to look at the exact travel-
ling wave solutions of the Boussinesq equation [42]. With this
method, one can get a lot of travelling wave solutions with any
parameters, and the wave solutions are written in terms of elliptic
functions. It is shown that the new generalised Jacobi elliptic
function expansion method is a powerful and clear way to solve
nonlinear partial differential equations in mathematical physics

and engineering [37].
(5) —1268 (58) - ea (58) - o (55) = 0
The solution to Eq. (75) is

ct(a, — (1 + m?)aysn(§) — 4a, (1 +
m2)sn? (&) + 2m2a,sn®(§) + 6m?a,sn*(§))

(75)

(76)
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By comparing the coefficients on both sides of the Eq. (76),
we find the values of the constants given below:;

g = (czz-ﬁcg) N (20;13) " (Zmzﬁakz), (77)
a; =0, (78)
a, = - (), (79)

The solution of Model 3 is in the form of the periodic solitary
wave by using Eqs (77-79) in Eq. (19) we have,

a(® = (52) + (225) + (o) - (80)
(M) n?(§) + 0(sn*(8)),

The solitary wave solution that corresponds to this one is

q(§) = (ﬂ) (Zaﬁkz) + (60;{ )sech2(f) (81)

3. CONCLUDING REMARKS

The Jacobi elliptic function expansion approach is presented
and applied to nonlinear wave equations in this study. This meth-
od is more general than the hyperbolic tangent function expansion
method, as demonstrated. In addition, the shock wave and solitary
wave solutions are included in the periodic wave solutions derived
from the Jacobi elliptic function expansion approach. In the appli-
cations, it is demonstrated that the Jacobi elliptic function expan-
sion approach applies to both single and coupled equations. In
fact, this method can be used to solve more nonlinear wave equa-
tions so long as the odd-order and even-order derivative terms do
not overlap in the nonlinear wave equations. It is found that the
shock waves break with time, whereas, solitary waves are im-
proved continuously with time.
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Abstract: In this study, the Soret and Dufour effects in a composite stenosed artery were combined with an analysis of the effect
of varying viscosity on copper nanofluids in a porous medium. Blood viscosity, which changes with temperature, is taken into account using
the Reynolds viscosity model. The finite difference approach is used to quantitatively solve the governing equations. For use in medical
applications, the effects of the physical parameters on velocity, temperature and concentration along the radial axis have been investigated
and physically interpreted. The results are graphically displayed and physically defined in order to facilitate comprehension of the various
phenomena that occur in the artery when nanofluid is present. It is observed that the Soret effect increases the rate of heat transfer
but decreases the rate of mass transfer. The new study enhances knowledge of non-surgical treatment options for stenosis and other
abnormalities, hence reducing post-operative complications. Additionally, current research may have biomedical applications such
as magnetic resonance angiography (MRA), which provide a picture of an artery and enable identification of any anomalies, and thus may

be useful

Keywords: Soret and Dufour effect, variable viscosity, stenosed artery, nanofluid

1. INTRODUCTION

According to the World Health Organization (WHO), about
30% of all deaths globally are caused by cardiovascular diseases
(CVD), which are the leading cause of death (1). One of the main
causes of health hazards is the reduced blood flow throughout our
bodies as a result of artery blockages. In the circulatory system of
the human body, arteries transport oxygenated blood and nutri-
ents from the heart to each cell in the body. Red blood cells, white
blood cells, platelets and plasma make up blood, a biomagnetic
fluid (2). In aqueous plasma, red blood cells, white blood cells and
platelets are suspended (3). Aqueous lipoproteins, nutrients and
clotting factors make up plasma (4). Blood takes waste products
away from the cells and assists in supplying nutrients and oxygen
to the cells. The red blood cells’ haemoglobin aids in the transpor-
tation of oxygen (5). Blood coagulation is aided by the platelets
suspended in the plasma (6).

A frequent cause of coronary artery disease is the buildup of
fatty substances inside the arterial wall lumen. Through a combi-
nation of reduced blood vessel radius and increased blood flow
resistance, this process essentially limits the amount of oxygenat-
ed blood that the heart can pump to the rest of the body. Due to
its critical applications in CVD such as angina, heart attacks,
atherosclerosis and aneurysms, which are among the leading
causes of death in the world, the haemodynamical study of ste-
nosed arteries is an important area of research. The causes of
stenosis and how it affects blood flow have been the subject of
several theoretical and practical research studies. Blood travels
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through arteries and veins, two types of blood vessels. Based on
the diameter of the arteries, blood can be classified as either a
Newtonian or non-Newtonian fluid (7). Stenosis, or the accumula-
tion of fatty materials inside the lumen, impairs blood flow in the
arteries (8). The buildup of lipids in the artery wall or pathological
alterations in the tissue structure cause arteriosclerosis, which
affects the blood vessels (9). Heart attacks are brought on by
stenosis because of increases in blood flow resistance and pres-
sure (3). For this reason, understanding blood flow through a
stenosed artery is crucial to understanding cardiovascular disor-
ders. Blood viscosity is a crucial factor to examine because it
significantly affects blood flow. Plasma viscosity and packed cell
volume are the main determinants of blood viscosity (10). Viscosi-
ty is also influenced by red blood cells’ mechanical characteristics.
Due to their high deformability, red blood cells help the flow of
blood during bulk flow and microcirculation (11). Gandhi and
Sharma (12) and Poonam and Sharma (13) have examined heat
and mass transfer in magnetobiofluid flow under various physical
conditions.

Since there is a plethora of applications of heat and mass
transfer, the effects of heat and mass transfer occurrence in po-
rous media are receiving more attention. In this instance, the flow
phenomena is more complicated than it is in a pure ther-
mal/solutal convection process. Due to its viscosity, fluid experi-
ences a retarding force during flow. A certain amount of energy is
lost during this process. Viscous dissipation is the name given to
this phenomenon. Since metallic and non-metallic nanoparticles
are widely used in nano-haemodynamics, blood purification sys-
tems, nanopharmacology and the treatment of haemodynamic
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disorders, it is becoming increasingly popular to study the rheolog-
ical aspects of blood flow through arteries affected by cardiovas-
cular disorders while suspending metallic or non-metallic nanopar-
ticles. The effects of pulsing hydromagnetic flow of Au-blood non-
Newtonian nanofluid in a channel in the presence of Joule heat-
ing, viscosity dissipation and thermal radiation are currently being
studied by Thamizharasan and Reddy (14). Tripathi et al. (15-17)
explored the interaction of magnetohydrodynamics (MHD) with a
number of other important variables, including changing viscosity,
Joule heating, radiation and chemical reaction. Hayat et al. (18)
and Hafeez et al. (19) discussed computational analysis for veloci-
ty slip and diffusion species in the presence of magnetic field.

When heat and mass transfer occur at the same time in a
moving fluid, the interactions between the fluxes and the driving
potentials are more complicated. It is known that the Soret effect,
which is caused by a temperature gradient, and the Dufour effect,
which is caused by the concentration effect, are two different
types of heat transmission. It was discovered that the Dufour
effect is of a size that cannot be disregarded. Eckert and Drake
(20) and Sharma et al. (21,22) analyse the thermal and mass
diffusion effects on unsteady MHD free and forced convection with
radiation and chemical reaction effects. Effects of Soret and
Dufour on Jeffrey fluid peristaltic movement in a curved ar-
tery/channel in MHD is discussed by Hayat et al. (23). Recently,
Siddique et al. (24) explore the effects of Soret and Dufour on the
Casson fluid's MHD flow across a stretched surface.

In recent decades, nanofluids have been recognised as an
important advancement in biomedical engineering. Theoretical
and practical investigations into the potential applications of nano-
particles in blood flow problems have had a significant impact on
current bioscience literature. Nanoparticles have a variety of uses,
such as surgical tools for treating hyperthermia, medicine carriers,
MRI, tracking agents and gene therapy. Microelectronics, fuel
cells, pharmaceutical procedures, hybrid-powered engines,
household refrigerators, chillers, nuclear reactor coolants, grinding
and space technologies are just a few of the many heat transfer
uses for nanofluids (25). Nanoparticle suspension in a base fluid
is known as a nanofluid. Metals, oxides, carbides, nitrites and
nanotubes are among the nanoparticles utilised in the nanofluid
(26). Water, ethylene glycol, oil, biofluids and polymer solutions
are the most often utilised base fluids (27). Arteriovenous stenosis
is treated with nanofluids. Thermophysical characteristics such as
thermal conductivity, viscosity of fluid, thermal diffusivity and
convective heat transfer are improved in nanofluids (28). Gandhi
et al. (29) have recently described the drug delivery applications
of magnetohybrid nanoparticles (Au-Al203/blood) through differ-
ent shape-occluded arteries by considering the viscous dissipation
effect, Joule heating and variable viscosity of the fluid. As a result,
monitoring blood flow while a nanofluid is present is crucial to the
healing process. Some more researchers (30-34) developed
mathematical models to illustrate the effect of different nanoparti-
cles on fluid flow through different geometries.

The flow system used in all of the aforementioned research is
for a fluid with constant viscosity. The viscosity of the substance
might, however, differ significantly. It is vital to consider a viscosity
fluctuation in order to correctly forecast flow behaviour. Hematocrit
and temperature have an impact on blood viscosity, cerebral
blood flow adaptation to oxygen metabolism in the brain, or both,
which can affect how quickly blood flows through the brain. Blood
viscosity can alter as a result of hematocrit changes. When blood
temperature drops, blood viscosity rises. As temperature is low-
ered from 37°C to 22°C, blood viscosity rises by 50%-300%
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(35,36). When deliberately inducing profound hypothermia for
cardiac or thoracic aortic procedures requiring temporary circula-
tory arrest, blood temperatures as low as 8-12°C are frequently
measured (37-39). The impact of variable viscosity (temperature
dependent) on MHD chemically reacting blood flow with heat and
mass transfer was examined by Sharma et al. (40). Further, a
mathematical model was recently created by Sharma et al. (41) to
show how temperature-dependent viscosity affects blood flow
through the stretching surface.

Based on the literature review and to our knowledge, no at-
tempt is made to examine the Soret and Dufour effects on
nanofluid flow through a stenosed artery in the presence of tem-
perature-dependent viscosity. The following are the objectives and
novelty of the current study: As blood viscosity is temperature-
dependenttso, so the Reynolds viscosity model is considered
which states that blood viscosity varies exponentially with temper-
ature. Soret and Dufour effects on nanofluid flow through a ste-
nosed artery are considered. No-slip boundary condition is taken
into account in this case. The velocity, concentration and tempera-
ture profiles are presented using a constant pressure gradient and
a steady flow assumption. Additionally covered are the Brinkmann
number, viscosity parameter and Soret and Dufour effects. These
findings are explained in a way that highlights the impact of differ-
ent blood flow characteristics in a sick state.

2. MATHEMATICAL FORMULATION

We consider an axisymmetric flow of blood through a compo-
site stenosed artery in a circular tubule of finite length L, as shown
in Fig. 1. The geometry of the composite stenosis in an arterial
wall is described by Joshi and Srivastava (42,43) as

1-2(z-d) d<z<d+2

RoLo
2o - i li—d Lo
Ro 1_E COSZ—n< Lo) d+—<z<d+lL
Ly —7
1 otherwise

2.1)

where R(z) is the radius of the artery in the obstructed region, and
Ro is the radius of normal artery. A, Lo and d, are the height,
length and location of the stenosis, respectively. B is the angle of
inclination of the artery from the vertical axis.

-
AR
=

Fig. 1. Geometry of the problem

do
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Using the above assumptions, the governing equations of the

physical model can be written as the following:

Continuity equation:
la(rv) 6_u _
r or az 0

Momentum equation (r-direction):

pr(v2 4 ul) = %[22t | e _ roo)

v—+u

or 0z dar r Or 0z

Momentum equation (z-direction):

ou) _  dp [la(r‘trz) O‘EZZ]
pf( x Ty )_ 0z r Or +82

—u(T)k—1 + pfgaT(T —To) + pegac(C—Co)

Energy equation:
(pCp) ( o

DmKr i 1oc , 9°C gu
{ Ty Lor? + r dr + 0z2 } + H(T) (0r)
Concentration equation:

(V 0C ) [ 1 6C ]
or - 0r2 r or 022

DKt aT 19T
t Tm 6r2+r6r+622

16T

_) = kT 6r2 r or Ozz] +

(22)

(23)

(24)

(2.6)

The legends for the symbols used in the above equations

have been defined in the nomenclature section.

The corresponding boundary conditions are the symmetry at

the centreline and no-slip at the walls, as indicated below:

— Atr=0,
Jdu aT ac
x=-0 5=0 =

— Atr=R(2)/R,
u= 0, T = To, C= CO

(27)

(2.8)

We proceed to introduce the following non-dimensional pa-

rameters:
_ r _ R?2 _ z T
r e = 2 p’ zZ =, (9) M( )
Rg ULops Lo
DmKTC = R k
Dy = —mITo R == K, ==
[l.meCprO Ro Ro
_u U? c-C,
u=-, E. = ,Br =E.,Pr, o=—"
U CpsTo’ Co
u garRETop ugc
Sc= f,GT= OOf,Pr= fpf’
prm U[Lf k
_ DmKTpT,
=2y d= _’ S, = M’
§U Lo UTmCo

gacR§Cop s & T-T,
Cr= £ §=2 g=""0X
U/Af

’

Ry’ To

- (Pcp)f

Making use of these non-dimensional variables and applying

0 ~

the additional conditions € = }Z— = 0(1) for the case of mild
0

stenosis (Ri & 1) (44) to Egs (2.1)—(2.6), the governing equa-
0
tions in non-dimensional form after dropping the dashes can be

written as follows:
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Z=0 (29)
% = %% (ru(e) Z ) (”Iie)) u+ Gré + Cro (2.10)
(%;r( 01‘)) + DfPr r 61‘( Z_:)] +Bru(6) (%)2 =0 (211)

1(10 do 10 a0

s—c(;a(ra)) 5 (:a(ra)) =0 (212)
Reynold’s model of viscosity is considered in this study, and

the same is defined as follows:

u() = e«? (2.13)

Taking the Maclaurins expansion of the exponential terms in
Eq. (2.13) and considering up to two terms, we obtain u(8) =
1— wb.

The boundary conditions of velocity, temperature and concen-
tration in dimensionless form are the following:

- Atr=0

du a0 do

—= 0, == 0, == 0 (2.14)
- Atr=R(2)

u=0, 6=0 g=0 (2.15)

The geometry of the arterial wall in non-dimensional form will
be:
([ 1-26(z—4)
1+
R(z)=41_28 <Z—d) d+ <z<d+1
cos2m

d<z<d+s )

2 1

l 2
.

I
otherwise }

3. NUMERICAL SOLUTION OF THE PROBLEM

The explicit finite difference approach has been used to derive
numerical solutions for the non-linear dimensionless partial differ-
ential equations with corresponding boundary conditions as men-
tioned above. The first order forward difference scheme is the
foundation for the discretisation of first order derivative terms,
whereas the central difference scheme serves as the foundation
for second order terms. The blood flow zone is segmented into a
grid or mesh of lines in order to obtain the difference equations. At
the junction of these mesh lines, known as nodes, these differ-
ence schemes’ solutions are found. A tri-diagonal system of equa-
tions is made up of the finite difference equations at every internal
nodal point on a certain n-level. Using the Thomas algorithm (45),
these equations are resolved. These are the finite difference
equations:

(6_[)) (Ul]) (u1+1j_u1]) + ( )u1+1,j_2ui,j+ui—1,j _
oz Ar Hij (Ar)?

1‘1]

(Hi.j) (ui+1,j—ui,j) (P-i+1,j_P-i,j) 0i+1j—0ij
( K )ul'] + Ar Ar Gr Ar +

Oi+1,j~0ij
Cr o (3.1)
A Birj=0ij | Bi41j—26i+6i-q; . (“i+1.j—“i.i)2
(ri,j T (Ar)2 +Br (u"l) (an)? *
1 O0i+1,j70ij Ui+1,j_2°-i.]'+°-i_1v]' —
DPr ( Tij Ar + (ar)? ) =0 (32)
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Sc (Ti.j ar T (ar)? ) + 5 (ri.j o T
0i+1j—20ij+0j_15)
o =0 (3.3)

The appropriate mesh size for the above calculation is
Ar = 0.0625. The procedure was carried out iteratively till the
error was <1075, In order to ensure the accuracy of our results,
the computation is carried out for slightly changed values of Ar.
After each cycle of iteration in which the convergence criteria are
assessed to confirm their validity, the values of velocity, tempera-
ture and concentration are taken note of, and on studying these 0
values, we observe negligible change. 1 05 0 0.5 1

Fig. 3. Velocity profile against radial axis for varying Sc
4. RESULTS AND DISCUSSION

The influence of the Soret and Dufour effects with permeable
arterial wall and temperature-dependent viscosity, on MHD blood
flow through a stenosed artery with heat and mass transfer, has
been examined in this paper. Gr = 0.5, Cr = 0.3, Br = 0.3, Sc =
0.5, Sr=0.5, Pr=10.7,=0.02, Df*Sr = 0.12 and d = 0.25, are the
default parameter values used in the calculations (46-51). Nu-
merous numerical estimates have been made for various Sr, Df,
Sc, Pr, Cr, Gr and Br values. By keeping the mean temperature
Tm constant, the values of the Soret and Dufour numbers are
selected in a way that ensures their product remains constant.
Figs. 2-7 show the numerical outcomes for the velocity, tempera-
ture, concentration and shear stress profiles for various parame-

ters. In Fig. 2, the viscosity reduces as the velocity increases. Fig. K

3 depicts that with increasing the values of Sc, velocity increases. Fig. 4. Velocity profile against radial axis for varying Gr
This is consistent with the physical behaviour that shows that as

copper’s volume percentage rises, thermal conductivity rises as 1

well, leading to an increase in thermal boundary-layer thickness.
Fig. 4 depicts the velocity curve for various values of Gr. It has
been found that velocity grows as Gr increases. This is because
the buoyant force is increasing as a result of the geographical
variation in fluid density brought on by widening temperature
differences. Additionally, as shown in Fig. 5, velocity falls as the
adjusted Grashof number rises. As illustrated in Fig. 6, velocity
rises as the Brinkman number rises due to an increase in heat
conduction. Fig. 7 shows that blood velocity increases as the
parameter K1 is raised.
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Fig. 6. Velocity profile against radial axis for varying Br
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Fig. 9. Temperature profile against radial axis for varying Sr — Df

Temperature profiles for different values of Sr, Df, w and Br
are shown in Figs. 8-10. The influence of the Brinkman number
on temperature distribution is depicted in Fig. 8. The Brinkman
number measures the relationship/ratio prevailing between the
heat produced by viscous dissipation and that by molecular
transport.. As can be seen from Fig. 8, temperature rises as Br
increases, suggesting that the viscous dissipation effect predomi-
nates over thermal diffusion in terms of temperature variation. As
seen in Fig. 9, temperature rises with increasing Soret number
and falls with increasing Dufour number. Owing to the tempera-
ture gradient, temperature rises as the Soret number of thermo-
phoretic diffusion rises. Additionally, it has been found that tem-
perature drops as the Dufour number rises because a decrease in
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concentration gradient results in a reduction in energy flux. As
seen in Fig. 10, it is further found that temperature rises with
concentration profiles for different values of w, Sc, Sr, Df and Br
are shown in Figs. 11-14.
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Fig. 11. Concentration profile against radial axis for varying Br
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The fluctuations of the concentration profiles of Br and Sc are
depicted in Figs. 11 and 12. Additionally, it has been noted that
the concentration profile behaves differently from the temperature
profile. It is observed that concentration falls as the Brinkman
number rises. This happens as a result of the rise in energy flux
brought on by viscous dissipation. According to Fig. 12, the rise in
momentum diffusivity causes concentration to fall as Sc increas-
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es. As a result, the concentration buoyancy effects lessen, which
lowers the fluid velocity. The thickness of the momentum and
concentration boundary layers simultaneously decreases with the
drops in the velocity, temperature and concentration profiles. Fig.
13 depicts the influence of Soret and Dufour numbers on the
concentration field. We observe that the concentration profile
descends in concatenation with the increase in the Soret number
and the decrease in the Dufour number, which is attributable the
fact that the gradient of concentration has gotten steeper in pur-
suance of the change. The influence of the viscosity parameter is
shown in Fig. 14; as the viscosity parameter increases, the con-
centration also increases.
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Fig. 13. Concentration profile against radial axis for varying Sr — Df
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5. CONCLUSIONS

To analyse the problem of unsteady boundary layer, as well
as the heat and mass transfer flow of a viscous incompressible
electrically-conducting fluid (blood) through a porous medium over
a composite stenosed artery subject to the Soret and Dufour
effects, the finite difference method is used to solve the governing
highly non-linear partial differential equations, along with the
boundary conditions. The dependence of blood viscosity on tem-
perature is taken into consideration. The key points of the above
analysis are as follows:

— It is seen that velocity field rises with increasing Br, Gr, Sc
and w, whereas it decreases with increasing Cr.

acta mechanica et automatica, vol.17 no.2 (2023)

— ltis also noted that a reverse phenomenon is demonstrated in
the concentration profile in comparison with the temperature
profile.

— Itis observed that increase in Br and w increases the temper-
ature whereas increase in Df and Pr decreases the tempera-
ture.

— The Soret number has a positive impact on the rate of heat
transfer but a negative impact on the rate of mass transfer.

In addition to its utility in examining more complex difficulties
involving the Soret and Dufour effects, it is envisaged that the
current work will be helpful in the study of arterial blood flow is-
sues, which can serve as the foundation for numerous scientific
and industrial applications.
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Nomenclature: u represents the velocity component in the z-direction, v
the velocity component in the r-direction, R(z) the radius of the artery in
the obstructed region, Ro the normal artery’s radius, py the effective
density of the nanofluid, a.r the volume expansion coefficient with tem-
perature, o the volumetric expansion coefficient with concentration, Cp¢
the specific heat of the fluid at constant pressure, ¢ the electrical conduc-
tivity, Ty, the mean fluid temperature, Dy, the coefficient of mass diffu-
sivity, the Ky the thermal-diffusion ratio, kt the thermal conductivity of
the fluid, u the viscosity, Pr Prandtl number, Ec Eckert number, Sr Soret
number, Sc Schmidt number, w viscosity parameter, Gr Grashof number,
Cr the local concentration number, Df Dufour number and Br Brinkman
number.
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Abstract: This paper presents the synthesis of a pneumatic control system for a selected configuration of the transport path
for the delivery of rolling elements to spiral storage in inter-operational transport. The sequential control system sets the state
of the manifolds to ensure a flow of workpieces to serve the subsequent storage. The essential module of the control system
is the memory block. It is developed based on a storage filling sequence graph. The filling level of the storages can be monitored in one
or two points using sensors. The rolling element displacement control sensors work together with appropriately designed systems
to execute the delay of the rising and falling edge input signal. By using a two-level control of the filling level of the storages, it is possible
to control the emptying status of the storages as a function of the technological time of removal of the items from the storage between
the two control points. Control systems were synthesised and verified using Festo’s FluidSim computer programme.

Key words: pneumatic systems, delay execution systems, synthesis, verification of sequential systems

1. INTRODUCTION

In high-volume production of rolling elements of all kinds, au-
tomation of the transport route between subsequent production
stages is simply necessary. In this type of production, special
machine tools with a high degree of automation are used to tool
the components. Activities such as supplying components to
workstations, applying products for machining, etc., result in in-
creased worker utilisation, and these can be performed much
more quickly by a unit of equipment configured in a mass handling
system. The automation of the inter-operational transport route
increases the productivity of machine tools almost to the maxi-
mum and reduces the costs associated with the transport of work-
pieces. The transport system must also be capable of being
tuned, for example, to produce components of a different type,
and thus it requires the control equipment to use universal mod-
ules that are independent of the transport path configuration.

There are many tasks involved in designing, among which one
of the most significant is the analysis and synthesis of the sche-
matic diagram of the device [1,2].

In sequential circuits [3], the current state of outputs depends
not only on the current state of inputs but also on the sequence of
previous input states, while in combinational circuits [4] the current
state of the outputs depends only on the current state of the in-
puts.

In sequential asynchronous systems, the clock signal does not
oceur. The input signals directly affect the internal state of the
system at all times. Thus, each input change causes an immedi-
ate (taking into account the signal propagation time through the
system) reaction of the system [5].
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The lack of a clock signal makes the synthesis of asynchro-
nous circuits, in general, more difficult than the synthesis of syn-
chronous circuits [6].

The synthesis of sequential circuits using the conventional
method of transition and output tables is simple if the number of
inputs and the number of internal states are not large. However,
for systems with more than three inputs and eight internal states,
the burden of using the transition and output tables increases
significantly, the synthesis algorithms become more complicated
(for example, the excitation functions then depend on seven ar-
guments) and the chance of obtaining an optimal solution de-
creases [7].

In order to meet the expectations of system designers regard-
ing the minimisation of the mathematical apparatus in the analysis
of systems, an algorithmic approach to the synthesis of sequential
systems was presented [8]. The programming language that has
gained the greatest popularity among PLC programmers is the
Ladder Diagram language [9]. The reason for this is that it is easy
to understand due to its similarity to contact-relay diagrams [10].
Ladder logic also allows the user to perform more complex opera-
tions such as arithmetic and time operations. The control scheme
in this language is in the form of symbols placed in circuits resem-
bling the ladder of a relay scheme. This language allows the user
to build control systems based on logical dependencies resulting
from Boolean algebra [7].

The material presented in the article is a continuation of the
research issues discussed in an earlier paper in the literature from
the authors of the present study [8], in which the synthesis of the
sequential electropneumatic system with the use of logical ele-
ments was presented, and discussed in other studies in the litera-
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ture from the same authors [11, 12], in which the problems of the
synthesis of sequential electropneumatic systems were present-
ed.

The control of the transport routes is carried out through dis-
tributors consisting of actuators working together with two-state
valves [13,14].

In the case of continuous actuator position control systems,
proportional valves are used [15,16], while digital position trans-
ducers [17] are used to measure actuator position, enabling pre-

RN-1 R(N-1)-2 R4

acta mechanica et automatica, vol.17 no.2 (2023)

cise actuator position control.

The literature [18,19] provides selected examples of control
system design using pneumatic components and devices. In
control systems, the positioning accuracy of actuator elements is
of vital importance [20,21]. An analysis of accuracy in signal pro-
cessing is presented in the literature [22,23].

The general configuration of the transport line for delivering
rolling elements to the storages is shown in Fig. 1.

RNK

MN(K-1)

MNK

............ Rs| R3 Rin

Ms(1-1) M3(m-1) M1(n-1)
Msi M3m M1n

Fig. 1. Generalised configuration of the transport line section: Z — bin, P - vertical lift, R — distributors of transport routes, M — spiral storages

The transport line can be configured in any way by means of a
suitable connection of the R distributors. The rolling elements are
lifted from the Z bin to a certain height by means of the P vertical
lift and directed via the R distributors to the corresponding M spiral
storage using the force of gravity and the properties of the rolling
elements.

In the general case, the number of M storages is greater than
the number of R distributors by one, i.e. for R=X,M =X+ 1.

This paper presents a method for the synthesis of an automat-
ic control system for the distribution of rolling elements, using the
example of a transport line section with M = 8 storages and R =7
distributors. The configuration shown in Fig. 2 is an outtake of a
generalised transport line section configuration.

Fig. 2. Configuration of the analysed transport line M =8, R=7

The choice of transport route depends on the signals coming
from the storage fill level sensors. Tab. 1 shows the status of
setting up the R distributors to provide a flow of workpieces to the
selected storage.

Tab. 1. The state of the R distributors to ensure the flow of workpieces
to relevant M storages

R1 | R2 | R3 | R31 | R4 | R5 | R51
MO 0 0 0 - -
M1 0 - 0 - -
M2 1 0 0 - -
M3 1 1 0 0 - -
M31 1 1 1 0 - -
M4 - - 1 0 -
M5 - - 1 1 0
M51 - - 1 1 1

For example, in order to provide flow to the M31 storage, dis-
tributors R2, R3 and R31 must be in state 1, i.e. on, and distribu-
tor R4 in state 0 (off), while the other distributors may be in any
state.

The filling level of the storages can be monitored in one or two
points using sensors. Sensors for the control of moving rolling
elements must work in conjunction with appropriate delay execu-
tion systems.

This article presents the pneumatic measuring and control
systems developed for use in the inter-operational transport of
rolling elements. In pneumatic systems, divide valves, check and
throttle valves and pneumatic capacities, among others, are used
as input signal time delay systems [24]. Through various combina-
tions of these elements, a delay in the appearance or disappear-
ance of the output signal in relation to the input signal is obtained.
By routing the input signal to the check and throttle valve, the
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output of which is connected to the pneumatic capacity and the
valve control input, a delay in switching the valve on or off is
achieved, depending on the direction in which the check and
throttle valve is switched on. The time delays are selected by the
parameters of pneumatic capacity and damping of the check and
throttle valve. By connecting opposite-acting check and throttle
valves in series, the output of which is connected to a pneumatic
capacity and a valve control input, a delay in valve switching on
and off is achieved, reflected by the delay in the appearance and
disappearance of the output signal relative to the input signal.
Transducer (time-dependent) systems built based on a series
connection of check and throttle valves do not have the ability to
control the duration of input signals with a set time in the case of
input signal sequences with a duration less than the set time,
which is a major drawback. The above drawback was eliminated
by appropriately designed circuits for executing the delay of the
rising and falling edge input signal, working in conjunction with
sensors to control moving components. Pneumatic jet sensors are
used as control sensors [25]. They work on the principle of sens-
ing the reflected air stream from an aperture (in this case, a rolling
element) or interruption of the air stream by a moving workpiece.
The filling level of the storages can be monitored in one or two
points using sensors. By using a two-level control of the filling
level of the storages, it is possible to control the emptying status
of the storages as a function of the technological time of removal
of the items from the storage between the two control points.

The developed system is dedicated to applications with high
requirements for reliable operation in adverse environments (dust,
high temperature, magnetic field, etc.).

2. SINGLE-POINT SPIRAL STORAGE CONTROL SYSTEM
FOR ROLLING ELEMENTS

Fig. 3 shows the system developed to work with a pneumatic
sensor for single-point measurement of the fill level of a rolling
element storage.

Fig. 3. Single-point storage state control system

The system was set up using diverter valves, throttle valves
and pneumatic capacities. The delaying system diagram shows all
these elements, regardless of whether they form a structural
whole or are independent elements connected by wires. Through
various combinations of these elements, a delay in the appear-
ance or disappearance of the output signal in relation to the input
signal was obtained. This is important, since moving rolling ele-
ments in the control sensor zone cause the generation of a brief
pulse of change in the signal state of this sensor.
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The system does not react to short pulses, shorter than the
set delay time of the rising edge of the input signal (signal head),
and shorter than the set delay time of the falling edge of the input
signal (signal rear). The head delay of the D signal of the control
sensor was obtained at the output of valve 2 of the system, while
the rear delay of the signal D of the control sensor was obtained
at the output of valve 4 of the system. The signal at the output of
valve 2 causes output valve 5 to be switched on, generating an A
signal at high level (logical 1) — that is, it reflects the state of the
presence of rolling elements in the storage. The high state of the
signal at valve output 4 switches off output valve 5, changing
signal A to a low level (logical 0), reflecting the absence of rolling
elements in the zone of the storage control sensor.

The cyclogram of the system operation is shown in Fig. 4,
which explains the operation of the system in Fig. 3.

Designation Quantity value 0123 456 7 8 910

06
Pressure 04 |- |1 -
D
MPa 02 |
05 i
Pressure 04 | M ) | !
2 MPa 02 I - !

06
Pressure 04—t 1 L 4 |
4 MPa 0.2
06
Pressure 04
A MPa 0.2

Fig. 4. Cyclogram of the operation of the single-point storage state
control system

It should be emphasised that the rise and fall delay time of the
input signal is selected in the process depending on the speed of
movement of the components in the rolling element control sensor
zone.

3. TWO-POINT SPIRAL STORAGE CONTROL SYSTEM FOR
ROLLING ELEMENTS

Fig. 5 shows the developed system for controlling the fill level
of the storage by means of two measuring sensors, i.e. sensor D
for the lower position of the rings in the storage and sensor G for
the upper position of the rings in the spiral storage. A rising and
falling edge input delay system works with each sensor. These
systems are identical to the systems discussed in item 2, and
shown in Figs. 3 and 4.

The essence of the developed system consists in linking two
sensors D and G cooperating with the head and rear delay sys-
tems of the input signal, with a corresponding memory system.

The arrangement of the combination of the two valves 7 and 8
and the sum element 8 constitute a memory system C, in which
the output signal C reflects the state of the spiral storage. When
the storage is unfilled, the output signal of the C memory system
is in a low state (logic state 0). When the storage is filled to the
lower D level, the output signal of the A delay system is in a high
state (logic state 1), overdriving valve 8 by feeding the low level C
output signal of the memory system to the 9 sum valve.

When the storage is filled to the upper G level, the output sig-
nal of the B delay system is in a high state, and it is fed to the 9
sum element of the memory system.
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Fig. 5. Two-point spiral storage control system for rolling elements
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This switches valve 7 and applies high pressure to output C of
the memory system. This state is maintained by valve 8 controlled
by signal A and 9 sum system, providing feedback to the memory
system. When the storage is emptied in the process, the first step
is to change the state of the upper G level sensor of the storage
(the B-output signal of valve 5 changes from high to low). The
state of the C signal of the memory chip is still high. Further emp-
tying of the storage below the level of the lower storage D level
sensor changes the signal of the delay system A to low and thus
changes the state of valve 8 controlled by this signal.

There is then a change in the state of the memory system,
thereby changing the C signal to a low state, which is signalled as
a storage requirement for elements.

The exact operation of the designed system is illustrated by
the cyclogram shown in Fig. 6.

Designation Quantity value 0_ 1 3 4 5 6 7 8 ] 10)
Pressure v.b
D 0.4}
MPa 0.2
06]
A Pressure 0.4
MPa 0.2
UB
s Pressure 04l |
MPa 0.2} !
u.B]
5 Pressure 04 l |
MPa 0.2 [
U8 '
c Pressure 04
MPa 0.2!

Fig. 6. Cyclogram of the operation of the double-point rolling element spiral storage state control system

It should be emphasised that the time between the change in
state of signal B from high to low and the change in state of signal
A from high to low is the storage delay time known as the techno-
logical process adaptation time.

4. MINIMISED TWO-POINT SPIRAL STORAGE CONTROL
SYSTEM FOR ROLLING ELEMENTS

Fig. 7 shows the developed system for controlling the fill level
of the storage by means of two measuring sensors, i.e. sensor D
for the lower position of the rings in the storage and sensor G for
the upper position of the rings in the spiral storage, which work
with a single system for delaying the input signal of the rising and
faling edge and the system implementing the logic function
(7D+A)~G. The delay system for the rising and falling edge input
signal is identical to the system discussed in item 2, which is
shown in Fig. 3. The system implementing the logic function
(7D+A)~G is set up using appropriately connected elements 7, 8,
9 and 10. The output of this system is connected to the input of
the rising and falling edge delay system.

The exact operation of the designed minimised two-point spi-
ral storage control system for rolling elements is illustrated by the
cyclogram shown in Fig. 8.

It should be emphasised that in the systems in Figs. 3, 5 and
7, time delay valves, type VZ-3-PK-3 by Festo [24], were used.
For the analysis of the developed systems, this valve was adopted
because it meets the requirements of setting the time delay range
(0.25-5.0 s).

Fig. 7. Minimised two-point spiral storage control system
for rolling elements
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Designation Quantity value 3 4 6 7 8 9 10 11 12
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Pressure 04— I | ] ! I
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Fig. 8. Cyclogram of the operation of the two-point spiral storage control system for rolling elements

5. SYNTHESIS OF A CONTROL SYSTEM FOR THE SUPPLY
OF ROLLING ELEMENTS TO A SPIRAL STORAGE

The essential module of the control system is the memory
block. It is developed based on a storage filling sequence graph.
In the graph, the order in which the storages are filled is assumed
from MO to M51, as shown in Fig. 9.

x4=k4aM3

x5=k5M31
Fig. 9. Graph of storage filling sequence

The graph was divided radially by assigning a k memory state
to the individual M storages. On the division line, the signals xn
specifying the transition to the next state kn were defined (filling a
storage in kn state allows the transition to filling the next unfilled
storage).

The graph indicates the memory state that the sequential
storage filling system is in when filling the detail storage. This is
illustrated in Tab. 2. The memory is in a high state for the filled
storage. The selection of the next storage is possible in the next
memory high state (logical state 1), i.e. in the wandering memory
high state.

Based on the graph (Fig. 9) and the status of the distributors,
a sequential control system for filling the storages was developed
to ensure the flow rate of the workpieces to the corresponding M
storages (Tab. 1), as shown in Fig. 10.

The system consists of three main elements:

— MO-M51 single- or two-point storage filling control systems

in accordance with Figs. 3, 5 or 7;

— memory system k1-k8; and
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— control system for the flow divider elements R1-R51 for the
storages M0-M51.

Tab. 2. Sequence of storage filling depending on memory status

k1 | k2 | k3 | k4 | kb | k6 | k7 | k8
MO |1 {000 ]0]O0]O0]O0
M1 | 0 |1 0Ojo0oj0j|O0]O0
M 0|01 ]0]0]0]O0]O0
M3 |00 O0O]1T]0]0]O0]O0
Mt |00 O0O]O0O|1T|0|0]|0DO
Md 1 O[O0 [O0O]O0O]0]|1T]O0]O
M6 |00 |0 ] 0O 110
M1 | O | O] O] OO |00/

Pneumatic memory has been implemented on 4/2 valves
(four-connection two-position valves) controlled by x1-x8 signals,
with each subsequent memory state erasing the previous one.
The status of the storages is reflected by the signals M0-M51 (the
signals represent the status of the control sensors together with
the delay systems). The state of the flow distributors is controlled
by the sum elements as shown in Tab. 1. Distributors not involved
in the flow setting for filling the currently selected storage are in
the setting from the previous flow setting — it is uneconomical to
overdrive them to the zero position. In addition to selecting suc-
cessive memory states, the storage filling control system is re-
sponsible for switching the vertical feeder on or off and stopping
the cycle in state k1, according to the relation S = k1 [(MO) + (M1)
+(M2) + (M3) + (M31) + (M4) + (M5) + (M51)].

The system shown in Fig. 11 is undergoing simulation in the
filling state of storage M5, with distributors R4 and R5 on (state 1
setting) and distributor R51 off (logic state 0), and in memory state
k7.

Fig. 12 shows an example of a simulation cyclogram of a se-
quential control system for filling spiral storages for rolling ele-
ments. In the initial state, storages M1, M3, M31 and M4 are filled.

In the simulation presented, the following phases of the sys-
tem should be distinguished:

— in the first instance, the rolling elements are delivered to the

MO storage, distributors R1, R2 and R4 are in the off state

(logic state 0) and the vertical feeder is switched on;
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Fig. 10. Sequential control system for filling spiral storages for rolling elements
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once storage MO is filled (logic state 1), storage M2 is filled,
with distributor R2 switched on (setting to state 1) and distribu-
tors R3 and R4 switched off (logical state 0);

once storage M2 is filled (logic state 1), storage M5 is filled,
with distributors R4 and R5 switched on (setting to state 1)
and distributor R51 switched off (logic state 0);

when storage M5 is filled (logic state 1), storage M51 is filled,
with distributors R4, R5 and R51 switched on (setting
to state 1);

when the M51 storage is filled, the rolling element feeder is
switched off;

DOI 10.2478/ama-2023-0029

the M31 storage is then declared for filling, distributors R2, R3
and R31 are in the on state (logic state 1), manifold R4 is off
(logic state 0) and the rolling element feeder is switched on;
once storage M31 is filled (logic state 1), storage M5 is filled,
with distributors R4 and R5 switched on (setting to state 1)
and distributor R51 switched off (logic state 0); and

once storage M5 (logic state 1) is filled, the empty storage is
filled again in sequential order from MO to M51, etc. — the cy-
cle repeats.

Designation 0 1 2 3 6 7 8 9 10
ar
" J
0
i
M1 J
0
al
M2
0
a
M3
0
a
M31
0
a
M4
0
a
M5
0
a
MS1
0
100
R1 50
100 i
R2 50 [
100
R3 50
100
R 50
100}
R4 50/
001 . .
RS 50| 1 [
1001 . . .
R31 50+ 1 1 1 [ k
m:=¢=l=‘=j - + - —
i motor 20/ ’ 1 ! ! { ! 1 | !

Fig. 12. Cyclogram of the sequential control system for filling spiral storages for rolling elements
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It should be emphasised that in order to initially characterise
the mass service system, three basic parameters must be identi-
fied: the intensity of the notification stream, the intensity of the
service process and the rule of the queue [26]. The average in-
tensity of the notification stream () is defined as:

A= 1/1’,1

where t, represents average time interval between successive
notifications flowing into the system in the examined period.
The average service stream intensity (u) is defined as:

u=1lt,

where t,, represents the average time of handling a single notifica-
tion in the analysed period.

If the stream of requests has a Poisson distribution, the inten-
sity of service is described by an exponential distribution and first
in first out (FIFO) discipline is maintained in the queue, then the
functioning of such a system [27] can be expressed by the system
utilisation rate (p), also called the Erlang constant:

p=2A/su

where s represents the number of service desks designed to be
serviced.

If p >1 at t — =, the queue grows to infinity (system is un-
stable), while when p <1 the queue problem does not exist (sys-
tem is stable). When p = 1 (indicating that the system is on the
verge of stability) and p >1 (indicating that the system is unsta-
ble), then the system’s operation would not be not very practical
under the above assumptions. The system stability condition is: 0
< p < 1. The target reduction of the queue to the zero level (Tk
— 0) at a certain intensity of the call stream (4 = const) can be
achieved in two ways, either by reducing the time (u — min), or
by increasing the number of service desks (S — max). In the
case of single-station service, the appropriate service capacity
should be selected (in the system considered, the capacity of the
vertical lift of the rolling elements), which in turn can reduce the
time of magazine service.

6. CONCLUSIONS

Testing of the designed pneumatic control system allows us to
conclude that:

— by synthesising the system, according to the procedure out-
lined, it is possible to quickly obtain a control system for any
configuration of the transport route for the delivery of compo-
nents to storages in inter-operational transport;

— by using a two-level control of the filling level of the storages,
it is possible to control the emptying status of the storages as
a function of the technological time of removal of the items
from the storage between the two control points;

— by using a system for the execution of the rise and fall delay of
the input signal, short-term states of the presence and ab-
sence of an element in the sensor's area of operation are
eliminated, which makes it possible to determine an unambig-
uous state of the presence (absence) of an element in the
sensor’s area of operation; and

— the time delays of the sensor cooperation system are set
according to the speed of movement of the elements in the
sensor control zone.

— The designed solution of pneumatic systems is dedicated to

acta mechanica et automatica, vol.17 no.2 (2023)

the control of process lines in intermediate transport in the

production of rolling bearing components, especially inner and

outer bearing rings.

— The designed pneumatic system for the execution of the head
and rear delays of the input signal with adaptive technological
time has been applied for a patent to the Patent Office of the
Republic of Poland.

Further research will aim to develop methods and principles
for creating control systems for transport routes for the delivery of
components to storages in inter-operational transport using elec-
tronic systems and PLC programming ladder diagrams.
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Abstract: This study performed a numerical investigation of the Soret and Dufour effects on unsteady free convective chemically reacting
nanofluid flowing past a vertically moving porous plate in the presence of viscous dissipation and a heat source/sink. The equations direct-
ing the flow are non-dimensionalised, modified to ordinary differential equations and emerging equations are resolved computationally by
using the bvp4c function in MATLAB software. The results obtained from this analysis indicate that the resulting velocity of the nanofluid
increases with increasing Grashof number, mass Grashof number and porosity parameter. An increase in the Dufour number increases the
fluid temperature, whereas the concentration profile declines with the increase in the Schmidt number. It is also observed that the skin fric-
tion coefficient, Nusselt number and Sherwood number increase with increasing magnetic field parameter, Eckert number and Schmidt
number, respectively. The present study reveals the impact of Soret and Dufour effects on heat and mass transfer rates in chemically re-

acting and viscous dissipating nanofluids.

Keywords: Soret and Dufour effects, viscous dissipation, heat source/sink, chemically reacting nanofluid, free convection

1. INTRODUCTION

The heat transfer characteristics of fluids are used in all heat
transfer applications. Well-known conventional heat transfer fluids
are water, ethylene glycol and propylene glycol. Numerous inves-
tigations have been carried out to improve the poor heat transfer
properties of these fluids. A novel method adopted to enhance
their properties is formulation of nanofluids. Nanofluids are manu-
factured by mixing base fluid having low thermal conductivity with
solid nanoparticles having high thermal conductivity, and conse-
quently, the new fluid, i.e., nanofluid, is formed, which has a high-
er heat transfer characteristic than the base fluid. In addition,
nanofluids contain nanometer-sized particles, which are prepared
by colloidal suspension of nanoparticles in heat transfer fluids
such as water, oil, diesel, ethylene and glycol. Nanoparticles used
in nanofluids are generally made of metals, oxides, carbides or
carbon nanotubes. Nanofluids have enhanced thermophysical
properties like thermal conductivity, specific heat, viscosity and
convective heat transfer in comparison to base fluids. These
thermophysical properties of nanofluids are still under exploration
and needs to be further elaborated. The thermophysical properties
of nanofluids and the elements that can reform these properties
were investigated by Gupta et al. [1]. The found that the main
factors influencing these properties are shape, size, material,
concentration and temperature of nanoparticles, together with the
base fluid. Nanofluids have a wide range of advantages such as
high specific surface area and thus more heat transfer surface
between the particles and fluids, high dispersion stability with
predominant Brownian motion of particles, reduced pumping
power as compared to pure liquid to achieve equivalent heat

transfer intensification, and reduced particle clogging as com-
pared to conventional slurries, thus promoting miniaturisation. The
characteristic features of high thermal conductivities and heat
transfer coefficients in comparison to those of conventional fluids
make nanofluids suitable for the subsequent generation of flow
and heat transfer fluids. Nanofluids have attracted the attention of
many physicists, chemists and engineers around the world. Turky-
ilmazoglu and Pop [2] analysed the heat and mass transfer char-
acteristics of some nanofluids flowing past a vertical infinite flat
plate and the radiation effect for two distinct types of thermal
boundary conditions. Dalir and Nourazar [3] found out the bounda-
ry layer flow of various nanofluids flowing past a moving semi-
infinite plate using the homotopy perturbation method. Ghalambaz
et al. [4] found the numerical solution for the natural convective
flow of nanofluids over a convectively heated vertical plate in a
saturated Darcy porous medium. Sulochana et al. [5] addressed
the unsteady magnetohydrodynamic boundary layer flow of a
nanofluid flowing past a permeable stretching surface sheet im-
mersed in a porous medium. Mishra et al. [6] carried out a numer-
ical study of an oscillatory unsteady Magnetohydrodynamic flow,
heat and mass transfer in a vertical rotating channel with an in-
clined uniform magnetic field and hall effect. Ashwinkumar et al.
[7] determined the momentum, heat and mass transfer character-
istics of a magnetic nanofluid flowing past a vertical plate embed-
ded in a porous medium filled with ferrous nanoparticles. Samrat
et al. [8] found the heat and mass transfer characteristics of an
unsteady flow of Casson nanofluid flowing past an elongated
surface with a thermal radiation effect. Shaw et al. [9] formulated
the transfer of mass and heat of nanofluid flowing over three
different geometries of a non-Darcy permeable vertical
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cone/wedge/vertical plate under viscous dissipation and thermal
radiation. The Soret, Dufour, hall current and rotation effects on
MHD natural convective heat and mass transfer flow past an
accelerated vertical plate through a porous medium were calcu-
lated by Kumar et al. [10]. Khan et al. [11] scrutinised the magne-
tohydrodynamic flow of nanomaterials over a stretchable surface
with melting heat effect, dissipation, heat flux, Joule heating effect,
thermophoresis, Brownian motion and entropy generation.
Rasheed et al. [12] discussed the impact of nanofluid flowing over
an elongated moving surface with a uniform hydromagnetic field
and non-linear heat reservoir. Kumawat et al. [13] analysed the
entropy generation of MHD blood flowing through a stenosed
permeable curved artery with a heat source and chemical reac-
tion. Tlili et al. [14] studied the effect of fibre laser welding pa-
rameters on temperature distribution, weld bead dimensions, melt
flow velocity and microstructure by using finite volume and exper-
imental methods. Hejazi et al. [15] explored the role of velocity slip
effects for mixed convection flow of nanofluid due to an inclined
surface. Anantha Kumar et al. [16] studied the control of electro-
magnetic induction over the flow and heat transmission in shear-
thickening hybrid nano- and ferrofluids for cooling/heating applica-
tions. Veera Krishna et al. [17] studied the effect of thermal con-
ductivity on temperature on free convective movement of an
incompressible viscous fluid through a heated uniform and vertical
wavy surface. Khanduri et al. [18] focussed on the effect of Hall
and ion slips on MHD blood flowing through a catheterised multi-
stenosis artery with thrombosis. Sharma et al. [19] analysed the
higher order endothermic/exothermic chemical reactions with
activation energy by considering thermophoresis and Brownian
motion effects on MHD mixed convective flow across a vertical
stretching surface. The entropy optimisation of MHD flow past a
continuously stretching surface was carried out by Khanduri et al.
[20].

After reviewing the aforementioned research studied, we ana-
lysed the free convective flow with heat and mass transfer of a
heat-generating and chemically reacting nanofluid passing
through a vertical moving porous plate in a conducting field taking
into account the viscous dissipation effect along with Soret and
Dufour effects. To the best of our knowledge, no study has fo-
cussed on the chemical reaction, heat source/sink and viscous
dissipation effects on MHD flow of a nanofluid passing through a
vertically infinite moving porous plate subjected to Soret and
Dufour effects. Therefore, to bridge this research gap and due to
its realistic significance in the number of effective applications in
geophysics and energy-related problems, we carried out this
study. The study of heat and mass transfer rates of nanofluids as
a combination of base fluid and low concentration of nano-sized
particles of metals is noteworthy due to its wide spectrum of appli-
cations in engineering devices in power and chemical engineer-
ing, military, surveillance cameras, microchips and medicine for
drug delivery, specifically for cancer cells. Continuing on this line
of research, our aim is to solve the governing equations corre-
sponding to the physical model under analysis with the help of the
bvp4c numerical scheme and to identify effects of different flow
parameters in the equations. For this, coupled non-linear partial
differential equations are transformed to ordinary differential equa-
tions by the Laplace transform technique and then solved numeri-
cally by using the bvpdc function in MATLAB. The numerical
results attained are explored using contour plots, and main re-
search outcomes are mentioned at the end of this article.
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2. MATHEMATICAL FORMULATION

In this research, a magneto-nano and heat-generating fluid
flowing towards an infinite porous plate, which is oriented in verti-
cal direction and moving with an impulsive motion as shown in
Fig. 1, is considered.

< Momentum boundary layer

Thermal boundary layer
Concentration boundary layer

By ’ ;o G,

{ e s - .
L o S Nanofluid
P ¢ - L/ porous medium

Fig 1. Physical configuration of the problem

We take into account an unsteady free convective, heat and
mass transfer flow by incorporating Soret and Dufour effects along
with viscous dissipation. The y' axis is vertically upwards along
with the plate, while the x’ axis is in a direction perpendicular to it.
The magnetic field B, which is uniformly transverse, is applied
parallel to the x" axis. The temperature of the plate fluctuated
from T,, to T,,, and the concentration of the plate varied from Co,
to C,, when the movement of the plate starts in its plane with
velocity Aug at time t’ > 0. Water with nanoparticles of copper
(Cu) is taken as the base fluid, and both are in thermal equilibri-
um. In equations governing the flow of problem, density is consid-
ered to be linearly dependent on temperature. The magnetic field
is supposed to be B = (0, B,, 0) because in comparison to the
applied magnetic field, the induced magnetic field generated by
the flow of fluid is considered negligible. Furthermore, we suppose
the electric field as E = (0,0,0) to consider the effect of polarisa-
tion of the fluid negligible (Cramer et al. [21]). The basic equations
of momentum, energy and concentration limited only to spherical
nanoparticles governing the problem in the presence of magnetic
field, thermal diffusion, heat source or sink, viscous dissipation,
chemical reaction and Soret and Dufour effects are given as
follows [22]:

ou’ 0%u’ .
Prf 5pr = Hnr 3o T 9B (T = Teo)

+9(PBInf(C' =€) — oysBiU' — *;’(‘—; w (1)

27! ou a%c’
(,0 p)nf at’ = knf ax'2 :unf (6 /) + D,an pa 2 +

qo(T" — Tc) (2)
ac’ a%c’ ,
? - axlz + Dl ax + KI(C - Coo) (3)
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The thermal conductivity of nanofluid is given as follows:

_ ks+2kf—2¢(kf—k5)]
keng = ky [k5+2kf+¢(kf—ks) 4)

Also,

Hnr = - ¢)25 »Pnf = 1- ¢)pf + ¢ps,
(p p)nf ¢))(pCp)f + ¢(pCp)s
OBy = A —d)(pB)r + d(pB)s
0BDny = (A=) (pB)r + d(pB)s
3(c-1) g

Inf = O [1 t oro-egl 0= o (6)
where nf, f and s in Egs. (1)—(5) indicate thermophysical proper-
ties of the nanofluid, base fluid and the nanoparticles, respective-
ly.

The corresponding initial and boundary conditions are given
as follows:

u' =0T =Ty, C'=C, forall x’ =20andt' =0
u =, T =T,,C'=C,atx"=0andt' >0
u -0T -T,,C »CLasx' > oandt' >0 (6)

where A = 0 signifies the direction of the moving plate when the
plate is at rest, while A = £ 1 indicates the direction of the plate
moving in both forward and backward directions.

Using the non-dimensional variables in Egs. (1)-(3),

! !
UgX ugt u T'-T¢ c'-cl
== U= 2 ,u=—,9= 7 - C_ 0
v v Ug T—Too CW Coo
2
,_Kvnf
P = 2
Up

The governing equations in the non-dimensional form are as
given follows:

2
2= 224 6r 4,0 + Ge AC — M?Aqu —u (7)
80 1 8%6 w2 a%2c | v
o= prog T E (5) Thuget Q6 ®)
6C 1 9%¢c
ot sax2+S"aZ+KC ©)
Where:
Gr(Grashof number) = %ﬂw
0
Ch—Cl
Gc(mass Grashof number) = %,
0
2
M?(magnetic parameter)= &O?,
Pfug
K . _ K{,u%
(porosity parameter) = ?
Pr(Prandtl number) = ”f(ﬁ
f
2
Ec(Eckert number) = ——2——
Cp(T=Too)

D (Ch—Cl

Du(Dufour number) = ” (T‘L—Tc’o)'

2

. qov
Q (heat source/sink parameter) = kou’;,
%o

S.(Schmidt number) = %f,

Dy [Ty —Tak
S, (Soret number) = —1( v °,°),
vy \Cw—Co

Kivy
2
0

Kr(Chemical reaction parameter) =
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A,, A; and A; are constants defined as follows:

_|a-¢) P (pB)s
Az B [ Pnf + (Pﬁ)fpnf]
[ 3(c—1)
(c+2)—(c-1)¢

(=00 5)

(1-¢) ¢ (pB)s
Ay = [0 4 200 |
> [ Pnf (Pﬁ*)f Pnf

A3_

On application of the Laplace Transform technique, Egs. (7)-
(9) are transformed to the following forms of ordinary differential
equations:

237 — —
S —(s+M?A;+ )@+ Gr A0+ GcAsC =0 (10)

1 4% dzc¢ am\2 v = =

Pr a2 T DU E+EC (&) +mQi-sf=0 ()
1dC

o odz —(s—Kr)C=0 (12)

as in Egs. (10)-(12) is a complex parameter also known as La-
place operator, which is the same for all the equations.

The corresponding initial and boundary conditions in the non-
dimensional form are given as follows:

t=0u=0,0=0,C=0forallx>0
t>0u=140=1,C=1atx=0
t>0u—06-0C->0asx—> o (13)

2.1. Numerical solution

Due to the difficulty in finding exact solutions of non-linear par-
tial differential Egs. (7)-(9), the equations after transformation to
ordinary differential equations (10-12) are numerically solved
using the bvp4c function by MATLAB software. bvp4c is a method
for obtaining numerical solution to the boundary value problems.
The basic solution method is subjected to polynomial collocation
with four Lobatto points for bvp4c. It uses the three-stage Lobatto
llla formula. It is a collocation formula, and the collocation poly-
nomial provides a solution that is accurate up to fourth order on a
given interval. Before using bvp4c for solving a problem, we re-
write the given second or higher order ODEs as a system of first-
order ODEs, which in the present problem in the following man-
ner:

C=y(3) u = y(5)
C'=y4) u' =y(6)

The approach is using to obtain parameterised initial condi-
tions at the initial point of the interval. A standard ODE solver is
used for arriving at the solution across the domain. After this, root
finding is adopted to find the appropriate parameter values to
apply the boundary conditions at the end point of the interval,
which are then used for finding the solution across the domain.
Hence, it is clear that the solver for initial value problems is turned
into a solver for boundary value problems. This is the overall
working algorithm for this numerical technique. The code used for
this analysis is given in the appendix.
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3. RESULT AND DISCUSSIONS

The follow-up of present investigation is currently premeditat-
ed with the help of significant sketched graphical features. Several
important features of heat-generating and chemically reacting
nanofluid with viscous dissipation incorporating Soret and Dufour
effects in a conducting field by varying strengths of Dufour number
(Dw), Soret number (S,), Schmidt number (S.), magnetic pa-
rameter (M?), porosity parameter (K), Grashof number (G,),
mass Grashof number (G.), chemical reaction parameter (Kr),
Prandtl number (Pr), Eckert number (Ec) and heat source/sink
parameter (Q) have been explored through contours, as shown in
Figs. 2-12. The values of the parameters are chosen arbitrarily.
The dashed line shows variation of the motion of the fluid for the
plate moving in backward direction, i.e., 1 = —1, while the solid
line shows variation of the plate moving in forward direction, i.e.,
A=1

3.1. Effect of variation of different parameters
on velocity field

Figs. 2-5 depict the effect of various governing parameters on
velocity of the fluid.

0.8 |
0.6 |
0.4+ . |
M =56,78
I 0.2r |
S of ; |
E - -__-_a——--_d--‘\-\il—i—-»--..
0.2k /sc:,_.;;cs:---— j

1 L L 1 1

0.6 0.8 1 1.2 1.4 1.6
X——————»

Fig. 2. Effect of M2 on velocity when Du = 5,S, = 7, S, = 2.5,
Ec=0.08,K=3,Gr=4,Gc=6,Pr=19,R=6,
Q=4Kr=3

The influence of the magnetic parameter (M?2) on velocity dis-
tribution is portrayed in Fig. 2. An electric charge is more violently
pushed in contact with stronger magnetic field and from the re-
gions of high magnetic field gradient. With an increase in the
magnetic field strength, the velocity of nanofluid is found to de-
crease for motion of the plate in forward direction, while for motion
of the plate in backward direction, velocity of the fluid first increas-
es, and after a certain point of time, it starts reversing this trend.
As there is a rise in resistive type of force called the Lorentz force,
the influence of a transverse magnetic field on the conducting fluid
has a tendency to slow down the motion of fluid in the boundary
layer region. It produces more resistance to the phenomenon of
transportation. The graphical representation of porosity parameter
(K) on the velocity profile is depicted in Fig. 3. It is observed that
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with growing K, velocity in the boundary layer increases with the
motion of the plate in forward direction, and for backward motion,
velocity first decreases and afterwards slightly increases. This is
due to the fact that increasing the value of K assists the fluid
considerably to move fast due to reduction in drag force. The
porous material is the cause for restriction of flow of the fluid. Fig.
4 displays the effect of thermal Grashof number (Gr) on the ve-
locity profiles. As the Grashof number increases, the velocity of
the fluid increases for both forward and backward motions of the
plate. For different values of the mass Grashof number (Gc), the
velocity profile is plotted in Fig. 5. As the mass Grashof number
increases, the velocity of the fluid increases for both forward and
backward motions of the plate. This is due to the fact that an
increase in the values of the thermal Grashof number and mass
Grashof number has a tendency to increase thermal and mass
buoyancy effects, which gives rise to an increase in the induced
flow.

Velocity—————

Fig. 4. Effect of Gr on velocity when Du = 5,S, = 7, S. = 2.5,
Ec = 0.08,M? =4,K=0.7,Gc = 6,Pr=19,R=6,
Q=4Kr=3

=
T

Velocity———>
(=]
in

-0.5¢

Fig. 5. Effect of Gc on velocity when Du = 5,S, = 7, S, = 2.5,
Ec = 0.08,M? =4,Gr =4,K=0.7,Pr=19,R = 6,
Q=4Kr=3
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3.2. Effect of variation of different parameters
on skin friction

The values of skin friction (1) for various parameters like ther-
mal Grashof number (Gr), mass Grashof number (Gc), magnetic
parameter (M?) and porosity parameter (K) are given in Tabs.
1-4 (R = 4 taken as constant). It can be interpreted from Tabs. 1
and 2 that values of skin friction decrease with increasing values
of Grashof number (Gr) and mass Grashof number (Gc). Table 3
shows the variation of skin friction with respect to the porosity
parameter (K). Clearly, skin friction decreases with an increase in
the values of the porosity parameter (K). The impact of magnetic
parameter (M?2) on skin friction is evaluated and given in Table 4.
Evidently, there is an increase in skin friction with increasing
magnetic parameter. It also highlights a decrease in viscous drag
forces.

Tab. 1. Variation with Grashof number

Gr| Gc|Du|s,| S |Ec|\mM2| K| Pr|Q]Kr T
5|62 | 404419 |05{079|4]|05]|29622
6| 6 2 | 4104 1 9 |05|079| 4 |05]| 2836
7|6 2 | 4104 1 9 |05|079| 4 |05]| 27028
816 | 2|4 [04| 1| 9 |05|079|4]|05]|25709
Tab. 2. Variation with mass Grashof number
Ge | Gr| Du|s, S, | Ec M2| K| Pr Q| Kr T
6| 5|24 0.44 1 9 05| 079 | 4 (05| 29622
71524 04d |1 9 05079 4|05 2780
85| 2|4 0.44 1 9 05079 | 4 (05| 2613
91524 0.44 1 9 05079 | 4 (05| 24406
Tab. 3. Variation with porosity parameter
K |Du|s, S. | Ec Mm% | Gr|Gc| Pr Q| Kr T
111 2 | 4| 044 1 9 516|079 4|05 28198
131 2 | 4| 044 1 9 516|079 4|05 28012
15 2 [ 4] 044 | 1 9 5|6 |079|4]|05| 27875
171 2 | 4| 044 1 9 516|079 4|05 27TM1
Tab. 4. Variation with magnetic parameter
M? | Du S, S.|Ec | K |Gr|Ge| Pr|Q]| Kr T
2 2 4 044 [002|05| 4| 6 |079] 3| 05]|-04956
3 2 4 044 [002|05] 4| 6 |079]3|05] 00329
] 2 4 044 [002| 05| 4| 6 |079] 3| 05| 04994
5 2 4 044 [002|05] 4| 6 [079|3]05] 10630

3.3. Effect of variation of different parameters
on temperature field

Figs. 6-9 illustrate the effect of various governing parameters
on temperature of the fluid. The low Eckert number (Ec « 1)
allows making the judgement if the effects of self-heating due to
dissipation can be overlooked or not. From Fig. 6, it can be con-
cluded that the temperature of fluid decreases with increasing
values of Eckert number (Ec), which shows a decrease in the
thermal boundary layer thickness, thus consequently increasing
the rate of heat transfer. Fig. 7 reveals that the temperature distri-
bution profile of nanofluid decreases with increasing values of
Prandtl number (Pr) predominantly due to a decrease in viscosi-
ty of the nanofluid. For a low Prandtl number (< 1), the thermal
boundary layer is thicker than the velocity boundary layer. Fig. 8

acta mechanica et automatica, vol.17 no.2 (2023)

depicts the effect of the heat source parameter (Q) on heat trans-
fer processes. The heat source/sink parameter Q > 0 decreases
the thermal conductivity, which results in the decrease in the
temperature of the fluid.

1.5
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e 0.5¢
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¥
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Fig. 6. Effect of Ec on temperature whenDu=5, S, = 2,M? =9,
K=5,Gr=4,Gc = 6,Pr=0.76,R =0.4,Q = 0.2,
Kr = 5,5, = 0.44
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Fig. 7. Effect of Pr on temperature whenDu=7,S, = 2,M? = 9,
K=5,Gr=4,Gc =6,Ec =0.07,R=0.4,Q = 0.3,
Kr=5,S. = 0.44
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Fig. 8. Effect of Q on temperature whenDu=7, S, = 2,M? = 9,
K=5,Gr=4,Gc =6,Ec=0.07,R = 0.4,Pr =0.76,
Kr=5,S. = 0.44
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Fig. 9. Effect of Du on temperature when Q = 0.3, S, = 2,
M2 =9,K=5,Gr = 4,Gc = 6,Ec = 0.07,R = 0.4,
Pr=0.76,Kr =5,S. = 0.44

Fig. 9 displays the variation in temperature with respect to
Dufour number (Du). Higher values of the Dufour number causes
an increase in temperature. It is clear from this graph that the
temperature profile increases with an increase in the Dufour num-
ber (Du), which shows an increase in heat transfer.

3.4. Effect of variation of different parameters
on Nusselt number coefficients

The variation in the Nusselt number with respect to the Prandtl
number is measured and given in Tab. 5. From the table, it is
seen that the Nusselt number increases with an increase in the
Prandtl number. Tab. 6 shows the effect of the heat source/sink
parameter (Q) on the Nusselt number. As the heat source param-
eter increases, the value of the Nusselt number also increases.
Tab. 7 shows the variation in the Nusselt number with respect to
the Eckert number. It was observed that the Nusselt number
increases with an increase in the Eckert number (Ec). Tab. 8
shows the variation in the Nusselt number with an increase in the
Dufour number (Du). It is found that the Nusselt number shows a
decrease with the increasing values of the Dufour number (R = 5
taken as constant). It reflects an increase in the heat transfer rate.

Tab. 5. Variation with Prandtl number

Pr |Du|s,| S | Ec | mM2| K |Gr|Gc|Q|Kr|l Nu
08| 2 | 6 |057|004| O | 15| 5| 6 | 4| 2 | 32663
08| 2 | 6 | 057 |004| O | 15| 5| 6 | 4| 2 | 32757
08| 2 | 6 | 057 |004| O | 15| 5| 6 | 4| 2 | 3280
08| 2 | 6 | 057 |004| O | 15| 5| 6 | 4| 2 | 32042

Tab. 6. Variation with heat source parameter

Q(Du|s,| S | Ec | M2| K |Gr|{Gc| Pr | Kr| Nu

112 |6 |05 004 9 (05| 5| 6 082 5 | 08377
2| 2|6 |05 |004) 9 |05] 5| 6 |08 5| 22000
3|2 |6 |05 |004| 9 |05] 5| 6 |08 5| 28508
412 |6 |05 |004] 9 | 05| 5| 6 |082| 5 | 34073
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Tab. 7. Variation with Eckert number

Ec |Du|s,| S, | Q| M2| K |Gr|Gc| Pr|Kr Nu

01] 2 6 | 057 | 1 3 |05] 5 6 | 082 5 | 04686
02] 2 6 | 057 | 1 3 |05] 5 6 [ 082 5 | 0.7026
03] 2 6 | 057 | 1 3 |05] 5 6 [ 082 5 | 0.7532
04] 2 6 | 057 | 1 3 |05] 5 6 [ 082 5 | 08377

Tab. 8. Variation with Dufour number

Du|s,| s, |Q|mM2| K |Gr|Gc| Ec | Pr |Kr| Nu

5|6 |057|1| 3 |05| 5| 6 |002|08| 5| 08704
6 |6 |057(1| 3 |05| 5| 6 |002|08)| 5 |08649
7 | 6|057|1| 3 |05| 5| 6 |002|08| 5 |08559
8 | 6|057 (1| 3 |05| 5| 6 |002|08)| 5 | 08402

3.5. Effect of variation in different parameters
on concentration field

Figs. 10-12 show the effect of various governing parameters
on the concentration of fluid.
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Fig. 10. Effect of S, on concentration when Du = 3,S, = 4,
S. =3.5,Ec = 0.02,M2 =9,K=2,Gr = 4,Gc = 6,
Pr=079,R=04,Q=1Kr=5
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Fig. 11. Effect of Sy on concentration when Du = 2,S. = 1.5,
Ec = 0.02,M? =9,K = 0.5,Gr = 4,Gc = 6,Pr = 0.79,
R=4Q=1Kr=5
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Fig. 12. Effect of Kr on concentration when Du = 2,S, = 4,
S. = 0.44,Ec = 0.02,M? = 9,K = 0.5,Gr = 4,Gc = 6,
Pr=0.79,R=4,Q=1

Fig. 10 depicts the variation in the concentration field subject-
ed to Schmidt number (S..). When the Schmidt number is high, the
momentum is transported by molecular means across a liquid
much more effectively than species. This figure reveals that an
increase in S, reduces the concentration profile. An increase in
the Schmidt number results in weaker solute diffusivity, allowing a
shallower penetration of the solutal effect. As a consequence, the
concentration decreases with increasing S.. From Fig. 11, it is
evident that concentration profile increases with an increase in the
Soret number (S,). The higher values of the Soret number devel-
ops a higher convective flow. Fig. 12 describes the chemical
reaction parameter (Kr) effect on nanofluid concentration profile.
Small values of the chemical reaction parameter results in a de-
crease in the heat transfer coefficient and an increase in the mass
transfer rate. As foreseen, the concentration increases with an
increase in Kr. It reveals that with an increase in concentration
under the influence of the chemical reaction parameter, more
atoms move, which are more likely to collide with the reactant
particles, causing the reaction to occur faster and reflecting the
strengthened interfacial mass transfer by a chemical reaction.

3.6. Effect of variation of different parameters on Sherwood

number coefficients

The effect of the Schmidt number (S,.) on the Sherwood num-
ber is given in Tab. 9.The Sherwood number (Sh) increased with
increasing Schmidt number (S.). Tab. 10 reflects the effect of the
Soret number on the Sherwood number. Here it is noticed that the
Sherwood number increases with increased Soret number (S,).
Tab. 11 shows the behaviour of the chemical reaction parameter
with respect to the Sherwood number. Clearly, the Sherwood
number is a decaying function of the chemical reaction parameter

(Kr). (R

= 5 taken as constant).

Tab. 9. Variation with Schmidt number

S. |Du|s,| Ec |M2| K |[Gr|Gc| Pr |Q|Kr| Sh
071 4 | 6 |004| 3 |05| 5| 6 | 08| 1|5 | 15742
072 4 | 6 |004| 3 |05| 5| 6 | 08| 1|5 | 15886
073| 4 | 6 |004| 3 |05| 5| 6 | 08| 1|5 | 16020
074| 4 | 6 |004| 3 |05| 5| 6 | 08| 1|5 16170

acta mechanica et automatica, vol.17 no.2 (2023)

Tab. 10. Variation with Soret number

S,|Du| S, | Ec |[M2| K |Gr|Gc| Pr | Q| Kr| Sh

5| 4 |071]004| 3 (05| 5|6 |082]|1]|5]|13136
6| 4 |071|004| 3 (05| 5| 6 |082] 1|5 | 15742
7| 4 |071|004| 3 (05| 5|6 |082]|1|5|17744
8| 4 |071|004| 3 (05| 5|6 |082]1]|5 | 19401

Tab. 11. Variation with chemical reaction parameter

Kr | Du|S,| Ec [ M2| S, | K |Gr|Gec| Pr [ Q| Sh

2| 4|6 |004] 3 |071|05]| 5| 6 |082] 1] 17754
4| 4|6 |004] 3 |071|05] 5| 6 ]082]|1] 16477
6| 4|6 |004] 3 |071|05]| 5| 6 |082]1] 14918
8| 4|6 (004 3 |071|05] 5| 6 |082]|1]009127

3.7. Comparison of the results

The results of present study are validated by comparing them
with results of published studies in the absence of chemical reac-
tion, viscous dissipation and Dufour effect, as obtained by Reddy
et al. [23]. The same can be interpreted from Figs. 13 and 14.
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My, Pr=0.92,0.94, 096,098 " Presious
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=
-
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=
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=
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Fig. 13. Comparison of the results. Effect of Pr on temperature
in the absence of Du, Ec and Kr
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Fig. 14. Comparison of the results. Effect of S.. on concentration
in the absence of Du, Ec and Kr
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4. CLOSING REMARKS

In this study, the effect of viscous dissipation, heat
source/sink, characteristics of heat and mass transfer on a chemi-
cally reacting magneto-nanofluid in a conducting field passing
through a vertically moving porous plate in the presence of Soret
and Dufour effects has been studied. By the using of the Laplace
transform technique, Partial Differential Equations is converted to
a set of Ordinary Differential Equations, and the numerical solu-
tions are obtained by the MATLAB software package using the
bvp4c function. From the numerical analysis, the following obser-
vations are derived:

— With an increase in the Grashof number and mass Grashof
number, the velocity of the fluid is accelerated, while a reverse
trend is observed in case of an increase in the magnetic pa-
rameter. In case of porosity parameter, velocity increases for
the motion of the plate in forward direction, i.e., A = 1, while
the reverse trend is observed for the motion in backward di-
rection, i.e., A =-1.

— Temperature of the fluid is inversely related to the Eckert
number, Prandtl number and heat source/sink parameter,
whereas the Dufour number is directly related to it.

— The concentration profile declines with an increase in the
Schmidt number, while it increases with an increase in the So-
ret number and chemical reaction parameter.

— Anincrease in the magnetic parameter leads to an increase in
the skin friction coefficient, while an opposite effect is ob-
served in case of Grashof number, mass Grashof number and
porosity parameter.

— The local Nusselt number is enhanced with enhancement in
the heat source/sink parameter, Eckert number and Prandtl
number, but a reverse effect is observed in case of Dufour
number.

— The Sherwood number increases with increasing Schmidt
number and Soret number, whereas it decreases for the
chemical reaction parameter.

— A comparison of results with those of previous studies validate
the findings of the current study.

— In particular, the flow profile variations with respect to viscous
dissipation, heat source/sink and chemical reaction in combi-
nation with Soret and Dufour effects have a great significance;
thus, they find application in many engineering and industrial
fields, particularly in separation of isotopes.

— The current study reveals that in the presence of chemical
reaction, the mass transfer rate increase, causing the reaction
to occur faster and also the viscous dissipation effect increas-
es the heat transfer rate.
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Nomenclature

u’ = Velocity component along the coordinate axis (m sec™1)
T' = Temperature (K)

T,, = Ambient temperature (K)

T,, = Temperature at the plate (K)

C' = Concentration (kg m™3)

C!, = Ambient species concentration (kg m~3)

C,, = Concentration at the plate (kg m~3)

t" = Time (sec)

EZ = Magnetic field (Tesla)

C, = Specific heat at constant pressure (/ K ~*kg™")
pns = Density of the nanofluid (kg m=3)

My = Dynamic viscosity of the nanofluid (Pa s)

(pCp)ns = Heat capacitance of the nanofluid (/ K~*)
ks = Thermal conductivity of the nanofluid (W m~"K ")
onr = Electrical conductivity of the nanofluid (ohm™*s™?)
ps = Density of the base fluid (kg m™3)

ps = Density of the nanoparticles (kg m~3)

oy = Electrical conductivity of the base fluid (ohm~™'s~")
o, = Electrical conductivity of the nanoparticles (ochm~1s~1)
uy = Viscosity of the base fluid nanoparticles (Pa s)

D = Mass diffusion coefficient (m? sec™1)

D, =Thermal diffusion coefficient (m? sec™1)

g = Acceleration due to gravity (m sec™2)

¢ = Solid volume fraction of the nanoparticles (m g)

Bns = Thermal expansion coefficient (K )

Brny = Mass transfer coefficient (m sec™!)

x' = Cartesian coordinate (m)

K, = Porosity medium permeability coefficient

q, = Dimensional heat generation/absorption coefficient
K; = Chemical reaction rate

Superscript

" Dimensional
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Non-dimensional parameters

I _ml
Gr = LRTwTT) (raghof number)
ug
1Al
Ge = w (modified Grashof number)
0

o ¢B&v .
M2 = % (magnetic parameter)
flo

1.2
Kpugp
2

K =

(porosity parameter)
i

Pr= “I’:ﬁ (Prandtl number)
f

2
Ec = ——2—— (Eckert number)
Cp(Tw—Too)
D (Ch—Cl
Du = E(T‘L—To’o) (Dufour number)

S. = 2 (Schmidt number)
D

S, = E(T”’”_T”) (Soret number)

vg \Cp—Co
S. = =L (Schmidt number)
Kr = K:;f (chemical reaction parameter)
0
2
Q = 27 (heat source/sink parameter)
kfuo
Appendix

Code for the numerical method: -
For differential equations:

global D s WCEMAZKGDBTFAS PRnNnQ
T
dydx= [y (2)
C*W*E*P* (y (5) ~2) +C*W*P* ((n/P)
*Q-s) *y(1)-C*(s-T) *y(3)/(1-C*W*D*P)
y (4)
P* ((-D*C*W*E*P* (y (6) "2)
+D*C*W*P* (n/P*Q-s) *y (1) -D*C* (s-T)

*y (3)/ (1-C*W*D*P))-E* (y (6) "~2) -((n/P)
*Q-s) *y (1))
y (6)

(s+(M*2) *A+1/K) *y (5)-G*B*y

(1)-

FxAS*y (3)1;

For boundary conditions:

global L

res= [ya (
va (3
va (5
vb (1
vb (3
yb (5
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Abstract: In this study, dynamical parameters of the cycloidal gearbox working at the constant angular velocity of the input shaft
were investigated in the multibody dynamics 2D model implemented in the Fortran programming language. Time courses of input
and output torques and forces acting on the internal and external sleeves have been shown as a function of the contact modelling
parameters and backlash. The analysis results in the model implemented in Fortran were compared with the results in the 3D model
designed using MSC Adams software. The values of contact forces are similar in both models. However, in the time courses obtained
in MSC Adams there are numerical singularities in the form of peaks reaching 500 N for the forces at external sleeves and 400 N
for the forces acting at internal sleeves, whereas in the Fortran model, there are fewer singularities and the maximum values of contact
forces at internal and external sleeves do not exceed 200 N. The contact damping and discretisation level (the number of discrete contact
points on the cycloidal wheels) significantly affect the accuracy of the results. The accuracy of computations improves when contact
damping and discretisation are high. The disadvantage of the high discretization is the extended analysis time. High backlash values lead
to a rise in contact forces and a decrease in the force acting time. The model implemented in Fortran gives a fast solution and performs
well in the gearbox optimisation process. A reduction of cycloidal wheel discretisation to 600 points, which still allows satisfactory analysis,
could reduce the solution time to 4 min, corresponding to an analysis time of 0.6 s with an angular velocity of the input shaft of 52.34 rad/s
(500 RPM).

Keywords: cycloidal gearbox, backlash, contact modelling, multibody dynamics, output torque ripple, gearbox efficiency

1. INTRODUCTION cycloidal gearbox parts [7,13-17], kinematical analysis [16,18],
applications in robotics [12,16,17,19], friction, lubrication and
. ) . D . machining [20-24], measurements [25], efficiency [26,27], optimi-
Cycloidal gearboxes find wide application in the drives of ro- sation [8.28], contact modelling [29-32], backlash and design

bOti.C systems and 'the winches of rescue heIicopt.ers or oﬁ-roqd tolerances [9,30,33-39] or vibration and dynamics [31,32,36—40].
vehicles. The cycloidal gearbox design analysed in this study is

characterised by the vibration of the output shaft with significant
amplitude. The variable angular velocity of the output shaft (Fig. 1)
is the source of vibrations, which emerge from the given geometry
of the gearbox.

Contemporary research in cycloidal gearbox engineering con-
cerns the construction of discrete models, which contain springs

f
| | 1
REES I VARV, H ~'\‘ M |‘ ‘\ L W

Angular velocity of the output shaft

and dampers [1], [2] or modelling of the cycloidal gearbox using J |/ \| ml WY
engineering software [2], [3]. In the iterative analysis, the current z; | l\l‘ M‘ | N ' | Y S
loading state of the cycloidal gearbox depends on previous load- 27 |

ing cycles. Excluding back iterations, applying the discrete models 25

for the dynamic analysis gives low-accuracy results. Analysis of 03 0.305 031 0315 032 0325 033
the influence of the various contact models on the torque at the Timelsl

output shaft requires constructing transient models based on Fig.1. Variable angular velocity of the output shaft

multibody dynamics. Time courses of the forces and moments
obtained in the analysis find their application in developing fault
diagnosis methodologies and optimisation. Current research in
this area includes fault diagnosis of planetary drives [4-6], while
research that concerns cycloidal gearboxes is rare.

Studies in the field of cycloidal gearbox engineering deal with
the subject of design issues [7-13], finite element analysis of the

Analysis of the backlash and design tolerances in the cycloidal
gearboxes, which deal with the transient analysis, is scarce be-
cause it demands programming of the dynamic transient model
based on multibody dynamics. Furthermore, high complexity and
difficulties in setting up relevant values of the contact modelling
parameters (contact damping and contact stiffness, which could
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be different for various parts of the gearbox being in contact) in
these models allow simplified, static analysis methods to be more
attractive.

The motivation to implement the presented transient model
was a comprehensive study [32] describing methods of contact
modelling in cycloidal gearboxes and showing the time courses of
the dynamic entities in the analysed gearbox. The geometry of the
cycloidal gearbox presented in Ref [32] is different than that pre-
sented in the current article. The difference is also in the adaptive
time stepping used in the analysis [32]. The Fortran model de-
scribed in this article uses the constant time step integrator, sim-
plifying the analysis. Guidelines in contact modelling presented in
Ref [32] are a good starting point in programming models of cy-
cloidal gearboxes.

This article describes the transient model [41] programmed in
Fortran for fast analysis of the cycloidal gearbox. The possible
applications of this model are developing fault diagnosis methods,
vibration analysis, contact stress optimisation or analysis of con-
tact models. The authors analysed the backlash in the form of
design tolerance, contact stiffness and relative velocity of the
contact points in the scope of contact modelling methodology. In
addition, the time courses of the forces and moments in the cy-
cloidal gearbox were shown as a function of contact damping.

Fig. 2. Cycloidal gearbox models: designed in MSC Adams (a)
2. MODELS OF THE CYCLOIDAL GEARBOX and programmed in Fortran (b), where: 1 denotes the input shatt,

2 denotes the output shaft, 3 denotes the internal cycloidal wheel,

. . . 4 denotes the external cycloidal wheel, 5 denotes the external
Two models of the cycloidal gearbox were built: the first model sleeve, 6 denotes the internal sleeve

was designed using MSC Adams software, and the second model
was programmed based on multibody dynamics in Fortran. The

second model was also implemented using Matlab software. Tab. 1. Parameters of the cycloidal wheels defined in parametric Eq. (1)
Unfortunately, the adaptive time step was time-consuming. The Parameter Description Value
version implemented in Fortran, which is a fast structural pro- u(ar) Horizontal coordinate -
gramming language with computer algebra facilities, uses the V(@) Vertical coordinate .
2nd-order Runge Kutta mgthod with constant integration steps. o [rad] Equation parameter 021
Both models consisted of input and output shafts, two cycloidal —

. . . e [m] Eccentricity 0.0028
wheels and 16 external and eight internal sleeves (Fig. 2). All Nurber of S ™
bodies were mounted on bearings, which allowed relative rota- 2 umber of extermal sleeves
tional motions between the parts. The shape of the cycloidal Zs Numper of '°bf°'§ 15
wheels is described in the system of parametric Eq. (1); the pa- m Short-width coefficient 0.7
rameters from the given system are presented in Tab. 1, the q[m] Radius of the external sleeve 0.006

masses and moments of inertia of bodies are given in Tab. 2 and
loads are given in Tab. 3.

In the model programmed in Fortran (Fig. 2b), visualisation
software (programmed in Java language with the OpenGL library)
does not show the input shaft with the eccentric cams on which

Tab. 2. Masses and moments of inertia relative to the local coordinate
systems. The local coordinate systems are placed in the parts’
centre of gravity. The parts are rigid bodies

cycloidal wheels are mounted. The analysed gearbox was de- Body Model parameters
signed with the dimensions presented in Fig. 3. Mass [kg] Moment of inertia
_ [kg'm?]
( u(@) == cos(a) + e cos(z, - @) — q - cos(a +Y) Input shaft 0.2341 1.846-10°
{ v(@) = “sin(a) + e - sin(z - @) = q - sin(a@ +7) 1) Output shaft 1.6345 1.373-10+4
I sin(zea) ’ Cycloidal wheel 0.5998 1.57538-104
( y = atan [Lﬂos(zs.a)] Internal sleeve 0.048 1.1013-10°
. " . ) External sleeve 0.048 1.1013:10°
The input shaft rotates with a constant angular velocity, as
given in Tab. 3. The output shaft is loaded by the constant output
torque (Tab. 3). Despite the cycloidal gearbox being loaded by Tab. 3. Loads and excitations in the models
a constant output torque, the torque at the output shaft is variable Entity Value
due to the geometry of the gearbox. In.Figs. 7b, 15 and 16, the Angular velocity of the input shaft [Hz; rads; | 833;  52.34;
output torque was solved based on the time courses of the forcgs RPM] 500
acting on the internal sleeves and the time courses of the dis- Torque applied at the output shaft [N 2

placements of these sleeves.
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Fig. 3. Dimensions of the cycloidal gearbox analysed using MSC Adams
and the model programmed in Fortran

3. MULTIBODY DYNAMICS METHODS
USED IN THE MODEL PROGRAMMED IN FORTRAN

The following system of Eq. (2) is solved in each integration
subroutine step. The model contains 28 bodies and 29 joints, one
of which is a driver joint and the others are revolute joints. The
joints appear in the system of Eq. (2) as constraint equations,
which are components of the Jacobian matrix. The method of
Jacobian matrix formulation is described in [42], [43].

M —DTyrit F

b o]m_h} @
where M is the mass matrix (contains masses and moments of
inertia of the parts), D is the Jacobian matrix, 0 is the zero matrix,
il denotes solved accelerations, A denotes solved reaction forces,
F is the vector of applied forces and moments and y is the right-
hand side vector of the acceleration equations.

In the described model, the body-coordinate formulation was
used. The constraint equations for the revolute joint and the drive
joint are given in Egs. (3) and (4), respectively. The Jacobian
matrix satisfies (5), where the components of this matrix depend
on the type of joint. Submatrices of the Jacobian matrix for the

revolute joint are given in Eqgs. (6) and (7) and those of the driver
jointin Eq. (8).

Doy =1p1 —7p2 =0, (3)

where Qrey is the revolute joint constraint equation and re1 and re2
are the position vector of the revolute joint attachment point on the
1st and the 2" body, respectively. The position vectors are given
in the global coordinate system.

D@yriver =@ — f(£) =0, (4)
where Quriver is the driver joint constraint equation, ¢ is the initial
angle of a relative rotation of the connected parts and f(t) is the
time course of the rotation angle between the connected parts (i.e.
f(t)=wt for the simulation of the motion with the constant angular
velocity w).
o

where D is the Jacobian matrix, ® is the constraint equation and
u is the vector of body coordinates.
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where D1 and D2 are the Jacobian submatrix corresponding to
the 1st and the 2" body connected to the revolute joint, respec-
tively; s is the vector orthogonal to the joint attachment point local
vector, relative to the centre of mass and X and Y are coordinates
of the orthogonal vector.

Dgry = [0 0 1], (8)

where Dqn is the Jacobian submatrix corresponding to the driven
body. The right-hand side acceleration equations vector contains
0 in the components corresponding to the driver-joint. For the
revolute joint, the right-hand side acceleration vector is solved
according to Eq. (9).

Yy = §1d)1 - 524)21 9)

where ¢, and ¢, are angular velocities of the 1st and the 2nd
body attached to the revolute joint.

4, CONTACT MODELLING

Methods presented in the previous chapter were used to
model three groups of parts in the cycloidal gearbox: (1) the input
shaft with cycloidal wheels, (2) the output shaft with internal
sleeves and (3) external sleeves. The gearbox should transfer the
moment from the input shaft to the output shaft. Therefore contact
should be set between mentioned parts. The Kelvin Voigt contact
model based on the Hertzian theory with energy dissipation was
programmed in four subroutines, which check the contact be-
tween two cycloidal wheels, external sleeves and internal sleeves.
Subroutines that control the contact between the cycloidal wheels
and the external sleeves solve the cycloidal wheel curvature in the
contact point based on circular approximation from the three
neighbouring points. Subroutines that check the contact between
the cycloidal wheels and the internal sleeves use a constant
stiffness coefficient because contact surfaces have a constant
curvature radius.

Cycloidal wheels and their holes were discretised in the con-
tact checking subroutines. The contact points on the cycloidal
wheel boundary (Fig. 4) are placed with the constant angular
increment a in Eq. (1). Convergence was obtained for 600 (rough
analysis) and 4,000 (refined analysis) points in each cycloidal
wheel and 20 (rough analysis) and 100 (refined analysis) in the
cycloidal wheel holes in which the internal sleeves occur.

In the contact checking subroutine, the list of points is created
whose distance to the centre of the sleeve is less than the
sleeve’s radius. The subroutine selects the point closest to the
sleeve centre from the list of points being in contact. Two points,
W and Q, detected by the contact checking subroutine are shown
in Fig. 4.

Given the external sleeve centre of mass coordinates and
point W (Fig. 4) coordinates, the contact normal vector is comput-
ed according to Eq. (10):

ﬁ)=[Vl/x_PnX!VVy_PnY]l (10)

where Wx and Wy are coordinates of the selected cycloidal wheel
point being in contact with the external sleeve and Pnx and Pny are
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coordinates of the given external sleeve centre of mass. To solve
the friction force, the tangent contact vector (11) is solved using
the rotation matrix Reo (12):

t = Ry - lI7ll, (11)
_ [cos(90°) —sin(90°)
%0~ [sin(90°) cos(90° ]’ (12)

Fig. 4. Two points, W and Q, detected by the contact checking
subroutine. 1 denotes the external sleeve, 2 denotes
the cycloidal wheel, Q is a point on the external sleeve
and W is a point on the cycloidal wheel

The vector rpa of the contact point Q position relative to the
global coordinate system can be computed using Eq. (13). The
linear velocity 7, of the point W can be computed using Eq. (14)
with the cycloidal wheel rotation matrix specified in Eq. (15):

o =1 + Reoxst - ”ﬁ”x (13)
Tew =T + Ac “Sews (14)
— COS((pC) _Sin((pc)] (15)

¢ Isin(p.)  cos(e) I

where rp is the vector of the external sleeves’ centre of mass
localisation relative to the global coordinate system, Rexsi is the
radius of the external sleeve, ||7i]| is the contact normal vector
with normalised length, Ac is the rotation matrix of the cycloidal
wheel, ¢, is the angle of cycloidal wheel rotation, scw is the local
vector of the contact point W position relative to the cycloidal
wheel centre of mass and 7, is the linear velocity vector of the
cycloidal wheels’ centre of mass.

The normalised contact normal velocity is given in Eq. (16).
The linear velocity (17) of the Q point can be computed by differ-
entiating Eq. (13) and substituting Eq. (16). Contact normal veloci-
ty and contact tangential velocity can be solved using Egs. (18)
and (19) based on Egs. (10), (11), (14) and (17):

17l = ow — 7o, (16)
Fog = Ty + Rexst * ||, (17)
Vo = (g — Taw) - I, (18)
v = (T — Few) - ||E]]. (19)

acta mechanica et automatica, vol.17 no.2 (2023)

where v, is the contact normal velocity and v, is the contact
tangential velocity. The theory that concerns velocity computation
is discussed in detail in Refs [32], [44].

The contact normal velocity is used for the computation of the
contact normal force (20), and the contact tangential velocity is
used to compute the friction force (21). Contact normal force can
be computed using various methods presented in Ref [44]. In the
Fortran model, the models of Lee and Wang or Herbert and
McWhannel [44] were implemented. Unfortunately, the conver-
gence was not obtained for the specified models designed for
sphere-to-sphere contact and using initial contact velocity. In-
stead, the approach from MSC Adams documentation [45], [46]
was used, and the Heaviside function was utilised in the modelling
of the contact stiffness and contact damping (20). The Heaviside
function S(t-t0) (22) is linear from 0 to t0.

F, = S(6 — 0.00001) - K - 515 +
S(8 — 0.00001) - C - v, (20)
F, = —u - S(v, — 0.00005) - F,, (21)

where S is the Heaviside step function (22), K denotes contact
stiffness, C denotes contact damping, v,, is the contact normal
velocity, v, is the contact tangential velocity,  is the static coeffi-
cient of friction and 0 is the penetration depth (the distance be-
tween W and Q points):

0fort<o0
S(t—ty) = %-tfor t € (0,ty). (22)
1fort>t,

The stiffness coefficient (23) [32], [44] is solved based on the
surface curvature of the contacting bodies and the parameters
given in Eq. (24). The contact stiffness coefficient was multiplied
by the H multiplier. The values of the H multiplier and contact
damping C are presented in Tab. 4.

K=—21_ [Bfp (23)
3m(hc+hp) \| RetRyp

_2
hy =1 p = 1% (24)

wE. ' P TEp’

where K denotes contact stiffness; H is the contact stiffness multi-
plier; R, is the radius of curvature of the cycloidal wheel surface;
R, is the radius of curvature of the external sleeve surface; v,
and v, are Poisson ratios of the cycloidal wheel and the external
sleeve material, respectively; and E. and E,, are Young moduli of
the cycloidal wheel and the external sleeve, respectively. The sign
in the denominator between R, and R,, values depends on the
contact with the cycloidal wheel pit or the cycloidal wheel lobe (the
negative or positive radius of curvature of the cycloidal wheel).

Tab. 4. Parameters used in contact modelling

Values used by contact detection
Parameter subroutines
(external and internal sleeves)
Ve, Up 0.3
E;, E, [NIm?] 2:10""
C[Ns/m] 8
H 0.01

Computed values of the forces and moments acting on the ex-
ternal sleeves, internal sleeves and cycloidal wheels are substi-
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tuted to the system of Eq. (2) in the F vector in each iteration of
the 2nd order Runge Kutta algorithm. In the solution process, the
constant integration step was used with 10-% s. The analysis time
was set to 0.6 s.

5. RESULTS OF THE ANALYSIS IN THE FORTRAN MODEL

One of the benefits of the transient model programmed in
Fortran is the possibility to analyse a graph of every entity in the
simulation process. MSC Adams allows the user to enter a con-
stant value of the contact stiffness. In the Fortran model, the value
of the contact stiffness depends on the curvature of contacting
bodies at the point of contact. Contact stiffness at the moment of
contact between the cycloidal wheel and one of the external
sleeves is shown in Fig. 5. In Fig. 6 the relative velocity of the
contact points is shown at the time of contact with the same
sleeve. Figs. 5 and 6 show periodically changing values of contact
stiffness and relative velocity, which can differ in detail for the
following periods. These differences arise from the numerical
solution process and its inaccuracies. The mentioned entities
have been shown in the time range when the contact between the
external sleeve and the cycloidal wheel is active. In the rest of the
period, the parts do not interfere with each other.
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Contact stiffness [N/m]
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Time [s]
Fig. 5. Contact stiffness in the time range, when contact between
the external sleeve and cycloidal wheel occurs.
Analysis without backlash
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Fig. 6. Relative velocity of the contact points on the cycloidal wheel
and the external sleeve. Analysis without backlash

Time courses of the input torque and output torque are shown
in Figs. 7a and 7b respectively. It can be seen that despite the
cycloidal gearbox being loaded by the constant output torque, the
courses of the input and output torques oscillate due to the geom-
etry. Forces acting on the internal and external sleeves are shown
in Figs. 8a and 8b, respectively. Figs. 7 and 8 depict time courses
of the dynamical entities for different values of the contact damp-
ing. This parameter significantly influences the accuracy of re-
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sults. The presented time courses oscillate with high amplitude for
low contact damping values. Structural damping for steel is con-
sidered to be less than 0.01 of the critical damping. The presented
analysis modelled contact as the Kelvin Voigt model with spring
and damper (viscous damping). For accurate contact modelling in
the numerical analysis, according to Ref [46], the damping should
be set to one per cent of the contact stiffness coefficient (23).
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w o
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—C=8 [Ns/m]

~

Input torque [Nm]
w

-

8 8

C€=0.5 [Ns/m]

€=2 [Ns/m]

C=5 [Ns/m]
—C=8 [Ns/m]

Output torque [Nm]
- N w B
o o o o

Time [s]

Fig. 7. Physical entities computed in the model programmed in Fortran:
torque at the input shaft (a), torque at the output shaft (b)
)soo

g

g

C=0.5 [Ns/m]

C=2 [Ns/m)

C=5 [Ns/m]
—C=8 [Ns/m)

g

Force at the internal sleeve [N]
w
8

8

0.34 0.35 0.36 0.37 0.38 0.39
Time [s]

€=0.5 [Ns/m]

C=2 [Ns/m]

C=5 [Ns/m]
—C=8 [Ns/m)

0.31 0.32 033‘ 034‘ 0.35 0.36 0.37
Time [s]
Fig. 8. Physical entities computed in the model programmed in Fortran:
the force acting on the internal sleeve (magnitude) (a), the force
acting on the external sleeve (magnitude) (b)

In the analysis presented in the current article, an increase in
the contact damping above 8 Ns/m leads to non-convergence.
The choice of the specified damping factor is motivated by the
methodology of the contact modelling and is not related to the
specific material.

Fig. 9 (a, b) presents a comparison of the force acting on the
internal sleeve and the external sleeve obtained with rough dis-
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cretisation (600 points for each cycloidal wheel) and refined anal-
ysis (4,000 points for each cycloidal wheel). The results obtained
in MSC Adams were compared with the results from the transient
model programmed in Fortran in Fig. 10 (a, b).
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Fig. 9. Results computed in the model implemented in Fortran for various
numbers of points in the cycloidal wheel (600 points and 4000
points): force acting on the internal sleeve (magnitude) (a),
force acting on the external sleeve (magnitude) (b)
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Fig. 10. Results from MSC Adams and the model implemented
in Fortran: force acting on the internal sleeve (magnitude) (a)
and force acting on the external sleeve (magnitude) (b)

6. BACKLASH INFLUENCE ON THE DYNAMIC
PARAMETERS OF THE CYCLOIDAL GEARBOX

Analysis of backlash was performed in the model implement-
ed in Fortran. In the analysed cycloidal gearbox, the artificial
backlash was introduced in the form of design tolerance. The

acta mechanica et automatica, vol.17 no.2 (2023)

design tolerance value d increased the external sleeves’ radial
position. In the analysis without backlash, the radius of their local-
isation is r. After the introduction of backlash, it is r+d (Fig. 11).

d - backlash

Fig. 11. Backlash in the cycloidal gearbox modelled as the design
tolerance d of the radial position r of the external sleeves

The backlash has a decisive impact on the dynamic entities of
the cycloidal gearbox (forces acting on the sleeves and torques at
the shafts). An increase in backlash significantly influences the
force at the external sleeve during cycloidal gearbox work. The
higher the backlash, the shorter the contact duration between the
external sleeve and the cycloidal wheel. High backlash
(0.6:10-* m) can increase the force magnitude by 50% relative to
the force in the model without backlash (Fig. 12).

There is less influence of the backlash on the value of the
force acting on the internal sleeve. However, for the high back-
lash, a higher amplitude of the force at the internal sleeve oscilla-
tions can temporarily arise (Fig. 13).
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Fig. 12. Contact forces acting on the external sleeves as a function

of backlash
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Fig. 13. Contact forces acting on the internal sleeves as a function

of backlash

277



§ sciendo

Roman Krél, Kazimierz Krél

DOI 10.2478/ama-2023-0031

Multibody Dynamics Model of the Cycloidal Gearbox, Implemented in Fortran for Analysis of Dynamic Parameters Influenced by the Backlash as a Design Tolerance

High backlash is unwanted in robotics applications, where re-
ducing the amplitude of oscillations is desirable. Figs. 14 and 15
show an increase in the amplitude of the vibrations for the models
with backlash. As mentioned before, in the cycloidal gearbox, the
output torque’s current state depends on the previous iterations of
the analysis. Therefore, the output torque can significantly change
its amplitude of oscillations in time. Figs. 14 and 15 present that
the amplitude of the vibrations in the analysis without backlash is
considerably lower than that with backlash, in general. Fig. 16
shows a higher range of the time in the torque at the output shaft.
The torques shown in Figs. 14-16 are random time functions with
an unpredictable amplitude, which does not reach a steady state.
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Fig. 14. Torque at the input shaft as a function of backlash
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Fig. 15. Torque at the output shaft as a function of backlash
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Fig. 16. Torque at the output shaft as a function of backlash. Over
a wider time range, the function was shown to be random

In Fig. 17, the time courses of the contact stiffnesses are
shown for various backlash values. For various backlashes, multi-
ple shifts in time of the contact stiffness are obtained. It is related
to the contact periods between the external sleeve and the cy-
cloidal wheel.

Relative velocities of the contact points (Fig. 4, points W and
Q) for various values of backlash are shown in Fig. 18. For each
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relative velocity, its time course starts with oscillations. However,
the time courses for the multiple backlashes overlap in the corre-
sponding time ranges. It shows that for high backlash, the contact
between the cycloidal wheel and the external sleeve starts with
a higher velocity, which leads to a higher impact and higher value
of contact force (Fig. 12).
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Fig. 17. Contact stiffness between the cycloidal wheel and the external
sleeves as a function of backlash
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Fig. 18. Relative velocity of the contact points on the cycloidal wheel
and the external sleeve as a function of backlash

7. DISCUSSION OF RESULTS

The presented model implemented in Fortran offers a short
analysis time, which allows using this model in the optimisation
processes. For rough discretisation, the solution time is 4 min,
while for refined analysis it is 25 min. Analysis results from MSC
Adams presented in Fig. 10 (a, b) require more than 1 h for the
solution process.

In the model implemented in Fortran, various contact force
models [44] were tested, but convergence was not obtained.
These models were designed for two contacting spheres, while
the contact in the analysed cycloidal gearbox is cylinder to cylin-
der. Therefore, the contact stiffness solved according to the Hertz-
ian model should be multiplied by the coefficient H=0.01 to satisfy
convergence conditions.

Analysis of various damping coefficients (Figs. 7 and 8) shows
that contact damping significantly influences the quality of results.
High oscillations emerge for low contact damping values, while
more increased contact damping values guarantee smooth re-
sults. The MSC Adams results presented in Fig. 10 (a, b) show
significant oscillations in the force diagrams for the internal and
external sleeves. It can arise from the improper value of the con-
tact damping coefficient, which was set to the same value in the
model implemented in Fortran. Analysis of the 3D model in MSC
Adams requires another set of contact parameters (contact stiff-
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ness, contact damping and the penetration depth at which the
contact damping coefficient reaches maximum value).

The model implemented in Fortran can be used in the optimi-
sation process. Therefore it is beneficial to reduce the solution
time of the single simulation. Unfortunately, Fig. 9 (a, b) presents
that application of the discretisation, which is too rough leads to
inaccurate results. The results for the 600 points of discretisation
show significant oscillations of the force acting on the internal
sleeve in Fig. 9a. The level of discretisation depends on the opti-
misation demand.

The model programmed in Fortran allows for a more straight-
forward geometry parametrisation. It is much easier to modify the
design tolerances of the model programmed in Fortran than to
modify those in the engineering software (MSC Adams). Backlash
introduced as the design tolerance of the position of the external
sleeves has more impact on the forces acting on the external than
on the internal sleeves. Time courses of the force acting on the
internal sleeve in Fig. 13 for the high values of backlash have
short-in-time oscillations at the peak values of force, which can be
25% higher than peak values in the analysis without backlash.

High backlash is unwanted in applications where the vibra-
tions should be reduced. With increased backlash, the cycloidal
wheel comes into contact with the external sleeve with a higher
velocity (Fig. 18), which leads to more significant impacts and an
increase in the values of contact forces. In addition, higher effects
on the external sleeves lead to more remarkable changes in the
dynamic parameters of the cycloidal gearbox, which in turn lead to
higher oscillations of the input and output torques (Figs. 14
and 15).

Multibody dynamics models provide more accurate results
than static calculations or discrete models. Unfortunately, these
models contain drawbacks of numerical analyses. At the initial
stage correction of the initial parameters is performed. However,
the rise of external forces at the first iteration of the simulation
leads to disruption of the results. The beginning part of the time
course of almost every entity in this model is noised. In the other
part of the analysis, the model undergoes stabilisation, and the
results are more accurate. It is also an issue in using a proper
contact model, including contact stiffness and contact damping
solution. Rapid changes in external forces occur at the beginning
of the contact between the cycloidal wheel and the external
sleeve. On the time courses of relative contact velocity or contact
stiffness, oscillations with high amplitude can be seen. Fig. 6
presents fluctuations in the range of 0.24-0.246 s at the beginning
of the contact. The oscillations can also appear in the rapid
changes of the curvature of the contacting bodies (Fig. 5, period
0.265-0.28 s), which is additionally influenced by the discretisation
of the cycloidal wheel.

8. CONCLUSIONS

Summing up the results, the model implemented in Fortran
guarantees a fast solution and can be successfully used in the
optimisation process. The discretisation of the model should be
considered when the accuracy of the optimization results is an
essential factor. The contact stiffness should be multiplied by the
experimentally adjusted coefficient to allow convergence of the
solution process. The contact damping coefficient can significantly
influence the accuracy of the results. The backlash has an essen-
tial impact on contact forces.

The main drawback of the numerical multibody dynamics

acta mechanica et automatica, vol.17 no.2 (2023)

analyses is oscillations, which could be caused by the initial rapid
changes in the model parameters, discretisation and contact
modelling methods.
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Abstract: The aim of the present research was to develop a mathematical model for estimating the amount of viscous gas generated
as a function of weather conditions. Due to the lack of models for predicting gas formation caused by sudden changes in weather
conditions in the literature, such a model was developed in this study using the parameters of landfills recorded for over a year. The effect
of temperature on landfill gas production has proved to be of particular interest. We constructed an algorithm for calculating the amount
of the produced gas. The model developed in this study could improve the power control of the landfill power plant.

Key words: landfill gas, waste usage, atmospheric conditions on landfills

1. INTRODUCTION

The landfill is primarily a source of two greenhouse gases:
carbon dioxide and methane. In the face of threats posed by
greenhouse gas emissions to the atmosphere, special attention
needs to be paid to methane gas. It's Global Warming Potential
(GWP) = 28-36 (100 is the maximum value) (1). Since non-
collected methane appears a major greenhouse gas source (re-
garding its impact factor), all new landfills must have methane
facilities.

In the European Union, the binding regulation in the field of
industrial emissions (integrated pollution prevention and control) is
DIRECTIVE 2010/75/EU of the European Parliament and of the
Council of Europe 24 November 2010 (2). In the directive, the
emission limits for burning landfill gas are set on the levels pre-
sented in Tab. 1.

Tab. 1. Emission limits for burning landfill gas in combustion engines

Limit
Pollutant mg/Nm3/day
NOXx 350
S0O2 200
Ash (solid particles of any kind) 50

The reduction of CH4 emission to the atmosphere in the years 1990-
2010 reached a level of 30%, In next ten years 2010 — 2020 is was
reduced of next 10 % (3) .

The phenomenon of methane formation in landfills has been
analysed in numerous studies (4)(5) (6)(7). However, there are
only few considerations on the impact of atmospheric conditions
and the possibility of short-term prediction of changes in the
amount of methane produced on the basis of the measurements
of meteorological parameters (8).

Predicting and controlling the process of methane collec-tion
and use are the objectives of this study. The future perspective of
this study would be to change the control procedure of the com-
bustion engines used in landfills.

2. LANDFILL GAS PRODUCTION TECHNOLOGY

Fig. 1 shows a schematic of using landfill gas for electricity
and heat production.

co, co.
co. CH, v
!
J
Landfill
2 | Engine room
/ i\ Gas cleaning
£ [ \{ station = =
\ / Tl P
\

Fig. 1. Greenhouse gas emissions from landfill

There are several studies ([5,9,11,12,19] on landfill gas LFG
production in the world. These studies mostly differ in waste types
and ambient conditions, but the gas collecting technology is the
same in most cases (Fig. 1).

The collection system is a combination of horizontal and verti-
cal collectors. Horizontal collectors are used for removing con-
densates and rain water, but they are also used in collecting LFG.
The system has three phases: I: active cells, where new wastes
are delivered; II: closed cells with temporary covers; and Il
closed cells with final covers. Collection efficiencies for phases |, Il
and Ill are mostly set at 50%, 75 % and 95 % of its potential [4],
respectively.

In this study, the authors used data recorded in the course of
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operation of two sections (phases | and II) of a working ECODO-
LINA landfill serving the city of Gdynia in Poland. The service life
of LFG collecting facilities can reach up to 80 years. Initially, the
amount of produced methane is rising (for about 36 years), then it
slowly and exponentially drops. In the first stage, when methane
generation increases, the landfill is not able to create anaerobic
conditions. In optimal conditions, only 40% of waste can be used
for LFG production.

To control odour and to meet emission regulations, landfill op-
erators collect and burn LFG. LFG collection efficiency varies
mainly due to the LFG collector operation, types of cover and time
of the installation of covers. Landfill consists of many cells and is
often managed manually by the staff on a cell-by-cell basis. This
operation requires more-experienced staff.

The amount of degradable organic carbon factor (DOCF) is
proportional to the mass of wet waste DOCF (Tab. 1) and equals
0.5 for landfills that actively produce methane (7). This factor is
very uncertain and depends on the type of waste. However, it can
be used to assume LFG mass from the mass of waste.

Tab. 2. Material degradable organic factors [5]

Material DOCF
Paper 0.19+0.54
Wood 0.02 +0.57

Food waste 0.36 +0.92
Trimming grass 0.09 +0.38

DOCF, degradable organic carbon factor.

The volume of methane in a landfill gas is 54% + 73%. In a landfill in the
USA, waste consisted of paper 14.3%, wood 8.1%, food 21.6% and yard
trimming 7.9% (7).

Producing electricity from LFG can be regarded as distributing
regional electricity, which indirectly avoids CO2 emissions. Elec-
tricity generated in landfills leads to a displacement credit of 550 g
CO2/kWh (5). The oxidation factor in landfill cover is amounting to
36% (9).

There are models in the literature describing the amount of
methane produced at a landfill.

The model assumes that the entire amount of organic carbon
that undergoes decomposition forms CH4 and CO2 (10). The
formula to calculate the final amount of the produced decomposed
methane from organic carbon is given in Eq. (1):

Ve, = Moy ™ - (1 — ™) - sh -2, (1)

where: Vey, " is the amount of methane generated in year Y,

Mov is the mass of organic carbon containing waste, k is the
reaction rate constant in the year, sh is the share of methane in

landfill gas and g is the mass ratio of CHs to C.

The Gaussian model is another model that can used for the
simulation of LFG production when municipal solid waste (MSW)
is pre-treated (11). The model assumes that the LFG production
rate follows the normal distribution. The model is described by
Formula (2):

t—t,
Vieg” (t) =a-e %5, @
where V, ;2% (t) is the LFG production rate in m3/(ton day), t is
the time of digestion, a is the ultimate LFG production rate in
m3/(ton day), b is constant in day and fo is the time in day where
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the maximum LFG production rate occurred.

Next model was created as a result of research using an ex-
perimental reactor with a washed sample of landfill material by
spreading the tested sample for a year (12).

More detailed models divide the deposited waste into fast,
medium and slowly biodegradable waste. Their use is more diffi-
cult because most landfills does not register the types of waste.
The equation that describes such method of calculation is given
as follows (3):

V" (€) = By BT Ajia (6 — g)el R lm)l - 3)

where:  V,;c”%(t) is the LFG production at time
[m3/({(MSW)*day)], A is the amplitude of LFG production at the
day [m3/(t(MSW)*day)], k is the reaction rate constant in the year,
n is the total number of days, m is the number of biodegradable
components of heterogeneous pre-treated MSW and f is the
delay time, which is defined as a period between the beginning
and the end of biodegradable components.

Based on the literature review of the models of landfill gas
formation, it can be concluded that they are functions of time and
waste composition. These models are built to predict slow chang-
es in operation over the years. However, there are no models for
forecasting changes caused by temporary weather conditions with
a forecast for several days

3. EXPERIMENTAL SETUP

The subject of the research was the ECODOLINA landfill in
Lezyce, near Gdynia, Poland. It is a MSW landfill. Ambient condi-
tions influence the formation of favourable conditions for fermenta-
tion. Recorded weather conditions included pressure, tempera-
ture, rainfall in 10-min increments and landfill gas production: gas
flow, temperature, pressure, methane concentration and oxygen
concentration. As LFG is obtained from anaerobic digestion, high
humidity and temperature, alkaline environment (pH = 7.5) with
maximally limited oxygen access is preferred for the process.

Depending on the temperature of the anaerobic fermentation
process, it is possible to distinguish the following:

— mesophilic fermentation, which takes place at a temperature
of about 30-40°C and

— thermophilic fermentation, which occurs at a temperature of
about 52-58°C.

Mesophilic fermentation takes place in the deposits utilized by
EKODOLINA due to waste accumulation in the open air. There
are three sites at the landfill: 1979-2002, 1990-2002 and 2002 -
currently. The LFG is obtained from 105 wells — 75 from old sites
and 40 from new sites. The wells and drain collectors are con-
nected to two main collectors that carry gas to the power plant.
The concentration of methane obtained from these quarters differs
significantly: the oldest site produced only 10% of the concentra-
tion of methane in LFG, newer site provide about 50%, and cur-
rent site produced 60% of concentration. The composition of the
landfill gas is checked periodically mainly to prevent failures of
gas powered engines. If hazardous chemicals such as hydrogen
sulphide or siloxanes are detected, the gas is proceeded for
treatment. Carbon dioxide and water also require treatment.

Parameters of the biogas composition were analysed by the
“Omnisfera™. company Chemical analysis of the biogas sample
of the EKODOLINA landfill is presented in Tab. 3.
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Tab. 3. LFG parameters in EKODOLINA (13)

Parameter Unit Value | Error of measurement
Temperature °C 215 0.1
Relative humidity % 62.7 -
Density kg/m3 0.83 -
Methane %Vol 433 43
Carbon dioxide %Vol 31.1 3.1
Oxygen %Vol 20 0.3
Hydrogen %Vol 0.0034 -
Nitrogen 8.92
Carbon monoxide ppm 19 3
Hydrogen sulphide % 0.1608 0.0053
Chlorine mg/m3 94.83 28.45
Oil moisture mg/m3 0.1
Siloxanes mg/m3 0.859 0.301
Silicon mg/m3 0.314 0.110
Sulphur mg/m3 2605 859
Ash PM10 mg/m3 0.03 -

As can be seen from the sample, the landfill gas is highly sul-
phated. Sulphur has a largely negative impact on all components
of the technological line as well as on cooperating devices. The
engines fail frequently because of sulphur as it reacts with all
metal parts and the engine oil, significantly reducing the lubricat-
ing property of the oil. This, in turn, damages other components
and causes a domino effect. Exhaust valves get damaged first.
Due to the sulphur deposits on the valve plug and stem, the ge-
ometry of the valve is changed (17). Short-term prediction of
changes in the gas composition as a function of raw material
supply for its production and weather conditions would enable
better control of engine operation.

The process of obtaining biogas is very simple. Through uni-
formly spaced gas wells that have an impact radius of 15 m, gas
is collected into common collectors. Fig. 2 gives an example of the
construction of a degassing well has been presented.

Through @ 12-mm pores and drainage backfilling from 16 -to
32-mm gravel, biogas gets collected into a ®160-mm pipe. The
drainage pipe collects gas throughout the depth of the landfill. By
doing so, it has only been possible to build a well comprising a 15-
m-deep layer of waste. The landfill itself was closed with an aver-
age waste depth of 25 m. To make the wells most effective, it was
decided to raise wells This construction proved to be unfavourable
due to the deposit's topography. The site should be treated as
morphologically unstable. This indicates that displacements and
settlements occur inside, which irreversibly affects drainage;
causes displacement, crushing and splitting at particular heights
of collecting pipes; and limits the flow from the gas collection pipe
to the drains towards the collecting stations. Leads are called
connection collectors, and they run towards collecting stations.

In addition to vertical wells, it should be noted that horizontal
drainage can also be carried out in a similar way. The horizontal
wells exactly play the same role and help limit the release of
biogas into the atmosphere. The system involving the two types of
wells is more effective, thus doubling its functioning, as well as its
efficiency and flow increase. This has a measurable effect in
reducing the negative pressure that exists in the entire network.
There are 150 wells in the plant, including 75 in the old site of the
landfill and 40 in the new site. These are all connected to two
main collectors that transport biogas to engines.

e

— ——

——e e @ e« -~

Fig 2. LFG well 1 - drainage pipe, 2 - casing pipe, 3 — water drainage
pipe, 4 - degassing chimney 5 - cover, 6 — connection fitting (13)

The biogas intake network system includes the following:

— collective stations for individual water bodies with A (rich)/B

(poor) gas selection,

— deep water intakes defined as gas wells,
— well connections to collecting stations made of PE ® 63 SDR

110,

— transmission collectors for a technological building — a two-
wire parallel system,

— drainage systems for gravity and pump networks and

— automatic biogas suction and pressure station.

From the storage sites, the collected biogas is first transported
through collectors to the collective station, the construction of
which is shown in Fig. 3.

The biogas is delivered to the compressor through two main
pipelines. Drainage wells are installed along the entire length of
the pipelines where the levels are broken. Due to the high mois-
ture content of biogas and the differ-ences in temperature inside
the deposit in relation to the temperature prevailing in the collect-
ing stations and the pipelines, the condensate precipitates. To
prevent clog-ging, pipelines should be discharged at the lowest
points. An example of such a well is shown in Fig. 4.
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Fig. 4. Construction of a drainage well for the main gas pipelines (13)

The landfill gas flow rates and its chemical composition as
well as weather conditions were registered at the ECODOLINA
landfill. Existing equipment installed for monitoring the operation
of the gas utilization system was used. The registered data were
used to model the landfill gas generation in this study.

4, RESULTS OF THE MEASUREMENTS

The amount of landfil gas generated in the system is the
source of electrical energy and thermal energy. The LFG and total
energy production are presented in Fig. 5. Fig. 5 presents the
streams of sucked gas registered in January 2018-December

2018.

LFG production and total energy production
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Fig. 5. LFG and total energy production in 2018
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The total amount of energy produced in cogeneration increas-
es during the heating season due to the use of thermal energy.
Changes in the amount of energy produced over time, with great-
er amplitudes than changes in gas production in a landfill, result
from fluctuations in the calorific value of landfill gas. These fluc-
tuations are shown in Fig. 6. The largest changes were observes
in August and September, which contributed to the enormous

changes in energy production.
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Fig. 6. LFG caloric value over the time in 1 year

The aim of this study was to discover the relationship between
atmospheric conditions and LFG production. After changing the
ambient temperature, the heating or cooling of the sites at the
landfill takes place slowly. This is typical of the old, enclosed
quarters. They have a layer of soil insulating from the environ-
ment, and before the heat penetrates this layer, gas production
does not change. While working on the data recorded at the
ECODOLINA landfill, the time shift when considering the effect of
temperature is 1 week. To illustrate the process of gas production
based on temperature, the charts shown in Fig. 7 were prepared.
The graphs presented in the charts take into account the 1-week
delay of the change in the production of landfill gas in relation to
the moment of the temperature change.
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The analysis of the graphs plotted for the whole year allows
drawing the following conclusions. The calendar year is divided

into periods:



§ sciendo

DOI 10.2478/ama-2023-0032

acta mechanica et automatica, vol.17 no.2 (2023)

Special Issue "Modeling and experimental investigations of thermo-hydraulic, hydrogen, manufacturing and mechanical systems"

— the landfill sites heat up from the surroundings;

— they are in thermal equilibrium with the surroundings; and

— they are cooled by the surroundings.

After reaching sufficient temperatures for the development of
methanogenic bacteria (in our measurement, 24°C ambient air),
an increase in ambient temperature does not increase the produc-
tion of landfill gas.

During summer, and more specifically from April 1 to July 30
(from 90th to 212th day of the year), landfill gas production is
correlated with ambient temperature. After summer, the microbial
population is so high that gas production in the sites is constant or
even increases significantly regardless of the ambient tempera-
ture decrease at that time. Constant production is maintained by
saturating the bed with bacteria, and in the absence of new food,
their number does not increase. However, the decrease in tem-
perature worsens living conditions of the old and the new bacteria
that have multiplied and began their work. During winter, until a
critical point at the turn of the year, production is stable due to the
sufficient microbial population maintained in the bed.

We noted the following relationships between the amount of
gas produced and the ambient temperature:

— Analysis of the temperature changes 1 week in advance to
calculate the actual gas production

— An increase in ambient temperature results in an average
directly proportional increase in gas production until the
ambient temperature reaches 24°C.

— After 24°C is reached, methane production becomes
constant.

— With a slow temperature drop, the production remains
constant due to the heat accumulated in the landfill and a
large microbial population. This phenomenon can last for even
50 days.

— Only a temperature drop to below 5°C causes a directly
proportional decrease in methane production.

The gas production dynamics can be described using time to
predict future changes in production, relative to the change in
temperature, which is mostly rising during the summer season.
This 100-day seasonal change is shown in the graph in Fig. 8.
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Fig. 8. lllustration of the dynamics of the process during summer season
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The derivative of the temperature as a function of time dT/dt is
0.07 [°C/day], and the derivative of the daily gas production dQ/dt
is 15.4 [Nm?/day].

We propose a method to predict the amount of gas produced
in a current week based on the average ambient temperature in
the period of time including previous 10 days. Since the relation-
ships between the velocities turned out to be logarithmic, it is

possible to formulate an algorithm for planning the amount of gas
produced in summer, knowing the temperatures in the past. Dif-
ferent periods were tested for LFG production prediction, but the
10-day period seems to be the most suitable time. Various tested
periods for the process are shown in Fig. 9.
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The algorithm for calculating the future gas production in the
summer season is shown in Fig. 11. Fig. 10 shows-Correlation
coefficient between model formula and experimental data.

Correlation coefficient
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Fig. 10. Correlation coefficient between model formula and experimental
data
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Fig. 11. Algorithm for calculating the future gas production in the summer
season

The aforementioned remarks should be used in planning the
process of using landfill gas for energy production.

A previous study (14) showed that changes in the methane
content in biogas follow atmospheric pressure changes.
Changes in the methane content depending on atmospheric
pressure are analysed. After changing the atmospheric pressure
upwards, the methane content in the landfill gas begins to in-
crease with a 2-day delay. This situation is related to the volatility
of the methane—carbon dioxide mixture. Methane is less dense
than air and carbon dioxide and is more dense than air.
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Fig. 12. Production of methane in relation to the intensity of rainfall and ambient temperature

Probably, during periods of higher pressure, the atmospheric
part of carbon dioxide is not pulled out of the well (prisms) by the
system suction of biogas, which results in obtaining biogas with a
higher methane content. If atmospheric pressure decreases,
carbon dioxide quantity increases, causing the reduced methane
content. No statistically significant correlation was found in the
effects of barometric pressure on LFG quality in wells. (15) (16)
(16).

The current trend leads towards landfill bioreactor technology
(LBT) systems, which augment the amount of water contacting the
waste to stabilize it rapidly. This technique can produce large
initial LFG generation rates, which will decrease sharply after a
few years.

Rainfall is conducive to the production of landfill gas; a previ-
ous study (17) found that the methane generation coefficient k
increases with a wet bed from 0.02 to 0.065. The authors put
forward a similar conclusion, observing the increase in methane
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production in the diagram shown in Fig. 12. The winter months of
2018 were dry, while the spring months of 2019 were rainy, which
affected the amount of methane produced.

The effect of rainfall is significantly lower during the summer
season than during winter.

5. SUMMARY

There are difficulties in taking into account many factors af-
fecting landfill gas production. Weather phenomena can change
quickly. For example, in Poland, temperature drops by 28° have
been recently recorded. Rapid tem-perature changes do not affect
the amount of LFG pro-duced immediately. The effect of tempera-
ture changes is only visible after approximately 10 days. After a
long period of summer temperatures, the amount of live methane
bacteria is sufficient and gas production does not increase with
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increasing temperature. Due to the high heating effect of the
landfill site in the summer, the production of the LFG maintains a
high level in winter.

After testing various periods of several days of taking into ac-
count the effect of temperature on gas production, a 10-day ob-
servation period was selected.

Since the relationships between the velocities turned out to be
linear, it is possible to formulate an algorithm for estimating the
amount of gas produced in summer, based on the derivative of
the temperature change in the last 10 days.

The impact of atmospheric pressure was more evident in gas
production, after 2 days or 3 days.

There was no clear correlation between the amount of rainfall
and the production of landfill gas.

This work contributes to building short-term mathematical
models of landfill gas production. The developed model could be
used to control the operation of a cogeneration heat and power
CHP plant, such as preparations for switching on further power
generators to increase the efficiency of energy production.
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Abstract: In order to further enhance the application of additive manufacturing (AM) processes, such as the laser powder bed fusion (L-PBF)
process, reliable material data are required. However, the resulting specimen properties are significantly influenced by the process
parameters and may also vary depending on the material used. Therefore, the prediction of the final properties is difficult. In the following,
the effect of residual stresses on the fatigue strength of 316L steel, a commonly used steel in AM, is investigated using a Weibull distribution.
The underlying residual stress distributions as a result of the building process are approximated for two building directions using finite
element (FE) models. These imply significantly different distributions of tensile and compressive residual stresses within the component.
Apart from the residual stresses, the impact of the mean stress sensitivity is discussed as this also influences the predicted fatigue strength

values.

Key words: additive manufacturing, fatigue strength, Weibull distribution, FEM

1. INTRODUCTION

Additive manufacturing (AM) shows great potential across
various industries ranging from aerospace to medical applications.
Some of its main advantages are moldless manufacturing, pro-
duction of near net-shape geometries and great geometrical
freedom. There are different processes which belong to the group
of AM techniques. One of them is the widespread laser powder bed
fusion (L-PBF) process. The component is built using repetitive
cycles of powder layer distribution and selective laser melting of the
powder. This happens according to a previously defined and
virtually sliced geometry [1]. The process itself has numerous
configurable process parameters. Among them are the building
direction of the component relative to the building platform, the
laser parameters like speed, power and scanning path and pow-
der-related parameters such as the particle size, temperature and
the powder layer height [1]. This multitude of parameters makes
predictions of the final properties of the component difficult, espe-
cially as general assumptions for different AM materials are not
possible. This means that each material needs to be investigated
separately considering the process and material-related charac-
teristics. In the following, the focus is on the fatigue strength of the
austenitic steel 316L (1.4404).

2. CHARACTERISTICS OF ADDITIVELY MANUFACTURED
COMPONENTS WITH RESPECT TO FATIGUE STRENGTH

Due to the manufacturing process, L-PBF components show
some characteristics which are in line with the known influencing
parameters on the fatigue strength. These include tensile residual
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stresses, high surface roughness, a specific grain structure and
stress raisers such as pores and other defects [2]. These in com-
bination with external parameters such as the loading direction and
potential mean stress determine the fatigue life of a specific com-
ponent [3]. Each of the characteristics has an effect on the fatigue
strength; however, their influences may not be easily assessed
independently because of their simultaneous occurrence in the
components. In the following, the AM characteristics and their
general effects on the fatigue strength will be briefly described.

2.1 Residual stresses

The repetitive process of melting and solidification in line with
heating and cooling of the component leads to the development of
significant tensile residual stresses, at least in the outer region of
as-built components [4,5]. These have a negative impact on the
fatigue strength. Postprocessing, e.g., in terms of heat treatments
or hot isostatic pressing may reduce these residual stresses (for
some materials) as reported in the study by Leuders et al. [6].
Knowledge about the residual stress distribution within compo-
nents is required to decide whether these postprocessing proce-
dures are necessary to achieve the required properties. Knowledge
is also required if these treatments shall be avoided by minimisa-
tion of residual stresses and distortion via optimised building
parameters (e.g. [7]).

2.2 Pores and other defects

The porosity of L-PBF components is usually very low. In
Zhang et al. [8], the density of such components is given as around
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95%, while in the study by Hatami et al. [5], the porosity determined
via image analysis was even well below 0.5%. However, there are
still some pores and other defects present in the component. These
result from the manufacturing process and may be divided by their
origin, which in turn is related to their morphologies. In the study by
Zhang et al. [9], three different defect types are distinguished:
pores, lack-of-fusion (LOF) defects and cracks. While pores are
usually small (up to about 100 um) and rather spherically shaped,
LOF defects are rather irregularly shaped [10,11]. The pores are
attributed to gas bubbles while the LOF defects are attributed to
insufficient melting of the particles [11]. The defects correspond to
stress concentrations and, therefore, may be potential crack
initiation sites.

2.3 Surface state

Unprocessed, so-called as-built surfaces show high surface
roughness. For 316L, surface roughness values are given in the
study by Wang et al. [12] for Ra as between 5 and 25 um, while the
value depends on the manufacturing parameters. Furthermore, the
surface roughness varies with the orientation of the surface relative
to the building direction. In addition to the mere surface roughness,
near-surface porosity, meaning small pores in a zone below the
surface as reported in the study by Hatami et al. [5], may need to be
included in the assessment of the surface state. In general, high
surface roughness has a detrimental effect on the fatigue strength
as it may, e.g., induce stress peaks.

2.4 Microstructure

Depending on the building parameters and the material, dif-
ferent types of microstructures may be found in the final compo-
nent. For 316L, a cellular microstructure is typical while for other
materials like Ti-6-Al-4V elongated, columnar grains are reported
[13].

3. FATIGUE STRENGTH EVALUATION OF L-PBF
COMPONENTS

As stated above, various factors influence the fatigue strength
of a component built via the L-PBF process. In the following, a
Weibull distribution [14,15] which is often applied for fatigue as-
sessment will be used. Here, it is applied in such a way that it
explicitly incorporates the effect of residual stresses and inherently
the effect of defects present in the component.

3.1 Weibull distribution

The Weibull distribution is a probability density function based
on the assumption that every component initially includes randomly
distributed defects. Furthermore, fatigue failure is defined as crack
initiation. This in turn is supposed to take place if the local stress
exceeds the local material endurance.

For an individual volume element AV of a component with the total
volume V,, the survival probability is calculated according to the
following equation:

Psurvivalav = 2~V /Vo)(omises/owv)™V (1)

with ouises DeiNg the equivalent stress amplitude and ayyy
representing the local fatigue limit. The Weibull exponent my; is
used to fit the effect of size and scattering of the defects present in
the component [16].

The residual stresses o*S are accounted for as part of the
material resistance [17,18], not as part of the material loading.
Consequently, part of the exponent of Eq. (1) can be rewritten as
follows:

OMises __ OMises (2)
RS RS RS
owv UWV—M-(61 +0,°+03 )

The impact of the residual stresses is influenced by the re-
sidual stress sensitivity M. According to [3], it may be assumed
equal to the mean stress sensitivity following the assumption that
the impact of residual stresses is comparable to that of mean
stresses. For non-welded components, M can be determined
based on the ultimate tensile strength R,,, as follows:

— Ry
MzaM'103'm+bM (3)

with a,, and by, being material constants. For steel, the con-
stants take on the values 0.35 and -0.1, respectively [19]. Using
the values from Tab. 1, M is calculated to be about 0.14 for the
horizontal and 0.11 for the vertical building direction. In addition, a
common value used for M is 0.3. It corresponds to the value given
in the FKM guideline [19] for the state of low residual stresses
within a welded component. However, as the values measured in
the study by Hatami et al. [5] and the values obtained via the
approximations using finite element (FE) models below both
suggest residual stresses above the threshold of 0.2 - R, (see
Tab. 1), the assumption of low residual stresses seems not to be
valid. However, in order to assess the impact of the residual stress
sensitivity on the fatigue predictions using Weibull distributions, it
will be included in the calculations below.

Moreover, the application of Eq. (2) requires the local fatigue
limit avyy. This value refers to the fatigue limit without influencing
factors such as residual stresses. Therefore, the value is approx-
imated using the relation between the ultimate tensile strength and
the fatigue strength. A factor of 0.4 is assumed [19]. Furthermore,
the Weibull exponent my, is set to 20. The required input data
regarding the residual stress distribution is obtained via FE calcu-
lations as described in the following.

3.2 Approximation of residual stress distribution

The unnotched fatigue specimen used has a length of about
50 mm and a smallest diameter of 4 mm. The material used is 316L
steel, an austenitic steel commonly used in AM due to its wide
applicability and its comparably easy handling. The main material
parameters used for the Weibull approach are given in Tab. 1. As
one can see, the material data have a dependency from the
building direction of the component. This applies to the static
values and may also be valid for the fatigue strength.

The residual stress data were obtained via a rough approxi-
mation using the Abaqus Welding Interface (AWI) [21], an exten-
sion to Abaqus [22]. For the calculations, Poisson’s ratio was
assumed as 0.3, and material data implemented in the AWI [21],
similar to that of 316L steel, were supplemented. Sequentially
coupled calculations have been carried out, neglecting the scan-
ning strategy, combining several component layers of typical height
around 50 um [5] and adding them as a whole. The thermal history
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is obtained via the first calculation and subsequently used as input
for the second calculation in order to obtain the stress distribution.
Afterwards, the component is removed from the building platform,
and the axial stress distributions along a path through the middle of
the specimen as shown in Fig. 1 are obtained.

Tab. 1. Material data for 316L steel with respect to building direction
taken, adapted from GlaRkner et al. [20].

Characteristics | Horizontal manufac- | Vertical manufac-
turing direction turing direction
Young's 167 GPa 152 GPa
modulus
R 681 MPa 612 MPa
Rpo.2 609 MPa 490 MPa
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Fig. 1. Axial residual stress approximation along a path through the
smallest cross section of the fatigue specimen for the vertical
and horizontal building directions.
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Although the FE calculations using the AWI [21] are only a
rough approximation and are also related to the specimen geome-
try and the process parameters, which are mostly not included in
the approximations, the values are in general agreement with those
reported for the near surface area of a fatigue specimen made of
316L steel in the study by Hatami et al. [5]. The stresses in longi-
tudinal direction reported in the study by Hatami et al. [5] for an
as-built specimen are given as about 300 MPa and 600 MPa,
depending on the process parameters. They were measured up to
a depth of around 100 um. Due to the mesh size, data in compa-
rable steps are not available; however, the general size seems to
agree. For the vertically built specimen, the axial stresses seem to
be quite symmetric with respect to the longitudinal axis, while the
stresses in the horizontally built specimen change from tensile to
compressive from the top to the bottom (orientation during the
building process). Comparing both curves, the stresses within the
horizontally built component are predicted higher, both tensile and
compressive, and the component also shows larger areas of
compressive stresses than the vertically built specimen. Reasons
for the change of direction of the horizontal curve around 2.5 mm
and its stepwise shape might be the removal from the platform, the
chosen layer height and mesh size, although a more symmetrical
shape would be expected. Again, the overall FE results seem to be
in general agreement regarding the tensile amount near the sur-
face; however, experimental validation is required.

3.3 Results and discussion

According to Eq. (1), the fatigue limit for a 50% survival prob-
ability of the whole component will be determined. Although the
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absolute values of residual stresses and calculated fatigue strength
may not be used for direct comparison and prediction, the influence
of the residual stress sensitivity can be evaluated. Fig. 2a shows
the survival probability distribution of the vertically built specimen
under consideration of the approximated residual stress distribu-
tion. Furthermore, different stress sensitivity values are evaluated.
In Fig. 2b, the results for the horizontally built specimen are shown.
The predicted fatigue limits for the vertically built specimens are
lower than those for their horizontally built counterparts. This is
based on the lower material properties as given in Tab. 1 and the
different residual stress distribution.
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Fig. 2. Effect of different residual stress sensitivity values

on the predicted fatigue survival probabilities:
(a) vertically built; (b) horizontally built.

As expected, the curves are aligned according to the underly-
ing residual stress sensitivity value from left to right starting with the
highest value of 0.3. Furthermore, the curves are parallelly shifted
while the shape is not affected by the stress sensitivity. The shape
of the curves is determined via the Weibull exponent as shown,
e.g., in the study by ZeiRig and Jablonski [23]. According to Fig. 2,
choosing a value of 0.3, in the absence of experimental data for this
parameter, might be a very conservative approach and might
unnecessarily restrict the application of components. The differ-
ences between the predicted endurable load stresses for a survival
probability of 50% for the two curves on the left, with stress sensi-
tivity values of 0.3 and 0.2, are 65 MPa and 50 MPa, respectively.
Further investigations regarding the residual stress sensitivity of
L-PBF components, therefore, seem to be advisable.

Fig. 3 shows the calculated fatigue stress amplitude values
given in Fig. 2 in relation to the underlying fatigue strength which is
taken as residual stress-free. It should be noted that according to
Tab. 1, these values are different for the two manufacturing direc-
tions. Overall, the predicted reduction of the fatigue limit in terms of
the base values is in the same order for both directions. However,
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the difference in the calculated fatigue limit for the lowest and
highest chosen residual stress sensitivity value is significant and
ranges between about 50% and about 90% of the base value.
Comparing this to the results stated in the study by Leuders et al.
[6] where the effect of different heat treatments on the fatigue limit
of 316L was investigated, the impact on the fatigue limit seems to
be overestimated in the calculations.

<
)
=+

Building direction

>
[e]
Il

0 100 200
Stress amplitude in MPa

Effect of different residual stress sensitivity values on the pre-
dicted fatigue stress amplitudes for vertical and horizontal building
direction and considering residual stress-free state. (Survival
probability of 50%).

300

Fig. 3.

4. SUMMARY AND OUTLOOK

As has been shown, in fatigue calculations, the effect of the
residual stress sensitivity on the results should not be neglected.
Experimental validation in terms of this parameter as well as for
residual stress distributions of entire components seems to be
necessary.

Predictions of the fatigue strength of components manufac-
tured via L-PBF are difficult as there are numerous influencing
parameters due to the building process, and their variations have
an impact on the final results. Furthermore, results have no general
validity for all materials as the material characteristic governing the
fatigue limit may not be the same for every material; hence, indi-
vidual investigations regarding each material seem to be neces-
sary. Therefore, with respect to the shown approach, in the future,
the microstructure and local deviations of the material properties
should also be included in order to make it more versatile and
enhance its applicability.
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Abstract: In this study, the potential of the so-called black-box optimisation (BBO) to increase the efficiency of simulation studies in power
engineering is evaluated. Three algorithms (“Multilevel Coordinate Search” (MCS) and “Stable Noisy Optimization by Branch and Fit’
(SNOBFIT) by Huyer and Neumaier and “blackbox: A Procedure for Parallel Optimization of Expensive Black-box Functions” (blackbox)
by Knysh and Korkolis) are implemented in MATLAB and compared for solving two use cases: the analysis of the maximum rotational
speed of a gas turbine after a load rejection and the identification of transfer function parameters by measurements. The first use case
has a high computational cost, whereas the second use case is computationally cheap. For each run of the algorithms, the accuracy
of the found solution and the number of simulations or function evaluations needed to determine the optimum and the overall runtime
are used to identify the potential of the algorithms in comparison to currently used methods. All methods provide solutions for potential
optima that are at least 99.8% accurate compared to the reference methods. The number of evaluations of the objective functions differs
significantly but cannot be directly compared as only the SNOBFIT algorithm does stop when the found solution does not improve further,
whereas the other algorithms use a predefined number of function evaluations. Therefore, SNOBFIT has the shortest runtime for both
examples. For computationally expensive simulations, it is shown that parallelisation of the function evaluations (SNOBFIT and blackbox)
and quantisation of the input variables (SNOBFIT) are essential for the algorithmic performance. For the gas turbine overspeed analysis,
only SNOBFIT can compete with the reference procedure concerning the runtime. Further studies will have to investigate whether
the quantisation of input variables can be applied to other algorithms and whether the BBO algorithms can outperform the reference
methods for problems with a higher dimensionality.

Key words: black-box optimisation, power plant engineering, derivative-free optimisation, simulation studies in power engineering

1. INTRODUCTION derivative-free optimisation (DFO) and simulation optimisation.
Even though the terms emphasise on different aspects, all three
might be applicable to most of the methods categorised with one
of them. DFO emphasises the absence of information about the
derivatives for the optimisation algorithm, whereas simulation
optimisation is linked to the optimisation of experiments with
simulation models. In the field of the project, the most important
aspect is the universality of the methods for different use cases or
objective functions. To emphasise the characteristic of not need-
ing further information about the actual optimised function, the
term BBO is the most appropriate for this study and will therefore
be used.

There exist various reviews in the field of BBO [2-6], and be-
neath a high number of applications in biology, medicine, logistics
or operations [5] (p. 358), these methods have also been used in
engineering, e.g., for shape optimisation [7-12], electronic com-
ponents [13, 14], control design [15] and power engineering [16,
17]. More recently, different methods have been applied in fluid
dynamics [31-33], in chemical engineering [34, 35] or to tune
parameters of other algorithms [36].

First algorithms that can be used for BBO were developed in
the 1960s. One of those algorithms, the Nelder-Mead Simplex

Many engineering tasks are, at their core, worst- or best-case
analyses and thus optimisation problems in a mathematical
sense. Furthermore, for many of these analyses, the use of simu-
lation models is necessary, and simulation models can be expen-
sive to compute. In some cases, the inner structure of models is
too complex to directly investigate the influence of certain parame-
ters, and the only way to obtain the needed information is the
simulation. Calculations showing this behaviour can be character-
ised as black-boxes [1] (p. 1). In other applications, the term
black-box could also be used for real physical experiments, where
the correlation of the conditions of a system and the result of the
experiment is unknown. Referring to simulations, it is also possi-
ble that models from external sources are given as black-box
codes to protect intellectual property. For all these cases, optimi-
sation methods that do not need any information about the struc-
ture of the function to be optimised are necessary. These methods
are called black-box optimisation (BBO).

To avoid any confusion, the nomenclature used in this article
is explained at this point: The term BBO is connected to the terms
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Algorithm [27], is still used because of its straightforward principle
that makes it easily applicable in different scenarios. After the first
use of trust region methods [28] in 1969, in the 1970s and 1980s,
genetic [29] and stochastic [30] algorithms emerged. Due to the
increasing computational capabilities from then on, the number of
algorithms and applications has increased enormously. Rios and
Sahinids [3] have vividly illustrated the progress in their work.

While the performance comparison of optimisation algorithms
is mostly based on academic test functions (see, e.g., [3]), the
applications listed previously do focus more on the specific prob-
lem to solve and less on the evaluation of different algorithms.
Using an algorithm for a single problem allows for tuning this
algorithm to efficiently solve this problem, which might lead to a
worse performance of this algorithm for other applications.

In this project, a variety of BBO methods were considered for
different applications in the field of power engineering and evalu-
ated concerning their potential to simplify engineers’ daily work.
For this simplification, the key is to find optimisation methods that
are easy to implement and use as well as reliable. Following this
goal, the present study introduces this topic by evaluating different
methods mentioned in the corresponding reviews and answer the
question whether BBO methods are competitive to manual proce-
dures that are currently applied.

For the models used to develop and analyse gas and steam
turbine control systems, models with this characteristic are used,
e.g., to investigate damping capabilities of the control system for
dynamic events of the electric grid, to define the highest possible
rotational speed in case of a load shedding event or to para-
metrise the controllers.

Traditionally, mathematical optimisation is performed using in-
formation about the function’s derivatives. Unfortunately, there are
functions whose derivatives are very or even prohibitively expen-
sive to obtain — as it is the case for the field mentioned previously.
Consequently, the field of BBO has been driven forwards in math-
ematics over the past decades as computational power has mas-
sively increased.

Literature research and first attempts are promising that BBO
can be easily applied to different problems and that BBO algo-
rithms could improve the efficiency of simulation studies, in this
case in turbine control system engineering.

In this study, different algorithms were applied to a variety of
exemplary problems from the aforementioned sphere of action.
The study will answer to which extend BBO can simplify the cor-
responding studies. The study also shows that BBO methods can
— considering both of the algorithms and the accuracy of the found
solution — efficiently solve optimisation problems in the field of
power plant control engineering. Nevertheless, running parallel
functions evaluations and limiting the resolution of the input varia-
bles are necessary features for an algorithm to be competitive
even for computationally cheap objective functions.

2. SIMULATION STUDIES IN POWER PLANT CONTROL
ENGINEERING

In 1999, Lu wrote in “Dynamic modelling and simulation of
power plant system” [18] that in the previous decades, different
models of power plants had been used to compute steady-state
operation as well as to predict dynamics in case of events, like
failures or incidents, and - of course — for usage in hardware
training simulators.

Currently, the so-called digital twins of turbines or even whole
power plants mirror all signals to indicate and forecast a plant's
behaviour in real time [19]. Simulation studies are inevitable not
only in the development of different components, such as turbine
blades, but also in testing logics for control systems.

While there exist models in every complexity for different
simulation scenarios to serve the most suitable computation of the
plant's behaviour, the efficiency of the simulation studies them-
selves is not always optimal. In many cases, studies are per-
formed manually and/or by computing large grids of input parame-
ters. These studies might be led by an engineer’s experience and
therefore miss potentially interesting aspects, and additionally, the
duration of executing these studies can be rather long.

Semi-automating parts of the studies might significantly de-
crease the time consumption of the studies. One idea to automate
parts of such studies is using optimisation algorithms specially
designed to solve problems with computational expensive func-
tions, which will be referred to as BBO. Serving the aim to solve —
at best — all possible problems with a single algorithm in practice,
the following two use cases are chosen for a first evaluation of
different BBO methods. The two use cases differ enormously in
their computational costs and complexity and therefore cover a
large percentage of the scale of problems that are subjects for this
project.

2.1. Use Case 1: gas turbine overspeed simulation

Fig. 1 shows a load shedding event of an unspecified gas tur-
bine power plant.

s r PowerI/Load at stleady stateloperation—

g < e
» N o ©
T T T

'
| Gas turbine power decreases

Standardized Power / Load
o o o = o

 with time delay
4+ \
3t \
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' L - - - - Gas Turbine Power
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-2 -1 0 1 2 3 4 5

Time Difference [s] to Load Rejection

Fig. 1. Electrical load and gas turbine power output during
a load shedding event

Here, the load from the electric grid and the effective power
generated by the gas turbine are plotted over time. For steady-
state operation with a constant rotor speed, both quantities are
close to equal, which means that not only the power the gas
turbine provides is approximately the same as the power of the
electric grid, but also that the torque the gas turbine transmits Mur
on the shaft has the same amount as the counter-torque
necessary to operate the compressor of the gas turbine Mcomp and
the counter-torque from the electric load Mioac:
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Meyrp + Mcomp + Mypgq = 0= ]shaft Cw (1)

where Jsnart is the moment of inertia of the rotating components of
the turbine and the generator and w is the change in the angular
velocity of the rotor. Losses resulting, e.g., from friction within the
bearings are included within Muwn. For any difference in the
torques, the shaft will be accelerated or decelerated, as shown in
Eq. 1, until the power provided by the gas turbine Pur is reduced
or a higher angular velocity is reached at an equilibrium of the
torque from the turbine and the counter-torque from the
compressor, which depend on the rotational speed:

Porp = (Mturb + Mcomp) T w (2)

Following Eq. 2, it is clear that whenever the load changes,
the power of the turbine has to be adjusted to keep the angular
velocity w and the rotational speed n=w/21 constant.

11

Maximum Overspeed Value

1.08
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1.04 -

1.02 -

Standardized Rotational Speed

Nominal Speed

Time Difference [s] to Load Rejection
Fig. 2. Rotational speed of a gas turbine during a load shedding event

When the generator is disconnected from the grid, the
electrical load does no longer provide a counter-torque, and the
power of the turbine will — following Eq. 2 - result in an
acceleration of the rotor until the control system has reduced the
fuel supply and therefore the power.

A load shedding event (see the blue line in Fig. 1) is a highly
dynamic process, and the turbine control systems are not able to
immediately adjust the supplied power via the supplied fuel mass
flow. Firstly, the fuel gas in the piping volume between the control
valve and the combustion chamber (CC) (see Fig. 3) will expand
into the CC and therefore be still converted into thermal power,
which results in a delay between lowering the power setpoint of
the gas turbine and the decrease in the actual power. Secondly,
grid code requirements and the cycle time of the control system
result in a maximum reaction time of up to 250 ms before
adjusting the positions of the fuel gas control valves. Both delays
have an influence on the maximum rotational speed (see Fig. 2),
but the reaction time of the control system is a fixed parameter.
Once the control system has adjusted the corresponding
parameters, the power of the gas turbine decreases and the rotor
speed as the effective power output of the gas turbine turns
negative (see Figs. 1 and 2).

The increase in the rotational speed must — of course — not
exceed the mechanical limits of the shaft. Therefore, load
shedding events are simulated with different scenarios (e.g.,
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normal load shedding, clamping of the control valve and freezing
of the controller) with every update of a gas turbine to identify
worst-case scenarios, i.., finding the maximum overspeed value
for all possible combinations of the corresponding parameters
within the respective ranges, and ensure that the mechanical
integrity is not violated.

The resulting maximum rotational speed for a load shedding
event is influenced by several parameters (see Eq. 3), e.g., the
state of the fuel supply system, ambient conditions and - of
course — the current mechanical power of the turbine in the
moment of the event. For a complete overspeed analysis, around
10 parameters can be considered. As mentioned previously, the
simulation deals with a complex model. The overspeed as an
objective function is therefore described as a black-box function
with the following characteristics:

nmax

= fblackbox (pgas: Hux: tgas: Psetpointt ntrip: Ny, ta (3)

where pgas is the fuel gas supply pressure, Hux is the lower heat
value of the fuel gas, fgas is the fuel gas temperature, Psetpoint is the
load setpoint for the turbine, nwp is the trip limit for rotational
speed, no is the net frequency at the time of load shedding and
tamo is the ambient air temperature.

Models for the simulation of the turbine operation include the
thermodynamics and the control system and are therefore
complex. The simulation for a single set of parameters takes up to
20 min. Computing a reasonably high number of variations of
influencing parameters for an overspeed analysis may require
several thousand simulations and therefore requires an enormous
runtime.

Applying methods of BBO to this problem, the required
number of simulations can be reduced because the methods will
search for the actual optimum, instead of covering the whole
range of variables in a constant resolution. Therefore, the analysis
can be executed faster. For this work, a simplified overspeed
analysis was performed by BBO methods. The resulting maximum
speed of the gas was computed only for varying conditions of the
fuel itself, namely, lower heat value Huy, fuel gas temperature Tgas
and fuel gas supply pressure pgas. Furthermore, only normal load
shedding was simulated without additional failure scenarios.

2.2. Use Case 2: transfer function identification

As a second use case, transfer function coefficients for a de-
layed ramp function (ramp function applied to a lag element) are
to be identified. The behaviour of a delayed ramp is used to ap-
proximate the mass flow supplied to a gas turbine during a load
shedding event when the fuel gas valves are closed instantly.

The physical background is simple: to reduce the fuel gas
mass flow, the corresponding valve is moved from a certain posi-
tion for the steady-state operation to its closed position. This
movement can me modelled as a ramp. Between the valve and
the CC, where the fuel gas is finally converted into thermal ener-
gy, the fuel gas must flow through a piping volume (see Fig. 3).
This volume dampens the reduction of the mass flow rate. Fur-
thermore, this volume is under a higher pressure than the CC.
Due to the pressure compensation, fuel gas will flow into the CC
from the piping for a short time after the valve is completely
closed. This results in the dynamics of the mass flow rate, as
shown in Fig. 4.
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As a reference value used to compare the results of the BBO
methods, a minimum error can be manually determined as
follows:

A lag element can be described with the following differential
equation:

T-y@®) +y@) =K u®. (4)
where u is the input of the lag element and y is the output of the
lag element.

Integration and rearranging of this equation give the following
(with K assumed to be included in u(t)):

Ty =yl = U@ = Y(®) (%)

where U and Y are antiderivatives of u and y for U(0) = Y(0) = 0.
The input of the lag element is separated into different
functions: a ramp function from t = 0 to t = T At T}, the ramp has
reached its final level and is from here on constant (in the case
discussed here, it is 0). A ramp is defined as follows:
w (t) = ()’1_3’0)'%4'3’0 for0<¢<T, (6)
where yo is the start value of a ramp, y1 is the end value and T; is
the time between the start and the end.
As mentioned, the value of the input function after T; is
constant with a value of ys:

u,(t) =y, fort =T, (7)

Given a set of n measured points of the real behaviour [t; y(t)]
for i = 1 to n, a system of linear equations can be set up and
solved using the least-squares method. Given a set [T, Tj, an
approximated value yap for the corresponding lag element can be
calculated for each ti and the error between the measured and the
calculated value can be taken as the sum of squares of the errors
for each point t,

BT T) = ) Gap(T T, ) = ¥())? ®
i=1

for any given set of pairs [t y(t)].

For this application, it is also possible to calculate the time
coefficients Tr and T in a more direct manner, with the following
vectors:

Y=Yz 0y
g = (Uli U2, Ty Un)T (9)
Y = (Yll Yz, ...,Yn)T

Eq. 5 provides a value for T with a given value T:. With this, it
is possible to minimise Eq. 8 only as a function of T, and
determine T afterwards.

Identifying functions like this is necessary to develop simplified
models of gas turbine power plants that are, e.g., used in studies
to analyse the interaction with the electrical grid.

Basically, this is not a black-box function as these values can
be calculated numerically, and furthermore, in terms of
computational expenses, it is very cheap. Nevertheless, this
problem can serve as a simple version of the identification of more
complex models and shows how the performance differs between
certain levels of complexity.

3. BLACK-BOX OPTIMISATION

When explaining BBO, it is necessary to define two terms:
black-boxes and optimisation.

Black-box. A black-box is, according to Kimiaei and Neumaier,
‘[...] an oracle that returns for a given x € R the function value
f(x)” [1] (p. 1). The main characteristic is the non-visibility of the
inner computational process of the function. Applying a set of
input variables to a black-box function, it will return a (set of)
output variable(s), and there is no way to investigate the
procedure of computing this output with reasonable effort.

Optimisation: From a mathematical point of view, optimisation
is simply the determination of — local or global — minima and
maxima of a given function. Commonly, this calculation is driven
by derivatives of the function.

Combining these two definitions, we need to find those optima
without having a real insight into the function and therefore no
information about its derivatives.

Over the past decades, various methods for BBO have been
introduced for a variety of applications, but a universal algorithm
that can be applied to any problem is not developed vyet [7] (pp.
123-124).

There are several categorisations for BBO or DFO methods,
and in this study, the categorisation suggested by Rios and
Sahinidis [3] was used. They divide algorithms based on the
following properties:

295



§ sciendo

Lukas Peters, Rudiger Kutzner, Marc Schafer, Lutz Hofmann

DOI 10.2478/ama-2023-0034

Ability of Black-Box Optimisation to Efficiently Perform Simulation Studies in Power Engineering

— Direct methods or model-based methods

The (expensive) objective function can either be evaluated

itself or an approximation (or surrogate) model can be used

for optimisation.
— Global or local methods

Local methods are designed to quickly find the next local

optimum but miss the capability to check if there exist other

optima, whereas global methods will have this capability and
will determine an absolute optimum.
— Stochastic or deterministic methods

Categorisation by a deterministic or randomised determination

of the algorithm’s search steps.

In addition to Rios and Sahinidis [3], Larson, Menickelly and
Wild [7] have also published a profound review of methods for
DFO and BBO, where examples for each category are given.
Furthermore, methods differ in their ability to deal with boundaries
of the search space. They might require boundaries in the form of
equality or inequality constraint, while others cannot process any
limitation of the input variables.

Of course, there also exist numerous methods that are hybrids
and combine the categories mentioned before.

4. SELECTED BBO ALGORITHMS

For the use cases to be addressed in this study, there are
several conditions of the objective functions that the optimisers
will have to cope with. These are listed as follows:

— Noise

The models used might contain stochastically influenced

functions, and therefore, the same input can provide a slightly

different simulation output.
— Boundaries

Input variables will mostly have lower and upper limits. The

highest or lowest values might therefore lie on these

boundaries, instead of forming an optimum within the search
region.
— Local Optima

Due to the interdepending influence of different parameters on

the objective function, multiple local optima might occur. For

most cases, a global optimum or the highest/lowest function
value within a search region is important to be found, and
therefore, the optimisation should not stop at a local optimum.

The existence of noise is applicable for both use cases
mentioned: in the operation simulation for the overspeed analysis,
the simulation of measurements within the gas turbine model is
modified with artificial noise as they would be noisy in the
operation of a real plant. For use case 2, we have to assume that
the measured flow rates used to identify the transfer function are
provided with usual measurement errors. The fuel gas parameters
for the overspeed analysis are limited to the fuel definition of a
contract for a plant. The boundaries for the parameters of the
transfer function are, in this case, chosen by the previous
numerical calculation of the problem. For a totally unknown
transfer function, the upper limits would have to be estimated by
the user, while the lower limits could always be set to 0.
Concerning the existence of multiple local optima, the overspeed
analysis could have multiple local tallest points due to the
interdependency of the variables. For use case 2, the previous
evaluation has shown that only one optimum exists, but
considering that the methods should be applied to black-box
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functions with an unknown structure, the existence of local optima
should always be considered.

Taking these conditions into account and based on the
nomenclature provided by Rios and Sahinidis [3], only global
optimisation algorithms are able to appropriately solve these
problems. Additionally, all methods that do not accept boundaries
cannot be considered.

Furthermore, in terms of usability, only few algorithmic
parameters of a BBO method should be needed to be adjusted for
any new problem.

To evaluate how well BBO methods perform applied to the
exemplary problems (Section 2), methods that are available as
open source and, at best, as MATLAB® software will be tested
preferably. Two algorithms that meet the conditions outlined
previously are the Multilevel Coordinate Search (MCS) algorithm
[20] and the Stable Noisy Optimization by Branch and Fit
(SNOBFIT) algorithm [21] by Huyer and Neumaier. A different
algorithm that is a classically model-based approach is the
blackbox algorithm [22] by Knysh and Korkolis. This algorithm is
available as a Python® package and translated to MATLAB® for
this study by the authors.

The MCS algorithm is a direct evaluation method, whereas
SNOBFIT uses different local models, and blackbox uses a global
model of the objective function; therefore, they cover a broad
range of the algorithmic spectrum. Additionally, MCS and
SNOBFIT showed satisfactory results in the review of Rios and
Sahinidis [3] (pp. 1267-1287).

The concepts of the algorithms are briefly presented in the
following paragraphs; for a complete description of all details, we
refer to the corresponding papers noted previously.

4.1. Global optimiSation by MCS

The so-called MCS algorithm was developed by Waltraud
Huyer and Arnold Neumaier in 1998 [20]. The search space is
continuously divided into boxes that have a base point and a
corresponding function value given by the objective function.
Partitioning of the boxes is executed along the coordinate axis,
and with each splitting of a box, a level s is increased. Any box
can be split until this level reaches the level s = Smax, Which
indicates that a box is too small for another division [3] (p. 1253).

Fig. 5 shows a two-dimensional search space that has already
been split several times (black lines). The point in the middle
(green-yellow) provides the best function value. The rectangle
highlighted in magenta is chosen to be split next, and the green-
highlighted point (approximately at [0.5; 1.5]) marks the position
for the next split.

The algorithm selects the boxes to be divided in the next
iteration by the values of the objective functions of the base points
(see Figs. 5 and 6). There are two options for splitting the boxes:

Splitting by rank: Boxes already having a high level of s can
be chosen for splitting by rank. This means that the coordinate
along which they will be divided will be chosen by how many splits
have already been performed in each coordinate. Selecting the
coordinate with the lowest numbers helps decrease unexplored
spaces in the corresponding direction.

Splitting by expected gain: The second method for splitting is
used for lower levels of s. Then, a local quadratic model of the
objective function is built using points from previous iterations, and
the splitting coordinate is chosen by optimisation of this model.
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Additionally, local searches can be executed when a box has
already reached the splitting level Smax.

As seen in Fig. 6, the algorithm has reached a higher density
within a region of low function values (dark green), which means
that in this case, the boxes were split by the expected gain. While
proceeding the search, promising areas will be explored more and
more. The convergence to a global minimum is ensured when Smax
approaches to infinity, which means that the number of functions
evaluations is not limited [20] (pp. 347-349).

I

-3 =& =1l 0 1 2

Fig. 5. Rectangle chosen to be split by the MCS algorithm marked
in magenta [Figure: “MCS algorithm” by Najko32. License:
CC BY-SA 4.0] [26]. MCS, multilevel coordinate search

5

=3 =2 =il 0 1 2

Fig. 6. Result of the iteration of the MCS algorithm based on Fig. 5
[Figure: “MCS algorithm” by Najko32. License: CC BY-SA 4.0]
[26]. MCS, multilevel coordinate search

4.2. Stable noisy optimisation by branch and fit

Huyer and Neumaier [21] have published another promising
algorithm for BBO: SNOBFIT. The sequence of the SNOBFIT
algorithm is as follows:

Initialisation: Given a set of points within the search space and
the objective function, the initial setup for the algorithm is built.
Consecutive iterations: Based on this set, SNOBFIT generates the
user-defined number of required new evaluation points nreq. The
search space is split into boxes so that each contains exactly one
point. A smallness is computed for each box to have a measure
on how often a box has already been split, and a local fit around
each point is computed (or updated for old points). The split is
performed along the coordinate axis that shows the highest
variance of the points in the box to be split. The current best point
and the corresponding function value are evaluated, and a local
quadratic fit around this point will be computed. Points to be
evaluated are prioritised in different classes:

— Class 1: By optimisation of the aforementioned fit, a new
potentially best point can be generated.

— Class 2: Points determined by a trust region estimation around
the so-called local point that shows a significantly lower
function value than its nearest neighbours.

— Class 3: Points determined by a trust region estimation about
non-local points.

— Ifless than nreq points have been chosen, two more classes of
points can generated.

— Class 4: Points that split large boxes to explore uncovered
areas of the search space.

— Class 5: Points determined by a randomised space-filling set
of the missing number of points are created in a way that
these points have the maximum distance to all other points.

All generated points are evaluated by the objective function,
and a new iteration will start.

Stopping. The algorithm stops if for a defined number of
consecutive iterations, no new point of class 1 has been
generated, and the current best point is therefore assumed to be
the global optimum.

4.3. Blackbox: a procedure for parallel optimisation
of expensive black-box functions

Knysh and Korkolis [22] have provided a method for BBO that

utilises a global response surface with radial basis functions
(RBFs). The method is originally provided as a Python® package
[23] and was implemented in MATLAB® for this study.
For the procedure, all variables are rescaled to a range of [0, 1] so
that the search space equals a unit hypercube. Furthermore, after
initial sampling, the function values are also rescaled to a range
from 0 (best or lowest function value) to 1 (worst or highest
function value).

The initial sampling set is generated by quasirandom
sequences [24]. After the first approximation of the response
surface is calculated, further sampling candidates are provided by
an adapted version of the Constrained Optimization using
Response Surfaces (CORS) algorithm [25]:
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Fig. 7. Demonstration of the blackbox algorithm
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Fig. 8. Flowchart of the blackbox algorithm

Basically, the RBF approximation is updated in each iteration
step by adding candidate points for the global optimum that
minimise the fitted function under the following constraint: the new
candidate must lie outside of a (hyper-)sphere around all other
points (already sampled and current candidates, marked with a
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black x in Fig. 7), which is also shown in Fig. 7: the point (a)
highlighted in red lies within the current radius r and is therefore
not used as a new candidate, whereas the green point (b) meets
the distance constraint. The radius of the spheres (i.e., the
distance a new point must keep to all other sample points)
decreases over the number of iterations (see ri1, ri and ri+1 in Fig.
7). By this, the algorithm first explores the whole search space
and then proceeds to a more local search. The speed of
decreasing (see Fig. 8) is set by the user.

The algorithm stops after a user-specified number of function
evaluation is reached (Fig. 8). Even though the authors do not
mention any proven convergence of the algorithm, it will cover the
search space densely, if the number of function evaluations is not
limited and the values for the initial density (defining the starting
value for the spheres’ radii) and its decrease are chosen to focus
on a global search. Thereby, the algorithm will determine a global
optimum.

5. APPLICATION OF THE METHODS
TO CHOSEN USE CASES

All algorithms are applied to both use cases. As the first of
both applications (Section 2) — the gas turbine overspeed analysis
— is expensive in terms of computation, only one run per algorithm
is performed, whereas the identification of the transfer function is
solved 20 times to see whether the quality of the solution found
after varies between the executions of the code or not. To
compare the algorithms, the following measures are considered:

— Number of function evaluations used to determine the global
maximum

— Execution time for a single run of the algorithm

— Quality of the found global optimum function value

— Quality of the found optimum input variables

Each method is limited to about 200 function evaluations. As a
benchmark for the real maximum of the overspeed value, a grid
search is performed, that is — compared to how the grid search is
performed in practice — considerably denser. In this manner, we
aim to obtain a point as close as possible to the actual maximum
for the overspeed value. To validate how the BBO algorithm
performs in comparison to the standard procedure, another grid
search' based on 216 equally distributed evaluation points was
executed. This run will be referred to as “sparse grid search,”
whereas the formerly mentioned will be called “dense grid
search.”

If parallelisation is possible, the number of parallel function
evaluations is set to 8. By this limit, the RAM of the testing
computer works almost at capacity during the compilation process
but does not exceed it, which would result in out-of-memory
errors.

Additionally, the resolution vector for SNOBFIT was set to
[Hu: 1 MJKkg, Tgas: 1°C, pgas: 1 bar] (see Section 2.1). The
resolution is based on the practical use: a) for each variation of
the heat value, a new compilation of the model is necessary. For
this reason, the number of possible values needs to be limited and

"In a grid search, a set of certain values to be considered for simulation
is defined for each input variable. Combining the sets of all variables
provides a grid covering the whole search space in a certain resolution.
All points of the grid will be used to compute a value of the objective
function and the optimum of these values is returned as the determined
global optimum.
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b) the overspeed value does not change substantially within the
space between the values allowed by the resolution vector, and
furthermore, the values will not be stated in higher accuracy in the
documentation for customers.

The results and corresponding parameters are given as
percentages of the values for the benchmark results to simplify
the comparison.

The objective function is covered in a small MATLAB® function
that manages the parallelisation of simulations, if necessary, and
returns the overspeed values for the points requested for an
iteration step by the algorithms.

For use case 2 (parameter identification of a transfer function,
Section 2.2), the averaged values over all 20 runs are taken for
evaluation of the performance. The variation of the results is
compared separately. SNOBFIT and blackbox were able to
compute four function values at the same time. Furthermore, the
resolution vector for SNOBFIT was set to [fx 1078 s; T: 1076 5] as
the standard search has shown that further quantisation does not
substantially improve the found minimum but — of course —
increases the number of calculations needed. Other parameters
do not differ between use cases 1 and 2. Again, to run the
algorithms, a simple function that returns the error values
corresponding to the requested points and managing the
parallelisation is sufficient.

5.1. Results for gas turbine overspeed analysis

For the gas turbine overspeed analysis, the objective
functions are defined as a black-box function, as shown in Eq. 3.
For the evaluation of the capability of BBO to solve problems
based on computationally expensive simulations, the objective
was reduced on the following parameters:

Nmax = fblackbox (pgas' Hux' tgas) (1 0)

Obviously, the most important question to answer is whether
the methods are capable of providing a value sufficiently close to
the reference value (dense grid search) for the objective function
value (namely, the maximum overspeed value). Fig. 9 displays
how close the computed optimum values are to the reference
value determined by a dense grid search with multiple thousand
simulations covering the search space. All methods provide a
value that differs less than 0.15% from the reference optimum and
therefore meet the previously mentioned requirement. Among
these overall satisfactory results, blackbox provides an optimum
value that is — considering noise — equal to the reference value.

Nevertheless, it is also relevant if the suggested optimum is
close to the actual optimum in terms of coordinate values. Fig. 10
shows the deviation of the found optimum from the reference
values for all methods. Noticeably, the divergence in the fuel gas
supply temperature Tgas is enormous. By contrast, SNOBFIT,
blackbox and the sparse grid search deliver values for the heat
value Hux and the fuel gas supply pressure pgas that are close to
the actual optimum coordinates. It is thereby clear that Tgas has
only a minor influence on the maximum rotor speed.

Additionally, the points suggested by SNOBFIT and blackbox
are both only insignificantly different from points within the top 5
points (best 0.15%) of the dense grid search and therefore
extremely close to the reference optimum point. As MCS provides
the worst (even if still good) value for the maximum rotor speed,
the determined values for the input variables are also the

farthermost from the reference optimum from the dense grid
search.

Sparse Grid Search | NN 99,904%

blackbox |GG 99,098%

SNOBFIT | 99,904%

MCS [N 99,865%

99,80% 99,85% 99,90% 99,95% 100,00%

Fig. 9. Accuracy of determined optimum for BBO methods for use case 1.
BBO, black-box optimisation; MCS, multilevel coordinate search;
SNOBFIT, Stable Noisy Optimization by Branch and Fit

40%
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o -
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-100% .
MCS SNOBFIT | blackbox Spgrsee”d
earch
Hux | 10,34% 0,00% 0,00% 0,00%
mTgas  -87,50% 15,00%  -7024%  -30,00%
Pgas  -11,09% 0,00% -3,92% -2,50%

Fig. 10. Accuracy of optimum coordinates of BBO methods for use case
1. BBO, black-box optimisation; MCS, multilevel coordinate
search; SNOBFIT, Stable Noisy Optimization by Branch and Fit

Provided that all methods compute adequate values for the
value of interest, it is of same importance how efficient they find
the corresponding solution. In Fig. 11, the numbers of function
evaluations needed to determine the optimum are compared for
the three tested BBO methods and the Sparse Grid Search as a
reference to the currently used procedure. As already mentioned,
the BBO methods were limited to about 200 iterations. Therefore,
the grid search was designed to have a comparable
computational effort.

While blackbox and MCS use all possible iterations (or due to
local searches even more), SNOBFIT stops the iterations after 64
function evaluations after it has not been able to improve the
current optimum for five iterations.

In this application, the computational expense between two
simulations might differ significantly. The used Simulink® model is
compiled to C-code, and an .exe file is built to run the actual
simulation. Depending on which parameters change, the .exe file
can be used again, and the model does not need to be compiled
again. The actual simulation runs only few minutes on the system
used, whereas the compilation might take up to 15 min. In use
case 1, a change of the heat value requires a new compilation.

Fig. 12 shows the runtime of each method and, in this case,
also for the dense grid search. Most remarkable is the runtime of
MCS: it finishes the run with 225 function evaluations after more
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than 1 day and 8 h. By contrast, blackbox does only need about 7
h, whereas SNOBFIT needs a runtime of 1 h and 44 min, which is
very close to the reference method, which needs 1 h and 14 min.
The explanation for this is simple:

Firstly, MCS changes the coordinates of requested points only
slightly, which results in a very high number of recompilations.
Contrarily, both grid searches and SNOBFIT have a limited
resolution of the axes and therefore provoke only few
compilations. As the sparse grid search does only compile seven
times, whereas SNOBFIT and the dense grid search need 21
compilations, it is faster than SNOBFIT even though it takes many
more iterations.

The second obstacle for MCS is its seriality: it cannot be
parallelised, while all other algorithm work with eight simulations
at each iteration. This is the main reason that blackbox performs
better than MCS even if it needs the same number of
compilations.

Sparse Grid Search I 216
blackbox GGG 200
SNOBFIT s 64

MCS I 225

0 50 100 150 200 250

Fig. 11. Number of functions evaluations needed to solve use case 1.
MCS, multilevel coordinate search; SNOBFIT, Stable Noisy
Optimization by Branch and Fit

Sparse Grid Search ] 1:13:36

blackbox [ 7:21:09

SNOBFIT [ 1:43:41

mCs - | 32:24:11

00:00 06:00 12:00 18:00 24:00 30:00 36:00

Fig. 12. Runtime of BBO methods needed to solve use case 1. BBO,
black-box optimisation; MCS, multilevel coordinate search;
SNOBFIT, Stable Noisy Optimization by Branch and Fit

This use case with a complex or computational expensive
objective function brings up three important learnings:
— Al methods provide sufficient solutions for the given problem.
— The performance of an algorithm strongly depends on the
degree of parallelisation.
— A reasonably coarse variation of input parameters is
extremely beneficial.
The following second use case will show if these aspects are
also relevant for less complex and expensive objective functions.
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5.2. Results for transfer function identification

Again, the first point of interest is how precise the identified
optima are compared to the reference value. As mentioned
earlier, for this application, the actual solution can be computed
numerically. Tab. 1 shows the results of the three algorithms;

Tab. 1. Results for use case 2

Name Standard MCS SNOBFIT | blackbox
Minimum error

determined 0.229974 | 0.229977 0.230002 0.230126

Deviation from ) 0.0011% 0.0123% 0.0655%

standard value

Tr for minimum

error 0.11893 0.11897 0.11895 0.11884

Deviation from

standard value - 0.0326% 0.0167% | -0.0731%
Tfor:ri:irmum 0.426205 | 0.426207 | 0.426212 | 0.426029
Deviation from } 0.0005% 0.0015% -0.0414%

standard value

MCS, multilevel coordinate search; SNOBFIT, Stable Noisy Optimization
by Branch and Fit.

It is clearly visible that all algorithms determine the optimum
extremely close to the actual values in terms of the least error as
well as in terms of the variables tr and T. Nevertheless, it is
remarkable that for this use case, MCS delivers the most accurate
optimum value and also very precise parameters. Even though
both provided solutions are still more than acceptable, MCS is
about 10 times more precise than SNOBFIT and about 60 times
more precise than blackbox.

Having such close results, it is even more important to relate
these results to the computational performance, which is shown in
Figs. 13 and 14.

blackbox NG 200
SNOBFIT NN 103

MCS I 209

0 50 100 150 200 250

Fig. 13. Number of function evaluations needed to solve use case 2.
MCS, multilevel coordinate search; SNOBFIT, Stable Noisy
Optimization by Branch and Fit

Fig. 12 shows that while blackbox and MCS consume the
whole computational budget, SNOBFIT finds the sufficient solution
only using half the function evaluations.

Fig. 14 shows the average time the methods needed to
execute use case 2 in the test. A clear ranking can be derived
from these numbers: SNOBFIT also outperforms the other
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algorithms by solving the problem in only 5 s, while MCS needed
about 12 s, and blackbox is even more slow, with 30 s.

blackbox INEEGGEEE 30,32
SNOBFIT Il 5,03

MCS I 12,25

0 10 20 30 40

Fig. 14. Runtime of BBO methods [s] needed to solve use case 2. BBO,
black-box optimisation; MCS, multilevel coordinate search;
SNOBFIT, Stable Noisy Optimization by Branch and Fit

In terms of replicability of the results, MCS and blackbox only
differ in the runtime over the 20 runs (MCS: minimum runtime:
11.61 s / maximum runtime: 13.78 s; blackbox: 29.15 s/ 37 96 s),
and SNOBFIT’s performance is more volatile: the least number of
function evaluations to find the optimum for the transfer functions
parameters was 71, and the highest number of evaluations was
147 and the runtimes vary accordingly between 3.35 s and 6.81 s.
Nevertheless, the quality of the found minimum error is only
varying in the range about £0.1%, and the actual parameters do
not fluctuate more than 0.4% around the average values.

Even though SNOBFIT varies in its efficiency, the worst
performance is still significantly above the best performances of
blackbox or MCS.

For this use case, all methods are fully competitive to the
reference value. SNOBFIT has clear advantages in terms of
computational and time efficiency, whereas MCS is more precise.
The significantly higher runtime of blackbox might not be dramatic
in absolute terms but is still a remarkable disadvantage.

6. CONCLUSIONS

Three BBO methods (MCS, SNOBFIT and blackbox) were
tested on two use cases with very high and very low computation-
al expense. The application of the methods to our exemplary
problems have been proven to be highly user-friendly: setting up a
sufficient MATLAB® function to be called and the maximum num-
ber of function calls, and all methods run stable and provide satis-
factory results. Only for SNOBFIT, the input of the resolution
vector of the input variables is an additional value to be specified.

All methods provided optima for the objective function close to
the set reference values and do therefore meet the most basic
requirement.

Additionally, all coordinate values determined to be the opti-
mum point were close to the actual points from the reference
optimum. Even though MCS cannot compete in accuracy for the
overspeed analysis, it is the most precise algorithm for the identi-
fication of the transfer function parameters.

In summary, the accuracy of the found optimum is satisfying
for all algorithms in both applications out of common power engi-
neering tasks, and therefore, methods of BBO can be considered
for solving these kinds of problems as questioned in Chapter 1.

To be competitive with the procedures used currently, the
computational efficiency (actual runtime of the algorithms) is
nearly as important as the quality of the found solution. The

runtimes for the identification of transfer function parameters (use
case 2, Section 2.2) differ significantly but are still short in abso-
lute terms. Still, it is to mention that SNOBFIT is significantly faster
than MCS, and blackbox is — compared to this — slow in this use
case. It is — of course — still much more efficient than the manually
performed procedure to find the best fitting parameters.

Of course, the time efficiency is far more important when deal-
ing with more expensive objective functions as the overspeed
analysis. Here, MCS and blackbox cannot compete with the
sparse grid search and SNOBFIT. The foundation for that dis-
crepancy is the compilation of the models to be simulated, as
described in Section 5.1.

Furthermore, the results point out that parallelisation is neces-
sary for complex problems.

Referring to the questions addressed at the beginning of this
article, it was shown that BBO methods are easily applicable to
simulation studies and that they do have the potential to meet the
tasks arising in the context of gas turbine control simulation. How-
ever, for computationally expensive functions, only SNOBFIT is, in
general, competitive to a knowledge-based grid search as current-
ly performed as a standard procedure, and it also shows the best
performance for a cheap objective function.

7. OUTLOOK

While the methods tested for this study already show promis-
ing results, there are still several questions that should be an-
swered in future work.

Firstly, the whole range of BBO algorithm has not been tested
yet, and especially the field of genetic or evolutionary algorithms,
which has seen a significant development in the past years is not
included and should be considered in further studies. Currently,
there are ongoing studies on the implementation of additional
algorithm, which will be tested soon. The experience portrayed in
this work is promising that the adaption of further methods will be
successful.

Secondly, it was clearly shown that for the gas turbine over-
speed analysis, the high number of necessary compilations is
limiting the performance of the BBO methods, blackbox and MCS.
The performance of SNOBFIT for this application is far more
effective, which is based on less compilations due to the resolu-
tion vector. Therefore, we aim to adapt this resolution vector to all
methods.

For a non-simplified overspeed analysis with more input vari-
ables, the BBO methods might be significantly more competitive
to the standard grid-based procedure as it will perform far less
efficient as the number of points increases exponentially with the
dimensions. This results either in a worse accuracy or in a far
longer runtime.

Considering that most parameters to adjust the algorithms’
behaviour have been kept to standard values, as provided in the
corresponding literature, the performance might be improvable.
Combining this with the idea of the resolution vector for the input
variables, the performance of all methods will possibly increase.
Still, it needs to be ensured that an adjustment of the algorithmic
parameters works properly for all use cases and does not provide
benefits just for one problem.

Furthermore, the actual usability and universality must be
tested on more applications. Studies testing the methods for the
identification of a complex gas turbine model with real-world data
and the adjustment of control parameters will follow.
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Abstract: In electric and hybrid vehicles, it is possible to recover energy from the braking process and reuse it to drive the vehicle using
the batteries installed on-board. In the conditions of city traffic, the energy dissipated in the braking process constitutes a very large share of
the total resistance to vehicle motion. Efficient use of the energy from the braking process enables a significant reduction of fuel and electricity
consumption for hybrid and electric vehicles, respectively. This document presents an original method used to estimate the efficiency of the
regenerative braking process for real traffic conditions. In the method, the potential amount of energy available in the braking process was
determined on the basis of recorded real traffic conditions of the analysed vehicle. The balance of energy entering and leaving the battery
was determined using the on-board electric energy flow recorder. Based on the adopted model of the drive system, the efficiency of the
regenerative braking process was determined. The paper presents the results of road tests of three electric vehicles, operated in the same
traffic conditions, for whom the regenerative braking efficiency was determined in accordance with the proposed model. During the identi-
fication of the operating conditions of the vehicles, a global positioning system (GPS) measuring system supported by the original method of
phenomenological signal correction was used to reduce the error of the measured vehicle’s altitude. In the paper, the efficiency of the re-
cuperation process was defined as the ratio of the accumulated energy to the energy available from the braking process and determined for
the registered route of the tested vehicle. The obtained results allowed to determine the efficiency of the recuperation process for real traffic
conditions. They show that the recuperation system efficiency achieves relatively low values for vehicle No. 1, just 21%, while the highest
value was achieved for vehicle No. 3, 77%. Distribution of the results can be directly related to the power of electric motors and battery
capacities of the analysed vehicles.

Key words: electric vehicle, urban conditions, regenerative braking, energetic efficiency

extent possible. Tests performed on a Toyota C-HR in urban
1. INTRODUCTION conditions showed that the share of energy recovery from regen-
erative braking is over 50% of all energy supplied to the battery
while driving [25].

It is necessary to consider the possibility of regenerative
braking when planning the route of such vehicles, which is not
implemented with the use of today’s car navigation systems. A
model of a regenerative braking process may be helpful for this
purpose. On one hand, it will enable providing information on how
traffic conditions affect the amount of energy dissipated (wasted)
into the atmosphere, while on the other hand, it will help to optimize
the route of vehicles with regenerative braking systems. A number
of studies have been carried out to achieve this objective, while the
methods used to predict electricity consumption are characterized
by a very diverse level of complexity and accuracy [9, 19, 22].

Typically, the efficiency of a regenerative braking process is
defined as a regenerative braking energy delivered to battery and
back to a drive system, for an assumed driving cycle, divided by the
energy achievable from braking process, which in conventional
drive system is consumed by a hydraulic brake system. The
achieved efficiency depends on the configuration of the drive
system, applied control strategy and the driving cycle. For example,
for a China Typical City Regenerative Driving Cycle (CTCRDC)
driving cycle, one vehicle was tested and different strategies were
applied; the calculated efficiency of a regenerative braking process

Electricity delivered by the grid or range extenders [21] to an
electric car is used by the propulsion system with various efficien-
cies, depending on the performance of the charging process [26],
energy storage process in battery [28], electric engine control
system, drive motor [10] and driveline system [23, 27]. It is esti-
mated that the efficiency of all the above-mentioned processes is
approximately 77%. Nowadays, electric drive systems of vehicles
additionally enable the recovery of energy during braking and its
reuse while driving the vehicle [11, 15]. Recently developed tech-
nical solutions that use recuperative braking energy allow the
conversion of mechanical energy into electricity with high efficien-
cy, even for very high power [7, 29, 31]. Control strategies for
hybrid and electric vehicles in the field of regenerative braking
energy are relatively complex [15, 17, 22] and depend strongly on
the state of charge of the batteries. In modern electric cars, battery
durability is a very important point of interest. This criterion is
heavily impacted by the accurate estimation of the state of charge
and state of health. In order to improve the accuracy of state of
charge or state of health estimation, new researches are provided
[24]. However, as a rule, manufacturers are trying to use the
regenerative braking energy for charging batteries to the highest
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was 31%—42% [25]. According to the results of simulations per-
formed in work [15], for pure braking process, starting from the
vehicle’s initial speed of 80 km/h, the efficiency of a regenerative
braking process for the tested control strategy was calculated at the
level of 86%. Another study [16] shows that up to 50% of the total
brake energy can be recycled in the urban driving cycle.

One of the most important factors directly affecting the afore-
mentioned complexity and accuracy is the method used to identify
car operating conditions [4, 10, 20]. Using the car operating condi-
tions and model connecting the operating conditions with electricity
consumption, it is possible to predict electricity consumption for the
selected vehicle and route [5, 8, 9]. Due to the constantly increas-
ing number of roads in city centres, in particular building new
express roads within an agglomeration, drivers usually have more
than one route to choose from. Their choice is most often deter-
mined by the travel time, but from an ecological point of view, more
attention should be paid to the energy consumption or the emission
of toxic compounds.

Currently, there are several platforms for the effective collection
of data on the instantaneous traffic; however, as a rule, they
determine the fastest or the shortest route. The development of a
tool for determining the route due to the energy consumption is a
primary need. This, in turn, requires the construction of a universal
model, which enables the parametric description of traffic condi-
tions to be linked with the amount of energy used to drive the
vehicle [1, 2, 18]. This work focuses on the initial stage of building
such a model. The paper presents a comprehensive method of
identifying vehicle traffic conditions, and the method of estimation
of the efficiency of the regenerative braking process using an
on-board energy consumption measurement system for electric
vehicles. Vehicle tests have been carried out in regular traffic for
urban, rural and motorway conditions, following the operating
conditions specified in the Real Driving Emissions (RDE) test [3, 6,
30]. Such a test represents the real operating conditions of vehicles
as opposed to the previously used synthetic tests performed on a
chassis dynamometer.

2. ENERGY CALCULATION OF THE REGENERATIVE
BRAKING PROCESS

Vehicle operating conditions are identified in this work with the
use of the specific energy consumption (SEC) that takes into
account both an influence of external conditions and a driver’s style
of driving [13, 14]. The factors mentioned above affect the amount
of mechanical energy transmitted to the drive wheels, which is one
of the parameters constituting the SEC. Information on SEC for the
considered road section can be directly used to calculate electricity
consumption in the case of battery-powered vehicles. The value of
the parameter for assumed cycle duration may be calculated using
the following equation:

E
SEC = —— (1)
where SEC is the specific energy consumption, E is the mechanical
energy delivered by drive system to the wheels, L is the distance
covered by the car and m is the gross vehicle mass.
Mechanical energy transmitted to the drive wheels can be
calculated using the following equation:
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E= ft tztc(kp CFp-V)de )

=0

where kp is the positive traction force factor:

3)

Ft is the traction force, calculated for recorded speed and altitude
change,

= {1 for powered wheels
P 7|0 for idlling or braking

2

Ft=m-a-6+m-g-sin(a)+pair-Af-CD-7 @
+m-g-C,-cos(a)

where a is the vehicle acceleration, § is the rotating mass factor,
g is the acceleration due to gravity, « is the road grade, pg; is
the air density, A is the vehicle frontal area, C, is the vehicle
aerodynamic drag coefficient, C, is the vehicle rolling drag coeffi-
cient and Vis the vehicle speed.

Alternatively, for the data recorded at the uniform time step,
mechanical energy transmitted to the drive wheels may be calcu-
lated using the following equation:

N
E = At Z (kp, - F, - Vi) (5)
i=1

where At is the time step.

As far as the usage of electric motor supporting conventional
drive system is concerned, the regenerative braking energy must
be taken into consideration. According to Eq. (4), the traction force
is negative when the balance between acceleration component,
road grade component, rolling resistance and air drag resistance is
negative. This negative traction force in a conventional drive
system is balanced by the brake system, while in hybrid or electric
cars, it can be used for powering regenerative braking system. In
the general case, however, the total energy that can potentially be
delivered to the regenerative braking system can be calculated
using the following equation:

N

Ereg = At~ Z l(kregi Fy Vi) (6)
i=

where kreg is the negative traction force factor:

= {—1 for idlling or braking )
Te9 7 {0 for powered wheels

Regenerative braking specific energy (RBSE) for the covered
distance can be calculated using the following equation:

RBSE = Ereg (8)
m-L

Power reception from the vehicle’s drive system during braking
is limited by specific restrictions and cannot be completed 100%.
Typical restrictions come from the maximum power of the gener-
ator, its minimum operational speed or capacity of the battery. The
part of energy that cannot be used for regenerative braking is
transferred to the regular braking system. Distribution of this energy
and efficiency of regenerative braking process are strongly influ-
enced by the strategy applied by the system controller [17].

In electric cars, the electricity consumed by the drive system is
measured at the input to the motor. Similarly, the electricity recov-
ered from the braking process is measured at the generator output.
The recorded result is the difference between the energy taken
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from the battery and that supplied to it from the braking process.
Therefore, if we want to compare the results from the vehicle
on-board system with the results of the traffic analyses, we should
refer to the measuring points indicated above. Fig. 1 shows a
diagram of the energy flow in the drive system of an electric vehicle
with a regenerative braking system.

Measured vehicle
energy consumption
XXX

kWh/100 km

Mechanical |  Electrical

power power
:1 —@ | Controller

Accumulator

Net/Mreg

Fig. 1. Diagram of the energy flow in the drive system of an electric vehicle
with a regenerative braking system

Calculation of the electric energy consumption for driving a
vehicle, which corresponds to energy measured by the on-board
system of the vehicle, can be performed using the following equa-
tion:

EEC =5Ec-m-i—RBSE-m-nreg 9)
Net
where n,; is the efficiency of electric drive system including
electric motor and driveline and 7, is the efficiency of regener-
ative braking system including electric generator and driveline.
The study did not consider the energy self-consumption of the
vehicle, all tests were performed with the cooling or heating system
turned off, and the energy consumption of other comfort systems
(radio, displays, ventilation) was reduced to a minimum.

3. EFFICIENCY OF THE REGENERATIVE BRAKING
PROCESS OF AN ELECTRIC VEHICLE

The analysis was carried out for three selected electric vehicles
whose characteristics are presented in Tab. 1. The first two vehi-
cles were designed for operation in typical urban conditions, and
the third vehicle was equipped with a bigger battery, allowing its
usage in extra-urban conditions also. The specified vehicle mass
includes, in addition to the curb weight, the driver’s weight. Due to
the operating parameters, all vehicles can reach the speed of 120
km/h required in the test.

Tab. 1. Drive system parameters of the tested vehicles

No. Vehicle Mass Power cBa?Jt;iirry
kel | [kW] Wh]
1 Smart EQ 1175 60 17
2 Mazda MX-30 1725 107 35
3 Hyundai loniQ 5 2100 224 72.6

To determine the efficiency of the electric drive and the re-
generation process, a route taking into account typical urban

conditions and bypass roads within the city has been selected in
Gdansk. The route is presented in Fig. 2 with the average speed
(V) distribution. The road has been divided into 100-m-long sec-
tions, to which the average speed has been assigned. Fig. 3 shows
the powered distance share (Lp/L) in indicated road sections. It has
been assumed that the indicated road section can be covered by
the vehicle in two states: powering and regenerative braking.

Average speed [km/h]

0 5 10 15 20 25
Distance [km]
Fig. 2. The average speed (V) [km/h]: (a) distribution over the specified
route and (b) distribution over the travelled distance

To determine the energy consumption and the energy that can
potentially be used in regenerative braking process, the vehicle
motion parameters (geographical coordinates, speed and altitude)
have been determined on the basis of the recorded Global Posi-
tioning System (GPS) parameters. The traction force on the vehicle
wheels has been calculated according to Eq. (4).

The road grade has been calculated using GPS coordinates.
The altitude provided by the GPS receiver (Fig. 4) is not very
accurate for terrestrial applications. The simple geometry of the
system’s satellite components means that the accuracy of the
altitude measurement is about 10 times worse than the horizontal
position measurement [12]. Typical vertical position error in signals
for civilian use is about 5 m. However, the basic problem with the
use of these receivers in road tests is the formation of reflections of
the signal coming from satellite transmitters or its temporary dis-
appearance. In urban conditions, this phenomenon is mainly
caused by the proximity of buildings and the presence of tall
buildings in the immediate vicinity of the road, as well as the
presence of viaducts and tunnels.
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Propelling phase share (LpiL) [-]
(=]
[3,]

0 5 10 15 20 25
Distance [km]

Fig. 3. The powered distance share (Lp/L) [-]: (a) distribution over the
specified route and (b) distribution over the travelled distance

12vDC caN

Fig. 4. GPS receiver used to determine the position of the vehicle and its
altitude. GPS, Global Positioning System

/\ ////—N\h

A 10m

Altitude [m]

AERN

Distance [m]
Fig. 5. Diagram of the division of the travel route in the horizontal direction
into equal sections

Due to the above, the test has been carried out using a cor-
rection of the altitude signal based on phenomenological correc-
tion. The usage of the correction of the altitude signal depended on
the exclusion of points giving greater road grade than allowed by
the regulations. This method makes it possible to eliminate the
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influence of incorrect indications of the GPS regarding the meas-
urement of altitude, as opposed to commonly used digital filtering
methods, which only reduce this influence. The analysed route in
the horizontal plane was divided into intervals of equal length of 10
m, and then the average value of the altitude in each interval
indicated by the GPS was calculated (Fig. 5). The only exception is
the last interval, the length of which results from the difference in
the length of the entire route and values accumulated in the pre-
vious intervals.

Then, the first recorded altitude was connected with the aver-
age value in the middle of each section with straight lines. This way,
a road profile was generated and mapped with straight sections
with a constant horizontal component (except for the first and last
sections). According to Polish regulations, the permissible absolute
road grade for national roads should not exceed 3.7°. It was
assumed that road grades smaller than 4° correspond to the actual
course of the road profile and are marked with a bold line (Fig. 6),
while the road grades which do not correspond to the given condi-
tion are marked with a dotted line. The condition of maintaining the
permissible road grade can then be formulated as follows:

& < Tporm (10)

where « is the road grade and ay,., is the permissible road
grade, assumed to be 4°.

From the point where the incorrectly routed section begins,
alternative road grade is starting, omitting the original altitude and
the initial section is joined to the next one corresponding to the new
road grade (Fig. 6).

— Original signal

A 10m = = Signal after correction (incorrect route)
—— Signal after correction (correct route)

—~ g1 (¢ )

N4
L~

Altitude [m]

>/

A

\4

Distance [m]
Fig. 6. Schematic drawing of phenomenological road profile correction:
thin line — original route, dashed line — incorrect route, bold line —
correct route meeting the condition (10)

In the event that the alternative road grade also fails to meet the
condition of the permissible road grade (dotted line), the procedure
is repeated. This procedure may also be performed in the opposite
direction, if the first road grade, determined on the basis of the
recorded original signal, does not meet the condition (10). In such a
situation, the starting point for mapping the road profile can also be
the first section fulfilling the condition (10), and the procedure of
determining road grade will be carried out both in the forward and in
the reverse directions. Fig. 7 shows an example of the road profile
calculation with the use of phenomenological correction. Details of
the mathematical basis of the method have been presented in
Appendix A.

After calculating the road grade, speed and acceleration of the
vehicle, it was possible to determine the power used to drive the
vehicle and the power that can be used in the regenerative braking
process. Fig. 8 presents the speed of the vehicle and the power
calculated for vehicle No. 2.
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Tab. 2. Parametric description of the route used in tests (calculations
70 | —— Signal after correction | 1 processed for vehicle No. 2)
—— Original signal Distance 21.7 km
o | Average speed 41.9 km/h
50 f . SEC 9.11 J/((Mg*100 km)
% 40 t RBSE 2.86 J/(Mg*100 km)
3 Idling time share 14.7%
< 30 1 Propelling phase share (Lp/L) 70.0%
20 | Average power in propelling mode 10.3 kW
Average power in braking mode 5.1 kW
10 8 RBSE, Regenerative braking specific energy; SEC, specific energy
consumption.
° 0 500 1000 1500 2000 2500 3000 3500

Distance [m]

Fig. 7. Example of the road profile calculation
with the use of phenomenological correction

Based on the relationships (1)—(8), SEC and RBSE have been
determined. The calculations were performed for 100-m-long road
sections. According to Eq. (1), high values of SEC correspond to a
large amount of energy per distance travelled, which technically
corresponds to intensive acceleration of the vehicle, climbing up a
hill or driving at a very high speed. The results of this analysis have
been presented in Figs. 9 and 10. Tab. 2 presents the parametric
description of the route. This route was used in each analysed

case.
(@)
140
120 A
100 G 30 4
- ®
£ 801 c 25
2 60- fg‘g 20 4
& 2s
40 S é 15 1
20 A %E 10
0 500 1000 1500 2000 2]
me s s o 7’ % 2
(b) Di
70 istance [km]
60 Fig. 9. The SEC [J/(Mg*100 km)]: (a) distribution over the specified route
50 A and (b) distribution over the travelled distance. SEC,
40 | specific energy consumption
30 A
§ 20 | ) - - .
5 10 In the first stage of determining the efficiency of regenerative
8 g | braking system, it was necessary to determine the efficiency of the
45 electric drive system. For this purpose, the energy consumption of
20 | vehicle No. 2 with the regenerative braking system turned off has
30 4 been measured. The obtained result is presented in Tab. 3. Due to
40 . : : the lack of technical possibilities to turn off the regenerative braking
b =00 1000 1200 2000 system in the other two vehicles, in further analysis, it was as-
veld sumed that the drive system efficiency is the same in each of the
Fig. 8. The speed (a) of the vehicle and the power (b) calculated tested vehicles.

for vehicle No. 2
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Tab. 3. Energy consumption of vehicle No. 2 with the regenerative braking
system turned off

DOI 10.2478/ama-2023-0035

Tab. 4. Electric energy consumption of the tested vehicles
with the regenerative braking system turned on

Vehicle energy Drive system
Vehicle consumption efficiency [%]
[KWh/100 km] yie

Mazda MX-30 18.1 87

For the assumed route (Fig. 2), tests were conducted with se-
lected cars. The electric energy consumption measurements in
these tests, carried out with the use of the on-board systems, are
presented in Tab. 4. The regenerative braking system was turned
on in all the vehicles used in this test. In the tests, the control
algorithms of the regenerative braking system were not influenced
in any way. The strategies applied to control them were not the
subject of the research and the original strategies implemented by
vehicle manufacturers were used. Regenerative braking system
efficiency was calculated using Eq. (9), where the SEC along with
the RBSE was calculated for the registered route of the vehicle.
The calculated regenerative braking system efficiency refers to the
energy potentially available in a braking process, not to the total
energy consumed by the drive system during operation.

(b)

30

25 4

20

15 4

10

Regenerative braking specific energy (RBSE)
[J(Mg*100 km)]

0 5 10 15 20 25
Distance [km]
Fig. 10. The RBSE [J/(Mg*100 km)]: (a) distribution over the specified

route and (b) distribution over the travelled distance. RBSE,
regenerative braking specific energy
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Vehicle energy Drive sys- Regenerative
Vehicle consumption tem effi- braking system
[kWh/100 km] ciency [%] efficiency [%]
Smart EQ 13.6 87 21
Mazda MX-30 16.0 87 43
Hyundai loniQ 5 15.5 87 77

4. CONCLUSIONS

The presented method of determining the efficiency of regen-
erative braking process requires relatively simple measuring
devices, i.e. a GPS and an on-board energy consumption recording
system. The procedure has been adapted for using the on-board
energy consumption recording system of electric vehicles, which
essentially simplifies the measurement procedure. Thus, the
energy supplied from an external power source for charging the
battery is not measured directly. Instead, the result of the electricity
consumption balance recorded by the vehicle controller is taken
into account.

Technically, the input and output energy can hardly be meas-
ured with sensors mounted on wheels, which enable taking into
account the dual-direction energy flow considering the regenerative
brake [25]. In this work, the applied calculation model was not
verified due to the lack of technical possibility of interfering with the
drive systems of the tested vehicles.

The obtained results enabled the formulation of the following
conclusions:

— The adopted method of identifying vehicle operating conditions
and its usage in the form of distribution of SEC (Fig. 9) and
RBSE parameters (Fig. 10) over the specified route, for defined
100 m long sections, significantly facilitates the calculations of
regenerative braking system efficiency.

— The applied original method consisting in using the on-board
energy consumption recording system for measuring the elec-
tric energy consumption enabled a non-intrusive measurement
of the parameters required to determine the regenerative
braking system efficiency.

— A new phenomenological correction method was used to
eliminate the influence of the incorrect indications of the GPS
on the measured altitude.

— Road tests conducted for three electric vehicles enabled the
measurement and comparison of the braking system efficiency
(9) in real operating conditions.

— The obtained results show that the recuperation system effi-
ciency achieves relatively low values for vehicle No. 1, merely
21%, which corresponds to the lowest electric motor power to
mass relation (51 W/kg), as well as the lowest battery capacity
to mass relation (14 Wh/kg). Vehicle No. 2 achieved 43% effi-
ciency, which corresponds to the electric motor power to mass
relation (62 W/kg) and the battery capacity to mass relation (20
Wh/kg). Vehicle No. 3 achieved the best efficiency amounting
to 77%, which corresponds to the electric motor power to mass
relation (107 W/kg) and the battery capacity to mass relation
(35 Wh/kg). The factor that had a considerable impact on the
results consisted of the wide range of altitude change, which
has a particularly strong influence during long-term braking
combined with going downhill, taking place at the end of the
route section with a registered speed of 100 km/h.
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NOMENCLATURE

a - vehicle acceleration,

Ay —vehicle frontal area,

Cp - vehicle aerodynamic drag coefficient,

C, - vehicle rolling drag coefficient,

E — mechanical energy delivered by drive system to the wheels,

Fe—

traction force,

g —acceleration due to gravity,

ko —

positive traction force factor,

kreg — negative traction force factor,
L - distance covered by the car,

m-

gross vehicle mass,

RBSE - regenerative braking specific energy,

SEC - specific energy consumption,

V - vehicle speed,

a —road grade,

Qperm — Permissible road grade,

& - rotating mass factor,

At - time step,

7.1 — efficiency of electric drive system including electric motor and
driveline,

Nreg — efficiency of regenerative braking system including electric gen-
erator and driveline,

Pair — air density,

CTCRDC - China Typical City Regenerative Driving Cycle

GPS - Global Positioning System,

RDE - Real Driving Emissions.
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Appendix A
Mathematical basis of the phenomenological correction of the road profile

Start
v
Road profile loading: Altitude=f(Distance)
Y
Division of the original travel route in the horizontal direction into equal sections:
A9 ={AT%; AT, L AT AT HorAD = 10m

v
1 =0; istare=0
v
> i=i+1 La—
v
v
Condition checking: @ < aperm
False
, True
J = lstart
v
j=j+1
v

Ajfitt o (lemrt(AD)) ( A°TWG _ gorig )/(letart(AD)) +40Tig

lstm’t lstart

v

Condition checking: j =i

False
True

Condition checking: i = iy

False
i True

Filtered road profile export:
Afite = Jprie. pfit. it af9 Lo AD = 10m
1 2 i lmax

v
End
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