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Abstract: Today, there is a growing shortage of commercial motor fuels in the world. This is due to the tendency to regulate the extraction 
of hydrocarbons, which are the main raw materials for their production; and, therefore, to reduce the import of oil, alternative types of fuel 
for diesel engines based on oils and animal fats are becoming widespread today. In this regard, intensive work is underway to convert  
internal combustion engines to biofuel-based ones both in countries with limited fuel and energy resources and in highly developed  
countries that have the opportunity to purchase liquid energy carriers. Biodiesel fuel (biodiesel, PME, RME, FAME, EMAG, etc.)  
is an environmentally friendly type of biofuel obtained from vegetable and animal fats and used to replace petroleum diesel fuel. According 
to the results of modelling, in the process of using RME B100 biodiesel fuel, we found a reduction in nitrogen dioxide emissions by 21.5% 
and a reduction in soot emissions by 34.5%. This will positively affect the environmental performance of the Sandvik LH514 loader,  
which is especially relevant in closed environments such as mines. So, according to the results of studies of the operation of the DD15  
engine of the Sandvik LH514 loader on commercial and RME B100 biodiesel fuel, it was established that the use of biodiesel fuel leads  
to a deterioration of the mixture, due to which heat generation is reduced and, as a result, fuel consumption increases and engine power 
decreases, but the aspect of environmental indicators constitutes the significant improvement demonstrated by the present work. 
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1. INTRODUCTION 

The use of alternative fuels in internal combustion engines 
(ICE) will lead to a change in the working process in the cylinders 
of the ICE, and this change may lead to a violation of the engine’s 
operating mode, and a decrease in reliability and durability. 

Therefore, the question of researching mixture and heat for-
mation in DD15 diesel engines in the process of using RME B100 
biodiesel fuel is relevant, and the results will help to eliminate or 
reduce negative factors that lead to the deterioration of technical 
and operational indicators of diesel engines. 

Scientists [1–15] have conducted research on methods of re-
ducing emissions of harmful substances and soot by diesel en-
gines in the process of using commercial diesel fuel and biodiesel. 

Thus, in Horibe et al. [1], the effect of reducing smoke after 
fuel injection due to changing the number of nozzle injection holes 
and injection pressure was established. The results showed that 
the smoke output of the six-hole, seven-hole and eight-hole noz-
zles was reduced. It has also been demonstrated in the literature 
[2–5] that additional fuel injection reduces soot emissions of vari-
ous engine designs and at various operating points. Horibe et al. 
[6] investigate the effect of post-injection smoke reduction by 
changing numerous parameters: number of post-injections, post-
injection time, injection pressure, main injection time, intake pres-
sure, number of injection nozzle holes and combustion chamber 
shape. Eismarka et al. [7] found that fuel properties mainly affect 
parameters related to processes near the nozzle, such as ignition 

delay, flame separation distance and air intake by the atomiser.  
A comparative assessment of gasoline and diesel engine emis-
sions was performed in the study of Benajes et al. [8], and the 
results show that the dual-mode fuel concept has the potential for 
implementation in vehicles. In Millo et al. [10], the geometry of the 
piston bottom of a diesel engine was optimised, which contributed 
to the improvement of wall flame development, better mixing of air 
with fuel, and reduction of soot emissions. 

As we can see from the researches discussed above, scien-
tists solve the problem of reducing the toxicity of a diesel engine 
by making changes to the design of parts of the power system, 
which is quite complicated and expensive. 

Scientists [11–15] have also studied the advantages and dis-
advantages of biodiesel fuel and its effect on exhaust gas toxicity 
and engine performance. 

Thus, in the studies of Tuan Hoang [11, 12], to improve the 
mixing process and reduce engine toxicity, biodiesel fuel was 
preheated to 105°C to achieve similarities in some physical prop-
erties and atomisation parameters compared to diesel fuel, but 
emissions did not decrease. Further, the effect of biodiesel on 
engine performance and emissions depending on the oil source is 
established in various studies [13–15], which have used castor oil 
biodiesel (CAB), coconut oil biodiesel (COB), waste cooking oil 
(WCB) and soybean oil biodiesel (SME). 

As we can see from previous studies [11–15], the quality  
of fuel mixing in engine cylinders, as well as its economy  
and environmental friendliness, largely depends on the type  
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and quality of fuel, and biodiesel fuel B100 based on rapeseed oil 
(RME) was not studied in these researches. 

There are also other studies in the literature [16–30] that are 
devoted to discussion of issues pertaining to the influence of 
mixing quality on heat generation processes in diesel engines. 

In Jo et al. [16], the effect of injection pressure, nozzle hole 
diameter and oxygen concentration was investigated. The results 
show that the jet and the separation length at the 30° jet angle 
were smaller than at the 45° jet angle, regardless of the injection 
conditions and oxygen concentration. The development of innova-
tive designs of the diesel piston chamber by Millo et al. [10] and 
Piano et al. [17] demonstrated a significant improvement in the 
development of the wall flame, which led to a decrease in fuel 
consumption and soot emissions from the engine. Jena et al. [18] 
found that fuel properties significantly affect engine combustion 
characteristics. In Sevostyanov et al. [19], new aspects of the 
global problem are considered, including that of increasing the 
efficiency of diesel engines during the time of their operation in 
partial and transient modes. The research made it possible to 
reveal the physical nature of complex hydrodynamic phenomena 
in diesel fuel equipment, which causes the appearance of intercy-
cle instability of fuel supply in the working process of individual 
cylinders. In Li et al. [20], the opposed-piston two-stroke diesel 
engine developed in Abani et al. [21] was investigated. To solve 
the problems of non-uniformity of mixing and economy, a combus-
tion system with lateral swirl is proposed in this work. Additionally, 
combustion parameters were optimised using sensitivity analysis 
and parameter normalisation methods. 

In Huo et al. [22], a comprehensive study of the effect of pis-
ton design on scavenging and combustion in a two-stroke engine 
was carried out, and the results show how an optimised combus-
tion chamber design improves combustion and achieves a bal-
ance between scavenging and combustion, as well as piston 
temperature control. 

Yamauchi et al. [23] and Fuyuto et al. [24] found that the re-
turn flow of hot burnt gas surrounding the diesel flame is one of 
the factors reducing the separation length, that is, the distance 
from the nozzle exit to which the flame spreads. To visualise the 
phenomena occurring in the combustion chamber of the engine, 
Pastor et al. [25] propose the use of optical designs of engines. 

Studies of fuel atomisation in the combustion chamber and its 
mixing with air are carried out in the literature [26–30]. Thus, in 
Yaqing Bo et al. [26], it was established that the influence of injec-
tion pressure on ignition at low temperatures is not systematic. 
Increasing the fuel temperature from 313 K to 353 K [27] affected 
atomisation, while increasing temperature also increased the 
spray cone angle and spray width. On the other side, the de-
crease in spray cone angle and spray width was evident due to 
the decrease in fuel density and viscosity. In Yin et al. [28], the 
results showed that the penetration length of biodiesel liquid was 
longer than that of diesel under the same injection conditions. 

In the study of Raghu and Nallusamy [29], the characteristics 
of biodiesel fuel atomisation in the combustion chamber were 
optimised according to three factors: fuel injection pressure, fuel 
temperature and fuel type. According to the results, it is proved 
that due to the optimisation of these parameters, it is possible to 
achieve optimal conditions of heat release. 

Yu et al. [30] investigated the internal flow in the nozzle and 
the macroscopic characteristics of diesel and biodiesel spraying 
using a proven numerical model and the scattering method. The 
results show that the mass flow rate of diesel is higher than that of 
biodiesel. 

As can be inferred from the literature [16–30], the issue of the 
influence of mixing quality on heat generation processes in diesel 
engines has not been studied adequately, and the influence of 
biodiesel based on RME has not been studied. 

Researches are available in the literature that examine the 
feasibility of a diesel engine running on hydrogenated vegetable 
oil (HVO) [31–33] and pure vegetable oil (PVO) [34, 35]. Accord-
ing to the results obtained [31–33], there was an increase in NOx 
and a decrease in solid particles, soot and carbon oxides in the 
emissions. According to the results of researches conducted by 
Espadafor et al. [34] and Chiaramonti and Prussi [35], a reduction 
in emissions of harmful substances, including SОx, was observed, 
which characterises this fuel as a good substitute for commercial 
diesel fuel. However, the various studies conducted in the relevant 
literature [31–35] do not reveal the process of mixture formation 
and heat release, which accordingly forms the basis of our re-
search. 

So, based on the results of the review of literary sources, we 
found that the process of mixture and heat formation and emis-
sions of harmful components are affected by such factors as fuel 
spray pressure, fuel spray angle, the number of nozzle holes and 
the content of hydrogen and oxygen in the fuel. Given that the 
influence of biodiesel based on RME for these processes is poorly 
studied, this line of research is taken up in the present work. 

2. MATERIALS AND METHODS 

2.1. Methodology for modelling mixture formation  
in diesel engines 

To conduct studies of the work process in the engine, when 
using RME B100 biodiesel fuel, there is a need to use methods of 
system analysis and comparison. System analysis makes it pos-
sible to analyse, using objective criteria of comparative efficiency, 
the influence of factors operating in the working volume of the 
engine on the engine’s performance. 

The method of comparing the influence of factors such as the 
fractional composition of the fuel, cetane number, auto-ignition 
delay period, density, viscosity, calorific value, etc. on work pro-
cesses in internal combustion engines allows us to make assump-
tions about the validity of the accepted assumptions. However, 
based only on the data of such a comparison, it is impossible to 
unequivocally state that the same factor will have the same effect 
on the processes in the internal combustion engine, both when 
using standard fuels and when using alternative analogues. This 
follows from the fact that there are significant differences in the 
flow of work processes in internal combustion engines that use 
only base fuel or fuel with a variable fractional composition. 

Analysis of the problems associated with the use of biodiesel 
fuel in automobile internal combustion engines showed that the 
efficiency of engine operation depends on the following: 

 the ratio between low-boiling, medium and heavy fuel frac-
tions, which significantly affects the nature of the working pro-
cess in the cylinders; 

 the relationship between the fuel supply parameters and gas 
distribution phases of the internal combustion engine; 

 redistribution of the components of the heat balance due to a 
change in the characteristics of the heat supply; 

 the nature and law of heat transfer in the thermodynamic cycle 
of an internal combustion engine operating on biodiesel fuel. 
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The method of direct analogy between the processes in an in-
ternal combustion engine operating on standard fuels with the 
working processes in an internal combustion engine in the case of 
using biodiesel fuel makes it possible to find such solutions that 
allow us to ensure acceptable characteristics of heat release, as 
well as preserve or reduce the thermal stress of the elements of 
the internal combustion engine, which will improve environmental 
indicators. 

The method of physical modelling of work processes in inter-
nal combustion engines using biodiesel fuel will not only allow the 
determination of the adequacy of the mathematical model and the 
validity of the assumptions made in the work but also enable the 
efficiency, fuel economy, reliability and durability of the engine to 
be ensured. 

Mathematical modelling of the working process in an internal 
combustion engine in the case of using biodiesel fuel will allow us 
to determine the nature of the flow processes in the engine cylin-
ders, to determine the influence of fuel parameters on the nature 
of the working process and the thermodynamic efficiency of the 
engine as a whole, and to develop methods for calculating the 
working cycle of the engine. 

In the implementation of the mathematical model, a modified 
Euler method was used, which has satisfactory convergence and 
gives fairly accurate results.  

During the development of the research methodology of the 
work process in diesel engines using biodiesel fuel, the following 
areas were highlighted: 

 analysis of the problem associated with the use of biodiesel 
fuel in diesel engines, as well as analysis of factors affecting 
the work process; 

 establishment of the influence of biodiesel fuel on mixture 
formation in internal combustion engines using mathematical 
modelling;  

 proposal of ways to improve the work process in the internal 
combustion engine when using biodiesel fuel. 
When using the original system of equations, generally ac-

cepted assumptions are made: about the homogeneity of the 
thermodynamic system, about the validity of the Mendeleev-
Clapeyron equation of state, and about the dependence of the 
properties of the working body on composition and temperature. 

The main difficulty in calculating the work processes that take 
place in an internal combustion engine cylinder is the determina-

tion of the dynamics of heat release dx/dFi  F(φ) for calculating 
the amount of added heat at each calculation step: 

𝑄𝑥 = ξ𝑎 ⋅ 𝑞𝑐 ⋅ 𝐻𝑢 ⋅
𝑑𝑥

𝑑𝐹𝑖
⋅ Δ𝐹𝑖,                                                  (1) 

where Hu represents the lower heat of fuel combustion, ΔFi the 

calculated time step and ξ
𝑎
the factor accounting for heat loss due 

to incomplete combustion of fuel. 
Nowadays, the Wiebe formula is widely used to calculate the 

rate of heat release, dx/dFi. However, its use for calculating work-
ing processes in diesel engines can be justified only if the fuel 
supply parameters will not change in the study, since the formula 
does not consider several determining physical processes. 
Wiebe’s method is quite suitable for calculating the combustion 
process in gasoline and gas internal combustion engines. 

The theoretically necessary amount of air for the combustion 
of 1 kg of fuel is determined from the equation of the combustion 
reactions of the elemental composition of the fuel: 

𝑙0 =
𝑚𝑎𝑖𝑟

0.21
⋅ (

𝐶

12
+

𝐻

4
+

𝑆

32
−

𝑂

32
),                                          (2) 

where 𝑚𝑎𝑖𝑟  28.9 is the molecular weight of air, and C, H, S and 

O represent the elementary mass composition of 1 kg of fuel. 
We have implemented a modelling technique based on the 

works of Professor N.F. Razleitseva, which was later refined by 
A.S. Kuleshov. This method, with sufficient speed, allows consid-
eration of the design features of the fuel equipment, the nature of 
injection, and the dynamics of the development of fuel jets, includ-
ing the interaction of their products with walls of arbitrary shape 
and with each other. 

In the refined model of heat release, as well as in the simpli-
fied one, four periods are distinguished, which differ in physical 
and chemical features and factors limiting the speed of the pro-
cess: 

 the self-ignition delay period; 

 the outbreak start period; 

 the period of controlled combustion in the fuel supply area 
after the flash; 

 the period of diffusion combustion after the end of the fuel 
supply. 
A model is conceptually described below, which additionally 

considers several significant factors, including the distribution of 
part of the fuel on the walls of the chamber in the piston, on the 
walls of the cylinder cover and on the cylinder mirror, and the 
conditions of fuel evaporation under the conditions of specific 
temperatures of these walls. Additionally, the model considers the 
influence of the tangential vortex, both on the free jet and on the 
wall flow formed by it. The conditions of the collision of a de-
formed jet vortex with a wall of arbitrary shape and the interaction 
of the wall flows of neighbouring jets with each other are consid-
ered. 

The calculation of mixture formation and combustion is carried 
out in increments of 0.2° ... 1° rotation of the crankshaft. 

The average fuel flow rate from the injector nozzle is given as 
the following: 

𝑈0𝑚  
24⋅𝑔𝑐⋅𝑛

0.75⋅𝜌𝑓⋅𝑑𝑐⋅𝑖𝑐⋅𝜑𝑑𝑖
,                                                               (3) 

where qc indicates the cyclic fuel supply, n the crankshaft rotation 
frequency, ρf the fuel density, dс and iс the diameter and number 

of sprayer nozzles, respectively, and ϕdi the duration of injection. 

The instantaneous flow rate of fuel from the nozzle atomiser 

U0  U0m 

 dσ/dφ, where dσ/dφ represents the dimensionless 

differential characteristic of injection. 
The criterion М can be expressed as:  

𝑀 = μ𝑓
2/(𝑑𝑐 ⋅ ρ𝑓 ⋅ σ𝑓),                                                            (4) 

where μf represents the coefficient of dynamic viscosity of fuel at 
323 К, and σf the coefficient of surface tension of fuel at 323 К. 

The Weber criterion can be expressed as: 

𝑊𝑒 = 𝑈0𝑚
2 ⋅ ρ𝑓 ⋅ 𝑑𝑐/σ𝑓 .                                                            (5) 

The criterion E can be expressed as: 

𝐸 = τ𝑆
2 ⋅ σ𝑓/(ρ𝑓 ⋅ 𝑑𝑐

2),                                                             (6) 

where τ𝑆  represents the time from the start of injection. 
The simplex can be expressed as: 

𝜌 = 𝜌𝑎𝑖𝑟/𝜌𝑚,                                                                             (7) 

where ρair represents air density at the end of the compression 
stroke. 
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The average surface diameter of droplets (Sauter diameter), 
in micrometre, is given as: 

𝑑32 = 106 ⋅ 𝐸32 ⋅ 𝑑𝑐 ⋅ 𝑀
0.0733/(𝜌 ⋅ 𝑊𝑒)

0.266                        (8) 

where E32 indicates the empirical coefficient. 
According to the model described above, in the main area of 

the jet development, each elementary portion of injected fuel 
moves in the axial core of the jet up to its top, where this portion is 
pushed to the periphery of the jet, decelerates sharply until the 
initial speed is completely lost, and fills the shell of the jet. Part of 
the mass of the elementary portion of the fuel is dispersed in the 
shell of the jet along the path of movement to the front. 

2.2. Calculation scheme of the development of the fuel jet  
in    the wall zone 

The scheme of the development of the jet in the wall zone is 
presented in Fig. 1. During the impact of the front of the jet on the 
wall, a cone-shaped condensed fuel-gas layer (7) is formed on it 
within the spot, formed by the intersection of the cone of the jet 
with the surface of the wall. After the rapid formation of the jet 
front on the wall, the fuel will begin to spread beyond the initial 
spot. The high-speed axial flow of the jet, hitting the wall, com-
pacts the wall layer and pushes its boundaries, and part of the 
flow moves above this layer to its periphery. The shape of the wall 
spot and the speed of its spreading in different directions depend 
on the angle of the jet meeting the wall and the influence of air 
turbulence. 

 
Fig. 1. Calculation scheme of the fuel jet of one injector hole: (1) rarefied         

shell of the jet; (2) compacted axial core; (3) compacted front;  
(4) rarefied PP shell; (5) compacted PP core; (6) the front line  
of the PP; (7) cone-shaped axial core PP; (8) cylinder;  
(9) piston; (10) nozzle 

The advance of the fuel along the wall slows down compared 
to the free development of the jet due to the friction of the flow 
against the wall, the dissipation of the kinetic energy of the jet with 
drops reflected from the wall, etc. Additionally, the movement of 
the wall flow is affected by the air vortex in the combustion cham-
ber, the intensity of which is given by the vortex number H. 

The wall flow is heterogeneous in structure, density and tem-
perature, which complicates the calculation of fuel evaporation. 
Therefore, it is advisable to distinguish three characteristic zones 
with averaged heat and mass transfer rates in the wall flow, as 
well as in the free jet. 

The first zone is the cone formation of the axial core (7) on the 
wall, which is formed when the jet front is placed on the wall. In 
the future, the composition of this core would be continuously 

updated due to new masses of fuel flying up to the wall. However, 
the total proportion of fuel in it changes little during the injection 
process. 

The second zone is the wall layer of fuel, spreading beyond 
the initial spot (5). It can be considered as an analogue of an axial 
core in a free jet (2) in the main area of its development. 

The third zone is a rarefied shell (4) above the wall layer, 
where part of the fuel slows down in the front (6) of the wall flow 
passes. 

When the fuel spreads along the wall, and it spreads in all di-
rections, the wall flow, which is also deformed by the vortex, may 
cross a characteristic boundary that separates zones with different 
conditions of fuel evaporation and combustion, for example, the 
transition from the side inclined to the horizontal surface of the 
bottom of the piston, the surface cylinder mirrors, etc. It is also 
possible to close the wall flow of neighbouring jets. In all these 
cases, the mass of fuel that has crossed the border is found from 
the solution of the geometric problem of the intersection of the 
oval formed by spots from the wall fuel flows. 

If the calculated height of the front of the wall flow on the pis-
ton crest is greater than the height above the piston gap, then part 
of the fuel from the shell and core of the wall flow pops onto the 
cylinder head. 

The study of the evaporation of atomised fuel in the combus-
tion chamber and on the walls, as well as the calculation of the 
dynamics of heat release on different types of diesel fuel, is car-
ried out using mathematical modelling. Heat supply is carried out 
according to a mixed scheme (Trinkler–Sabot cycle). 

3. RESULTS AND DISCUSSION 

3.1. Modelling of mixture and heat generation parameters  
in diesel engines during the use of diesel fuel 

For modelling, we choose the DD15 engine of the Sandvik 
LH514 loader, whose brief characteristics are given in Tab. 1, 
using the Diesel-RK software complex. 

The reference indicator for comparison will be the parameters 
obtained for the selected DD15 engine in the process of using 

commercial diesel fuel at full loads (n  1,800 rpm). 
According to the generally accepted description of the fuel jet 

(Fig. 1), it has a cone-shaped appearance and is denser in its 
central part than on the periphery. When the jet of fuel is evenly 
filled with drops, then on the image it is depicted in approximately 
one shade, or vice versa. 

Tab. 1. Brief technical characteristics of the DD15 engine 

Parameter name Units Parameter value 

Number of cylinders - V8 

Cylinder diameter mm 130 

Piston stroke mm 139 

Number of nozzle holes - 3 

Torque Nm 1,559–1,830 (1,200 rmp.) 

Working volume l 11.1 

Engine power kW 
246–272 

(1,800–2,100 RMP) 

Application - 
Mining and automotive 

equipment 
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Fig. 2 shows the results of studies of diesel atomisation pa-
rameters that comply with DSTU 7687:2015 for the DD15 engine. 
According to the results of these studies (Fig. 2), the main propor-
tion of fuel, 0.71, is located in the shell of the jet, which contributes 
to better mixing of fuel with air. In the core of the wall, there is 
0.15 of fuel, which will spread over the walls and mix poorly with 
air. 

 
Fig. 2. Distribution of fuel by the spray torch zones of the DD15 engine  

of the Sandvik LH514 loader: (1) the proportion of fuel in the jet 
envelope; (2) the proportion of fuel in the wall core; (3) the propor-
tion of fuel in the jet core; (4) the proportion of fuel in the front of 
the free jet; (5) the proportion of fuel in the intersection zones of 
wall flows 

The rest of the fuel will be located in the core of the jet, the 
front of the free jet and the intersection zones of the wall flows, 
and will partially participate in the mixture formation and contribute 
to the mixing of the fuel–air mixture. 

 
Fig. 3. Dependence of fuel flow rate U0 and heat release dx/dFi on the 

angle of rotation of the crankshaft of the DD15 engine of the 
Sandvik LH514 loader: (1) fuel flow rate; (2) rate of heat release 

Fig. 3 graphically displays the dependence of the fuel flow rate 
and heat release parameters (U0 and dx/dFi, respectively) on the 
angle of rotation of the crankshaft for the DD15 engine of the 
Sandvik LH514 loader. As can be seen, the speed of fuel flow and 
heat release occurs instantaneously in a jump-like manner during 

5°–7° of rotation of the crankshaft, which positively affects the 
power and economy of the engine. 

The main part of heat release (Fig. 4) occurs at the angle of 
rotation of the crankshaft of 20°–25°, which is related to the pre-
vious graph since the speed of fuel flow and heat release occurs 
at this moment. 

 
Fig. 4. Dependence of the share of heat release x on the angle of rotation 

of the crankshaft of the DD15 engine of the Sandvik LH514 loader 

3.2. Modelling of mixture and heat generation in diesel 
engines during the use of biodiesel fuel 

 
In the process of using RME B100 biodiesel, the characteris-

tics of which are shown in Tab. 2, several indicators were ob-
tained, as presented in Figs. 5–7. 

However, considering the external characteristics of fuel jet 
spraying, the analysis of the obtained images showed that the use 
of RME B100 biodiesel leads to the following consequences: 

 an increase in the average diameter of fuel drops; 

 an increase in the range of the jet together with a decrease in 
its width; 

 the assumption of a conical shape by the contour of the torch; 

 the observation of an aggravation at its peak, from which it 
can be assumed that there is, to some extent, an over-
enrichment of the jet’s core; and 

 a decrease in the opening angle of the torch. 

Tab. 2. Basic physical and chemical parameters of diesel fuel 
according to DSTU 7688:2015 and RME B100 biodiesel 
fuel 

Indicator name Units Value for 
diesel fuel 

Value for 

RME В100 

Chemical composition: 

 

С 

Н 

О 

% 

 

 

 

 

87 

12.6 

0.4 

 

 

77 

12.1 

10.9 

Sulphur content % 0.001 0.0015 

Lower heat of combustion MJ/kg 42.5 39.45 

Cetane number - 51 54.4 

Density at a temperature of 
323 K 

kg/m3 820–845 874 

Saturated vapour pressure 
at a temperature of 481 K 

bar - 0.001 

Molecular weight kg/kmol - 296 
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All these listed factors lead to a worse distribution of fuel in the 
zones of the spray torch, as shown in Fig. 5. Only 63% of the fuel 
is in the jet shell, which leads to poor mixing of fuel with air. In the 
core of the wall, there is 13% of the fuel, which will spread over 
the walls and mix poorly with air. 

The remaining 24% of the fuel will be in the core of the jet, the 
front of the free jet and the intersection zones of the wall flows, 
and will partially participate in the mixture formation. 

Fig. 6 graphically displays the dependence of the fuel flow rate 
and heat release parameters (U0 and dx/dFi, respectively) on the 
angle of rotation of the crankshaft for the DD15 engine of the 
Sandvik LH514 loader in the process of using the RME B100. 

 
Fig. 5. Distribution of fuel in the zones of the spray torch during the 

operation of the DD15 engine of the Sandvik LH514 loader:  
(1) the proportion of fuel in the jet envelope; (2) the proportion  
of fuel in the wall core; (3) the proportion of fuel in the jet core;  
(4) the proportion of fuel in the front of the free jet;  
(5) the proportion of fuel in the intersection zones of wall flows 

 
Fig. 6. Dependence of the rate of heat release dx/dFi and fuel leakage 

U0 on the angle of rotation of the crankshaft during the operation 
of the DD15 engine of the Sandvik LH514 loader on RME B100 
biodiesel fuel: (1) fuel flow rate; (2) rate of heat release 

As can be seen from Fig. 6, the speed of fuel flow and heat re-
lease occurs with a delay, by 8°–10° of rotation of the crankshaft, 
which will lead to an increase in fuel consumption and a decrease 
in engine power. 

The main share of heat release of 80% (Fig. 7) occurs at the 
angle of rotation of the crankshaft of 102° relative to the bottom 
dead centre, which is related to the previous graph, since the 
speed of the fuel flow and release decreases. 

 

We also modelled emissions of NO2 and soot from the DD15 
engine of the Sandvik LH514 loader in the process of using diesel 
fuel and RME B100 biodiesel (Fig. 8). 

 
Fig. 7. Dependence of the share of heat release х on the angle of rotation 

of the crankshaft during the operation of the DD15 engine of the 
Sandvik LH514 loader on RME B100 biodiesel fuel 

 
Fig. 8. Emissions of nitrogen oxides and soot from the DD15 engine of 

the Sandvik LH514 loader when running on diesel and RME B100 
biodiesel: NO2 emissions (1) when using diesel fuel; (2) when us-
ing RME B100 biodiesel fuel; soot emissions (3) when using die-
sel fuel; (4) when using RME B100 biodiesel 

Based on the simulation results demonstrated in Fig. 8, we 
may infer that we have managed, in the process of using RME 
B100 biodiesel fuel, to improve the environmental performance of 
the diesel engine. A reduction in nitrogen dioxide emissions by 
21.5% and a reduction in soot emissions by 34.5% were obtained. 
This can be explained by a decrease in the combustion tempera-
ture of biodiesel fuel by 7% and a decrease in the carbon content 
of the fuel by 11.5%. 

3. CONCLUSION 

In the process of modelling the mixture and heat generation 
parameters using the Diesel-RK software complex during the use 
of RME B100 biodiesel fuel on the DD15 engine of the Sandvik 
LH514 loader, the presence of the following phenomena was 
established: an increase in the average diameter of fuel drops; a 
recorded increase in the long-range of the jet together with a 
decrease in its width; the assumption of a conical shape by the 
contour of the torch; the observation of an aggravation at its peak, 
from which it can be assumed that there is, to some extent, an 
over-enrichment of the jet’s core; and a decrease in the opening 
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angle of the torch. The listed factors lead to a worse distribution of 
fuel in the zones of the spray torch. Only 63% of the fuel is in the 
jet shell, which leads to poor mixing of fuel with air. In the core of 
the wall, there is 13% of the fuel, which will spread over the walls 
and mix poorly with air. The remaining 24% of the fuel will be in 
the core of the jet, the front of the free jet and the intersection 
zones of the wall flows, and will partially participate in the mixture 
formation. 

The use of RME B100 biodiesel leads to a delay in heat re-
lease by 8°–10° of crankshaft rotation, which in turn leads to a 
slight increase in fuel consumption and a decrease in engine 
power by 7%. 

According to the results of mowing in the process of using 
RME B100 biodiesel fuel, we determined a decrease in nitrogen 
dioxide emissions by 21.5% and a decrease in soot emissions by 
34.5%. This will positively affect the environmental performance of 
the Sandvik LH514 loader, which is especially relevant in closed 
environments such as mines. 

So, according to the results of studies of the operation of the 
DD15 engine of the Sandvik LH514 loader on commercial and 
RME B100 biodiesel fuel, it was established that the use of bio-
diesel fuel leads to a deterioration of the mixture, due to which 
heat generation is reduced and, as a result, fuel consumption 
increases and engine power decreases, but the aspect of envi-
ronmental indicators constitutes the significant improvement 
demonstrated by the present work. 

Accordingly, in consideration of these results, further research 
should be directed at improving mixture formation in the process 
of using biodiesel fuel, and one of the options for accomplishing 
this would be improving the geometric shapes of the combustion 
chamber. 

Also, in the future, our work will be oriented towards the study 
of the performance indicators of the diesel engine in the process 
of using biodiesel fuel based on rapeseed oil. 
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Abstract: The construction of explicit structures of conserved vectors plays diverse crucial roles in the study of nonlinear science inclusive 
of the fact that they are invoked in developing appropriate numerical schemes and for other mathematical analyses. Therefore,  
in this paper, we examine the conserved quantities of a nonlinear wave equation, existing in three dimensions, and highlight  
their applications in physical sciences. The robust technique of the Lie group theory of differential equations (DEs) is invoked to achieve 
analytic solutions to the equation. This technique is used in a systematic way to generate the Lie point symmetries of the equation  
under study. Consequently, an optimal system of one-dimensional (1-D) Lie subalgebras related to the equation is obtained. Thereafter, 
we engage the formal Lagrangian of the nonlinear wave equation in conjunction with various gained subalgebras to construct conservation 
laws of the equation under study using Ibragimov’s theorem for conserved vectors. 

Key words: A nonlinear wave equation in three dimensions, Lie group theory of differential equations, 1-D optimal system of subalgebras,  
                   formal Lagrangian, conserved vectors 

1. INTRODUCTION 

In recent years, intensive investigations have been diverted in-
to nonlinear partial differential equations (NLPDEs) alongside their 
exact travelling wave solutions since many physical phenomena 
are represented using these NLPDEs. Nonlinearity is a captivating 
and enthralling element of nature. Scientists in their numbers have 
deemed it fit to contemplate nonlinear science as the most signifi-
cant frontier for the fundamental comprehension of nature. Some 
of these models include a generalised system of three-
dimensional variable-coefficient modified Kadomtsev–Petviashvili-
Burgers-type equations in Gao’s research [1], which has been 
examined in the present study. Adeyemo et al.’s research [2] 
studies the generalised advection-diffusion equation, which is a 
NLPDE in fluid mechanics, characterising the motion of buoyancy-
propelled plumes in a bent-on absorptive medium. Moreover, in 
the study of Khalique and Adeyemo [3], a generalised Korteweg-
de Vries-Zakharov-Kuznetsov equation was studied. This equa-
tion delineates mixtures of warm adiabatic fluid and hot isothermal 
fluid, as well as cold immobile background species applicable in 
fluid dynamics. The modified and generalised Zakharov-
Kuznetsov model, which recounts the ion-acoustic drift solitary 
waves existing in a magnetoplasma with electron-positron-ion that 
are found in the primordial universe, was investigated in Du et 
al.’s study [4]. This equation was engaged in modelling ion-
acoustic, dust-magneto-acoustic, quantum-dust-ion-acoustic 
and/or dust-ion-acoustic waves in one of the cosmic or laboratory 
dusty plasmas. Moreover, in Zhang et al.’s study [5], the vector 
bright solitons, as well as their interaction characteristics in the 
coupled Fokas-Lenells system modelling the femtosecond optical 

pulses in a birefringent optical fibre, were examined. In addition, 
the Boussinesq-Burgers-type system of equations that delineates 
shallow-water waves appearing close to lakes or ocean beaches 
was studied in Gao et al.’s research [6]; the list goes on and on, 
as can be seen in the literature [7–20]. 

It is revealed that no general and well-structured technique ex-
isted in gaining various exact travelling wave solutions of 
NLPDEs. However, various sound and efficient techniques have 
arisen lately to secure a lasting solution to this seemingly 
neverending problem. 

In consequence, we present some of these techniques as 

𝑒𝑥𝑝(−𝛷(𝜂))-expansion technique [18], Painlev´e expansion 
[19], bifurcation technique [20], ansatz technique [21], homotopy 
perturbation technique [22], extended homoclinic test approach 
[23], mapping and extended mapping technique [17], tanh-coth 
approach [24], generalised unified technique [25], Adomian de-
composition approach [26], Cole-Hopf transformation approach 
[27], B¨acklund transformation [28], F-expansion technique [29], 
rational expansion technique [30], tan-cot method [31], Lie sym-
metry analysis [32, 33], Hirota technique [34], extended simplest 
equation method [35], Darboux transformation [36], the G′-
expansion technique [37], tanh-function technique [38], Kudryash-
ov technique [39], sine-Gordon equation expansion technique [40] 
and exponential function technique [41], to name a few. 

There are a vast number of partial differential equations (DEs) 
that explicate nonlinear wave motion. One of them is the Ka-
domtsev–Petviashvili equation (KP) (usually abbreviated as KP, 
although we use the acronym KPSH for Kadomtsev–Petviashvili 
equation in the present case) existing in the field of mathematical 
physics. Moreover, it has been well-established that investigating 
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diverse nonlinear phenomena in studying nonlinear waves is 
significant. 

There are various versions of KPSH studied by many re-
searchers. One among these is the Kadomtsev–Petviashvili equa-
tion in three dimensions, given as [42]: 

(𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥)𝑥 ± 3𝑢𝑦𝑦 ± 3𝑢𝑧𝑧 = 0                        (1.1) 

This equation can be traced back to the classic work carried 
out in 1970 by the Soviet physicists Kadomtsev and Petviashvili 
[43]. Eq. (1.1) models waves involved in a situation whereby water 
wavelength and water depth ratio is very small in the context of 
nonlinear restoring forces that are insubstantial. Besides, it is 
ascertained to be a generalised version of the Korteweg-de Vries 
(KdV) – an equation that was named after two Dutch mathemati-
cians, namely Korteweg and De Vries [44]. On the analysis of Eq. 
(1.1), uux delineates the nonlinearity part of the wave equation 
and the last two terms portray diffractive divergence, while the 
highest term depicts weak dispersion [45]. The “±” sign attached 
to the last two terms relates to the positive or negative magnitude 
of dispersion. Since then, a good number of researchers have 
investigated Eq. (1.1) [e.g. 46–51]. Diverse studies carried out on 
the equation ranged from the achievement of Painlev´e analysis 
[48], construction of their closed-form multiple wave solutions [49] 
and the establishment of the stability property of their soliton [50] 
to the decision of their integrability features [51]. 

The (3+1)-dimensional generalised KPSH equation that reads 
[52]: 

𝑢𝑡𝑥 + 𝑢𝑡𝑦 + 3𝑢𝑥𝑢𝑥𝑦 + 3𝑢𝑥𝑥𝑢𝑦 + 𝑢𝑥𝑥𝑥𝑦 − 𝑢𝑧𝑧 = 0,        (1.2) 

was  examined  by  the  authors  using  Plu¨cker relation for de-
terminants to gain one Wronskian solution to it. In addition, the 
Jacobi identity for determinants in the same work was implored to 
secure a Grammian solution. Moreover, multiple solitons as well 
as multiple singular solitons were also achieved for Eq. (1.2) in 
Wazwaz’s research [53] by utilising a simplified structure of Hiro-
ta’s technique. The investigations conducted in Wazwaz’s re-
search [53] revealed the prevalence of a contrast between their 
results and those gained in Ma et al.’s study [52] with regard to 
spatial variable z. Later, in the research of Wazwaz and El-
Tantawy [54], a new form of the (3 + 1)-dimensional generalised 
KPSH Eq. (1.2) was introduced with the addition of utz, thus 
yielding 

𝑢𝑡𝑥 + 𝑢𝑡𝑦 + 𝑢𝑡𝑧 + 3𝑢𝑥𝑢𝑥𝑦 + 3𝑢𝑥𝑥𝑢𝑦 + 𝑢𝑥𝑥𝑥𝑦 − 𝑢𝑧𝑧 = 0.  (1.3) 

In their investigation, Wazwaz and El-Tantawy [54] made 
known the fact that the new term added significantly impacted the 
dispersion relations. Further, they implored Hirota’s direct ap-
proach to decide multiple soliton solutions of the equation. Be-
sides, Eq. (1.3) was studied in Liu et al.’s research [55], where its 
analytic solutions were achieved via Hirota’s bilinear technique as 
well as an extended homoclinic test approach. 

We contemplate a two-dimensional Kadomtsev–Petviashvili 
equation, expressed as [56, 57]: 

𝑢𝑡𝑥 − 6𝑢
2 − 6𝑢𝑢𝑥𝑥 + 𝑢𝑥𝑥𝑥𝑥 + 3𝑢𝑦𝑦 = 0.                         (1.4) 

This version of the Kadomtsev–Petviashvili equation deline-
ates the evolution of nonlinear together with long waves, posses-
sive of small amplitude that slowly depends on its transverse 
coordinate. In deriving a completely integrable Eq. (1.4), the re-
striction that the waves be strictly one-dimensional was relaxed by 
Kadomtsev and Petviashvili [56, 58]. Besides, Eq. (1.4) delineates 

the evolution of shallow-water waves given in terms of a quasi-
one-dimensional, especially in the presence of negligible surface 
tension and viscose effect. 

Eq. (1.4) has been invoked in modelling diverse natural occur-
rences ranging from tsunami wave that travels in a non-
homogeneous domain, emerging at the ocean base, to the study 
of water waves [59]. Moreover, it also surfaced in the analysis of 
nonlinear ion-acoustic waves existent in a magnetised dusty 
plasma [60]. A variety of research output for Eq. (1.4) has been 
achieved over the past few years. Resultantly, travelling wave 
solutions in the studies of Borhanifar et al. [61] and Khan and 
Akbar [62] and rogue wave, as well as a pair of resonance stripe 
solitons in Zhang et al.’s study [63], have been achieved for Eq. 
(1.4). Khalique [64] carried out symmetry reductions of the equa-
tion and also derived its conserved currents. In Zhao and Ma [65], 
the Hirota bilinear structure of Eq. (1.4) was implored in gaining 
mixed lump-kink solutions via Maple software. Further, rational 
lump solutions alongside line soliton pairs were established for 
Eq. (1.4) by engaging exponential alongside positive quadratic 
functions [66]. 

In this work, we seek to investigate conservation laws of the 
Kadomtsev–Petviashvili-like equation in three dimensions, which 
we abbreviated as 3D-extKPLEq and expressed as [67]. 

𝑢𝑡𝑥 +
3

2
𝑢3𝑢𝑥 +

3

2
𝑢2𝑢𝑥𝑥 + 3𝑢𝑢𝑥

2 + 3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧 = 0.  

(1.5) 

Eq. (1.5) was introduced as an extended Kadomtsev–
Petviashvili-like equation through the use of a generalised bilinear 
DE. In their investigation, the bilinear representations in the Hirota 
sense were engaged by the authors alongside a certain transfor-
mation to derive Eq. (1.5). Moreover, based on generalised biline-
ar equation alongside Bell polynomial theories [68], the authors 
achieved 18 classes of rational solutions Eq. (1.5) through sym-
bolic computation. Besides, Adeyemo and Khalique [69], in con-
sonance with Lie symmetry reduction, utilised Kudryashov’s tech-
nique to secure some closed-form solutions of Eq. (1.5). They 
also achieved a power series solution of the equation. Further-
more, Adeyemo and Khalique [70] went ahead to carry out a more 
detailed reduction process where various group-invariant solutions 
associated with the equation were calculated through the use of 
an optimal system of subalgebras. In consequence, various solu-
tions that are noteworthy were obtained in the process. 

However, this research work examines 3D-extKPLEq (1.5) 
explicitly through the use of the optimal system of subalgebras 
obtained from the Lie group technique to achieve various new 
conserved quantities of the equation. In plain terms, we state 
categorically that the work explicated in this study reveals a copi-
ous Lie group analysis of Eq. (1.5) where an optimal system is 
computed to obtain results, and for this reason the approach 
adopted in the present study may be adjudged novel. Thus, we 
organise the rest of this article in the following manner. In Section 
2, we outline the methodical way of securing the Lie point symme-
tries via Lie group analysis of Eq. (1.5). We further calculate the 
Lie group transformation associated with the Lie point symmetries. 
Section 3 purveys the detailed steps taken in the construction of 
an optimal system of subalgebras using the computed symme-
tries. Section 4 furnishes us with the conservation laws of 3D-
extKPLEq (1.5) by invoking Ibragimov’s conserved vectors theo-
rem via the associated formal Lagrangian. In addition, the applica-
tions of the obtained results in physical sciences are outlined. 
Later, the concluding remarks follow. 
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2. LIE GROUP ANALYSIS OF 3D-extKPLEq (1.5) 

This section presents a systematic computation of the classi-
cal Lie symmetries of 3D-extKPLEq (1.5), which shall be used in 
the construction of an optimal system of one-dimensional Lie 
subalgebra. This, in turn, occasions the copious construction of 
conserved vectors related to the equation that is under study. 

2.1 Determination of Lie point symmetries of Eq. (1.5) 

The crucial step involved in the Lie symmetry technique [32, 
33] is to determine the symmetry of NLPDEs. Thus, this subsec-
tion gives a detailed way of obtaining the infinitesimal generators 
of symmetries as well as geometric vector fields for the 3D-
extKPLEq (1.5). Now, we examine an infinitesimal generator of 
Eq. (1.5) structured as 

𝒬 = 𝜉1
∂

∂𝑡
+ 𝜉2

∂

∂𝑥
+ 𝜉3

∂

∂𝑦
+ 𝜉4

∂

∂𝑧
+ ϑ

∂

∂𝑢
,         

with the coefficient functions (ξ1, ξ2, ξ3, ξ4, ϑ), all depending on (t, 
x, y, z, u). 

Theorem 2.1 Let vector Q be the infinitesimal generators of 
the classical Lie point symmetry group of 3D-extKPLEq (1.5) 

where 𝜉𝑖 , 𝑖 = 1,2,3,4 and ϑ are smooth functions of (t, x, y, z, u); 
then, we generate solutions that are of the form [69, 70]: 

𝜉1 = c1 +
3c6𝑡

2
, 𝜉2 =

1

2
(2c2 + c6𝑥 − c4𝑦 − c8𝑧),

𝜉3 = c3 + c4𝑡 + c6𝑦 − c7𝑧,

𝜉4 = c5 + c8𝑡 + c7𝑦 + c6𝑧, ϑ = −
c6𝑢

2
.

}    (2.6) 

with 𝑐𝑖𝑠, ∀𝑖 = 1,2,3,4,5,7 regarded as arbitrary constants of 
solution.  

Proof Vector Q generates all the classical Lie point symme-
tries of Eq. (1.5) if the symmetry invariant condition given as 

𝑝𝑟(2)𝒬 [
𝑢𝑡𝑥 +

3

2
𝑢3𝑢𝑥 +

3

2
𝑢2𝑢𝑥𝑥

+3𝑢𝑢𝑥
2 + 3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧

] = 0,         (2.7) 

anytime. 

𝑢𝑡𝑥 +
3

2
𝑢3𝑢𝑥 +

3

2
𝑢2𝑢𝑥𝑥 + 3𝑢𝑢𝑥

2 + 3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧 = 0 

holds in which 𝑝𝑟(2)𝒬 stands for the second prolongation  
of vector 𝒬, and it is expressed as 

𝑝𝑟(2)𝒬 = 𝒬 + 𝜂𝑡 ∂𝑢𝑡 + 𝜂
𝑥 ∂𝑢𝑥 + 𝜂

𝑡𝑥 ∂𝑢𝑡𝑥
+𝜂𝑥𝑥 ∂𝑢𝑥𝑥 + 𝜂

𝑦𝑦 ∂𝑢𝑦𝑦 + 𝜂
𝑧𝑧 ∂𝑢𝑧𝑧 ,

                   (2.8) 

representing the coefficient functions in pr(2)Q and the total deriv-
atives Di in Eq. (2.9), given too in general form as 

𝜂𝑖 = 𝐷𝑖(ϑ) − 𝑢𝑗𝐷𝑖(𝜉
𝑗),

𝜂𝑖𝑗 = 𝐷𝑗(𝜂
𝑖) − 𝑢𝑖𝑘𝐷𝑗(𝜉

𝑘), 𝑖𝑗𝑘 = 1,2,3,4,
           (2.9) 

representing the coefficient functions in 𝑝𝑟(2)𝒬 and the total 

derivatives 𝐷𝑖  in Eq. (2.9), given too in general form as 

𝐷𝑖 =
∂

∂𝑥𝑖
+ 𝑢𝑖

∂

∂𝑢
+ 𝑢𝑖𝑗

∂

∂𝑢𝑗
+⋯,  

which can also be used for Dj. Thus, inserting the expanded 
form of relations Eq. (2.9) together with Eq. (2.8) into Eq. (2.7) 
gives a polynomial equation comprising diverse derivatives of u(t, 

x, y, z) whose coefficients also include certain derivatives with 
regards to ξ1, ξ2, ξ3, ξ4 and ϑ. Equating the individual 
coefficients to zero, one can secure the complete set of de-
termining equations: 

ϑ𝑥𝑢 = 0,    𝜉𝑥
4 = 0,    𝜉𝑥

3 = 0,    𝜉𝑥
1 = 0,    𝜉𝑦

1 = 0,

    𝜉𝑧
1 = 0,    ϑ𝑢𝑢 = 0, 𝜉𝑢

4 = 0, 𝑛𝜉𝑢
3 = 0,    

𝜉𝑢
2 = 0,    𝜉𝑢

1 = 0,    𝜉𝑧
3 + 𝜉𝑦

4 = 0,

2𝜉𝑧
2 + 𝜉𝑡

4 = 0,    2𝜉𝑦
2 + 𝜉𝑡

3 = 0,

  

𝜉𝑥𝑥
2 − 𝑢𝜉𝑥

2 − ϑ = 0,    ϑ𝑢 − 2𝜉𝑥
2 + 𝜉𝑡

1 = 0,

    2ϑ𝑦𝑢 + 𝜉𝑦𝑧
4 − 𝜉𝑦𝑦

3 = 0

2𝜉𝑦
3 − 𝜉𝑥

2 − 𝜉𝑡
1 = 0,    2𝜉𝑧

4 − 𝜉𝑥
2 − 𝜉𝑡

1 = 0,

    2ϑ𝑧𝑢 − 𝜉𝑧𝑧
4 − 𝜉𝑦𝑦

4 = 0,

3𝜉𝑥
2𝑢2 − 3𝜉𝑡

1𝑢2 − 6ϑ𝑢 − 6ϑ𝑥 + 2𝜉𝑡
2 = 0,

3ϑ𝑥𝑢
3 + 3ϑ𝑥𝑥𝑢

2 + 2ϑ𝑧𝑧 + 2ϑ𝑦𝑦 + 2ϑ𝑡𝑥 = 0,

3𝜉𝑡
1𝑢3 + 9ϑ𝑢2 − 3𝜉𝑡𝑥

1 𝑢2 + 6ϑ𝑥𝑢 + 2ϑ𝑡𝑢 + 𝜉𝑡𝑧
4 + 𝜉𝑡𝑦

3 = 0.

  

Thus, solving the system of equations via computer package, 
we arrive at the solutions given in Eq. (2.6) and so ends the proof 
of Theorem 2.1. In addition, Eq. (2.6) furnishes eight classical 
symmetries of 3D-extKPLEq (1.5) [69]. Therefore, we give a corol-
lary: 

Corollary 2.1 The classical Lie point infinitesimal projectable 
symmetries of Eq. (1.5) are computed as 

  

𝒬1 =
∂

∂𝑡
,    𝒬2 =

∂

∂𝑥
,    𝒬3 =

∂

∂𝑦
,    

𝒬4 =
∂

∂𝑧
, 𝒬5 = 𝑦

∂

∂𝑧
− 𝑧

∂

∂𝑦
,    

𝒬6 = 2𝑡
∂

∂𝑧
− 𝑧

∂

∂𝑥
, 𝒬7 = 2𝑡

∂

∂𝑦
− 𝑦

∂

∂𝑥
,    

𝒬8 = 3𝑡
∂

∂𝑡
+ 𝑥

∂

∂𝑥
+ 2𝑦

∂

∂𝑦
+ 2𝑧

∂

∂𝑧
− 𝑢

∂

∂𝑢
.}
  
 

  
 

    (2.11)                                      

Hence, 3D-extKPLEq (1.5) admits an eight-dimensional vector 
space, which constitutes its Lie algebra G and whose basis is 

structured as {𝑄1, 𝑄2, 𝑄3, . . . , 𝑄8}. 

2.2 Calculation of Lie group transformations of Eq. (1.5) 

We contemplate the exponentiation of the vector fields Eq. 
(2.11) by computing the flow or one parameter group generated 
by Eq. (2.11) via the Lie equations [32, 33, 71] 

𝑑𝑡̅

𝑑ε
= 𝜉1(𝑡̅, 𝑥̅, 𝑦̅, 𝑧̅, 𝑢̅),    𝑡̅|ò=0 = 𝑡,

𝑑𝑥̅

𝑑ε
= 𝜉2(𝑡̅, 𝑥̅, 𝑦̅, 𝑧,̅ 𝑢̅),    𝑥̅|ò=0 = 𝑥,

𝑑𝑦̅

𝑑ε
= 𝜉3(𝑡̅, 𝑥̅, 𝑦̅, 𝑧̅, 𝑢̅),    𝑦̅|ò=0 = 𝑦,

𝑑𝑧̅

𝑑ε
= 𝜉4(𝑡̅, 𝑥̅, 𝑦̅, 𝑧,̅ 𝑢̅),    𝑧̅|ò=0 = 𝑧,

𝑑𝑢

𝑑ε
= (𝑡̅, 𝑥̅, 𝑦̅, 𝑧̅, 𝑢̅),    𝑢̅|ò=0 = 𝑢. }

 
 
 

 
 
 

  

Let us take, for instance, the rotation generator Q6, given as 

𝒬5 = 𝑦
∂

∂𝑧
− 𝑧

∂

∂𝑦
.      (2.12) 

The associated Lie equations are: 

𝑑𝑧

𝑑ε
= 𝑦̅,                                    (2.13) 

𝑑𝑦̅

𝑑ε
= −𝑧̅,                      (2.14) 
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є 

with the initial criteria(𝑡Ż, 𝑥Ż, 𝑦Ż, 𝑧Ż, 𝑢Ż)|є=0 → (𝑡, 𝑥, 𝑦, 𝑧, 𝑢).  

We first notice that 

𝑑2𝑧̅

𝑑ε2
=

𝑑𝑦̅

𝑑ε
= −𝑧̅.                         (2.15) 

Thus, we have a system of ordinary differential equations 
(ODEs). Now, from Eq. (2.15), we consider 

𝑑2𝑧̅

𝑑ε2
= −𝑧̅.                      (2.16) 

Solving the second-order ODE in Eq. (2.15) gives the trigo-
nometric relation 

𝑧̅ = 𝐴cos(ε) + 𝐵sin(ε).        (2.17) 

 Applying the initial condition to Eq. (2.17) gives 𝑧 = 𝐴.  
So, Eq. (2.17) becomes 

𝑧̅ = 𝑧cos(ε) + 𝐵sin(ε).                                                   (2.18) 

Now, solving the first-order ODE Eq. (2.15) in the same vein, 
we achieve 

𝑦 = 𝐵𝑐𝑜𝑠(𝜀) − 𝐴𝑠𝑖𝑛(𝜀) + 𝐶0,                                      (2.19) 

Application of the initial condition to Eq. (2.19) and taking inte-
gration constant C0 = 0 yields y = B. Therefore, Eqs (2.18) and 
(2.19) become, respectively, 

𝑧̅ = 𝑧cos(ε) + 𝑦sin(ε), 𝑦̅ = 𝑦cos(ε) − 𝑧sin(ε).   (2.20) 

Hence, following the same procedure for other generators in 
Eq. (2.11), we achieve one parameter transformation group of 3D-
extKPLEq (1.5). Thus, we arrive at a theorem to that effect, viz.: 

Theorem 2.2 Let 𝑇𝑖(𝑡, 𝑥, 𝑦, 𝑧, 𝑢), 𝑖 = 1,2,3,⋯8 be the 
transformations group of one parameter generated by vectors 
𝑄1, 𝑄2, 𝑄3. . . , 𝑄8 in Eq. (2.11); then, for each of the vectors, we 
have accordingly 

𝑇ε
1: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡 + ε1 , 𝑥, 𝑦, 𝑧, 𝑢),

𝑇ε
2: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥 + ε2 , 𝑦, 𝑧, 𝑢),

𝑇ε
3: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥, 𝑦 + ε3, 𝑧, 𝑢),

𝑇ε
4: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥, 𝑦, 𝑧 + ε4 , 𝑢),

𝑇ε
5: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥, 𝑦cos(ε)
−𝑧sin(ò), 𝑧cos(ε) + 𝑦sin(ε), 𝑢),

𝑇ε
6: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥 − 𝑡ε6

2 − 𝑧ε6 , 𝑦, 𝑧 + 2ε6𝑡, 𝑢),

𝑇ε
7: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡, 𝑥 − 𝑡ε7

2 − 𝑦ε7 , 𝑦 + 2ε7𝑡, 𝑧, 𝑢),

𝑇ε
8: (𝑡̃, 𝑥̃, 𝑦̃, 𝑧̃, 𝑢) → (𝑡𝑒3ε7 , 𝑥𝑒ò7 , 𝑦𝑒2ε7 , 𝑧𝑒2ε7 , 𝑢𝑒−ε7),}

 
 
 
 
 

 
 
 
 
 

  

where 𝜀 ∈ 𝑅 is regarded as the group parameter. 

Theorem 2.3 Hence, supposing that𝑢(𝑡, 𝑥, 𝑦, 𝑧) =
Θ(𝑡, 𝑥, 𝑦, 𝑧) satisfies 3D-extKPLEq (1.5), in the same vein, the 
functions given in the structure 

𝑢1(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡 − 𝜀1, 𝑥, 𝑦, 𝑧),

𝑢2(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡, 𝑥 − 𝜀2, 𝑦, 𝑧),

𝑢3(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡, 𝑥, 𝑦 − 𝜀3,

𝑧, 𝑢), 𝑢4(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡, 𝑥, 𝑦, 𝑧 − 𝜀4),

𝑢5(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡, 𝑥, 𝑦𝑐𝑜𝑠(𝜀)
+𝑧𝑠𝑖𝑛(ò), 𝑧𝑐𝑜𝑠(𝜀) − 𝑦𝑠𝑖𝑛(𝜀)),

𝑢6(𝑡, 𝑥, 𝑦, 𝑧) = 𝑒𝜀6𝛩(𝑡, 𝑥 + 𝑡𝜀6
2 + 𝑧𝜀6, 𝑦, 𝑧 − 2𝜀6𝑡),

𝑢7(𝑡, 𝑥, 𝑦, 𝑧) = 𝛩(𝑡, 𝑥 + 𝑡𝜀7
2 + 𝑦𝜀7 , 𝑦 − 2𝜀7𝑡, 𝑧),

𝑢8(𝑡, 𝑥, 𝑦, 𝑧) = 𝑒𝜀7𝛩(𝑡𝑒3𝜀7 , 𝑥𝑒𝜀7 , 𝑦𝑒2𝜀7 , 𝑧𝑒2𝜀7), }
 
 
 
 
 

 
 
 
 
 

  

will do, where 𝑢𝑖(𝑡, 𝑥, 𝑦, 𝑧) = 𝑇𝑖
ò ⋅ Θ(𝑡, 𝑥, 𝑦, 𝑧),          

𝑖 = 1,2,3, … ,8 with ϵ << 1 regarded as any positive real 

number. 

3. OPTIMAL SYSTEM 

Let us suppose that 𝐺 is a Lie group with 𝑔𝑙 regarded as its 

Lie algebra. Then, for any element 𝐻 ∈ 𝐺, we have an inner 

automorphism defined as Ha −→ HHaH−1 on the Lie group 𝐺. In 

addition, this automorphism of 𝐺 influences an automorphism of 
Lie algebra gl. Therefore, the group of all these automorphisms 
constitutes a Lie group that is referred to as the adjoint group and 

we denote it as 𝐺𝐴. Now, for any arbitrary vectors 𝑃, 𝑄 ∈ 𝑔𝑙, we 

can define 𝐴𝑑𝑃(𝑄): 𝑄 → [𝑃, 𝑄], which is a linear map and also 

an automorphism of 𝑔𝑙 referred to as the inner derivation of gl. 

Moreover, for all 𝑃, 𝑄 ∈ 𝑔𝑙, the algebra of all inner derivations 

𝐴𝑑𝑃(𝑄) alongside Lie bracket [𝐴𝑑𝑃,  𝐴𝑑𝑄] =  𝐴𝑑[𝑃,  𝑄] is 

regarded as a Lie algebra 𝑔𝑙𝐴 commonly referred to as the ad-

joint algebra of 𝑔𝑙 whereas 𝑔𝑙𝐴 is the Lie algebra of 𝐺𝐴 . There-
fore, two algebras in gl are said to be conjugate if there exists a 

transformation 𝐺𝐴 that takes one subalgebra into the other. 
Hence, the collection of all pairwise non-conjugate q-dimensional 
subalgebras forms the optimal system of subalgebras of order q. 

3.1 Optimal system of Lie subalgebra of 3D-extKPLEq (1.5) 

In this subsection, the construction of optimal system one-
dimensional subalgebras can be carried out by imploring a global 
matrix of the adjoint transformations as recommended by Ovsian-
nikov [32]. This task tends to help in determining a list (which we 
refer to as an optimal system) of conjugacy inequivalent subalge-
bras possessing the property that stipulates that any other subal-
gebra is equivalent to a unique list under some element of the 
adjoint representation. Consequently, we construct an optimal 
system of Lie subalgebra of 3D-extKPLEq (1.5). We begin with 
the adjoint action presented via the Lie series [33] 

𝐴𝑑(exp(𝜀𝒬𝑖))𝒬𝑗 = ∑
𝜀𝑛

𝑛!

∞
𝑛=0 (𝑎𝑑𝒬𝑖)(𝒬𝑗).                   (3.21) 

The commutator relations of the infinitesimal generators for 
3D-extKPLEq (1.5) in Eq. (2.11) with the (𝑖; 𝑗)𝑡ℎ entry in desig-

nating the Lie bracket [𝑄𝑖 , 𝑄𝑗] = 𝑄𝑖𝑄𝑗 − 𝑄𝑗𝑄𝑖 . Thus, we ob-

serve that Tab. 1 has zero elements in the diagonal, and it is thus 
said to be skew-symmetric. Besides, the generators 

𝑄1, 𝑄2, 𝑄3, . . . , 𝑄8 are linearly independent. 

Tab. 1. Commutator table of the Lie algebra of 3D-extKPLEq (1.5)  
             [𝑄𝑖 , 𝑄𝑗] 

Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8  

Q1 0 0 0 0 0 0 0 Q1 

Q2 0 0 0 0 Q3 0 −Q1 2Q2 

Q3 0 0 0 0 -Q2 −Q1 0 2Q3 

Q4 0 0 0 0 0 2Q3 2Q2 3Q4 

Q5 0 −Q3 Q2 0 0 Q7 −Q6 0 

Q6 0 0 Q1 −2Q3 Q7 0 0 −Q6 

Q7 0 Q1 0 −2Q2 −Q6 0 0 −Q7 

Q8 −Q1 −2Q2 −2Q3 −3Q4 0 Q6 Q7 0 
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From the commutator relations existent between vectors Eq. 
(2.11) and given in Tab. 1, these infinitesimal generators in Eq. 
(2.11) can be purveyed as a linear combination of Qi as 

𝑄 = 𝛼1𝑄1 + 𝛼2𝑄2 + 𝛼3𝑄3 + 𝛼4𝑄4 + 𝛼5𝑄5
+𝛼6𝑄6 + 𝛼7𝑄7 + 𝛼8𝑄8.

}         (3.22) 

Next, we achieve the adjoint representation relations, as re-
vealed in Tab. 2. Engaging the Olver approach [33], one can 
generate the adjoint representation of 3D-extKPLEq (1.5) via 
symbolic computation from the commutator relations with the aid 
of the secured vector fields. 

3.1.1 Construction of general invariants 

In order to achieve the optimal system of Lie algebra 𝑅8, it is 
expedient to secure the invariants to aid the selection of the re-
quired representative elements. Using Tab. 1, one gains the 
needed matrix representations of Ad(Qi). In the foregoing, we will 
refer to Tab. 2 as follows, where 

Δ0 = 𝑄2cos(𝜀5) + 𝑄3sin(𝜀5),Δ1 = 𝑄3cos(𝜀5) −
𝑄2sin(𝜀5),Δ2 = 𝒬6cos(𝜀5) − 𝒬7sin(𝜀5), Δ3 = 𝒬6sin(𝜀5) +
𝒬7cos(𝜀5), Δ4 = 𝒬4 + 2𝜀6𝒬3 − 𝜀6

2𝒬1,  

Δ5 = 𝒬4 + 2𝜀7𝒬2 − 𝜀7
2𝒬1,  

Δ6 = 𝒬2 − 𝜀7𝒬1, and 

Δ7 = 𝒬3 − 𝜀6𝒬1. 

𝐴𝑑exp(ò𝒬)(𝑄) = 𝑒−𝜀𝒬𝑄𝑒𝜀𝒬

= 𝑄 − 𝜀[𝒬, 𝑄] +
1

2!
𝜀2[𝒬, [𝒬, 𝑄]] − ⋯

= (𝑎1𝑄1 +⋯+ 𝑎𝑛𝑄𝑛) − 𝜀[𝑏1𝑄1 +⋯

+𝑏𝑛𝑄𝑛 , 𝑎1𝑄1 +⋯+ 𝑎𝑛𝑄𝑛] + 𝑂(𝜀
2)

= (𝑎1𝑄1 +⋯+ 𝑎𝑛𝑄𝑛)

−ò(Θ1𝑄1 +⋯+ Θ𝑛𝑄𝑛) + 𝑂(𝜀
2), }

 
 
 

 
 
 

        (3.23) 

with function Θ𝑖 ≡ Θ𝑖(𝛼1, . . . , 𝛼8 , 𝛽1, . . . , 𝛽8). We observe 

that the values of Θ𝑖 , 𝑖 = 1, . . . ,8 can be achieved via the 

commutator table. On inserting the partial sums 𝒬 = ∑ 𝑎𝑖𝑄𝑖
8
𝑖  

as well as 𝑄 = ∑ 𝑏𝑗𝑄𝑗
8
𝑗  in Eq. (3.23), we obtain Θi as 

Θ1 = −𝛼1𝛽8 + 𝑎2𝛽7 + 𝛼3𝛽6 − 𝑎6𝛽3 − 𝛼7𝛽2 + 𝛼8𝛽1,
Θ2 = −2𝛼2𝛽8 + 𝛼3𝛽5 − 2𝛼4𝛽7 − 𝛼5𝛽3 + 2𝛼7𝛽4 + 2𝛼8𝛽2,
Θ3 = −𝛼2𝑏5 − 2𝛼3𝛽8 − 2𝛼4𝛽6 + 𝛼5𝛽2 + 2𝛼6𝛽4 + 2𝛼8𝛽3,

Θ4 = −3𝛼4𝛽8 + 3𝛼8𝛽4, Θ5 = 0,  Θ6 = 𝛼5𝛽7 + 𝛼6𝛽8
−𝛼7𝛽5 − 𝛼8𝛽6,

Θ7 = −𝛼5𝛽6 + 𝛼6𝛽5 + 𝛼7𝛽8 − 𝛼8𝛽7,  Θ8 = 0. }
  
 

  
 

 

                                                                         (3.24) 

Tab. 2. Adjoint representation table of 3D-extKPLEq (1.5) 

 

Now, for any 𝛽𝑗 , where 1 ≤ 𝑗 ≤ 8, it is required to have 

0 = Θ1
∂Φ

∂𝑎1
+ Θ2

∂Φ

∂𝑎2
+ Θ3

∂Φ

∂𝑎3
+ Θ4

∂Φ

∂𝑎4
+ Θ5

∂Φ

∂𝑎5

+Θ6
∂Φ

∂𝑎6
+ Θ7

∂Φ

∂𝑎7
+ Θ8

∂Φ

∂𝑎8
.

}         (3.25) 

Thus, by equating the coefficients of all same powers of βj in 
Eq. (3.25), one achieves the needed eight DEs with regard to real-
valued function invariant  

𝑏1: 𝑎8
∂Φ

∂𝑎1
= 0,

𝑏2: −𝑎7
∂Φ

∂𝑎1
+ 2𝑎8

∂Φ

∂𝑎2
+ 𝑎5

∂Φ

∂𝑎3
= 0,

𝑏3: −𝑎6
∂Φ

∂𝑎1
− 𝑎5

∂Φ

∂𝑎2
+ 2𝑎8

∂Φ

∂𝑎3
= 0,

𝑏4: 2𝑎7
∂Φ

∂𝑎2
+ 2𝑎6

∂Φ

∂𝑎3
+ 3𝑎8

∂Φ

∂𝑎4
= 0,

𝑏5: 𝑎3
∂Φ

∂𝑎2
− 𝑎2

∂Φ

∂𝑎3
− 𝑎7

∂Φ

∂𝑎6
+ 𝑎6

∂Φ

∂𝑎7
= 0,

𝑏6: 𝑎3
∂Φ

∂𝑎1
− 2𝑎4

∂Φ

∂𝑎3
− 𝑎8

∂Φ

∂𝑎6
− 𝑎5

∂Φ

∂𝑎7
= 0,

𝑏7: 𝑎2
∂Φ

∂𝑎1
− 2𝑎4

∂Φ

∂𝑎2
+ 𝑎5

∂Φ

∂𝑎6
− 𝑎8

∂Φ

∂𝑎7
= 0,

𝑏8:
−𝑎1

∂Φ

∂𝑎1
− 2𝑎2

∂Φ

∂𝑎2
− 2𝑎3

∂Φ

∂𝑎3
− 3𝑎4

∂Φ

∂𝑎4

+𝑎6
∂Φ

∂𝑎6
+ 𝑎7

∂Φ

∂𝑎7
= 0.

}

}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

            (3.26) 

On solving the system of equations displayed in Eq. (3.26), 
one secures the value of invariant Φ(α1, α2, α3, α4, α5, α6, α7, 
α8) = G(α5, α8), which is referred to as the general invariant 
function of Lie algebra R8. Here, function G is an arbitrary function 
depending on α5 and α8. In consequence, 3D-extKPLEq (1.5) has 
only two basic invariants. 

3.1.2  Calculation of the adjoint matrix for Eq. (1.5) 

Consider a linear map 𝐹є: ℎ ↦ ℎ defined by 𝑄 ↦
𝐴𝑑(𝑒𝑥𝑝(𝜀𝑖𝑄𝑖). 𝑄) where 𝑖 = 1,2,3, . . . ,8. The presentation 
of the matrix 𝐵𝑖

𝜀  of 𝐹𝑖
𝜀 , 𝑖 = 1,2,3, … ,8 with regard to basis 

{𝒬1, 𝒬2, 𝒬3, … , 𝒬8} [72] is given as: 

𝐵1
𝜀1 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
−𝜀1 0 0 0 0 0 0 1)

 
 
 
 
 

,       
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𝐵2
𝜀2 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 −𝜀2 0 1 0 0 0
0 0 0 0 0 1 0 0
𝜀2 0 0 0 0 0 1 0
0 −2𝜀2 0 0 0 0 0 1)

 
 
 
 
 

, 

𝐵4
𝜀4 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 −2𝜀4 0 0 1 0 0
0 −2𝜀4 0 0 0 0 1 0
0 0 0 −3𝜀4 0 0 0 1)

 
 
 
 
 

, 

𝐵3
𝜀3 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 𝜀3 0 0 1 0 0 0
𝜀3 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 −2𝜀3 0 0 0 0 1)

 
 
 
 
 

,  

 

 

 

𝐵5
𝜀5

=

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 cos(𝜀5) sin(𝜀5) 0 0 0 0 0

0 −sin(𝜀5) cos(𝜀5) 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 cos(𝜀5) −sin(𝜀5) 0

0 0 0 0 0 sin(𝜀5) cos(𝜀5) 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

, 

𝐵6
𝜀6 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
−𝜀6 0 1 0 0 0 0 0

−ò6
2 0 2𝜀6 1 0 0 0 0

0 0 0 0 1 0 𝜀6 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 𝜀6 0 1)

 
 
 
 
 

,

𝐵7
ò7 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
−𝜀7 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
−𝜀7

2 2𝜀7 0 1 0 0 0 0
0 0 0 0 1 −𝜀7 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 𝜀7 1)

 
 
 
 
 

,

𝐵8
𝜀8 =

(

 
 
 
 
 

𝑒𝜀8 0 0 0 0 0 0 0
0 𝑒2𝑣8 0 0 0 0 0 0
0 0 𝑒2𝑣8 0 0 0 0 0
0 0 0 𝑒3𝜀8 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 𝑒−𝜀8 0 0
0 0 0 0 0 0 𝑒−𝜀8 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

.

 

Consequently, we obtained the global matrix associated with 𝐵𝑖
ò of 𝐹𝑖

𝜀 , 𝑖 = 1,2,3, … ,8 

𝐵𝜀 =

(

 
 
 
 
 
 

𝑒𝜀8 0 0 0 0 0 0 0
𝐵21
𝜀 𝑒2𝜀8cos(𝜀5) 𝑒2𝜀8sin(𝜀5) 0 0 0 0 0

𝐵31
𝜀 −𝑒2𝜀8sin(𝜀5) 𝑒2𝜀8cos(𝜀5) 0 0 0 0 0

𝐵41
𝜀 2𝑒2𝜀8𝜀7 2𝑒2𝜀8𝜀6 𝑒3𝜀8 0 0 0 0

𝐵51
𝜀 𝐵52

𝜀 𝐵53
𝜀 0 1 −𝑒−𝜀8𝜀7 𝑒−𝜀8𝜀6 0

𝐵61
𝜀 𝐵62

𝜀 𝐵63
𝜀 0 0 𝑒−𝜀8cos(𝜀5) −𝑒−𝜀8sin(𝜀5) 0

𝐵71
𝜀 𝐵72

𝜀 𝐵73
𝜀 0 0 𝑒−𝜀8sin(ò5) 𝑒−𝜀8cos(𝜀5) 0

𝐵81
𝜀 𝐵82

𝜀 𝐵83
𝜀 −3𝑒3𝜀8𝜀4 0 𝑒−𝜀8𝜀6 𝑒−𝜀8𝜀7 1)

 
 
 
 
 
 

where 

𝐵21
𝜀 = 𝑒𝜀8(−sin(𝜀5)𝜀6 − cos(𝜀5)𝜀7),

𝐵31
𝜀 = 𝑒𝜀8(sin(𝜀5)𝑣7 − cos(𝜀5)𝜀6)

𝐵51
𝜀 = 𝑒𝜀8 (

(cos(𝜀5)𝜀2 − sin(𝜀5)𝜀3)𝜀6
−(sin(𝜀5)𝜀2 + cos(𝜀5)𝜀3)𝜀7

)

𝐵61
𝜀 = 𝑒𝜀8(𝜀3 + 2cos(𝜀5)𝜀4𝜀6 − 2sin(𝜀5)𝜀4𝜀7),

𝐵71
𝜀 = 𝑒𝜀8(𝜀2 + 2sin(𝜀5)𝜀4𝜀6+2cos(𝜀5)𝜀4𝜀7)

 

𝐵81
𝜀 = 𝑒𝜀8

(

 
3𝜀4𝜀6

2 − (
−2sin(𝜀5)𝜀2
−2cos(𝜀5)𝜀3

) 𝜀6 + 3𝜀4𝜀7
2

−ò1 − (
2sin(𝜀5)𝜀3
−2cos(𝜀5)𝜀2

) 𝜀7

,  

𝐵52
𝜀 = 𝑒2𝜀8(sin(𝜀5)𝜀2 + cos(𝜀5)𝜀3),

𝐵82
𝜀 = 𝑒2𝜀8(−2cos(𝜀5)𝜀2 + 2sin(𝜀5)𝜀3 − 6𝜀4𝜀7),

𝐵53
𝜀 = 𝑒2𝜀8(sin(𝜀5)𝜀3 − cos(𝜀5)𝜀2),

𝐵83
𝜀 = 𝑒2𝜀8(−2sin(𝜀5)𝜀2 − 2cos(𝜀5)𝜀3 − 6𝜀4𝜀6),

𝐵62
𝜀 = 2𝑒2𝜀8sin(𝜀5)𝜀4,

𝐵72
𝜀 = −2𝑒2𝜀8cos(𝜀5)𝜀4, 𝐵63

𝜀 = −2𝑒2𝜀8cos(𝜀5)𝜀4,

𝐵73
𝜀 = −2𝑒2𝜀8sin(𝜀5)𝜀4, 𝐵41

𝜀 = −𝑒𝜀8(𝜀6
2 + 𝜀7

2).
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3.1.3  Adjoint transformation equation 

Here, we compute the adjoint transformation equation associ-
ated to 3D-extKPLEq (1.5). We present the adjoint transformation 
via the relation 

(𝑎̃1, 𝑎̃2, ⋯ 𝑎̃7, 𝑎̃8) = (𝛼1, 𝛼2,⋯ , 𝛼7, 𝛼8)𝐵
𝜀 ,              (3.27) 

where   

𝒬 = ∑ 𝑎𝑖𝑄𝑖
8
𝑖 and 𝒬 = ∑ 𝑎𝑖𝑄𝑖

8
𝑖  are equivalent under the ad-

joint action and 𝐵𝜀represents the universal adjoint matrix. Thus 
we have 

𝑎̃1 = 𝑎1𝑒
𝜀8 − 𝑎4𝑒

𝜀8(𝜀6
2 + 𝜀7

2) − 𝑎2𝑒
𝜀8 (

𝜀6(sin(𝜀5))

+𝜀7cos(𝜀5)
)

+𝑎3𝑒
𝜀8(𝜀7sin(𝜀5)−𝜀6cos(𝜀5))

+𝑎5𝑒
ò8 (

𝜀6(𝜀2cos(𝜀5) − 𝜀3sin(𝜀5))

−𝜀7(𝜀2sin(𝜀5) + 𝜀3cos(𝜀5))
)

+𝑎7𝑒
𝜀8(𝜀2 + 2𝜀4𝜀6sin(𝜀5) + 2𝜀4𝜀7cos(𝜀5))

+𝑎6𝑒
𝜀8(𝜀3 − 2𝜀4𝜀7sin(𝜀5) + 2𝜀4𝜀6cos(𝜀5))

+𝑎8𝑒
𝜀8(3𝜀4𝜀6

2 + 3𝜀4𝜀7
2 − 𝜀1 + 𝜀6𝐴 − 𝜀7(2𝜀3sin(𝜀5)

−2𝜀2cos(𝜀5))) ,

𝐴 = (2𝜀2sin(𝜀5) + 2𝜀3cos(𝜀5))

   

𝑎̃2 = 2𝑎4𝑒
2𝜀8𝜀7 − 𝑎3𝑒

2𝜀8sin(𝜀5) + 2𝑎6𝑒
2𝜀8𝜀4sin(𝜀5)

+𝑎2𝑒
2𝜀8cos(𝜀5) − 2𝑎7𝑒

2𝜀8ò4cos(𝜀5)

+𝑎5𝑒
2𝜀8(𝜀2sin(𝜀5) + 𝜀3cos(𝜀5))

+𝑎8𝑒
2𝜀8(−6𝜀4𝜀7 + 2𝜀3sin(𝜀5) − 2𝜀2cos(𝜀5)),

 

𝑎̃3 = 2𝑎4𝑒
2𝜀8𝜀6 + 𝑎2𝑒

2𝜀8sin(𝜀5) − 2𝑎7𝑒
2𝜀8𝜀4sin(𝜀5)

+𝑎3𝑒
2𝜀8cos(𝜀5) − 2𝑎6𝑒

2𝜀8𝜀4cos(𝜀5)

+𝑎5𝑒
2𝜀8(𝜀3sin(𝜀5) − 𝜀2cos(𝜀5))

+𝑎8𝑒
2𝜀8(−6𝜀4𝜀6 − 2𝜀2sin(𝜀5) − 2𝜀3cos(𝜀5)),

 

𝑎̃4 = 𝑎4𝑒
3𝜀8 − 3𝑎8𝑒

3𝜀8ò4, 𝑎̃5 = 0,

𝑎̃6 = 𝑎8𝑒
−𝜀8ò6 − 𝑎5𝑒

−𝜀8ò7
+𝑎7𝑒

−𝜀8sin(𝜀5) + 𝑎6𝑒
−𝜀8cos(𝜀5),

𝑎̃7 = 𝑎5𝑒
−𝜀8𝜀6 + 𝑎8𝑒

−𝜀8𝜀7
−𝑎6(𝑒

−𝜀8)sin(𝜀5) + 𝑎7𝑒
−𝜀8cos(𝜀5),

𝑎̃8 = 0. }
  
 

  
 

                  (3.28) 

Next, we engage the adjoint system in Eq. (3.28) in computing 
the one-dimensional subalgebra optimal system of 3D-extKPLEq 
(1.5). 

3.1.4 Computation of 1-D subalgebra optimal system 

Now, having secured the general invariant of 3D-
extKPLEq (1.5) as G(α5, α8) in a systematic way as earlier 
demonstrated, we calculate the optimal system of the equation 
using the invariant. We adopt the technique introduced in Hu et 
al.’s study [72] and so contemplate cases α5 = 1, α8 = 1 and α5α8 
= 0 fundamentally on the bases of the sign of the invariants. 

Case 1.  

α5 = 1, α8 = 1 

We choose based on this case, the representative element 
𝑄 = 𝑄5 + 𝑄8.  

On inserting the parameters 𝛼̃𝑖 = 0, 𝑖 = 1,2,3,4,6,7 along-

side 𝛼̃𝑖 = 1, 𝑖 = 5,8 into the adjoint system in Eq. (3.28), we 
achieve the solution 

𝜀1 = 𝑎1 −
4

15
𝑎4𝑎6

2 −
4

15
𝑎4𝑎7

2 −
1

5
𝑎2𝑎6

+
2

5
𝑎2𝑎7 +

2

5
𝑎3𝑎6 +

1

5
𝑎3𝑎7,

𝜀2 =
1

5
𝑎3 −

2

15
𝑎6𝑎4 −

4

15
𝑎7𝑎4 +

2

5
𝑎2,

𝜀3 =
2

15
𝑎7𝑎4 −

1

5
𝑎2 −

4

15
𝑎6𝑎4 +

2

5
𝑎3,

𝜀4 =
1

3
𝑎4,

  

𝜀6 =
1

2
𝑎6sin(𝜀5) −

1

2
𝑎7cos(𝜀5)

−
1

2
𝑎7sin(𝜀5) −

1

2
𝑎6cos(𝜀5),

𝜀7 =
1

2
𝑎7sin(𝜀5) +

1

2
𝑎6cos(𝜀5)

+
1

2
𝑎6sin(𝜀5) −

1

2
𝑎7cos(𝜀5).

   

Case 2.  

α5α8 = 0 

In this case, we contemplate three different situations. 
These situations are treated in detail in the subsequent part  
of the research work. 

Case 2.1.  

α5 = 0, α8 = 1 

We choose the representative element Q = Q8. On substi-
tuting parametric values α̃i = 0 and i = 1, 2, 3, . . . , 7 as well 
as α̃8 = 1 into the adjoint system in Eq. (3.28), we obtain the 
outcome 

𝜀1 = 𝑎1 −
1

3
𝑎4𝑎6

2 −
1

3
𝑎4𝑎7

2 +
1

2
𝑎2𝑎7 +

1

2
𝑎3𝑎6,

𝜀2 =
1

2
𝑎2 −

1

3
𝑎7𝑎4, 𝜀3 = −

1

3
𝑎6𝑎4 +

1

2
𝑎3,

𝜀4 =
1

3
𝑎4, 𝜀6 = −𝑎7sin(𝜀5) − 𝑎6cos(𝜀5),

𝜀7 = 𝑎6sin(𝜀5) − 𝑎7cos(𝜀5).

   

Case 2.2.  

α5 = 1, α8 = 0 

In this subcase, we select the representative element 

𝑄 = 𝑄5. On invoking parameters 𝛼̂𝑖  =  0,  

𝑖 =  1,2,3,4,6. . . ,8 together with α̃5 = 1 into the adjoint system 
in Eq. (3.28), one secures 

𝜀2 = 𝑎3 − 2𝑎6𝜀4, 𝜀3 = −
1

𝑎6
(𝑎1 + 𝑎7𝜀2),

𝜀4 = −
1

2𝑎6𝑎4
(𝑎1 + 𝑎7𝜀2 − 𝑎2𝑎6), 𝜀4 =

1

3
𝑎4,

𝜀6 = 𝑎6sin(𝜀5) − 𝑎7cos(𝜀5),

𝜀7 = 𝑎7sin(𝜀5) + 𝑎6cos(𝜀5).

  

Case 2.3.  

α5 = 0, α8 = 0 

Here, we insert α5 = 0 and α8 = 0 into the system of par-
tial differential equations elucidated in Eq. (3.26) and solve 
the resultant equations. So, we gain a new invariant func-
tion  

Φ(𝑎1 , 𝑎2, 𝑎3 , 𝑎4, 𝑎6 , 𝑎7) = 𝐻 {√𝑎4
23
(𝑎6

2 + 𝑎7
2)}.   
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Thus, we engage the new invariants to find more subalge-
bras of Eq. (1.5) in detail. 

Case 2.3.1  

𝑎4 ≠ 0, 𝑎6
2 = 1 − 𝑎7

2 

We select the representative element Q = Q4 + Q6 − Q7. If 
one substitutes parameters 
α̃i = 0, i = 1, 2, 3, 6, 8 together with α̃i = 1, i = 4, 5, 7 into the 
adjoint system in Eq. (3.28), one can achieve the solution 

𝜀3 = −
1

16𝑎4
(
4√2𝑎4𝑎6

4𝜀4
2 + √2𝑎4𝑎2

2𝑎6
2

+√2𝑎3
2𝑎4𝑎6

2 − 16𝑎3𝜀4
) ,

𝜀5 = −
1

4
𝜋, 𝜀6 = −

1

8
𝑎6

3(𝑎2 + 𝑎3 − 2𝑎6𝜀4),

𝜀7 = −
1

8
𝑎6
3(𝑎2 − 𝑎3 + 2𝑎6𝜀4), 𝜀8 = 𝑙𝑛 (

√2

2
𝑎6) .

  

Case 2.3.2.  

𝑎4 = 0, 𝑎6
2 = 1 − 𝑎7

2 

In this occurrence, we choose the representative element 
Q = Q6 − Q7. On substituting parametric values α̃i = 0, i = 1, 
2, 3, 4, 5, 8 with α̃6 = 1, α̃7 = −1 into the adjoint system in Eq. 
(3.28), one then obtains a result that can be presented in the 
following manner: 

𝜀3 = −
𝑎1

𝑎6
, 𝜀4 =

𝑎3

2𝑎6
,

𝜀5 =
1

4
𝜋, 𝜀8 = ln (

√2

2
𝑎6) .

  

 Remark 3.1  
We observe that other possible representatives from Case 

2.3.2 have been obtained earlier, thereby contributing no addi-
tional subalgebra to the optimal system. 

Next, we contemplate other possible cases (under Case 3) 
that can be secured by further scaling down on Q in Eq. (3.22) 
using the adjoint system in Eq. (3.28) in order to gain more subal-
gebras of 3D-extKPLEq (1.5). 

Case 3.  

𝒂𝟏 ≠ 𝟎,𝒂𝟐 ≠ 𝟎,𝒂𝟑 ≠ 𝟎 

On scaling further vector Eq. (3.22), we select the repre-

sentative element 𝑄 = 𝒬1 + 𝒬2 + 𝒬3. 

Therefore, by inserting the parameters 𝑎̃i = 0, i =
4,5, … ,8 and 𝑎̃i = 1, i = 1,2,3 into the adjoint system in Eq. 
(3.28), we obtain 

𝜀5 = arctan (√
(𝑎2+𝑎3)

2

𝑎2
2+𝑎3

2 ) ,

𝜀6 = √
2𝑎1

2

𝑎2
2+𝑎3

2 − (√
2

𝑎2
2+𝑎3

2)
1/2

− 𝜀7,

𝜀8 =
1

2
ln (√

2

𝑎2
2+𝑎3

2) .

   

Case 3.1.  

𝑎1 = 0, 𝑎2 ≠ 0, 𝑎3 ≠ 0 

Here, we examine two possibilities. When 𝛼1 = 0, 𝛼2 > 0, 

𝛼3 > 0, we select optimal representative element 𝑄 =  𝑄2 +

𝑄3. So, on substituting parameters 𝛼̃𝑖  =  0, 𝑖 = 1,4,5, . . . ,8 

with α𝛼̃𝑖  =  1, 𝑖 = 1,2,3 into the adjoint system in Eq. (3.28), 

we gain the solution 

𝜀5 =
1

4
𝜋, 𝜀6 = −𝜀7, 𝜀8 =

1

2
ln (

√2

𝑎2
).  

Next, we consider when 𝛼1 = 0, 𝛼2 < 0, 𝛼3 < 0, and so 
we select the optimal representative element Q = −Q2 − Q3 then 
by inserting the appropriate parametric values of α̃i in Eq. 
(3.28) as earlier demonstrated, which yields the result 

𝜀5 =
1

4
𝜋, 𝜀6 = −𝜀7, 𝜀8 =

1

4
ln (

2

𝑎2
2).  

Case 3.2.  

𝑎1 ≠ 0, 

Further, we investigate two possible cases. So with 

𝛼1 > 0, 𝛼2 > 0, 𝛼3 =  0, we select the optimal representa-

tive element 𝑄 = 𝑄1 + 𝑄2. Thus, on invoking parameters 

𝛼̂𝑖  = 0, 𝑖 = 3,4,5, . . . ,8 with 𝛼̃𝑖  = 1, 𝑖 = 1,2 into the adjoint 
system in Eq. (3.28), we obtain the outcome 

𝜀5 = 0, 𝜀7 =
1

√𝑎2
23
(𝑎1√𝑎2 − 𝑎2),

𝜀8 = −
1

2
ln(𝑎2).

  

Now, when 𝛼1 < 0, 𝛼2 < 0, 𝛼3 = 0, we choose the op-

timal representative element   𝑄 = −𝑄1 − 𝑄2. Then, on engag-
ing the appropriate parametric values of α̃i in Eq. (3.28), we 
secure the solution 

𝜀5 = 0, 𝜀7 =
𝑎1

𝑎2
−√|−

1

𝑎2
| , 𝜀8 =

1

2
ln (|−

1

𝑎2
|).  

Case 3.3.  

𝑎1 ≠ 0, 𝑎2 = 0, 𝑎3 ≠ 0 

We explore here two possible situations. Therefore, for 

𝛼1 > 0, 𝛼2 = 0, 𝛼3 > 0, we choose the optimal representative 

element 𝑄 = 𝑄1 + 𝑄3. Hence, on inserting parametric values 

𝛼̂𝑖  = 0, 𝑖 = 2,4,5, . . . ,8 with 𝛼̂𝑖  = 1, 𝑖 = 1,3 into the adjoint 
system in Eq. (3.28), we achieve the result 

𝜀5 = 𝜋, 𝜀6 = −
1

𝑎3
(𝑎1 + 𝑎3 |−

1

𝑎3
|) ,

𝜀8 =
1

2
ln (|−

1

𝑎3
|) .

  

Next, we take on 𝛼1 < 0, 𝛼2 = 0, 𝛼3 < 0 and select the 
optimal representative element Q = −Q1 − Q3. The substitution 
of the relevant parametric values of α̃i in Eq. (3.28) purveyed 
the outcome 

𝜀5 = 0, 𝜀6 =
𝑎1

𝑎3
− 𝑎3√|−

1

𝑎3
| ,

𝜀8 =
1

2
ln (|−

1

𝑎3
|) .

  

Moreover, we further scale down and gain a single vector as 
part of the subalgebras of Eq. (1.5). On selecting representative 
element Q = Q1 and solving Eq. (3.28) with adequate values 

of α̃i, we obtain ò8 =  − 𝑙𝑛(𝛼1). Engaging representative 
element Q = Q2, and following the same process, we gain 

𝜀5 = 𝜋, 𝜀7 = 0, 𝜀8 =
1

2
ln (−

1

𝑎2
) ,  
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Finally, by selecting the optimal representative element   
Q = Q3 and solving the system in Eq. (3.28) for relevant para-

metric values of α̃i, one obtains the solution 𝜀5 =  𝜀6 =  0, and 

𝜀8 = −
1

2
ln(𝑎3). In consequence, if we admit the discrete sym-

metry (𝑡, 𝑥, 𝑦, 𝑧, 𝑢) ↦ (−𝑡, −𝑥, −𝑦,−𝑧, 𝑢), albeit not in the 
connected component of the identity of the full symmetry group 
that, for instance, maps −Q2 − Q3 to Q2 + Q3, we reduce the 
number of inequivalent subalgebras [33]. Thus, we arrive at 
the following theorem: 

Theorem 3.1  
The optimal system of one-dimensional Lie subalgebra for 3D-

extKPLEq (1.5) comprises members listed as:  

𝑄1;  𝑄2;  𝑄3;  𝑄5 + 𝑄8;  𝑄2 + 𝑄3;

 𝑄6 − 𝑄7;  𝑄5; 𝑄8; 𝑄1 + 𝑄2 + 𝑄3;
𝑄4 + 𝑄6 − 𝑄7; 𝑄1 + 𝑄2; 𝑄1 + 𝑄3

.  

Remark 3.2  
It is to be noted that the usual tradition is to invoke the subal-

gebras to obtain invariant solutions to the model under considera-
tion but various invariant solutions associated with the subalge-
bras presented in Theorem 3.1 have been copiously explored, as 
can be seen in the study of Adeyemo and Khalique [70]. Thus, we 
do not consider using the subalgebras to find invariants anymore 
but to compute the conserved vectors related to the vectors in the 
subsequent part of the research paper. This is an interesting 
aspect of this study. 

4. CONSERVATION LAWS OF 3D-extKPLEq (1.5) 

In this section, we perform the computation of conserved vec-
tors of Eq. (1.5) for the presented Lie subalgebras in Theorem 3.1 
by exploiting Ibragimov’s theorem [73, 74] for conserved quanti-
ties. 

4.1 Formal Lagrangian and adjoint equation 

Ibragimov [74] gave a new theorem on the conserved vectors 
of a DE. The theorem validates any system of DE whereby the 
number of the equation equals the number of dependent varia-
bles. In addition, the underlying theorem requires no existence of 
classical Lagrangian. Ibragimov’s approach basically suggests 
that every infinitesimal generator is related to a conserved vector. 
Moreover, it is conceptualised based on adjoint equations for 
nonlinear DEs. We give a detailed outline of the theorem as fol-
lows: 

Theorem 4.1  
[74] We contemplate an NLPDE system whose adjoint is the 

system 

Ω𝛼
∗ (𝑥, Ψ, Θ,Ψ(1), Θ(1), ⋯ ,Ψ(𝑠), Θ(𝑠)) ≡

𝛿(Θ𝛽Ω𝛽)

𝛿Ψ𝛼

= 0
}            (4.29) 

with α = 1, . . . , p and β = 1, . . . , p for a system of p equa-
tions defined as 

Ω𝛼(𝑥, Ψ,Ψ(1), Ψ(2), Ψ(3), ⋯ ,Ψ(𝑠)) = 0,        (4.30) 

where Θ = Θ(x) with q independent as well as p dependent 

variables given, respectively, as 𝑥 = (𝑥1, 𝑥2,···, 𝑥𝑞) and 

Ψ = (Ψ1, Ψ2,···, Ψ𝑝), alongside the variational derivative 
popularly called the Euler-Lagrange operator, for each α. 

Theorem 4.2  
Let us suppose that a system of p of Eq. (4.30) is contemplat-

ed; then, the system of adjoint presented as Eq. (4.29) inherits the 
Lie point symmetries of Eq. (4.30), which implies  that, if the sys-
tem in Eq. (4.30) admits a group of point transformation with a 

generator given as 𝑋 = 𝜉𝑖 ∂/ ∂𝑡 + 𝜂 ∂/ ∂Ψ𝛼  such that the 
adjoint system in Eq. (4.29) admits operator X with an exten-
sion to the variables Θα via the relation 

𝑌 = 𝜉𝑖
𝛛

𝛛𝑥𝑖
+ 𝜂𝛼

𝛛

𝛛Ψ𝛼
+ 𝜂∗

𝛼 𝛛

𝛛Θ𝛼
     (4.31) 

with suitably selected𝜂∗
𝛼 = 𝜂∗

𝛼(𝑥,Ψ, Θ). 
The functions ξi as well as ηα signify the infinitesimal 

generator coefficients that are depending on x alongside Ψ. 
We are aware that the coefficient ηα is given in Ibragimov’s 
study [74] as 

𝜂𝛼 = −[𝜆𝛼Θ𝛽 +Θ𝛼𝐷𝑖(𝜉
𝑖)]                                 (4.32) 

where the computation of 𝜆𝛽
𝛼  can be carried out by invoking 

the relation 

𝑄(Ω𝛼) = 𝜆𝛽
𝛼Ω𝛽 .                          (4.33) 

In consequence, a conserved quantity for the system compris-
ing both the equation and its adjoint is produced, with T i  pos-

sessing the conserved vectors’ components 𝑇 = (𝑇1,···, 𝑇𝑛), 
which we can decided by the relation 

𝑇𝑖 = 𝜉𝑖ℒ +𝑊𝛼 𝛿ℒ

𝛿Ψ𝑖
𝛼 +∑ 𝐷𝑖1𝑠≥1 …𝐷𝑖𝑠(𝑊

𝑎)
𝛿𝑒ℒ

𝛿𝑒Ψ𝑖𝑖1𝑖2…𝑖𝑠
𝑎 ,

𝑖 = 1, … , 𝑛
(4.34  

with formal Lagrangian L of system Ω and Ω∗ together 
with Lie characteristic function Wα  stated, respectively, as 

ℒ = Θ𝛼Ω𝛼(𝑥,Ψ,Ψ(1), ⋯ ,Ψ(𝑠))                   (4.35) 

and    

𝑊𝛼 = 𝜂𝛼 − 𝜉𝑗Ψ𝑗
𝛼 , 𝛼 = 1,⋯ , 𝑝, 𝑗 = 1,⋯ , 𝑞.              (4.36) 

Remark 4.1  
We remark that a system of Eq. (4.30) is self-adjoint if the re-

placement Θ = Ψ in the system of adjoint Eq. (4.29) produces the 
same system as that of Eq. (4.30). For a more detailed under-
standing of the proof and more information on the results present-
ed here, the reader is directed to refer to the studies of Ibragimov 
[73, 74]. 

4.1.1 Application of Ibragimov’s theorem to derive conserved 
quantities 

The interesting fact about the concept of engaging Ibragimov’s 
theorem of conservation law is that, to every Lie point symmetry of 
a given DE, it is believed that there exists a unique conserved 
quantity. In consequence, we devote this subsection to secure 
conservation laws related to the underlying equation via Ibra-
gimov’s conserved theorem [2, 73–75]. Using the salient infor-
mation provided in the given references, we have the theorem: 

Theorem 4.3  
The adjoint equation of 3D-extKPLEq (1.5) is expressed as 
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𝐺∗ ≡ 𝑣𝑡𝑥 −
3

2
𝑣𝑥𝑢

3 +
3

2
𝑣𝑥𝑥𝑢

2 + 3𝑢𝑥𝑥𝑣𝑥

+3𝑢𝑥𝑣𝑥𝑥 + 𝑣𝑦𝑦 + 𝑣𝑧𝑧 = 0
}    (4.37) 

and the formal Lagrangian given as 

ℒ = 𝑣𝐺 ≡ 𝑣 (
𝑢𝑡𝑥 +

3

2
𝑢𝑥𝑢

3 +
3

2
𝑢𝑥𝑥𝑢

2 + 3𝑢𝑥
2𝑢

+3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧
),    (4.38) 

where 

𝐺 = 𝑢𝑡𝑥 +
3

2
𝑢𝑥𝑢

3 +
3

2
𝑢𝑥𝑥𝑢

2 + 3𝑢𝑥
2𝑢

+3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧.
}.                           (4.39) 

Proof 
Suppose that we define the adjoint of Eq. (1.5) as [74] 

 

𝐺∗ =
𝛿

𝛿𝑢
{𝑣 (

𝑢𝑡𝑥 +
3

2
𝑢𝑥𝑢

3 +
3

2
𝑢𝑥𝑥𝑢

2 + 3𝑢𝑥
2𝑢

+3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧
)}

= [

∂

∂𝑢
− 𝐷𝑥

∂

∂𝑢𝑥
+ 𝐷𝑥

2 ∂

∂𝑢𝑥𝑥
+ 𝐷𝑥𝐷𝑡

∂

∂𝑢𝑥𝑡

+𝐷𝑦
2 ∂

∂𝑢𝑦𝑦
+ 𝐷𝑧

2 ∂

∂𝑢𝑧𝑧

]

× {𝑣 (
3

2
𝑢𝑥𝑢

3+
3

2
𝑢𝑥𝑥𝑢

2 + 3𝑢𝑥
2𝑢 + 3𝑢𝑥𝑢𝑥𝑥

+𝑢𝑡𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧
)}

}
 
 
 
 

 
 
 
 

= 𝑣𝑡𝑥 −
3

2
𝑣𝑥𝑢

3 +
3

2
𝑣𝑥𝑥𝑢

2 + 3𝑢𝑥𝑥𝑣𝑥 + 3𝑢𝑥𝑣𝑥𝑥 + 𝑣𝑦𝑦 + 𝑣𝑧𝑧

= 0.

  

                                                 (4.40) 

We are aware that we have introduced a new variable 

𝑣 = 𝑣(𝑡, 𝑥, 𝑦, 𝑧). In consonance with the approach adopted in 
Ibragimov’s study [74], Eq. (1.5) alongside its adjoint Eq. (4.40) 
possesses a Lagrangian L presented in the structure L = vG 
as given in Theorem 4.3. We notice specifically that ∂L/δu = 
G∗ whereas ∂L/δv = G. Now, all the symmetries Q1, . . . , Q8 as 
well as the Lie subalgebras computed in Section 3 are admit-
ted by Eq. (1.5). Thus, the subalgebras of Eq. (1.5) are extended 
to the new variable v(t, x, y, z), which implies that they become 

𝑌 = 𝜉1
∂

∂𝑡
+ 𝜉2

∂

∂𝑥
+ 𝜉3

∂

∂𝑦
+ 𝜉4

∂

∂𝑧
+ 𝜂

∂

∂𝑢
+ 𝜂∗

∂

∂𝑣
,    (4.41) 

where 

𝜂∗ ≡ 𝜂∗(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣)

= − {
𝜆 + 𝐷𝑡(𝜉

1) + 𝐷𝑥(𝜉
2)

+𝐷𝑦(𝜉
3) + 𝐷𝑧(𝜉

4)
} 𝑣.

                                         (4.42) 

We decide parameter λ via the relation 

𝑄[2](𝐺) = 𝜆𝐺                                                      (4.43) 

with 𝑄[2] denoting the generators that Eq. (2.11) prolonged 
to all of the various derivatives in Eq. (1.5), that is 

𝒬[2] = 𝒬 + 𝜁𝑥
∂

∂𝑢𝑥
+ 𝜁𝑡𝑥

∂

∂𝑢𝑡𝑥
+ 𝜁𝑥𝑥

∂

∂𝑢𝑥𝑥

+𝜁𝑦𝑦
∂

∂𝑢𝑦𝑦
+ 𝜁𝑧𝑧

∂

∂𝑢𝑧𝑧
.

                     (4.44) 

In this case, the vector field  

𝑄 = 𝜉1 ∂/ ∂𝑡 + 𝜉2 ∂/ ∂𝑥 + 𝜉3 ∂/ ∂𝑦

+𝜉4 ∂/ ∂𝑧 + 𝜂 ∂/ ∂𝑢
}  

and the functions 𝜉1, 𝜉2, ⋯ , 𝜉4 alongside η are depending on 
(𝑡, 𝑥, 𝑦, 𝑧, 𝑢).  

Moreover, coefficient functions 𝜁𝑥 , 𝜁𝑡𝑥 , 𝜁𝑥𝑥 , 𝜁𝑦𝑦  and 
𝜁𝑧𝑧are explicated through the formulae given as 

𝜁𝑥 = 𝐷𝑥(𝜂) − 𝑢𝑡𝐷𝑥(𝜉
1) − 𝑢𝑥𝐷𝑥(𝜉

2)

−𝑢𝑦𝐷𝑥(𝜉
3) − 𝑢𝑧𝐷𝑥(𝜉

4),

𝜁𝑡𝑥 = 𝐷𝑡(𝜁
𝑥) − 𝑢𝑡𝑥𝐷𝑡(𝜉

1) − 𝑢𝑥𝑥𝐷𝑡(𝜉
2)

−𝑢𝑥𝑦𝐷𝑡(𝜉
3) − 𝑢𝑥𝑧𝐷𝑡(𝜉

4),

𝜁𝑥𝑥 = 𝐷𝑥(𝜁
𝑥) − 𝑢𝑡𝑥𝐷𝑥(𝜉

1) − 𝑢𝑥𝑥𝐷𝑥(𝜉
2)

−𝑢𝑥𝑦𝐷𝑥(𝜉
3) − 𝑢𝑥𝑧𝐷𝑥(𝜉

4),

𝜁𝑦𝑦  =  𝐷𝑦(𝜁
𝑦) − 𝑢𝑡𝑦𝐷𝑦(𝜉

1) − 𝑢𝑥𝑦𝐷𝑦(𝜉
2)

−𝑢𝑦𝑦𝐷𝑦(𝜉
3) − 𝑢𝑦𝑧𝐷𝑦(𝜉

4),

𝜁𝑧𝑧 = 𝐷𝑧(𝜁
𝑧) − 𝑢𝑡𝑧𝐷𝑧(𝜉

1) − 𝑢𝑥𝑧𝐷𝑧(𝜉
2)

−𝑢𝑦𝑧𝐷𝑧(𝜉
3) − 𝑢𝑧𝑧𝐷𝑧(𝜉

4), }
 
 
 
 
 

 
 
 
 
 

          (4.45) 

where the total derivatives appearing in Eq. (4.45) are given 
as 

𝐷𝑡 = ∂𝑡 + 𝑢𝑡 ∂𝑢 + 𝑢𝑡𝑡 ∂𝑢𝑡 + 𝑢𝑥𝑡 ∂𝑢𝑥 +···,

𝐷𝑥 = ∂𝑥 + 𝑢𝑥 ∂𝑢 + 𝑢𝑥𝑡 ∂𝑢𝑡 + 𝑢𝑥𝑥 ∂𝑢𝑥 +···,
𝐷𝑦 = ∂𝑦 + 𝑢𝑦 ∂𝑢 + 𝑢𝑡𝑦 ∂𝑢𝑡 + 𝑢𝑥𝑦 ∂𝑢𝑥 +···,

𝐷𝑧 = ∂𝑧 + 𝑢𝑧 ∂𝑢 + 𝑢𝑡𝑧 ∂𝑢𝑡 + 𝑢𝑥𝑧 ∂𝑢𝑥 +···. }
 
 

 
 

              (4.46) 

Readers are directed to the given references for acquiring an 
understanding of the detailed steps involved in the calculation of 
conserved vectors of NLPDEs via the considered technique. 

For instance, in the case of Lie subalgebra 𝑄1, ⋯ , 𝑄3 and 
𝑄4 ≡ 𝑄5 + 𝑄8 one can compute as follows: 

Case 𝑸𝟏, . . . , 𝑸𝟑 

For the time translation symmetry  
𝑄1 = ∂/ ∂𝑡,  
we have functions  

𝜉1 = 1, 𝜉2 = 𝜉3 = 𝜉4 = 𝜂 = 0.  

Therefore, one can easily observe that 𝜁𝑥 = 𝜁𝑥𝑥 =
𝜁𝑡𝑥 = 𝜁𝑦𝑦 = 𝜁𝑧𝑧 = 0.  

Thus, we have  

𝑄[2](𝐺) = 0𝐺, that is λ = 0.  

Furthermore, from Eq. (4.42) we obtain  𝜂∗ = 0, which 
makes the new subalgebra Eq. (2.11) to retain the structure 
of Q1, that is 𝑌1 = ∂/ ∂𝑡. Resultant to the fact that the coeffi-
cients of the generators are all constants, the translation sym-
metries conserve their structures, and this leads us to the con-
clusion that 𝑌2 = ∂/ ∂𝑥,𝑌3 = ∂/ ∂𝑦 and 𝑌4 = ∂/ ∂𝑧. 

Case 𝑸𝟒 = 𝑸𝟓 +𝑸𝟖 

𝑄4 ≡ 𝑄5 + 𝑄8 = 3𝑡 ∂/ ∂𝑡 + 𝑥 ∂/ ∂𝑥

+(2𝑦 − 𝑧) ∂/ ∂𝑦 + (𝑦 + 2𝑧) ∂/ ∂𝑧 − 𝑢 ∂/ ∂𝑢
},  

where 𝜉1 = 3𝑡, 𝜉2 = 𝑥,  𝜉3 = 2𝑦 − 𝑧,  𝜉4 = 𝑦 + 2𝑧 and 

𝜂 = −𝑢. Thus, on engaging Eq. (4.45), the result of our 
calculation reveals 

𝜁𝑥 = −2𝑢𝑥 ,  𝜁
𝑡𝑥 = −5𝑢𝑡𝑥 ,  𝜁

𝑥𝑥 = −3𝑢𝑥𝑥 ,

 𝜁𝑦𝑦 = −2𝑢𝑦𝑧 − 5𝑢𝑦𝑦 ,  𝜁
𝑧𝑧 = 2𝑢𝑦𝑧 − 5𝑢𝑧𝑧

.  

From Eqs (4.43)–(4.46), we have 
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𝑄4
[2]
(𝐺) = (

−5𝑢𝑡𝑥 −
15

2
𝑢2𝑢𝑥𝑥 − 15𝑢𝑢𝑥

2 −
15

2
𝑢3𝑢𝑥

−15𝑢𝑥𝑢𝑥𝑥 − 5𝑢𝑦𝑦 − 5𝑢𝑧𝑧
)

= −5(
𝑢𝑡𝑥 +

3

2
𝑢𝑥𝑢

3 +
3

2
𝑢𝑥𝑥𝑢

2 + 3𝑢𝑥
2𝑢

+3𝑢𝑥𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧
)

= −5𝐺.

  

We can see then that λ = −5. In consequence 

𝜂∗ = −{−5 + 𝐷𝑡(3𝑡) + 𝐷𝑥(𝑥) + 𝐷𝑦(2𝑦 − 𝑧)

+𝐷𝑧(𝑦 + 2𝑧)}𝑣
= −3𝑣.

}  

Therefore, we arrive at the extended vector field 

𝑌4 = 3𝑡 ∂/ ∂𝑡 + 𝑥 ∂/ ∂𝑥 + (2𝑦 − 𝑧) ∂/ ∂𝑦
+(𝑦 + 2𝑧) ∂/ ∂𝑧 − 𝑢 ∂/ ∂𝑢 − 5𝑣 ∂/ ∂𝑣

}  

and the related characteristic function 

 𝑊 = −3𝑡𝑢𝑡 − 𝑥𝑢𝑥 − (𝑦 + 2𝑧)𝑢𝑧 − (2𝑦 − 𝑧)𝑢𝑦 − 𝑢.  

On taking the same steps outlined above with the relation 
Eq. (4.34), one constructs the conserved vectors [2, 75] corre-
sponding to the secured optimal system of 12 Lie subalgebras 
as subsequently presented: 

𝑇1
𝑡 =

3

2
𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑥𝑢

2 + 3𝑣𝑢𝑢𝑥
2 + 𝑣𝑢𝑧𝑧

+𝑣𝑢𝑦𝑦 + 3𝑣𝑢𝑥𝑢𝑥𝑥 +
1

2
𝑣𝑢𝑡𝑥 +

1

2
𝑢𝑡𝑣𝑥,

}  

𝑇1
𝑥 =

3

2
𝑢𝑡𝑣𝑥𝑢

2 −
3

2
𝑣𝑢𝑡𝑢

3 −
3

2
𝑣𝑢𝑡𝑥𝑢

2

−3𝑢𝑡𝑢𝑥𝑢𝑣 − 3𝑢𝑥𝑢𝑡𝑥𝑣 −
1

2
𝑢𝑡𝑡𝑣 + 3𝑢𝑡𝑢𝑥𝑣𝑥 +

1

2
𝑢𝑡𝑣𝑡 ,

}

𝑇1
𝑦
= 𝑢𝑡𝑣𝑦 − 𝑢𝑡𝑦𝑣, 𝑇1

𝑧 = 𝑢𝑡𝑣𝑧 − 𝑢𝑡𝑧𝑣;

  

𝑇2
𝑡 =

1

2
𝑢𝑥𝑣𝑥 −

1

2
𝑢𝑥𝑥𝑣, 𝑇2

𝑥 =
3

2
𝑢𝑥𝑣𝑥𝑢

2

+𝑢𝑧𝑧𝑣 + 𝑢𝑦𝑦𝑣 +
1

2
𝑢𝑡𝑥𝑣 +

1

2
𝑣𝑡𝑢𝑥 + 3𝑢𝑥

2𝑣𝑥 ,
}

𝑇2
𝑦
= 𝑢𝑥𝑣𝑦 − 𝑢𝑥𝑦𝑣, 𝑇2

𝑧 = 𝑢𝑥𝑣𝑧 − 𝑢𝑥𝑧𝑣;

  

𝑇3
𝑡 =

1

2
𝑢𝑦𝑣𝑥 −

1

2
𝑢𝑥𝑦𝑣,

𝑇3
𝑥 = −

3

2
𝑢𝑦𝑢

3𝑣 +
3

2
𝑢𝑦𝑣𝑥𝑢

2 −
3

2
𝑢𝑥𝑦𝑢

2𝑣

−3𝑢𝑥𝑢𝑦𝑢𝑣 − 3𝑢𝑥𝑢𝑥𝑦𝑣 −
1

2
𝑢𝑡𝑦𝑣 +

1

2
𝑣𝑡𝑢𝑦

+3𝑢𝑥𝑢𝑦𝑣𝑥 , }
 
 

 
 

  

𝑇3
𝑦
=

3

2
𝑢𝑥𝑢

3𝑣 +
3

2
𝑢𝑥𝑥𝑢

2𝑣 + 3𝑢𝑥
2𝑢𝑣

+𝑢𝑧𝑧𝑣 + 3𝑢𝑥𝑢𝑥𝑥𝑣 + 𝑢𝑡𝑥𝑣 + 𝑢𝑦𝑣𝑦 ,
}

𝑇3
𝑧 = 𝑢𝑦𝑣𝑧 − 𝑢𝑦𝑧𝑣;

  

𝑇8
𝑦
= 3𝑦𝑢𝑥𝑢

3𝑣 + 3𝑦𝑢𝑥𝑥𝑢
2𝑣 + 6𝑦𝑢𝑥

2𝑢𝑣 + 𝑣𝑦𝑢

+2𝑦𝑢𝑧𝑧𝑣 − 3𝑢𝑦𝑣 − 2𝑧𝑢𝑦𝑧𝑣 − 𝑥𝑢𝑥𝑦𝑣

+6𝑦𝑢𝑥𝑢𝑥𝑥𝑣 − 3𝑡𝑢𝑡𝑦𝑣 + 2𝑦𝑢𝑡𝑥𝑣

+3𝑡𝑢𝑡𝑣𝑦 + 𝑥𝑢𝑥𝑣𝑦 + 2𝑧𝑢𝑧𝑣𝑦 + 2𝑦𝑢𝑦𝑣𝑦 , }
 
 

 
 

  

𝑇8
𝑧 = 3𝑧𝑢𝑥𝑢

3𝑣 + 3𝑧𝑢𝑥𝑥𝑢
2𝑣 + 6𝑧𝑢𝑥

2𝑢𝑣 + 𝑣𝑧𝑢
−3𝑢𝑧𝑣 − 2𝑦𝑢𝑦𝑧𝑣 + 2𝑧𝑢𝑦𝑦𝑣 − 𝑥𝑢𝑥𝑧𝑣

+6𝑧𝑢𝑥𝑢𝑥𝑥𝑣 − 3𝑡𝑢𝑡𝑧𝑣 + 2𝑧𝑢𝑡𝑥𝑣
+3𝑡𝑢𝑡𝑣𝑧 + 𝑥𝑢𝑥𝑣𝑧 + 2𝑦𝑢𝑦𝑣𝑧 + 2𝑧𝑢𝑧𝑣𝑧; }

 

 

  

𝑇9
𝑡 =

3

2
𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑥𝑢

2 + 3𝑣𝑢𝑥
2𝑢 + 𝑣𝑢𝑧𝑧

+𝑣𝑢𝑦𝑦 +
1

2
𝑢𝑦𝑣𝑥 +

1

2
𝑢𝑥𝑣𝑥 −

1

2
𝑣𝑢𝑥𝑦

−
1

2
𝑣𝑢𝑥𝑥 + 3𝑣𝑢𝑥𝑢𝑥𝑥 +

1

2
𝑣𝑥𝑢𝑡 +

1

2
𝑣𝑢𝑡𝑥, }

 
 

 
 

   

𝑇9
𝑦
=

3

2
𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑥𝑢

2 + 3𝑣𝑢𝑥
2𝑢 + 𝑣𝑢𝑧𝑧

+𝑢𝑦𝑣𝑦 + 𝑣𝑦𝑢𝑥 − 𝑣𝑢𝑥𝑦 + 3𝑣𝑢𝑥𝑢𝑥𝑥 + 𝑣𝑦𝑢𝑡
−𝑣𝑢𝑡𝑦 + 𝑣𝑢𝑡𝑥, 𝑇9

𝑧 = 𝑣𝑧𝑢𝑦 − 𝑣𝑢𝑦𝑧
+𝑣𝑧𝑢𝑥 − 𝑣𝑢𝑥𝑧 + 𝑣𝑧𝑢𝑡 − 𝑣𝑢𝑡𝑧; }

 
 

 
 

  

𝑇4
𝑡 =

9

2
𝑡𝑣𝑢𝑥𝑢

3 +
9

2
𝑡𝑣𝑢𝑥𝑥𝑢

2 + 9𝑡𝑣𝑢𝑥
2𝑢

+
1

2
𝑣𝑥𝑢 + 3𝑡𝑣𝑢𝑧𝑧 + 3𝑡𝑣𝑢𝑦𝑦 − 𝑣𝑢𝑥

+
1

2
𝑦𝑢𝑧𝑣𝑥 + 𝑧𝑢𝑧𝑣𝑥 + 𝑦𝑢𝑦𝑣𝑥 −

1

2
𝑧𝑢𝑦𝑣𝑥

+
1

2
𝑥𝑢𝑥𝑣𝑥 −

1

2
𝑦𝑣𝑢𝑥𝑧 − 𝑧𝑣𝑢𝑥𝑧

−𝑦𝑣𝑢𝑥𝑦 +
1

2
𝑧𝑣𝑢𝑥𝑦 −

1

2
𝑥𝑣𝑢𝑥𝑥

+9𝑡𝑣𝑢𝑥𝑢𝑥𝑥 +
3

2
𝑡𝑣𝑥𝑢𝑡 +

3

2
𝑡𝑣𝑢𝑡𝑥,

  

𝑇4
𝑥 =

3

2
𝑧𝑣𝑢𝑦𝑢

3 −
3

2
𝑣𝑢4 −

3

2
𝑦𝑣𝑢𝑧𝑢

3 − 3𝑧𝑣𝑢𝑧𝑢
3

−3𝑦𝑣𝑢𝑦𝑢
3 +

3

2
𝑣𝑥𝑢

3 −
9

2
𝑡𝑣𝑢𝑡𝑢

3 − 6𝑣𝑢𝑥𝑢
2

+
3

2
𝑦𝑢𝑧𝑣𝑥𝑢

2 + 3𝑧𝑢𝑧𝑣𝑥𝑢
2 + 3𝑦𝑢𝑦𝑣𝑥𝑢

2

−
3

2
𝑧𝑢𝑦𝑣𝑥𝑢

2 +
3

2
𝑥𝑢𝑥𝑣𝑥𝑢

2 −
3

2
𝑦𝑣𝑢𝑥𝑧𝑢

2

−3𝑧𝑣𝑢𝑥𝑧𝑢
2 − 3𝑦𝑣𝑢𝑥𝑦𝑢

2 +
3

2
𝑧𝑣𝑢𝑥𝑦𝑢

2

+
9

2
𝑡𝑣𝑥𝑢𝑡𝑢

2 −
9

2
𝑡𝑣𝑢𝑡𝑥𝑢

2 − 3𝑦𝑣𝑢𝑧𝑢𝑥𝑢 − 6𝑧𝑣𝑢𝑧𝑢𝑥𝑢

−6𝑦𝑣𝑢𝑦𝑢𝑥𝑢 + 3𝑧𝑣𝑢𝑦𝑢𝑥𝑢 + 3𝑢𝑥𝑣𝑥𝑢 − 9𝑡𝑣𝑢𝑥𝑢𝑡𝑢

+
1

2
𝑣𝑡𝑢 − 6𝑣𝑢𝑥

2 + 𝑥𝑣𝑢𝑧𝑧 + 𝑥𝑣𝑢𝑦𝑦 + 3𝑥𝑢𝑥
2𝑣𝑥

+3𝑦𝑢𝑧𝑢𝑥𝑣𝑥 + 6𝑧𝑢𝑧𝑢𝑥𝑣𝑥 + 6𝑦𝑢𝑦𝑢𝑥𝑣𝑥
−3𝑧𝑢𝑦𝑢𝑥𝑣𝑥 − 3𝑦𝑣𝑢𝑥𝑢𝑥𝑧 − 6𝑧𝑣𝑢𝑥𝑢𝑥𝑧 − 6𝑦𝑣𝑢𝑥𝑢𝑥𝑦

+3𝑧𝑣𝑢𝑥𝑢𝑥𝑦 − 2𝑣𝑢𝑡 + 9𝑡𝑢𝑥𝑣𝑥𝑢𝑡 +
1

2
𝑦𝑢𝑧𝑣𝑡 + 𝑧𝑢𝑧𝑣𝑡

+𝑦𝑢𝑦𝑣𝑡 −
1

2
𝑧𝑢𝑦𝑣𝑡 +

1

2
𝑥𝑢𝑥𝑣𝑡 +

3

2
𝑡𝑢𝑡𝑣𝑡 −

1

2
𝑦𝑣𝑢𝑡𝑧

−𝑧𝑣𝑢𝑡𝑧 − 𝑦𝑣𝑢𝑡𝑦 +
1

2
𝑧𝑣𝑢𝑡𝑦 +

1

2
𝑥𝑣𝑢𝑡𝑥

−9𝑡𝑣𝑢𝑥𝑢𝑡𝑥 −
3

2
𝑡𝑣𝑢𝑡𝑡, }

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

       

𝑇4
𝑦
= 3𝑦𝑣𝑢𝑥𝑢

3 −
3

2
𝑧𝑣𝑢𝑥𝑢

3 + 3𝑦𝑣𝑢𝑥𝑥𝑢
2 −

3

2
𝑧𝑣𝑢𝑥𝑥𝑢

2

+6𝑦𝑣𝑢𝑥
2𝑢 − 3𝑧𝑣𝑢𝑥

2𝑢 + 𝑣𝑦𝑢 − 𝑣𝑢𝑧 + 2𝑦𝑣𝑢𝑧𝑧 − 𝑧𝑣𝑢𝑧𝑧
−3𝑣𝑢𝑦 + 𝑦𝑢𝑧𝑣𝑦 + 2𝑧𝑢𝑧𝑣𝑦 + 2𝑦𝑢𝑦𝑣𝑦 − 𝑧𝑢𝑦𝑣𝑦 − 𝑦𝑣𝑢𝑦𝑧
−2𝑧𝑣𝑢𝑦𝑧 + 𝑥𝑣𝑦𝑢𝑥 − 𝑥𝑣𝑢𝑥𝑦 + 6𝑦𝑣𝑢𝑥𝑢𝑥𝑥 − 3𝑧𝑣𝑢𝑥𝑢𝑥𝑥
+3𝑡𝑣𝑦𝑢𝑡 − 3𝑡𝑣𝑢𝑡𝑦 + 2𝑦𝑣𝑢𝑡𝑥 − 𝑧𝑣𝑢𝑡𝑥, }

 
 

 
 

  

𝑇4
𝑧 =

3

2
𝑦𝑣𝑢𝑥𝑢

3 + 3𝑧𝑣𝑢𝑥𝑢
3 +

3

2
𝑦𝑣𝑢𝑥𝑥𝑢

2 + 3𝑧𝑣𝑢𝑥𝑥𝑢
2

+3𝑦𝑣𝑢𝑥
2𝑢 + 6𝑧𝑣𝑢𝑥

2𝑢 + 𝑣𝑧𝑢 − 3𝑣𝑢𝑧 + 𝑦𝑢𝑧𝑣𝑧 + 2𝑧𝑢𝑧𝑣𝑧
+𝑣𝑢𝑦 + 2𝑦𝑣𝑧𝑢𝑦 − 𝑧𝑣𝑧𝑢𝑦 − 2𝑦𝑣𝑢𝑦𝑧 + 𝑧𝑣𝑢𝑦𝑧 + 𝑦𝑣𝑢𝑦𝑦
+2𝑧𝑣𝑢𝑦𝑦 + 𝑥𝑣𝑧𝑢𝑥 − 𝑥𝑣𝑢𝑥𝑧 + 3𝑦𝑣𝑢𝑥𝑢𝑥𝑥 + 6𝑧𝑣𝑢𝑥𝑢𝑥𝑥
+3𝑡𝑣𝑧𝑢𝑡 − 3𝑡𝑣𝑢𝑡𝑧 + 𝑦𝑣𝑢𝑡𝑥 + 2𝑧𝑣𝑢𝑡𝑥; }

  
 

  
 

 

𝑇5
𝑡 =

1

2
𝑢𝑥𝑣𝑥 −

1

2
𝑢𝑥𝑦𝑣 −

1

2
𝑢𝑥𝑥𝑣 +

1

2
𝑢𝑦𝑣𝑥 ,

𝑇5
𝑥 =

3

2
𝑢𝑦𝑣𝑥𝑢

2 −
3

2
𝑢𝑦𝑢

3𝑣 +
3

2
𝑢𝑥𝑣𝑥𝑢

2 −
3

2
𝑢𝑥𝑦𝑢

2𝑣

−3𝑢𝑥𝑢𝑦𝑢𝑣 + 𝑢𝑧𝑧𝑣 + 𝑢𝑦𝑦𝑣𝑣 − 3𝑢𝑥𝑢𝑥𝑦 −
1

2
𝑢𝑡𝑦𝑣

+
1

2
𝑢𝑡𝑥𝑣 +

1

2
𝑣𝑡𝑢𝑥 +

1

2
𝑣𝑡𝑢𝑦 + 3𝑢𝑥𝑢𝑦𝑣𝑥 + 3𝑢𝑥

2𝑣𝑥 , }
 
 

 
 
    

𝑇5
𝑦
=

3

2
𝑢𝑥𝑢

3𝑣 +
3

2
𝑢𝑥𝑥𝑢

2𝑣 + 3𝑢𝑥
2𝑢𝑣 + 𝑢𝑧𝑧𝑣

−𝑢𝑥𝑦𝑣 + 3𝑢𝑥𝑢𝑥𝑥𝑣 + 𝑢𝑡𝑥𝑣 + 𝑢𝑥𝑣𝑦 + 𝑢𝑦𝑣𝑦 ,
}  
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𝑇5
𝑧 = 𝑢𝑥𝑣𝑧 − 𝑢𝑦𝑧𝑣 − 𝑢𝑥𝑧𝑣 + 𝑢𝑦𝑣𝑧;

𝑇6
𝑡 = 𝑡𝑢𝑧𝑣𝑥 − 𝑡𝑢𝑦𝑣𝑥 +

1

2
𝑦𝑢𝑥𝑣𝑥 −

1

2
𝑧𝑢𝑥𝑣𝑥

−𝑡𝑣𝑢𝑥𝑧 + 𝑡𝑣𝑢𝑥𝑦 −
1

2
𝑦𝑣𝑢𝑥𝑥 +

1

2
𝑧𝑣𝑢𝑥𝑥 ,

}
  

𝑇6
𝑥 = 3𝑡𝑣𝑢𝑦𝑢

3 − 3𝑡𝑣𝑢𝑧𝑢
3 + 3𝑡𝑢𝑧𝑣𝑥𝑢

2 − 3𝑡𝑢𝑦𝑣𝑥𝑢
2

+
3

2
𝑦𝑢𝑥𝑣𝑥𝑢

2 + 𝑡𝑢𝑧𝑣𝑡 −
3

2
𝑧𝑢𝑥𝑣𝑥𝑢

2 − 3𝑡𝑣𝑢𝑥𝑧𝑢
2

+3𝑡𝑣𝑢𝑥𝑦𝑢
2 − 6𝑡𝑣𝑢𝑧𝑢𝑥𝑢 + 6𝑡𝑣𝑢𝑦𝑢𝑥𝑢 − 𝑣𝑢𝑧 + 𝑦𝑣𝑢𝑧𝑧

−𝑧𝑣𝑢𝑧𝑧 + 𝑣𝑢𝑦 + 𝑦𝑣𝑢𝑦𝑦 − 𝑧𝑣𝑢𝑦𝑦 + 3𝑦𝑢𝑥
2𝑣𝑥 − 3𝑧𝑢𝑥

2𝑣𝑥
+6𝑡𝑢𝑧𝑢𝑥𝑣𝑥 − 6𝑡𝑢𝑦𝑢𝑥𝑣𝑥 − 6𝑡𝑣𝑢𝑥𝑢𝑥𝑧 + 6𝑡𝑣𝑢𝑥𝑢𝑥𝑦 − 𝑡𝑢𝑦𝑣𝑡

+
1

2
𝑦𝑢𝑥𝑣𝑡 −

1

2
𝑧𝑢𝑥𝑣𝑡 − 𝑡𝑣𝑢𝑡𝑧 + 𝑡𝑣𝑢𝑡𝑦 +

1

2
𝑦𝑣𝑢𝑡𝑥 −

1

2
𝑧𝑣𝑢𝑡𝑥,}

 
 
 

 
 
 

   

𝑇6
𝑦
= 𝑦𝑣𝑦𝑢𝑥 − 3𝑡𝑣𝑢𝑥𝑢

3 − 3𝑡𝑣𝑢𝑥𝑥𝑢
2 − 6𝑡𝑣𝑢𝑥

2𝑢

−2𝑡𝑣𝑢𝑧𝑧 + 2𝑡𝑢𝑧𝑣𝑦 − 2𝑡𝑢𝑦𝑣𝑦 − 2𝑡𝑣𝑢𝑦𝑧 − 𝑣𝑢𝑥
−𝑧𝑣𝑦𝑢𝑥 − 𝑦𝑣𝑢𝑥𝑦 + 𝑧𝑣𝑢𝑥𝑦 − 6𝑡𝑣𝑢𝑥𝑢𝑥𝑥 − 2𝑡𝑣𝑢𝑡𝑥,

}  

𝑇6
𝑧 = 3𝑡𝑣𝑢𝑥𝑢

3 + 3𝑡𝑣𝑢𝑥𝑥𝑢
2 + 6𝑡𝑣𝑢𝑥

2𝑢 + 2𝑡𝑢𝑧𝑣𝑧
−2𝑡𝑣𝑧𝑢𝑦 + 2𝑡𝑣𝑢𝑦𝑧 + 2𝑡𝑣𝑢𝑦𝑦 + 𝑣𝑢𝑥 + 𝑦𝑣𝑧𝑢𝑥
−𝑧𝑣𝑧𝑢𝑥 − 𝑦𝑣𝑢𝑥𝑧 + 𝑧𝑣𝑢𝑥𝑧 + 6𝑡𝑣𝑢𝑥𝑢𝑥𝑥 + 2𝑡𝑣𝑢𝑡𝑥;

}  

𝑇7
𝑡 = −

1

2
𝑦𝑢𝑥𝑧𝑣 +

1

2
𝑧𝑢𝑥𝑦𝑣 +

1

2
𝑦𝑢𝑧𝑣𝑥 −

1

2
𝑧𝑢𝑦𝑣𝑥 ,

𝑇7
𝑥 = −

3

2
𝑦𝑢𝑧𝑢

3𝑣 +
3

2
𝑧𝑢𝑦𝑢

3𝑣 +
3

2
𝑦𝑢𝑧𝑣𝑥𝑢

2 −
3

2
𝑧𝑢𝑦𝑣𝑥𝑢

2

−
3

2
𝑦𝑢𝑥𝑧𝑢

2𝑣 +
3

2
𝑧𝑢𝑥𝑦𝑢

2𝑣 − 3𝑦𝑢𝑥𝑢𝑧𝑢𝑣 + 3𝑧𝑢𝑥𝑢𝑦𝑢𝑣

−3𝑦𝑢𝑥𝑢𝑥𝑧𝑣 + 3𝑧𝑢𝑥𝑢𝑥𝑦𝑣 −
1

2
𝑦𝑢𝑡𝑧𝑣 +

1

2
𝑧𝑢𝑡𝑦𝑣

+
1

2
𝑦𝑣𝑡𝑢𝑧 −

1

2
𝑧𝑣𝑡𝑢𝑦 + 3𝑦𝑢𝑥𝑢𝑧𝑣𝑥 − 3𝑧𝑢𝑥𝑢𝑦𝑣𝑥 , }

 
 

 
 

  

𝑇7
𝑦
= −

3

2
𝑧𝑢𝑥𝑢

3𝑣 −
3

2
𝑧𝑢𝑥𝑥𝑢

2𝑣 − 3𝑧𝑢𝑥
2𝑢𝑣 − 𝑢𝑧𝑣 − 𝑧𝑢𝑧𝑧𝑣

−𝑦𝑢𝑦𝑧𝑣 − 3𝑧𝑢𝑥𝑢𝑥𝑥𝑣 − 𝑧𝑢𝑡𝑥𝑣 + 𝑦𝑢𝑧𝑣𝑦 − 𝑧𝑢𝑦𝑣𝑦 ,
}

𝑇7
𝑧 =

3

2
𝑦𝑢𝑥𝑢

3𝑣 +
3

2
𝑦𝑢𝑥𝑥𝑢

2𝑣 + 3𝑦𝑢𝑥
2𝑢𝑣

+𝑢𝑦𝑣 + 𝑧𝑢𝑦𝑧𝑣 + 𝑦𝑢𝑦𝑦𝑣 + 3𝑦𝑢𝑥𝑢𝑥𝑥𝑣

+𝑦𝑢𝑡𝑥𝑣 + 𝑦𝑢𝑧𝑣𝑧 − 𝑧𝑢𝑦𝑣𝑧;

}

  

𝑇8
𝑡 =

9

2
𝑡𝑢𝑥𝑢

3𝑣 +
9

2
𝑡𝑢𝑥𝑥𝑢

2𝑣 + 9𝑡𝑢𝑥
2𝑢𝑣 +

1

2
𝑣𝑥𝑢

+3𝑡𝑢𝑧𝑧𝑣 + 3𝑡𝑢𝑦𝑦𝑣 − 𝑢𝑥𝑣 − 𝑧𝑢𝑥𝑧𝑣 − 𝑦𝑢𝑥𝑦𝑣

−
1

2
𝑥𝑢𝑥𝑥𝑣 + 9𝑡𝑢𝑥𝑢𝑥𝑥𝑣 +

3

2
𝑡𝑢𝑡𝑥𝑣 +

3

2
𝑡𝑢𝑡𝑣𝑥

+𝑦𝑢𝑦𝑣𝑥 + 𝑧𝑢𝑧𝑣𝑥 +
1

2
𝑥𝑢𝑥𝑣𝑥 , }

 
 

 
 

  

𝑇8
𝑥 = −

3

2
𝑣𝑢4 − 3𝑧𝑣𝑢𝑧𝑢

3 − 3𝑦𝑣𝑢𝑦𝑢
3 +

3

2
𝑣𝑥𝑢

3

−
9

2
𝑡𝑣𝑢𝑡𝑢

3 − 6𝑣𝑢𝑥𝑢
2 + 3𝑧𝑢𝑧𝑣𝑥𝑢

2 + 3𝑦𝑢𝑦𝑣𝑥𝑢
2

+
3

2
𝑥𝑢𝑥𝑣𝑥𝑢

2 − 3𝑧𝑣𝑢𝑥𝑧𝑢
2 − 3𝑦𝑣𝑢𝑥𝑦𝑢

2

+
9

2
𝑡𝑣𝑥𝑢𝑡𝑢

2 −
9

2
𝑡𝑣𝑢𝑡𝑥𝑢

2 − 6𝑧𝑣𝑢𝑧𝑢𝑥𝑢

−6𝑦𝑣𝑢𝑦𝑢𝑥𝑢 + 3𝑢𝑥𝑣𝑥𝑢 − 9𝑡𝑣𝑢𝑥𝑢𝑡𝑢 +
1

2
𝑣𝑡𝑢

−6𝑣𝑢𝑥
2 + 𝑥𝑣𝑢𝑧𝑧 + 𝑥𝑣𝑢𝑦𝑦 + 3𝑥𝑢𝑥

2𝑣𝑥 + 6𝑧𝑢𝑧𝑢𝑥𝑣𝑥
+6𝑦𝑢𝑦𝑢𝑥𝑣𝑥 − 6𝑧𝑣𝑢𝑥𝑢𝑥𝑧 − 6𝑦𝑣𝑢𝑥𝑢𝑥𝑦
−2𝑣𝑢𝑡 + 9𝑡𝑢𝑥𝑣𝑥𝑢𝑡 + 𝑧𝑢𝑧𝑣𝑡 + 𝑦𝑢𝑦𝑣𝑡

+
1

2
𝑥𝑢𝑥𝑣𝑡 +

3

2
𝑡𝑢𝑡𝑣𝑡 − 𝑧𝑣𝑢𝑡𝑧 − 𝑦𝑣𝑢𝑡𝑦

+
1

2
𝑥𝑣𝑢𝑡𝑥 − 9𝑡𝑣𝑢𝑥𝑢𝑡𝑥 −

3

2
𝑡𝑣𝑢𝑡𝑡 , }

 
 
 
 
 
 
 

 
 
 
 
 
 
 

  

𝑇9
𝑥 =

3

2
𝑢𝑦𝑣𝑥𝑢

2 −
3

2
𝑣𝑢𝑦𝑢

3 −
3

2
𝑣𝑢𝑡𝑢

3 +
3

2
𝑢𝑥𝑣𝑥𝑢

2

−
3

2
𝑣𝑢𝑥𝑦𝑢

2 +
3

2
𝑣𝑥𝑢𝑡𝑢

2 −
3

2
𝑣𝑢𝑡𝑥𝑢

2 − 3𝑣𝑢𝑦𝑢𝑥𝑢

−3𝑣𝑢𝑥𝑢𝑡𝑢 + 𝑣𝑢𝑧𝑧 + 𝑣𝑢𝑦𝑦 + 3𝑢𝑥
2𝑣𝑥 + 3𝑢𝑦𝑢𝑥𝑣𝑥

−3𝑣𝑢𝑥𝑢𝑥𝑦 + 3𝑢𝑥𝑣𝑥𝑢𝑡 +
1

2
𝑢𝑦𝑣𝑡 +

1

2
𝑢𝑥𝑣𝑡

+
1

2
𝑢𝑡𝑣𝑡 −

1

2
𝑣𝑢𝑡𝑦 +

1

2
𝑣𝑢𝑡𝑥 − 3𝑣𝑢𝑥𝑢𝑡𝑥 −

1

2
𝑣𝑢𝑡𝑡 , }

 
 
 

 
 
 

  

𝑇9
𝑥 =

3

2
𝑢𝑦𝑣𝑥𝑢

2 −
3

2
𝑣𝑢𝑦𝑢

3 −
3

2
𝑣𝑢𝑡𝑢

3 +
3

2
𝑢𝑥𝑣𝑥𝑢

2

−
3

2
𝑣𝑢𝑥𝑦𝑢

2 +
3

2
𝑣𝑥𝑢𝑡𝑢

2 −
3

2
𝑣𝑢𝑡𝑥𝑢

2 − 3𝑣𝑢𝑦𝑢𝑥𝑢

−3𝑣𝑢𝑥𝑢𝑡𝑢 + 𝑣𝑢𝑧𝑧 + 𝑣𝑢𝑦𝑦 + 3𝑢𝑥
2𝑣𝑥 + 3𝑢𝑦𝑢𝑥𝑣𝑥

−3𝑣𝑢𝑥𝑢𝑥𝑦 + 3𝑢𝑥𝑣𝑥𝑢𝑡 +
1

2
𝑢𝑦𝑣𝑡 +

1

2
𝑢𝑥𝑣𝑡

+
1

2
𝑢𝑡𝑣𝑡 −

1

2
𝑣𝑢𝑡𝑦 +

1

2
𝑣𝑢𝑡𝑥 − 3𝑣𝑢𝑥𝑢𝑡𝑥 −

1

2
𝑣𝑢𝑡𝑡 , }

 
 
 

 
 
 

  

𝑇10
𝑡 = 𝑡𝑢𝑧𝑣𝑥 +

1

2
𝑢𝑧𝑣𝑥 − 𝑡𝑢𝑦𝑣𝑥 +

1

2
𝑦𝑢𝑥𝑣𝑥

−
1

2
𝑧𝑢𝑥𝑣𝑥 − 𝑡𝑣𝑢𝑥𝑧 −

1

2
𝑣𝑢𝑥𝑧 + 𝑡𝑣𝑢𝑥𝑦

−
1

2
𝑦𝑣𝑢𝑥𝑥 +

1

2
𝑧𝑣𝑢𝑥𝑥 , 𝑇10

𝑥 = 3𝑡𝑣𝑢𝑦𝑢
3

−3𝑡𝑣𝑢𝑧𝑢
3 −

3

2
𝑣𝑢𝑧𝑢

3 + 3𝑡𝑢𝑧𝑣𝑥𝑢
2

+
3

2
𝑢𝑧𝑣𝑥𝑢

2 − 3𝑡𝑢𝑦𝑣𝑥𝑢
2 +

3

2
𝑦𝑢𝑥𝑣𝑥𝑢

2

−
3

2
𝑧𝑢𝑥𝑣𝑥𝑢

2 − 3𝑡𝑣𝑢𝑥𝑧𝑢
2 −

3

2
𝑣𝑢𝑥𝑧𝑢

2

+3𝑡𝑣𝑢𝑥𝑦𝑢
2 − 6𝑡𝑣𝑢𝑧𝑢𝑥𝑢 − 3𝑣𝑢𝑧𝑢𝑥𝑢

+6𝑡𝑣𝑢𝑦𝑢𝑥𝑢 − 𝑣𝑢𝑧 + 𝑦𝑣𝑢𝑧𝑧 − 𝑧𝑣𝑢𝑧𝑧

+𝑣𝑢𝑦 + 𝑦𝑣𝑢𝑦𝑦 − 𝑧𝑣𝑢𝑦𝑦 + 3𝑦𝑢𝑥
2𝑣𝑥

−3𝑧𝑢𝑥
2𝑣𝑥 + 6𝑡𝑢𝑧𝑢𝑥𝑣𝑥 + 3𝑢𝑧𝑢𝑥𝑣𝑥

−6𝑡𝑢𝑦𝑢𝑥𝑣𝑥 − 6𝑡𝑣𝑢𝑥𝑢𝑥𝑧 − 3𝑣𝑢𝑥𝑢𝑥𝑧

+6𝑡𝑣𝑢𝑥𝑢𝑥𝑦 + 𝑡𝑢𝑧𝑣𝑡 +
1

2
𝑢𝑧𝑣𝑡 − 𝑡𝑢𝑦𝑣𝑡

+
1

2
𝑦𝑢𝑥𝑣𝑡 −

1

2
𝑧𝑢𝑥𝑣𝑡 − 𝑡𝑣𝑢𝑡𝑧

−
1

2
𝑣𝑢𝑡𝑧 + 𝑡𝑣𝑢𝑡𝑦 +

1

2
𝑦𝑣𝑢𝑡𝑥 −

1

2
𝑧𝑣𝑢𝑡𝑥, }

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

  

𝑇10
𝑥 = 2𝑡𝑢𝑧𝑣𝑦 − 3𝑡𝑣𝑢𝑥𝑢

3 − 3𝑡𝑣𝑢𝑥𝑥𝑢
2

−6𝑡𝑣𝑢𝑥
2𝑢 − 2𝑡𝑣𝑢𝑧𝑧 + 𝑢𝑧𝑣𝑦 − 2𝑡𝑢𝑦𝑣𝑦

−2𝑡𝑣𝑢𝑦𝑧 − 𝑣𝑢𝑦𝑧 − 𝑣𝑢𝑥 + 𝑦𝑣𝑦𝑢𝑥 − 𝑧𝑣𝑦𝑢𝑥
−𝑦𝑣𝑢𝑥𝑦 + 𝑧𝑣𝑢𝑥𝑦 − 6𝑡𝑣𝑢𝑥𝑢𝑥𝑥 − 2𝑡𝑣𝑢𝑡𝑥, }

 
 

 
 

  

𝑇10
𝑧 = 3𝑡𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑢

3 + 3𝑡𝑣𝑢𝑥𝑥𝑢
2 +

3

2
𝑣𝑢𝑥𝑥𝑢

2

+6𝑡𝑣𝑢𝑥
2𝑢 + 3𝑣𝑢𝑥

2𝑢 + 2𝑡𝑢𝑧𝑣𝑧 + 𝑢𝑧𝑣𝑧 − 2𝑡𝑣𝑧𝑢𝑦
+2𝑡𝑣𝑢𝑦𝑧 + 2𝑡𝑣𝑢𝑦𝑦 + 𝑣𝑢𝑦𝑦 + 𝑣𝑢𝑥 + 𝑦𝑣𝑧𝑢𝑥
−𝑧𝑣𝑧𝑢𝑥 − 𝑦𝑣𝑢𝑥𝑧 + 𝑧𝑣𝑢𝑥𝑧 + 6𝑡𝑣𝑢𝑥𝑢𝑥𝑥
+3𝑣𝑢𝑥𝑢𝑥𝑥 + 2𝑡𝑣𝑢𝑡𝑥 + 𝑣𝑢𝑡𝑥; }

 
 

 
 

  

𝑇11
𝑡 =

3

2
𝑢𝑥𝑢

3𝑣 +
3

2
𝑢𝑥𝑥𝑢

2𝑣 + 3𝑢𝑥
2𝑢𝑣 + 𝑢𝑧𝑧𝑣 + 𝑢𝑦𝑦𝑣

−
1

2
𝑢𝑥𝑥𝑣 + 3𝑢𝑥𝑢𝑥𝑥𝑣 +

1

2
𝑢𝑡𝑥𝑣 +

1

2
𝑢𝑡𝑣𝑥 +

1

2
𝑢𝑥𝑣𝑥 ,

}  

𝑇11
𝑥 =

3

2
𝑢𝑥𝑣𝑥𝑢

2 −
3

2
𝑢𝑡𝑢

3𝑣 +
3

2
𝑢𝑡𝑣𝑥𝑢

2 −
3

2
𝑢𝑡𝑥𝑢

2𝑣

−3𝑢𝑡𝑢𝑥𝑢𝑣 + 𝑢𝑧𝑧𝑣 + 𝑢𝑦𝑦𝑣 +
1

2
𝑢𝑡𝑥𝑣 − 3𝑢𝑥𝑢𝑡𝑥𝑣

−
1

2
𝑢𝑡𝑡𝑣 + 3𝑢𝑡𝑢𝑥𝑣𝑥 +

1

2
𝑣𝑡𝑢𝑥 +

1

2
𝑢𝑡𝑣𝑡 + 3𝑢𝑥

2𝑣𝑥 , }
 
 

 
 

  

𝑇11
𝑦
= 𝑢𝑥𝑣𝑦 − 𝑢𝑥𝑦𝑣 − 𝑢𝑡𝑦𝑣 + 𝑢𝑡𝑣𝑦 ,

𝑇11
𝑧 = 𝑢𝑥𝑣𝑧 − 𝑢𝑥𝑧𝑣 − 𝑢𝑡𝑧𝑣 + 𝑢𝑡𝑣𝑧;

}  
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𝑇12
𝑡 =

3

2
𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑥𝑢

2 + 3𝑣𝑢𝑥
2𝑢 + 𝑣𝑢𝑧𝑧 + 𝑣𝑢𝑦𝑦

+
1

2
𝑢𝑦𝑣𝑥 −

1

2
𝑣𝑢𝑥𝑦 + 3𝑣𝑢𝑥𝑢𝑥𝑥 +

1

2
𝑣𝑥𝑢𝑡 +

1

2
𝑣𝑢𝑡𝑥,

}  

𝑇12
𝑥 =

3

2
𝑣𝑥𝑢𝑡𝑢

2 −
3

2
𝑣𝑢𝑦𝑢

3 −
3

2
𝑣𝑢𝑡𝑢

3 +
3

2
𝑢𝑦𝑣𝑥𝑢

2

−
3

2
𝑣𝑢𝑥𝑦𝑢

2 −
3

2
𝑣𝑢𝑡𝑥𝑢

2 − 3𝑣𝑢𝑦𝑢𝑥𝑢 − 3𝑣𝑢𝑥𝑢𝑡𝑢

+3𝑢𝑦𝑢𝑥𝑣𝑥 − 3𝑣𝑢𝑥𝑢𝑥𝑦 + 3𝑢𝑥𝑣𝑥𝑢𝑡 +
1

2
𝑢𝑦𝑣𝑡

+
1

2
𝑢𝑡𝑣𝑡 −

1

2
𝑣𝑢𝑡𝑦 − 3𝑣𝑢𝑥𝑢𝑡𝑥 −

1

2
𝑣𝑢𝑡𝑡 , }

 
 

 
 

  

𝑇12
𝑦
=

3

2
𝑣𝑢𝑥𝑢

3 +
3

2
𝑣𝑢𝑥𝑥𝑢

2 + 3𝑣𝑢𝑥
2𝑢 + 𝑣𝑢𝑧𝑧

+𝑢𝑦𝑣𝑦 + 3𝑣𝑢𝑥𝑢𝑥𝑥 + 𝑣𝑦𝑢𝑡 − 𝑣𝑢𝑡𝑦 + 𝑣𝑢𝑡𝑥,
}  

𝑇12
𝑧 = 𝑣𝑧𝑢𝑦 − 𝑣𝑢𝑦𝑧 + 𝑣𝑧𝑢𝑡 − 𝑣𝑢𝑡𝑧 .  

Remark 4.2  
We observe that there is the possibility of obtaining solutions 

to the model 3D-extKPLEq (1.5) by exploring the double reduction 
method via the obtained conservation laws but our focus lies in 
generating the optimal system and using the same to calculate 
conserved vectors having applications in the fields of physical 
science. 

4.2 Application of conserved quantities in physical sciences 

Conservation laws [2, 75, 76], on the other hand, are a subject 
of pertinent engrossment in physics, inclusive of theoretical as 
well as quantum mechanics. This study investigates the con-
served quantities of Eq. (1.5) where the results reveal that the 
model possesses conservation of momentum and energy. In 
isolated systems, physical quantities such as charge, mass, ener-
gy, and angular momentum along linear momentum are con-
served. Conserved quantities can be invoked in carrying out 
integrability checks on DEs. In addition, we have among others 
the fact that conserved quantities play a key part in the establish-
ment of existence as well as the uniqueness of solutions and 
linearisation mappings. They are also utilised in the global behav-
iour of solutions and stability analysis. 

In addition, conserved quantities play a leading role in the 
evolution of numerical techniques. They also furnish a crucial 
starting point in securing non-locally related systems and potential 
variables. In particular, a conserved quantity is fundamental in the 
investigation of a given DE, which implies that it holds for any 
posed data, whether initial conditions, boundary conditions or 
both. Furthermore, the conservation laws’ structure is such that it 
does not depend on coordinates, since it involves a contact trans-
formation mapping one to the other. 

Conservation law, which is otherwise called the law of conser-
vation, in physics, refers to a principle that stipulates that a certain 
physical property (also referred to as a measurable quantity) 
within an isolated physical system remains unchanged over time. 
In classical physics, these types of laws are involved in governing 
energy, momentum, mass, angular momentum and electric 
charge. Moreover, in particle physics, various other conservation 
laws are applicable in relation to properties associated with suba-
tomic particles that are interestingly invariant during the occur-
rence of interactions. One of the important functions attributable to 
conservation laws is the fact that they make it possible to make 
predictions concerning the macroscopic behaviour of a system 
without necessarily having to contemplate the microscopic details 
of the course of a chemical reaction or physical process [77]. 

 Based on the understanding that energy and momentum are 
among the constituents of the physical quantities conserved by 
the obtained vectors, we provide some applications of these 
quantities. 

 
Fig. 1. Diagrammatic representation of various forms of energy in physics  

 [78] 

The law of conservation of energy reveals that energy can be 
neither created nor destroyed. However, its diverse forms (me-
chanical, kinetic, chemical, etc.) can be changed into others. It is 
to be noted that the sum of all forms of energy in an isolated 
system, therefore, remains unaltered. For instance, for a falling 
body, there is an existing constant amount of energy, although the 
form of the energy changes from one state to another, which is 
from potential to kinetic. Following the theory of relativity, mass 
and energy are revealed to be equivalent. Therefore, the rest of 
the mass of a body may be considered a form of potential energy, 
and part of this can later be converted into other forms of energy 
[78]. 

If one takes into cognizance all forms of energy (see Fig. 1), 
the total energy possessed by an isolated system always remains 
unchanged (constant). It is to be noted that all the forms of energy 
comply with the law of conservation of energy. Therefore, in 
summary, one can infer that the conservation of energy law expli-
cates that in a closed system, that is, a system that is isolated 
from its surrounding environments, the total energy of a system is 
conserved. Therefore, in an isolated system such as the universe, 
if there exists a loss of energy in some part of the system, there 
must be a compensating gain of an equal amount of energy in 
some other part of the universe [79]. 

Furthermore, the application of the conservation law of mo-
mentum is significant concerning the solution of collision prob-
lems. We may take, for example, the operation of rockets, which 
showcases and exhibits the conservation of momentum: the 
increased forward momentum of the rocket is scientifically proven 
to be equal but opposite in sign to the involved momentum of the 
discharged exhaust gases. 

Thus, one notices that the rocket fuel burns to push the ex-
haust gases downward, which consequently causes the rocket to 
be pushed upward. A rocket is a spacecraft or an aircraft vehicle 
that typically makes use of thrust generated by the rocket engine 
for its flight. A rocket is generally set in motion into outer space 
and this occasions various scientific researches as well as devel-
opment applications. Rockets are kept running via some forms of 
fuel that is typically comprised of liquid hydrogen, hydrogen perox-
ide, liquid oxygen, hydrazine, and so on. The chemical confor-
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mation of the rocket fuels generates an enormous amount of 
energy that can assist the massive body of the vehicle to shoot 
straight up and also get launched into space. 

In addition, the working mechanism of motorboats adopts the 
same principle; in this case, the water is pushed backwards, as a 
result of which the vehicle also gets pushed forward as part of the 
reaction so as to ensure momentum conservation [80]. 

In the case of real-life applications, we consider the example 
of a balloon, where it is observed that the particles of gas move 
rapidly, thus occasioning collisions with each other as well as the 
walls of the balloon. Although the particles themselves move 
slower and faster when they gain or lose momentum as they 
collide, the total momentum of the system is unaltered. The gen-
eral law of physics is the conservation of momentum, and this 
stipulates that the value of momentum remains fixed in an isolated 
collection of objects. Alternatively, the conservation of momentum 
law can be delineated as a physical quantity that stays unaltered 
both before and after the collision of two or more objects that are 
present in a system. In more direct terms, this implies that, in the 
case of a collision between two or more bodies, the value of mo-
mentum before the collision and that which emerges after the 
collision are equal in magnitude [81]. 

More so, the conservation law of energy can be observed in 
the examples of energy transference that occur on a daily basis. 
An example is the use of flowing water for the generation of elec-
tricity. When water falls from an upper level, this provides an 
opportunity to productively tap into the conversion that can be 
facilitated of potential energy into another form of energy, namely 
kinetic energy. In turn, this energy is then utilised to rotate the 
turbine of a generator as the principle of function underlying a 
hydroelectric power plant’s operation, resulting in the consequent 
generation of electricity. 

5. CONCLUDING REMARKS 

In this article, we investigated and discussed group invariance 
properties associated with a nonlinear wave Eq. (1.5) in three 
dimensions by invoking the Lie group theoretic technique, which 
gives eight Lie point symmetries. In addition, we presented infini-
tesimal generators, and Lie point symmetries along the corre-
sponding optimal system of one-dimensional Lie subalgebras. 
Later, the conserved vectors associated to the Lie subalgebras 
obtained earlier were achieved via Ibragimov’s conserved vectors 
theorem using the formal Lagrangian of the equation under study. 
It is undeniable that conservation laws are key ingredients in the 
deduction of the physical aspects of the model under study. As a 
result, some conservation laws that are well-known in physics, 
such as those pertaining to the conservation of energy and mo-
mentum, are derived in this study. In addition, applications of 
these quantities with regard to physics and mathematics are 
outlined. We declare here that, in addition to the fact that the 
presented formal calculations and analysis of results make the 
present study a more trustworthy source of referral, investigations 
carried out in this research work are more robust and comprehen-
sive than those in Lu et al.’s study [67]. Having comprehensively 
explained the significance of the results achieved in this study, we 
declare confidently that they are going to be very useful in classi-
cal physics, other physical sciences and various engineering 
fields. 
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Abstract: The present study deals with the effects of radiation and mass transfer on a laminar unsteady free convective flow of a viscous, 
incompressible, electrically conducting and chemically reacting fluid past a vertical surface in a rotating porous medium. It is assumed  

that the surface is rotating with angular velocity . The governing mathematical equations are developed and solved by adopting complex 
variable notations and the analytical expressions for velocity, temperature and concentration fields are obtained. The effects of various  
parameters on mean primary velocity, mean secondary velocity, mean temperature, mean concentration, transient primary velocity,  
transient secondary velocity, transient temperature and transient concentration have been discussed and shown graphically. Further,  
the consequences of different parameters on rate of heat transfer coefficient (Nusselt number), rate of mass transfer coefficient (Sherwood 
number) and drag coefficient (mean skin-friction) are analysed. It is observed that the mean and transient primary velocities increase  
with the radiation parameter E, while reverse phenomena are observed for the Schmidt number, Sc, and the chemical reaction parameter, 

. The results may be useful in studying oil or gas and water movement through an oil or gas field reservoir, underground water migration, 
and the filtration and water purification processes. 

Key words: porous medium; MHD; chemically reacting fluid, radiation, heat transfer, mass transfer 

1. INTRODUCTION 

In several trades of science and engineering, the impact of the 
chemical reaction along with the transfer of heat and mass is 
studied, since it has a significant practical importance among 
scientists and engineers. First of all, the combinatorial buoyancy 
effects were investigated, and we found that it imparts the natural-
istic convective flows adjoining together with the upright and flat 
surfaces of the thermal and mass diffusion. In the realm of theo-
retical investigation, the dynamic interplay of magnetohydrody-
namics and rotational forces unveils its enigmatic balance with a 
viscous, incompressible fluid cascading over a vertical plate en-
sconced within a porous medium [1–5]. The impact of the varying 
concentration and temperature of the surface extensively on the 
naturalistic convective flow for an upright flat surface was studied 
extensively. The flow model functions as a cooling agent at the 
surface, leading to a reduction in the concentration of the diffusing 
species at the boundary. The presence of an applied magnetic 
field, thermal radiation, porosity in the saturated porous medium, 
and a chemically reactive process all contribute to the gradual 
thinning of the boundary layer [6, 7]. The analysis of the thermal 
along with mass diffusion simultaneously was reported for the 
mixed type of convection flows via a perforated median. Increas-
ing both the heat source parameter and the radiation quantity 
leads to a heightened concentration of temperature distribution. 
On the other hand, elevating one of the chemical reaction pa-
rameters causes a reduction in concentration throughout the 
entire fluid region. Manipulating the rotation parameter can de-
crease skin-friction, but it may worsen the Hall effect and ion slip 

effect. Interestingly, augmenting the chemical reaction parameter 
results in a simultaneous increase in the mass transfer rate [8–
11]. The impacts of varying temperature and concentration were 
found over the free convective stream flow in unsteady state 
condition passed on an upright surface with infinite length and 
static state of suction. The role of chemical reactions and activa-
tion energy holds immense significance in analysing the behaviour 
of fluid dynamics and its thermal characteristics [12–15]. The 
analysis delves into the application of fluid flow in various do-
mains, including nuclear reactors, automobiles, manufacturing 
setups and electronic appliances. Specifically, when both the 
Darcy–Forchheimer and activation energy parameters are elevat-
ed, the velocity and concentration of the fluid decrease. This 
implies a delicate balance between these factors in the overall 
behaviour of the system under investigation. The impact of the 
heat along with mass transport on the blood flow model having 
two-phase has been represented and discussed in the analogous 
literature. Investigation is conducted into the dynamic behaviour of 
an unsteady flow of a viscous liquid subjected to an induced 
magnetic field while being controlled through uniform suction [16–
19]. The nalysis addresses the thermal equation, radiation, and 
entropy rate in the thermodynamic system. These results provide 
valuable insights into the intricate interplay between the thermal 
and magnetic fields, entropy production, concentration and veloci-
ty. By approaching this complex problem in a unique way, the 
prevailing understanding into how different physical variables 
interact and influence the overall behaviour of the system under 
investigation was studied. 

In the progressions containing higher temperatures, the trans-
fer of heat through radiation along with the impact of convective 
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heat transfer as well as mass transfer has a significant role in the 
designing and development of key equipment used in the fields, 
for instance gas turbines power generation plants, nuclear power 
plants and the numerous propulsive tactics used in the area of 
aerospace such as aircraft, satellites, space shuttles and missiles. 
The impacts of radiation were represented for the free convective 
stream flow over the hemi-infinite past porous surface along with 
the transfer of the mass. The numerical values of physical quanti-
ties, such as the local skin-friction coefficient, the local Nusselt 
number and the local Sherwood number, were also calculated in a 
clear and organised way [20–25]. The transfer of heat was evalu-
ated under a thermally radiative medium, while the transfer of 
mass for an upright surface in the moving condition. The impacts 
of heat and mass transfer were explored on the free convective 
flow of a micropolar fluid adjacent to an infinite vertical porous 
plate [26–29]. The significance of this research extends to diverse 
fields such as geophysics, medicine, biology and any processes 
that benefit from a strong magnetic field in a low-density gas 
environment. The impact of the radiation along with the transfer of 
mass was also investigated over an isothermal upright surface 
under the two-dimensional flow. The introduction of coordinate 
and parametric transformations in the governing equations has 
revealed remarkable insights that have seldom been reported in 
the literature [30–32]. The investigation has yielded crucial find-
ings, particularly concerning the impact of the Ergun number on 
various fluid types. Interestingly, the Ergun number has demon-
strated its ability to reduce the velocity boundary layer of pseudo-
plastic fluids, a highly desirable outcome. However, it has been 
observed to enhance the thermal boundary layer in these fluids. In 
contrast, for Newtonian and dilatant fluids, this effect has proven 
to be relatively insignificant. The unsteady convectional flow by 
means of the rotating perforated median with the radiational effect 
and periodic flux of heat was reported significantly [33, 34]. 

MHD is an important aspect in covering the mechanical prop-
erties of the liquid in the fluid dynamics and deals with the coop-
eration among the electrically conductive and electromagnetic 
fluids. The flows involved in the fluids that are a good conductor of 
the electricity subjected to the effect of the magnetic field have 
drawn the attention of various investigators due to their uses in 
astrophysics, geophysics, engineering applications and the control 
of aerodynamic boundary layer. The MHD free convective stream 
flows were assessed for a plate put at heat flux with oscillations of 
surface. The unsteady free convection flow of a viscous incom-
pressible fluid delved through a highly porous medium, bounded 
by a vertical infinite moving plate, has been discussed by many 
researchers [35–39]. During the evaluation of the intricate inter-
play of thermal diffusion, chemical reaction and heat source, it is 
necessary to consider all of these as being under the influence of 
the Soret effect. The fluid is grey, absorbing and emitting, and yet 
non-scattering, adding complexity to the problem. This research 
sheds light on the complex dynamics of fluid flow through porous 
media, offering valuable implications for various practical applica-
tions and opening doors to further investigations in this captivating 
area of study. The transport of heat along with mass was clarified 
in the magneto-biofluid flow with Joule effect via a non-Darcian 
porous medium [40, 41]. 

Extensive investigations of the magnetohydrodynamic mixed 
convective stream flow passing through the upright flat surface 
were organised under the numerous applications of MHD flow 
through the porous type of medium. In a comprehensive investiga-
tion [42–46], the combined influences of Soret and Joule effects 
were thoroughly analysed on the magnetohydrodynamic mixed 

convective flow of an electrically conducting, incompressible and 
viscous fluid past an infinite vertical porous plate. The unique 
exploration provided valuable insights into the complex dynamics 
of MHD mixed convective flows, particularly in the presence of 
porous media and Hall effects. These findings are significant for 
various engineering applications, especially those involving heat 
and mass transfer phenomena. The state of the unsteady flow for 
free convective stream was represented under the thermal as well 
as mass diffusion in the environment of Hall impact. The influence 
of Hall current on the unsteady free convection flow of an electri-
cally conducting, viscous incompressible fluid was explored [47–
49]. The flow occurred past a fluctuating porous flat plate, with 
internal heat absorption/generation, and in the presence of foreign 
gases. The study considered various parameters, including the 
Hall current, the hydromagnetic parameter, the Grashoff number 
for heat transfer, the Grashoff number for mass transfer, the 
internal heat absorption/generation parameter, the transpiration 
parameter, the Schmidt parameter and the chemical reaction 
parameter. Overall, this investigation contributes valuable insights 
into the intricate interactions between Hall current, magnetic force, 
thermal buoyancy and heat generation/absorption, enriching our 
understanding of complex fluid dynamics and heat transfer phe-
nomena. The effect of MHD on unsteady oscillatory Couette flow 
through porous media and the influence of the radiation and relat-
ed chemical reactions were also investigated in an unsteady state 
magnetohydrodynamic free convection flow with the transfer of 
mass over a heated upright porous surface rooted in highly po-
rous type of median [50, 51]. The unsteady natural oscillatory 
convective Couette flow was demonstrated via a variable perfo-
rated type of median with the effect of chemical species concen-
tration [52, 53]. Under the presumption of varying permeability, the 
impact of related chemical reactions on the flow of micropolar fluid 
reported the replication of the microscopic effects owing to the 
local behaviour and micro-motion of the liquid particles. The influ-
ence of Joule heating on the steady two-dimensional flow of an 
incompressible micropolar fluid over a flat deformable sheet was 
investigated [54–56], with the investigation uncovering that the 
presence of second-order slip plays a constructive role in ensuring 
flow stability, during both the stretching and shrinking of the de-
formable surface. Overall, these insightful results contribute to our 
understanding of the interplay between Joule heating and mi-
cropolar fluid flow over deformable sheets, offering potential impli-
cations in diverse fields, ranging from engineering applications to 
scientific advancements. Recently, the impact of species chemical 
reactivity as well as the prevalence of radiation over the MHD flow 
through a relocating perpendicular perforated flat surface, togeth-
er with that of the source of heat and suction, has been evaluated 
in the analogous research literature. The behaviour of a two-
dimensional incompressible magnetohydrodynamic fluid flowing 
over a linear stretching sheet was investigated considering the 
effects of suction or injection and convective boundary conditions 
[57, 58]. To analyse the system, a scaling group transformation 
method was employed, which helps simplify the governing equa-
tions by revealing certain invariance properties. These studies 
contribute to a deeper understanding of the intricate fluid dynam-
ics in the presence of magnetic fields and various boundary condi-
tions, and the achieved agreement validates the reliability of the 
utilised numerical approach. 

This research paper introduces a novel study of the combined 
effects of radiation and chemical reactions in a rotating porous 
medium. It investigates the impact of a magnetic field on unsteady 
state natural convective chemically reacted flow over an infinite 
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upright plate, considering a revolving condition with a permeable 
median. The inclusion of periodic thermal and mass diffusion at 
the upright surface adds complexity. The study employs a regular 
perturbation method to obtain investigational solutions for flow 
characteristics. The findings are presented graphically, providing a 
clear visualisation of the influence of different parameters on flow-
related characteristics. This comprehensive analysis offers valua-
ble insights into fluid dynamics and heat transfer in this unex-
plored scenario. 

2. MATHEMATICAL FORMULATION 

We considered the unsteady viscous incompressible flow 
through electrically conducting and chemically reacting the fluid by 
means of a foraminate median, inhabiting a hemi-infinite area of 
space confined by an upright endless foraminate plate in a revolv-
ing tract, when the temperature and mass flux of the plate area 
change with respect to the length of time. Now we assume the 
impact of radiations on an upright plate that is under a similar 
static magnetic field and suction velocity, which are exerted in a 
directional way that is vertical to the surface. An upright endless 
foraminate plane area revolving around a perpendicular axis of a 

vertical plane with the constant angular velocity  subjected to a 
viscous fluid embedded in porous medium is considered. At the z* 

 0 plane, a vertical porous plane is considered with the z*-axis 
perpendicular to this plane. The x*-axis is considered in a perpen-
dicular upward direction while the y*-axis is in the normal direction 

to the z*  0 plane. The stream flow is considered to be along with 

the plane z*  0. The schematic of flow configuration is given in 
Fig. 1. Now, considering the above assumptions, all the physical 
variable quantities, excluding the pressure ‘p’, are only the func-
tion of direction z* and time t*. 

 
Fig. 1. Schematic of flow configuration 

The mass and momentum conservation equations along with 
the transfer of energy in the revolving frame are specified below 
[50]: 
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where the terms of the right-hand side from Eq. (2) to Eq. (4) 
represent the occurrence of the Lorentz force attributable to the 

magnetic field ‘𝐵⃗⃗’, which is specified by: 

 𝐽 × 𝐵⃗⃗ = 𝜎(𝑣⃗ × 𝐵⃗⃗) × 𝐵⃗⃗                                                        (5) 

Putting the value of Eq. (5) in Eqs (2)–(4), the resultant new 
forms of equations are given by: 
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The boundary conditions of the problem are as below: 

  

z  =   0 :𝑢∗  =   0,  𝑣∗  =   0, 
𝜕𝑇∗

𝜕𝑧∗
  =  -

𝑞𝑤
∗

𝜅
(1 + 𝜀𝑒i 𝜔*t*),

𝜕𝐶∗

𝜕𝑧∗
  =  -

𝑚𝑤
∗

𝐷
(1 + 𝜀𝑒i 𝜔*t*)

z → ∞: 𝑢∗  → 0,𝑣∗ → 0,𝑇∗ → 𝑇∞
∗ , 𝐶∗ → 𝐶∞

∗ . }
 

 

                                                                     (11) 

For the constant value of the suction, from Eq. (1), we obtain: 

w –w0                                                                                    (12) 

Assuming u + iv  U with Eq. (12), Eqs (6) and (7) can be writ-
ten as: 

 
𝜕𝑈∗

𝜕𝑡∗
−𝑤0

𝜕𝑈∗

𝜕𝑧∗
+ 2𝑖𝛺𝑈∗ = 𝑔𝛽(𝑇∗ − 𝑇∞

∗ ) + 𝑔𝛽/(𝐶∗ − 𝐶∞
∗ ) 

+𝜈
𝜕2𝑈∗

𝜕𝑧*2
−

𝜈𝑈∗

𝑘∗
−

𝜎𝐵2𝑈∗

𝜌
                                                           (13)                                                                         

Now, we introduce the dimensionless quantities, as the follow-
ing: 

z  =   
𝑤0𝑧

∗

𝜈
,U  =   

𝑈∗

𝑤0
,  t  =   

𝑡∗𝑤0
2

𝜈
,  𝜔  =   

𝜈𝜔∗

𝑤0
2 ,  

𝜃 =  
𝜅(𝑇∗−𝑇∞

∗ )𝑤0

𝑞𝑤
∗ 𝜈

, k =   
𝑤0
2𝑘∗

𝜈2
, R(rotation parameter) =  

𝛺𝜈

𝑤0
2,   

α (thermaldiffusivity) =
𝜅

𝜌𝐶𝑝
, Gr (Grash of number) =  

gβqw
∗ ν2

w0
4κ

,  

Pr (Prandtal number) =  
ν

α
,     Gc (modified Grash of number) =

 
gβ mw

∗ ν2

w0
4D

,   Sc (Schmidt number)  =
𝜈

𝐷
, E(radiationparameter)=

4𝜈𝐼

𝜌𝐶𝑝𝑤0
2,  M(Hartmannnumber) = √

𝜎𝐵2𝜈

𝜌𝑤0
2   and 

𝛾(dimension less chemical reaction parameter) =
𝑘1𝜈

𝑤0
2 .  

The radiative heat flux, as ascertained in the study of Cogley 
et al. [59], can be expressed in the following form: 
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𝜕𝑞𝑟
∗

𝜕𝑧∗
= 4(𝑇∗ − 𝑇∞

∗ )𝐼∗,  

𝐼∗   = ∫ 𝜅𝜆𝜔
𝜕𝑒𝑏𝜆

𝜕𝑇∗
𝑑𝜆,

∞

0
  

where κωλis the absorption coefficient at the wall, ebλ is Planck’s 
function. 

Now, substituting the dimensionless quantities in Eqs (13), (9) 
and (10), the resultantly obtained dimensionless equations are: 

𝜕𝑈

𝜕𝑡
− 

𝜕𝑈

𝜕𝑧
+ 2𝑖 RU = Gr 𝜃 + 𝐺𝑐𝐶 +

𝜕2𝑈

𝜕𝑧2
−

𝑈

𝑘
−𝑀2𝑈,       (14)                                                                                                                         

𝜕𝜃

𝜕𝑡
− 

𝜕𝜃

𝜕𝑧
=

1

𝑃𝑟
𝜕2𝜃

𝜕𝑧2

                                                              (15) 

𝜕𝐶

𝜕𝑡
− 

𝜕𝐶

𝜕𝑧
=

1

𝑆𝑐

𝜕2𝐶

𝜕𝑧2
− 𝛾𝐶,                                                          (16) 

and the corresponding boundary conditions of the problem em-
bodied in Eq. (11) are mentioned by: 

z  =   0 :U  =   0,  
𝜕𝜃

𝜕𝑧

= −(1  + 𝜀𝑒i 𝜔𝑡),
𝜕𝐶

𝜕𝑧
 

= −(1  + 𝜀𝑒i 𝜔𝑡)
z → ∞:U → 0,𝜃 → 0, 𝐶 → 0.}

 
 

 
 

                                            (17)                                                                  

2.1. Solution of the problem  

Since the amplitude  (< < 1) of the variation is extremely 
small, we accordingly consider the solutions of the problem in the 
following arrangement: 

 

𝑈(𝑧, 𝑡) = 𝑈0(𝑧) + 𝜀𝑈1(𝑧)𝑒
𝑖𝜔𝑡+. . . . . . . . . . . . .

𝜃(𝑧, 𝑡) = 𝜃0(𝑧) + 𝜀𝜃1(𝑧)𝑒
𝑖𝜔𝑡+. . . . . . . . . . . . .

𝐶(𝑧, 𝑡) = 𝐶0(𝑧) + 𝜀𝐶1(𝑧)𝑒
𝑖𝜔𝑡+. . . . . . . . . . . . .

}                  (18) 

Substituting Eq. (18) in Eqs (14)–(16), and equating it to the 

coefficients of various powers of  along with ignoring 2, 3 …, we 
thus obtain: 

𝑈0
//
+ 𝑈0

/
− 2𝑖R U0 −

𝑈0

𝑘
−𝑀2𝑈0 = −Gr 𝜃0 − 𝐺𝑐𝐶0,       (19) 

𝑈1
//
+ 𝑈1

/
− 2𝑖R U1 − 𝑖𝜔 U1 −

𝑈1

𝑘
−𝑀2𝑈1  = −Gr 𝜃1 −

𝐺𝑐𝐶1,                                                                                     (20)  

𝜃0
//
+ Pr  𝜃0

/
− 𝐸 𝑃𝑟 𝜃0 = 0,                                                 (21)  

𝜃1
//
+ Pr 𝜃1

/
− (𝐸 + 𝑖𝜔 )𝜃1Pr  0  .                                        (22) 

                                       

𝐶0
//
+ Sc  𝐶0

/
− 𝛾𝑆𝑐𝐶0 = 0,                                      (23)                          

                    

𝐶1
//
+ Sc 𝐶1

/
− 𝑖𝜔 Sc𝐶1 − 𝛾𝑆𝑐𝐶1 =  0  .                               (24)  

The analogous boundary conditions Eq. (17) come in order to  
the following: 

z  =   0 :𝑈0  =   0,𝑈1 = 0, 
𝜕𝜃0

𝜕𝑧
= −1,

𝜕𝜃1

𝜕𝑧
= −1,

𝜕𝐶0

𝜕𝑧
= −1,

𝜕𝐶1

𝜕𝑧
= −1,

z → ∞:𝑈0  → 0,𝑈1 → 0, 𝜃0 → 0, 𝜃1 → 0, 𝐶0 → 0,𝐶1 → 0.
}                                                                                                                

                                                                                                   (25) 

Solving Eqs (19)–(24) subject to the analogous boundary 
conditions expressed in Eq. (25), we obtain: 

 

𝑈0(𝑧) = 𝑎3(𝑒
−𝑎1𝑧 − 𝑒−𝑎2𝑧) + 𝑎4(𝑒

−𝑏1𝑧 − 𝑒−𝑎2𝑧)        (26)                       
        

𝑈1(𝑧)  =  a8(𝑒
−𝑎5𝑧 − 𝑒−𝑎7𝑧) + 𝑎9(𝑒

−𝑎6𝑧 − 𝑒−𝑎7𝑧)       (27)                          
                                                   

𝜃0(𝑧)  =  
1

𝑎1
 e−𝑎1 z,                                                     (28)

            

𝜃1(𝑧)  =   
1

𝑎5
𝑒−𝑎5𝑧 .                                                     (29)                                      

         

𝐶0(𝑧)  =  
1

𝑏1
 e−𝑏1 z,                                                     (30)                                                          

𝐶1(𝑧)  =  
1

𝑎6
 e−𝑎6 z,                                                                (31) 

where, 

𝑎1 =
1

2
[𝑃𝑟 +√𝑃𝑟2 + 4𝐸𝑃𝑟],     

𝑏1 =
1

2
[𝑆𝑐 + √𝑆𝑐2 + 4𝛾𝑆𝑐]  

𝑎2 =
1

2
[1 + √1 + 4(2𝑖𝑅 +𝑀2 +

1

𝑘
)]      

𝑎3  =  
−Gr

𝑎1(𝑎1
2−𝑎1−(2𝑖𝑅+𝑀

2+
1

𝑘
))
 ,  

𝑎4  =  
−Gc

𝑏1(𝑏1
2−𝑏1−(2𝑖𝑅+𝑀

2+
1

𝑘
))
 ,   

𝑎5 =
1

2
[𝑃𝑟 +√𝑃𝑟2 + 4𝑃𝑟(𝐸 + 𝑖𝜔)]                

𝑎6 =
1

2
[𝑆𝑐 + √𝑆𝑐2 + 4𝑖𝜔𝑆𝑐]   

𝑎7 =
1

2
[1 + √1 + 4(2𝑖𝑅 + 𝑖𝜔) +

4

𝑘
+ 4𝑀2]      

𝑎8  =  
−Gr

𝑎5(𝑎5
2−𝑎5−(2𝑖𝑅+𝑖𝜔+𝑀

2+
1

𝑘
))
 ,  

𝑎9  =  
−Gc

𝑎6(𝑎6
2−𝑎6−(2𝑖𝑅+𝑖𝜔+𝑀

2+
1

𝑘
))
 .  

2.2. Solution 

2.2.1. Steady flow 

By taking 𝑈0 = 𝑢0 + 𝑖𝑣0 in Eq. (26), and consequently al-
lowing for the separation of real as well as imaginary portions, the 

average primary 
𝑢0

𝑤0
 and mean secondary 

𝑣0

𝑤0
 velocity fields are 

ascertained as the following: 
               

𝑢0

𝑤0
= 𝑒3(𝑒

−𝑎1𝑧 − 𝑒−𝑒1𝑧 𝑐𝑜𝑠 𝑒2 𝑧) − 𝑒4𝑒
−𝑒1𝑧 𝑠𝑖𝑛 𝑒2 𝑧

+𝑒5(𝑒
−𝑆𝑐𝑧 − 𝑒−𝑒1𝑧 𝑐𝑜𝑠 𝑒2 𝑧) − 𝑒6𝑒

−𝑒1𝑧 𝑠𝑖𝑛 𝑒2 𝑧
𝑣0

𝑤0
= 𝑒4(𝑒

−𝑎1𝑧 − 𝑒−𝑒1𝑧 𝑐𝑜𝑠 𝑒2 𝑧) + 𝑒3𝑒
−𝑒1𝑧 𝑠𝑖𝑛 𝑒2 𝑧

+𝑒6(𝑒
−𝑆𝑐𝑧 − 𝑒−𝑒1𝑧 𝑐𝑜𝑠 𝑒2 𝑧) + 𝑒5𝑒

−𝑒1𝑧 𝑠𝑖𝑛 𝑒2 𝑧   }
 
 

 
 

,    (32)                            

2.2.2. Unsteady flow 

Substituting the unsteady portions, 

𝑈1(𝑧, 𝑡) = 𝑀𝑟 + 𝑖𝑀𝑖 , 𝐶1(𝑧, 𝑡) = 𝐶𝑟 + 𝑖𝐶𝑖and𝜃1(𝑧, 𝑡) =
𝑇𝑟 + 𝑖𝑇𝑖, respectively, in Eqs (27), (29) and (31), we obtain: 



DOI 10.2478/ama-2024-0023                                                                                                                                                          acta mechanica et automatica, vol.18 no.2 (2024) 

197 

[𝑈(𝑧, 𝑡), 𝜃(𝑧, 𝑡), 𝐶(𝑧, 𝑡)] = [𝑈0(𝑧), 𝜃0(𝑧)] + 𝜀𝑒
𝑖𝜔𝑡[(𝑀𝑟 +

𝑖𝑀𝑖), (𝑇𝑟 + 𝑖𝑇𝑖), (𝐶𝑟 + 𝑖𝐶𝑖]                                       (33) 

The primary velocity, secondary velocity and temperature 
along with concentration areas in the components terms with 
fluctuation are given by: 

𝑢

𝑤0
(𝑧, 𝑡) = 𝑢0 + 𝜀(𝑀𝑟 𝑐𝑜𝑠 𝜔 𝑡 − 𝑀𝑖 𝑠𝑖𝑛 𝜔 𝑡)                     (34)        

𝑣

𝑤0
(𝑧, 𝑡) = 𝑣0 + 𝜀(𝑀𝑟 𝑠𝑖𝑛 𝜔 𝑡 + 𝑀𝑖 𝑐𝑜𝑠 𝜔 𝑡)                     (35)        

𝜃(𝑧, 𝑡) = 𝜃0 + 𝜀(𝑇𝑟 𝑐𝑜𝑠 𝜔 𝑡 − 𝑇𝑖 𝑠𝑖𝑛 𝜔 𝑡)                          (36)                                          

𝐶(𝑧, 𝑡) = 𝐶0 + 𝜀(𝐶𝑟 𝑐𝑜𝑠 𝜔 𝑡 − 𝐶𝑖 𝑠𝑖𝑛 𝜔 𝑡)                      (37)  

Taking 𝜔𝑡 =
𝜋

2
 in Eqs (34)–(37), we obtain the transient ex-

pressions for the primary velocity, secondary velocity and temper-
ature, as well as the concentration, as the following: 

𝑢

𝑤0
(𝑧 ,

𝜋

2𝜔
) = 𝑢0(𝑧)  − 𝜀𝑀1(𝑧),                                      (38)        

𝑣

𝑤0
(𝑧 ,

𝜋

2𝜔
) = 𝑣0(𝑧)  + 𝜀𝑀𝑟(𝑧),                                      (39)       

𝜃 (𝑧 ,
𝜋

2𝜔
) = 𝜃0(𝑧)  − 𝜀𝑇𝑖(𝑧).                                      (40)                         

𝐶 (𝑧 ,
𝜋

2𝜔
) = 𝐶0(𝑧)  − 𝜀𝐶𝑖(𝑧).                       (41)                 

where 

𝑀𝑟 = 𝑒17[𝑒
−𝑒7𝑧 𝑐𝑜𝑠 𝑒8 𝑧 − 𝑒

−𝑒11𝑧 𝑐𝑜𝑠 𝑒12 𝑧]
− 𝑒18[−𝑒

−𝑒7𝑧 𝑠𝑖𝑛 𝑒8 𝑧 + 𝑒
−𝑒11𝑧 𝑠𝑖𝑛 𝑒12 𝑧] 

+𝑒23[𝑒
−𝑒9𝑧 𝑐𝑜𝑠 𝑒10 𝑧 − 𝑒

−𝑒11𝑧 𝑐𝑜𝑠 𝑒12 𝑧] −
𝑒24[−𝑒

−𝑒9𝑧 𝑠𝑖𝑛 𝑒10 𝑧 + 𝑒
−𝑒11𝑧 𝑠𝑖𝑛 𝑒12 𝑧]  

𝑀𝑖 = 𝑒17[−𝑒
−𝑒7𝑧 𝑠𝑖𝑛 𝑒8 𝑧 + 𝑒

−𝑒11𝑧 𝑠𝑖𝑛 𝑒12 𝑧]
+ 𝑒18[𝑒

−𝑒7𝑧 𝑐𝑜𝑠 𝑒8 𝑧 − 𝑒
−𝑒11𝑧 𝑐𝑜𝑠 𝑒12 𝑧] 

+𝑒23[−𝑒
−𝑒9𝑧 𝑠𝑖𝑛 𝑒10 𝑧 + 𝑒

−𝑒11𝑧 𝑠𝑖𝑛 𝑒12 𝑧] +
𝑒24[𝑒

−𝑒9𝑧 𝑐𝑜𝑠 𝑒10 𝑧 − 𝑒
−𝑒11𝑧 𝑐𝑜𝑠 𝑒12 𝑧] 

𝑇𝑖 = −
𝑒−𝑒7𝑧

𝑒7
2+𝑒8

2 [−𝑒8 𝑐𝑜𝑠 𝑒8 𝑧 − 𝑒7 𝑠𝑖𝑛 𝑒8 𝑧] 

𝐶𝑖 =
𝑒−𝑒9𝑧

𝑒9
2+𝑒10

2 [−𝑒9 𝑠𝑖𝑛 𝑒10 𝑧 − 𝑒10 𝑐𝑜𝑠 𝑒10 𝑧]  

𝑎2 = 𝑒1 + 𝑖𝑒2, 𝑎3 = 𝑒3 + 𝑖𝑒4, 𝑎4 = 𝑒5 + 𝑖𝑒6, 𝑎5 = 𝑒7 + 𝑖𝑒8, 
𝑎6 = 𝑒9 + 𝑖𝑒10, 𝑎7 = 𝑒11 + 𝑖𝑒12, 𝑎8 = 𝑒17 + 𝑖𝑒18, 𝑎9

= 𝑒23 + 𝑖𝑒24 

𝑒1 =

1

2
[1 + √√[1 + 4(𝑀2 +

1

𝑘
)]2 + 64𝑅2

[1+4(𝑀2+
1

𝑘
)]2−64𝑅2

[1+4(𝑀2+
1

𝑘
)]2+64𝑅2

]  

𝑒2 =
1

2
√√[1 + 4(𝑀2 +

1

𝑘
)]2 + 64𝑅2

16𝑅[1+4(𝑀2+
1

𝑘
)]

[1+4(𝑀2+
1

𝑘
)]2+64𝑅2

  

𝑒3 = −
𝐺𝑟[𝑎1

3−𝑎1
2−(𝑀2+

1

𝑘
)𝑎1]

[𝑎1
3−𝑎1

2−(𝑀2+
1

𝑘
)𝑎1]

2+4𝑅2𝑎1
2
  

𝑒4 = −
2𝑅𝑎1𝐺𝑟

[𝑎1
3−𝑎1

2−(𝑀2+
1

𝑘
)𝑎1]

2+4𝑅2𝑎1
2
         

𝑒5 = −
𝐺𝑐[𝑆𝑐3−𝑆𝑐2−(𝑀2+

1

𝑘
)𝑆𝑐]

[𝑆𝑐3−𝑆𝑐2−(𝑀2+
1

𝑘
)𝑆𝑐]2+4𝑅2𝑆𝑐2

  

𝑒6 = −
2𝑅𝑆𝑐𝐺𝑐

[𝑆𝑐3−𝑆𝑐2−(𝑀2+
1

𝑘
)𝑆𝑐]2+4𝑅2𝑆𝑐2

  

𝑒7 =
1

2
𝑃𝑟 +√√(𝑃𝑟2 + 4𝐸 𝑃𝑟)2 + 16𝜔2𝑃𝑟2.   

(𝑃𝑟2+4𝐸 𝑃𝑟)2−16𝜔2𝑃𝑟2

(𝑃𝑟2+4𝐸 𝑃𝑟)2+16𝜔2𝑃𝑟2
  

𝑒8 =
1

2
√√(𝑃𝑟2 + 4𝐸 𝑃𝑟)2 + 16𝜔2𝑃𝑟2.   

8𝑃𝑟𝜔(𝑃𝑟2+4𝐸 𝑃𝑟)

(𝑃𝑟2+4𝐸 𝑃𝑟)2+16𝜔2𝑃𝑟2
  

𝑒9 =
1

2
[𝑆𝑐 + √√𝑆𝑐4 + 16𝜔2𝑆𝑐2.

𝑆𝑐4−16𝜔2𝑆𝑐2

𝑆𝑐4+16𝜔2𝑆𝑐2
]  

𝑒10 =
1

2
[√√𝑆𝑐4 + 16𝜔2𝑆𝑐2.

8𝜔𝑆𝑐3

𝑆𝑐4+16𝜔2𝑆𝑐2
]  

𝑒11 =

1

2
[1 +

√√(1 +
4

𝑘
+ 4𝑀2)2 + (8𝑅 + 4𝜔)2.

(1+
4

𝑘
+4𝑀2)2−(8𝑅+4𝜔)2

(1+
4

𝑘
+4𝑀2)2+(8𝑅+4𝜔)2

]    

𝑒12 =

1

2
[√√(1 +

4

𝑘
+ 4𝑀2)2 + (8𝑅 + 4𝜔)2.

2(1+
4

𝑘
+4𝑀2)(8𝑅+4𝜔)

(1+
4

𝑘
+4𝑀2)2+(8𝑅+4𝜔)2

]  

𝑒13 = 𝑒7
2 − 𝑒8

2 − 𝑒7 −𝑀
2 −

1

𝑘
, 𝑒14 = 2𝑒7𝑒8 − 𝑒8 − 2𝑅 − 𝜔  

𝑒15 = 𝑒7𝑒13 − 𝑒8𝑒14, 𝑒16 = 𝑒8𝑒13 + 𝑒7𝑒14, 𝑒17 =

−
𝐺𝑟𝑒15

𝑒15
2 +𝑒16

2 , 𝑒18 =
𝐺𝑟𝑒16

𝑒15
2 +𝑒16

2   

𝑒19 = 𝑒9
2 − 𝑒10

2 − 𝑒9 −𝑀
2 −

1

𝑘
, 𝑒20 = 2𝑒9𝑒10 − 𝑒10 −

2𝑅 − 𝜔  

𝑒21 = 𝑒9𝑒19 − 𝑒10𝑒20, 𝑒22 = 𝑒10𝑒19 − 𝑒9𝑒20, 𝑒23 =

−
𝐺𝑐𝑒21

𝑒21
2 +𝑒22

2 , 𝑒24 =
𝐺𝑟𝑒22

𝑒21
2 +𝑒22

2 .  

It is critical to understand the impact of the Grashoff numbers 

and magnetic field on mean skin-friction at 𝑧 = 0 after learning 
about the mean flow velocity field, and the same is provided in the 
form: 

𝜏 ∗= 𝜇 (
𝑑𝑈∗

𝑑𝑧∗
)
𝑧∗=0

,                                       (42)              

Further, in non-dimensional form, it is provided as follows: 

𝜏 =
𝜏∗ 𝜐

𝜇 𝑤0
2 = (

𝜕𝑈

𝜕𝑧
)
𝑧=0

= (
𝜕𝑈0

𝜕𝑧
)
𝑧=0

+ 𝜀 (
𝜕𝑈1

𝜕𝑧
)
𝑧=0

𝑒𝑖𝑤𝑡 .         (43)                                                                                

We denote the mean skin-friction by: 

𝜏𝑚 = (
𝑑𝑢0

𝑑𝑧
)
𝑧=0

  .                                                      (44)  

Now, after having ascertained the temperature field, we move 

on to examining how the rate of heat transfer is affected by . 
The Nusselt number can be used to calculate the rate of heat 
transfer. 

𝑁𝑢 = −
𝑞𝜔
∗ 𝜐

𝑘 𝑤0 (𝑇
∗ −𝑇∞

∗ )
= (

𝜕𝜃

𝜕𝑧
)
𝑧=0

= (
𝜕𝜃0

𝜕𝑧
)
𝑧=0

+

𝜀 (
𝜕𝜃1

𝜕𝑧
)
𝑧=0

𝑒𝑖𝜔𝑡                                                                      (45) 

 



Pawan Kumar Sharma, Bhupendra Kumar Sharma, Anil Kumar                                                                                                                                    DOI 10.2478/ama-2024-0023 
Mathematical Analysis of Chemically Reacting Species and Radiation Effects on MHD Free Convective Flow through a Rotating Porous Medium 

198 

3. VALIDATION 

To validate the findings of the present work vis-à-vis those of 
Sharma et al. [50] (while neglecting the rotation and radiation 
effect), a comparison of the velocity and transient temperature 
profiles is carried out, as indicated in Figs. 2 and 3. It is observed 
that there is good agreement between the present work and the 
previous research. 

 
Fig. 2. Comparative analysis of mean primary velocity profile 

 

Fig. 3. Comparative analysis of transient temperature profiles 

4. GRAPHICAL PRESNTATION AND DISCUSSION 

After obtaining the various flow characteristics, the numerical 
calculations are made for the various numerical solutions of the 
thermal Grashoff number ‘Gr’, the solutal Grashoff number ‘Gc’, 

the Schmidt number ‘Sc’, the frequency , the permeability pa-
rameter k, the radiation parameter E and the Hartmann number (a 
magnetic field parameter) M. Approximately 0.71 is taken as the 
Prandtl, which, in the air, is designated at 20°C. The Schmidt 
numbers are considered in the study to show the utmost common 
diffusive chemical species present in the air. The values of the 
Schmidt number ‘Sc’ are 0.60 and 1.002 in the air, which repre-
sents the species H2O and CO2 in the air at 25°C and 1 atmos-
pheric pressure. The values of various numbers such as Gc, Gr, 

k, M,  and E are determined based on the own judgement of the 
present researchers. 

 
Fig. 4. Mean temperature and mean concentration profiles 

It has been noted from Eq. (26) that the steady state portion of 
the average primary velocity value for its field is having a two-
layer characteristic, and these two layers been acknowledged as 
the suction and thermal layers. The existence of the suction layer 
is because of the revolution and medium porousness, while the 
thermal layer exists because of an interplay of the thermal field 
generated by the radiation heat transfer and the velocity related to 
its field, as reported by Cogley et al. [59] and Xin et al. [60]; how-
ever, this interplay depends upon the Grashof number as well as 
the radiation parameters. 

The profiles of the mean temperature as well as the mean 
concentration are represented in Fig. 4. It has been sighted that 
the mean temperature as well as the mean concentration de-
creases exponentially. The mean temperature reduces with the 
rise in the radiation-pertaining parameter E. From the quality point 
of view, the results are acceptable with some exceptions, since, 
due to the impact of the radiative heat transfer, the rate of energy 
transportation to the relevant fluid reduces with the reduction of 
the temperature of the fluid. 

It has been perceived as well from Fig. 4 that the mean level 
of the concentration for the fluid decreases with the upturn in the 
Schmidt number, which indicates that the mass diffusivity increas-
es the concentration level with steady rate. Moreover, it is also 
detected from Fig. 1 that there was a fall in the concentration 

under the impact of the parameter  related to the chemical reac-
tion. Similar trends can be observed in the researches of Sharma 
and Gandhi [61] and Li et al. [62]. 

The mean and transient primary velocities are presented in 
Figs. 5 and 7 for arbitrary values of the thermal Grashof number 

Gr  2, the parameter related to permeability k  0.5, the rotation 

parameter R  2 and the Prandtl number Pr  0.71 (air). The 
Grashof number ‘Gc’ is expressed by the ratio between the buoy-
ancy force species and the hydrodynamic force due to viscosity. It 
has been observed that the mean and transient primary velocities 
rise significantly with an increase of the buoyancy force for spe-
cies, and this phenomenon is in good agreement with the findings 
of Sharma et al. [63]. The mean and transient primary velocities 
are supposed to drop along with the upsurge of the parameter M 
of the magnetic field. This happens due to the use of the magnetic 
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field in the transverse direction, the consequence of which is the 
production of a resistive kind of force known as the Lorentz force. 
This is similar to a drag force, and it has a tendency to oppose the 
flow of fluid, together with a subsequent reduction in its velocity. 

 

Fig. 5. Mean primary velocity profiles for Gr  2, k  0.5, R  2  

 and Pr  0.71 

 

Fig. 6. Mean secondary velocity profiles for Gr = 2, k = 0.5, R = 2  
 and Pr = 0.71. 

Fig. 6 demonstrates the variation of the profiles pertaining to 
the mean secondary velocity with the variation of the various 
parameters. It is seen that the mean secondary velocity rises both 
with increasing E and M. Interestingly, it has been found that the 
secondary velocity rises due to Gc close to the plate and then 
reduces remotely from the upright plate. 

It is also observed that the mean secondary velocity falls un-
der the effect of the Schmidt number ‘Sc’. Interestingly, it is noted 
that the mean secondary velocity initially fall under the impact of 

the chemical reaction parameter , while a reverse impact is seen 
remotely from the plate. It has also been perceived that the mean 
and transient primary velocities become subject to upsurges with 
the radiation parameter E, while reverse phenomena are ob-
served for the Schmidt number ‘Sc’ along with the chemical reac-

tion parameter . Moreover, from Fig. 7, we infer that the transient 

primary velocity accelerates with frequency of oscillation . 

 

 

Fig. 7. Transient primary velocity profiles for Gr  2, k  0.5, ε  2  

 and Pr  0.71 

 

Fig. 8. Transient secondary velocity profiles for Gr  2, k  0.5,  

 Pr  0.71,  R  2 and ε  2 

Fig. 8 exhibits the variation of transient secondary velocity 

against span-wise coordinate z under the influence of Gc, E, M,  
and Sc. The transient secondary velocity accelerates with the 
parameter M related to the magnetic field and the Schmidt num-
ber ‘Sc’, whereas it falls under the effect of the radiation parame-

ter E and the frequency of fluctuation . From Fig. 8, we observe 
that the transient secondary velocity underwent a rise owing to 
augmentation in the solutal’s Grashof number ‘Gc’ near the plate, 
whereas a reverse effect was observed far away from the plate. 
Moreover, from Fig. 8, it is revealed that transient secondary 
velocity increases as rise occurs in the chemical reaction’s pa-

rameter . This leads us to the understanding that the reduction in 
the chemical species directs towards a boost in the magnitude of 
the concentration field, and resultantly, there is an enhancement 
in the buoyancy impacts owing to the concentration gradients, 
which accelerates the fluid flow field. 
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Fig. 9. Transient temperature profiles for Pr  0.71 and ε  0.2 

 
Fig. 10. Transient concentration profiles for ε  0.2 

A similar trend can be observed in previous studies in the lit-
erature [64–66]. The plot of the transient temperature profile for 
numerous values of radiation parameter as well as frequency of 
fluctuation is provided in Fig. 9. It is noticed that the transient 
temperature reduces along with the increase in the radiation 
parameter E, and this reduction is attributed to the fact that, under 
the existence of the thermal buoyancy force, the rise in the pa-
rameter E related to radiation guides towards the rise of the 
boundary layer concentration as well as towards the dropping of 
the rate of the heat flux. Further, it also ascertained that the tem-
perature accelerated with the frequency of oscillation in the vici-
nage of the vertical surface, while it decelerated remotely from the 
plate. 

Fig. 10 describes the impact of Schmidt number, frequency of 

fluctuation and the parameter  related to chemical reaction on the 
transient concentrations. It is also ascertained from Fig. 7 that the 

transient concentration reduces with rising ,  and Sc. For the 

generative reaction  > 0, while the reverse impact is detected, i.e. 
as soon as the reaction parameter rises, the concentration profiles 
become thicker, and accordingly, decreases take place in the 
transient concentration. 

Tab. 1 illustrates the values of Nusselt number with frequency 

of fluctuations . It is observed that they behave similar to a 
cosine wave. Tab. 2 presents the values of mean skin-friction for 
different values of the magnetic field parameter M. It is observed 
that mean skin-friction decreases with increase in the magnetic 
field parameter M, for every value of the Schmidt number ‘Sc’. 

Tab. 1. Values of Nusselt number for   0.2 

 Nu for t = 2 Nu for t = 4 Nu for t = 6 

0 –1.2 –1.2 –1.2 

1 0.9167 0.8692 1.192 

2 0.8692 0.9709 1.1687 

3 1.192 1.1687 1.132 

4 0.9709 0.8084 1.0848 

5 0.8321 1.0816 1.0308 

6 1.1687 1.0848 0.9744 

7 1.0273 0.8074 0.92 

8 0.8084 1.1668 0.8719 

9 1.132 0.9744 0.8341 

10 1.0816 0.8666 0.8095 

Tab. 2. Values of m (mean skin-friction) for Gr  2, Gc  2, E  2, 

             k  0.5, Pr  0.71 and   2 

M Sc = 0.60 Sc = 0.78 Sc = 1.002 

0 1.053428 0.917919 0.814144 

2 0.753157 0.666109 0.597228 

4 0.50047 0.448243 0.405931 

6 0.367434 0.331293 0.301715 

8 0.288942 0.261552 0.239024 

10 0.237704 0.215728 0.197601 

12 0.201763 0.183441 0.168304 

14 0.175202 0.159506 0.146524 

16 0.154792 0.14107 0.129711 

18 0.138624 0.126439 0.116347 

20 0.125506 0.114549 0.105471 

5. CONCLUSIONS 

Assuming the periodical thermal and mass diffusion at the up-
right surface, the investigational solutions are found for flow char-
acteristics by following the regular perturbation method, and the 
impact of different parameters on flow-related characteristics are 
explained and depicted graphically. The results may be useful in 
studying oil or gas and water movement through an oil or gas field 
reservoir, underground water migration, and the filtration and 
water purification processes. 

 The mean and transient primary velocities step-up significantly 
with the increase of the species buoyancy force, while  
a reverse response is observed for the magnetic field parame-
ter M. 

 It has also been noticed that the mean and transient primary 
velocities rise with the radiation parameter E, while reverse 
phenomena are observed for the Schmidt number ‘Sc’ and the 

parameter  pertaining to chemical reaction. 

 The temperature profile accelerated with frequency of oscilla-
tion near the plate, whereas it decelerated far away from 
plate. 
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 It has been observed that transient temperature falls with rise 
in the parameter related to radiation. 

 The transient concentration drops with increasing ,  and Sc. 
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Abstract: The paper presents a solution that can be used as a temporary supplement to the existing infrastructure in cases of natural  
disasters, during structure or bridge repair, in military applications and in areas where it is necessary to provide a floating system crossing. 
The genesis of the proposed structure and its development, as well as examples of applications of the basic module, referred  
to as the river module – the floating cassette with the pneumatic pontoon – are presented. The original solutions, such as the bow–stern 
modules, designed using modern, light and durable materials acting as deflectors, are also described. Examples of the use of floating 
structures composed of identical/repeatable modules–cassettes are shown. The results of experimental tests of two prototype river  
modules sets are presented as a validation for numerical studies. Selected aspects of static, kinematic and dynamic analyses using finite 
element and multibody simulations are presented. The numerical simulation of the prototype floating bridge with an assessment  
of the impact of clearances and an estimation of the kinematic parameters of the floating ribbon with various configurations are described. 

Key words: adjustable buoyancy, pneumatic pontoon, field tests, numerical analysis, finite element method, multibody simulation

1. INTRODUCTION 

A pontoon bridge is a temporary structure for pedestrian and 
vehicle travel. A continuous deck is supported by floats. The 
maximum load it is able to transfer depends on the buoyancy of 
the floats. Pontoon bridges are used by both the army and civil-
ians [1, 2]. In the military application, pontoon bridges are floating 
structures, in which the load-bearing elements are rigid, tight, 
metal tanks. To ensure the possibility of crossing for heavy ob-
jects, trucks or tanks, a sufficiently high buoyancy of floats is 
necessary. In addition, it is essential to provide an adequate 
number of people and equipment for mounting the floating bridge. 

The objects of the discussed type are used mainly by the ar-
my for crossing water obstacles [3, 4]. Instances of their deploy-
ment are also found in civil applications; for instance, in emergen-
cy services and territorial defence units during natural disasters 
(flooding) for evacuating the population. They can also be used for 
the needs of local self-governments, among others when the 
possibility for the use of a fixed bridge becomes excluded owing to 
damage or destruction. 

The unquestionable advantages of the pontoon bridge include 
its simplicity of construction and the possibility of combining differ-
ent construction systems, depending on the type of water cross-
ing. This solution allows the assembly of a pontoon bridge in 
various configurations [5]. 

The other advantage of the pontoon bridge is the possibility of 
using it regardless of the depth and length of the water crossing 
and various terrain conditions. However, the disadvantage that is 
associated with it is the large volume of floats required, and there-
fore, the need for a large storage area and a number of transport 
vehicles. The solution of the floating system presented here can 
help avoid a large part of these inconveniences. 

The concept and development of the proposed mobile pon-
toon bridge with adjustable buoyancy have been presented  
in Refs. [6–9]. This type of construction results in the phenomenon 
that the deflection of the ribbon is partially offset by the buoyancy 
of water during the crossing of heavy objects such as tanks  
(Fig. 1). 

 

Fig. 1. Scheme of the deformation stages of a ribbon floating bridge:  
 (a) unloaded, (b) loaded 

The methodology of determining the buoyancy of a single 
module using the pneumatic carrier object (PCO) as well as the 
analysis of the stability of a single module has been presented in 
several previous papers [7–9]. The theoretical foundations of the 
vibration analysis of a multicomponent structure can be found in 
the studies of Xiang et al. [10], Liu [11] and Shao et al. [12]. 
Fragments of the kinematic and dynamic analyses carried out for 
the presented structure are illustrated in the studies of Derewońko 
et al. [7] and Krasoń and Sławek [8]. The experimental tests used 
to determine the strength of the complete bridge spans are dis-
cussed in Melcer’s study [13], with this author having discussed 
selected aspects of the experimental strength tests of the proto-
type floating cassettes and innovative rod joints used to connect 
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cassette modules into a floating ribbon [9, 14–16]. The mobile 
pontoon bridge was transported on trailers of standard dimensions 
and installed in the desired location [9]. 

The floating systems studied in this work are composed of re-
peatable modules. Such an object is considered as a multiunit 
system with movable joints between the modules with assembly 
clearances. Experimental tests of complex, large-sized structures 
with clearance are difficult and expensive. Theoretical–analytical 
methods have some limitations due to geometrical nonlinearities 
determined by clearances. Therefore, simulation methods for tests 
using numerical analyses of multipart systems with clearances 
have been gradually improved. A typical approach to the research 
of complex multibody structures is multistage analysis as well as 
the analysis of selected parts of the complex structure. The origi-
nal methodology of modelling as well as selected aspects of field 
tests, numerical finite element (FE) and multibody analysis of 
floating systems with constructional clearances are discussed in 
detail in the example of these prototype structures. 

2. MOBILE PONTOON BRIDGE PROTOTYPE 

The mobile pontoon bridge is classified as a “ribbon” floating 
bridge [7–9]. In terms of the static scheme, it is a continuous 
beam resting on a springy base. A scheme of the bridge without 
loading is shown in Fig. 1a. Deformation of the bridge caused by 

the force corresponding to the total weight (dead weight  load) of 
the conveyed vehicle is shown in Fig. 1b. 

2.1. Design assumptions 

A completed section of the mobile pontoon bridge is a river 
module performing a triple function: floating support, supporting 
structure and roadway. Requirements for this type of structure for 
military objects with the given parameters, e.g. MLC 70 class for 
wheeled vehicles and MLC 80 for tracked vehicles, were included 
in military standards, e.g. in the Polish NO-54-A203 [17] or in a 
trilateral agreement on a military bridge and crossing equipment 
concluded by the Federal Republic of Germany, the UK and the 
USA [3]. The MLC abbreviation is understood as a designation of 
a facility military load class in accordance with the NATO STA-
NAG 2021 standardisation [4]. 

The mobile pontoon bridge can be developed by assembling 
individual modules in a desired configuration, the exemplary 
models of which, including models of vehicles being conveyed, 
are shown in Fig. 2. 

 

Fig. 2. Examples of a ribbon: (a) single, (b) double 

Initial work on the design of the cassette pontoon bridge in-
cluded simulation of a single-ribbon model composed of three 

modules connected by mechanical locks under a moving load [9]. 
The vehicle was assumed to have the following characteristics, 
that is to say a weight of 4,000 kg, movement at a speed of 20 
km/h along the track and in the direction presented in Fig. 3a, and 
the supporting of its weight by four wheels (Fig. 3b). The distance 
between the single tracks corresponded to the wheel spacing of 
the moving object. 

When a vehicle with an assumed wheelbase exceeding the 
width of one module (i.e. an assumed wheelbase having a width 
greater than 2 m) was moving, the front wheels pressed on the 
modules, and differently from the pressing observed in the case of 
the rear wheels, thus causing deformations of different parts of the 
road surface in the adjacent modules. In Fig. 3a, a tracing of the 
wheels during the whole simulation of the vehicle movement is 
marked. On the other hand, Fig. 3b depicts the wheel tracing for 
the selected shorter-ride time interval. 

The deformation of the cassette roadway surface in the se-
lected time step under the pair of wheels (Sections 1 and 2 in Fig. 
3a) in the direction of the repetitive module width is symbolically 
shown in Fig. 3c. The image of deformations of the roadway 
surface along the set of modules (in the vehicle-movement direc-
tion) under the front and rear wheels for the same time step is 
shown in the same way in Fig. 3d. This section is marked in Fig. 
3a with the numbers 2 and 3. 

 

Fig. 3.   Single-ribbon model: (a) vehicle motion track, (b) displacement 
registration points, (c) roadway deformation in the module width 
direction (O–X), (d) roadway deformation in the vehicle-
movement direction (O–Z), (e) difference in vertical relative 
displacements (O–Y) determined in the test point and reference 
point (at module 2) as function of time 

The relative deflection of the road surface caused by the 
wheel load, presented in the form of a graph in Fig. 3e, was ob-
tained by referring the vertical displacement value Y of the node 
located on the roadway under the centre of a single wheel to the 
appropriate displacement of the node lying on the edge of the 
roadway.  
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2.2. River and bow–stern modules of a floating system 

The main structural element of a single module is a closed 
metal cassette. Its required strength was ensured by the upper 
part, i.e. the roadway (Fig. 4a). The cassette is also a container 
for a PCO, constituting its basic protection, especially during 
transport, loading–unloading and launching–taking from water 
operations. In the opened position, the elastic pontoon (PCO) is 
folded inside the cassette (Fig. 4b). 

In the lower part of the cassette, a movable bottom with a 
metal-composite structure was mounted. It can move downwardly 
under the pressure of the air-filled PCO. The return movement of 
the bottom was enabled by a set of 10 spring-telescopic mecha-
nisms [6, 18, 19] placed symmetrically on both sides of the cas-
sette (Fig. 4b), whereas the initial tension of the springs constitut-
ing the element of the telescope-spring mechanism allowed for 
tight closing of the cassette. 

In the original version of the module structure, while opening 
the module, the deflector plate automatically extended from the 
side of the module stem (Fig. 4b) [9]. Such a construction of the 
cassette ensured the required strength and buoyancy, which 
allowed modules to be connected on water before filling the PCO 
with compressed air. 

 

Fig. 4.   Single prototype module – cassette with PCO: (a) in the closed 
position of the bottom plate – PCO without compressed air,  
(b) in the opened position of the bottom plate with PCO filled  
with compressed air. Designations: 1 – horizontal rod joints,  
2 – cassette with roadway, 3 – vertical rod joints, 4 – module 
stem-deflector, 5 – bottom plate, 6 – elastic pontoon,  
and 7 – single telescopic mechanism 

The cassettes were coupled by a set of mechanical locks [9, 
14–16], which were vertical and horizontal rod joints (Fig. 4a). In 
addition, the connection of the cassettes on the road surface was 
carried out by the rotating arms [9]. The use of such side connec-
tions allowed for the immediate compilation of temporary cross-
ings in the form of single-ribbon bridges of various lengths. 

The bow–stern modules were unusual and innovative ele-
ments of the floating system equipment. Mounted at the bow and 
stern, they acted as deflectors, providing a streamlined shape, 
which reduced the resistance of the unit movement on the water. 
At the same time, they ensured user safety and increased the 
operational space of the system, which can be understood as an 
advantage in terms of facilitation of deck accessibility for the crew. 
From the side of the pressing water, the module surface was 
specially shaped (Fig. 5), which provided the proper direction of 
water streams flowing around the set of modules.  

The use of unusual materials and innovative structures al-
lowed for increasing the buoyancy of the entire set. A single bow–

stern module in the basic version with a load capacity of 18 kN 
could be folded into a set of two cassettes connected side by side 
[8, 9]. The structural solution of this sub-assembly allowed for the 
connection to the bow or the stern of the modules and determined 
the increase in the width of the module set deck by 1.2 m on each 
side. The connection with cassettes was made using the bow–
stern horizontal rod joints (Fig. 5) that carried the main loads 
acting on those components. The top surface of the bow–stern 
module was inclined towards the cassette roadway, which formed 
an additional protection for the users of the floating object. The 
structure of the module enabled the assembly of protective barri-
ers for the service crew. 

 

Fig. 5.   Bow–stern modules: (a) internal space of module, (b) bow–stern 
module with protective barrier, (c) views of the floating system 
with two cassettes-river modules, joints and bow–stern overlays 

The deflector designed in the unusual version of the cassette, 
used to properly direct the flow of water streams after opening the 
cassettes and filling the PCO, as well as for protecting the PCO 
from damage, was replaced with a system of expandable shutters 
(Fig. 6). This system was mainly used to reduce water resistance 
forces and eliminate ballistic threats. Due to the self-retracting 
mechanism, it was also possible to automatically roll up and fold 
the shutter system together with the movement of the bottom of 
the cassette. 

 

Fig. 6.   Structure of roller shutter system in the basic version, mounted 
unilaterally on two river modules (in two views) 

2.3. Example of mobile floating sets of individual modules 
as objects of research 

The single floating module can also be used in the structure of 
a mobile floating ferry (Fig. 7) with its own roadway, consisting of 
6 or 12 modules in various configurations [9]. Depending on the 
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required load space and load capacity, it was possible to combine 
different ferry variants. 

The proposed solution allowed for building ferries in the 1  6 

longitudinal configuration with a cargo space of 12 m  6.3 m and 

a load capacity up to 480 kN and a parallel system 2  3 with a 

loading area of 12.7 m  6 m and a load capacity up to 480 kN 
(Fig. 7). 

The basic version is a fragment of a double ribbon with a 

length of 6 modules, which was a variant of the platform 2  6, i.e. 
a combination of 12 cassettes connected in 2 rows of 6 pieces 

each, with a loading space equal to 12.7 m  12 m and a load 
capacity up to 960 kN. Additionally, with the use of two bow–stern 
modules, the operational space of each variant of a ferry in-
creased the object roadway by 2.4 m. 

 

Fig. 7.   Mobile floating platform in the 1  6 variant with the bow–stern 
modules and coastal modules in two views: (a) diagonal, (b) 
forehead view 

3. EXPERIMENTAL TESTS OF TWO PROTOTYPE RIVER 
MODULES SETS 

Experimental load tests of a prototype module were performed 
[9]. The research was carried out on a single-river module and a 
set of two connected cassette bridge pontoon modules. 

The schedule of experimental tests of a single module and a 
set of two connected river modules included: 

 an attempt to launch a single module with a closed bottom 
and register the value of its own immersion; 

 the registration and evaluation of the operation of a single 
module on water in a closed state (without filling PCO with 
compressed air); 

 the registration and evaluation of the process of filling a PCO 
before launching and after immersion in water; 

 an assessment of the buoyancy and stability of the two-
module set (after connecting the side locks and in the plane of 
the cassettes roadway), with the maximum filling of the PCOs;  

 the observation and registration of the PCO-emptying process 
on water – an attempt to close the cassettes in water. 
An experimental test of loading a two prototype river modules 

set, after filling a PCO with air, is shown in Fig. 8. 
The test consisted of a sequential loading of the test modules 

with successive weights of appropriately selected masses of 
1,000 kg or 1,600 kg. The maximum load value was 12.2 tonnes. 
The weights were set using a crane on the roadway of two con-
nected river modules (Fig. 8). 

The recording of module motion and the measurement of the 
set immersion were carried out using high-speed cameras to 
register the fast-changing phenomena. The results of the experi-
mental test allowed assessment of the values of the changes in 
the dives, corresponding to the specific external loads, in individu-
al loading sequences. The tests also allowed for the determination 

of the load corresponding to the critical immersion of the ribbon 
when the plane of the module roadway was in the water surface 
plane. 

 

Fig. 8.   Experimental load test of a set of two connected modules  
in WZI S.A. basin: (a) view after adding the last (8th) weight  
and obtaining the final load of 122 kN and (b) one of the cameras 
recording the field tests 

Due to the limited memory of the cameras used (8 GBit), the 
recording time at full resolution and recording at 24 frames per 
second was approximately 4 min (231 s). The cameras were 
placed in perpendicular directions during the tests (Fig. 8b): one 
camera recorded the movement of the bow of the prototype pon-
toon assembly, and the other camera recorded the behaviour of 
the left side of the assembly. Based on the archived images of 
each camera, both the heights above the water surface of the 
centres, respectively the bow and the starboard side, as well as 
the inclination angles of the pontoon group in the transverse and 
longitudinal planes, were determined. Based on these results, it 
was possible to determine the displacements and angles used in 
the process of tuning the parameters of the numerical models and 
verifying the calculation results. 

Based on the performed tests, it was found that the prototype 
river modules were characterised by high buoyancy and neces-
sary stability. The tilt angles of the roadway, measured in the 
direction transverse to the set roadway axis and in the longitudinal 
direction, do not exceed 5°. Given the prevalence of a total exter-
nal load of 12.2 kN, the modules’ immersion in water was ob-
served, with the result that the so-called “freeboard” was main-
tained, that is to say, there was a part of the module (measuring 
about 0.4 m) extending over the water surface (parameter H in 
Fig. 9). Thus, a large reserve of displacement of the two river 
modules assembled in such a way in the open configuration was 
obtained, with the PCO completely filled with air. 

The graphs illustrating changes in the height value of the cen-
tre point of the right side, roadway and bow centres over the water 
level as a function of time are presented in Fig. 9a. These charts 
are a fragment of the full record of the changes in immersion 
during the sequential load process and correspond to the load 
phase of the module set with two, three and four weights (1–4 in 
Fig. 8). 

The time interval from 178 s to 131 s corresponded to the load 
of the module set with four weights with a total weight of 64 kN. 
The value of the roadway centre height above the water plane 
varied between 660 mm and 720 mm. The average value of “free-
board” height H measured at the centre point of the roadway from 
the above range (marked with a square field with a blue back-
ground in Fig. 9a) was 690 mm. 

The immersion V (Fig. 9b) of the cassette in the field test was 

determined according to the relationship: 
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𝑉(𝑡) = 1300 − 𝐻(𝑡) [mm]                                                         (1) 

where the value of 1,300 mm is the structural dimension corre-
sponding to the total height of the cassette and H(t) is the height 
of the “freeboard” measured at various points (Fig. 9b) of the 
cassette during the field test. The average value of the cassette 
immersion corresponding to the “freeboard” H = 690 mm was 
therefore V = 610 mm. This immersion value was used to tune 
and validate the numerical multibody model of the two cassettes 
presented in Sections 4 and 5. 

 

Fig. 9.   Selected results of “freeboard” – the H measurement and the 
idea of immersion determination in a sequential load process 
during field tests: (a) changes in the value of the right starboard, 
roadway and bow centre’s height over the water surface  
as a function of time during the loading process,(b) position  
of measurement points on the cassette and the view  
with an interpretation of the measurement parameters,  
H – height of the “freeboard” and the corresponding  
V – the immersion of the cassette 

4. NUMERICAL STUDIES OF FLOATING SETS – 
VALIDATION TESTS 

4.1. Methods of numerical simulations  

Multibody system (MBS) and FE simulations were applied to 
selected aspects of the static, kinematic and dynamic analyses of 
the prototype floating bridge. 

Newton and Euler equations (Newton’s 2nd law and theorem 
related to rigid solid angular momentum change) as a relation (Eq. 
(2)) are often used to describe rigid body motion in MBS simula-
tions. 𝑚𝒗̇c = 𝑭;  𝑲̇c = 𝑵c                                                                (2) 

Angular momentum vector components 𝑲̇c of the analysed 

object are defined in the following way: 𝑲𝐜 = 𝑱𝐜𝜔                                                                                   (3) 

where 𝝎 = [𝜔𝜉  𝜔𝜂  𝜔𝜁]𝑇
 and 𝒗𝒄 = [𝑣𝑐𝑥  𝑣𝑐𝑦  𝑣𝑐𝑧]𝑇 =[𝒙̇𝑐  𝒚̇𝑐  𝒛̇𝑐]𝑇 is the generalised velocity of the centre C of the 

mass system. 

In such a case, the solid motion equation takes the form (Eq. 

(4)): 
 [𝑚𝑰 00 𝑱𝐜] [𝒗̇𝐜𝝎̇] + [ 0𝝎̃𝑱𝐜𝝎] = [ 𝑭𝑵𝐜]                                           (4) 

 

where Jc represents the solid polar moment of inertia and Nc the 

moment of external forces (F) in relation to the center of mass C. 

In the static FE tests for the developed numerical model of the 
mobile pontoon bridge with nonlinearities resulting from the con-
tact phenomena and clearances, the analyses were conducted 
with the use of an iterative calculation algorithm. The algorithm in 
question is based on the Newton–Raphson scheme [20] and 
allows the analysis of the systems with a variable stiffness matrix 
resulting from the equilibrium state determined by equation Q = 
f(q), where Q represents the vector of external forces and q is a 
value of displacement corresponding to it. 

4.2. Numericl MBS models 

The research results were applied to build and validate nu-
merical models of the experimentally tested set of two modules 
and models of single floating ribbons of various lengths and self-
propelled floating platforms. Selected models used in numerical 
studies of module sets combined into floating platforms and into 
sections of the bridge ribbon are presented in Fig. 10. 

The model shown in Fig. 10a was used in multivariate multi-
body analyses, in which load tests performed in field conditions 
were mapped. The model mapped the contact phenomena, fric-
tion in the locks joining the modules and a discrete influence of 
water represented by a set of springs with substitute stiffness 
determined based on the Winkler model. 

Numerical models composed of rigid bodies (MBS models) or 
deformable bodies, respectively, represented by various FEs in 
the finite element method (FEM), were used in the verification 
tests and in the process of tuning the equivalent stiffness values 
and damping for the floating bridge multibody models. Rigid bod-
ies mapping individual floating modules–cassettes (Figs. 10 and 
12) in the MBS or deformable FEM models were connected with 
each other by means of movable constraints of the cylindrical joint 
type located in the plane of the bottom of the floating bridge set. 
The contact surfaces were mapped in the plane of the bridge 
roadway for the MBS and FEM numerical models considering 
assembly clearances (in the unloaded state) and appropriately 
selected structural damping. Spring-dampening elements were 
attached to the bottom of the models of individual cassettes (Figs. 
10 and 12) for modelling the interaction of water with substitute 
parameters of stiffness (linear Winkler theory) and damping (Fig. 
11) selected based on data recorded in field tests with a set of two 
cassettes (Fig. 10a).  

Methods and procedures for determining stiffness and damp-
ing in mechanical problems are issues that were presented in 
scientific publications on modelling and simulation of dynamic 
problems, e.g. Refs. [8, 9, 21, 22]. The results of experimental 
tests recorded during field tests with a set of two prototype cas-
settes (presented in Section 3) were used for this purpose. The 
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work also used the comparative methodology of matching substi-
tute values of stiffness and damping in numerical models, as 
explained below. 

 

Fig. 10. Numerical rigid models of selected floating objects assembled 
from prototype modules: (a) multibody model of two floating 
modules set used in verification tests and for selection of 
substitute stiffness and damping values, (b) multibody model of 
single ribbon: 1 – coastal module, 2 – roadway, and 3 – river 
module 

The diagrams of the changes in the maximum immersion of a 
two river modules set loaded at the same time with four weights 
as a function of time are shown in Fig. 11a. The average value of 
the immersion changes, referred to here as displacements of the 
central point of the cassette roadway and shown in Fig. 11a, was 
610 mm. This value (V in Fig. 9b) corresponded to the average 
value of the “freeboard” height H = 690 mm measured at the 
central point of the cassette roadway during the field tests, as it is 
presented in Fig. 9a. A diagram of the change in the contact force 
in the pivot arm connecting the river modules in the plane of the 
roadway during the load test simulation is presented in Fig. 11b. 

 

Fig. 11. Graphs of changes in kinematic and static parameters of the set 
after model’s validation: (a) changes of displacements  
as a function of time, (b) changes of contact forces in the rotating 
arm connecting river modules during load test simulation 

A three-dimensional multibody model of a single rib-
bon/platform, about 30 m long and 6 m wide (shown in Fig. 10b), 
was used in numerical studies conducted to ascertain the influ-
ence of the moved object’s weight and position on kinematic and 
static parameters of the floating bridge section built of prototype 
modules connected by side locks.  

Multiset numerical studies of the floating platform with coastal 

modules were carried out. The set was loaded with the weight of 
the vehicle entering from the coastal module (1 in Fig. 10) and 
going to the platform external module (2 in Fig. 10) and moving 
along the platform at a constant speed of 1.5 m/s. In the initial 
variant P, only the self-weight of the floating structure including 
coastal modules (about 260 kN) was considered. In variant I, the 
total vehicle weight was 3.5 tonnes and in variant II, it was 10 
tonnes. 

5. NUMERICAL SIMULATION OF PROTOTYPE FLOATING 
BRIDGE 

Numerical methods may be used even at the preliminary 
stage of the tests of the structures (Fig. 2). Due to the nature of 
the preliminary work, it is often necessary to perform verifying 
calculations repeatedly. 

Multivariant load models, including time-varying models, iner-
tial mapping of moving vehicles (multibody model – Fig. 12) and 
FE statics loads, were used in multivariant simulations under the 
influence of the size of clearances and various friction conditions. 

 

Fig. 12.  Rigid body–MBS models of a single-ribbon type bridge for MB 
dynamics simulation 

The model of the bridge section with the coast modules tested 
with the multibody method in the single-ribbon variant is shown in 
Fig. 12. The tested floating ribbon was composed of 30 prototype 
cassettes and two coast ramps. Each ramp was 6 m long and 
6.25 m wide, corresponding with the dimensions for the bridge 
cassettes. Each ramp’s mass was 6,000 kg. The end sections of 
both ramps were articulated with no translation displacement at 
the edges of the crossing (edge anchoring). The other end of the 
ramp rested on the roadway of the last mobile pontoon bridge 
ribbon cassette and was joined with it in a non-movable manner. 
The other end of the entry ramp was based on the road plate of 
the extreme cassette and the contact conditions along with the 
friction ones on the ribbon surface were defined. In the bridge 
model, three-dimensional connections between the individual 
cassettes of the set were mapped with the definitions of contact 
zones and assembly clearances corresponding to the nominal 
values provided for this type of structure. 

In the static FE analysis, the floating ribbon was loaded in half 
of its length with a stationary lump representing various weights of 
the tracked vehicles being crossed: 100 kN, 250 kN, 500 kN and 
700 kN. The dimensions of the body modelling the chassis of the 
tracked vehicle and the contour of the track in contact with the 
ribbon road were defined based on the STANAG standard [4], in 
accordance to the 50 MLC load class for tracked vehicles. In 
dynamic simulations, the solids modelling the tracked vehicle 
were given a constant speed of υ = 5 m/s. In this way, the move-
ment of the transported vehicle was modelled in relation to the 
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road of the ribbon model compiled from the same floating cas-
settes, as given in Fig. 13. In individual variants of the dynamics 
analysis, identical weights of the vehicles were defined as in the 
statics analysis. In each considered variant, only a symmetrical 
passage along the longitudinal axis of the ribbon was defined (Fig. 
13). Submersions and internal forces in the locks of such defined 
single-ribbon models were analysed. 

 

Fig. 13. The single-ribbon type model built from floating modules in the 
top view with models of stationary loads (statics analysis) and 
moving loads (dynamic analysis) 

The changes in the floating ribbon’s submersions recorded in 
the section corresponding to half the ribbon’s length as a function 
of time during the runs of the vehicle with different weights – 
100 kN, 250 kN, 500 kN and 700 kN – are summarised in Fig. 14. 
The maximum submersion values were determined as the differ-
ences in V displacements defining the initial and final positions of 
the cassette in the cross-section corresponding to half of the 
length of the floating ribbon in the individual load variants. 

The results of the submersion numerically determined in the 
FE models of the floating ribbon (statics analysis) with results from 
the multibody tests – dynamic simulations – are compared in Tab. 
1. 

The maximum vertical displacements determined in the static 
analysis with FE models of the floating ribbon were greater by 
9.9% and 0.9%, respectively, for loads of 250 kN and 500 kN, and 
lower by 4.2% for a load of 700 kN, than the maximum ribbon 
draft (submersion) determined in the dynamic analysis for analo-
gous moving loads. 

 

Fig. 14.  Results of the MBS analysis: changes in vertical displacements 
of the cassette recorded in the middle of the ribbon length as a 
function of time during the runs of vehicle with different weights: 
100 kN, 250 kN, 500 kN and 700 kN. 

Prototype floating bridges with the maximum displacement 
(PCO is fully filled with air), in mixed and double ribbon systems, 

may operate safely in crossings of vehicles with a weight of 
1,000 kN (100 MLC according to the NATO classification [4]) 
moving at a speed of about 5 mps. The allowed load capacity of a 
single prototype ribbon was 700 kN (70 MLC). 

Tab. 1.  Comparison of results of numerically determined maximum 
submersion values in 3D models built of rigid and elastic bodies 
for various load values according to STANAG 2021 [4] 

Load 

[kN] 

Maximum 

submersion 

FE static 

analysis 

V [mm] 

Maximum 

submersion 

MB dynamic 

analysis 

V [mm] 

Relative differences (|𝑉max|− |Vmin||𝑉 min| ) ∙100%  

250 500 455 9.9 

500 687 681 0.9 

700 823 858 4.2 

6. CONCLUSIONS 

The main original achievement of this work is the experimental 
and numerical research methodology established for testing the 
strength of multibody systems, which include modular floating 
systems. The work shows that the methodology can be used to 
test various floating systems in which, under the influence of 
moving loads, the assembly clearances change and the main part 
of them is formed without the clearances, the so-called “compact 
zone.” This part of the modular floating object submerges the 
most because it absorbs all the loads from the moving object. An 
additional difficulty in static and dynamic tests of such systems, 
such as floating bridges, is the strong curvature and variable 
lengths of the compact zone depending on the weight of the ob-
jects being crossed. Moreover, a compact zone understood in this 
way is created directly under the vehicle being crossed. Its strong 
curvature results from the selection of clearances only in that part 
of the bridge that directly absorbs the loads from the vehicles 
being crossed. If the vehicle moves relative to the longitudinal axis 
of the floating bridge, the compact zone also moves with it. Cor-
rectly representing these phenomena in numerical simulations is a 
serious scientific challenge. 

(1) The original achievements presented in the work are: 

 a methodology for selecting substitute parameters – stiffness 
and damping – describing the multisegment model of the pro-
totype bridge; 

 verified based on experimental research, multimember models 
built of rigid bodies for MB simulation and results of dynamic 
analysis in models of floating bridges representing real cross-
ing facilities;  

 the possibility to determine the MLC classification of different 
variant floating bridges according to NATO STANAG military 
load standards, based on results of computer simulations. 
(2) A river module with a movable bottom, with adjustable 

buoyancy, was characterised by a very good ratio of dead weight 
and usable carrying capacity to the working and transport volume.  

(3) The structure in both the prototype and modernised ver-
sion was tested in terms of strength and functionality. The verifica-
tion tests of the assumptions, load capacity analyses and safety 
and strength in various operational states were carried out in 
laboratory tests and field tests as well as in computer analyses 
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with the use of advanced simulation techniques. The results ob-
tained by numerical simulation were consistent to the experi-
mental results. 

(4) The structural modifications introduced in a single-river 
module allowed increasing of the range of potential applications of 
floating systems built on their basis. An increase in the structure 
susceptibility, as understood in this way, was confirmed. The 
possibility of building any configurations of ferries or floating 
bridges was proved. 

(5) The bow–stern modules increased the operational space 
of the crew and the load capacity of the entire system and re-
duced the resistance of the set movement on water. The addition-
al advantage of using the bow–stern modules was a roller shutter 
system, which, owing to the inclusion of a pneumatic carrier object 
filled with compressed air, can function as a ballistic protection as 
well as a protection against the occurrences of damages of vari-
ous kinds. 

(6) The repeatability of a single module and its ease of 
transport and operation make it possible to use it in many applica-
tions from the crossing of military vehicles (e.g. tanks), through 
replacement passes for trucks (e.g. providing materials for con-
struction of a permanent bridge), to single-replacement ribbons for 
flooded roads and footbridges on suddenly enlarged watercours-
es. 

(7) In the future, due to safety and functionality reasons, it is 
advisable to divide a PCO into at least three, independently as-
sembled, chambers with a less complicated shape and a possibil-
ity of individual replacement in case of damage. External, high-
strength joints of individual chambers would allow for creation of a 
coherent, multichamber pneumatic support body. The joints would 
be resistant to hydrostatic and hydrodynamic forces, external load 
and deformation of the bridge lines caused by them. The shape of 
a single chamber, similar to a rectangular prism, would limit the 
phenomenon of a number of internal tendons forming the walls of 
a PCO or would even eliminate the necessity for their use. 

REFERENCES 

1. Leqia He, Chiara Castoro, Angelo Aloisio, Zhiyong Zhang. Dynamic 
assessment. FE modelling and parametric updating of a butterfly-
arch stress-ribbon pedestrian bridge. Struct Infrastruct Eng, 
2021;18(7): 1064-1075. 

2. Minwoo Chang,  Sung Il Seo & Hyung Suk Mun. Running Safety and 
Behavior Tests for a Scaled-Down Railway Vehicle Crossing a Float-
ing Bridge. KSCE J Civ Eng. 2020;24:1750–1762. 

3. Hornbeck B, Kluck J, Connor R. Trilateral Design and Test Code for 
Military Bridging and Gap-Crossing Equipment. TARDEC BRIDGING 
2005. http://www.dtic.mil/dtic/tr/fulltext/u2/a476390.pdf 

4. STANAG 2021 Ed.8. Military Load Classification of Bridges, Ferries, 
Rafts and Vehicles. http://nso.nato.int/nso/nsdd/_CommonList.html] 

5. Derewońko A, Krasoń W. Mobile pontoon bridge and floating sys-
tems, Special Interest Group A2 (Ports and Maritime) of the World 
Conference on Transport Research Society (WCTRS). Antwerpia  
conference proceedings. 3-4 May 2018. 

6. EP2251255B1 2013. A sectional pontoon bridge. Military University 
of Technology. 

7. Derewońko A, Kołodziejczyk D, Golczak K, Pneumatic Air Object 
Application in Design Of Water Crossing. Journal of KONES.2015; 
19(4):155-161. DOI: 10.5604/12314005.1138333. 

8. Krasoń W, Sławek P. Design and pre-testing of a mobile modular 
floating platform with adjustable displacement. Mechanik 2017;90( 
11). DOI: https://doi.org/10.17814/mechanik.2017.11.185 

 

9. Krason W. Selected Problems of the Numerical Capacity Assess-
ment for Floating Systems. Modelling in Engineering 2020: Applied 
Mechanics. Part of the Advances in Intelligent Systems and Compu-
ting book series (AISC, volume 1336), eBook ISBN978-3-030-68455-
6. DOI https://doi.org/10.1007/978-3-030-68455-6pp. 168-180 

10. Xiang X et al. Viscous damping modelling of floating bridge pontoons 
with heaving skirt and its impact on bridge girder bending moments. 
The 36th International Conference on Ocean, Offshore and Arctic 
Engineering. June 25-30. 2017. Trondheim Norway. 

11. Jiachen Liu. Development of Vibration Base Health Monitoring in 
Bridge. Journal of Physics Conference Series 012021. September 
2021. DOI:10.1088/1742-6596/2014/1/012021 

12. Yanlin Shao, Xu Xiang, Jianyu Liu. Numerical Investigation of Wave-
Frequency Pontoon Responses of a Floating Bridge Based on Model 
Test Results. Conference: Proceedings of the 38th International Con-
ference on Ocean. Offshore and Arctic Engineering. June 2019. 
DOI:10.1115/OMAE2019-96545 

13. Melcer J. Experimental Testing of a Bridge. Applied Mechanics and 
Materials. 2013; (486):333-340. 

14. Krason W, Popławski A. Numerical research of the cassette bridge 
joint strength with mapping of stand for experimental tests. Cite as: 
AIP Conference Proceedings 2078, 020050 (2019). 
https://doi.org/10.1063/1.5092053, Published Online: 04 March 2019, 
020050 pp. 1-6. 

15. Krason W, Bogusz P. Strain research of side joints of floating bridge 
in lab bending test, Experimental Mechanics of Solids Materials Re-
search Proceedings 12. 2019:96-103, Materials Research Forum 
LLC. https://doi.org/10.21741/9781644900215-14 

16. Krason W, Bogusz P, Popławski A, Stankiewicz M. Selected aspects 
of stand tests of the floating prototype bridge connector. Experi-
mental Mechanics of Solids Materials Research Proceedings 12. 
2019:90-95. Materials Research Forum LLC.  
https://doi.org/ 10.21741/9781644900215-13 

17. NO-54-A203: Mosty składane. Wymagania ogólne.  
http://g.ekspert.infor.pl/p/_dane/akty_pdf/U23/2001/22/186.pdf  

18. Krason W, Kozłowski R, Derewońko A, Golczak K. Selected Aspects 
of Simulation of Multi-Module Mechanisms with the Use of Multibody 
Method. Journal of KONES.2012;19(1):207-214 
DOI: 10.5604/12314005.1137359 

19. EP2570551B1. A cassette of a floating bridge. 2012. Military Univer-
sity of Technology. 

20. Zienkiewicz OC, Taylor L, Zhu JZ. The Finite Element Method: Its 
Basis and Fundamentals. Elsevier Butterworth-Heinemann. Berlin 
2005. 

21. Fengzong Gong, Fei Han, Yingjie Wang, Ye Xia. Bridge Damping 
Extraction Method from Vehicle–Bridge Interaction System Using 
Double-Beam Mode. Appl. Sci. 2021;11(21): 10304.   
https://doi.org/10.3390/app112110304 

22. Lixia Peng, Zhiqiang Gao, Zhaoyang Ban, Feng Gao, Weiping Fu. 
Dynamic Tangential Contact Stiffness and Damping Model of the 
Solid–Liquid Interface. Machines.2022;10:804. 
https://doi.org/10.3390/machines10090804 

This research was funded by the MILITARY UNIVERSITY OF TECH-
NOLOGY, grant number PBS 23-937/WAT/2018, and the APC was 
funded by the Ministry of Science and Higher Education of Poland. 

Agnieszka Derewońko:  https://orcid.org/0000-0002-6050-6359 

Wiesław Krasoń:  https://orcid.org/0000-0001-7242-648X  

 

This work is licensed under the Creative Commons 

BY-NC-ND 4.0 license. 

https://www.researchgate.net/profile/Leqia-He
https://www.researchgate.net/profile/Chiara-Castoro
https://www.researchgate.net/profile/Angelo-Aloisio
https://www.researchgate.net/scientific-contributions/Zhiyong-Zhang-2164467897
https://link.springer.com/article/10.1007/s12205-020-0968-3#auth-Minwoo-Chang
https://link.springer.com/article/10.1007/s12205-020-0968-3#auth-Sung_Il-Seo
https://link.springer.com/article/10.1007/s12205-020-0968-3#auth-Hyung_Suk-Mun
http://www.dtic.mil/dtic/tr/fulltext/u2/a476390.pdf
http://nso.nato.int/nso/nsdd/_CommonList.html
https://doi.org/10.17814/mechanik.2017.11.185.
https://link.springer.com/chapter/10.1007/978-3-030-68455-6_15
https://link.springer.com/chapter/10.1007/978-3-030-68455-6_15
https://link.springer.com/bookseries/11156
https://link.springer.com/bookseries/11156
https://www.researchgate.net/scientific-contributions/Jiachen-Liu-2201473919
https://www.researchgate.net/journal/Journal-of-Physics-Conference-Series-1742-6596
http://dx.doi.org/10.1088/1742-6596/2014/1/012021
https://www.researchgate.net/profile/Yanlin-Shao
https://www.researchgate.net/profile/Xu-Xiang-2
http://dx.doi.org/10.1115/OMAE2019-96545
https://www.scientific.net/AMM
https://www.scientific.net/AMM
http://g.ekspert.infor.pl/p/_dane/akty_pdf/U23/2001/22/186.pdf
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.5604%2F12314005.1137359?_sg%5B0%5D=gM9ATXRetuoVlEStNFkTu12qZjmWFfkMFAMtKTVIGWbrD-oaaWhZ2Q7-J0Wh_MLE7GpT8ByYEL5bEDDHFqMiN3BYeQ.8eVdgx0TettvsPgds2LYgUnod065S5CytzyXUN2zN7x3FBn0wa5uvegtr1YwlTV_uytrkrZH7auD4jhfbUyi0w
https://sciprofiles.com/profile/1836508
https://sciprofiles.com/profile/2012612
https://sciprofiles.com/profile/author/ME9oM2Z6SWhVaHM1ZkZRak1yZEUrZWJkR291K3ZWT2tVZjM5Tm5QZzB4ND0=
https://sciprofiles.com/profile/247943
https://doi.org/10.3390/app112110304
https://orcid.org/0000-0002-6050-6359
https://orcid.org/0000-0001-7242-648X
https://orcid.org/0000-0002-6050-6359
https://orcid.org/0000-0001-7242-648X


Andrzej Bożek, Leszek Trybus                                      DOI 10.2478/ama-2024-0025 
Reduced gain PI/PID Controllers for FOPTD/SOPTD Processes under Load Disturbance 

212 

REDUCED GAIN PI/PID CONTROLLERS  
FOR FOPTD/SOPTD PROCESSES UNDER LOAD DISTURBANCE 

Andrzej BOŻEK* , Leszek TRYBUS*  

*Faculty of Electrical and Computer Engineering, Department of Computer and Control Engineering, 
Rzeszow University of Technology, al. Powstańców Warszawy 12, 35-959 Rzeszów, Poland 

abozek@prz.edu.pl, ltrybus@prz.edu.pl 

received 31 October 2022, revised 6 September 2023, accepted 6 September 2023 

Abstract: In practical applications, an engineer is sometimes expected to execute the step test for tuning the controller without waiting 
much for the steady-state or a low level of disturbances. Hence, knowing that the initial settings may not be quite reliable, he/she detunes 
the controller by reducing its gain as a precaution against possible poor behaviour of the closed-loop system. It is up to their experience to 
choose by how much to detune. Therefore, the development of a practically oriented approach that would assist the engineer to choose 
the degree of gain reduction is the goal of this paper. The approach assumes that process parameters are determined by the least-squares 
approximation of the step response. Accuracy of the approximation is evaluated by a relative approximation error involving integrals of the 
error and the process response itself. The SIMC tuning rules are applied to choose the initial controller settings. The approach relies on  
detecting by simulation the worst case that may happen when the step response is triggered at any time. Detuning nomograms specify by 
how much to reduce the initial gain for PI-FOPTD and PID-SOPTD designs, given the relative approximation error. Two long-lasting lab 
experiments involving temperature control identify a plant, verify the load disturbance model through multiple step tests and demonstrate 
usage of the approach in the closed-loop system. 

Key words: load disturbance, process identification, controller tuning, SIMC, FOPTD, SOPTD 

1. INTRODUCTION 

Two types of disturbances are distinguished in industrial pro-
cesses controlled by automation systems. The first one affects the 
state of the process, similar to the control input, whereas the other 
one only corrupts the output. Examples of the first type include 
disturbances of the load, fluctuations of raw material composition, 
power supply and ambient temperature usually jointly called a 
load disturbance [1,2]. Measurement noise dependent on trans-
ducer data, electromagnetic interference, and grounding quality is 
the other type. The load disturbance affects the process at low 
frequencies (LF), whereas the measurement noise interferes at 
high ones. 

To suppress the effect of the disturbances, a process control-
ler, typically PI or PID, must be reasonably well tuned, which in 
industrial practice is done experimentally by means of the step 
response or relay feedback [3]. In the case of the former, the 
parameters of the process are identified from the response and 
used to calculate controller settings. A steady-state and low level 
of disturbance, particularly the load disturbance, are the condi-
tions required to obtain a trustworthy response and reliable pa-
rameters. The use of parameters acquired from a response trig-
gered not at suitable conditions may lead to unreliable settings 
and poor behaviour of the closed-loop system. 

However, in industrial applications, it is difficult to know 
whether the process to be identified is in a steady-state or not 
disturbed. In addition, waiting for such a steady-state can be 
cumbersome for a process with a long time constant or delay [4]. 
Therefore, an engineer has to sometimes execute the test when-

ever technology permits, without much waiting. Nevertheless, as a 
precaution, he/she does not apply the initial settings directly but 
detunes the controller by reducing its gain. The degree by how 
much to detune is determined by the rule of thumb. 

Therefore, the purpose of this paper is to develop a practically 
oriented approach that will determine to what extent to reduce the 
gain in controller settings obtained from the response triggered at 
any time of process operation. A relative difference between the 
response and its least-squares approximation is the basic data for 
reducing the gain. SIMC tuning rules are applied to calculate the 
settings [2,5]. 

To justify the solutions used in the approach, we begin with a 
review of related work on process identification and SIMC tuning. 

1.1. Process identification for load disturbance 

A tutorial review of identification methods dealing with meas-
urement noise and load disturbance is presented in Ref. [4]. In the 
presence of a general form of measurement noise, such as col-
oured noise, the least-squares solutions do not give unbiased 
parameter estimates [6]. To solve the bias problem, the instru-
mental variable (IV) method that adjusts the estimates in a few 
stages can be applied [7]. As far as the load disturbance is con-
cerned, the problem of using the step response data while the 
output is not initially in a steady-state may be overcome by includ-
ing the initial state and its derivatives into the identified parame-
ters, yet assuming no load disturbance [8]. If, besides the initial 
conditions, the output is corrupted by measurement noise, the IV 
method can be applied [9]. 

https://orcid.org/0000-0003-3015-7474
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If the load disturbance description is known a priori, then the 
output may be decomposed into perturbed and unperturbed com-
ponents, so as to obtain unbiased parameters of the process 
while estimating the dynamics of the disturbance response [10]. 
For example, a period of the perturbed component may be de-
tected in this way [11]. No prior information is required if the per-
turbed component is treated as a dynamic parameter for estima-
tion. A recursive least-squares algorithm is needed in such a 
case [12]. The perturbed component can also be estimated by 
correlation analysis [13]. 

Finally, no knowledge on the initial conditions or the load dis-
turbance description is required if curve-fitting algorithms with 
quasi-Newton iterations are applied [6,7]. Both open and closed 
loops can be handled in this way, as demonstrated in Ref. [14] for 
an industrial application. In the case of overdamped systems with 
delay, each curve fitting iteration consists of two stages in which 
process parameters and the delay are estimated separate-
ly [15,16]. 

An approach is also proposed to calculate the process gain 
first from a steady-state change and then the time constant along 
with process delay in the second stage [17]. Good performance is 
reported for indirect identification of continuous delay systems 
based on discrete-time models [18]. Efficient identification from a 
low-quality step response by means of regularised least-squares 
is recommended in Ref. [19]. 

1.2. SIMC tuning rules 

The selection of PI and PID tuning rules is another relevant is-
sue. Note that to evaluate by how much the controller should be 
detuned, some quantification of the closed-loop behaviour is 
needed. Indicators of such behaviour include settling time, over-
shoot, peak time, IAE [20] or ITAE [21] integral, and relative delay 
margin [22]. However, among a large number of tuning rules 
collected in Ref. [23], only a fraction expresses controller settings 
not only in terms of process parameters, but also by a design 
specification related to the closed-loop behaviour. 

The idea of using a desired closed-loop time constant to de-
sign a discrete controller was first introduced in Ref. [24], where 

this time constant was denoted by . Later, the approach was 
adapted to the internal model control (IMC) and PID control-
ler [25]. In the case of the first- or second-order-plus-time-delay 
processes, i.e. FOPTD or SOPTD, the so-called SIMC tuning 
rules [2,5,26] express PI and PID settings in terms of the process 

parameters and the desired . This enables an engineer to 
choose how aggressive the controller should be. Due to simplicity, 
the SIMC rules have been widely approved in industrial prac-
tice [2]. Naturally, if due to disturbances, the identified parameters 

are unreliable, the value of  must be increased to avoid poor 
closed-loop behaviour. 

Performance of the SIMC rules for set-point and load disturb-
ance responses can be assessed using the IAE, leading to some 
modification of the approach [26]. Minimisation of the IAE also 
enables to apply other closed-loop indicators for design. This is 
demonstrated in Ref. [27], where a weighted average of the IAEs 
for set-point and load disturbance responses is minimised subject 
to sensitivity constraints. A similar approach is used in Ref. [28] to 
improve disturbance rejection, but without applying the pole-zero 
cancellation of the original SIMC. 

 

1.3. Outline of the approach 

The development is based on a long uninterrupted MATLAB 
simulation of FOPTD and SOPTD disturbed processes, where 
step responses are continuously triggered one after another. Load 
disturbance is simulated by a low-pass filter driven by white noise. 
Measurement noise is treated as filtered out noise [29]. 

By repeating the simulation for different process delays, final 
nomograms specify the degree of reducing the gain for PI-FOPTD 
and PID-SOPTD designs in terms of a relative approximation error 
of the step response. Practical usage of the approach is demon-
strated in a dedicated lab set up enabling repeatable tests in a 
long time period. The set up involves a temperature control plant, 
similar to the one in Ref. [30], whose dynamics can be well ap-
proximated by the FOPTD model. The load disturbance model is 
also verified from the tests. 

The paper is organised as follows. The next section introduc-
es normalised FOPTD and SOPTD process models affected by 
low-frequency load disturbance. The single, long simulation con-
sists of multiple (5,000) up–down step tests resulting in 10,000 
responses approximated by the curve fitting. Accuracy of the 
approximation is determined by a relative approximation error 
defined as the ratio of two integrals over time of the response. The 
first one integrates absolute estimation error and the second one 
involves the process response itself. 

SIMC settings for PI-FOPTD and PID-SOPTD are given in 
Section 3 by taking the desired closed-loop time constant equal to 
the process delay [5]. Having the settings, the expected closed-
loop behaviour can be inferred by calculation of the gain mar-
gin [31]. 

Controller settings and the corresponding gain margins are 
evaluated in Section 4 for each of the simulated responses. A 
minimum margin represents most inconvenient behaviour of the 
closed-loop system (worst case). This also enables to detect the 
maximum error for which the SIMC rules do not yet lead to insta-
bility. A worst case plant stabilised by means of an IMC-based 
PID controller is also considered in Ref. [32]. 

The difference between the nominal gain margin and the min-
imum margin determined above indicates by how much the design 
margin should be increased to avoid poor behaviour. In turn, that 
difference is converted in Section 5 into the corresponding reduc-
tion factor of the controller gain, expressed by respective nomo-
grams for PI-FOPTD and PID-SOPTD designs. 

The approach is verified in Section 6 by two long lab experi-
ments, one for open loop and the other for closed loop, involving a 
heating resistor kept in open air. As in the MATLAB simulation, 
each experiment consists of multiple up–down step responses 
triggered in the presence of load disturbances. The time constant 
of the low-pass filter as a disturbance model is evaluated to justify 
the value used in the earlier sections. 

2. PROCESS MODEL AND IDENTIFICATION 

2.1. Process and load disturbance 

A simulated process given in Fig. 1(a) is considered, where 𝑢 

denotes the control input, 𝑦 the output and 𝑙 the load disturbance 

interfering at LFs. High frequency (HF) measurement noise 𝑚 is 
dropped from the simulation, although in the lab experiment, the 
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filtered 𝑚 increases the effect of 𝑙. The following transfer func-
tions 

𝐺FOPTD(𝑠) =
𝑘

𝑇𝑠+1
𝑒−𝜏𝑠, 𝐺SOPTD(𝑠) =

𝑘

(𝑇𝑠+1)2 𝑒−𝜏𝑠 (1) 

represent the FOPTD and SOPTD process models (with different 

values of the parameters 𝑘, 𝑇, and 𝜏). Due to the double time 
constant in SOPTD, the two models are consistent in terms of the 

parameter set {𝑘, 𝑇, 𝜏}. Different time constants for SOPTD are 

not considered as they would require much longer control input to 
get identified values reasonably close to true ones. 

Settling times can be expressed as 4𝑇 + 𝜏 and 6𝑇 + 𝜏, re-
spectively, or 5𝑇 and 7𝑇 for 𝜏 ≤ 𝑇. In practice, due to the dis-
turbance, the step response is recorded for somewhat a longer 
time to be sure about the settling. Therefore, here, we take the 
double step-response settling time, i.e. 10𝑇 for FOPTD and 14𝑇 
for SOPTD, as the identification time horizon. 

 
Fig. 1. (a) Process model, (b) load disturbance model, (c) step responses of the process y and model ym, estimation error e 

     
Fig. 2. Number of step responses in terms of the relative approximation error r 

              
Fig. 3. Relative deviations of the parameter estimates for (a) FOPTD, σl = 0.3, (b) SOPTD, σl = 0.15
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The LF load disturbance 𝑙 is generated by the low-pass filter 
shown in Fig. 1(b), with the time constant 𝑛-times longer than the 
process. The results presented in the following sections refer to 

𝑛 = 10. Although it would be more appropriate to call the 𝑛 = 1 
case a “medium frequency” and not LF, it is left in the study for 

comparison. The level of 𝑙 is adjusted by means of the standard 

deviation 𝜎𝑙 of the white noise driving the filter. A sample step 
response 𝑦 of the disturbed process is shown in Fig. 1(c), where 

𝑡H denotes the identification time horizon. 

2.2. Relative approximation error 

The least-squares curve fitting the MATLAB lsqcurvefit func-
tion is used for identification, since the autoregressive arx and the 
instrumental variable iv4 cannot deal with the load disturb-
ance [6,7]. Let {𝑘m, 𝑇m, 𝜏m} denote the parameter estimates of 

the identified model, 𝑦m its step response and 𝑒 = 𝑦 − 𝑦m the 
estimation error. The integrals 

𝑌 = ∫ |𝑦(𝑡) − 𝑦0|d𝑡
𝑡H

0
, 𝐸 = ∫ |𝑒(𝑡)|d𝑡

𝑡H

0
, (2a) 

representing the shaded areas in Fig. 1(c) determine the ratio 

𝑟 =
𝐸

𝑌
 (2b) 

treated as an indicator to what extent the response is deformed by 
the load disturbance. The ratio, termed here a relative approxima-
tion error, is a basic data for detuning. 

Realistic values of 𝑟 for which parameter deviations from true 
values are not too large are below 0.05 for FOPTD and 0.03 for 
SOPTD. Larger deviations may cause instability of the closed-loop 
system tuned according to the SIMC rules [5] or excessive slug-
gishness in the case of the detuned controller (Section 5). Hence, 
trustworthy SOPTD responses require a smaller level of the load 
disturbance. If 𝑟 of a particular real response turns out too high, it 
may be reduced in the next response by increasing the input step 
(if technology permits). 

2.3. Simulation methodology and parameter estimates 

Consider a continuously operating real process that can be 
tested any time by a step response. Meanwhile, the process can 
be perturbed by the load disturbance to a varying degree. An 
equivalent of such a process is implemented here in the form of a 
long uninterrupted simulation involving either the FOPTD or the 
SOPTD model, with the disturbance generated as shown in 
Fig. 1(b). During this simulation, step responses are triggered one 
after another, characterised by their own relative approximation 
error (2b). It turns out that about 10,000 tests are needed in the 

simulation to get histograms of 𝑟 with fairly repeatable shape (see 
Fig. 2). 

The results presented in the paper refer to the normalised 
time-constant-scaled process model, i.e. for 𝑘 = 1, 𝑇 = 1, and 𝜏 

in the typical interval [0.1, 1] (e.g. Ref. [31]). Some figures refer 

to 𝜏 = 0.32 (middle of the decade). If 𝑇𝑚 and 𝜏𝑚 are raw esti-

mates of the parameters, then 𝜏 = 𝜏𝑚/𝑇𝑚. 
Two histograms of the number of responses in terms of the er-

ror 𝑟 for basic and twice increased standard deviation 𝜎𝑙 of the 

load disturbance are shown in Fig. 2 for FOPTD. Increase of 𝜎𝑙 
extends the range of 𝑟 while decreasing the maximum. 

Roughly comparable deviations of the parameter estimates 
from true values are shown as bar graphs in Figs. 3(a) and (b) for 
FOPTD and SOPTD, respectively. Naturally, the deviations grow 
with the relative error 𝑟. Dots in the middle of the bars are means, 
and rectangle heights denote two standard deviations. The ranges 

𝑟 = 0.04 for FOPTD and 0.024 for SOPTD correspond to the 
load disturbance deviations 𝜎𝑙 = 0.3 and 0.15. This indicates 
that a similar degree of confidence in the SOPTD model as in the 
FOPTD requires a significantly lower disturbance level. 

3. GAIN MARGIN FOR SIMC-BASED PI AND PID 

Suppose for the time being that no load disturbance affects 
the process. The popular SIMC tuning rules used here express PI 
and PID settings in terms of the parameters {𝑘, 𝑇, 𝜏} and a de-

sired closed-loop time constant 𝜆 [2,5]. 
Consider first the FOPTD process in Eq. (1) for which the PI 

controller 

𝐺PI(𝑠) = 𝑘𝑝 (1 +
1

𝑇𝐼𝑠
) (3a) 

suffices. Given the desired 𝜆, the SIMC rules are as follows 

𝑘𝑃 =
1

𝑘

𝑇

𝜆+𝜏
,    𝑇𝐼 = 𝑇. (3b) 

Skogestad in Ref. [5] recommends 

𝜆 = 𝜏 (4) 

to get a tight response, whereas 𝜆 = 1.5𝜏 provides a smoother 

response and 𝜆 = 0.5𝜏 a more aggressive one. Some reduction 
of 𝑇𝐼  for the large time constant 𝑇 improves the reaction to the 
load disturbance [5,27]. However, we remain with the recom-
mended  Eq. (4) to preserve simplicity. 

For Eq. (4), the rules become 

𝑘𝑃 =
1

𝑘

𝑇

2𝜏
,    𝑇𝐼 = 𝑇 (5) 

and the open-loop transfer function for 𝐺FOPTD(𝑠) obtains the 
simple form 

𝐺open(𝑠) = 𝐺PI(𝑠)𝐺FOPTD(𝑠) =
1

2𝜏𝑠
𝑒−𝜏𝑠 (6) 

due to pole-zero cancellation. Since the plant model is not known 
exactly, the cancellation is not perfect. Therefore, some reduction 

of the gain 𝑘𝑃 is needed to avoid possible oscillations (Section 5). 

Gain margin GM = 1 |𝐺open(𝑗𝜔GM)|⁄  is determined by the 

frequency 𝜔GM obtained from the angle condition 

∠𝐺open(𝑗𝜔GM) = −𝜋. In the case of Eq. (6), we have 

∠𝐺open(𝑗𝜔GM) = − 𝜋 2⁄ − 𝜏𝜔𝐺𝑀, which yields 

𝜔GM =
1

𝜏

𝜋

2
   and   |𝐺open(𝑗𝜔GM)| =

1

𝜋
. (7) 

So, for the PI-FOPTD design, we get 

GM = 𝜋. (8a) 

Gain margin expressed in decibels will also be used, so 

GMdB = 9.94 dB ≅ 10 dB. (8b) 

For the SOPTD process in Eq. (1) and the PID controller,  

𝐺PID(𝑠) = 𝑘𝑝 (1 +
1

𝑇𝐼𝑠
+ 𝑇𝐷𝑠) (9a) 
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the SIMC rules have the form [2,5] 

𝑘𝑃 =
1

𝑘

2𝑇

𝜆+𝜏
,    𝑇𝐼 = 2𝑇,   𝑇𝐷 =

𝑇𝐼

4
. (9b) 

Then the controller becomes 

𝐺PID(𝑠) = 𝑘𝑃
(𝑇𝑠+1)2

2𝑇𝑠
, (10a) 

where for the recommended 𝜆 = 𝜏, we get 

𝑘𝑃 =
1

𝑘

𝑇

𝜏
 (10b) 

and the transfer function 𝐺open(𝑠) = 𝐺PID(𝑠)𝐺SOPTD(𝑠) re-

tains the form Eq. (6), so the margin GM or GMdB is the same as 
before. 

4. GAIN MARGINS FOR THE IDENTIFIED MODELS 

4.1. Gain margin and relative approximation error 

Let {𝑘𝑚, 𝑇𝑚, 𝜏} denote parameter estimates obtained from 
one of the disturbed responses characterised by a relative approx-
imation error 𝑟 in Eq. (2b). In the case of the PI-FOPTD design, 
we have 

𝑘𝑃 =
1

𝑘𝑚

𝑇𝑚

2𝜏𝑚
,    𝑇𝐼 = 𝑇𝑚 (11) 

from Eq. (5). Since the simulated process is given in the normal-

ised form 𝑒−𝜏𝑠 (𝑠 + 1)⁄  (Section 2), the open-loop transfer func-
tion becomes 

𝐺open(𝑠) = 𝑘𝑃
𝑇𝐼𝑠+1

𝑇𝐼𝑠

1

𝑠+1
𝑒−𝜏𝑠. (12) 

The angle condition ∠𝐺open(𝑗𝜔𝐺𝑀) = −𝜋 results in the 

equation 

𝜋

2
+ arctg(𝑇𝐼𝜔GM) − arctg 𝜔GM − 𝜏𝑚𝜔GM = 0 (13a) 

for the frequency 𝜔𝐺𝑀 . After solving Eq. (13a), the corresponding 
gain margin is calculated as 

GM =
𝑇𝐼𝜔GM

𝑘𝑃
√

𝜔GM
2 +1

(𝑇𝐼𝜔GM)2+1
. (13b) 

The bar graph in Fig. 4 presents the margin GMdB in terms of 

the relative error 𝑟. Each bar consists of 1,000 points. Although 
the means are close to 10 dB, there are cases with quite small or 
even negative margins. The approximating parabolic curve 

GMdB,m(𝑟, 𝜏 = 0.32) specifies the minimum value of the margin 

in terms of the relative error. The minimum is defined here as 
three standard deviations below the mean. So, a few outliers in 

Fig. 4 are left out. From the controller’s viewpoint, GMdB,m indi-

cates the worst case among the step responses having the same 

relative error 𝑟. The value of GMdB,m is used in the next section 

to determine the degree of detuning. 
Note that besides the main curve (continuous line) in Fig. 4 

obtained for 𝑛 = 10 in the low-pass filter of Fig. 1(b), there are 

also two other curves corresponding to the filters with 𝑛 = 1 and 
100. These two curves are fairly close to the main one. This 

confirms that the low-pass filter with 𝑛 = 10 can be an appropri-
ate model of the load disturbance interfering at  LFs. 

 
Fig. 4. PI-FOPTD gain margin as a function of the relative approximation 

error 𝑟 for 𝜏 = 0.32 

4.2. Stability limit 

By repeating the simulation and calculations for other delays 

𝜏 ∈ [0.1, 1], a few functions GMdB,m(𝑟, 𝜏) of the minimum gain 

margin shown in Fig. 5 are obtained. Increase of 𝜏 reduces the 
slope of the plots. Note that for 𝜏 < 0.56, there exists a certain 

𝑟max for which GMdB,m becomes zero, which means stability 

limit. Hence for 

𝑟 > 𝑟max, (14) 

detuning the controller becomes a necessity. The stability limit 
function 𝑟max(𝜏) is shown in Fig. 6. As seen, 𝑟max increases with 

𝜏, which indicates more favourable conditions for identification. 

Similar plots GMdB,m(𝑟, 𝜏) and the function 𝑟max(𝜏) can be 

obtained for the PID-SOPTD design. About two times smaller 
values of 𝑟max for PID-SOPTD in Fig. 6 translate into more de-
manding conditions for the step tests, i.e. lower level of the load 
disturbance. 

 
Fig. 5. PI-FOPTD minimum gain margin. GMdB,m as a function of 𝑟 
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Fig. 6. Relative approximation error 𝑟max for stability limit 

5. REDUCTION OF THE CONTROLLER GAIN 

While gain margins above GMdB,m ≅ 10 dB (Fig. 4) can be 

accepted since they indicate aperiodic responses, the ones below 
10 dB rather not due to possible overshoots, oscillatory transients 

or even instability. The plots GMdB,m developed earlier determine 

the minimum margin that may occur for a particular relative ap-
proximation error 𝑟. 

To avoid poor behaviour due to the insufficient gain margin, 
the design margin should be moved up by the difference between     

the desired nominal value GMdB and the worst case minimum 

value GMdB,m. This can be done by replacing 𝑘𝑃 in Eq. (11) by 

𝜅𝑘𝑃, where 𝜅 ≤ 1 is the detuning factor. 
Before the reduction, we have 

𝐺open(𝑠) = 𝑘𝑃𝐺open
′ (𝑠) (15) 

with 

GMdB,m = 20 log10
1

𝑘𝑃|𝐺open
′ (𝑗𝜔GM)|

. (16) 

The reduction is supposed to restore the nominal gain margin 

GMdB, so 

GMdB = 20 log10
1

𝜅𝑘𝑃|𝐺open
′ (𝑗𝜔GM)|

. (17) 

Subtracting Eq. (17) from Eq. (16) gives 

GMdB,m − GMdB = 20 log10 𝜅, (18) 

hence 

𝜅 = 10(GMdB,m−GMdB) 20⁄ . (19) 

The nomogram of the gain reduction factor 𝜅 in terms of the 

relative approximation error 𝑟 and process delay 𝜏 is shown in 

Fig. 7(a) for PI-FOPTD. The value of 𝜅 decreases with 𝑟 and 
increases with 𝜏. Dots indicate 𝑟max, i.e. the stability limit from 

Fig. 6, where 𝜅 equals 1 𝜋⁄ ≅ 0.32 according to Eq. (8a). Thus, 

having 𝑟 and 𝜏 for a particular step response, one can read out 𝜅 
from the nomogram and reduce the initial controller gain.

 

        
Fig. 7. Gain reduction factor κ of SIMC-based design for: (a) PI-FOPTD, (b) PID-SOPTD

The analogous nomogram for PID-SOPTD is given in Fig. 7(b) 
with a smaller range of the relative error 𝑟. At the first glance, for 

small 𝑟, both PI and PID could be applied. However, a more 
careful comparison of the nomograms reveals that the reduction 
factor 𝜅 for PID-SOPTD is much smaller than for PI-FOPTD. For 

instance, if 𝜏 = 0.32, the error 𝑟 = 0.01 yields 𝜅 = 0.36 for PID-

SOPTD and 0.62 for PI-FOPTD. Only for very small 𝑟, the differ-
ence becomes negligible. This is another explanation why PI is 
most often preferred over PID in process control. 

The nomograms determine the reduction factor 𝜅 also beyond 
the stability limit, i.e. for 𝑟 > 𝑟max. However, since the proposed 
approach is worst-case-based, some of the closed-loop respons-

es may turn out excessively sluggish for large 𝑟. In particular, it 
refers to the cases where the gain margins GMdB are above the 
nominal 10 dB (see Fig. 4), which indicates slow responses. 
Reduction of the gain makes them even slower. Unfortunately, for 
any disturbed step test, the gain margin is not known  as to 
whether it is above or below 10 dB. Therefore, to avoid too slug-
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gish responses, we recommend to accept only such step tests 
that satisfy the condition 

𝑟 < 𝑟max , (20) 

with 𝑟max given in Fig. 6. This excludes the tests with too large an 
approximation error. 

The proposed approach is summarised in the form of a natural 
algorithm in Fig. 8. From the recorded step response, the model 

parameters, the time-scaled delay 𝜏 and the relative approxima-

tion error 𝑟 are first obtained. The parameter 𝑟max is then deter-
mined from the nomogram in Fig. 6. If the condition 𝑟 < 𝑟max is 
met, controller settings are given by the SIMC rules, followed by 
the gain reduction according to one of the nomograms in Fig. 7. 
Otherwise, if possible, the step response is repeated for an in-
creased control step. If not, an engineer must wait for more fa-
vourable process conditions. The smooth closed-loop response is 
expected after completing the procedure. 

 
Fig. 8. Algorithm for tuning the controller from a disturbed step response 

6. LAB EXPERIMENT 

6.1. Equipment set up and operation 

A simple lab set up (Fig. 9) has been assembled to demon-
strate the proposed approach in two long experiments, one for 
open loop and the other for closed loop, involving repeatable tests 
under varying load disturbances. The set up involves a heating 
resistor kept in open air, Pt100 temperature sensor, transducer, 
PWM switch and an embedded system board connected to PC 
running MATLAB. The embedded system filters the measure-
ments, works as the temperature controller, generates a PWM 
output signal and supervises the whole operation. Ambient tem-
perature drift (daily cycle) is treated as a slowly varying load dis-
turbance, although unexpected jumps caused, e.g. by opening the 
door or window, also happen for time to time. The basic open-loop 
experiment consists of 50 uninterrupted up-down step tests (100 
responses in total) triggered automatically by the embedded 
system. The system continuously records the temperature in a file 
sent to the PC for identification. A second-order Butterworth filter 
with 10 s time constant is applied for measurement of the noise 
rejection. 

For a nominal PWM = 25%, the resistor temperature is 

about 76 °C. After increasing the PWM to 27%, the tempera-
ture is recorded for 30 min, which is the 𝑡H time in the inte-

grals Eq. (2a). Such a modest 2% increase may correspond to 
technological restrictions in an industrial case. After waiting for 30 
min, the input is decreased back to 25% and the down-response 
recorded again. Two up-down temperature changes of the plant 
and the models are shown in Fig. 10 to clarify the tests. The mod-
el output stops at the 𝑡H time of Eq. (2a) followed by waiting. The 
whole experiment takes 100 h. The average up-down temperature 

change is 2.7 °C. 

6.2. Verification of the disturbance model 

Verification that the low-pass filter driven by white noise 
(Fig. 1(b)) can be a suitable model of the load disturbance is one 
of the objectives of the open-loop experiment. The verification 
involves three steps: 

 Execution of 50 up-down tests with identification of the pa-

rameters {𝑘𝑚, 𝑇𝑚, 𝜏𝑚} by means of lsqcurvefit. 

 Evaluation of the averages {𝑘̅, 𝑇̅, 𝜏̅} treated as parameters of 

the plant for additional simulation. 

 Selection of the low-pass filter parameters {𝑛, 𝜎𝑙} to get a 
similar frequency spectrum of the real and simulated plants. 
Histograms of the identified parameters are presented in 

Fig. 11. Parameter averages are the following 

𝑘̅ = 1.37 °C PWM%⁄ ,    𝑇̅ = 230 s,    𝜏̅ = 67 s. (21) 

To verify the load disturbance model, the multiplier 𝑛 in the fil-

ter time constant 𝑛𝑇̅ and the standard deviation 𝜎𝑙 of the white 
noise are determined by adjusting the simulated frequency spec-
trum to the real one by using FFT [33]. The resulting estimates are 

𝑛∗ = 32,    𝜎𝑙
∗ = 10 PWM% (22) 

(𝜎𝑙
∗ in control units).  
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The two spectra after adjustment of the disturbance model are 
shown in Fig. 12(a), where peaks represent odd harmonics of the 
up-down changes. The spectra practically overlap which confirms 

that the transfer function 1 (𝑛∗𝑇̅𝑠 + 1)⁄  driven by white noise 

with the standard deviation 𝜎𝑙
∗ models the load disturbance in the 

experiment quite well. Change of 𝑛 would increase (𝑛 > 𝑛∗) or 

decrease (𝑛 < 𝑛∗) the slope of the simulated spectrum. Improper 

value of the standard deviation 𝜎𝑙 moves this spectrum up or 
down (Fig. 12(b)). The frequency range 0–1 mHz corresponds to 
harmonic components with periods above 1,000 s covering 4 time 

constants 𝑇̅ (4𝑇̅ = 920). A rather large value of 𝑛∗ is obtained 
here, so half a decade over 𝑛 = 10 used before may be a hint for 
simulation of other processes subject to load disturbance. 
 
 
 
 

6.3. Controller design and closed loop 

The histogram of the distribution of 𝑟 for the 100 recorded 
step responses is shown in Fig. 13a. Out of the responses, six 
have not passed the acceptance test, Eq. (20). Exemplary data 
from one of the accepted responses consist of the FOPTD pa-

rameters 𝑘𝑚 = 1.37 °C PWM%⁄ , 𝑇𝑚 = 266 s, 𝜏𝑚 = 66.8 s 

and the integrals 𝑌 = 81.8 °C ∙ s, 𝐸 = 1.24 °C ∙ s in Eq. (2a). 

So, we have the normalised delay 𝜏 = 𝜏𝑚 𝑇𝑚 = 0.296⁄  and the 
relative approximation error 𝑟 = 𝐸 𝑌⁄ = 0.0152 (𝑟max =
0.026 from Fig. 6). The SIMC rules Eq. (11) give the initial PI 

settings 𝑘𝑃 = 1.23 and 𝑇𝐼 = 226. Having 𝑟 and 𝜏, the value of 

the gain reduction factor 𝜅 read out from Fig. 7a is 0.48 (after 
some interpolation). Hence, the controller gain is reduced to 

𝜅𝑘𝑃 = 0.592.

 

 
Fig. 9. Equipment set up 

 
Fig. 10. Two exemplary up-down step responses 
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Fig. 11. Histograms of the identified parameters 

       
Fig. 12. Frequency spectra of the real and simulated plant outputs: (a) after adjustment of the disturbance model, (b) for improper standard deviation σl 

       
Fig. 13. (a) Number of step responses in terms of the relative error r, (b) gain margins for the initial and detuned settings 
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Fig. 14. Detuned closed-loop responses 

The resulting closed-loop responses of the real plant recorded 

in the second experiment are shown in Fig. 14 for the 80 °C 
setpoint. The case for 𝜅examp relates to the exemplary calcula-

tions given above. The responses are smooth and settle down in 
a fairly similar time. The reduction factor assumes values from 

𝜅min = 0.337 to 𝜅max = 0.537. Note that 𝜅min is close to the 

stability limit 1 𝜋 ≅ 0.318⁄ . 
By taking the average parameters in Eq. (21) as plant data, 

one can check how the gain margins look like before and after the 
reduction. Lower squares in Fig. 13(b) represent the initial mar-
gins. Some of them are below the nominal 10 dB. The reduction 
increases the margins by 5–8 dB depending on the relative error 

𝑟. 
The presented results are obtained for rather a small input 

step ∆PWM = 2% to reflect technological restrictions. A larger 

step would decrease values of the error 𝑟 thus, increasing the 
reduction factor 𝜅. For ∆PWM = 5% the values of 𝑟 do not 

exceed 0.012, giving 𝜅min = 0.568 and 𝜅max = 0.863. 
The PID controller for the SOPTD model is not implemented 

since due to the smaller 𝑟max (Fig. 6), too many step tests do not 
pass the acceptance condition in Eq. (20). Besides, the reduction 

factor 𝜅 is much smaller. 
Finally, we explain why the identified 𝑛∗ = 32 for the low-

pass filter has not been used, although possible in this particular 
case. In a practical situation, an engineer only knows that the load 
disturbance interferes at lower frequencies in relation to process 
dynamics, but does not know exactly how much. Therefore, the 
approach with 𝑛 = 10, justified by the similar plots in Fig. 4, 
seems an appropriate solution. 

7. CONCLUSIONS 

Due to technological restrictions, the step response required 
for controller tuning is sometimes triggered when the process is 
not in a steady-state or is subject to major load disturbance. This 
means that the parameter estimates obtained from the response 
and corresponding controller settings are not quite reliable. 
Hence, to avoid possible poor behaviour of the closed-loop sys-
tem, the settings must be detuned, typically by reducing the gain. 
It is up to the engineer's experience to decide by how much to 
reduce. 

FOPTD and SOPTD processes have been considered with 
the load disturbance modeled by a low-pass filter driven by white 
noise. Process parameters are determined by the least-squares 
curve fitting, so the estimation error of the response indicates to 
what extent the process is not in a steady-state or disturbed. 
Relative approximation error relates the error to the step response 
and is a basic data for reducing the gain. 

SIMC rules have been applied to tune PI and PID controllers 
for FOPTD and SOPTD, respectively, taking process delay as the 
recommended closed-loop time constant. By repeating the tests in 
a long, uninterrupted simulation, the case with the lowest gain 
margin is detected and used subsequently for detuning. Final 
nomograms specify by how much to reduce the initial controller 
gain given a relative approximation error and process delay. So 
contribution of this paper rests in the precise evaluation of the 
gain reduction to assist the engineer. 

Low-frequency load disturbance model has been verified in a 
simple, yet long, lab experiment with multiple step tests.  

The MATLAB lsqcurvefit function has been used for identifica-
tion. Ultimately however, the approach is supposed to be trans-
ferred from the embedded system board into a PLC-based pro-
cess control equipment [34]. In such a case, a corresponding 
code may be written in structure text language of IEC 61131-3 
standard [35] applying the two-stage curve-fitting algorithm 
from [15,16] for identification. 

Research on the controller retuning directly in a closed-loop 
system subject to load disturbance is left for future work. 

REFERENCES 

1. Åström KJ, Murray RM. Feedback Systems: An Introduction for 
Scientists and Engineers. Princeton: Princeton University Press; 
2008. 

2. Seborg DE, Edgar TF, Mellichamp DA, Doyle FJ. Process Dynamics 
and Control, 4th Edition. New York: Wiley; 2016. 

3. Åström KJ, Hägglund T. Advanced PID Control. Research. Triangle 
Park; 2005. 

4. Liu T, Wang QG, Huang HP. A tutorial review on process identifica-
tion from step or relay feedback test. Journal of Process Control. 
2013; 23(10):1597-1623. 

5. Skogestad S. Simple analytic rules for model reduction and PID 
controller tuning. Journal of Process Control. 2003; 13(4):291-309. 

6. Ljung L. System Identification: Theory for the User, 2nd Edition. New 
York: Prentice Hall; 1999. 

7. Söderström T, Stoica P. System Identification, 2nd Edition. New 
York: Prentice Hall; 2001. 

8. Ahmed S., Huang B, Shah SL. Novel identification method from step 
response. Control Engineering Practice. 2007; 15(5):545-556. 

9. Ahmed S, Huang B, Shah SL. Identification from step responses with 
transient initial conditions. Journal of Process Control. 2008; 
18(2):121-130. 

10. Liu T, Huang B, Qin SJ. Bias-eliminated subspace model identifica-
tion under time-varying deterministic type load disturbance. Journal 
of Process Control. 2015; 25:41-49. 

11. Hou J, Liu T, Wang QG. Recursive subspace identification subject to 
relatively slow time-varying load disturbance. International Journal of 
Control. 2017; 91(3):622-638. 

12. Dong S., Liu T, Wang W, Bao J, Cao Y. Identification of discrete-time 
output error model for industrial processes with time delay subject to 
load disturbance. Journal of Process Control. 2017; 50:40-55. 

13. Li LJ, Dong TT, Zhang S, Zhang XX, Yang SP. Time-delay identifica-
tion in dynamic processes with disturbance via correlation analysis. 
Control Engineering Practice. 2017; 62:92-101. 

 



Andrzej Bożek, Leszek Trybus                                      DOI 10.2478/ama-2024-0025 
Reduced gain PI/PID Controllers for FOPTD/SOPTD Processes under Load Disturbance 

222 

14. Kon J, Yamashita Y, Tanaka T, Tashiro A, Daiguji M. Practical appli-
cation of model identification based on ARX models with transfer 
functions. Control Engineering Practice. 2013; 21(2):195-203. 

15. Hwang SH, Lai ST. Use of two-stage least-squares algorithms for 
identification of continuous systems with time delay based on pulse 
responses. Automatica. 2004; 40 (9):1561-1568. 

16. Yan R, Liu T, Chen F, Dong S. Gradient-based step response identi-
fication of overdamped processes with time delay. Systems Science 
& Control Engineering. 2015; 3(1):504-513. 

17. RamVD, Chidambaram M. On-line controller tuning for critically 
damped SOPTD systems. Chemical Engineering Communications. 
2014; 202(1):48-58. 

18. Du YY, Tsai JS, Patil H, Shieh LS, Chen Y. Indirect identification of 
continuous-time delay systems from step responses. Applied Math-
ematical Modelling. 2011; 35(2):594-611. 

19. Liu Q, Shang C, Huang D. Efficient low-order system identification 
from low-quality step response data with rank-constrained optimiza-
tion. Control Engineering Practice. 2021; 107:104671. 

20. Jin Q, Liu Q, Huang B. Control Design for Disturbance Rejection in 
the Presence of Uncertain Delays. IEEE Transactions on Automation 
Science and Engineering. 2017; 14(4):1570-1581. 

21. Sung SW, Lee J, Lee IB. Process Identification and PID Control. 
Wiley-IEEE Pres. 2009. 

22. Sun L, Xue W, Li D, Zhu H, Su Z. Quantitative tuning of active dis-
turbance rejection controller for FOPTD model with application to 
power plant control. IEEE Transactions on Industrial Electronics. 
2022; 69(1):805-815. 

23. O'Dwyer A. Handbook of PI and PID Controller Tuning Rules, 3rd 
Edition. Imperial College Press; 2009. 

24. Dahlin EB. Designing and tuning digital controllers. Instruments and 
Control Systems. 1968; 41(6):77-83. 

25. Rivera DE, Morari M, Skogestad S. Internal model control: PID 
controller design. Industrial & Engineering Chemistry Process Design 
and Development. 1986; 25(1):252-265. 

26. Veronesi M, Visioli A. Performance Assessment and Retuning of PID 
Controllers. Industrial & Engineering Chemistry Research. 2009; 
48(5):2616-2623. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

27. Grimholt C, Skogestad S. Optimal PI and PID control of first-order 
plus delay processes and evaluation of the original and improved 
SIMC rules. Journal of Process Control. 2018; 70:36–46. 

28. Veronesi M, Visioli A. Improving lambda tuning of PI controllers for 
load disturbance rejection. In Proceedings of the 26th IEEE Interna-
tional Conference on Emerging Technologies and Factory Automa-
tion (ETFA); 2021; 1-6. 

29. Hägglund T. A unified discussion on signal filtering in PID control. 
Control Engineering Practice. 2013; 21(8):994-1006. 

30. Oliveira PM, Hedengren JD. An APMonitor temperature lab PID 
control experiment for undergraduate students. In Proceedings of the 
24th IEEE International Conference on Emerging Technologies and 
Factory Automation (ETFA). 2019; 790-797. 

31. Veronesi M, Visioli A. On the Selection of Lambda in Lambda Tuning 
for PI(D) Controllers. IFAC-PapersOnLine. 2020; 53(2):4599-4604. 

32. Saxena S, Hote YV. Stabilization of perturbed system via IMC: An 
application to load frequency control. Control Engineering Practice. 
2017; 64:61-73. 

33. Pintelon R, Schoukens J. System Identification: A Frequency Domain 
Approach, 2nd Edition. Wiley; 2012. 

34. Rzońca D, Sadolewski J, Stec A, Świder Z, Trybus B, Trybus L. 
Developing a multiplatform control environment. Journal of Automa-
tion, Mobile Robotics and Intelligent Systems. 2019; 13(4):73-84. 

35. EN 61131-3, Programmable controllers – Part 3: Programming 
languages (IEC 61131-3:2013), International Standard; 2013. 

Andrzej Bożek:  https://orcid.org/0000-0003-3015-7474 

Leszek Trybus:  https://orcid.org/0000-0002-1415-3679 

 

This work is licensed under the Creative Commons 
BY-NC-ND 4.0 license. 

 

https://orcid.org/0000-0003-3015-7474
https://orcid.org/0000-0002-1415-3679
https://orcid.org/0000-0003-3015-7474
https://orcid.org/0000-0002-1415-3679


DOI 10.2478/ama-2024-0026                                                                                                                                                          acta mechanica et automatica, vol.18 no.2 (2024) 

    223 

ASSESSMENT OF PARAMETERS OF THE VIBRATION-BASED ENERGY HARVESTING SYSTEM  
LOCATED IN THE MICRO-POWER GENERATOR 

Andrzej KOSZEWNIK*  

*Faculty of Mechanical Engineering, Bialystok University of Technology, Wiejska 45C Street, 15-351 Białystok, Poland 

a.koszewnik@pb.edu.pl  

received 7 April 2023, revised 8 September 2023, accepted 17 September 2023 

Abstract: This article presents the optimisation process of some key parameters such as the size of the macro-fibre composite (MFC)  
and the optimal impedance load matching the piezoelectric harvester located in the prototype of the micro-power generator to enhance  
the vibration-based energy harvesting effect. For this, the distributed parameter model of this structure, including MFCs of the 8514 P2, 
5628 P2 and 8528 P2 types, with a homogenous material in the piezoelectric fibre layer was determined. The numerical analysis  
of the FEM model of the flexure strip with piezo-composite indicated that the highest amplitude of voltage >7 V is generated  
by the proposed device with the piezo of the 8528 P2 type, while the lowest amplitude (close to 1.1 V) was noted for the piezo of the 8514 
P2 type. Experiments were carried out on the laboratory stand to verify the obtained results. In addition, it was shown that the power output 
of the real EH system with the piezo of the MFC 8528 type, connecting with the matched resistive load (R = 120 kΩ), led to a significant 
increase in the value of the generating voltage up to 500 mW versus EH system with the piezo of 8514 P2 and 5628 P2 types. Finally,  
the effectiveness of this system was found to be close to 33% for the EH system with the piezo of the 8528 P2 type. 

Key words: macro-fibre composite, homogenised material, micro-piezo generator, vibration-based energy harvesting system

1. INTRODUCTION 

Energy harvesting is defined as the direct conversion  
of unused ambient energy, such as mechanical, thermal and 
solar, to electrical energy. The most popular and generally known 
energy harvesting methods in civil infrastructure are solar panels 
or wind turbines, which powers electronic devices with a high 
power demand. Another approach is using vibration-based energy 
harvesters that utilise vibrations of a mechanical structure or 
ambient vibrations that can be used to power small-scale sensors 
and actuators of a low power demand. 

Numerous methods of converting mechanical motions to elec-
tric energy from a technical point of view, such as piezoelectric [1–
3], electrostatic [4], and magnetostrictive or electromagnetic ener-
gy [5], can be found in the literature. Among them, piezoelectric 
generators is the most efficient in such applications due to their 
simple structure and the high robustness to external/internal 
electromagnetic waves. In addition, the effectiveness of this type 
of generator can be improved by modifying the piezoelectric mate-
rials, changing the stress direction, or altering the electrode pat-
tern. Unfortunately, apart from these advantages, piezoelectric 
generators have numerous disadvantages, such as depolarisa-
tion, poor coupling in the piezo-film and poor adhesion between 
the polyvinylidene fluoride (PVDF) film and electrode material 
[6,7].  

A group of researchers, with Morita as a leader, showed that 
electromagnetic energy harvester generators have a high energy 
density and they can be fabricated without any difficulties [8]. 
Compared to piezoelectric generators, smart materials and exter-
nal voltage sources are not needed for electromagnetic genera-

tors. Hence, Nicoleti pointed out that electromagnetic harvesters 
represent a low-cost solution with the possibility of operating 
without any contact with the vibrating structure [9]. Similar to piezo 
generators, electromagnetic generators also have numerous 
disadvantages, one of which is the fact of being affected by elec-
tromagnetic waves, which will pose some difficulties when inte-
grating with MEMS [10]. 

Smart materials are not needed for electrostatic generators, 
and they are also compatible with MEMS [11]. The advantages of 
electrostatic generators are presented in an article written by 
Roundy [12], who pointed out that using the out-of-plane gap-
closing convert method will yield the highest potential capaci-
tance, and the interaction between the two planes makes them 
easy to stick together. Other advantages of this method are de-
scribed in articles [13,14] written by Li et al., who showed that an 
electrostatic MEMS energy harvester with a novel non-uniform 
comb or impact-based frequency up-conversion can enhance the 
power output generated by this device. Similar results were also 
obtained in a previous study [15] where an electrect-based Vibra-
tion Energy Harveters (e-VEH)  device with the frequency up-
conversion was used.  

Electrostatic generators are widely used in many applications 
because of the advantageous properties of the piezo-patch strips 
and piezo-stacks [16–20]. Here is an example of such an applica-
tion in structural health monitoring (SHM): [21] Pakrashi et al 
assessed the leak localisation in water pipes using piezo-patches 
and investigated several pipes with different widths of leak to 
propose and calibrate a leak index based on the monitoring volt-
age from a piezoelectric energy harvester (PEH) and the power 
spectrum of the output signal generated from particular PVDF 
piezoelectric transducers. Similar experiments have been carried 
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out for bridge monitoring under operational conditions via Pb-
zirconate titanate (PZT) patches [18,22,23] or the damage identifi-
cation metric for smart beams with macro-fibre composite (MFC) 
elements to support SHM [24]. Ambroziak et al. [25] used piezoe-
lectric energy harvesting systems for monitoring the propulsion 
system of Vertical Take-off Landing Unmanned Aerial Vehicle 
(VTOL UAV) in their study, where they investigated healthy and 
damaged propulsion systems and proposed a methodology for 
quickly detecting the failure of the UAV propulsion system.  

As mentioned earlier, piezoelectric energy harvesting systems 
are also used to improve the effectiveness of systems, especially 
in a low frequency range. Pan et al. designed a hybrid energy 
harvester [26] that can generate an output power close to 70 µW. 
A similar study was done by Yang et al. who used a rail-borne 
PEH to collect energy from random railway vibrations [27]. They 
also demonstrated that the output power peaks from the system at 
the first two resonance frequencies are close to 10 mW. In anoth-
er study [28], Wu et al. proposed a while-drilling energy harvesting 
device as a continuous power supply for downhole instruments 
during the drilling procedure. The designed device can obtain the 
best energy harvest performance with a peak voltage of 20–40 V 
and with the thickness of piezo-strips of 1.2–1.4 mm. Kan et al. 
[29] developed a PEH excited by an axially pushed wedge cam. 
The proposed rotary energy harvester is characterised by the 
simultaneous realisation of unidirectional deformation and limited 
amplitude for piezoelectric vibrations. Under the optimum match-
ing parameters, the proposed harvester generated a maximum 
power of 10 mW. Ju et al. [30] proposed an energy harvester that 
consists of spherical proof mass in an aluminium housing and a 
piezoelectric cantilever beam fabricated by attaching metal blocks 
at the free end of an MFC beam. The obtained experimental 
results indicated that the proposed harvester based on an indirect 
impact enhanced the energy harvesting effect by obtaining an 
average power output of 964 μW by 3 g acceleration at 18 Hz.  

The effectiveness of the energy harvesting system for cantile-
ver beam structures can be also enhanced by considering the 
broadband effect. For example, Zhou et al. [31] used a novel 
multi-mode intermediate beam with a tip mass called a “dynamic 
magnifier”. The results of in this study showed that the amplitude 
of the voltage generated by the proposed harvester in a low fre-
quency range significantly increased in comparison to the conven-
tional energy harvesting system. Similar results were obtained in a 
study by Caban et al. [32], where an energy harvesting system 
was located on a diesel engine suspension.  

Other devices that produced more amount of energy are piezo 
generators equipped with piezo-stacks. For example, Peng et al. 
[33] indicated that this kind of generator can produce an instanta-
neous peak power of 300 mW. Similarly, Wen et al. [34] designed 
a piezoelectric generator with an integrated multistage force appli-
cation. The experimental results showed that a high-peak power 
output of 50 mW can be obtained from the proposed device when 
connected with a properly matched resistive load.  

Regardless of the type of piezoelectric generators, their effec-
tiveness, especially in a low frequency range, can be enhanced by 
connecting them with storing units containing supercapacitors or 
the synchronised switch harvester on inductor (SSHI) circuit [35–
39]. For example, Selleri et al. [40] described a system composed 
of an ionic liquid-based supercapacitor and a PZT disc. The 
charging process of the aforementioned supercapacitor, which 
lasted 2 h, lighted an LED for 120 s. Similarly, Koszewnik et al. 
[41] used an SSHI circuit in a beam-slider structure with an MFC 
composite to obtain an amplitude of voltage output of >20 V.  

Taking the presented peer review into account, this study fo-
cuses on overcoming the problem of generating voltage from 
vibration-based systems with a low amplitude. To this end, the 
micro-power piezoelectric generator with MFC films attached to 
the host structure is designed and tested. In addition, in the pro-
posed generator, the MFC made of a homogenised material in the 
active layer of the piezo is considered to show a novelty in the 
power range of some low-energy sensors. This article is organ-
ised as follows. The electromechanical model of the piezo har-
vester located on the considered mechanical structure in physical 
and modal coordinates is described in Section 2. In Section 3, the 
computational models of all structures with a homogenous model 
of MFC, which is also a core novelty of this study, is presented. 
Next, in Section 4, experimental investigations for three different 
host structures of the generator with MFC films of the 8514 P2, 
5628 P2 and 8528 P2 types are presented and described. In 
addition, the effectiveness of the proposed energy harvesting 
system is assessed in this section. Section 5 concludes the main 
findings of this work. 

2. ELECTROMECHANICAL MODEL OF THE ENERGY PIEZO 
HARVESTER LOCATED IN THE PROTOTYPE OF THE MI-
CRO-POWER GENERATOR 

In this section, a brief description of an electromechanical 
model distributed parameters of a flexure strip with a piezo-patch 
being part of the proposed prototype of the micro-power generator 
is analysed. To this end, the fixed–fixed glass fibre beam, being 
the host structure of the generator, is equipped with one piezo-
strip harvester MFC including a single active layer, two Kapton 
layers and two electrode layers. As a result, a smart structure of 
the generator is designed, shown in Fig. 1. The parameters of the 
host beam, as well as the piezo adjusted to its structure, are listed 
in Tab. 1. 

 
Fig. 1. Simplified model of a fixed–fixed beam with the piezo-strip 

As can be seen in Fig. 1, a fixed–fixed beam representing the 
flexure strip of a micro-power generator with an integrated har-
vester is excited to vibration by force F0 deriving in a real structure 
from the vibration shaker by the pusher and the cross-amplifying 
mechanism. The mentioned piezo-composite of the length of LP, 
the width of wP and the thickness tP of the whole MFC, integrated 
with the host structure at the position xPH1, xPH2, was used to 
measure voltage from the vibration structure. 

Then, the general equation of the transverse vibration of such 
excited part of the generator can be expressed as follows: 

[𝐸𝐹𝐼𝐹 + 𝐸𝑃𝐼𝑃(𝐻(𝑥 − 𝑥𝑃𝐻2) − 𝐻(𝑥 − 𝑥𝑃𝐻1))]
∂4𝑤(𝑥,𝑡)

∂𝑥4
+

[𝑚𝐹 +𝑚𝑃(𝐻(𝑥 − 𝑥𝑃𝐻2) − 𝐻(𝑥 − 𝑥𝑃𝐻1))]
∂2𝑤(𝑥,𝑡)

𝑑𝑡2
+

−Γ𝑉(𝑡) [
𝑑 ∂(𝑥−𝑥𝑃𝐻2)

𝑑𝑥
−

𝑑 ∂(𝑥−𝑥𝑃𝐻1)

𝑑𝑥
] = 𝐹0𝛿(𝑥 − 𝑥0)

 (1) 
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where: EF is Young’s modulus of the flexure strip of the generator, 
EP is Young modulus of the piezo-composite harvester element,  
IF is the inertia moment of the flexure strip, IP is the inertia moment 
of the piezo-composite harvester element, mF is the mass per unit 
length of the flexure strip, mP is the mass per unit length of the 
piezo-composite harvester, H(x) is the Heaviside function, δ(x)  
is the Dirac function along the longitudinal direction, V(t) is the 
voltage flowing through the external resistive load R, F0 is the 
force obtained from the pusher and the cross-amplifying mecha-
nism of the micro-power generator, x_PH1 is the initial location  
of the piezo-patch harvester on the host structure, x_PH2 is the 
ending location of the piezo-patch and Γ is the electromechanical 
coupling factor.  

Tab. 1. Parameters of the host structure and three different piezo-patch               
             composites MFC 5628, MFC 8514 and MFC 8528 [15] 

Mechanical parameters 

Fibre glass 

Length 

[mm] 

Width 

[mm] 

Length 

[mm] 
    

LF 140 wF 38 tF 
1

5 
    

Young’s 

modulus 

(GPa) 

Poisson’s 

ratio 

(-) 

Density 

[kg/m3] 
    

EF 80 vF 0.22 
ρF 

2,600 
    

Piezo-composite MFC 

Young’s 

modulus 

(GPa) 

Poisson’s 

ratio 

(-) 

 

Piezo-

charge 

coeff. 

(pC/N) 

Relative permittivity (-) 

Ex  31.6 vxy    0.4  
d31                  

173 
εr

T    2,253 

Ey  17.1 vyz    0.2  
d32                  

150 
 

Ez  9.5 vxz     0.4  
d33                   

325 
 

Geometrical parameters 

Overall 

length 

[mm] 

Overall 

width 

[mm] 

Active 

length 

[mm] 

Active 

width 

[mm] 

Thick. of  

PZT fibre 

layer [µm] 

Thick.  

of elec-

trode 

layer 

[µm] 

Thick. 

of Kapton 

layer [µm] 

 103  31 85 28 180 25 30 

Lp 103 wP 17 85 18 180 25 30 

 67  31 56 28 180 25 30 

MFC, macro-fibre composite; PZT, Pb-zirconate titanate. 

The piezoelectric element used in the generator requires con-
sidering the approach from the electrical point of view. For this, 
the electrical charge accumulated at its electrodes can be calcu-
lated over the whole surface area in the following form: 

𝑸 = ∫ (𝒅𝟑𝟏𝑬𝑷𝜹̅𝑷 + 𝜺𝟑𝟑𝑬𝟑)𝒘𝑷𝒅𝒙
𝒙_𝑷𝑯𝟐

𝒙_𝑷𝑯𝟏
          (2) 

where ε33 is the permittivity at constant stress, 𝛿𝑃̅ is the bending 
strain along the middle surface of the piezo layer and E3 is the 
electric field. 

Next, applying Ohm’s law, the current flowing through the load 

resistor R, connected to the MFC, can be expressed as follows: 

𝒊(𝒕) =
𝑽(𝒕)

𝑹
=

𝒅𝑸

𝒅𝒕
=

𝒅

𝒅𝒕
[∫ (𝒅𝟑𝟏𝑬𝑷𝜹̅𝑷 + 𝜺𝟑𝟑𝑬𝟑)𝒘𝑷𝒅𝒙

𝒙_𝑷𝑯𝟐

𝒙_𝑷𝑯𝟏
]   (3) 

where R is the resistive load applied to the system. 
Taking Eq. (3) into account, it can be seen that the current i(t) 

is strongly associated with strains of the piezoelectric harvester 
and the electrical field applied to its electrodes. This resulted in 
the fact that the electrical circuit of the system can be obtained by 

substituting the electric field 𝐸3 = −𝑉(𝑡)/𝑡𝑃  and the strain 

𝜹̅𝑷𝑯 = −𝒕𝒄
𝛛𝟐𝒘

𝛛𝒙𝟐
in the following form [16]: 

𝐶𝑝
𝑑𝑉(𝑡)

𝑑𝑡
+

𝑉(𝑡)

𝑅
+ Γ [∫

∂3𝑤(𝑥,𝑡)

∂𝑥2 ∂𝑡
𝑑𝑥

𝑥_𝑃𝐻2

𝑥_𝑃𝐻1
] = 0           (4) 

where Cp is the capacitance of the piezo-patch harvester 

𝐶𝑝 =
𝜀33𝑤𝑃𝐿𝑃

𝑡𝑃
 

Both equations Eqs (1) and (4) refer to distributed electro-
elastic model parameters of the piezo-patch harvester integrated 
to a 1D mechanical structure in physical coordinates. However, 
from the energy harvesting point of view, it should be analysed in 
modal coordinates. For this purpose, vertical displacement of the 
beam as a host structure is represented as multiplication of an 
absolutely and uniformly convergent series of the eigenfunctions 
in the following form: 

𝑤(𝑥, 𝑡) = ∑ 𝜑𝑛(𝑥)𝜂𝑛 (𝑡)
∞
𝑛=1            (5) 

where 𝜑𝑛(𝑥) is the mass normalised eigenfunction (mode 

shapes), 𝜂𝑛(𝑡) is the modal time response of the system for n-th 
mode. 

The considered structure represents the fixed–fixed beam. As 
it was applied, the eigenvectors of this structure, after considering 
the boundary coordinates, given in Eq. (6), and split by geometric 
and time variables, can be expressed as given in the following 
equation [7]: 

𝑤(0, 𝑡) = 0 𝑤(𝐿𝐹 , 𝑡) = 0
∂𝑤(𝑥,𝑡)

∂𝑥
|
𝑥=0

= 0
∂𝑤(𝑥,𝑡)

∂𝑥
|
𝑥=𝐿𝐹

= 0                                         (6) 

    

    

( ) cosh -cos cosh cos

sinh +sin sinh sin

n n
n n F n F

F F

n n
n F n F

F F

x L L x x
L L

L L x x
L L

 
  

 
 

    
       

    

    
      

    

   (7)                                             

where 𝜆𝑛 =
(2𝑛+1)𝜋

2⋅𝐿𝐹
 for n = 1,2. 𝜆𝑛  is the frequency parameter 

of an undamped host structure. 
Substituting Eq. (7) into Eq. (1) leads to solving the eigenvalue 

problem of the smart beam for short circuit conditions. Then, the 
natural frequency ωn of the structure, with no piezoelectric patch 
for the n-th mode, can be presented in the following form: 

𝜔𝑛 = 𝜆𝑛
2√

𝐸𝐹𝐼𝐹

𝑚𝐹𝐿𝐹
4            (8) 

where LF is the length of the flexure strip of the micro-power 
generator. 
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Taking account of the modal analysis procedure of the 1D 
structure with a piezo harvester adjusted to its surface by using 
support, an electromechanical coupled ordinary differential equa-
tion for the modal time response 𝜂𝑛can be expressed as follows 
[7]: 

𝑑2𝜂𝑛(𝑡)

𝑑𝑡2
+ 2𝜉𝑛𝜔𝑛

𝑑𝜂𝑛(𝑡)

𝑑𝑡
+𝜔2

𝑛𝜂𝑛(𝑡) + Γ̃𝑛𝑉(𝑡) =

𝑓𝑛(𝑡)𝛿(𝑥 − 𝑥0)    (9) 

where 𝜉𝑛 is the modal damping ratio, 𝑓𝑛(𝑡) is the modal force 
applied to the structure.  

As a result, the modal electromechanical coupling term Γ̃𝑛can 
be presented as follows: 

Γ̃𝑛 = −𝐸𝑃𝑑31𝑤𝑃𝑡𝑐 ∫
𝑑2𝜑𝑛(𝑥)

𝑑𝑥2
𝑑𝑥 =

𝑥_𝑃𝐻2

𝑥_𝑃𝐻1
   

−𝐸𝑃𝑑31𝑤𝑃𝑡𝑐
𝑑𝜑𝑛(𝑥)

𝑑𝑥
|
𝑥_𝑃𝐻1

𝑥_𝑃𝐻2

         (10) 

The obtained modal electromechanical coupling term given by 
Eq. (10) and the vertical deflection from Eq. (7) put into Eq. (4) 
lead to modifying the electrical circuit equation in the following 
form: 

𝑪𝒑
𝒅𝑽(𝒕)

𝒅𝒕
+

𝑽(𝒕)

𝑹
−∑ 𝚪̃𝒏

∞
𝒏=𝟏

𝒅𝜼𝒏(𝒕)

𝒅𝒕
= 𝟎        (11) 

The performed considerations of the tested structure with dif-
ferent active areas of the integrated piezo-patch harvester for 
modal coordinates allow to assess the voltage generated by the 
piezo as well as the effectiveness of the proposed Energy Har-
vester (EH) system located in the micro-power generator.  

3. PROTOTYPE OF THE MICRO-POWER GENERATOR  

The proposed micro-power generator with an EH system lo-
cated on the flexure strip is shown in Fig. 2. It consists of a tele-
scoping rod (1), cover (2), body case (3), cross-amplifying mech-
anism (8), flexure strip (5) and MFC piezo-strip (9). All elements, 
apart from the telescoping rod, were printed using a 3D printer 
and PLA filament wire of 1.75 mm diameter developed by Fiberlo-
gy company. In addition, from the mechanical point of view, bear-
ing balls are used to eliminate frication in the cross-amplifying 
mechanism.  

 
Fig. 2. Numerical model and prototype of the piezoelectric generator 

 

3.1. Finite Element Model (FE) of the piezo generator  
and numerical results 

The process of assessing parameters of the energy harvest-
ing system in the micro-piezo generator is described in this sec-
tion. In addition, the numerical calculations of the micro-piezo 
generator, including the flexure strip of a length of 140 mm, a 
width of 38 mm and a thickness of 1 mm and three different piezo-
patch harvesters (MFC 5628, MFC 8514 and MFC 8528), are 
made.  

To determine the parameters of the energy harvesting system 
located in the micro-piezo generator, the finite element (FE) model 
of the whole generator designed in Ansys is used. Taking this into 
account, the flexure strip structure made from glass fibre is mod-
elled using an 8-node coupled-brick element Solid186, while the 
MFC element is discretised by using the representantive volume 
elements (RVE) technique [24,43]. Then, according to this meth-
od, the piezoelectric fibre layer with a homogenised material is 
modelled using a Solid 226-node coupled brick element, while the 
electrode and Kapton layers of the harvester are modelled using 
an 8-node coupled-brick element, Solid186. As a result, the com-
putational model of the considered structure is determined, shown 
in Fig. 3b, where the thickness of the adhesive layer (<15 µm) is 
omitted. 

 (a) 

 
(b) 

 
Fig. 3. Computational model (a) of the whole micro-piezo generator,  
            (b) the flexure strip with piezo 

Next, the behaviour of the flexure strip with the piezo element 
is analysed in the frequency domain. For this, a modal analysis  
of the FEM model of the proposed generator is performed in the 
limited frequency range of 1–300 Hz.  
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Fig. 4. Frequency response function of the FEM model of the flexure strip      
            with chosen piezo-strip of type MFC 8514 P2 

  
(a) 

 
(b) 

 
Fig. 5. Comparison of (a) strain distribution and (b) voltage generated by    
            MFCs versus the symmetry axis of the flexure strip 

Observing the determined amplitude plot of the flexure strip 
with a piezo-composite presented in Fig. 4, it can be noticed that 
this system should effectively work in the first resonance, where 
the amplitude peak is the highest. In the case of exciting the 
system to vibration with the second natural frequency, it can be 
supposed that the effectiveness of this system significantly de-
creases due to a smaller amplitude of strains of the piezo-
composite. This behaviour allows to conclude that further analysis 
of this micro-piezo generator should be considered in the narrow 
frequency range, not exceeding 30 Hz. 

Next, a harmonic analysis of this generator is performed to 
assess the parameters of the energy harvesting system located 
on the flexure strip according to Eq. (11). To do this, the computa-
tional models of the flexure strip with three different piezo-strips 
were excited to vibration by applying a sinusoidal excitation with a 
frequency close to the first natural frequency. The obtained results 
from the “Piezo and Mems Toolbox” (see Fig. 5) show that the 
size of the piezo-composite is a significant parameter that influ-
ences the values of strains, amplitude voltage output, as well as 
the effectiveness of the EH system. 

As shown in Fig. 5b, the use of the piezo harvester with the 
highest active area (MFC 8528) leads to the generation of the 
highest amplitude strains and, consequently, the highest ampli-
tude of voltages. In the case of using piezo-composites with the 
same length and twice shorter width (MFC 8514), smaller strains 
can be observed on the surface of this element and lower ampli-
tudes of voltage generated by this element. A different effect is 
achieved for the piezo generator with the piezo-composite of the 
MFC 5628 type. In this case, shortening the length of the piezo-
strip elements by the same width leads to generating a slightly 
higher voltage amplitude than that in the case of the piezo of the 
MFC 8514 type. This effect is due to the emergence of slightly 
higher strains in the longitudinal direction of this piezo. 

4. EXPERIMENTAL SETUP 

The process of the parameter assessment of the energy har-
vesting system located in the piezoelectric generator was carried 
out on the lab stand, as shown in Fig. 6, to verify the numerical 
results. 
 a) 

 
(b) 

 
Fig. 6. View of (a) the micro-piezo generator placed on the vibration    
           shaker Tira TV 51110-M, (b) the whole lab stand with the     
           retrofitted equipment 
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To do this, three different MFCs of 8514 P2, MFC 5628 P2 
and MFC 8528 P2 types composed of two Kapton layers, two 
epoxy layers and one PZT fibre layer were chosen for an experi-
mental test, where each of them was attached to the fibreglass 
beam with an adhesive epoxy layer of the Uhu plus type. The 
parameters of the host structure are listed in Tab. 1. 

 
(a) 

 
(b) 

 
(c) 

 

Fig. 7. Comparison of voltage generated by the real EH system with MFC    
           of types (a) 8514 P2, (b) 5628 P2, (c) 8528 P2 by connecting them  
           with resistive load in the range 100–200 kΩ 

In addition, the lab stand was retrofitted into the system acqui-
sition data National Instrument PXI used to measure the voltage 
generated by the EH system, as well as a laser displacement 
sensor LQ10A65PUA (Turck) to monitor the base acceleration. 
The lab stand, presented in Fig. 6, was also equipped with the 
signal generator Agilent and the vibration shaker TV51110-M with 
a BAA 120 amplifier (developed by Tira) to introduce a signal 
excitation. 

In the first step, the experimental tests were carried out to 
measure the base acceleration and assess the power of the exci-
tation signal. For this, an excitation signal in the form of a sinusoi-
dal signal with an amplitude of 2 V and the frequency changing 
within the range of 10–30 Hz with a step of 1 Hz was generated 
from the signal analyser and later applied to the vibration shaker 
by an amplifier dedicated for this device. The displacement signal 
measured and recorded by using a laser sensor, which was 
placed in the distance of 4 mm from the vibrating base, was used 
to determine the value of the base acceleration (10 mm/s2–
0.01 g) to ensure proper working of the proposed generator. 

Next, the experimental tests were focused on matching the 
optimal impedance load connected to the EH system. For this, the 
optimisation process of the load resistance connected to the piezo 
was performed for six different resistive loads within the range of 
100–200 kΩ with a step of 20 kΩ, as well as for three different 
types of MFC elements. The obtained results are shown in Fig. 7. 

Fig. 7 indicates that the highest voltage is achieved for the 
matched resistance load equal to 120 kΩ. As a result, this imped-
ance load can be called an optimal resistive load. Further analysis 
of the presented plots showed that the active area of the MFC 
significantly affected the amplitude of the voltage generated by the 
vibration-based energy harvesting system. This behaviour is 
shown in Fig. 7c, where using a piezo-strip with the highest active 
area generates the highest voltage amplitudes, which are close to 
7.3 V. The inverse effect is achieved for the energy harvesting 
system with the piezo of the MFC 8514 P2 type, where a smaller 
width of this smart element leads to generating a voltage signal 
with the amplitude of only 1.1 V. 

Next, the experimental tests were conducted to check how the 
frequency excitation influences the amplitude voltage generated 
by each piezo-composite attached to the flexure strip. For this, an 
experimental test was carried out for three different MFCs, where 
each of them was excited to vibration by applying a sinusoidal 
signal in the form of u(t) = 2sin(wt), with the frequency changing 
within the range of 10–30 Hz, and the resistive load was in the 
range of 100–300 kΩ. 

 

(a) 
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 (b) 

 
(c) 

 

Fig. 8. Comparison of voltage generated by a real EH system with MFC   
            of types (a) 8514 P2, (b) 5628 P2, (c) 8528 P2 excited to vibration    
            with a frequency within the range of 10–30 Hz versus the resistive  
            load 

The results presented in Fig. 8 indicated that the highest volt-
age amplitude for each piezo-composite is generated for the 
micro-generator connected to the optimal resistive load set at 
120 kΩ. This effect is shown in Fig. 8a and 8c, where an increase 
in the resistive load >120 kΩ for each considered excitation fre-
quency led to a decrease in the voltage generated by the EH 
systems. Different results can be observed during the analysis of 
the energy harvesting with the piezo-composite of the MFC 5628 
P2 type, where the amplitudes of voltages generated by this 
system were almost constant. This was due to smaller strains of 
the piezo of the 5628 P2 type, especially on the opposite edges.  

Other experimental tests were carried out to check the power 
output generated by each considered piezo versus the load re-
sistance connected to the piezo by various frequencies of excita-
tion changing within the range of 10–30 Hz. The results presented 
in Fig. 9 indicate that the highest power output, which equals 
0.5 mW, was achieved for the highest piezo of the MFC 8528 P2 
type, while the lowest power output (12 μW) was achieved for the 
piezo-strip with the same length but twice the lowest width. As a 
result, it can be concluded that the width of the piezo-strip compo-
site significantly affects the power output generated by the pro-
posed micro-generator.  

 

(a) 

 
(b) 

 
(c) 

 

Fig. 9.  Comparison of the power output generated by the EH system with  
             an MFC of types (a) 8514 P2, (b) 5628 P2, (c) 8528 P2 excited to  
             vibration with a frequency within the range of 10–30 Hz versus       
             the resistive load 

The last step of the experimental setup was to calculate the 
effectiveness of energy harvesting systems for three considered 
piezo-composites. To do this, firstly, the root mean square values 
for the obtained voltage output and excitation signals were calcu-
lated, and secondly, the power of these signals was determined.  

𝜼 =
𝑷𝒐𝒖𝒕

𝑷𝒊𝒏
⋅ 𝟏𝟎𝟎%                            (15) 
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where 𝑷𝒐𝒖𝒕 = 𝑹𝑴𝑺(𝑽𝒐𝒖𝒕)
𝟐 =

𝟏

𝑵
∑ 𝑽𝒐𝒖𝒕

𝟐𝑵
𝒊=𝟏  is the power  

of the output voltage signal from the piezo harvester,  

𝑷𝒊𝒏 = 𝑹𝑴𝑺(𝒖)𝟐 =
𝟏

𝑵
∑ 𝒖𝟐𝑵
𝒊=𝟏  is the power of the excitation 

harmonic signal. 
 

(a) 

 
(b) 

 
(c) 

 

Fig. 10.  Comparison of the effectiveness of a real EH system 
               with a MFC of types (a) 8514 P2, (b) 5628 P2, (c) 8528 P2 
               by connecting them with the resistive load within the range                  
               of 100–300 kΩ 
 

The obtained results presented in Fig. 10 indicated that the 
active area of the MFC attached to the flexure strip, as well as 
matched the resistive load of the energy harvesting system, plays 
an important role in enhancing the piezo generator efficiency. It is 
especially true for systems working at the resonance frequency, 
as well as around this frequency, where using the piezo-strip of 
the 8528 P2 type leads to increasing the effectiveness almost ten 
times (from 3.4% up to 33%). As a result, taking account of the 
results presented in other studies [30,33,34], it can be concluded 
that the proposed micro-power generator working with a frequen-
cy of 28 Hz can be a more useful device to power small electrical 
sensors with a low power demand, for example, to support the 
SHM system. 

5. SUMMARY AND CONCLUSIONS 

In this study, the effectiveness of the energy harvesting sys-
tem located in the prototype of a micro-power generator for piezo-
composites with different active areas was analysed. To this end, 
an FE model of the flexure strip with three different piezo-
composites located symmetrically versus transverse axis of the 
flexure strip were analysed. The results obtained from numerical 
calculations (see Fig. 5) indicated that the proposed micro-
generator with the piezo-composite of the 8528 type generates 
the highest amplitude of voltage, which is close to 7 V, while the 
voltage values are significantly lower for two other MFCs. This is 
due to the change in local strains of a particular piezo, which is 
>0.2 μm/mm for MFC 8528, while in the other case, it is 
<0.15 μm/mm. 

Experimental tests of the EH system carried out on the lab 
stand, as shown in Fig. 6, for a real mechanical structure of the 
generator verified the numerical results. Again, the highest ampli-
tudes of the voltage generated by the micro-piezo generator (see 
Fig. 7) were obtained for MFC 8528 P2, while the lowest values - 
for the piezo-composite with the same length but twice shorter 
width. As it was mentioned previously, the decrease in the voltage 
generated by the piezo of the 8514 P2 type is due to smaller local 
changes of the piezo strains.  

In addition, the experimental tests were performed to deter-
mine the optimal resistive load, output power and effectiveness of 
the considered EH systems. The results presented in Fig. 8 show 
that the highest voltage amplitude for each piezo-composite was 
achieved by connecting the composite with the resistance load 
equal to R = 120 kΩ, further called the optimal resistive load, as 
well as by the frequency excitation close to the first natural fre-
quency (fexc = 28 Hz). A similar effect was achieved by analysing 
the power output generated by particular piezo-composites. In this 
case again, the highest power value, close to 0.5 mW, was ob-
tained for the piezo of the 8528 type. In other cases, the power 
generated by the EH system with the piezo-strip 5628 P2 and 
8514 P2 types significantly decreased up to 50 μW and 12 μW, 
respectively, decreasing the effectiveness of the proposed micro-
power generator from 33% to only 3.4% (see Fig. 10).  

In sum, the obtained numerical and experimental results indi-
cated that increasing the chosen geometrical parameters of the 
piezo-composite, such as length and width, leads to a significant 
increase in the voltage generated by the EH system. Therefore, 
the considered micro-piezo generator, when connected with a 
storing unit containing the optimal impedance load and a super-
capacitor, can be used to power small electrical devices with a low 
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power demand. Hence, the current study filled the gap in the state 
of the art associated with the energy harvesting system with a 
homogenised material in the active layer of the MFC.  
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Abstract: This work presents experimental and numerical studies of heat transfer during cooling fluid flow in a group of five minichannels  
1 mm deep. The main purpose was to determine the heat transfer coefficient on the contact surface between the fluid and the heated wall 
of the selected minichannel at subcooled boiling. The temperature distribution on the outer surface of the heated plate was measured  
by means of an infrared camera. Thermal and flow parameters were monitored by an appropriate data-acquisition system. The test section 
was placed horizontally with fluid flowing above the heated wall. The HFE-649, HFE-7100 and HFE-7200 working fluids were examined  
in the experiments. Simcenter STAR-CCM+ software was used for numerical analysis of heat transfer in the test section. Furthermore,  
a simplified two-dimensional (2D) model was proposed that designates subcooled boiling heat transfer during fluid flow in a central  
minichannel. The heat-transfer process in the heated plate and the working fluid was described using indicated partial differential equations 
with appropriate boundary conditions. The solution to the proposed system of equations led to the solving of two more inverse Cauchy-type 
problems. The classical Trefftz method (TM) and the homotopy perturbation method (HPM) combined with the TM allowed for obtaining 
temperature distributions in the heater and the fluid and consequently, the heat transfer coefficient at the heater–fluid interface  
from the Robin boundary condition. Comparison of the results from numerical simulation due to Simcenter STAR-CCM+ showed similar 
temperature distributions at the heated surface. The calculated heat transfer coefficients, by HPM and Simcenter STAR-CCM+,  
were validated using the 1D approach. Furthermore, the results from simulations in Simcenter STAR-CCM+ in the form of local  
temperatures of the heater were confronted with experimental data for comparison. Similar results were achieved. 

Key words: heat transfer, minichannel, subcooled boiling, homotopy perturbation method, Trefftz method, Simcenter STAR-CCM+ 

1. INTRODUCTION  

Various technical difficulties also arise as technology contin-
ues to develop and new technologies are constantly being intro-
duced. One of the major challenges facing scientific and industrial 
institutions worldwide is cooling smaller and smaller electronic 
components while improving their capabilities and functionality. 
Designing small-sized, energy-efficient, effective and environmen-
tally friendly refrigerant-based heat exchangers with a set of 
channels has become a priority in the industrial domain. Although 
high heat fluxes in miniaturised devices are commonly managed 
by intensifying heat transfer in the minichannels, the process is 
not fully understood. It requires innovative experimental studies, 
new mathematical models and computational methods that also 
include computational fluid dynamics (CFD) simulations. 

It should be underlined that although important accomplish-
ments have been made in the investigation of micro-scale flow 
boiling over the last two decades, most aspects related to heat 
transfer still remain unclear. Tibirica and Ribatski [1] provided a 
wide review of the literature on micro-scale and mini-scale flow 

boiling. The authors focussed on the transition from macro-scale 
to micro-scale, the heat transfer coefficient, critical heat flux, the 
pressure drop, flow patterns and the void fraction. The general 
characteristics of the experiments carried out by the researchers 
were provided. The presented results covered the data of investi-
gations, with the test section having small-dimensional channels, 
which were tested for single channels and for a larger number of 
channels, including sets of channels. One of the conclusions was 
that the heat transfer coefficient achieved in the minichannel 
system is still not clear in the literature, and additional innovative 
studies are, therefore, necessary to investigate local phenomena. 
Such results would be useful for the development of mechanistic 
and predictive methods concerning micro and minichannel heat 
exchangers.  

In Ref. [2], the flow boiling pressure drop and the flow patterns 
of R-600a in a multi-port horizontal extruded tube, with five rec-
tangular channels and two rectangular/circular profiles, were 
studied. The average hydraulic diameter of the channels was 1.47 
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mm. The influence of mass flux and vapour quality on pressure 
drop was investigated, and the recorded two-phase flow patterns 
were analysed. The main results indicate the dependence of 
pressure drop on both mass and heat fluxes. The authors ob-
served that the friction pressure gradient increased with increas-
ing mass flux and vapour quality. The influence of heat flux on the 
frictional pressure drop was also noted. 

Investigations on the boiling characteristics in the minichannel 
heat sink are described in Ref. [3]. The counter-flow inter-
connected minichannels were developed in the test section. Two 
minichannel heat sink configurations were used. The co-current 
minichannel structure size, with channel width of 1 mm, height of 
4 mm, length of 30 mm and wall thickness of 1 mm was produced 
in the first version of the test section. The other construction dif-
fers from the first one, taking into account the width of the con-
nected trench, which was 0.5 mm and the spacing equal to 4.5 
mm. The results were related to heat transfer coefficients, pres-
sure drop, two-phase flow patterns and temperature uniformity 
under various experimental conditions. The authors noted that 
with an increase in mass flux, the flow boiling performance is 
better than that of a low mass flux. Their explanation was that the 
connected groove could be effectively activated and mixing could 
be triggered. Among other findings, it was stated that increasing 
the supercooling can delay the boiling instability and increase the 
sensible heat of the fluid, which improves heat transfer perfor-
mance. The authors also observed that the connected grooves in 
the test section cause the mixing of fluids between adjacent chan-
nels with reverse flow. 

Flow boiling in three parallel minichannels with a common inlet 
and outlet area was studied in Ref. [4]. The internal dimensions of 
the minichannels were 0.25 mm wide, 0.50 mm deep and 32 mm 
long, whereas the wall between the channels was 0.25 mm wide. 
The minichannels were covered with a transparent cover, which 
allowed observation of flow structures. The authors focussed on 
examining the synchronisation between flow distributions in mini-
channels. This problem was analysed in the local area due to the 
analysis of the two-phase flow images and was also based on the 
process of synchronisation between inlet and outlet pressure 
fluctuations. The processes were investigated with the use of 
cross-recurrence plots. To recognise the similarity of flow patterns 
within the minichannels, the analysis of pixel brightness changes 
inside the minichannels was performed. The results revealed that 
the processes of synchronisation have a negative impact on water 
input and outlet temperature and inlet and outlet pressure oscilla-
tions. It was noticed that during synchronisation, a high amplitude 
of oscillations of temperature and pressure occurred. The authors 
stated that it was caused by reverse flow.  

Numerical analyses of specific design solutions for minichan-
nel devices have been the subject of an increasing number of 
research works. In Ref. [5] was showed the results of the CFD 
simulation using the COMSOL software. This software was used 
to simulate the convective heat exchange problem during forced 
water flow through the zone with the minichannel section. From 
the simulations, the local temperature of the fluid and that of the 
wall of the minichannel were calculated. Minichannels with a fixed 
length of 37.8 mm and a width of 1.615 mm had a height of 3.41 
mm, 6.82 mm, 10.21 mm or 12.7 mm. As a result, local values of 
the Nusselt number were determined. The simulation was carried 
out for five different values of the Reynolds number. The fluid flow 
field and temperature distribution were also visualised. The fric-
tional effects and the associated flow resistances were also ana-
lysed for various dimensions of the minichannel system. 

In Ref. [6], the authors performed CFD modelling and a nu-
merical analysis of fluid flow and heat transfer in a minichannel 
heat exchanger using Simcenter STAR-CCM+ software. The 
results of the numerical simulations were confronted with the data 
from the experiments. The main parameters that were measured 
during the experiments included the temperature distribution of 
the heater achieved by infrared thermography. The analyses 
covered the working fluid comprising two fluids (FC-72 and HFE-
7100), the heater material (Haynes-230 alloy, aluminium and 
copper), the spatial orientation of the test section (vertical with 
fluid upflow and horizontal with fluid flow above the heater) and 
the number of minichannels (7, 9, 11 and 15). The calculations 
helped to indicate which parameters tested in terms of heat trans-
fer turned out to be the most effective. Furthermore, a mesh de-
pendency analysis was performed based on the grid convergence 
index to ensure the convergence stability of the numerical simula-
tions. 

Experimental data describing heat transfer during flow boiling  
in minichannels are needed to validate the results from numerical 
simulations. For more than two decades, the authors of this work 
performed calculations using various methods such as the simple  
1D method [7], the 2D method described in this work and using 
the commercial software STAR-CCM+ [6] and ADINA [8]. 

This paper proposes two approaches to analyse the heat 
transfer in a test section with five rectangular minichannels and 
determine heat transfer coefficients at the heated plate–cooling 
fluid interface. The first approach used computational methods 
with Trefftz functions. A mathematical model was proposed in 
which the temperatures of the heated plate and all refrigerants 
were assumed to satisfy the Poisson and Fourier–Kirchhoff equa-
tions, respectively. The boundary conditions for both equations 
considered the results of experimental measurements. Determin-
ing the continuous temperature distributions of the heating plate 
and refrigerant leads to solving two inverse Cauchy-type problems 
in two contacting areas with different geometrical and physical 
parameters. Inverse problems belong to ill-posed problems [9], in 
which measurement uncertainties make the solution unstable. 
Inverse and ill-posed problems have been the subject of many 
works [10–13], and an overview of methods for solving Cauchy 
problems is given in Ref. [14]. For example, in Refs. [15–22], the 
Trefftz method (TM) or its modifications were used to solve direct 
and inverse problems that occur in engineering problems. In the 
TM (first described by Trefftz in 1926) [23], the unknown solution 
of a linear partial differential equation is approximated by a linear 
combination of functions (Trefftz functions or T-functions) that 
exactly satisfy the given differential equation. The coefficients of 
the linear combination are determined by minimising the error 
function that describes the mean square error between the ap-
proximate solution and the adopted boundary conditions. Trefftz 
functions combined with other methods, for example, Picard's 
method [22], radial functions [24] or homotopy perturbation meth-
od (HPM) [16, 20 and 21], are also used to solve non-linear differ-
ential equations.  

This work uses two methods based on Trefftz functions for 
numerical calculations: the classical TM and a hybrid method that 
combines the HPM with Trefftz functions. Both methods use 
harmonic polynomials and are not limited by the number and type 
of boundary conditions. This greatly simplifies the calculations and 
makes these methods suitable methods for solving direct and 
inverse problems found in engineering. In the proposed approach, 
the solution to the differential equation (describing the heater 
temperature) was approximated by a finite sum of functions that 
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are linear combinations of the Trefftz functions. In the HPM, the 
unknown fluid temperature, the satisfying energy equation, is 
expressed as an infinite series of functions converging to the 
exact solution. The heat transfer coefficient at the heating plate–
refrigerant interface was determined from the Robin boundary 
condition. The second approach used the CFD program, 
Simcenter STAR-CCM+. Numerical methods in CFD are designed 
to solve systems of nonlinear differential equations. The literature 
provides a good overview of mathematical models and numerical 
calculations for heat exchangers of various designs, as, for exam-
ple, in the works [25–31]. The numerical simulation results were 
compared with those from methods based on Trefftz functions. 
Similar temperature distributions in the heated plate and heat 
transfer coefficients were obtained. The one-dimensional ap-
proach allowed for the validation of heat transfer coefficients 
obtained based on methods with Trefftz functions and from 
Simcenter STAR-CCM+ simulations. 

2. EXPERIMENTS AND RESEARCH METHODOLOGY 

2.1. Experimental rig 

The experimental investigation was conducted in the own ex-
perimental set up. A view of the experimental rig is shown in Fig. 1 
while its schematic diagram is shown in Fig. 2. 

 
Fig. 1.  A view of the experimental rig 

In the main loop for the boiling process examination, the cool-
ing fluid, i.e. HFE-649 (Novec-649 3M™ Novec™ [32]), HFE-7100 
(3M™ Novec™ 7100 Engineered Fluid [33]) and HFE-7200 (3M™ 
Novec™ 7200 Engineered Fluid [34]), flows. Hydrofluoroethers 
(HFEs) are more environmentally friendly and, like fluorocarbon 
(FC), have zero (or close to zero) ozone-depletion potential 
(ODP). The significant difference, however, is a much lower global 
warming potential (GWP). According to the manufacturer [35], the 
FC-72 or FC-770 has more than 5,000 GWP, while the HFE fluids 
have the GWP even several times lower. For example, HFE-649, 
HFE-7000, HFE-7100 and HFE-7200 have a GWP of 1, 530, 320 
and 55, respectively. Furthermore, FC fluids have a long atmos-
pheric lifetime (ALR) and HFE-649, HFE-7000, HFE-7100 and 
HFE-7200 have ALRs of 0.014, 4.9, 4.1 and 0.77 years, respec-
tively. 

The main flow loop, besides the most important part, i.e. the 
test section, consists of the following elements: a circular pump 
(gear type, Tuthill), heat exchanger and pressure regulator. The 

most important set-up elements for the flow, pressure and tem-
perature control and measurement are: mass flow meter (Coriolis 
type, Endress+Hauser), pressure meters (Endress+Hauser) and 
K-type thermoelements (Czaki Thermo-Product). 

The data and image acquisition system includes an infrared 
camera A655SC FLIR (nominal accuracy ±2 °C or ±2% at meas-
uring temperature range), a PC and two data acquisition stations 
(I/OTech DaqLab2005 and MCC SC-1608G) and a high-speed 
video camera (SP-5000M-CXP2, JAI). A lighting system consist-
ing of LEDs (four LED panels of 50 W each) was applied to illumi-
nate the flow of the working fluid along the minichannels. The 
power supply and control system consisted of a power supply, an 
ammeter and a voltmeter.  

 
Fig. 2.   A schematic diagram of the experimental rig – 1: test section,  

2: heat exchanger, 3: compensation tank, 4: filter, 5: gear pump, 
6: Coriolis mass flow meter, 7: pressure sensor, 8: infrared cam-
era, 9: a high-speed video camera, 10: power supply system,  
11: voltmeter, 12 -ammeter, 13: data acquisition station,  
14: PC computer 

2.2. Test section 

The essential part of the experimental set up was the test sec-
tion with a group of five parallel minichannels of rectangular cross-
sections, each of pre-set depth 1 mm and width 6 mm, while their 
lengths taken into consideration are 43 mm. The schematic dia-
grams of the test section are shown in Fig. 3. The test section was 
placed horizontally with the fluid flowing above the heated wall. 
The heating element for the working fluid that flowed laminarly 
along the minichannels was a thin alloy plate stretched between 
two metal parts. This 0.1-mm-thick plate designated Haynes-230 
is made of a high-temperature Ni–Cr–W–Mo alloy. The heater 
was powered by a heat source (the inverter welder acts as a 
regulated power supply) and was resistively heated, supplying 
heat to the fluid flowing in minichannels. The temperature distribu-
tion on the outer surface of the heated plate was measured by 
means of an infrared camera. Example thermograms on an outer 
side of the heated plate captured by an infrared camera are 
shown in Fig. 3a. It should be explained that a plate surface was 
coated with black paint of known emissivity (0.97). Example distri-
butions of the temperature as a result of numerical computations 
based on experimental data are also shown in a half-image illus-
trated in Fig. 3a. Furthermore, a high-speed camera allowed 
recording flow structures through a transparent glass, which con-
stitutes the opposite wall to the heated plate. Sensors of K-type 
thermoelements and pressure meters were mounted at the inlet 
and outlet of the minichannels. 

Table 1 summarises the basic geometrical data of the test 
section. These data were used for calculations using methods 
with Trefftz functions and implemented into the Simcenter STAR-
CCM+ program. 
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Tab. 1. Basic geometrical data of the test section 

Basic geometrical data of the test section Value (unit) 

Number of minichannels in the test section 5 

Length of the minichannels* 0.043 (m) 

Thickness of the heated plate 0.0001 (m) 

Depth of the minichannels 0.001 (m) 

Width of a singular minichannel 0.006 (m) 

*The length over which the temperature measurement is measured 
due to an infrared camera 

 
Fig. 3.   Schematic diagram of the test section: (a) front view, (b) longitu-

dinal section, (c) cross section; 1: minichannel, 2: heated plate, 
3: Teflon spacer, 4: channel body, 5: front cover, 6: glass plate 

2.3. Research methodology 

A research pre-procedure is needed to ensure stabilisation  
of the set crucial experimental parameters. In this pre-procedure, 
the degassing of the fluid should be first ensured while it was 
circulating in a closed flow loop. Then, the initial temperature, 
pressure and flow parameters are set and stabilised during work-

ing fluid circulation. During the regular experimental series, there 
is a smooth increase in the current intensity supplied to the heated 
wall of the minichannels. The gradually increased heating power 
resulted in an increase in the temperature of the minichannel wall, 
and thus the cooling fluid in the minichannels is gradually heated 
along its flow. Sequentially, the values of pressure, temperature 
and mass flow of the working fluid and current supplied to the 
heated plate are collected in a 1-s interval, whereas single images 
of thermograms are captured by an infrared camera. Flow struc-
tures are simultaneously observed and recorded by a high-speed 
video camera.  

According to the physical interpretation of the heat-transfer 
mechanism that occurs during the fluid flow, the experimental set 
up can be characterised as follows: 

 After degassing and stabilising the experimental conditions, 
the subcooled liquid flows laminarly into an asymmetrically 
heated minichannel; 

 In the beginning, when the heat flux increases, the heat trans-
fer between the heating plate and the liquid proceeds via the 
single-phase forced convection; 

 Further in the experiment, the increase in the heat flux results 
in boiling incipience in the minichannel, and subcooled boiling 
starts; 

 When the heat flux continues to increase, nucleate boiling  
is in progress in the minichannel. 
It should be underlined that the range of parameters charac-

terising the selected series indicates that the data under analyses 
belong to the single-phase forced convection and the start of the 
subcooled  
boiling region. 

3. COMPUTATIONAL METHODS 

3.1. Methods based on Trefftz functions 

The 2D temperature distributions of the heated plate and cool-
ing fluids were calculated with the classical TM and a hybrid 
method combining the HPM with the TM, respectively. This ap-
proach, which is a modification of that described in Ref. [36] con-
siders two dimensions: one in the flow direction (x) and the other 
perpendicular to the flow (y) that relates to the thickness of the 

heated plate thickness δG  and the minichannel depth δM.  
The heat-transfer process in the heated plate, where 

0 < x < H, 0 < y < δG, is assumed to be characterised by the 
Poisson equation,  [36] 

𝜆𝐺 (
𝜕2𝑇𝐺

𝜕𝑥2 +
𝜕2𝑇𝐺

𝜕𝑦2   ) = −𝑞𝑉                                              (1) 

where H: length of the minichannel, TG: temperature of the heated 

plate, λG: thermal conductivity of the heated plate and qV: heat 
flux supplied to the heated plate. 

For Eq. (1), the temperature distribution at the plate’s edge 

(TIR) is known from infrared camera measurements. The remain-
ing three edges (not in contact with the fluid) are insulated. The 
fluid flow in the minichannel is assumed to be laminar, with the 

velocity vector having one non-zero component w(y) parallel to 
the flow direction. The fluid temperature for 0 < x < H, δG <
y < δG + δM satisfies the energy equation in the form: 
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𝜆𝑓 (
𝜕2𝑇𝑓

𝜕𝑥2 +
𝜕2𝑇𝑓

𝜕𝑦2   ) = 𝜌𝑓𝑐𝑝,𝑓𝑤(𝑦)
𝜕𝑇𝑓

𝜕𝑥
                               (2) 

where Tf : temperature of the fluid, λf : thermal conductivity  
of the liquid, ρf: density of the liquid and cp,f: specific heat capaci-

ty of the liquid.  
In Eq. (2), the temperatures of the fluid Tf and the heated plate at 
the fluid–plate contact surface are assumed to be equal,  

and that the fluid temperatures at the inlet Tf,in  and outlet Tf,out  

of the minichannel are known. The boundary conditions adopted  
for Eqs (1) and (2) are shown in Table 2.  

Tab. 2. Boundary conditions for the heated plate and the fluid 

Section Boundary conditions 

Wall: 
𝑦 = 0, 0 < 𝑥 < 𝐻 

𝑇𝐺 = 𝑇𝐼𝑅    
𝜕𝑇𝐺

𝜕𝑦
= 0 

Wall: 
𝑥 = 0, 𝑥 = 𝐻, 0 < 𝑦 < 𝛿𝐺 

𝜕𝑇𝐺

𝜕𝑥
= 0 

                             Contact wall:  

𝑦 = 𝛿𝐺 , 0 < 𝑥 < 𝐻 
𝑇𝑓 = 𝑇𝐺 

Inlet: 

𝑥 = 0, 𝛿𝐺 < 𝑦 < 𝛿𝐺 + 𝛿𝑀  
𝑇𝑓 = 𝑇𝑓,in 

Outlet: 
𝑥 = 𝐻, 𝛿𝐺 < 𝑦 < 𝛿𝐺 + 𝛿𝑀  

  𝑇𝑓 = 𝑇𝑓,𝑜𝑢𝑡  

Knowing the fluid and plate temperature allows for calculating  
the heat transfer coefficient from the formula: 

𝛼(𝑥) =
−𝜆𝐺

𝜕𝑇𝐺
𝜕𝑦

(𝑥,𝛿𝐺)

𝑇𝐺(𝑥,𝛿𝐺)−𝑇𝑓,𝑎𝑣𝑒(𝑥)
                                                          (3) 

where: Tf,ave is the average fluid temperature in the minichannel,  

calculated as in Ref. [36]. 
First, using the TM, the 2D temperature distribution of the 

heated plate was determined according to Ref. [36]. Then, the 
HPM with the TM was used to find the fluid temperature following  
the scheme below [20, 21]. 

In the HPM, differential Eq. (2) is written to distinguish  
two operators L (linear) and N (nonlinear), i.e. 

𝐿𝑇𝑓 = 𝑁𝑇𝑓                                                                                  (4) 

For further calculations, it is assumed that 

𝐿𝑇𝑓 = 𝜆𝑓 (
𝜕2𝑇𝑓

𝜕𝑥2 +
𝜕2𝑇𝑓

𝜕𝑦2 )                                                            (5) 

𝑁𝑇𝑓 = 𝜌𝑓𝑐𝑝,𝑓𝑤(𝑦)
𝜕𝑇𝑓

𝜕𝑥
                                                             (6) 

In the HPM, function h(x, y, p) dependent inter alia on pa-

rameter 0 ≤ p ≤ 1 satisfies the following equation:  

(1 − 𝑝)[𝐿(ℎ) − 𝐿(𝑢0)] + 𝑝[𝐿(ℎ) − 𝑁(ℎ)] = 0                 (7) 

where u0 denotes the initial approximation of the solution to Eq. 
(2). 

Note that substituting p=1 in Eq. (7), Eq. (2) is  
obtained. Expanding the function h(x, y, p) into a Taylor series 
about p, the solution to Eq. (2) can be written as follows:  

𝑇𝑓(𝑥, 𝑦) = 𝑙𝑖𝑚
𝑝→1

 ℎ(𝑥, 𝑦, 𝑝) = ∑ ℎ𝑖(𝑥, 𝑦)∞
𝑖=0                            (8) 

where ℎ𝑖(𝑥, 𝑦) =
1

𝑖!

𝜕𝑖ℎ(𝑥,𝑦,1)

𝜕𝑝𝑖  . 

 
Finally, the solution is approximated with a Taylor series trun-

cated to M+1 components, i.e. 

𝑇𝑓(𝑥, 𝑦) ≈ ∑ ℎ𝑖(𝑥, 𝑦)𝑀
𝑖=0                                                           (9) 

By substituting Eq. (9) into Eq. (7) and equating  
the coefficients with successive powers of p, we obtain a system  

of equations containing the functions hi(x, y)  as in Ref. [20].  
We determine the functions hi(x, y) using the TM. The resulting 
fluid temperature approximately satisfies both Eq. (2) and the  
boundary conditions. The convergence of the solution obtained by 
the HPM, in the case of partial differential equations, has been 
proven, for example, in Ref. [37]. In practice, satisfactory results  
have already been obtained with three or four components of 

series (9), and the assumptions on the initial approximation u0 
can be weaker – it can be any function.  

The experimental data used in calculations with the methods 
employing Trefftz functions and in Simcenter STAR-CCM+ are 
presented in Tabs. 3 and 4. In Tab. 3, the physical properties of 
the solids composed of the main elements of the test section are 
listed. Furthermore, in Tab. 4, the main physical properties of the 
working fluids and experimental parameters are shown. 

Tab. 3.  Physical properties of the solids composed of the main elements  
 of the test section 

Element of the test section 

Parameter/physical 
property 

  Haynes 
230 

 Glass  Teflon Aluminium 

Density (kg∙m3) 8,970 2,500 2,160 2,702 

Specific heat of the 

liquid (J∙kg1∙K1) 
400 840 702 903 

Thermal conductivity  

(W∙m1∙K1) 
10.07 1.4 0.21 237 

3.2. Numerical simulations in Simcenter STAR-CCM+ 

Numerical calculations were performed using Simcenter 
STAR-CCM+, version 2020.2.1 Build 15.05.010. This program let 
one perform calculations related to heat transfer, change of state 
of matter, fluid flow or mixing of different substances. After assum-
ing the model of the test section and implementation, the data 
shown in Tabs. 3 and .4 into program, a desktop computer with an 
Intel Core i9 CPU (24 cores) and 256 GB of RAM clock speed at 
3.50 GHz helped provide simulations.  

4. RESULTS 

4.1.  Simulations due to Simcenter STAR-CCM+  
and validation with experimental data 

The temperature distribution in the test section as the results  
of numerical computations due to Simcenter STAR-CCM+ is 
shown in Fig. 4, respectively, for experiments with the fluids: HFE-
649 (Fig. 4a,b), HFE-7100 (Fig. 4c) and HFE-7200 (Fig. 4d). In 
this figure, the computational grids assumed for numerical simula-
tions are additionally enlarged to indicate more details in Fig. 4b. 
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Tab. 4.  Main physical properties of the working fluids and experimental 
parameters 

Physical properties of the working fluids  

Physical property HFE-7200 HFE-7100 HFE-649 

Density (kg∙m3) 1,430 1,532 1,510 

Dynamic viscosity (Pa∙s) 0.00061 0.00061 0.00057 

Specific heat of the liquid 

(J∙kg1∙K1) 
1,214 1,118 1,183 

Thermal conductivity  

(W∙m1∙K1) 
0.068 0.069 0.069 

Experimental parameters 

Fluid temperature  
at the inlet (°C) 

16.2 16.60 13.8 

Fluid temperature  
at the outlet (°C) 

23.1 23.70 18.6 

Temperature of an ambient 
air (°C) 

24.5 21.5 18.7 

Absolute pressure  
at the outlet (Pa) 

94,503 106,045 109,471 

Atmospheric pressure (Pa) 97,143 94,921 94,654 

Mass flow rate of the fluid 
(kg/s) 

0.00575 0.00580 0.00583 

Heat flux supplied  
to the heater (W) 

99.54 95.54 83.29 

The velocity distribution in the fluid due to STAR-CCM+, 
shown in the longitudinal section of the central minichannels, 
based on the data from the experiment with HFE-649 are pre-
sented in Fig. 5. Additionally, computational grids are illustrated in 
enlarged sections of the inlet (left side) and the outlet (right side) 
of this figure. 

For validation of the results from numerical simulations per-
formed in Simcenter STAR-CCM+, the temperature of the heated 
plate on the outer surface that contacts ambient air was compared 
to the results known from the infrared thermography measure-
ment. Figure 6 shows the dependence of the temperatures on the 
outer surface of the heated plate obtained from simulations and 
experimentation as a function of the distance from the minichan-
nel inlet.  

When the heater temperature vs the distance from the inlet 
was examined, a gradual increase in the temperature of the heat-
ed plate was observed with the increase in the distance in both 
relationships. 

For a more detailed comparison, Tab. 5 shows the values of 
the mean relative differences (MRD) between the outer surface of 
the heated plate calculated by Simcenter STAR-CCM+ and 
measurements carried out by the infrared camera during the 
experiments.  

Furthermore, the maximum absolute differences (MADs) were 
determined from the following formula:  

MAD = max|f − g|          (10) 

where f and g are functions.  
The MAD values are also listed in Tab. 5. 
When analysing the local temperatures of the outer surface  

of the heated plate obtained from numerical calculations in 
Simcenter STAR-CCM+ with the data obtained from the experi-
ments shown in Fig. 6, it was stated that no significant disparities 
can be observed. The temperature distributions are very similar in 
both cases. Furthermore, the MRD between the results do not 

exceed 3% and the MAD do not exceed 3°C (only for HFE-7200, 
the maximum value of the MAD is equal to 3.93°C). 

 

Fig. 4.   Temperature distribution in the test section as the results  
of numerical computations in Simcenter STAR-CCM+,  
for experiments with fluids: HFE-649 (a,b), HFE-7100  
(c) and HFE-7200 (d); (a) view on the side with the heated plate, 
(b) longitudinal section of the central minichannel; computational 
grids are visible in enlarged sections of the inlet (left side)  
and the outlet (right side) 
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Tab. 5.  The MRD and MAD values determined on the basis  
of the Simcenter STAR-CCM+ results and the data  
from the experiments 

Compared results MRD (%) MAD   (°C) 

HFE-649 

Temperature of an outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

1.59 2.39 

HFE-7100 

Temperature of on outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

2.82 3.93 

HFE-7200 

Temperature of the outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

2.28 2.57 

MAD, maximum absolute difference; MRD, mean relative differences. 

 
Fig. 5.   Velocity distribution in the fluid obtained from numerical calcula-

tions by Simcenter STAR-CCM+ in the longitudinal section  
of the central minichannel based on the data from the experi-
ment with HFE-649; computational grids are visible in enlarged 
sections of the inlet (left side) and the outlet (right side) 

4.2. Simcenter STAR-CCM+ vs HPM and TM 

The TM was used to determine the temperature of the heated 
plate at the contact surface with the working fluids. Moreover, the 
results from numerical simulation in the Simcenter STAR-CCM+, 
in the form of temperature plots at the heated plate-fluid interface, 
were also obtained and shown for comparison. The local heat 
transfer coefficients were also determined according to the pro-
posed calculation methods. A 1D approach based on Fourier’s 
law was utilised to validate the heat transfer coefficient results 
derived from the TM and the HPM with TM. According to Ref. [38], 
the local heat transfer coefficients were calculated from the follow-
ing formula:  

𝛼1D(𝑥) =
𝑞𝑉

𝑇𝐺(𝑥,𝛿𝐺)−𝑇𝑓,𝑙𝑖𝑛(𝑥)−𝑞𝑉𝛿𝐺𝜆𝐺
−1                              (11) 

where Tf,lin  is the linearly changing fluid temperature from the 

inlet temperature to the outlet temperature. 
The results of calculations based on the experimental data are 

presented against the distance from the minichannel inlet as 
follows:  

 

 in Fig. 7, as the temperature of the contact heated plate – fluid 
surface according to the calculations using the TM and by 
Simcenter STAR-CCM+; 

 in Fig. 8, as the heat transfer coefficient according to the 
calculations using the HPM with the TM and by Simcenter 
STAR-CCM+. 

 

Fig. 6.   Temperature of the heated plate on the outer surface contacting 
ambient air from the calculation performed in Simcenter STAR-
CCM+ and obtained from the measurement due to an infrared 
camera, both as a function of the distance from the minichannel  
inlet 

To compare the results from numerical simulations and calcu-
lations with the use of TM and the 1D approach, the differences in 
form of MAD and the maximum average relative differences 
(MARD) were determined.  

MARD was defined by the following formula 

MARD = max (
‖f−g‖

‖f‖
,

‖f−g‖

‖g‖
)         (12) 

where: ‖ ‖ means L 2 norm. 
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Tables 6 and 7 show the fluids MARD and MAD values for the 
fluids under consideration and related to the contact surface 
temperatures and the calculated heat transfer coefficients. 

The analysis of the temperature results shows that numerical  
simulations in Simcenter STAR-CCM+ yield similar results to 
those obtained from the experiment (Fig. 6) and methods based 
on Trefftz functions (Fig. 7) and the 1D approach. For both meth-
ods, i.e. the TM and simulations in Simcenter STAR-CCM+, simi-
lar temperature distribution patterns are observed, with minor 
differences in their values.  

A comparative analysis of the results obtained from the two  
methods was carried out, the effects of which are shown in Fig. 7  
and listed in Tab. 6. The MARD and MAD values determined 
between the temperature values at the plate–fluid interface, de-
termined with the help of TM and the Simcenter STAR-CCM+ are 
listed in Tab. 6 The MARD values appear to be slight and are in 
the range 1.4%–2.28%. Furthermore, MAD values do not exceed 
3 °C. 

 

Fig. 7.   Temperature of the contact heated plate-fluid surface according 
to the calculations using the TM and due to Simcenter STAR-
CCM+ as a function of the distance from the minichannel inlet. 
TM, Trefftz method 

 

 

Fig. 8.   Heat transfer coefficient according to the calculations using the 
HPM with the TM, Simcenter STAR-CCM+ and the 1D approach 
as a function of the distance from the minichannel inlet. HPM,   
homotopy perturbation method; TM, Trefftz method 

Tab. 6.  The MARD and the MAD values for calculated contact surface 
temperature 

Compared results 
MARD 

[%] 

MAD 

[°C] 

HFE-649 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

1.40 2.81 

HFE-7100 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

2.28 2.81 

HFE-7200 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

2.20 2.48 
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Tab. 7.  The MARD and the MAD values between heat transfer 
coefficient values calculated from the proposed mathematical 
methods  

Compared results 
MARD 

[%] 

MAD 

[W/(m2K)]] 

HFE-649 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

25.07 251.68 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

21.64 131.08 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

14.26 128.29 

HFE-7100 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

22.26 223.63 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

11.03 227.95 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

32.34 451.58 

HFE-7200 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

22.80 174.98 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

9.43 227.17 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

27.31 387.81 

The primary purpose of the HPM combined with the applica-
tion of the TM was to determine the heat transfer coefficient. 
Analysis of the results in Fig. 8 shows that the coefficient takes 
the highest values at the minichannel inlet while the lowest values 
at the outlet. According to the dependences, it was noticed that 
the heat transfer coefficient decreases with distance from the 
minichannel inlet. Similar plots were achieved with respect to the 
results obtained from HPM with the TM compared to the results 
resulting from the Simcenter STAR-CCM+ simulations and the 1D 
approach. Furthermore, for the results obtained by the presented 
calculation methods, the MARDs are in the range 9.43%–32.34% 
and the MAD did not exceed 451.58 W/(m2K) (see Tab. 7). 

Generally, it was stated that the high agreement between  
the experimental results and those obtained with the TM and 1D 
approach allows for the validation of the CFD model. 

When the heat transfer coefficient values determined from  
the combination of the HPM with the TM, Simcenter STAR-CCM+ 
and 1D approach were analysed, it was noticed that similar heat 
results were achieved. The highest value of the calculated differ-
ence between the heat transfer coefficients (262.68 W/(m2K)) 
according to both computational approaches occurred near the 
channel inlet. It could also be underlined that the same relation-
ship was obtained between the heat transfer coefficient and the 
distance from the minichannel inlet. With increasing distance from 
the inlet, the heat transfer coefficient decreased not dependently 
on the type of a cooling fluid. 

5. CONCLUSIONS 

The main aim was to develop an effective method to identify  
the heat transfer coefficient at the heater–working fluid interface 

during its flow in a minichannel. Numerical studies of heat transfer 
were based on experimental data concerning cooling fluid flow in 
a group of five 1-mm deep minichannels. The selected data from  
the experimental series relate the single-phase forced convection  
and the start of subcooled boiling. A two-dimensional mathemati-
cal model was developed, which assumed steady state heat 
transfer  
in the test section. The 1D approach allowed for the validation of 
heat transfer coefficients determined according to the Trefftz 
functions and numerical calculation in CFD. 

Two methods based on Trefftz functions, i.e. the classical TM 
and the HPM, were used to determine the temperature of the 
heated plate and the fluid. The advantage of the methods based 
on Trefftz functions used in the work is the simple mathematical 
apparatus. It was sufficient to use a small number of Trefftz func-
tions and a few iterations to obtain satisfactory results. Methods 
based on Trefftz functions were compared with the results ob-
tained with commercial CFD software, Simcenter STAR-CCM+ 
and the 1D approach. 

The main findings from the analysis of the results are as fol-
lows. 

 the temperature distribution on the heated plate obtained from 
numerical simulations was consistent with the temperature 
distribution achieved experimentally and determined by the 
TM. The MRD do not exceed 3% and the MAD was below 
4°C. The high agreement between the experimental results 
and those obtained with the TM allows for the validation of the 
CFD model;  

 the comparison between the heat transfer coefficients, calcu-
lated by the presented calculations methods gave satisfactory 
results; 

 the use of combination of the HPM with the TM and Simcenter 
STAR-CCM+ yielded similar heat transfer coefficient values; 
the most significant differences reaching 251.68 W/(m2K) 
were observed near the minichannel inlet;  

 from computational approaches, a similar plot of heat transfer 
coefficient variation as a function of distance from the mini-
channel inlet was obtained – the coefficient was found de-
creasing. 
Comparison of the results obtained with the two presented 

calculation methods, i.e. simulation by CFD and methods with 
Trefftz functions, is the forte of this work. The 1D approach based 
on Fourier's law was utilised to validate the heat transfer coeffi-
cient results derived from the hybrid method HPM with TM and 
numerical simulations in Simcenter STAR-CCM+. It should be 
noted that the presented calculations are based on experimental 
data. Furthermore, comparison of the results by the Simcenter 
STAR-CCM+ program with experimental measurements made it 
possible to validate the model adopted in this program. As a result 
of the validation of the aforementioned model, further studies 
including other refrigerants could allow for reduction of the exper-
imental part in favour of numerical simulations. Both steady-state 
and time-dependent problems will be considered, and the CFD 
software will also be used for their analysis. 

Nomenclature: 
cp – specific heat capacity, J/(kg K)  
f, g  – functions 
H – length of the minichannel, m 
h – function 
HPM – homotopy perturbation method 
L – linear operator  
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M – number of terms in Taylor series 
MAD – maximum absolute difference 
MARD     – maximum average relative difference 
MRD  – mean relative differences 
N – nonlinear operator 
p –  parameter 
qV – volumetric heat flux, W/m3 
T – temperature, K 
TM – Trefftz method 
u0 – initial approximation of the solution  
w – velocity, m/s  
x – coordinate in the direction of flow, m 
y – coordinate in the direction perpendicular to the flow  
                   and  width of the partitions, m 
Greek letters: 
𝛼 – heat transfer coefficient, W/(m2 K) 
𝛿 – thickness, depth, m 
λ – thermal conductivity, W/(m K) 
 – density, kg/m3 
Subscripts: 
ave – average 
f – fluid 
G – heated plate 
in – inlet  
IR – infrared camera 
lin – linear 
M – minichannel  
out – outlet 
1D – one dimension 
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Abstract: This paper deals with the problems faced during the research on the insulating structures used in the thermal shielding of flight 
recorders. These structures are characterised by specific properties determined by, among other aspects, their porosity. The complex  
and coupled heat-exchange phenomena occurring under the operating conditions of the recorders, and in numerous cases combined  
with mass exchange, require dedicated test methods. The paper characterises the origin of the research problem, presents a methodology 
for comprehensive testing of the thermal propertiesand uses the example of determining the insulating properties of the Promalight  
microporous structure ®-1000R. The authors focussed on thermal diffusivity tests performed by means of the oscillatory excitation method. 
The measurements were conducted on a test stand to determine the effect the type of gas filling had on the porous structure and the pore 
filling gaspressure effect on the temperature characteristics of apparent thermal diffusivity. The authors also conducted research  
on the structure’s resistance to direct flame exposure. The analysis of the obtained results enable recognition and characterisation  
of the key phenomena of heat and mass transfer; the numerical results exert a significant influence on their application. 

Key words: aerogel insulating structures, thermal–physical properties, thermal diffusivity, Smoluchowski–Knudsen effect,  
                    complex thermal analysis, ablation 

1. INTRODUCTION 

Due to the diversity and stringency of the requirements to be 
met by flight recorders [6, 10, 14], the very choice of materials for 
their construction requires a comprehensive approach. For this 
reason, the evaluation of material properties cannot be limited to 
the analysis of only selected characteristics, but should take into 
account all of them along with possible cross-correlations. This 
includes thermophysical parameters, which by themselves do not 
characterize the structure holistically. Instead of merely determin-
ing properties such as thermal conductivity, heat capacity, etc. 
special focus should be made on determining properties in the 
context of the totality of the heat-transfer and the mass-transport 
phenomena. The very testing procedures and the reliability and 
representativeness of the obtained results are important aspects 
here. In fact, the restrictive requirements for the thermal protection 
of the recorder enforce the use of modern materials rather than 
material structures. A simple construction and operation problem 
is becoming a fundamental issue. This problem is underlined by 
the question whether it is possible at all to describe the properties 
in terms of the classical parameters of the steady state and un-
steady heat-conduction equations [5, 8, 11]. 

The present paper concerns the study of the fire-resistant mi-
croporous structure of Promalight®-1000R [7]. In this case, the 
complexity of heat-exchange phenomena, the coupling of mecha-
nisms and the possibility of mass-exchange phenomena, for 

example in the form of phase transformations, determine the need 
for complex measurements with complementary results to deter-
mine individual properties or characteristics. Apart from the ap-
propriate organisation of the overall study [22], in this case, it is 
essential to maintain as high a temperature resolution as possible 
[19]. High thermal resolution means that subsequent data points 
are obtained in such small temperature ranges that the averaging 
typical for experimental studies does not distort the temperature 
dependence of the measured parameter. With a low measure-
ment resolution, a distorted image of the temperature characteris-
tics is obtained in the ranges of its non-linearity, which applies, for 
example, to thermograms in the area of phase transitions. In this 
case, it is difficult to compare the test data with different parame-
ters at different temperature resolutions. Difficulties also concern 
the conversion of thermal diffusivity into thermal conductivity, 
typical for thermophysical research, using the indirect measure-
ment method [12, 13, 19]. 

According to the requirements of ED 112 norm [6], the record-
er should “withstand” the environmental effects of a flame of 
1,100 ˚C and a heat flux delivered to the walls of no less than 

150 kW·mm2 for at least 20 min in a high-temperature test. In a 
low-temperature test, the unit is subjected to an ambient tempera-
ture of 200 ˚C  for 10 h. However, performing a set of measure-
ments over such a large temperature range with all the require-
ments of complementary testing is extremely difficult. As  
a whole, however, it is essential to keep the interior with electronic 
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modules at a temperature not exceeding 130 ˚C. The examined 
microporous material is being considered in the context of internal 
insulation. Thus, while developing a test methodology with a 
different type of thermal protection for the recorders – using 
phase-change materials – this temperature range was the focus of 
attention for the research project tasks. The entire study included 
weight measurements, thermogravimetric (TG), microcalorimetric, 
i.e. dynamic scanning calorimetry (DSC) and heat diffusion tests 
by the oscillatory excitation method, as well as tests of the pre-
fabricated product’s resistance to a direct flame exposure.  

2. MATERIAL STRUCTURES IN EXPERIMENTAL        
THERMOPHYSICAL RESEARCH 

Due to the generally accepted standards for most test meth-
ods investigating material properties, also thermo-physical proper-
ties, the obtained measurement results are generally reduced to 
basic defining relationships, such as Fourier’s law of heat conduc-
tion [26]. This is not entirely correct, for even in the case of a 
homogeneous solid, the expression of the Fourier–Kirchoff equa-
tion 

𝜌  𝑐𝑝
𝜕  𝑇

𝜕𝜏
    =   𝛻 ⋅ (𝜆̅𝛻𝑇)   +  𝑞𝑉   (1) 

from a theoretical point of view makes it impossible to apply the 

formula commonly used in experimental practice [5, 21] for the 

determination of thermal conductivity of form 

λ(𝑇) = ρ(𝑇)  𝑎(𝑇)  𝑐𝑝(𝑇)  (2) 

While maintaining a high temperature resolution, this approx-
imation is acceptable. However, in the case of heterogeneous 
materials, there is a problem of determining the resultant proper-
ties. For scalar parameters, the homogenisation relationships take 
form [9]  

  (3) 

However, in the case of thermal conductivity only for a steady 
state and simple parallel or series assembly geometries, the 
relationship becomes complicated to form: 

λ𝑐𝑑,𝑠𝑒𝑟𝑖𝑒𝑠   =   [∑ 𝑟𝑖(λ𝑝𝑟,𝑖)
−1

𝑖 ]
−1

      ,      λ𝑐𝑑,𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 =

∑ 𝑟𝑖λ𝑝𝑟,𝑖𝑖   (4) 

Geometrically complex systems, including porous structures, 
require much more complex formulations [2, 23]. In addition, heat 
transfer phenomena, i.e. convection and radiation, are the rule for 
porous structures. The following compound formula [5] should be 
treated with great caution, due to the coupling between mecha-
nisms and the tensor-like general nature of thermal conductivity: 

λ𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 = λ𝑐𝑑 + λ𝑐𝑣 + λ𝑟 ,          λ𝑐𝑑 = 𝑓(λ𝑐𝑑,𝑖, 𝑟𝑖 ; 𝑖 =

1, . . ., 𝑛)  (5) 

according to which the contributions of individual phenomena are 
additive. 

The heterogeneity of the structure, its irregularity, the problem 
of anisotropy and the couplings that cause the behaviour of the 
physical system to differ from those anticipated by the defining 
laws do not end the problems. An additional difficulty arises from 

the need to take into account first-order phase transformation 
phenomena, which cannot be included as an input to the specific 
heat. The situation is somewhat bettered by both the statistical 
scattering of the experimental data  the instrumental averaging of 
results under differential approximations [19]. This provides a 
basis for interpreting the results of measurements of classical 
thermo-physical parameters in terms of one of the following rela-
tionships: 

𝑎 =
λ

ρ𝑐𝑝
    𝑣𝑠.    𝑎(𝑇, 𝑝, . . . ) =

λ(𝑇,𝑝,...)

ρ(𝑇,𝑝,...)  𝑐𝑝(𝑇,𝑝,...)
    

𝑣𝑠.    𝑎(𝑇, 𝑝, . . . ) =
λ(𝑇,𝑝,...)

ρ(𝑇,𝑝,...)  [
∂ℎ(𝑇,𝑝,...)

∂𝑇
]
𝑝

  (6) 

However, it is important to emphasize the need for caution-
when interpreting experimental data and the need to describe 
them accurately. In particular, a precise distinction must be made 
between effective and apparent properties. In analogy to pro-
posals [4, 16], the parameters that are shaped when only one 
physical mechanism is present should be considered as resultant. 
Apparent properties refer to the contributions of other processes, 
e.g. the contribution of convection or radiation to heat transfer with 
a diffusive description. 

Due to the limited framework of this paper, the above method-
ological considerations do not provide an introduction to an in-
depth analysis of the experimental results characterised below. 
They do, however, justify the need to present the results in an 
extended form – not only as the final result of a measurement 
under heat-stabilised conditions, as recommended by many ther-
mal analysis textbooks [25], but also with a description of the 
process of obtaining the final result.  

3. EXPERIMENTAL STUDIES 

The concept of comprehensive research includes not only the 
idea of joint evaluation of the results obtained, but also the inter-
dependence of the measurement procedures (Fig. 1). Maintaining 
the appropriate order of research and the joint use of data deter-
mined at a given stage has both methodological and practical 
justification. When using the indirect method of determining ther-
mal conductivity [11, 12], it is calculated from the density, specific 
heat and thermal diffusivity data according to relation (2). From a 
practical point of view, it is recommended to first conduct micro-
calorimetric tests and then other measurements with thermograv-
imetric tests. During the TG test, the thermal resistance of the 
sample material can be determined, among others, based on the 
revealed phase-transition temperature or decomposition tempera-
ture. This, in turn, allows for the proper determination of the tem-
perature range of the remaining tests. However, it is crucial to be 
able to jointly evaluate the obtained thermograms to properly 
determine the properties of the tested material. 

Weight, thermogravimetric, microcalorimetric, flame resistance 
and heat diffusion characterised by effective/apparent thermal 
diffusivity tests were carried out as part of this project. While 
investigating the thermal diffusivity two factors shaping the behav-
iour of the porous structure were taken into account, namely 
temperature variation and pressure variation of the gas filling the 
pores. The object of research was the microporous structure of 
Promalight®-1000R high-temperature insulation. According to the 
manufacturer [7], it is an opaque glass fibre-reinforced colloidal 
(pyrogenic) silica blend with an open pore structure. Selected data 
from the product information sheet are shown in Tab. 1. Based on 

  
i

Tpii

i

ipip rcgc
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data on the effective density of the structure (Tab. 1) and the 

literature value of the silica density given at 2,650 kg·m3, the 
porosity of the material can be estimated at approximately 90%. 
Samples for testing were prepared from a flat panel, approximate-
ly 10 mm thick. 

Tab. 1. Material properties of Promalight®-1000R [7] 

 = 320 kg·m3 (default for RT) 

t (C) 200 400 600 800 

 (Wm–1K–1)  0.022 0.024 0.029 0.039 

cp (Jg–1K–1)  0.92 1.00 1.04 1.04 

RT, room temperature. 

 

Fig. 1.   Schematic diagram of the interdependence of the individual     
thermo-physical property tests, highlighting measurements  
not performed (dashed line) as part of the implementation  
of this project.DMA, dynamic thermomechanical analysis; DSC, 
differential scanning calorimetry; TG, thermogravimetry 

3.1. Flame resistance tests 

Due to a high demand for this type of material (which resists 
degradation during a prolonged operation at elevated tempera-
tures [27, 29, 30]), an attempt was made to determine the effect of 
flame action on the material structure by measuring the tempera-
ture at the rear surface. The samples prepared for testing were 
cylindrical in shape with a diameter of approximately 50 mm and a 
thickness of approximately 10 mm. The tests were conducted on a 
test stand, designed by the authors. The test duration equalled 
180 s. The sample was mounted on a fireproof board made of 
plasterboard. A Ceresit high-temperature filler was used for the 
gap between the sample and the casing, with a resistance tem-
perature of up to 1,500 °C. J-type thermocouples (ts1 – ts3) were 
used to measure the temperature of the rear surface. The tem-
perature was recorded using National Instruments’ SCB (Shielded 
Comparator Block) instrument and LabVIEW software. The tem-
perature of the ablation surface (exposed to a flame) of the tested 
sample was measured using a pyrometer (Optris, CT model), 
along with a head equipped with a laser indicator of the meas-
urement place. For control purposes, the temperature field distri-
bution of the rear surface was also measured using an FLIR i60 
thermal imaging camera (tth). Also, a single value of this tempera-
ture was read out over a specified period of time. A detailed 

measurement methodology is presented in Ref.[28].  
The obtained result ofthe temperature measurements is given 

in Fig. 2. The authors also illustrate the distribution of the rear 
surface temperature field at intervals according to the scale in the 
picture (Fig. 2). Each measurement made on the rear surface of 
the sample using the thermal imaging camera is placed at the 
cross-mark position (Fig. 2) on the temperature diagram and 
indicated with a red dot (nine measurement points in total). The 
measurements from the thermocouples indicate a temperature of 
about 65 °C (for thermocouples) after about 180 s of measure-
ment similar to the thermal camera measurement of 68 °C. The 
nature of the temperature increase qualitatively is very similar for 
all readings for both the thermocouples and the measurement 
from the thermal imaging camera, according to the temperature 
field distribution in the thermal camera image. Visual inspection of 
the flame-exposed surface did not reveal any significant damage 
or loss of sample weight. Only traces of soot were visible on the 
surface. 

 
 

 

 

 

Fig. 2.   Diagram with the course of temperature changes on the surface 
of the tested specimen exposed to the flame (ta – from remote 
measurements) and on the opposite surface (ts – from 
thermocouples, tth – IR (infrared) camera), as well as 
temperature distributions at selected moments on the opposite 
surface. 

3.2. Weight measurements and thermogravimetric analysis 

A Mettler Toledo AT 262 analytical balance was used to de-
termine the mass of the test samples. The scale has a resolution 
of 0.01 mg and a declared accuracy of 0.02 mg. On the basis of 
the results of weighing control samples of approximately 15 cm3, 

the density was determined as 31610 kg·m3. The high meas-
urement inaccuracy is mainly due to the measurement error of the 
thickness of the material panel, which is quite brittle and is subject 
to the pressure of the measuring tool. 

A Netzsch TG 209 F3 Tarsus thermobalance was used to car-
ry out the thermogravimetric tests. The measuring range of the 
thermobalance covers the temperature range from room tempera-

ture (RT) up to 1,000 ˚C, with the resolution equal to 0.1 g, the 
maximum weight range of 2,000 mg, the rates of temperature 
change range from 0.001 ˚ C/min to 100 ˚ C/min and the capacity 
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of a standard alumina capsule equal to 85 l. For the measure-
ments, a 14.48 mg sample of crushed material was prepared and 
pressed with a punch in an open vessel. The first two of the three 
tests performed immediately one after another were carried out in 
the range from RT to approximately 130 ˚ C with a declared tem-

perature change rate of 5 K·min1. The declared rate of change of 
the temperature of the third measurement up to 550 ˚C was 10 

K·min1. The findings of the TG tests are presented in Fig. 3.  

 
Fig. 3.   TG (thermogravimetric) test results – changes in test sample 

weight as a function of temperature. 

The resulting density measurement is consistent with the 
manufacturer’s data. An analysis of the thermograms of the low-
temperature TG test shows a likely effect of moisture release. 
Moisture adsorption in the ambient atmosphere (at room condi-
tions) is typical for porous structures. As the temperature increas-
es in the TG test, water evaporates continuously, which causes a 
weight loss of several percent. Due to the high enthalpy of water 
evaporation, even small changes in mass may have significant 
changes visible in the thermograms of other tests, especially 
microcalorimetric investigations.This may be reflected in the re-
sults of the other tests. High-temperature measurement shows the 
effect of releasing another component at temperatures >200 ˚C. 
The type of substance was not identified and the performed differ-
ential differential thermogravimetry (DTG) analysis is too inaccu-
rate to determine any other details based on it. However, the 
indicated onset (beginning of the transformation/decomposition) 
temperature of 220.7 ˚C indicates the macromolecular nature of 
the additive. 

3.3. Microcalorimetric measurements 

DSC i.e. microcalorimetric measurements were performed us-
ing a Pyris 1 power-compensated scanning microcalorimeter from 

Perkin-Elmer with a temperature range of 30 ˚C to 600 ˚C and 
RT to 710 ˚ C, a declared accuracy of enthalpy and specific heat 
determination of ± 2% and a capacity of a typical DSC vessel of 

25 l. The three-curve method [12, 13, 15] was used to determine 
the specific heat, with a proprietary temperature variation pro-
gramme [18] used in the study. With the latter, it is possible to 
obtain reliable results of specific heat measurement for both heat-
ing and cooling DSC measurement steps – the so-called linear 
ramps of constant temperature change rate. 

As in the previous case, the test sample with an initial mass of 
10.17 mg was subjected to several cycles of thermal forcing.        
A comparison between the results obtained with the first heating 
cycle and the results obtained in a subsequent measurement, 

after the sample condition had stabilised, is shown in Fig. 3. An 
analysis of the results confirms a supposition that moisture ab-
sorption has a fairly large effect on material properties, at least on 
the metrological scale. The increased specific heat values are 
related to enthalpy changes due to water release. These effects 
subside with subsequent cycles of thermal forcing. The results of 
a repeated measurement show more than a satisfactory agree-
ment with the manufacturer’s data in the comparative temperature 
range (>200 ˚ C). They also confirm the transformation effect 
observed in TG studies at approximately 230 ˚ C.  

Direct test results of specific heat are not very suitable for cal-
culation purposes. For the representation of the temperature 
characteristics and possible conversions, the numerical data were 
therefore processed using splain function approximation proce-
dures [17]. Splain functions allow the irregularity of the waveforms 
to be reproduced for essentially any continuity class. The result of 
the approximation in a graphical form is shown in Fig. 4.  

 
Fig. 4.   Results of DSC (differential scanning calorimetry) 

measurements in the form of specific heat values determined 
for successive heating segments (measurement 1) or heating 
and cooling together (measurement 2).  

3.4. Heat diffusion tests by temperature oscillation 

Both in terms of the applicability of the results and in terms of 
cognitive aspects, research on heat diffusion is key to the project. 
Although the oscillatory excitation method used in this  
research, developed in Ref. [1] and subjected to multiple modifica-
tions [3], is to determine the thermal diffusivity and conductivity of 
the material under investigation, both the scale of the phenomena 
that can be investigated and the research possibilities are much 
larger. Particularly when using linear sweep procedures for the 
temperature range [20], the possibilities for interpreting the result-
ing signal recordings are greatly expanded. From a metrological 
point of view, it is also important to be able to achieve a high 
temperature resolution [19]. 

The ambient atmosphere test stand and test procedures are 
described in Ref. [20] where the method modification was pre-
sented. The measurement system allows thermal diffusivity to be 

measured within the range of 30 ˚C to 60 C and of5 ˚C to 

110 C ,depending on the used coolant and the configuration of 
the measurement head. In this particular case, the authors used a 
different test stand, adapted for testing under conditions reduced 
to technical vacuum and increased to approximately the pressure 
of 15 bar. This system was developed in connection with the study 
of thermal phenomena accompanying the absorption of hydrogen 
by metallic powder deposits [21]. Fig. 5 illustrates a component 
assembly of the pressure system measuring head. The main 
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reason for separating the tests between the two systems is the 
difficulty in separating the effect of temperature changes from the 
effect of pressure changes in the pressure system. 

 
Fig. 5.   Photograph of the measuring chamber (KCi) of the pressure 

system for thermal diffusivity measurement with the test sample 
(Pr), 0.5 mm K-type sheathed thermocouples (T0, T1, T2) and 
the marked connection point of the vacuum pump/gas tubes (PP) 

The results of the behaviour of the microporous structure un-
der varying temperature conditions with repeated thermal forcing 
are shown in Figs. 6 and 7. The illustrations contain the deter-
mined thermal diffusivity values of the so-called amplitude and 
phase. For the measurements, a thermal forcing with a period of 
60 s or 120 s and an amplitude of about 1 K was used. Due to the 
limitations of the present study, the authors will limit the character-
isation of the differences between these values to the information 
that the two values should be equal, provided the model condi-
tions are maintained without a heat loss [1, 3, 20].However, it can 
be emphasised that the Angstrom method is well conditioned 
metrologically. If there are deviations from the adiabaticity of the 
sample, the thermal diffusivity value is still between the calculated 
thermal diffusivity values: amplitude and phase.So, when there 
are heat losses from the edge of the sample, the actual value 
under model conditions is included between the higher phase and 
lower amplitude values [1, 12]. Not only do the boundary heat 
losses cause the discrepancy in results,they can also be caused 
by phase transformations not taken into account in the basic 
model. In the case under consideration, the observed divergence 
effect is probably due to the release of moisture from the porous 
structure under investigation. The phenomenon is intensified 
when the temperature rises. Due to the decreasing vapour pres-
sure and as a result of dehumidification, the effect weakens with a 
decreasing temperature. It is also observed becoming less intense 
in subsequent cycles (Fig. 6). Drying the sample stabilises its 
response to temperature forcing (Fig. 7). The overall results are 
consistent with the TG and DSC findings. 

Clearly, the properties of the porous structure are shaped by 
the properties of the matrix (the structure’s core material) and the 
filling. The influence of the type and pressure of the filling gas on 
the determined thermal diffusivity values is illustrated by the test 
results shown in Figs. 8 and 9. The tests were performed with an 
oscillation period of 60 s and similar amplitude parameters of the 
external oscillatory forcing as in the previous case. The gases 
used for filling, namely helium and dehydrated nitrogen, differ 
significantly in their thermal conductivity values under standard 

conditions. The difference reaches one order of magnitude. How-
ever, the thermal conductivity as well as other thermodynamic 
parameters of nitrogen are similar to those of atmospheric air. In 
order to avoid effects related to moisture sorption, the sample was 
first degassed and then the temperature level of the oscillation 
(test temperature) was set to approximately 18 
conditions, the discrepancies in amplitude and phase values did 
not exceed the level featured in Fig. 7 and the geometric mean 
values of each pair– amplitude value, phase value [1, 20] – were 
chosen to present the results. 

 
Fig. 6.   Amplitude and phase values of the thermal diffusivity of the 

tested structure as a function of temperature for the first two 
temperature forcing cycles (open system) 

 
Fig. 7.   Results of thermal diffusivity tests during the first temperature 

forcing cycles in comparison with the force-time characteristics 

 
Fig. 8.   Effective thermal diffusivity from measurements performed on 

thermally stabilised specimen – without moisture-releasing 
effects 
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Fig. 9.   Geometric mean amplitude and phase values of thermal 

diffusivity obtained in pressure tests at a constant temperature of 

approximately 18 ˚C 

 
Fig. 10. Representation of test results in the pressure chamber with a 

logarithmic scale of the abscissa axis 

Both figures clearly illustrate both the pressure dependence of 

the calculated thermal diffusivity values and the quantitative dif-

ferences for the compared filling gases. At pressures close to 

normal conditions, the test results for nitrogen filling are consistent 

with those obtained in an open system for the same reference 

temperature. With an increase in pressure from approximately 

0.15 bar to 6 bar, the calculated diffusivity values for the He filling 

increased approximately three times and for N2 merely by approx-

imately 40%. It can, therefore, be considered that the conductivity 

properties of the matrix (base) are similar to those of nitrogen and 

are far inferior to those of helium. The data illustrated in Fig. 10 

show asymptotic convergence with decreasing filling pressures. 

The relationship can form the basis for an extrapolative determi-

nation of the properties of the microporous structure itself. Taking 

into account the measurement results obtained in an open sys-

tem, the value of the design diffusivity for this structure can be 

determined to be approximately 9.5·108m2·s1. 

3.5. Analysis of the experimental data 

In addition to each individual characterisation of the research 

results, it is important to emphasise their compatibility. This ap-

plies primarily not only to the effects of moisture sorption found 

with high probability, but also to the irregularity of the thermo-

grams around 230 ˚ C. These phenomena, as well as the results 

of the influence of the atmosphere filling the open micro pore 

structure, should be taken into account both when presenting the 

test results and when developing representative characteristics. 

From the point of view of the formation of the properties of the 

investigated microporous structure, the results of the tests in the 

pressure chamber are important. In this case, it is worth noting the 

relationships shown in Fig. 9 in the context of the contribution of 

gas thermal conductivity, in accordance with relationship [24] 

λ𝑔 =
1

3
ρ𝑔   𝑐𝑉𝑤  𝑙  (6) 

which determines the thermal conductivity of the undiluted gas. 

Since the density of a gas is inversely proportional to pressure 

and the mean free path is directly proportional to pressure [24], 

𝑙 =   
2μ

𝑝
√

π  𝑅  𝑇

8
  (7) 

the thermal conductivity should not depend on the pressure. The 

thermal conductivity decreases with pressure merely in diluted 

gases, which is referred to as the Smoluchowski–Knudsen effect. 

In a porous structure, gas dilution is considered in terms of the 

ratio of the mean free path to the characteristic dimension of the 

object, in this case, the dimension of a single pore. In the transi-

tional area, defined by the following Knudsen number values: 

0,1 < Kn < 10;     Kn =
𝑙

𝐿
  (8) 

Thermal conductivity values change smoothly and the effect of 
this can be seen in the results of the thermal diffusivity measure-
ments illustrated in Figs. 8 and 9 in view of relation (2). If the 
microstructure distribution were characterised by monodispersity, 
meaning equal pore dimensions, the above relationships canbe 
used to estimate the characteristic pore dimension. Due to the 
polydispersity of the examined structure, topological fuzziness is 
superimposed on the transitional range of the physical model and 
the issue of evaluating the characteristic dimensions becomes 
significantly complicated. Nevertheless, one aspect that does not 
need to be considered is the matter of estimating the minimum 
distances between the elements of the microstructure. The failure 
of the design values of thermal diffusivity to stabilise at a constant 
level along with an increase in pressure means that, for some part 
of the structure, the investigated heat transport phenomena in the 
gas phase still remain in the transient range. 

As mentioned earlier, great care must be taken when deter-
mining representative characteristics, as well as when using the 
results of heat diffusion tests to determine the resultant or appar-
ent thermal conductivity. However, since the effect of gas density 
on mass proportions of the homogenisation relationship on cp (3) 
is negligible, and also the contributions of the gas phase to the 

resultant density  (3) are small, one may attempt to determine 
representative temperature relationships of the three key parame-
ters characterising transient heat transfer for the thermally non-
stabilised state: specific heat, thermal diffusivity and thermal 
conductivity. The results of the relevant calculations are shown in 
Tab. 2. To determine the value of the apparent thermal conductivi-
ty expressed by relationship (2), a constant density value of 316 

kg·m3, the numerical values of the approximation characteristic of 
the specific heat (see Fig.4) and the linear regression relationship 
of mean geometric diffusivity results from Fig. 7 have been used. 
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Tab. 2.  Computational temperature characteristics of the thermo-   
physical properties of the Promalight®-1000R microstructure for 
the thermally stabilised state 

t (C) cp(Jg–1K–1) a(mm2s1) (mWm1K1) 

0 0.681 0.0968 20.8 

20 0.718 0.0967 21.9 

40 0.753 0.0965 23.0 

60 0.786 0.0964 23.9 

80 0.817 0.0960 24.8 

100 0.845 0.0960 25.7 

120 0.872 0.0959 26.4 

4. CONCLUSIONS 

In the light of the detailed conclusions presented in this paper 
and the results of the development of the measurement data, it is 
a truism to claim that they all prove the need for comprehensive 
testing even when attention is focussed on one selected material 
characteristic. This is because the complementarity of research 
results allows for proper identification and evaluation of possible 
off-model phenomena and effects. This is particularly relevant for 
material structures. 

From a methodological point of view, the issue of the correct 
choice of a method for determining a given property is also im-
portant, especially when the property in question cannot be re-
duced to the category of a real property but is determined in an 
indirect manner. In this case, it refers to thermal conductivity. It is 
also necessary to properly present the result of the research, 
highlighting possible effects conditioned by structural heterogenei-
ty or complexity and coupling of phenomena. In defining repre-
sentative characteristics, it is appropriate to define the reference 
condition. 

When summarising the test results of the insulating mi-
croporous structure of Promalight®-1,000R, it can be concluded 
that they are largely in line with the manufacturer’s declaration 
(see Tabs. 1 and 2). The research itself, however, provides a pre-
text for evaluating the used methods and procedures, later ex-
ploited for other tasks of the project. It is also interesting to con-
firm the previously demonstrated capabilities of the oscillatory 
excitation method and the pressure measurement system [21] for 
research beyond the strict boundaries of practical applications. 
 

NOMENCLATURE 

a thermal diffusivity 

(m2s
1)/(mm2s

1) 

 Subscripts 

cp specific heat (Jg
1K

1) 0 initial state / RT 

h specific enthalpy (Jkg
1) a front surface temperature 

g  am Amplitude 

Kn Knudsen number cd conduction 

l average free path (m) cv convection 

L characteristic dimension 

(m) 

g gas 

m weight (kg) i component indication 

p pressure (bar) p constant pressure 

q heat related to unit mass 

(Jkg
1) 

ph phase 

r volume share (/%) r radiation 

R individual gas constant 

(Jg
1K

1) 

s1-

s3 

rear surface temperature 

from thermocouples 

T temperature (K) th rear surface from IR 

camera 

t temperature (C)   

u specific internal energy 

(Jkg
1) 

 Abbreviations 

V volume (m3) Dil Dilatometry 

w average velocity of the 

gas molecule (ms
1) 

DMA Dynamic Thermome-

chanical Analysis 

 linear thermal expansion 

(K
1) 

DSC Differential Scanning 

Calorimetry 

 relative expansion i.e. 

mmm
1) 

DTG Differential Thermogra-

vimetry 

 thermal conductivity 

(Wm
1K

1) 

LFA Laser Flash Analysis 

 dynamic viscosity (Pas) RT Room Temperature 

 density (kgm
3) TG Thermogravimetry 

 time (s)   
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Abstract: This paper demonstrates the importance of a proper contact algorithm selection when a constitutive model is correlated  
and validated, especially in the case of brittle materials. A parametric study is carried out to study the influence of contact parameters  
on the outcomes of the numerical simulations of a dynamic compression test. The split Hopkinson pressure bar (SHPB) model  
is developed, and sandstone rock is considered as a representative material having considerably different properties compared to SHPB 
bars. The finite element method (FEM) and smoothed particle hydrodynamics (SPH) were used to simulate specimen behaviour using  
a LS-Dyna solver. Two contact types based on the penalty method are analysed: nodes to surface (FEM and SPH) and surface to surface 
(FEM only). Furthermore, three approaches of contact stiffness calculation are used for each contact type. The waveform data and failure 
patterns are then compared among all simulated cases and the corresponding experimental outcomes. It is found that the soft constraint 
stiffness (SOFT = 1) provides the best outcomes, especially in the case of one-way contact, and is nearly insensitive to stiffness scaling 
parameters. By contrast, standard (SOFT = 0) and segment-based (SOFT =2) approaches require a substantial effort in adjusting  
the stiffness scaling parameters to obtain satisfactory results. This paper provides valuable guidance for correlating and validating  
parameters of constitutive models for rock and other brittle materials in the SHPB test. 

Key words: JH-2 constitutive model, sandstone, rock, SHPB, LS-DYNA 

1. INTRODUCTION 

Brittle materials, such as concrete, rocks or ceramics, have 
been extensively studied over the last years (1-11) (1, 2, 11, 3–
10). In the case of dynamic problems, two main loadings scenari-
os can be distinguished: blast and dynamic impacts. The scholars 
mainly investigate the engineering structures of various applica-
tions made of these materials using experimental techniques (12–
16). However, over the last two or three decades the numerical 
modelling has been found to be very effective in supporting the 
laboratory and field tests (17–21). The credibility of the computa-
tional simulations depends on an efficient numerical model that 
provides a reproduction of a simulated phenomenon as close as 
possible to the real-world data. 

One of the basic experiments to investigate the dynamic brittle 
material properties is the split Hopkinson pressure bar (SHPB) 
test, which generates a high strain rate compression loading (22, 
23). The mechanical properties of various types of brittle materials 
have been widely investigated using the SHPB setup. These 
studies include rocks (24–26), concrete (10, 27, 28), glass (29) or 
ceramics (30). Considering the complexity of the dynamic condi-
tions to which the tested material is subjected, numerical methods 
are extremely useful for providing better insights in the material 
behaviour and associated failure processes during the SHPB test. 
However, a high-fidelity constitutive modelling and a validated 
numerical model are needed to provide information that will be 
useful for the understanding of material failure phenomena. Nota-
bly, the SHPB setup is a first-choice experiment to be reproduced 

using numerical tools to correlate the selected constitutive model 
in dynamic conditions, which is then used in subsequent simula-
tions of a material subjected to complex dynamic loadings such as 
blasts or impacts. The selected constants of a constitutive model, 
usually responsible for strength enhancement and damage, are 
modified and adjusted until a proper correlation with failure pattern 
of the specimen (31–34) waveform data, consisting of stress vs. 
strain curve and/or transmitted and reflected pulses (23, 35, 36), 
is achieved. Certainly, physical properties of the material de-
scribed using specific constants of the constitutive model affect 
the results. However, other elements can also drastically influence 
the response of a discretised material specimen, among which the 
mesh properties and simulations parameters should be men-
tioned. These data are usually described in the referenced pa-
pers; however, many of the studies do not show detailed infor-
mation about the numerical models in terms of the contact model-
ling as the sample-bar interface conditions can heavily affect 
obtained results, a situation similar to the case of real-world tests. 
General information regarding contact type or friction properties is 
not enough since the numerical procedures responsible for con-
tact calculations can have a drastic impact on the numerical simu-
lation outcomes. 

Compared with previous studies of SHPB numerical simula-
tions of concrete, rock or other brittle materials (23, 31, 40, 41, 
32–39), the scientific and novel aspect of this paper includes a 
detailed presentation of contact parameters’ effect on the brittle 
specimen response in the SHPB numerical simulations. Thus, the 
presented paper aims to fill the abovementioned gap between the 
correlation of constitutive model parameters and verification of 
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other aspects of numerical modelling, including especially contact 
definition. Due to the interlinks mentioned above, the lack of such 
information raises questions about the validity of the derived 
constitutive parameters. The numerical simulations are based on 
the SHPB methodology presented earlier (27, 42). During experi-
mental tests a lubricant and polyester foil were used between the 
specimen and the bars to minimise friction; thus, it was neglected 
both in calculations and theoretical problem description. To make 
conclusions more general, two different numerical techniques are 
used for the study: Finite Element Method (FEM) and Smoothed 
Particle Hydrodynamics (SPH). Both methods are utilised to simu-
late rock behaviour, but from the point of view of the algorithms 
describing a continuum, these methods are completely different 
(see Sections 2.2 and 2.3). For the both methods, the Johnson–
Holmquist ceramics (JH-2) model proposed by Timothy Johnson 
and Gordon Holmquist (4, 8, 43–50) was used, which has been 
widely adopted to simulate various dynamic loading problems (4, 
7, 43–48). The parameters have been determined for a selected 
sandstone using a methodology presented in previous papers (42, 
51). The model was validated under various stress conditions 
using the simulations of single-elemental tests, SHPB test, drop-
weight impact tests, blast tests and projectile impact tests. The 
results of these simulations are not included in this study and they 
will be available in a forthcoming publication (52). The present 
study mainly aimed to demonstrate a need to correlate both con-
stitutive model and contact procedure parameters, because both 
of these have a significant impact on the obtained numerical 
results.  

The remainder of this article is structured as follows. In Sec-
tion 2, the problem is formulated and the numerical modelling, 
including theoretical backgrounds of the FEM and SPH methods, 
contact definitions and constitutive model parameters as well as 
simulated cases, are described; Section 3 presents the study’s 
results and their discussion, where the waveform data and failure 
patterns are analysed for different contact parameters; and Sec-
tion 4 presents the conclusions. 

2. PROBLEM DESCRIPTION 

The SHPB setup is a very popular experimental test used to 
evaluate mechanical properties of materials under dynamic condi-
tions and it is widely used in correlation and/or validation of the 
selected constitutive model for simulated material. Therefore, the 
authors decided to investigate the problem of the contact parame-
ters’ influence on the results based on this setup to highlight the 
importance of not restricting the tuning-up to parameters of the 
constitutive model only. The numerical studies are conducted 
using the commercially available explicit LS-Dyna code. The 
choice was made based on the popularity of this particular code 
among researchers modelling SHPB tests. At the same time, 
contact procedures implemented in LS-Dyna are representative of 
the algorithms used in a majority of software packages based on 
FEM that are named as a numerical simulation tool in articles 
presenting investigations on rock-like materials. Especially, con-
tact procedure steering parameters are typical (although they can 
have different names). 

This section also contains a short description of the numerical 
techniques underlying the presented research. Since the theory of 
these techniques is well-known, the authors provide only the brief, 
vital information, supported by widely accepted references. 

 

2.1. SHPB setup and model definition 

To achieve this goal, a representative numerical model of the 
real-world SHPB setup was developed. In the actual SHPB appa-
ratus, the following main components can be distinguished: an air 
gun system; incident, transmitted and striker bars; velocity meas-
urement system; and data acquisition system. The three bars 
were made of steel C45 and had diameters of 40.0 mm. During 
tests, a lubricant and polyester foil were used to minimise friction 
between the bars and the specimen as much as possible. The 
effectiveness of this concept has already been demonstrated in 
previous studies (42, 53). 

In all simulated cases, it was decided to model a full 3D SHPB 
setup with the correspondent conditions with the experiments, 
with the following assumptions: 
− The simulated test procedure is highly dynamic in its nature; 

thus, the analyses were conducted within time domain (transi-
ent analyses) using explicit time integration scheme with the 
implementation of an explicit LS-Dyna commercial hydrocode 
with multiparallel processing (MPP) (54–57). 

− Only the bars with the specimen inserted between them were 
assumed while developing the finite element (FE) model 
based on the experimental setup. The other components were 
not included in the numerical modelling. Furthermore, to initial-
ise a stress wave in the incident bar, a pressure load corre-
sponding to the incident wave from the experiments was ap-
plied. 

− The bars were represented using fully integrated hexagonal 
elements with a mesh size of 1.0 mm at the bar ends interact-
ing with the specimen, while a larger element size was adopt-
ed for the remaining parts of the incident and transmission 
bars. 

− As stated before, the specimen was modelled using two ap-
proaches: FEM and SPH. For both methods, the same grid 
size was considered, i.e. the average size of FE and the dis-
tance between the particles equal to 1.0 mm. 

− The friction plays a significant role in FE predictions of the 
material response in SHPB tests. However, frictionless inter-
action was assumed between the bars and the specimen 
since polyester foil and lubricant were used in the SHPB ex-
periments. 

 
Fig. 1.  (a) Scheme of the experimental SHPB setup and corresponding    
             numerical model with  (b) FEM specimen ann (c) SPH specimen 
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The laboratory setup and corresponding numerical models 
with Lagrangian and SPH representations of the specimen are 
presented in Fig. 1. 

2.2. FEM modelling 

In the field of solid mechanics, displacement-based FEM is 
currently the most widely used tool for solving Partial Differential 
Equations (PDEs). This comes from a few features characterising 
this method and the fact that its development was parallel in time 
with the rapid growth of computer hardware capabilities. The very 
basic idea of the method, which is to change PDE into a system of 
linear equations, allows us to adopt linear algebra techniques to 
obtain an approximate solution to the given problem. Easy algo-
rithmising of linear algebra routines allowed development of ro-
bust and very efficient software packages. Increasingly easier 
access to hardware capable of handling real-live problems made 
this technique the most popular tool for engineering analysis. The 
FEM, as a very mature and popular method, has an extraordinari-
ly rich bibliography. Starting with the classic work of Zienkiewicz 
(58), one can also mention the detailed lecture by Bathe (59), and 
many others (60–62). The governing equation of displacement 
FEM is the weak form of the minimum total potential energy prin-
ciple: 

𝛿𝛿Π = ∫ 𝛿𝛿ε𝑇𝑇σdΩΩ − ∫ 𝛿𝛿𝐮𝐮𝑇𝑇𝐛𝐛dΩΩ         
∫ 𝛿𝛿𝐮𝐮𝑇𝑇𝐅𝐅 dΓΓ + ∫ 𝜌𝜌𝜌𝜌𝐮𝐮𝑇𝑇𝐮̈𝐮dΩΩ = 0           (1) 

where Ω denotes the volume of the body, Γ the surface of the 
body, F the vector of external forces acting on a body, u the dis-
placement vector, b the vector of mass forces (acting on specific 
volume), σ the stress tensor, ε the strain tensor and Π the total 
energy of a body. 

The solution of Eq. (1) indicates that one must find the dis-
placement vector of all nodes (deformed shape of a body) fulfilling 
the equation. To solve the equation using FEM, the domain Ω 
(body of interest) is divided into subdomains (elements), connect-
ed to each other at corners (nodes). The movement of each cor-
ner within the subdomain is related to the movement of other 
corners via known, predefined, functions (shape functions). All 
these steps follow the idea of the Ritz method (63) and are re-
quired to approximate the integra-differential equation Eq. (2) by 
the system of algebraic equations that can be presented in matrix 
form as follows: 

𝐌𝐌𝐮̈𝐮 + 𝐃𝐃𝐮̇𝐮 + 𝐊𝐊𝐊𝐊 = 𝐅𝐅 (2) 

where M denotes the mass matrix, D the damping matrix and K 
the stiffness matrix. 

Time integration of Eq. (2) is conducted using the central dif-
ference method utilising the following differential operators: 

𝐮̈𝐮𝑛𝑛 = 1
Δ𝑡𝑡𝑛𝑛

(𝐮̇𝐮𝑛𝑛+1 − 𝐮̇𝐮𝑛𝑛−1)                                                       (3) 

𝐮̇𝐮𝑛𝑛+
1
2 = 1

Δ𝑡𝑡
𝑛𝑛+12

(𝐮𝐮𝑛𝑛+1 − 𝐮𝐮𝑛𝑛)                                        (4) 

In the central difference method only a diagonal matrix of 
mass is inverted, which is one of the major advantages of this 
method. 

 
 

2.3. SPH modelling 

Despite its popularity, FEM has its limitations. Loss of material 
continuity, multi-scaling, large distortion of elements and high 
gradients variation are on the top of such difficulties. Therefore, 
new methods capable of overcoming these problems are con-
stantly sought and developed. One such new method, or rather 
family of methods, is the meshless approach. As the name sug-
gests, the biggest advantage of these methods is a lack of mesh. 
Probably the oldest of the meshless methods is SPH. 

SPH is a meshfree method that originated in 1977 for astro-
physics applications. A detailed description of SPH is shown in the 
study of Gingold and Monaghan (64), as well as in the study of Liu 
and Gu (65) and that of Liu and Liu (66), to mention the most 
popular sources. In short, description of continuum with the SPH 
uses conservation equations of mass, momentum end internal 
energy as the governing equations: 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜌𝜌 ∂𝑣𝑣𝑖𝑖
∂𝑥𝑥𝑖𝑖

;     𝑑𝑑𝑣𝑣𝑖𝑖
𝑑𝑑𝑑𝑑

= 1
𝜌𝜌

∂𝜎𝜎𝑖𝑖𝑖𝑖
∂𝑥𝑥𝑗𝑗

;     𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜎𝜎𝑖𝑖𝑖𝑖
𝜌𝜌

∂𝑣𝑣𝑖𝑖
∂𝑥𝑥𝑗𝑗

               (5) 

where s denotes stress, v velocity, ij indexes of components and 
E internal energy. 

Eqs. (5) are solved by interpolation of a given value of function 
<f> (i.e., density, velocity, energy, etc.) in a given point based on 
the known value of this function in surrounding points (particles) 
using the following formula: 

< f > (𝐱𝐱𝑝𝑝) = ∑ f(𝐱𝐱𝑞𝑞)W(𝐱𝐱𝑝𝑝 − 𝐱𝐱𝑞𝑞 , ℎ)𝑁𝑁
𝑞𝑞=1  𝛥𝛥𝑉𝑉𝑞𝑞                       (6)  

where <f> denotes the function, x the vector defining particle 
position, p,q the indexes denoting different particles, W the kernel 
function and h the maximum distance between particles (smooth-
ing length). Application of Eq. (6) to the laws of conservation leads 
to the following set of equations that constitute the set of basic 
equations used to model continuum with SPH: 
∂𝜌𝜌𝑝𝑝
∂𝑡𝑡

= ∑ 𝑚𝑚𝑞𝑞𝑣𝑣𝑝𝑝𝑝𝑝
∂𝑊𝑊𝑝𝑝𝑝𝑝
∂𝑥𝑥𝑝𝑝

𝑁𝑁
𝑞𝑞=1 ,

∂𝑣𝑣𝑝𝑝
∂𝑡𝑡

= ∑ 𝑚𝑚𝑞𝑞 �
𝜎𝜎𝑝𝑝
𝜌𝜌𝑝𝑝2

+ 𝜎𝜎𝑞𝑞
𝜌𝜌𝑞𝑞2
� ∂𝑊𝑊𝑝𝑝𝑝𝑝

∂𝑥𝑥𝑝𝑝
,𝑁𝑁

𝑞𝑞=1

∂𝐸𝐸𝑝𝑝
∂𝑡𝑡

= ∑ 𝑚𝑚𝑞𝑞
𝜎𝜎𝑝𝑝𝜎𝜎𝑞𝑞
𝜌𝜌𝑝𝑝𝜌𝜌𝑞𝑞

𝑣𝑣𝑝𝑝𝑝𝑝
∂𝑊𝑊𝑝𝑝𝑝𝑝
∂𝑥𝑥𝑝𝑝

𝑁𝑁
𝑞𝑞=1 .

                                        (7) 

where m denotes the mass of particle and N the number of parti-
cles within smoothing length. 

In the presented simulations, the Lagrangian type of kernel W 
was used (i.e., representation of the function is formulated in 
material coordinates and thus the number of particles within the 
support domain is constant). Furthermore, the bulk viscosity coef-
ficients were set as Q1 = 1.5 and Q2 = 1.0, since default values 
for the artificial bulk viscosity are not appropriate when SPH parti-
cles are used in such dynamic problems as the SHPB compres-
sion test (67, 68). 

2.4. Constitutive modelling 

The bars were assumed to have elastic properties of steel 
with the following properties: Esteel = 210 GPa, vsteel = 0.3 and  
ρsteel = 7,850 kg/m3. The sandstone rock was simulated using the 
JH-2 model with the parameters determined using single-element 
tests, followed by structural simulations of quasi-static and dynam-
ic tests characterised by different loading conditions and stress 
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state complexities. The results of these simulations are not in-
cluded in this study and they will be available in a forthcoming 
publication (52). The JH-2 parameters that were determined for 
the sandstone are presented in Tab. 1. 

Tab. 1. Material properties for the JH-2 constitutive model for sandstone 
Parameter Value Unit 
Density, ρ 2350.0 kg/m3 

Poison’s ratio, v 0.21 - 
Bulk modulus, K1 3735.6 MPa 
Shear modulus, G 2686.0 MPa 
Elastic modulus, E 6500.0 MPa 

Hugoniot elastic limit, HEL 1982.0 MPa 
HEL pressure, PHEL 1374.0 MPa 

Maximum tensile strength*, T 8.0 MPa 
Intact strength coefficient, A 0.71 - 

Fractured strength coefficient, B 0.30 - 
Strain rate coefficient, C 0.022 - 

Intact strength exponent, N 0.55 - 
Fractured strength exponent, M 0.40 - 

Bulk factor, β 1.0 - 
Damage coefficient, D1 0.002 - 
Damage coefficient, D2 1.20 - 

Pressure coefficient 2, K2 9000.0 MPa 
Pressure coefficient 3, K3 22000.0 MPa 

Maximum normalised fracture 
strength, σ*max 0.25 - 

*Value should be adjusted based on mesh size. 

2.5. Contact modelling 

Numerical procedures responsible for resolving the so-called 
contact problem work independently of the procedures responsi-
ble for finding a solution for the governing problem of a given 
numerical method (e.g., in case of FEM, displacement field ful-
filling principle of minimum potential energy and thus state of 
equilibrium between external and internal forces). The outcome of 
contact procedures is comprised of forces acting between inter-
acting bodies and kinematic contact conditions. In the solution of 
equilibrium problem, the former are treated as additional external 
load and the latter as additional support (additional boundary 
conditions). 

In its essence, most of the contact algorithms used today are 
based on two most principal elements: procedures evaluating the 
distance between contacting bodies and procedures responsible 
for calculating contact forces. While there are many variations of 
the above, their outcome is directly responsible for the results of 
contact simulation. Detailed descriptions of contact procedures 
can be found in the literature (69–71). 

Although several kinds of contact kinematics procedure are 
discussed in the literature, all of them rely on the tools provided by 
differential geometry to ascertain the distance between a point on 
one body and the projection of this point on an opposite body. In 
the classical implementation, the user must distinguish two con-
tacting bodies by pointing out the so-called “master body” and 
“slave body”. Then pairs of points on the “slave” and correspond-
ing areas (called segments) on the “master” are found. Once such 
a pair is found, the distance between the point belonging to the 

slave body and its projection on the segment belonging to the 
master body is found. Schematics of the problem are shown in 
Fig. 2, where rs denotes a point on the slave body, Γm is the seg-
ment on the master body and ρ is the perpendicular projection of 
rs on Γm. 

 
Fig. 2. Scheme of the contact problem in numerical codes 

The projection point of the current position of rs is defined as: 

𝑟𝑟𝑠𝑠−𝜌𝜌(𝜉𝜉�⬚1 ,𝜉𝜉�⬚2)

�𝑟𝑟𝑠𝑠−𝜌𝜌(𝜉𝜉�⬚1 ,𝜉𝜉�⬚2)�
⋅ 𝐚𝐚�𝛼𝛼(𝜉𝜉⬚̅1 , 𝜉𝜉⬚̅2) = 0                                        (8) 

where α = 1,2; 𝐚𝐚�𝛼𝛼(𝜉𝜉⬚̅1 , 𝜉𝜉⬚̅2) are the tangent covariant base 
vectors at projection point: 

𝐚𝐚�1 = ∂𝜌𝜌(𝜉𝜉∗)
∂𝜉𝜉⬚1

�
𝜉𝜉⬚1=𝜉𝜉

∗
⬚1 ,𝜉𝜉⬚2=𝜉𝜉

∗
⬚2

        

 𝐚𝐚�2 = ∂𝜌𝜌(𝜉𝜉∗)
∂𝜉𝜉⬚2

�
𝜉𝜉⬚1=𝜉𝜉

∗
⬚1 ,𝜉𝜉⬚2=𝜉𝜉

∗
2

                                  (9) 

Knowing the position of rs and ρ allows us to define the dis-
tance between them and thus the distance between a point on the 
slave body and the surface of the master body: 

𝑔𝑔𝑁𝑁 = [𝑟𝑟𝑠𝑠 − 𝜌𝜌(𝜉𝜉∗)] ⋅ 𝐧𝐧�                                                     (10) 

where 𝐧𝐧� refers to the normal to the master face Γm at point ρ: 

𝐧𝐧� = 𝐚𝐚�1×𝐚𝐚�2
‖𝐚𝐚�1×𝐚𝐚�2‖

                                                                     (11) 

Knowing the distance gN contact kinematic procedure allows 
us to define the kinematic contact conditions, as the following: gN 
= 0 denotes contact, gN > 0 no contact and gN < 0 penetration. 

The above approach can be used in a few different ways. 
When the contact kinematics procedure follows the above de-
scription, it is called a “node to segment” approach, sometimes 
also denoted as a “one-way contact treatment”. The other often-
used approach is to apply the above procedure twice, changing 
slave with master. These kinds of algorithms are called “surface to 
surface” or “two-way treatment”. Finally, in the approach called 
“segment to segment”, areas of potential contact are selected on 
both contact bodies, and then auxiliary points are created on 
these segments and the distance between the segments is evalu-
ated using each of these auxiliary points. 

In the second stage of the solution of the contact problem, 
contact forces are determined. This can be done under the as-
sumption that the following conditions are fulfilled on the contact 
surface: 
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0; 0; 0N N N Ng gσ σ≥ ≤ =                                       (12) 

where gN denotes the distance between the contacting bodies, 
and σN the normal contact stress. 

Such conditions define optimality conditions known as Karush-
Kuhn-Tucker (KKT) conditions. These are necessary and suffi-
cient conditions for a local minimum in nonlinear programming 
problems. In case of contact problem, optimisation is used to find 
contact forces fulfilling Eq. (12). Depending on how σN  is calculat-
ed, several different methods of solving the contact problem are 
distinguished; among these, one of the most popular is the so-
called penalty method, where the value of contact force in the 
given node is proportional to the value of the penetration of this 
node. 

N F NF k g=                                                                      (13) 

where FN denotes normal contact force, and kF the penalty coeffi-
cient. 

Eq. (13) clearly shows the concept of penalty function ap-
proach, but real-world implementations are slightly different. To 
help the procedure to find the optimum of the KKT problem, FEM 
programs usually calculate preliminary contact stiffness based on 
local stiffness of the numerical model and the user can adjust this 
preliminary value using correction coefficients. In the presented 
paper, the following three approaches of calculation of contact 
stiffness available in LS-Dyna software package are compared: 

Normal stiffness derivation with SOFT = 0 (a representative 
equation for brick elements): 

                                                     (14) 

where fs denotes the scaling factor (SLSFAC) provided by a user 
(0.1 is a default value), K the bulk modulus of the material of 
contacting elements, A the area of a segment and V the volume of 
element containing that segment. 

Soft constraint stiffness derivation with SOFT =1.  
An alternate way to calculate contact stiffness is to use the 

stability contact stiffness, ksp, and the same is derived as follows: 

                                      (15) 

where fsp denotes the user-defined scaling factor (SOFSCL) for 
the SOFT = 1 formulation, m* the function of the mass of the slave 
nodes and master nodes and Δtc the initial time step. 

Parameter ksp is calculated based on masses of the nodes in 
contact and on the Courant’s stability criterion of the maximum 
time step in transient explicit analyses. Then, the maximum value 
of the contact stiffness calculated using Eqs (14) and (15) is taken 
as follows: 

{ }1 max ,SOFT sp Fnormalk k k= =                                       (16) 

Segment-based stiffness derivation with SOFT = 2. 
A third option is to apply a segment-based contact, which is 

similar to the soft constraint option with SOFT = 1; however, in this 
case, segment masses are used rather than nodal masses. Fur-
thermore, when SOFT = 2 is activated, the 𝑑𝑑𝑑𝑑 is updated only 
when the solution time step grows by more than 5%. The stiffness 
in this case is calculated as follows: 

2

1 2

1 2

10.5 or
( )sp s

c

SFS
m mk f

m m t t
SFM

 
   = ⋅ ⋅ ⋅    

+ ∆    
 

                      (17) 

where SFS and SFM denote scale factor on default slave and 
master penalty stiffness, respectively, and m1 and m2  the masses 
of the segments in contact. 

Based on the aforementioned discussion, the application of 
contact stiffness parameters can be summarised as follows: 
− SFS and SFM are the penalty scale factors of slave and 

master bodies to modify the contact stiffness. 
− SLSFAC can scale up or down the contact stiffness, when 

SOFT = 0 or SOFT = 2 is used; therefore, the actual scale fac-
tor in these cases is the product of SFS or SFM and SLSFAC. 

− SOFSCL, fSP, the user defined scaling factor influences the 
contact stiffness only if SOFT = 1 is used and SLS, SFM and 
SLSFAC have no effect on the penalty contact stiffness. 
In Tab. 2, a summary of the contact stiffness calculations us-

ing different approaches is shown. Based on these considera-
tions, several cases using the numerical model of the SHPB setup 
with the FEM and SPH representation of the sandstone specimen 
were simulated (Section 2.6 can be referred to for more details) to 
analyse the influence of parameters of contact procedure on the 
obtained results. 

Tab. 2. Summary of contact parameters available in LS-Dyna code 

Type of 
contact 

Contact 
stiffness 
formula-

tion 

SFS/ 
SFM 

SLS
FAC 

SOF-
SCL 

Stiffness  
scaling  
factor  

calculation 

Nodes 
to 

surface 

SOFT = 0 + + - SLSFAC*SFS/ 
SFM 

SOFT = 1 - - + SOFSCL 

SOFT = 2 + + - SLSFAC*SFS/ 
SFM 

Surface 
to 

surface 

SOFT = 0 + + - SLSFAC*SFS/ 
SFM 

SOFT = 1 - - + SOFSCL 

SOFT = 2 + + - SLSFAC*SFS/ 
SFM 

2.6. Description of contact parametric study 

In the presented study, the influence of different contact kine-
matics algorithms (nodes to surface (NS), surface to surface (SS)) 
and different stiffness scaling parameters on the results of simula-
tion of the dynamic compression test is analysed. Combinations of 
these parameters are summarised in detail in Tab. 3 and Tab. 4. 

For the FEM method, two types of contact were considered: 
NS and SS, whereas for the SPH method only the NS contact was 
employed. 

In case of the NS contact (FEM and SPH), three main group 
of tests can be distinguished. In the first group, with the SOFT = 1 
method of contact stiffness derivation, default values of SLSFAC, 
SFS and SFM were used since in this case they do not have any 
effect on the resultant stiffness. In this group of tests, the SOFSCL 
was modified in each test. Next, the SOFT = 0 method was ana-
lysed in two steps, in which the SFS/SFM were modified firstly, 
and the other parameters have the same values in each test, 

2
s

F Fnormal
f KA

k k
V

= =

2
10.5 *
( )sp sp

c

k f m
t t

 
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which was then followed by the analysis of different values of 
SLSFAC while SFS/SFM = 0.3 and SOFSCL = 0 remained un-
changed. As shown in Tab. 2, when SOFT = 0 is enabled, the 
actual stiffness scale factor is the product of SFS/SFM and 
SLSFAC; thus, different values of these parameters and the re-
sultant stiffness values were studied and discussed. 

Tab. 3. Contact stiffness parameters analysed in the SHPB setup using         
NS method for contact kinematics in FEM and SPH 

Test no. SOFT SLSFAC SOFSCL SFS SFM 
NS_S1_1 

1.0 

Default 
0.1 
(no 

effect) 

0.1 

Default 
1.0 

Default 
1.0 

NS_S1_2 0.3 
NS_S1_3 0.5 
NS_S1_4 0.7 
NS_S1_5 1.0 
NS_S1_6 2.0 
NS_S1_7 5.0 
NS_S1_8 7.0 
NS_S0_1 

0.0 Default 
0.1 

0.0 
(no 

effect) 

0.1 0.1 
NS_S0_2 0.3 0.3 
NS_S0_3 0.5 0.5 
NS_S0_4 0.7 0.7 
NS_S0_5 1.0 1.0 
NS_S0_6 2.0 2.0 
NS_S0_7 5.0 5.0 
NS_S0_8 7.0 7.0 
NS_S0_11 

0.0 

0.1 

0.0 
(no 

effect) 

Default 
1.0 

Default 
1.0 

NS_S0_12 0.3 
NS_S0_13 0.5 
NS_S0_14 0.7 
NS_S0_15 1.0 
NS_S0_16 2.0 
NS_S0_17 5.0 
NS_S0_18 7.0 

In the case of SS contact, identical contact stiffness factors 
were used as for the cases presented in Tab. 3. However, two 
additional stages were also considered to study an effect of the 
SOFT = 2 option, with the same values of stiffness scale factors 
considered as in the simulations using NS contact. Therefore, with 
this option the parametric study of SFS and SFM values with the 
default SLSFAC was conducted, together with consideration of 
the fact of the study of SLSFAC and SFS/SFM remaining un-
changed. 

Tab. 4.  Contact stiffness parameters analysed in the SHPB setup using 
SS method for contact kinematics in FEM 

Test no. SOFT SLSFAC SOFSCL SFS SFM 
SS_S1_1 

1.0 

Default 
0.1 
(no 

effect) 

0.1 

Default 
1.0 

Default 
1.0 

SS_S1_2 0.3 
SS_S1_3 0.5 
SS_S1_4 0.7 
SS_S1_5 1.0 
SS_S1_6 2.0 
SS_S1_7 5.0 
SS_S1_8 7.0 

SS_S0_1 

0.0 Default 
0.1 

0.0 
(no effect) 

0.1 0.1 
SS_S0_2 0.3 0.3 
SS_S0_3 0.5 0.5 
SS_S0_4 0.7 0.7 
SS_S0_5 1.0 1.0 
SS_S0_6 2.0 2.0 
SS_S0_7 5.0 5.0 
SS_S0_8 7.0 7.0 
SS_S0_11 

0.0 

0.1 

0.0 
(no effect) 

Default 
1.0 

Default 
1.0 

SS_S0_12 0.3 
SS_S0_13 0.5 
SS_S0_14 0.7 
SS_S0_15 1.0 
SS_S0_16 2.0 
SS_S0_17 5.0 
SS_S0_18 7.0 
SS_S2_1 

2.0 Default 
0.1 

0.0 
(no effect) 

0.1 0.1 
SS_S2_2 0.3 0.3 
SS_S2_3 0.5 0.5 
SS_S2_4 0.7 0.7 
SS_S2_5 1.0 1.0 
SS_S2_6 2.0 2.0 
SS_S2_7 5.0 5.0 
SS_S2_8 7.0 7.0 
SS_S2_11 

2.0 

0.1 

0.0 
(no effect) 

Default 
1.0 

Default 
1.0 

SS_S2_12 0.3 
SS_S2_13 0.5 
SS_S2_14 0.7 
SS_S2_15 1.0 
SS_S2_16 2.0 
SS_S2_17 5.0 
SS_S2_18 7.0 

3. RESULTS AND DISCUSSION 

3.1. Experimental SHPB tests 

The representative stress–strain characteristics of the three 
tests with strain rates of 80 s−1, 110 s−1 and 240 s−1 are shown 
in Fig. 3a, for which the stress equilibrium in the specimen was 
achieved (Fig. 3b). For the purpose of the present study, the 
SHPB test with a middle strain rate of 110 s−1 was selected for 
studying the contact parameters’ influence on the results. Fig. 3c 
presents waveform data, and Fig. 3d presents an exemplary 
specimen failure. Notably, these data were further used for analy-
sis of the results in the present study. 

The waveform data obtained in the SHPB experiment and 
numerical simulations were compared to analyse the influence of 
the contact parameters on the sandstone response. Both the 
transmitted and reflected characteristics represent a response of 
the tested material, since ultimately the stress vs. strain curve is 
directly obtained on their basis. Results are grouped with respect 
to different contact kinematics approaches (NS, SS). For each 
kinematics, the influence of the scaling factor of contact force is 
presented and discussed. The results are represented using 
waveform data, failure pattern and force values obtained for each 
case. 
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Fig. 3.   Dynamic response of the sandstone tested using the SHPB  setup; (a) stress vs. strain curves, (b) stress equilibria in three SHPB tests,  

(c) transmitted and reflected waves from the test at a strain rate of 110 s−1 and (d) representative specimen failure. 

3.2. One-way contact (NS) 

3.2.1. FEM: NS contact with SOFT = 1 

In the first set of tests, the algorithm deriving contact stiffness 
was set to stabilise contact procedure (SOFT = 1). Results of the 
tests conducted using FEM for different values of the SOFTSCL 
parameter are shown in Fig. 4 and 5, presenting waveform data 
and specimen failure pattern, respectively. The stress response 
over time for different SOFTSCL values does not change drasti-

cally. There are some differences in the shape of transmitted 
wave, but they are not significant and can be treated as negligible. 
The very slight differences are noticeable starting from NS_S1_1 
and continuing up until NS_S1_S5 for SOFSCL = 0.1 and 1.0, 
respectively. The values above 1.0 are inadmissible according to 
the LS-Dyna manual (54) and they yield the same results as if the 
SOFTSCL was set to 0.1 (or “0”, which is a default value; and in 
fact, it gives 0.1). The same applies to the failure pattern of the 
specimen, which is nearly identical in all cases. 

Fig. 4.  Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SOFTSCL using the SOFT = 1 in the NS contact definition 
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Fig. 5. Specimen failure patterns for FEM modelling of the sandstone in SHPB test: influence of SOFTSCL using the SOFT =1 in the NS contact definition

3.2.2. FEM: NS contact with SOFT = 0 

In the second set of tests with FEM, the algorithm deriving 
contact stiffness was set to a default procedure of contact stiff-
ness estimation (SOFT = 0). Results showing transmitted and 
reflected waves and failure pattern of the specimen for different 
values of SFM/SFS parameters are shown in Figs. 6 and 7, re-
spectively. Unlike in the first set of tests, the influence of parame-
ters controlling contact stiffness can be clearly observed. The 
waveform data of the first two tests can even be described as 
errors. Increasing the SFS/SFM scale factors resulted in a closer 
correlation between the numerical and experimental curves. How-
ever, for the first six cases, pronounced differences prevalent 
between numerically and experimentally obtained curves are 
noticeable. An overestimation and underestimation of the reflected 
and transmitted impulse, respectively, demonstrate that the stress 
equilibrium in the specimen was not achieved and the elastic 
wave was not correctly transferred by the specimen material 
dissipating in the sample. In other words, the impact force was too 
small due to insufficient contact stiffness between the specimen 
and the bars. Ultimately, from the series of eight numerical tests, 
only NS_S0_7 (SFM/SFS = 5.0) and NS_S0_8 (SFM/SFS = 7.0) 
show results similar to these obtained in the previous studies. 
However, in any case a proper reproduction of the real-world 
measurements was observed, especially in the case of reflected 
wave and its post-peak behaviour. The transmitted curve differs 
also from the experimental counterpart as well as numerical re-
sults with the SOFT = 1 presented in Fig. 5. 

The abovementioned observations are reflected also in the in-
correct failure patterns of the sandstone specimen (Fig. 7). Insuffi-
cient contact stiffness had a pronounced effect on the material 
failure. Starting from the NS_S0_1 and continuing up until 
NS_S0_7, an unsymmetrical failure represented by fully damaged 
elements can be observed within the top and bottom surfaces of 
the specimen. The first cases with the smallest values of 
SFS/SFM demonstrate the failure patterns that can be considered 
as numerical instabilities. When the contact stiffness increases, 
the failure starts to initiate at the boundaries of the specimen near 
the contact surfaces and for the SFM/SFS = 5.0 the cracking 
distribution starts to have a similar characteristic compared to the 
experimental outcome (Fig. 3d). Only for the last case are the 

results closer to the ones observed in the experiment, but the 
main drawback of the SOFT = 0 manifests in the cracking initiation 
(damage accumulation) within the specimen boundaries and 
edges. As a reminder, a lubricant and polyester foil were used 
between the specimen and the bars to minimise friction in the 
laboratory tests and consequently to drastically reduce lateral 
forces within the boundaries that could initiate cracks in the spec-
imen. 

The third series of numerical tests with the NS standard con-
tact definition (SOFT = 0) involved the worst probable setup of 
contact parameters that would be used by less experienced users. 
The study consists of the cases with different values of SLSFAC 
included in the control contact card of the LS-Dyna package. 
Contrary to the cases with different values of SFS/SFM (Figs. 6 
and 7), a less pronounced impact on the obtained results was 
observed here (Fig. 8 – waveform data and Fig. 9 – failure pat-
terns). The worst reproduction of the reflected and transmitted 
curves was obtained for the first two cases, while the other six 
have a similar trend and correlation with the laboratory data. 
Nevertheless, the last four cases provide the best compliance with 
the experiment, but still the reflected wave with its post-peak 
behaviour was not correctly captured in any of the cases. 

The failure patterns obtained from the simulations with SOFT 
= 0 and various SLSFAC are not so disturbed compared to the NS 
contact with different SFS/SFM stiffness values. The worst repro-
duction of the waveform data shown in Fig. 8 in the first two cases 
is also reflected in the specimen behaviour. The NS_S0_11 was 
characterised by a localised failure near the surfaces and edges 
of the specimen, while the NS_S0_12 demonstrated material 
failure at boundaries of the specimen and only a few horizontal 
cracks occurred within its length. A relatively symmetrical re-
sponse of the specimen was observed with incline and horizontal 
cracks visible in the specimens starting from the SLSFAC = 0.5 
(NS_S0_13) and continuing up until the last NS_S0_18 case. 
Unfortunately, despite well-captured failure patterns in most of the 
discussed cases (except the first two simulations), cracks started 
to initiate within the specimen boundaries and its edges, which is 
an undesirable and unphysical phenomenon, as discussed earlier. 
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Fig. 6. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the NS standard contact definition (SOFT = 0) 
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Fig. 7.  Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the NS standard contact definition              
(SOFT = 0) 
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Fig. 8. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the NS standard contact definition (SOFT = 0) 
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Fig. 9. Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the NS standard contact definition   
 (SOFT = 0) 

3.2.3. SPH: NS contact with SOFT = 1 

Results of the numerical simulation using the meshless tech-
nique for different values of the SOFTSCL parameter are shown 
in Fig. 10 and 11, presenting waveform data and specimen failure 
pattern, respectively. It can be seen that both waveforms and 
failure patterns are similar to those obtained with FEM. Again, the 
stress response over time for different SOFTSCL values does not 
change drastically. Differences arise in the shape of transmitted 
wave, but they are not significant and can be treated as negligible. 

The deformation and failure pattern of the specimen are simi-
lar to the high-speed camera photos shown in Fig. 3d. The incline 
and longitudinal cracks were satisfactorily reproduced in the nu-
merical simulations. It must be noted, though, that deformation of 

the samples is slightly different in comparison with FEM because 
the sample had already lost cohesion and its fragments had start-
ed to move separately. The character of a transmitted wave gen-
erated with the use of SPH is comparable with that obtained with 
FEM, but the shape of the reflected wave is slightly different. It 
exhibits a raise of stress in the second part. This behaviour is also 
connected with better representation of decohesion in the SPH 
domain. In the FEM, damage is represented by erosion parame-
ters and not real loss of material integrity. As was mentioned, this 
approach causes an artificial energy dampness In SPH, after 
decohesion, energy can still be transmitted to other parts of the 
sample via contact between fragments of this sample. 

The difference between the highest and the lowest values of 
maximum contact force is 10.5%. 
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Fig. 10. Waveform data for SPH modelling of the sandstone in the SHPB test: influence of SOFSCL using the SOFT =1 in the NS contact definition 
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Fig. 11.  Specimen failure patterns for SPH modelling of the sandstone in the SHPB test: influence of SOFTSCL using the SOFT =1 in the NS contact    
 definition 

3.2.4. SPH: NS contact with SOFT = 0 

Results of the numerical simulation using the meshless tech-
nique for different values of the SFM/SFS parameter and stiffness 
estimation set to SOFT = 0 are shown in Fig. 12 and 13. Similar to 
the case with FEM-based simulations, the influence of SFM/SFS 
parameters controlling contact stiffness is significant. It is seen 
both in the values of maximum contact forces and in the failure 
patterns. The contact force varies from 59 kN to 95 kN. For the 
lowest contact force, the algorithm did not converge. For the next 
lowest value (see case NS_S0_2) there is no failure of the sam-
ple. The impact force was too small due to insufficient contact 
stiffness between the specimen and the bars. 

The following analyses show that failure zone (red areas) is 
increasing when SFM/SFS is increasing. For the value of 2.0 of 
parameter SFS/SFM (case NS_S0_6) and above, failure patterns 
start to be similar to those observed in the experiment, which 
indicates that the values of contact forces acting on the sample 

are big enough to obtain acceptable results of numerical simula-
tions. 

On the waveform charts it can be seen that for low values of 
contact forces, the difference between numerical solutions and 
experiments is significant. Starting from the default value of 
SFM/SFS = 1.0, numerically obtained waveforms better reflect 
experimental stress history. On the reflected side, for lower con-
tact forces values, there is no additional pick on the right side of 
the chart. This additional pick of stress can be observed for 
SFM/SFS equal to 1.0 or more. 

Results of analyses made with SPH for parameter SOFT = 0 
and different SLSFAC values are presented in Fig. 14 and 15. 
Overall, the influence of SLSFAC is similar to the one observed in 
case of the first set of tests (change of SOFTSCL parameter and 
contact stiffness estimation set to SOFT = 1). The pic values of 
contact force are also similar to the results obtained in first set of 
tests and vary from 94.1 kN to 95.6 kN; it is thus unsurprising that 
failure patterns and stress responses over time are also compara-
ble. 
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No results 
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Fig. 12. Waveform data for SPH modelling of the sandstone in the SHPB test: influence of SFS/SFM using the NS standard contact definition (SOFT = 0) 
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Fig. 13.   Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the NS standard contact definition 
 (SOFT = 0) 
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Fig. 14. Waveform data for SPH modelling of the sandstone in the SHPB test: influence of SLSFAC using the NS standard contact definition (SOFT = 0) 
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Fig. 15.  Specimen failure patterns for SPH modelling of the sandstone in the SHPB test: influence of SLSFAC using NS standard contact definition      
  (SOFT = 0) 
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3.3. Two-way contact (SS) 

The SS contact was only studied with the specimen modelled 
using finite elements. For this stage, SOFT = 1, SOFT = 0 and 
SOFT = 2 with different contact stiffness were considered and 
have been discussed in the following sections. 

3.3.1. FEM: SS contact with SOFT = 1 

Changing the contact procedure from NS to SS did not have 
an influence on the obtained results. The waveform data (Fig. 16) 

as well as failure patterns (Fig. 17) are nearly identical when both 
the types of contact were implemented (see Błąd! Nie można 
odnaleźć źródła odwołania. and Błąd! Nie można odnaleźć 
źródła odwołania. with NS for comparison). Insignificant differ-
ences in the latter parts of the reflected and transmitted curves 
were observed between the SS and NS in the corresponding 
cases. The specimens exhibited very similar failure with two-way 
contact compared to their counterpart with NS contact definition. 
Eventually, SOFT = 1 provides a practically identical response of 
the specimen in the SHPB simulation while using one-way and 
two-way contact treatments. 
 

SS_S1_1 SS_S1_2 SS_S1_3 SS_S1_4 

 

  

 

SS_S1_5 SS_S1_6 SS_S1_7 SS_S1_8 

 

 

 

 

Fig. 16. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SOFTSCL using the SOFT = 1 in the SS contact definition 

 
SS_S1_1 SS_S1_2 SS_S1_3 SS_S1_4 

 

 

  

SS_S1_5 SS_S1_6 SS_S1_7 SS_S1_8 

    

Fig. 17.   Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SOFTSCL using the SOFT =1 in the SS contact    
definition 
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3.3.2. FEM: SS contact with SOFT = 0 

When SOFT = 0 was adopted for the SS contact, similar ob-
servations were also derived compared to the NS contact, with the 
same algorithm calculating the contact stiffness (see Section 
3.2.2). In Fig. 18 and Fig. 19, the transmitted and reflected waves, 
and failure patterns of the specimen for different values of 
SFM/SFS with SS and SOFT = 0 parameters, respectively, are 
presented. The influence of parameters controlling contact stiff-
ness can be clearly observed, with significant differences between 
FEA and experiments visible in the first six cases. Especially in 
the first two tests, the stiffness of contact was too small, resulting 
in inappropriate transfer of elastic wave in the specimen. From the 
tested cases, only the last one gave outcomes similar to those 
associated with the experimental results, but still the reflected 
wave was not reproduced for its whole length, with an underesti-
mation after the first peak compared to the real-world measure-
ment. 

The failure patterns presented in Fig. 19 demonstrate the in-
fluence of a different contact stiffness. The incorrect waveform 
data observed in the first two cases is also demonstrated as an 
unphysical specimen behaviour with the unsymmetrical failure 
patterns. The boundary effects near the contact surfaces are 
noticeable. For the case with SFS/SFM = 0.7, longitudinal cracks 
started to form, and when the contact stiffness increased, addi-
tional incline cracks were also observed. By comparison, for the 
cases using NS contact, cracks were visible only when SFS/SFM 
> 2. Ultimately, the failure pattern was reproduced quite well for 
the SS_S0_8 case. However, changing the contact from one-way 
(see  

Fig. 7) to two-way did not have an effect on the damage ac-
cumulation within the specimen boundaries and edges, which is 
the unphysical phenomena, especially since the lubricant and 
polyester foil were used between the specimen and the bars in the 
experiment. 
 

SS_S0_1 SS_S0_2 SS_S0_3 SS_S0_4 
 

 
 

 

 

SS_S0_5 SS_S0_6 SS_S0_7 SS_S0_8 

 

 

 

 

Fig. 18. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the SOFT = 0 in the SS contact definition 

SS_S0_1 SS_S0_2 SS_S0_3 SS_S0_4 

    

SS_S0_5 SS_S0_6 SS_S0_7 SS_S0_8 

    

Fig. 19.   Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the SOFT = 0 in the SS contact    
  definition 
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In the second part of the SS standard contact definition para-
metric study, different values of SLSFAC were changed according 
to Tab. 4. The waveform data are presented in Fig. 20. For the 
smallest contact stiffness, the waveform data were not reproduced 
well by the model, but a general trend is noticeable. Increasing 
contact stiffness resulted in a better reproduction of the reflected 
and transmitted curves, and for the SS_S0_16, the best correla-
tion with the experimental outcomes was obtained. Nevertheless, 
the maximum strength of the material is underestimated (stress 
peak in the transmitted curve). In the simulations with SLSFAC = 
5.0 and SLSFAC = 7.0, the reflected curves were closer to the 
experimental counterpart, but the material strength was too small. 
Such phenomenon was not observed for the SFS/SFM study (see 
Fig. 18), or when the NS contact definition was set in the simula-
tions (see  

Fig. 8). The failure patterns are presented in Fig. 21. For the 
first four cases, only the longitudinal cracks are noticeable, and 
the boundaries effects had a pronounced effect on the observed 

damage accumulation in the specimen material. After exceeding 
SLSFAC = 1.0, the incline cracks were formed, and the best 
reproduction of the cracking characteristics was observed for the 
SS_S0_16 with SLSFAC = 2.0. The boundary effect was not so 
pronounced in this case compared to the other simulations when 
SOFT = 0 was used. Further increase of the contact stiffness 
resulted in the unsymmetrical response (SS_S0_17) and numeri-
cal instability (SS_S0_18). 

In summary, the SS contact with SOFT = 0 ultimately allowed 
satisfactory results to be obtained, while simulating the FEM 
specimen behaviour in the SHPB test. However, in this case, 
SFS/SFM stiffness parameters should be considerably large 
enough to obtain accurate results when SLSFAC has a default 
value. On the other hand, caution should be taken when SLSFAC 
is modified, since too large a value can produce an unpredictable 
and unphysical specimen response. 

 
 

SS_S0_11 SS_S0_12 SS_S0_13 SS_S0_14 

 
   

SS_S0_15 SS_S0_16 SS_S0_17 SS_S0_18 

 

 

 

 

Fig. 20. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the SOFT = 0 in the SS contact definition 

SS_S0_11 SS_S0_12 SS_S0_13 SS_S0_14 

 

   

SS_S0_15 SS_S0_16 SS_S0_17 SS_S0_18 

    

Fig. 21. Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the SOFT = 0 in the SS  
              contact definition 
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3.3.3. FEM: SS contact with SOFT = 2 

In the last stage of the present study, SOFT = 2 was used. 
This option was not adopted in the NS contact since it is only 
working with a two-way contact procedure, which uses segments 
of the interacting parts. When SOFT = 2 is enabled, SFS/SFM and 
SLSFAC parameters influence the contact stiffness. 

When different values of SFS/SFM were adopted (Fig. 22), 
considerably better results were obtained compared to the SS 
contact with SOFT = 0. On the other hand, a larger influence of 
the SFS/SFM parameters was obtained compared to the SS 

contact with SOFT = 1 and SOFSCL. The SS_S2_1 to SS_S2_4 
gave the worst reproduction of the waveform data, while the 
transmitted and reflected curves were closer to the experiments 
from SS_S2_5 to SS_S2_8. The qualitative analysis of the speci-
men behaviour and failure patterns corresponds to the qualitative 
comparison of the measured pulses (Fig. 23). The first three 
cases differ from the other five, which are nearly identical despite 
different values of SFS/SFM. The worst failure pattern was ob-
tained for the first case, when a value of 0.1 was used for 
SFS/SFM. 

SS_S2_1 SS_S2_2 SS_S2_3 SS_S2_4 

 
   

Fig. 22. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the SOFT = 2 in the SS contact definition 

SS_S2_5 SS_S2_6 SS_S2_7 SS_S2_8 

 

 

 

 

Fig. 22.1. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the SOFT = 2 in the SS contact definition 

SS_S2_1 SS_S2_2 SS_S2_3 SS_S2_4 

    

SS_S2_5 SS_S2_6 SS_S2_7 SS_S2_8 

 

 

 

 

Fig. 23.   Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SFS/SFM using the SOFT = 2 in the SS contact 
definition 
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SS_S2_11 SS_S2_12 SS_S2_13 SS_S2_14 

 
   

 

SS_S2_15 SS_S2_16 SS_S2_17 SS_S2_18  

 

 

 

 

 

Fig. 24. Waveform data for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the SOFT = 2 in the SS contact definition 

SS_S2_11 SS_S2_12 SS_S2_13 SS_S2_14 

    

SS_S2_15 SS_S2_16 SS_S2_17 SS_S2_18 

   

 

Fig. 25. Specimen failure patterns for FEM modelling of the sandstone in the SHPB test: influence of SLSFAC using the SOFT = 2 in the SS contact  
definition 

During the last stage of the present study, an analysis of the 
SOFT = 2 formulation is performed with the use of various 
SLSFAC values. Starting from the lowest value of SLSFAC, better 
reproduction of the waves is noticeable, and the most similar data 
were obtained for the SS_S2_16 case (Fig. 24). Compared to the 
previous six cases, the reflected waves produced in the last two 
simulations demonstrated the greatest similarity vis-à-vis the 
experimental counterparts, but on the other hand, the transmitted 
waves were not quite well-reproduced and unstable results were 
observed. The discussed results with the parametric studies using 
SLSFAC for SOFT = 2 are nearly consistent with SOFT = 0 (see 
Fig. 20) with very slight differences. The best outcomes were 
obtained for the SS_S2_16 case. The correspondent failure pat-
terns were relatively close to the real-world observations with 
inclines and vertical cracks visible in the four first cases (Fig. 25). 
However, after exceeding the SLSFAC = 1, the model was ob-
served to be characterised by unstable behaviour. It is further 
noteworthy to mention that, despite a relatively good reproduction 

of the waveform data for SS_S2_16 case, the failure pattern was 
not acceptable. The worst reproduction of the specimen behaviour 
was observed for the last two cases, and this development was 
also consistent with the corresponding results obtained with the 
use of SOFT = 0 (see Fig. 21).                                                                                                                                 

Similarly to the SS contact with SOFT = 0, it possible to obtain 
relatively well-reproduced specimen behaviour and waveform 
data. However, a user should be cautious since values of 
SFS/SFM stiffness parameters that are too small can produce 
insufficient contact force, while instability of the model can be 
observed when too large a value of SLSFAC is used. 

3.4. General discussion of results 

In general, the waveform data are captured well by the FEM, 
the SPH and the JH-2 constitutive model. For the transmitted 
curve, both the rise times and peak values are very close to the 
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laboratory results. However, a slightly more brittle failure can be 
observed for the numerical simulations compared to the experi-
ment. In the case of reflected waves, the post-peak parts of the 
curves are not similar. These observations are consistent with 
previous studies (27, 42, 72) and the main reasons for such dis-
crepancies are: no numerical erosion implementation, homogene-
ous treatment of the specimen or the mesh being too coarse. 
Furthermore, fully damaged elements representing the material 
failure and cracks do not sufficiently reproduce wave effects, and 
consequently, the reflected wave characteristic is not captured 
satisfactorily. On the other hand, the deformation and failure 
pattern of the specimen are similar to the high-speed camera 
photos shown in Fig. 3d. The incline and longitudinal cracks were 
satisfactorily reproduced in the numerical simulations. 

It can be stated that the NS contact with a default SOFT = 0 
should be used with caution or should be omitted when interacting 
materials have significantly different stiffness. Certainly, relatively 
satisfactory results can be achieved, but the contact stiffness 
value should be tuned-up in parallel with the constitutive model 
parameters. This applies both to FEM and SPH. 

In the case of both FEM and SPH, NS contact with SOFT = 1 
provides a relatively good reproduction of the waveform data and 
failure pattern and is not especially sensitive to the change of the 
other scaling parameters. 

It is possible to obtain satisfactory simulation results using SS 
kinematics and the SOFT = 2 penalty force algorithm, but this 
would require a careful selection of the scaling parameters. In 
both investigated scenarios (change of SFS/SFM and change of 
SLSFAC), the results vary from acceptable to the non-physical or 
even diverging solution. 

To better compare numerical results with experimental data, 
the compressive strength of the sample was verified. This allowed 
also an evaluation of the contact force values with respect to the 
quality of the obtained results. Indicative evaluation of failure 
pattern is also added for better presentation of overall quality of 
numerical results. Tab. 5–7 contain values for NS contact with 
FEM, NS contact with SPH and SS contact with FEM, respective-
ly. 

For different contact parameters, the pick contact force varies 
from 57.1 kN to 97.7 kN. It can be noticed that to obtain accepta-
ble results this value must be greater than 95 kN (of course this 
specific value is connected with the material of sample, and for 
different materials, the contact force required to produce quality 
results will be different). Thus, regardless of the other contact 
options, the SOFT = 1 algorithm of deriving contact stiffness gives 
the highest contact forces and the best correlation with experi-
mental results. Furthermore, this approach is not very sensitive to 
adjustment of contact stiffness. Therefore, based on the present-
ed studies, it is suggested to use SOFT = 1 when simulating the 
test of rock materials tested on the SHPB apparatus. 

Tab. 5. Results from SHPB simulations using FEM and NS contact 

Test No. 
Exp. com-
pressive 
strength 

[MPa] 

Num. 
compres-

sive 
strength 

[MPa] 

Rela-
tive  

error 
[%] 

FEM 
con-
tact 

force 
[kN] 

Failure 
pat-
tern* 

[-] 

NS_S1_1 

75.5 

73.7 −2.4 97.4 5 
NS_S1_2 73.7 −2.4 97.7 5 
NS_S1_3 73.6 −2.5 97.7 5 
NS_S1_4 73.7 −2.4 97.7 5 

NS_S1_5 73.5 −2.6 97.4 5 
NS_S1_6 73.7 −2.4 97.4 5 
NS_S1_7 73.7 −2.4 97.3 5 
NS_S1_8 73.7 −2.4 97.3 5 
NS_S0_1 

75.5 
 

11.6 −84.6 19.6 1 
NS_S0_2 41.2 −45.5 57.1 1 
NS_S0_3 57.2 −24.2 75.4 2 
NS_S0_4 60.7 −19.6 79.9 2 
NS_S0_5 64.3 −14.8 84.7 2 
NS_S0_6 69.3 −8.2 90.9 3 
NS_S0_7 71.9 −4.6 94.4 4 
NS_S0_8 72.6 −3.7 95.3 5 
NS_S0_1

1 

75.5 

64.3 −14.8 84.7 2 

NS_S0_1
2 70.8 −6.2 92.6 3 

NS_S0_1
3 72.0 −4.6 94.4 3 

NS_S0_1
4 72.6 −3.8 95.4 4 

NS_S0_1
5 72.8 −3.5 95.9 4 

NS_S0_1
6 73.3 −2.8 96.1 5 

NS_S0_1
7 73.5 −2.6 97.4 5 

NS_S0_1
8 73.6 −2.5 97.5 5 

*5 = excellent, 4 = very good, 3 = good, 2 = poor, 1 = instability. 

Tab. 6. Results from SHPB simulations using SPH and NS contact 

Test no. 
Exp. com-
pressive 
strength 

[MPa] 

Num. 
compres-

sive 
strength 

[MPa] 

Rela-
tive  

error 
[%] 

SPH 
con-
tact 

force 
[kN] 

Failure 
pat-
tern* 

[-] 

NS_S1_1 

75.5 

71.4 −5.4 94.8 5 
NS_S1_2 71.4 −5.4 94.7 5 
NS_S1_3 71.5 −5.2 95.4 5 
NS_S1_4 71.5 −5.2 94.9 5 
NS_S1_5 71.5 −5.2 95.4 5 
NS_S1_6 71.4 −5.4 94.9 5 
NS_S1_7 71.4 −5.4 94.8 5 
NS_S1_8 71.4 −5.4 94.9 5 
NS_S0_1 

75.5 
 

12.1 −83.9 58.7 1 
NS_S0_2 65.7 −13.0 83.4 2 
NS_S0_3 68.4 −9.4 88.1 3 
NS_S0_4 69.7 −7.8 90.7 4 
NS_S0_5 70.3 −6.8 92.2 4 
NS_S0_6 70.9 −6.1 94.1 5 
NS_S0_7 71.4 −5.4 94.3 5 
NS_S0_8 71.5 −5.3 95.2 5 
NS_S0_1

1 
75.5 

70.3 −6.8 92.2 4 

NS_S0_1
2 71.3 −5.5 94.9 5 
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NS_S0_1
3 71.4 −5.4 95.1 5 

NS_S0_1
4 71.4 −5.4 95.3 5 

NS_S0_1
5 71.5 −5.2 95.4 5 

NS_S0_1
6 71.6 −5.1 95.6 5 

NS_S0_1
7 71.7 −5.0 90.1 4 

NS_S0_1
8 67.1 −11.1 94.1 5 

*5 = excellent, 4 = very good, 3 = good, 2 = poor, 1 = instability. 

Tab. 7. Results from SHPB simulations using FEM and SS contact 

Test no. 
Exp. com-
pressive 
strength 

[MPa] 

Num. 
compres-

sive 
strength 

[MPa] 

Rela-
tive  

error 
[%] 

FEM 
con-
tact 

force 

[kN] 

Failure 
pat-
tern* 

[-] 

SS_S1_1 

75.5 

73.4 −2.6 97.0 5 
SS_S1_2 73.6 −2.4 97.6 5 
SS_S1_3 73.7 −2.3 97.6 5 
SS_S1_4 73.5 −2.5 97.5 5 
SS_S1_5 73.4 −2.6 97.0 5 
SS_S1_6 73.3 −2.8 96.9 5 
SS_S1_7 73.4 −2.6 97.0 5 
SS_S1_8 73.5 −2.5 97.5 5 
SS_S0_1 

75.5 
 

13.9 −81.6 20.5 1 
SS_S0_2 45.9 −39.1 60.2 1 
SS_S0_3 60.8 −19.4 80.2 1 
SS_S0_4 62.9 −16.7 82.9 2 
SS_S0_5 64.8 −14.1 85.2 2 
SS_S0_6 67.8 −10.1 89.1 3 
SS_S0_7 70.5 −6.6 92.7 4 
SS_S0_8 71.3 −5.5 93.8 4 
SS_S0_1

1 

75.5 

64.8 −14.1 85.2 3 

SS_S0_1
2 69.2 −8.3 90.1 3 

SS_S0_1
3 70.5 −6.6 92.7 3 

SS_S0_1
4 68.0 −9.8 89.3 3 

SS_S0_1
5 71.8 −4.9 94.6 3 

SS_S0_1
6 68.9 −8.6 91.4 4 

SS_S0_1
7 65.0 −13.8 86.5 2 

SS_S0_1
8 45.6 −39.6 59.5 1 

SS_S2_1 
75.5 

 

63.7 −15.5 84.0 2 
SS_S2_2 70.3 −6.9 92.0 3 
SS_S2_3 71.3 −5.5 93.5 4 
SS_S2_4 71.8 −4.8 94.3 4 

SS_S2_5 72.3 −4.2 95.1 5 
SS_S2_6 73.6 −2.5 97.2 5 
SS_S2_7 74.2 −1.7 97.9 5 
SS_S2_8 74.3 −1.5 98.0 5 
SS_S2_1

1 

75.5 
 

72.3 −4.2 95.1 5 

SS_S2_1
2 73.6 −2.5 97.2 5 

SS_S2_1
3 74.2 −1.7 97.9 5 

SS_S2_1
4 74.3 −1.5 98.0 5 

SS_S2_1
5 74.3 −1.5 98.0 4 

SS_S2_1
6 69.1 −8.5 91.4 3 

SS_S2_1
7 53.3 −29.3 70.5 1 

SS_S2_1
8 28.7 −61.9 37.7 1 

*5 = excellent, 4 = very good, 3 = good, 2 = poor, 1 = instability. 

4. CONCLUSIONS 

The present study provides numerical simulations of the 
SHPB dynamic compression test of sandstone sample, aiming to 
demonstrate the influence of contact procedure parameters on the 
results with special attention placed on the failure pattern. Based 
on the obtained results, the following conclusions can be drawn: 
− Differences in contact modelling lead to completely different 

results of the SHPB test simulation, including divergent solu-
tions or unphysical failure patterns. Therefore, the importance 
attributed to achieving mastery over contact modelling needs 
to be on a par with that to constitutive modelling, especially in 
the case of the SHPB test, where the only load acting on the 
specimens arises from contact/impact, resultant to which veri-
fication of the performance of the contact procedure assumes 
a high degree of importance. 

− The nodes to surface (one-way contact) and SS (two-way 
contact) procedures work well for both FEM and SPH when 
SOFT = 1 is used. In these cases it was possible to obtain re-
sults accurately reflecting both data waves and failure pat-
terns. 

− With the use of SOFT = 0 (default value), generally incorrect 
results, up to the numerically unstable solutions, were ob-
served despite the added correction of contact stiffness. Utili-
sation of SOFT = 2 requires a number of tests to ascertain the 
set of parameters that would enable the obtaining of reasona-
ble results. 

− Default contact parameters, i.e., those set by the software 
provider, were also found to give wrong outcomes (see the 
NS_S0_5 and SS_S0_5 cases), since they resulted in under-
estimated contact force value. 

− Evaluation of waveform data, failure patterns and pick values 
of stresses is required to efficiently correlate and validate the 
numerical model, including the constitutive model of a brittle 
material. Focussing on merely one of these aspects can result 
in some of the erroneous simulations going unnoticed. 
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− Finally, the conducted tests indicate the prevalence of an 
advantage for SPH over FEM in the modelling of sandstone 
failure in the SHPB test. This is attributable to the fact that the 
meshless technique can better represent decohesion of the 
material and thus does not affect the energy balance in the 
sample during the dynamic compression test to as great an 
extent as takes place in FEM. 
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Abstract: The central-symmetrical problem of thermoelasticity for a multi-layered spherical tank is considered. The thermal stresses  
were caused by a temperature difference between the inner and outer surfaces of the tank. Two approaches to solving this problem  
have been proposed. In the first approach, the boundary problem defined in the components of a considered inhomogeneous spherical 
tank was solved. In the second approach, the homogenization method with microlocal parameters was used. Good agreement between 
the solutions was obtained. 

Key words: temperature, displacement, thermal stress, composite material, functionally graded material, multi-layered structure,  
                    spherical tank 

1. INTRODUCTION 

 
The progress of technology has created a wide range of de-

sign possibilities for modern materials combining the positive 
properties of metals (high tensile strength and good resistance to 
damage and cracking) and ceramic materials (high hardness, high 
compressive strength, resistance to surface wear and good ther-
mal insulation). In particular, these materials are used to create 
protective coatings: thermal barrier coatings and barrier coatings 
for wear and corrosion protection (Lee et al., 1996; Wang et al., 
2000; Schulz et al., 2003; Chen and Tong, 2004). With the possi-
bility of producing complex multilayer structures, the importance of 
effective mathematical models for predicting the mechanical and 
thermal properties of these structures is growing. 

The multi-layer structures described above are two- or multi-
component solids. Classical formulations of a problem based on 
the theory of thermoelasticity lead to boundary value problems for 
partial differential equations with discontinuous, strongly oscillat-
ing coefficients or considering a large number of elastic compo-
nents between which certain conditions of mechanical and ther-
mal contact are fulfilled. The solution for these problems can be 
extremely labour-consuming or sometimes simply impossible to 
accomplish. For the sake of simplicity, these problems are usually 
replaced by ones for approximated models, in which the charac-
teristic parameters are calculated on the basis of mechanical and 
geometrical properties of the components. These models were 
derived by using some averaging procedures. In the case of the 
composite that has the properties of an isotropic solid at the mac-
ro level, classical averaging methods are still often used: the Voigt 
estimation (Voigt, 1889) or the Reuss estimation (Reuss, 1929). 
These estimations are based only on the volume content of the 
components in a representative cell of the composite. They do not 

take into account the actual geometry and the distribution of com-
ponents. This means that these estimations are insufficient to 
properly describe the composites that have the properties of an 
anisotropic solid at the macro level (Ganczarski and Skrzypek, 
2013), in particular the multi-layer structures. 

The configuration, geometry and concentration of the compo-
nent phases of the composite are taken into account in newer 
homogenization models. We will list only some of them: asymptot-
ic homogenization (Bensoussan et al., 1978; Sanchez-Palencia, 
1989; Jihov et al., 1994; Manevitch et al., 2002), based on the 
concept applied in the theory of thick plates (Achenbach, 1975), 
based on the mixture theory (Bedford and Stern, 1971), based on 
matrix methods (Bufler and Krennerknecht, 1999), the generalized 
method of cells (Paley and Aboudi, 1992) and the strain compati-
ble method of cells (Gan et al., 2000). Particular attention should 
be paid to the method of homogenization with microlocal parame-
ters (Woźniak, 1987; Matysiak and Woźniak, 1987), which is used 
to solve problems for multi-layer media with a periodic structure. 
This method makes it possible to evaluate not only the mean but 
also local values of strains and stresses in every layer of the 
periodicity cell. 

It has been shown that the solutions of the theories of heat 
conduction, elasticity or thermoelasticity for a non-homogenous 
multi-layer medium with a periodical structure (Kulchytsky-
Zhyhailo et al., 2005, 2007) are well compatible with the corre-
sponding solutions of problems in which the medium is replaced 
by a homogeneous medium whose mechanical and thermal prop-
erties are described by the method of homogenization with micro-
local parameters. Small deviations were obtained in the calcula-
tion of both continuous stresses at the layer-separation boundary 
and stresses undergoing jumps at the interfaces. This is a strong 
argument for the use of this homogenization method to describe 
the mechanical and thermal properties of multi-layer media with a 
periodic structure. 
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It is generally accepted that the condition for using the ho-
mogenization method is the existence of a representative unit cell 
that is repeated periodically. The layer that is formed as a result of 
homogenization of a multi-layer solid with a periodic structure is a 
homogeneous isotropic or anisotropic layer. If this layer is used as 
a protective coating, we will obtain a large difference in thermo-
mechanical constants between the layer and the substrate. The 
difference in constants of the materials often causes cracking of 
the protective coating and subsequent delamination between the 
coating and the substrate (Kirchhoff et al., 2004). The solution to 
this problem is the use of a gradient multilayer structure that 
causes a gradual change in thermomechanical properties. The 
protective thermal coating is constructed in such a way that on the 
surface of the coating we obtain, for example, the properties of a 
thermal insulator, and at the interface the properties of the sub-
strate. The described structure may have a representative cell, but 
the configuration, geometry and concentration of the constituent 
phases of the cell will vary along the thickness of the considered 
structure. Such a structure is called a slowly graded structure 
(Szymczyk and Woźniak, 2006). If the coating under consideration 
contains a significant number of representative cells, the possibil-
ity of replacing the multi-layer structure with a gradient coating 
with a continuous change of thermomechanical properties should 
be considered. The most reasonable way to do this is to use a 
homogenization method of choice, for example homogenisation 
with microlocal parameters. 

The ring-multi-layered slowly graded structure has been inves-
tigated by Kulchytsky-Zhyhailo et al. (2021). The thermal stresses 
in the considered long pipe were caused by a temperature differ-
ence between its inner and outer surfaces. It has been shown that 
the homogenization approach with microlocal parameters allows 
for the correct calculation of radial and circumferential stresses in 
the ring layer with the slowly graded structure. The effect of mate-
rial inhomogeneity on the temperature and stress distributions in a 
multi-layer functionally graded hollow sphere has been analyzed 
by Kushnir et al. (2022). The numerical solving algorithm was 
based on the finite difference method. 

In this paper, the stress field in the multi-layered spherical 
tank with the slowly graded structure is investigated. The consid-
ered structure contains a certain number of representative cells 
consisting of two homogeneous isotropic layers. As in the article 
by Kulchytsky-Zhyhailo et al. (2021), thermal stresses are caused 
by a temperature difference between its inner and outer surfaces. 
In the first part of the article, the stress distribution in the tank with 
the periodical structure is analyzed. The problem based on the 
homogenization method has a simple analytical solution. Obtain-
ing a good agreement between this solution and the solution to 
the problem for a heterogeneous multi-layered tank, we can con-
vince ourselves of the reliability of the algorithms used. In the 
second part of the article, the tested reservoir has the slowly 
graded structure described above. If the use of constitutive rela-
tionships based on the homogenization method with microlocal 
parameters may raise certain doubts, the created algorithm for 
solving the problem for a multi-layered spherical tank does not 
introduce any restrictions on the order and the method of ar-
rangement and the materials and geometrics characteristics of the 
considered spherical layers. The compatibility of both the solu-
tions will be a clear indication that the chosen homogenization 
method can also be used effectively for slowly graded structures. 

 

2. FORMULATION OF THE PROBLEM 

The state of stress in a spherical nonhomogeneous tank with 
the internal radius R0 and external radius R1 is investigated. The 
stress field is caused by a temperature difference T0 between its 
inner and outer surfaces. The inner and external surfaces of the 
tank are unloaded. The considerations will be led using the di-

mensionless spherical coordinates (r, , ) related to the radius 
R1. The section of the tank with a plane containing its center is 
shown in Fig. 1. 

 

Fig. 1. The scheme of the problem 

The cross-section of the investigated tank is composed of 
n = 2m spherical layers, where m is the number of representative 
cells. The representative cell contains two homogeneous spheri-
cal layers with the thermal conductivity coefficients K1, K2; Young 

modules E1, E2; Poisson ratios 1, 2; the coefficients of linear 

thermal expansion 1, 2 and dimensionless thickness 1 = , 

2 = (1 – ), where  = (1 – 0)/m (0 = R0/R1) is the dimen-

sionless cell thickness. The parameter   (0, 1) describes the 
content of the first type of material in a representative cell and can 
vary along the thickness of the tank. The thermal and mechanical 
contact between the tank components is ideal. 

The considered problem is a central-symmetrical problem. 
Unknown state functions (the radial displacement u, the radial 

stress r, the circumferential stress  and the temperature T) 
can be calculated by solving the following boundary value problem 
(Timoshenko and Goodier, 1951; Nowacki, 1986) equations: 

𝑑

𝑑𝑟
(𝑟2 𝑑𝑇(𝑖)

𝑑𝑟
) = 0 , 𝑟 ∈ (𝑟𝑖−1, 𝑟𝑖) , 𝑖 = 1,2, . . . , 𝑛        (1a) 

𝑑

𝑑𝑟
(

1

𝑟2

𝑑

𝑑𝑟
(𝑟2𝑢(𝑖)) −

1+ν(𝑖)

1−ν(𝑖) α(𝑖)𝑇(𝑖)) = 0 , 𝑟 ∈ (𝑟𝑖−1, 𝑟𝑖) , 𝑖 =

1,2, . . . , 𝑛       (1b) 

boundary conditions on the internal and external surfaces of the 
tank: 

σ𝑟
(1)(𝑟0) = 0, σ𝑟

(𝑛)(𝑟𝑛) = 0                                  (2a) 

𝑇(1)(𝑟0) = 𝑇0, 𝑇(𝑛)(𝑟𝑛) = 0        (2b) 
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interface conditions of the ideal mechanical and thermal contact 
between the tank components: 

𝑢(𝑖)(𝑟𝑖 − 0) = 𝑢(𝑖+1)(𝑟𝑖 + 0) ,    σ𝑟
(𝑖)(𝑟𝑖 − 0) =

σ𝑟
(𝑖+1)(𝑟𝑖 + 0), 𝑖 = 1,2, . . . , 𝑛 − 1    (3a) 

𝑇(𝑖)(𝑟𝑖 − 0) = 𝑇(𝑖+1)(𝑟𝑖 + 0) ,    𝐾(𝑖) 𝑑𝑇(𝑖)

𝑑𝑟
(𝑟𝑖 − 0) =

𝐾(𝑖+1) 𝑑𝑇(𝑖+1)

𝑑𝑟
(𝑟𝑖 + 0), 𝑖 = 1,2, . . . , 𝑛   (3b) 

where the index i corresponds to the number of the spherical layer 

(see Fig. 1), (2j-1) = 1, (2j) = 2, (2j-1) = 1, (2j) = 2, K(2j-1) = K1, 

K(2j) = K2, r0 = 0 , r2j = 0 + j, r2j-1 = r2j – 2, j = 1, 2, ..., m. 

3. CASE 1. MULTI-LAYERED TANK WITH PERIODIC 
STRUCTURE 

The solution of the problem for a multilayered tank with a peri-

odic structure (parameter  = const.) will be compared with the 
solution of the problem of the tank made of a material with a 
transversely isotropic homogeneous structure. The thermome-
chanical properties will be determined by using the method of 
homogenization with microlocal parameters (Woźniak, 1987; 
Matysiak and Woźniak, 1987). The received boundary value 
problem has the form: 

 equations: 

𝑑

𝑑𝑟
(𝑟2𝑞hom) = 0 , 𝑟 ∈ (ρ0, 1)                                   (4a) 

𝑑σ𝑟
hom

𝑑𝑟
+

2

𝑟
(σ𝑟

hom − σθ
hom) = 0, , 𝑟 ∈ (ρ0, 1)         (4b) 

 boundary conditions: 

σ𝑟
hom(ρ0) =  σ𝑟

hom(1) = 0           (5a) 

𝑇hom(ρ0) = 𝑇0, 𝑇hom(1) = 0         (5b) 

The stresses in the transversely isotropic homogeneous tank 
can be calculated using the following equations (Kaczyński, 
2004): 

σ𝑟
(1)

= σ𝑟
(2)

= σ𝑟
hom = 𝐴1

𝑑𝑢hom

𝑑𝑟
+ 2𝐵

𝑢hom

𝑟
− Λ1𝑇hom   (6a) 

σθ
(𝑗)

= 𝐷𝑗
𝑑𝑢hom

𝑑𝑟
+ (𝐸𝑗 + 𝐶𝑗)

𝑢hom

𝑟
− 𝐹𝑗𝑇hom, 𝑗 = 1,2     (6b)  

In the Eqs. (4) - (6), the following notation is introduced: σ𝑟
(𝑗)

 

and σθ
(𝑗)

, j = 1,2 denote radial and circumferential stress in the  

j-th layer of the periodicity cell; uhom, σ𝑟
hom, Thom, and qhom are 

the radial displacement, radial stress, temperature, and heat flux, 
which are averaged within the periodicity cell; 

𝐴1 =
(λ1+2μ1)(λ2+2μ2)

(1−η)(λ1+2μ1)+η(λ2+2μ2)
           (7a) 

𝐵 =
(1−η)λ2(λ1+2μ1)+ηλ1(λ2+2μ2)

(1−η)(λ1+2μ1)+η(λ2+2μ2)
         (7b) 

Λ1 =
(1−η)α2(3λ2+2μ2)(λ1+2μ1)+ηα1(3λ1+2μ1)(λ2+2μ2)

(1−η)(λ1+2μ1)+η(λ2+2μ2)
         (7c) 

𝐶𝑗 =
λ𝑗(𝐵+2μ𝑗)

λ𝑗+2μ𝑗
, 𝐷𝑗 =

λ𝑗𝐴1

λ𝑗+2μ𝑗
 ;   𝐸𝑗 =

4μ𝑗(λ𝑗+μ𝑗)+λ𝑗𝐵

λ𝑗+2μ𝑗
 , 𝑗 = 1,2   (7d) 

𝐹𝑗 =
2α𝑗(3λ𝑗+2μ𝑗)μ𝑗+λ𝑗Λ1

λ𝑗+2μ𝑗
, 𝑗 = 1,2         (7e) 

The constants j , j in Eqs. (7) are Lame constants of the j-th 
layer of the periodicity cell: 

λ𝑗 =
𝐸𝑗ν𝑗

(1+ν𝑗)(1−2ν𝑗)
  , μ𝑗 =

𝐸𝑗

2(1+ν𝑗)
  , 𝑗 = 1,2    (8) 

It should be emphasized that under the proposed homogeni-
zation method, we can directly calculate the stresses in each layer 
of the periodicity cell. The radial stress is continuous at the inter-

faces: σ𝑟
(1)

= σ𝑟
(2)

= σ𝑟
hom. The circumferential stress experi-

ences a spike at the interfaces: σθ
(1)

≠ σθ
(2)

. 

The circumferential stress averaged over the periodicity cell is 
equal: 

σθ
hom = ησθ

(1)
+ (1 − η)σθ

(2)
= 𝐵

𝑑𝑢hom

𝑑𝑟
+ (𝐴2 + 𝐶)

𝑢hom

𝑟
−

Λ2𝑇hom  (9)  

where 

𝐵 = η𝐷1 + (1 − η)𝐷2, 𝐴2 = η𝐸1 + (1 − η)𝐸2    (10a) 

𝐶 = η𝐶1 + (1 − η)𝐶2 ,   Λ2 = η𝐹1 + (1 − η)𝐹2   (10b) 

The radial heat flux is continuous at the interfaces: 

𝑞𝑟
(1)

= 𝑞𝑟
(2)

= 𝑞hom = −𝐾hom
𝑑𝑇hom

𝑑𝑟
                    (11) 

where 

𝐾hom =
𝐾1𝐾2

η𝐾2+(1−η)𝐾1
.        (12) 

Substituting the constitutive relationships (6), (9), and (11) into 
Eqs. (4), then Eqs. (4) can be regrouped to form: 

𝑑

𝑑𝑟
(𝑟2 𝑑𝑇hom

𝑑𝑟
) = 0 , 𝑟 ∈ (ρ0, 1)       (13a) 

𝐴1

𝑑2𝑢hom

𝑑𝑟2
+

2𝐴1

𝑟

𝑑𝑢hom

𝑑𝑟
− 2(𝐴2 + 𝐶 − 𝐵)

𝑢hom

𝑟2
 

= Λ1
𝑑𝑇hom

𝑑𝑟
+

2(Λ1−Λ2)

𝑟
 𝑇hom, 𝑟 ∈ (ρ0, 1).   (13b) 

 

4. CASE 2. THE MODELLING OF GRADIENT TANK 

In applications, a gradient material is often used to create a 
smooth transition from the mechanical and thermal properties of 
the coating to the properties of the substrate. In order to simplify 
the analysis of modelling, we consider such a gradient spherical 
layer independently.  

Let the thermomechanical properties on the inner surface of 

the tank be described by parameters K1, E1, 1 and 1. On the 
external surface of the tank the properties are specified by pa-

rameters K2, E2, 2 and 2. This means that the parameter  

assumes limit values: (r  0)  1 and (r  1)  0. Inside 

the tank, the parameter  changes along its thickness. We as-

sume that the dependence of the parameter  on the coordinate r 
is described by a linear function: 

η(𝑟) =
1−𝑟

1−ρ0
 , ρ0 < 𝑟 < 1        (14) 

As follows from the dependencies (7) and (12), the material 
constants are described by the functions of the r coordinate. 
Substituting the constitutive relationships (6), (9), and (11) into the 
Eqs. (4), we obtain the differential equations with variable coeffi-
cients: 
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𝑑

𝑑𝑟
(𝑟2𝐾hom(𝑟)

𝑑𝑇hom

𝑑𝑟
) = 0      (15a) 

𝐴1
𝑑2𝑢hom

𝑑𝑟2 + (
𝑑𝐴1

𝑑𝑟
+

2𝐴1

𝑟
)

𝑑𝑢hom

𝑑𝑟
− 2 (𝐴2 + 𝐶 −

𝑑(𝑟𝐵)

𝑑𝑟
)

𝑢hom

𝑟2 =
  

𝑑(Λ1𝑇hom)

𝑑𝑟
+

(Λ1−Λ2)

𝑟
 𝑇hom, 𝑟 ∈ (ρ0, 1)   (15b) 

The boundary conditions of the resulting boundary problem 
are described by dependencies Eqs. (5). 

5. METHOD OF SOLUTION 

In the first direct approach, we integrate Eqs. (1). The general 
solutions can be written in the form:  

𝑇(𝑖)(𝑟) 𝑇0⁄ = θ(𝑖)(𝑟) = 𝑡2𝑖−1 + 𝑡2𝑖𝑟
−1, 𝑟𝑖−1 ≤ 𝑟 ≤ 𝑟𝑖 , 𝑖 =

1,2, . . . , 𝑛    (16a ) 

𝑢(𝑖)(𝑟) =
1−2ν(𝑖)

1+ν(𝑖) 𝑠2𝑖−1𝑟 −
1

2
𝑠2𝑖𝑟

−2 −
1+ν(𝑖)

1−ν(𝑖) α(𝑖)𝑇0
1

𝑟2 ∫ 𝑥2θ(𝑖)(𝑥)𝑑𝑥
 𝑟𝑖

𝑟
,

𝑟𝑖−1 ≤ 𝑟 ≤ 𝑟𝑖 , 𝑖 = 1,2, . . . , 𝑛      (16b) 

The radial displacement described by formulas generates the 
stresses: 

σ𝑟
(𝑖)

(𝑟)

2μ(𝑖) = 𝑠2𝑖−1 +
𝑠2𝑖

𝑟3 +
1+ν(𝑖)

1−ν(𝑖) α(𝑖)𝑇0
2

𝑟3 ∫ 𝑥2θ(𝑖)(𝑥)𝑑𝑥
 𝑟𝑖

𝑟
,

𝑟𝑖−1 ≤ 𝑟 ≤ 𝑟𝑖 , 𝑖 = 1,2, . . . , 𝑛     (17a) 

σθ
(𝑖)(𝑟)

2μ(𝑖)
= 𝑠2𝑖−1 −

𝑠2𝑖

2𝑟3
−

1 + ν(𝑖)

1 − ν(𝑖)
α(𝑖)𝑇0

1

𝑟3
∫ 𝑥2θ(𝑖)(𝑥)𝑑𝑥

 𝑟𝑖

𝑟

 

−
1+ν(𝑖)

1−ν(𝑖) α(𝑖)𝑇0θ(𝑖)(𝑟) ,  (17b) 

𝑟𝑖−1 ≤ 𝑟 ≤ 𝑟𝑖 , 𝑖 = 1,2, … , 𝑛 , 

where (2j-1) = 1, (2j) = 2, j = 1, 2, ..., m. 
Equation (16a) contains the unknown parameters ti, 

i = 1, 2, ..., 2n. Substituting Eqs. (16a) into the boundary condi-
tions (2b) and (3b), we obtain the following system of the linear 
equations: 

𝑡1 + 𝑡2𝑟0
−1 = 1   (18a) 

𝑡2𝑖−1 + 𝑡2𝑖𝑟𝑖
−1 − 𝑡2𝑖+1 − 𝑡2𝑖+2𝑟𝑖

−1 = 0, 𝑖 = 1,2, . . . , 𝑛 − 1   

(18b) 

𝐾(𝑖)𝑡2𝑖 − 𝐾(𝑖+1)𝑡2𝑖+2 = 0, 𝑖 = 1,2, . . . , 𝑛 − 1      (18c) 

𝑡2𝑛−1 + 𝑡2𝑛 = 0     (18d) 

The unknown parameters si, i = 1, 2, ..., 2n in the Eqs. (16b) 
and (17) are calculated using the boundary conditions (2a) and 
(3a). The system of the linear equations is obtained: 

𝑠1 +
𝑠2

𝑟0
3 = −2𝑡̃0,      (19a) 

1−2ν(𝑖)

1+ν(𝑖) 𝑠2𝑖−1𝑟𝑖 −
𝑠2𝑖

2𝑟𝑖
2 −

1−2ν(𝑖+1)

1+ν(𝑖+1) 𝑠2𝑖+1𝑟𝑖 +
𝑠2𝑖+2

2𝑟𝑖
2 = −𝑡̃𝑖𝑟𝑖 , 𝑖 = 1,2, . . . , 𝑛 − 1,       (19b) 

μ(𝑖)

μ(𝑖+1) 𝑠2𝑖−1 +
μ(𝑖)

μ(𝑖+1)

𝑠2𝑖

𝑟𝑖
3 − 𝑠2𝑖+1 −

𝑠2𝑖+2

𝑟𝑖
3 = 2𝑡̃𝑖, 𝑖 =

1,2, . . . , 𝑛 − 1   (19c) 

𝑠2𝑛−1 + 𝑠2𝑛 = 0   (19d) 

where 

𝑡̃𝑖 =
1+ν(𝑖+1)

1−ν(𝑖+1) α(𝑖+1)𝑇0 (𝑡2𝑖+1
𝑟𝑖+1

3 −𝑟𝑖
3

3𝑟𝑖
3 + 𝑡2𝑖+2

𝑟𝑖+1
2 −𝑟𝑖

2

2𝑟𝑖
3 ) , 𝑖 =

0,1, . . . , 𝑛 − 1.         (20) 

By first solving the system of Eqs. (18) and next, the system 
(19), and after substituting the constants ti, si, i = 1, 2, ..., 2n into 
Eqs. (16) and (17), the distributions of the temperature, the radial 
displacement and the thermal stresses in the investigated multi-
layered tank will be found.  

In the second alternative approach based on the homogeniza-
tion method, we integrate Eqs. (13) (transversely isotropic homo-
geneous material) or Eqs. (15) (transversely isotropic gradient 

material). If the parameter  = const., the obtained Eqs. (13) are 
the differential equations with constant coefficients. The analytical 
solution of Eqs. (13), satisfying the boundary conditions Eqs. (5), 
can be written in form: 

𝑇hom(𝑟) = 𝑡hom
(1)

+ 𝑡hom
(2)

𝑟−1, ρ0 ≤ 𝑟 ≤ 1      (21a) 

𝑢hom(𝑟) = 𝑢hom
(𝑒) (𝑟) + 𝑢hom

(𝑡ℎ) (𝑟), ρ0 ≤ 𝑟 ≤ 1      (21b) 

where 

𝑢hom
(𝑒) (𝑟) = 𝑠hom

(1𝑒)
𝑟γ1 + 𝑠hom

(2𝑒)
𝑟γ2 , ρ0 ≤ 𝑟 ≤ 1      (22a) 

𝑢hom
(𝑡ℎ) (𝑟) = 𝑠hom

(1𝑡ℎ)
𝑟 + 𝑠hom

(2𝑡ℎ)
, ρ0 ≤ 𝑟 ≤ 1          (22b) 

𝑡hom
(1)

= −
𝑇0ρ0

1−ρ0
 , 𝑡hom

(2)
=

𝑇0ρ0

1−ρ0
      (22c) 

2γ1,2 = −1 ± √1 + 8γ0 , γ0 = 𝐴1
−1(𝐴2 + 𝐶 − 𝐵)      (22d) 

𝑠hom
(1𝑡ℎ)

=
Λ1−Λ2

𝐴1+𝐵−𝐴2−𝐶
𝑡hom

(1)
 𝑠hom

(2𝑡ℎ)
= −

Λ1−2Λ2

2(𝐴2+𝐶−𝐵)
𝑡hom

(2)
        

(22e) 

𝑠hom
(1𝑒)

=
Λ1ρ0+(𝐴1+2𝐵)𝑠hom

(1𝑡ℎ)
(ρ0

γ2−ρ0)+2𝐵𝑠hom
(2𝑡ℎ)

(ρ0
γ2−1)

(𝐴1γ1+2𝐵)(ρ0
γ1−ρ0

γ2)
    (22f) 

𝑠hom
(2𝑒)

=
Λ1ρ0+(𝐴1+2𝐵)𝑠hom

(1𝑡ℎ)
(ρ0

γ1−ρ0)+2𝐵𝑠hom
(2𝑡ℎ)

(ρ0
γ1−1)

(𝐴1γ2+2𝐵)(ρ0
γ2−ρ0

γ1)
          (22g) 

The radial displacement described by formulas (21b) gener-
ates the stresses: 

σ𝑟
(1)

= σ𝑟
(2)

= σ𝑟
hom = (𝐴1γ1 + 2𝐵)𝑠hom

(1𝑒)
𝑟γ1−1 

+(𝐴1γ2 + 𝐵)𝑠hom
(2𝑒)

𝑟γ2−1 + 

(𝐴1 + 2𝐵)𝑠hom
(1𝑡ℎ)

+ 2𝐵𝑠hom
(2𝑡ℎ)

𝑟−1 − Λ1𝑇hom  (23a) 

σθ
(𝑗)

= (𝐷𝑗γ1 + 𝐸𝑗 + 𝐶𝑗)𝑠hom
(1𝑒)

𝑟γ1−1  (23b) 

+(𝐷𝑗γ2 + 𝐸𝑗 + 𝐶𝑗)𝑠hom
(2𝑒)

𝑟γ2−1 + 

+ (𝐷𝑗 + 𝐸𝑗 + 𝐶𝑗)𝑠hom
(1𝑡ℎ)

+ (𝐸𝑗 + 𝐶𝑗)𝑠hom
(2𝑡ℎ)

− 𝐹𝑗𝑇hom ,   

𝑗 = 1,2. 

If the parameter  changes along the tank thickness, the dif-
ferential Eqs. (15) are the differential equations with variable 
coefficients. We can perform analytical integration only in the case 
of Eq. (15a). The solution of Eq. (15a), which satisfies the bounda-
ry conditions (5b), is given in the form: 

𝑇hom(𝑟)

𝑇0
= (∫

𝑑𝑥

𝑥2𝐾hom(𝑥)

1

ρ0
)

−1

(∫
𝑑𝑥

𝑥2𝐾hom(𝑥)

1

𝑟
) , ρ0 ≤ 𝑟 ≤ 1     (24) 
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Taking into account the relations Eqs. (14), the function 

Thom(r), after integration in the Eq. (24), can be written in the form: 

𝑇hom(𝑟)

𝑇0
=

(1−𝑟+𝐾𝐴𝑟ln(𝑟))ρ0

(1−ρ0+𝐾𝐴ρ0ln(ρ0))𝑟
 , ρ0 ≤ 𝑟 ≤ 1         (25a) 

where 

𝐾𝐴 =
𝐾2−𝐾1

𝐾2−𝐾1𝜌0
                                           (25b) 

Equation (15b) will be solved numerically using the finite dif-

ference method. The interval [0,1] is divided into N equal sub-
intervals. In every internal node the derivatives in Eq. (15b) are 
replaced with well-known difference equations based on the three 
nodes. A system containing N – 1 algebraic linear equations was 
obtained 

:𝑢𝑖−1 − 2𝑢𝑖 + 𝑢𝑖+1 + 0.5𝑎𝑖Δ𝑟(𝑢𝑖+1 − 𝑢𝑖−1) −
𝑏𝑖(Δ𝑟)2𝑢𝑖 = 𝑐𝑖(Δ𝑟)2 , 𝑖 = 1,2, . . . , 𝑁 − 1 (26) 

where 

𝑎𝑖 =
1

𝐴1
(

𝑑𝐴1

𝑑𝑟
+

2𝐴1

𝑟
) , 𝑟 = ρ𝑖 , 𝑖 = 1,2, . . . , 𝑁 − 1  (27a) 

𝑏𝑖 =
2

𝑟2𝐴1
(𝐴2 + 𝐶 −

𝑑(𝑟𝐵)

𝑑𝑟
) , 𝑟 = ρ𝑖 , 𝑖 = 1,2, . . . , 𝑁 − 1

 (27b) 

𝑐𝑖 =
1

𝐴1
(

𝑑(Λ1𝑇hom)

𝑑𝑟
+

2(Λ1−Λ2)

𝑟
 𝑇hom) , 𝑟 = ρ𝑖 , 𝑖 =

1,2, . . . , 𝑁 − 1    (27c) (27c) 

Equations (26) contain the unknown parameters ui, 
i = 0, 2, ..., N,, describing the values of the radial displacement u 

in the nodes i = 0 + ir, where r = (1 – 0)/N. The obtained 
system of equations should be supplemented by two equations 
obtained by substituting constitutive relations (6a) into the bound-
ary conditions (5a). To improve the accuracy of the calculation of 

the derivative at a point r = 0, the well-known five-node differ-
ence equations were used: 

Δ𝑟
𝑑𝑢hom(ρ0)

𝑑𝑟
= −

25

12
𝑢0 + 4𝑢1 − 3𝑢2 +

4

3
𝑢3 −

1

4
𝑢4 (28) 

The equation for the derivative at a point r = 1 is obtained from 

Eq. (28), substituting parameter r by the parameter –r, and 
index i (i = 0, 1, 2, 3 and 4) replacing by the index N – i. 

6. NUMERICAL RESULTS AND DISCUSSION 

The analysis of the received relations shows that the stresses 
in the homogenized model (second alternative approach to solv-

ing the problem) depend on the function (r) and the six dimen-

sionless parameters: K1/K2, E1/E2, 1/2, 1, 2 and 0. How-
ever, if the tank is treated as a multi-layered solid (first approach 
to solving the problem), one should take into account the number 
of periodicity cells m. 

In order to decrease the number of parameters and decrease 
the range of their changes, the following assumptions are used: 

 the ratio between the internal and external radius of tank is 

0.5, so 0 = 0.5; 

 the function (r) is described by the formula (14) (trans-
versely isotropic gradient material) or the thickness of each 
spherical layer that is part of the tank is the same, so 

 = 0.5 (transversely isotropic homogeneous material); 

 Poisson’s ratios for both components of the periodicity cell 

are the same and 1 = 2 = 0.3; 

 one of the components of a representative cell is a thermal 
insulator. The applied insulating materials are often charac-
terized by a greater Young modulus but a smaller coefficient 
of linear thermal expansion. For this reason, the assump-

tions, that E2/E1 = 1/2 = K1/K2 are taken into account; 

 in the aim of an emphasis of possible differences between 
the solutions obtained by the two presented approaches, 
some relatively large values of the parameter E1/E2 (or 
E2/E1) are assumed. We assume that E1/E2 (or E2/E1) = 5 
or 10. 

Thermal stresses are related to the parameter E**T0, where 

E* = min(E1,E2), * = max(1,2). 
Figures 2 and 3 concern the problem, in whit the multi-layered 

tank with periodic structure is considered. Figure 2 shows the 
distributions of the radial stress along the tank thickness. Figure 3 
presents the distributions of the circumferential stress. The con-
tinuous lines in Figs. 2 and 3 and the next figures describe the 
stresses in the tank obtained within the framework of the homog-
enization method (second approach to solving the problem). The 
squares (Fig. 2) or the rhombuses (Fig. 3) mark the numerical 
results obtained for the non-homogeneous multi-layered tank (first 
approach to solving the problem). The broken lines in Fig. 2 de-
scribe the stress distribution in the homogeneous tank with the 

parameters E* and *. 

 
Fig. 2.   Distribution of the radial stress along the tank thickness;  

the black lines are for E = max(E1, E2)/min(E1, E2) = e 

The radial stress can be treated as a macro-characteristic, 
which in the second approach does not depend on the choice of 
the component of the periodicity cell. The distribution of radial 
stress in the first approach depends on the sequence of spherical 
layers. This relation in Fig. 2 is described by using black and grey 
squares. The black squares present the case, when the first com-
ponent of the periodicity cell is the thermal insulator, and the grey 
squares for the first layer with larger thermal conductivity coeffi-
cient. From Fig. 2, it follows that the radial stress values for the 
homogenized model are between the adequate values described 
by black and grey squares. Calculations show that the difference 
between the locations of the black and grey squares decreases 
along with an increase of the number of periodicity cells. 

An example of a micro-characteristic is the circumferential 
stress, the distribution of which along the tank thickness is shown 
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in Fig. 3. When using the homogenization method, there is no 
information connected with the kind of spherical layer in the speci-
fied point of the tank. At each point we obtain two equations to 
calculate the circumferential stress. The equation with the index j 
(see the formula (6b)) allows to determine of the circumferential 
stress in the j-th (j = 1, 2) layer of the periodicity cell. Two continu-
ous lines in Fig. 3 (black or grey) denoted by numbers 1 or 2 are 
appropriate for the values of the circumferential stress in layers of 
the first or second kind. If the circumferential stresses in the multi-
layered tank are calculated in odd-numbered layers, the adequate 
rhombuses are consistent with the continuous line denoted by the 
number 1. Otherwise, the corresponding rhombuses follow the 
continuous line marked with the number 2. This means that the 
proposed homogenization method allows for the calculation with a 
good accuracy not only of macro-parameters, but also of micro-
parameters, whose values depend on the type of the considered 
component of the periodicity cell. 

 
Fig. 3.   Distribution of the circumferential stress along the tank thickness; 

the lines marked number 1 are for circumferential stress in layers 
with a higher Young modulus; the lines marked number 2 are for 
circumferential stress in layers with a smaller Young modulus 

Tab. 1.  Dependence of the circumferential stress on the external surface 
of the tank with the periodic structure on the dimensionless 
parameter E = max(E1, E2)/min(E1, E2) and number 
of representative cells m 

 E “hom”  m = 160 
(%) 

m = 80 
(%) 

m = 40 
(%) 

m = 20 
(%) 

 

0

**

1

TE 



 

5 
0.1624, 
0.8119 

E1/E2 = 
5 

-0.257 -0.515 -1.031 -2.071 

E2/E1 = 
5 

0.257 0.513 1.023 2.040 

10 
0.1066, 
1.0660 

E1/E2 = 
10 

-0.273 -0.549 -1.104 -2.236 

E2/E1 = 
10 

0.272 0.542 1.077 2.128 

As follows from Fig. 3, the highest positive value of the cir-
cumferential stress is on the external tank surface. The calculated 
values of the circumferential stress in the point r = 1 are presented 

in Tab. 1. It is the greatest tensile stress. In the column marked 
“hom” are shown the values calculated using the homogenization 
method. The first (second) number describes the maximum tensile 
stress in the layer with the smaller (larger) Young's modulus. In 
order to compare the difference, which is caused by an application 
of the two proposed approaches to solving the problem, in the first 
approach the sequence of the layers in the periodicity cell is cho-
sen in such manner, that the correct (with the smaller or larger 
Young's modulus) layer of the periodicity cell was located at the 
point r = 1. In the columns with m = 160, 80, 40 and 20 we present 
the relative deviations (given in percent’s) obtained for the multi-
layered tank with the indicated number of periodicity cells. As can 
be seen from Tab. 1, the double increase in the layer number 
cause the double decrease in the difference between the ana-
lyzed stresses. It means, that for the adequate number of cells, 
the mathematical model of the problem can be based on the 
homogenization method. 

 
a) 

 
b) 

 

 

 

Fig. 4.   Distribution of the circumferential stress along the tank thickness; 
the lines marked number 1 are for circumferential stress in layers 
with a higher Young modulus; the lines marked number 2 are for 
circumferential stress in layers with a smaller Young modulus 
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Tab. 2.  Dependence of the circumferential stress on the surfaces of the 
tank made of the gradient material on the dimensionless 
parameter E1/E2 and number of representative cells m 

   “hom” 

m =  1
60 

(%) 

m =  8
0 

(%) 

m =  4
0 

(%) 

m =  2
0 

(%) 

 

0

**

0

TE 



 

E1 >
 E2 

E1/E2 = 5 -0.9911 -0.267 -0.526 -1.021 -1.921 

E1/E2 = 10 -1.2029 -0.597 -1.181 -2.296 -4.335 

E1 <
 E2 

E2/E1 = 5 -1.6090 0.085 0.168 0.329 0.632 

E2/E1 = 10 -1.8252 0.144 0.284 0.559 1.079 

 

0

**

1

TE 



 
E1 >
 E2 

E1/E2 = 5 0.1143 -0.270 -0.536 -1.063 -2.090 

E1/E2 = 10 0.0691 -0.379 -0.755 -1.501 -2.965 

E1 <
 E2 

E2/E1 = 5 1.0471 0.137 0.272 0.538 1.047 

E2/E1 = 10 1.3679 0.105 0.210 0.413 0.794 

Fig. 4 and Tab. 2 describe the distributions of the circumferen-
tial stress along the thickness of the tank made of the considered 
gradient material. It should be emphasized that the stress distribu-

tions calculated for parameters E1/E2 and E2/E1  E1/E2 differ 
significantly from each other. If E1/E2 > 1 (K1/K2 < 1), the thermal 
properties of the insulator are on the inner surface of the tank. If 
E1/E2 < 1 (K1/K2 > 1), they are on the external surface. The black 
lines and rhombuses in Fig. 4 obtained for the values of the pa-
rameter E1/E2 = e > 1, while gray lines and rhombuses describe 
the distribution of the circumferential stress for the values of the 
parameter E2/E1 = e > 1. As follows from Fig. 4, the extreme 
negative and positive values of the circumferential stress are 
mostly on the surfaces of the tank. These values are presented in 
Tab. 2. Similar to Tab. 1 in the column marked “hom” are shown 
the values calculated using the homogenization method. In the 
columns with m = 160, 80, 40 and 20 are shown the relative de-
viations (given in percent) obtained using the first approach for the 
solution of the problem. The results of the comparison of solutions 
obtained using the two described approaches are similar to those 
presented above. This means that the proposed homogenization 
method allows for performing calculations with good accuracy not 
only for problems concerning solids with a periodic structure, but 
also for problems concerning solids with a slowly graded struc-
ture. 

7. CONCLUSIONS 

In this paper, the central-symmetrical problem of thermos-
elasticity for the multi-layered spherical tank with periodical or 
slowly graded structure was solved. The solution of the boundary 
problem defined in the components of the considered inhomoge-
neous tank was compared with the solution of the problem in 
which the thermomechanical properties of the tank were de-
scribed by the method of homogenization with microlocal parame-
ters. If the tank has the periodic structure, the solution based on 
the homogenization method has the form of simple engineering 
relations. The good agreement between the obtained analytical 
solution and the solution of the boundary problem for the hetero-
geneous tank is an irrefutable argument for the reliability of both 
solutions. The algorithm for solving the boundary problem for the 
nonhomogeneous tank is the same for different ways of arranging 
the layers in the tank. This means that obtaining a good corre-
spondence between the solutions in the case of the slowly graded 

structure also allows us to conclude that the method of homogeni-
zation with microlocal parameters adequately describes the ther-
momechanical properties of the spherical tank with the considered 
slowly graded structure. The proposed approach to the homoge-
nization allows to correctly calculate not only the averaged char-
acteristics in the representative cell (the macro-characteristics) but 
also the characteristics dependent on the choice of the compo-
nent in the representative cell (the micro-characteristics). 

The results obtained allow us to suggest that the proposed 
approach to the homogenization of a medium with a slowly graded 
structure will also be effective in other, more complex problems in 
which the consideration of inhomogeneity of the medium can be 
extremely laborious or sometimes simply impossible to accom-
plish. 
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Abstract: The use of nanoparticle-infused blended refrigerants is essential for achieving an effective sustainable system.  
This investigation analyses the efficiency of three nano-refrigerants (CuO-R152a, TiO2-R152a and TiO2-R113a) on the basis  
of the thermal performance and energy usage of the compressor using MATLAB-Simulink in the vapour compression refrigeration  
cycle with a two-phase flow domain. Also, nanoparticle volume concentrations of 0.1%–0.5% in the basic refrigerants are investigated.  
In the Simulink model, the outcomes are calculated mathematically. Using the NIST chemistry webbook, the thermo-physical  
characteristics of base refrigerants were calculated, and different numerical models were used to compute the characteristics  
of nano-enhanced refrigerants. MS Excel was used to perform the liquid–vapour interpolation. It was discovered that refrigerants  
with nanoparticles have superior heat-transfer properties and operate most excellently at an optimal volume fraction  
of 0.1% for TiO2-R152a and CuO-R152a with a coefficient of performance (COP) as 10.8. However, the other blended nano-refrigerant 
TiO2-R113a performed the best at 0.5% of nano-particle volume fraction with a COP value of 5.27. 

Key words: Coefficient of performance, compressor power, heat-transfer rate, volume percentage, heat extraction, power consumption 

1. INTRODUCTION 

Scientists from around the world came to the conclusion that 
air conditioning and refrigeration equipment used far too much 
energy. As a result, there is a need to use energy-efficient tech-
nology to counteract the limited availability of energy [1–5]. In light 
of the present scenario, to improve the heat transfer in the vapour 
compression refrigeration systems (VCRSs), it needs new and 
advanced heat-transfer fluids. Nanoparticles suspended in refrig-
erants represent a suitable substitute for conventional refrigerants. 
Various researchers show a higher heat-transfer performance 
(HTP) of nano-added refrigerants [6–10]. 

One of the most important issues related to modern refrigera-
tion, air conditioning and heat pump technology is the need to 
phase out the currently used groups of refrigerants and to replace 
them with alternative, environmentally safe working fluids, e.g. 
natural fluids [11]. The fact is that all solutions in refrigeration 
technology are determined primarily by the thermodynamic prop-
erties of refrigerants. In some cases, changing the refrigerant 
forces the modification of the construction of the device. Replac-

ing the refrigerant may cause the energy efficiency achieved by 
these devices to significantly reduce. However, manufacturers are 
taking all measures to ensure that the energy efficiency of the 
devices is at least at the same level as when working with the 
withdrawn refrigerants. As a result of this measure, new, synthetic 
refrigerants are being introduced. Alternatively, the refrigerants 
are modified with the help of nanoparticles that improve their 
thermo-physical properties. There are more and more synthetic or 
modified refrigerants available on the market, the use of which at 
least minimally eliminates the need to modify the previously used 
technical solutions. The massive production and consumption of 
synthetic fluids such as chloro-fluoro-carbons (CFCs) and hydro-
chloro-fluoro-carbons (HCFCs) for which negative effects have 
been demonstrated forced the world community to take steps to 
radically change this alarming situation. Currently, these refriger-
ants are classified as the so-called controlled substances. 

The Montreal Protocol is the first international agreement on 
an environmental policy whose primary objective is to prevent the 
risks related to the emission of these fluids into the atmosphere. 
The current version of the Protocol deviates from the original one, 
as the document has been modified many times. The latest 
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amendments from Kigali came into force on 01 January 2019. For 
refrigerants belonging to the HCFC group, their use in new refrig-
eration installations has been banned since 01 January 2004, and 
a timetable has been set for their complete phase-out. For HCFC 
refrigerants, the applicable timetable for reducing their consump-
tion by 79% is by 2030 compared to the base year of 2015. In 
addition, according to the EU regulation [11], the use of refriger-
ants with a global warming potential (GWP)>150 is prohibited in 
large centralized refrigeration systems with a capacity above 40 
kW and used for commercial applications from 01 January 2020. 
Also, since 01 January 2022, refrigerants belonging to the HFCs 
with a GWP > 150 cannot be used in air conditioning units. For 
single air conditioning split systems with refrigerant chargesof up 
to 3kg, the use of GWP > 750 refrigerants will be banned from 01 
January 2025. As previously mentioned, scholars are making 
efforts to improve refrigerant properties, e.g. heat transfer coeffi-
cients (HTC), viscosity, and so on. 

Nanoparticles can be used in refrigerants as additives, aimed 
at improving the properties such as thermal conductivity, chemical 
and thermal stability and lubricating properties, which in turn can 
contribute to increasing the efficiency of the refrigeration system. 
The use of nanoparticles in refrigerants can increase the produc-
tion and disposal costs of refrigerants due to higher production 
costs of nanoparticles and potential difficulties in their disposal. 
Depending on the desired effect of the base fluid, copper and 
graphite nanoparticles can be used to improve the thermal con-
ductivity of the refrigerant. Cerium oxide nanoparticles allow for 
the improvement of the chemical and thermal stability of the re-
frigerant. Titanium oxide nanoparticles improve the antibacterial 
properties of intermediate fluids, while carbon nanoparticles are 
used to improve lubricating properties and reduce friction in inter-
mediate fluids. The stability of the nano-refrigerant is one of the 
major concerns. The agglomeration of the nanoparticles in the 
fluid is increased over time by disturbing the viscosity and thermal 
conductivity of the base fluid. Apart from that, the sustainability of 
the nano-fluids is not practical because of the cost issues [42–44]. 

Buonomo et al. [12] used TRNSYS to perform a dynamic sim-
ulation of Al2O3–water nanofluid in the solar cooling system for 
volume concentrations of 3% and 6%, and they came to the con-
clusion that the nanofluid showed higher energy savings for the 
entire summer season of the year, although the difference be-
tween the savings for the two-volume concentrations was small. 
The same nanofluid was used by the team for a TRNSYS model-
ling of the automotive cooling circuit, and they discovered that at 
low engine speeds, the nanofluid performed better in all circum-
stances and had a substantially higher HTP than the ethylene–
glycol coolant [13].The convective HTC increased with a greater 
concentration of nanoparticles when the Al2O3–water nanofluid 
was through a rectangular micro-channel with uniform and steady 
heat fluxes on the top wall [14]. The improvement of the HTC that 
aids in reducing engine overheating was made possible by the 
use of nanofluids as a cooling system for radiators in automotive 
vehicles [15]. This results in its utilisation as an engine-coolant 
substitute [16, 17]. Al2O3–mono ethylene glycol (MEG)–water 
nanofluid’s effect on car radiators was examined by Subhedar et 
al. [18], who also improved the overall HTC and enabled a 
36.69% reduction in the radiator surface area. The researchers 
analyzed the HTP and pressure drop of the new-generation re-
frigerants such as R1234yf. The investigation shows that the HTC 
and the pressure drop of the CuO/R1234yf nano-refrigerant are 
enhanced by 45% and 36%, respectively [45]. Similarly, the HTC 

and pressure drop of the TiO2-doped R1234yf refrigerant is im-
proved by 134.03% and 80.77% [46]. 

One method to reduce the energy requirement of the VCRS is 
to use nano-fluid, which is a combination of a specific quantity of 
nano-sized particles dissolved in a fluid to create a colloidal solu-
tion. When these substances are employed for refrigeration, they 
are referred to as nano-refrigerants. The chemically stable metals 
like Au and Cu and metal oxides such as Al2O3, SiO2, TiO2, zirco-
nia, and oxide ceramics are commonly used as nano-sized parti-
cles in VCRS [19, 20]. Nano-refrigerants are synthesized by two 
techniques: (i) the single-stage process and (ii) the double-stage 
process. The double-stage technique [23] divides the two pro-
cesses; the single-stage technique [21, 22] combines the creation 
and mixing of nanoparticles into pure fluid concurrently. 
Coumaressin and Palaniradja [24] studied the HTP of CuO nano-
materials added to an R134a-based refrigerant in VCRs. By in-
creasing the volume fraction of CuO from 0.1% to 0.8%, the HTC 
of CuO-R134a was increased. Anish et al. [25] studied the effects 
of adding CuO to the refrigerant R-22 and found that total coeffi-
cient of performance (COP) was improved while power consump-
tion was reduced. When 0.05% CuO nanoparticles were intro-
duced, the COP rose from 0.58 to 0.62. According to Bi et al.’s 
research [26], adding 0.5g/L of TiO2 to R600a reduced the energy 
consumption by 9.6%. Kumar et al. [27] demonstrated the influ-
ence of the CuO nanometal oxide on liquid petroleum gas–based 
VCRS, following the efficacious validation of nano-refrigerants in 
residential VCRs. Figure 1 shows that the system’s performance 
and heat-transfer rate both increased by 36% and 46%, respec-
tively. 

 
Fig.1. Nano-fluid as a different way to boost the effectiveness of the  

system 

The three nano-added refrigerants, which the MATLAB model 
simulated, form the primary focus of the study. The main goal of 
the article is to use nano-enhanced refrigerants to improve system 
performance and decrease compressor energy usage. Hence, 
improvising on the performance of the VCR system with nano-
refrigerants such as TiO2-R113, TiO2-R152a and CuO-R152a 
forms the crux of this research. Also, in this paper, the thermal 
properties of these nano-refrigerants are identified, which were 
crucial for the analysis. 
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2. METHODOLOGY AND MATERIALS 

2.1. Materials 

The VCRS is used in this investigation with three nano-
enhanced refrigerants, namely, TiO2-R113a, TiO2-R152a and 
CuO-R152a. The pure refrigerant has nanoparticle volume con-
centrations in the range of 0.1%–0.5%. This range is chosen to 
obtain a stable nano-refrigerant; beyond this range, there could be 
the challenge of agglomeration. SRD 69 computed several input 
parameters for basic refrigerants using the NIST chemistry web-
book. Several numerical models were used to determine the 
thermo-physical parameters of nano-refrigerants. 

2.2. Numerical models  

 There are various ideas and models for determining 
nano-refrigerant characteristics. Information on the state and type 
of nanoparticles used must be included in these models. The Cp, 
k, ρ and size of nano-materials that will be employed in models 
are given in Tab. 1. These characteristics vary somewhat depend-
ing on particle size. It is assumed that the spherical nanoparticles 
are spread throughout the pure refrigerant. 

Tab.1. Nanoparticle properties at environmental temperature 

Nano-
materials 

ρ (kgm3) k(Wm1K1) 
Cp 

(Jkg1K1) 
R (nm) 

CuO[28] 6,500 20 535.6 20 

TiO2[29] 4,230 8.4 692 21 

 
‘k’ is one of the most important aspects of improving nano-
refrigerant performance. Several models were evaluated in this 
work, including Maxwell’s [30], Hamilton and Crosser’s [31], Yu 
and Choi's [32] and Koo and Kleinstreuer’s [33]. The ‘k’ is deter-
mined in this study using Maxwell's model. As Simulink software is 
used here instead of a real setup, the continuous phase with 
spherical nanoparticles matches Maxwell’s model perfectly. 

𝑘𝑛𝑓

𝑘𝑟𝑒𝑓
=

𝑘𝑛𝑝+2 𝑘𝑟𝑒𝑓−2ϕ(𝑘𝑟𝑒𝑓−𝑘𝑛𝑝)

𝑘𝑛𝑝+2 𝑘𝑟𝑒𝑓−ϕ(𝑘𝑟𝑒𝑓−𝑘𝑛𝑝)
                         (1) 

The Gherasim model [34] gave the viscosity of nano-
refrigerants with sphere-shaped nanoparticles, which is depend-
ent on the volume concentration and viscosity of the basic refrig-
erant. 
µnf

µref
= 0.904e14.8ϕ          (2) 

The nanoparticle’s ‘ρ’, the ‘ρ’ of the base refrigerant and the 
volume fraction all influence the effective ‘ρ’ of the nano-
refrigerant [35]. 

ρnf = (1 − ϕ)ρref + ϕρnp         (3) 

This Cp,ref value is needed to determine Cp,nf using Eq. 4, 
which is also dependent on base refrigerant densities, nanoparti-
cles, nanoparticle Cp and volume concentration [36]: 

𝐶𝑝,𝑛𝑓ρ𝑛𝑓 = (1 − ϕ)𝐶𝑝,𝑟𝑒𝑓ρ𝑟𝑒𝑓 + ϕ𝐶𝑝,𝑛𝑝ρ𝑛𝑝        (4) 

The Pr is identified by the following correlation, which uses the 
µnf, knf, and Cp, nf. 

𝑃𝑟 =  
𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑟𝑎𝑡𝑒

𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑟𝑎𝑡𝑒
=

µ x Cp

k
         (5) 

2.3. Simulation and modelling 

The investigations were accomplished with the help of a 
VCRS model that was created utilizing a unique Simscape two-
phase flow domain. The present VCRS cycle is based on the 
MATLAB–Simulink platform, which is freely accessible on the 
MathWorks File Exchange [37]. The setup and its characteristics 
are shown in Figs. 2 and 3. An evaporator, thermostatic expan-
sion valve, condenser, compressor, compartment and controller 
constitute the VCRS model. The temperature of the compartment 
is kept at 277K in this analysis by regulating the compressor 
parameters. The controller is used to turn the compressor on and 
off. When the temperature of the compartment rises over the set 
temperature, the compressor is turned on and it cools the com-
partment below the set temperature. 

 
Fig. 2. Layout of simulation [37] 

 
Fig. 3. Defined specifications 

The goal of the simulation is to examine how adding nanopar-
ticles to basic refrigerants affects power usage and COP. There is 
always an ideal volume fraction when the COP is at its highest. 
There could be enhancement in the refrigeration effect as the 
heat-transfer characteristics are improvised with the addition of 
nanoparticles. As a result, research into that impact might be 
advantageous.  

Many factors, both inside and outside the cycle, influence the 
compartment heat, extracted compressor power and COP. All 
these variables are included in all the simulations. Furthermore, 
using the facility and infrastructure accessible to them, research-
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ers have investigated physical setups for different nano-
refrigerants. This analysis is using a single platform to run a varie-
ty of combinations. The main goal is to detect a broad trend in all 
of these variables. The cycle conditions are shown in Tab. 2. 

Tab. 2. VCRS cycle boundary values 

Charge pressure 87 psi 

Flow of mass  14.4 kgh1 

Compressor time constant 20 s 

Length of condenser  1,500 mm 

Conductivity of Cu 400 Wm1K1 

‘ρ’ of Cu 8,940 kgm3 

Specific heat of Cu 390 Jkg1K1 

Temperature of surrounding 293 K 

Length of evaporator  15 m 

Surface area of exterior  6 m2 

Area of fin  1 m2 

Fin convention coefficient 150 

Conductivity of foam  0.03 Wm1K1 

Thickness of foam 0.03 m 

Liquid fraction 0.8 

Interior area of surface 4.5 m2 

Max area of the throat  2.7 m2 

Max. temperature  of throat  230 K 

Min. area of the throat  0.1 m2 

Min. temperature of throat 280 K 

Coefficient of natural convection  20 Wm2K1 

Diameter of pipe  15 mm 

Thickness of pipe  5 mm 

Tab.3. Runtime conditions for a refrigeration cycle 

Refrigerant 
Nano-

concentration 
(%) 

Pressure 
range 
(MPa) 

Temperature 
range (K) 

Run 
time 
(s) 

TiO2-R113a 

0 

0.01–3 

240–420.6 

509 

0.1 488.5 

0.3 484.5 

0.5 472 

TiO2-R152a 

0 

160–420.4 

769 

0.1 854 

0.3 834.5 

0.5 823.5 

CuO-R152a 

0 

160–420.4 

769 

0.1 854.5 

0.3 830 

0.5 824 

Throughout the refrigeration cycle, the mass flow rate of the 
refrigerant is kept constant. As a result, the pipe’s velocity was not 
estimated. The phenomenon of sedimentation was not consid-
ered. The working conditions used to be similar to the home 
freezers. Most residential refrigerators have a charge pressure 
ranging from 0.3 MPa to 1 MPa. Copper is used as the heat ex-
changer material in the VCRS model, typically with grooves or a 
tube or coil. Aluminium, brass, stainless steel and other metals 
are also utilized. Insulation in the refrigerator compartment is 

provided by polyurethane foam. A compressor on/off mechanism 
was included in the model. The cycle run times for various combi-
nations of refrigerants are shown in Tab. 3. 

It is expected that nano-fluids will behave differently in a real 
configuration because their stability affects their HTP as well as 
their flow properties. The kind of nanoparticles employed, the 
heating surface and the base type are all aspects that will differen-
tiate the simulation research from the real-world arrangement. The 
boiling HTC decreases when porous deposits form on the heated 
surface of the nano-materials. The critical flux is significantly 
impacted by the nano-refrigerant. Because of the high volume 
fraction of nano-sized materials in the fluid, the critical flux is 
lowered. The higher viscosity of a base fluid can lessen the influ-
ence of the boiling HTP of a nano-refrigerant, resulting in im-
proved HTP since stability is better and nanoparticles exhibit a 
greater boost in the ‘k’ value. Higher viscosity also results in less 
nanoparticle sedimentation on the heated surface [38]. 

The simulations are based on theoretical discoveries and an 
idealized design, for the most part. The stability of the nano-
refrigerant is not taken into consideration in the formulae. The 
article’s main goal was to evaluate nano-refrigerants to see which 
one was superior based only on the thermo-physical qualities. In 
future, laboratory studies may be conducted to confirm these 
theoretical conclusions. Mechanisms for regulated stability may be 
devised in the future; at that point, the current research will be 
useful in determining which combination provides the best perfor-
mance of the system. 

2.4. Simulation model’s summary 

An experimental configuration is comparable to the Simulink 
model. If any of the parameters are incorrect, errors are prompted, 
and various parameters are checked. Only after all mistakes are 
fixed does the simulation start and then end. Regardless of the 
pressure differential, the compressor maintains the prescribed 
mass flow rate. The Fourier law governs heat transfer in conden-
sers and evaporators. It argues that the temperature differential, 
the area normal to the direction of heat flow, material thermal 
conductivity and layer thickness are all directly and inversely 
correlated with the heat transfer. Between the fluid and the pipe 
wall of both parts, there occurs convective heat transfer. Pressure 
loss is modelled for the local control restriction elements such as 
valves and orifices. They are adiabatic devices [39]. Components 
of the heat exchange use various kinds of friction correlations: 

Halland correlation used for identifying the turbulent pipe flow 
friction factor: 

𝑓𝑑 =
1

(−1.8 𝑥 log(
6.9

𝑅𝑒
+(

𝑒𝑝𝑠

3.7
)

1.11
))2

             (6) 

Laminar regime viscous friction force: 

𝐹𝑓 =  
4  𝑓𝑠µ𝑉𝐿𝑒

𝐷ℎ
2𝑚

                                                                       (7) 

Turbulent regime viscous friction force 

𝐹𝑡 =  
4  𝑓𝑑  𝐿𝑒 

 𝑚 𝑣
                                                                                 (8) 

The net power delivered to the fluid flowing from the inlet to 
the outlet of the compressor is given by 

𝑊 = 𝑚 [(𝑢𝑜𝑢𝑡 + (𝑃𝑜𝑢𝑡𝑉𝑜𝑢𝑡) +
𝑣𝑜𝑢𝑡

2

2
) − (𝑢𝑖𝑛 + (𝑃𝑖𝑛𝑉𝑖𝑛) +

𝑣𝑖𝑛
2

2
)]       (9) 
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The heat extracted from the evaporator is determined by: 

𝑄𝑒𝑥𝑡𝑟𝑎𝑐𝑡 = ℎ 𝑆𝑠𝑢𝑟 ∆𝑇        (10) 

The system performance is expressed by the COP, which is 
the ratio of the heat extracted from the evaporator to the com-
pressor power input (or net power delivered).  

2.5. Model validation  

Tsvetok et al.’s [40] experiment is used to determine the ther-
mal conductivity of the R134a refrigerant at low temperatures to 
validate the Simulink model with base properties. The thermal 
conductivity was measured at quasi-static isobars at a total of 
around 54 experimental locations using a coaxial cylinder tech-
nique. Figure 4 demonstrates how closely experimental values 
and simulation results correspond. 

 
Fig. 4. Validation of simulation model 

3. RESULTS AND DISCUSSION 

3.1. Nano-enhanced refrigerants’ thermodynamic states 

As demonstrated in Tab. 4, the ‘k’ value of the nano-
refrigerant enhances as the volume concentration of nanoparticles 
in the pure fluid increases. The absorbency of the nanofluid is 
crucial because it enhances the ‘k’ value of the nano-enhanced 
refrigerant. Tab. 3 indicates that a 0.1% addition of nanoparticles 
in CuO-R152a with TiO2-R152a shows only a 0.019% variation in 
the ‘k’ value. Meanwhile, the refrigerant is changed with R113a; 
the ‘k’ is reduced by 1.33 times. 

Tab. 4. The ‘k’ value of refrigerants at atmospheric conditions 

Nano-refrigerant 

Volume concentration 

0.1% 

(Wm1K1) 

0.3% 

(Wm1K1) 

0.5% 

(Wm1K1) 

TiO2-R113a 0.0663 0.0676 0.0687 

TiO2-R152a 0.0883 0.0899 0.0915 

CuO-R152a 0.0883 0.0900 0.0916 

According to the findings of Mahdi et al. [41] and the current 
study, adding nanoparticles increases the viscosity of the basic 
refrigerant. When the volume fraction increases as a result of 
more surface area coming into contact with the refrigerant, the 
viscosity rises. The presence of nanoparticles is not necessary. At 

25C and 1 atm, Tab. 5 displays the viscosities of the TiO2-
R113a, TiO2-R152a, and CuO-R152a refrigerants. The table 
makes it evident that the viscosity of the nano-refrigerant increas-
es dramatically as the volume percentage of the nano-sized mate-
rial increases. For instance, TiO2-R113a has a 4.8% increase in 
viscosity. 

Tab.5. Viscosity of combinations at atmospheric condition 

Nano-
refrigerant 

Particle concentration 

0.1% 

(104 kgm1s1) 

0.3% 

(104 

kgm1s1) 

0.5% 

(104 

kgm1s1) 

TiO2-R113a 5.209 7.004 9.417 

TiO2-R152a 1.281 1.722 2.315 

CuO-R152a 1.281 1.722 2.315 

Tab. 6. ‘ρ’ of combination at atmospheric condition 

Nano-
refrigerant 

Nanoparticle loading 

0.1% (kgm3) 0.3% (kgm3) 0.5% (kgm3) 

TiO2-R113a 1,567.66 1,572.99 1,578.32 

TiO2-R152a 834.19 840.99 847.79 

CuO-R152a 836.47 847.81 859.15 

Tab.7. Specific heat of the combinations at atmospheric condition 

Nano-
refrigerant 

Volume fraction 

0.1% 

(Jkg1K1) 

0.3% 

(Jkg1K1) 

0.5% 

(Jkg1K1) 

TiO2-R113a 911.95 911.84 911.73 

TiO2-R152a 1,794.4 1,783.3 1,772.4 

CuO-R152a 1,790.2 1,770.9 1,752.2 

The specific volume of each nano-refrigerant is determined by 
its ‘ρ’. According to Tab. 6, the ‘ρ’ of nano-refrigerants is quite high 
compared to the ‘ρ’ of its basic refrigerant and gets better as 
nanoparticles are added. As a result, the specific volume reduces 
as particle concentration rises. When 0.1% of nanoparticles are 
introduced into the pure refrigerant, the ‘ρ’ value of the TiO2-
R152a refrigerant is two times greater than that of TiO2-R113a. 
This is owing to the density variation of the base refrigerants such 
as R152a and R113a. The percentage increase in ‘ρ’ of TiO2-
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R113a is 0.34% when the nanoparticle concentration changes 
from 0.3% to 0.5%. However, it is 0.8% in the case of TiO2-R152a. 

Table 7 gives the specific heat of all mixtures. The nano-
refrigerants’ specific heat is shown to increase with volume frac-
tion. At 0.5% nano concentration, TiO2-R152a had the highest 
specific heat. 

3.2.   System performance using different nano-enhanced  
refrigerants 

The VCRSs’ performance is denoted in terms of the COP. The 
COP is influenced by compressor power and the heat extracted 
from the evaporator.  

3.2.1. Influence of nanoparticles on heat extraction from the             
 evaporator 

For various nano-refrigerants, the heat evacuated from the 
evaporator is shown in Fig. 5. Fig. 5 clearly shows that the TiO2-
R113a nano-refrigerant removes significantly more heat than the 
R113a refrigerant. In contrast to the pure refrigerant, the heat 
extraction rose by 170.05% for 0.1% TiO2-R113a nano-refrigerant, 
while it was only 1.68kW for 0.3% TiO2-R113a, which was some-
what less than 0.1%. The amount of heat extracted for 0.5% TiO2-
R113a was the highest at 1.79 kW or nearly three times the 
amount of heat extracted by the R113a refrigerant. In contrast, the 
heat extraction for TiO2-R152a and CuO-R152a followed a differ-
ent pattern. The heat extraction decreased by 9.2% and 9.5% in 
the cases of 0.1% and 0.5% TiO2-R152a, respectively, but was 
still higher than that of 0.3% TiO2-R152a, which saw a reduction of 
13.13% and reached 0.923 kW. The heat extraction from the 
evaporator is also reduced with the addition of nanoparticles to 
the CuO-R152a nano-refrigerant. Heat extraction in nano-
refrigerants performed best for 0.1% CuO-R152a and worst for 
0.3% CuO-R152a, as 1.03kW and 0.97kW, respectively. 

 
Fig.5. The heat extraction from evaporator 

3.2.2. Impact of a nano-sized particle on compressor power    
 usage 

Figure 6 illustrates the variation of compressor power usage 
for TiO2-R113a, TiO2-R152a and CuO-R152a nano-refrigerant.  

Figure 6 show the use of nano-refrigerants might reduce com-
pressor energy consumption. For nano-refrigerant containing 
0.1% TiO2-R113a, energy consumption decreased by 19.9%. 
Similarly, at 0.3% of TiO2 in R113a refrigerant, the energy con-
sumption is decreased by 17.7% and it is reduced by 9.91% for 
0.5% TiO2-R113a. The power consumption decreased by 35.4% 
when 0.1% TiO2-R152a was used, but only little when 0.3% and 
0.5% of TiO2 in R152a were used. It is decreased by 9.302% and 
16.78%, respectively. Likewise, is decreased by about 50% for 
0.1% CuO-R152a. However, the drop was 15% and 10%, respec-
tively, for 0.3% and 0.5% CuO-R152a. 

 
Fig.6. The energy consumption of the compressor 

Generally, the power consumption enhances with the nano-
particle addition in the refrigerant. This is due to the viscosity of 
the fluid increasing with the concentration of the particles. It leads 
to improving the resistance to flow. This is the reason for the rise 
in the power consumption of compressors with nano-enhanced 
refrigerants. 

3.2.3. Effect of nanoparticle on COP 

 
Fig. 7. Variation of systems’ performance  
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Figure 7 demonstrates how the nanoparticles in the refrigerant 
affect the COP. Figure 7 shows that the COPs for nano-
refrigerants are nearly three times more than those for basic 
refrigerants.  

The greatest COP, 5.27, is for 0.5% TiO2-R113a, whereas 
0.1% has a COP of 5.06. Although the COP of 0.3% TiO2-R113a 
has grown by 221.193% than base refrigerant R113a, it remains 
below that for 0.1% and 0.5%. Figure 7 explains that the maxi-
mum COP for adding 0.1% TiO2 nanoparticles to R152a is 10.82, 
whereas for 0.3%, the improvement in COP over the base refrig-
erant is just 4.39%. When compared to R152a, the COP is practi-
cally the same at 0.5%. Similar to this, R152a’s 0.1% addition of 
CuO nanoparticle results in a 10.8 COP. The COP for base and 
nano-refrigerants with 0.5% is almost the same. A bit higher than 
the base refrigerant, the COP for the 0.3% CuO-R152a refrigerant 
is 7.89. 

The difference in the thermo-physical characteristics between 
nano-refrigerants and base refrigerants can be attributed to this 
behaviour. As the viscosity increases as the particle concentra-
tion, the value of COP declines. 

4. FUTURE SCOPE 

In the present situation, no software platform exists where a 
researcher may input nano-refrigerant parameters and obtain 
results. All of the analyses are carried out theoretically and numer-
ically; therefore, experimental studies are needed in future. The 
stability of the nano-refrigerant is not taken into consideration in 
the formulae. The article’s main goal was to evaluate nano-
refrigerants to see which one was superior based only on thermo-
physical qualities. In future, experimental investigations may be 
conducted to confirm these theoretical conclusions. So, in the 
near future, there is a possibility of developing a programme for 
nano research utilizing software such as MATLAB, which may aid 
in providing different inputs such as nanoparticle diameter, nano-
particle type, base refrigerants, charge value and so on. The 
exergy and environment analysis of the system should become 
more reliable and the life cycle assessment will provide an idea 
about the performance of the system. These are the futuristic 
scope of this work. 

Furthermore, it is important to undertake future research re-
garding theoretical analysis and validation studies of the impact of 
nanoparticles on the thermal properties of environmentally friendly 
refrigerants from the HC group such as R600a or R290, as well as 
other refrigerants with low GWP values such as R1233zd, 
R1233ze or R1234yf. Additionally, it is extremely important to 
determine, through research, the impact of lubricating oil in the 
refrigeration compressor system on the stability of the refrigerant 
and the uniform concentration of nanoparticles throughout the 
volume of the refrigerant. 

5. CONCLUSION 

The addition of the nanoparticles to the refrigerant improves 
the COP of the refrigeration system and reduces the power con-
sumption by the compressor than the base refrigerants. Except for 
TiO2-R113a, it can be inferred that the 0.1% concentration of 
nano-sized materials in the pure refrigerant has the greatest COP. 
The efficiency was lowered by 0.3% and 0.5% owing to an im-

provement in viscosity. The maximum COP obtained for adding 
0.1% TiO2 nanoparticles to R152a is 10.82. Meanwhile, the power 
consumption decreased by 35.4% when 0.1% TiO2-R152a was 
used, but only to a lesser extent when 0.3% and 0.5% TiO2-R152a 
were used. Two of the features of blended nano-refrigerants, 
including viscosity and thermal conductivity, were also examined 
in the study that is presented. According to sources, the use of 
nanoparticles increases viscosity, improving the compressor’s 
tribology. The system’s performance thus declines to some extent 
as a result of the system’s increased viscosity and the ensuing 
decrease in pressure. Additionally, a mixed nano-refrigerant with 
low viscosity and excellent heat conductivity maximizes the effica-
cy of nano-refrigeration systems. An investigation implies that 
blended nano-refrigerant systems could be one of the sustainable 
energy solutions. Hence, energy-efficient nano-refrigeration sys-
tems with compressors consuming less power and systems giving 
more COP could curtail the global warming. Also, one could opti-
mize the efficacy of the refrigeration system by choosing the 
appropriate percentage of volume concentration of the nanoparti-
cles. 

Nomenclature: 
Abbreviation: 
CFC Chloro-fluoro-carbon 
COP Coefficient of perfor-
mance 
EU European Union 
GWP Global warming po-
tential 
HCFC Hydro-chloro-fluoro-
carbon 
HTC Heat-

transfer coefficient, Wm2K1 
HTP Heat-transfer perfor-
mance 
NIST National institute of 
standard and technology 
VCRS  Vapour compression 
refrigeration system 
Symbols: 

Cp Specific heat, J kg1 

K1 

Dh Hydraulic diameter, m 
eps Internal surface abso-
lute 
fd Flow fraction factor 
fs Shape factor 

k Thermal conductivity, W m1 K1 

m  Mass flow rate, kg s1 

v Specific volume, m3kg1 
Ff Laminar flow friction force 
Ft Turbulent flow friction force 

Le Effective length, m 
P Pressure, MPa 
Pr Prandtl number 
R Radius of nanoparti-
cle, nm 
Re Reynolds number 
Ssur Surface area of 
evaporator, m2 
T Temperature, K 
U Internal energy, kJ 

kg1 

V Velocity, ms1 

Subscripts: 
ref Base refrigerant 
nf Nano-refrigerant 
sat Saturation 
np Nanoparticle  
Greek Symbols: 

ρ     Density, kg m3 

ϕ     Concentration 

µ    Viscosity, kgm1s1 
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Abstract: The study deals with experimental testing and estimating the modified Dahl model parameters of magnetorheological elasto-
mers (MREs) differing in volumetric concentrations of carbonyl iron particles (CIP). The authors present briefly an overview of scientific re-
ports relating to MREs research. Next, they describe the structure and magnetic properties of two fabricated MREs, which were investigat-
ed using a scanning electron microscope, a magnetometer and a gaussmeter. Then, they reveal the structure of a specially engineered 
test rig for materials sample examination and present a scenario of experiments. Next, the test results of the material’s mechanical proper-
ties conducted in the absence and presence of a magnetic field were discussed. Then, they describe a modified Dahl model of the material 
followed by parameters estimation and validation procedure. Finally, the authors summarise the test results and outline further research 
steps. 

Key words: magnetorheological elastomer, modified Dahl model, magnetic field, force, displacement, stiffness, estimation, parameter 

1. INTRODUCTION 

Among the so-called smart materials, one special place is oc-
cupied by magnetorheological materials such as fluids, elasto-
mers and foams. Magnetorheological elastomers (MREs) possess 
field-dependent characteristics that allow them to be used in 
various application areas, including vibration isolators [1,2], soft 
robots [3], sensors [4], and so on. That is why, in recent years, 
research interests in MREs have grown rapidly. The studies have 
been focused on the material structure of the MREs, their field-
dependent characteristics, operating modes and applications. By 
principle, the MREs are composed of magnetic particles in a non-
magnetic elastic matrix. In addition to that, MRE formulations 
feature additives to affect their properties. For example, the addi-
tion of graphene oxide decreases their compressive modulus [5], 
and silane coupling agents lead to a more uniform distribution of 
magnetic particles in the matrix [6]. Another problem refers to the 
influence of particles’ parameters, such as the shape [7,8], volume 
fraction [9] and particle size [10]. Moreover, MREs exhibit either 
isotropic or anisotropic structures depending on the manufacturing 
method. With the isotropic MREs, magnetic particles are arranged 
randomly. For comparison, the anisotropic MRE samples are 
seasoned in the presence of a magnetic field which leads to the 
formation of chains of magnetic particles aligned in the direction of 
the field. After the material hardens, the position of the particles is 
fixed, which causes these chains to remain in place. As such, 
anisotropic MREs exhibit different behaviours depending on the 
direction of the acting forces. Therefore, the influence of anisotro-
py remains a challenge [11]. The studies of MRE properties refer 
mainly to the influence of the magnetic field level on various mate-

rial parameters, for example, permeability [12,13], stick-slip effect 
[14] and durability [15]. 

MREs can be operated in at least one of the following modes: 
shear, squeeze (stretch) and active field. The mentioned modes 
are described in detail in Li et al. [16]. A number of studies involve 
the shear mode [17–22]; however, less attention has been paid to 
the field active mode [23] and the squeeze mode [24]. An im-
portant part of the research studies is modelling the MREs behav-
iour when exposed to magnetic fields. Such studies have been 
carried out using microscale models [7,22,25,26], phenomenolog-
ical models [27] or hybrid models [20]. Most research workers use 
the following models: Kelvin–Voigt [24], Bouc–Wen [18,19,28], 
Dahl [27], LuGre [2], the four-parameter model [29] and their 
modifications. 

The present study addresses the experimental tests of MREs 
and a new estimation procedure of the modified Dahl model pa-
rameters of the materials. The proposed procedure can be useful 
in the simulation of mechatronic systems considering MREs. To 
achieve that, two MREs with different volumetric concentrations of 
carbonyl iron particles (CIP) were fabricated, an original test rig 
was assembled and an assumed scenario of experiments was 
implemented. 

The paper is structured as follows. In Section 2 the authors 
reveal the structure of the MRE samples and characterise their 
magnetic properties. Section 3 highlights the preparation of the 
MRE samples, describes the test rig experiment and discusses 
the materials’ test results. Section 4 describes the modified Dahl 
model for representing the behaviour of MREs in the presence of 
magnetic fields and reveals the model parameter estimation pro-
cedure. Finally, conclusions are provided in Section 5. 
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2. STRUCTURE AND MAGNETIC PROPERTIES  
OF MATERIALS 

To fabricate the two MRE samples, two basic components, 
CIP and Ecoflex 00-10 silicone rubber (platinum-catalysed sili-
con), were mixed thoroughly. Next, an attempt was made to re-
move the air bubbles using an ultrasonic homogeniser mixer. The 
degassed material was cured without a magnetic field at ambient 
temperature. The concentration of CIP by volume in the materials 
is appr. 26% (sample S1) and 30% (sample S2 ), respectively, 
similar to that suggested in Bastola and Hossain [17]. Both fabri-
cated materials are isotropic. 

The samples S1 and S2 were examined under the Versa 3D 
scanning electron microscope [30]. Particle morphology observa-
tions were recorded using a secondary electron detector. Since 
the samples are non-conductive materials, the measurements 
were made in the low vacuum mode, and steam was used as the 
gas. The operating parameters of the microscope were as follows: 
level of voltage for accelerating the electron beam at 17 kV , 

electron beam diameter (spot size) at 4.5 nm and water vapour 

pressure of 90 Pa. The microscope images showing the struc-
tures of the samples S1 and S2 are revealed in Fig. 1. It can be 
seen that in both cases, the magnetic particles are evenly distrib-
uted inside the elastic matrix, sometimes grouped into small clus-
ters. Note that the structure of the samples contains a small air 
bubble not removed by the degassing procedure; see the detail 
marked in Fig. 1. 

 
Fig. 1. Microscope images of samples: S1 and S2 

 
Fig. 2. Magnetic flux density B vs magnetic field strength H 

Next, the magnetic tests of the samples, S1 and S2 (3 mm ×
3 mm), were carried out using a LakeShore 7400 series vibrating 

sample magnetometer (VSM) [31] at two temperature levels: 0℃ 
and 25℃. The temperature has no effect on the magnetisation 

curves (within the examined range). Fig. 2 shows the obtained 
magnetisation curves B(H)  for both samples. The hysteresis 
width is equal for both samples but the curves differ slightly (see 
the zoomed-in section in Fig. 2). 

3. TESTING OF MATERIALS 

The purpose of the material tests was to determine the rela-
tionship between their mechanical properties and the external 
stimuli affecting them. The tests of the MRE samples were carried 
out according to the diagram in Fig. 3a. Similar to the material in 
Section 2, we use the designations S1 and S2 to distinguish the 
MREs with differing concentrations of CIP by volume. The sam-

ples S1/S2 were placed between the movable platform and the 
force sensor (FS) to measure the displacement z and the resulting 

force Fm. Fig. 3b presents the sketch of the tested sample (4) 
with purpose-designed handles. It can be seen that the opposing 
surfaces of the sample were fixed to the handles using the cy-
anoacrylate glue layer (3). The handle consists of the plastic base 
(2), the nut (5) and the retaining screw (1). Fig. 3b also shows the 
dimensions of the fabricated sample and those of the handles. 

 
Fig. 3. MRE testing concept: (a) schematic diagram of the test rig con-

cept, (b) MRE sample with handles 

3.1. Preparation of samples 

The samples were tested in the absence and presence of a 
magnetic field induced by NdFeB N38 neodymium magnets. Due 
to the installation of the permanent magnets, the plastic housing 
was designed and 3D printed. The housing was attached to the 
upper plastic base (see component 2 in Fig. 3b) using four 
screws. Fig. 4a,b shows the magnet housing view and its dimen-
sions, respectively. The size of the housing (1) allows for an air 

gap of 0.5 mm between the sample (3) and the housing. Addi-
tionally, the housing ensures that the two magnets (2) can be 
placed symmetrically on the sample’s opposite surfaces. Both 
magnets were of cylindrical shape and axially magnetised. The 
dimensions of the magnets are provided in Fig. 4b. 

The testing of the samples (S1 and S2) was preceded by de-

termining the magnetic flux density distribution in their surrounding 

using the Finite Element Method Magnetics package (FEMM) [32]. 

The simulations were conducted in a cartesian coordinate system, 

taking into account the measured non-linear magnetisation curves 

shown in Fig. 2. The magnet housing (1) (see Fig. 4a) and the 
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plastic base (2) (see Fig. 3b) were made using non-magnetic PLA 

filament, and their magnetisation characteristics were those of air. 

The retaining screw (1) (see Fig. 3b) was modelled using the 

stainless steel 316 material characteristics, while the magnets (2) 

(see Fig. 4a) were modelled by means of the N30 material B-H 

curve, assuming a coercivity of 686.4  kA m⁄ . The planar model 

depth was equal to 15 mm. 

 
Fig. 4. Magnet housing: (a) view, (b) cross-section 

Taking into account the designations Bx and By of the mag-

netic flux density components, the resultant magnetic flux density 

B can be expressed as: 

𝐵 = √𝐵𝑥
2 + 𝐵𝑦

2       (1) 

The distribution of magnetic flux density B in the sample S1 is 

illustrated in Fig. 5. It can be seen that the lines of magnetic flux 

density were deformed to a small extent by the MRE sample. 

 
Fig. 5. Distribution of magnetic flux density 𝐵: sample S1 

The values of Bx  and By  were interpreted at five points 

marked in Fig. 5 by the numbers 1, 2, 3, 4 and 5 and are provided 

in Tab. 1 for the samples S1 and S2 in columns 2 and 3. Accord-
ingly, the numbers in column 4 were obtained by measuring the 
sample S1 using the gaussmeter GM2 [33] with a standard Hall 
probe.  

Points 1 and 2 were selected only for verification purposes, 
whereas points 3 and 4 can be used for interpreting the values of 
magnetic flux density near the left magnet’s housing wall. Point 5 

is located in the sample’s centre. The test results provided in Tab. 

1 for the samples S1 and S2 are similar. Considering the values in 
the blue cells, the authors drew the following conclusions. Due to 
the limitations of the FEMM package and the cylindrical shape of 
the employed magnets, the best correlation between the simula-
tion results and the test data was achieved at points 1,4 and 5. In 
the worst cases, the differences occurring at points 2 and 3 do not 
exceed 48 mT. 

Tab. 1. Components 𝐵𝑥 and 𝐵𝑦 at the selected measurement points 

Point 

no. 

FEMM, S1 mT FEMM, S2 mT GM2, S1 mT 

𝐵𝑥 𝐵𝑦 𝐵𝑥 𝐵𝑦 𝐵𝑥 𝐵𝑦 

1 175 2 176 2 175 - 

2 53 63 54 64 - 32 

3 136 125 138 120 185 - 

4 361 0 366 0 370 - 

5 219 0 220 0 183 - 

 “-“ no space available for measurements 

3.2. Test rig 

For further examinations of the samples, a special test rig was 

assembled (see Fig. 6). In the rig, two main modules can be 

distinguished: the mechanical rig and the electrical module (actua-

tion). The mechanical rig consists of an aluminium frame (10) and 

linear guides along which three movable platforms move. The 

vibration shaker platform (3) was used for generating the excita-

tion (displacement) z using the electrodynamic linear LA30 motor 

(2) [34]. The middle platform (9) was fixed and was used only to 

eliminate the clearance directly upon the assembly of the tested 

sample. Platform (11) was not utilised in the test program. 

 
Fig. 6. View of the test rig 

The electrical module of the rig was composed of the power 
supply unit (1), the cRIO 9063 controller (12) [35], the personal 
computer and the three dedicated measurement boards connect-
ed with the following components: 

 NI-9505 motor drive module to generate the displacement 𝑧; 
 NI 9237 strain full bridge input module to measure the force 

𝐹𝑚  using the NA27 strain gauge beam (8) calibrated within 

the range of ±10N and attached to the fixed platform; 
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 NI-9215 analogue input module to measure the displacement 
𝑧 using the linear encoder (4) [36]. 
The architecture of the control software developed in the Lab-

VIEW environment is described in Snamina and Orkisz [37]. The 
tested sample with the magnet handle (see Fig. 4a and compo-
nent 6 in Fig. 6) was equipped with the fixtures (5) and (7), and 
mounted between the shaker platform and the strain gauge beam.  

3.3. Scenario of tests 

The tests were split into two stages. In the first stage, the au-
thors measured the response of the samples subjected to static 
excitations. First, the samples were excited sinusoidally using an 
amplitude of Az = 3 mm and at a frequency of f = 0.1 Hz. Next, 
the authors measured the response of the samples to dynamic 
excitations. The samples were excited sinusoidally at three differ-

ent amplitude levels: Az 0.4 mm, 0.6 mm and 0.8 mm, and the 

frequency of the sinewave was slowly increased from 0.3 Hz to 
10 Hz. The tests were carried out at a temperature of 25℃. The 

sampling frequency was fp = 4 kHz.. 

Due to the high sampling frequency, the test results were fil-
tered using a moving average filter (the window width was 20 
samples). The precision of the displacement measurements ex-
pressed with the standard deviation value of the displacement z 

was 2.88 ∙ 10−4 mm  and the standard deviation value of the 

measured force Fm  was 1.85 ∙ 10−3 N. The tests were imple-
mented several times for each sample, taking into account the 
influence of the magnetic field and the input displacement ampli-
tude Az. 

To simplify the interpretation of the test results, the authors in-

troduced the following designation SXAz

MY
 where X  refers to the 

sample number, Az denotes the displacement amplitude and MY 

refers to the level of magnetic field; Y = 0 – no magnetic field and 

Y = 1 – magnetic field applied. 

3.4. Results and discussion 

The results of the static tests were obtained by recording the 
behaviour of the samples during five 10-second excitation cycles. 
Fig. 7 shows exemplary time patterns of the displacement z and 

the force Fm for the sample S1 in the cases M0 and M1. Next, the 
recorded results were used to determine the force–displacement 
loops Fm(z) shown for the sample S1 in Fig. 8 and for the sam-

ple S2 in Fig. 9. 

 
Fig. 7. Time histories of displacement 𝑧 and force 𝐹𝑚: sample S1 

 
Fig. 8. Force 𝐹𝑚 vs displacement 𝑧: sample S1 

 
Fig. 9. Force 𝐹𝑚 vs displacement 𝑧: sample S2 

Taking into account the plots in Figs. 8 and 9, the length of the 

sample d = 43 mm and the cross-sectional area of the sample 

as = 256 mm2 , the sample deformation εs  expressed in per-
cents was calculated as follows: 

𝜀𝑠 =
𝑧+𝑚𝑎𝑥 (𝑧)

𝑑
∙ 100       (2) 

while the tensile stress σs was computed according to the follow-

ing formula: 

𝜎𝑠 =
𝐹𝑚

𝑎𝑠
    (3) 

The equivalent stiffness coefficient ks was then calculated as: 

𝑘𝑠 =
𝐴𝐹𝑚

𝐴𝑧
     (4) 

where AFm
 is the force amplitude and Az  is the displacement 

amplitude. Similarly, the equivalent damping coefficient cs  was 

calculated as follows: 

𝑐𝑠 =
𝐴𝐹𝑚

𝐴𝑧̇
    (5) 

where 𝐴𝑧̇ refers to the velocity amplitude. The value of the hyste-

resis coefficient ℎ𝑠 was calculated using the formula: 

ℎ𝑠 = 0.5 ∙ [𝐹𝑚(𝑧0
↑) − 𝐹𝑚(𝑧0

↓)]  (6) 

where 𝐹𝑚(𝑧0
↑) is the force registered for the increasing displace-

ment 𝑧  at the value of 0 mm and 𝐹𝑚(𝑧0
↓) refers to force regis-

tered for the decreasing displacement 𝑧 at the same value. 
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Tab. 2. Test results 

Sam-

ple 

no. 

Range of 

𝜺𝒔 % 

Range of 

𝝈𝒔 kPa 

𝒌𝒔 

N/mm 

𝒄𝒔 

N∙s/mm 

𝒉𝒔 

N 

S13
M0

 0, 13.95 0.27, 9.70 0.40 0.64 0.205 

S13
M1

 0, 13.95 2.10, 15.87 0.77 1.23 0.475 

S23
M0

 0, 13.95 0.64, 12.65 0.57 0.91 0.300 

S23
M1

 0, 13.95 4.00, 19.58 1.01 1.61 0.600 

The results obtained using the assumed excitations are pro-
vided in Tab. 2. In each case, the values of the sample defor-

mations ε vary within the range from 0% to 13.95%. The value 
of the tensile stress σs does not exceed 20 kPa. The equivalent 

stiffness coefficient ks, the equivalent damping coefficient cs and 

the hysteresis coefficient hs depend on the magnetic flux density 
level and the CIP volume. The higher CIP content sample is char-
acterised by a greater increase of the equivalent stiffness coeffi-
cient, the equivalent damping coefficient as well as the higher 
value of the hysteresis coefficient hs. 

The results also revealed the effect of long-term exposure of 
the samples to the magnetic field (residual magnetism). For the 
sample subjected to magnetic field for at least 6 h, regardless of 

the displacement z, a constant increase in the force Fm of 0.15 N 
was observed. The data provided in Tab. 2 relate to the behaviour 
of the samples subjected to constant amplitude and constant 
frequency excitations. Considering the non-linear nature of the 
MREs, dynamic tests were conducted under sinusoidal excitations 
of the amplitudes Az of 0.4 mm, 0.6 mm and 0.8 mm. The plot of 

the equivalent stiffness coefficient ks versus the frequency f was 
adopted, following formula (3) and taking into account that the 

ratio of AFm
 to Az  was dependent on the excitation frequency. 

Fig. 10 shows the test results for the sample S1 and Fig. 11 re-
veals the data obtained for the sample S2. 

 
Fig. 10. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓:  

   sample S1 

The results reveal, on one hand, that an increase in the fre-

quency f results in an increase in the equivalent stiffness coeffi-
cient ks. On the other hand, the increase in amplitude Az causes 

a decrease in the coefficient ks. Next, Tab. 3 provides the impact 

of the concentrations of CIP by volume on the coefficient ks, and 
Fig. 12 shows the comparison between the coefficient ks values 

obtained for both samples. The parameter kd
M0 in Tab. 3 desig-

nates the differences between the values of ks  in the case of 

S20.4
M0

 and S10.4
M0

, while the kd
M1 designates the differences between 

the values of ks in the case of S20.4
M1

 and S10.4
M1

. It is apparent that 

the values of kd
M0 and kd

M1 were nearly equal at frequencies above 

3 Hz. Therefore, the differences between the values of the stiff-
ness coefficient ks for the samples S1 and S2 depend mostly on 
the magnetic field level and to a slight extent on the volume of CIP 
particles. 

 
Fig. 11. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓:  

   sample S2 

Tab. 3. Equivalent stiffness coefficient versus frequency 

Freq. 

𝒇 Hz 

𝒌𝒔S1
0.4

M0
 

N/mm 

𝒌𝒔S20.4
M0

 

N/mm 

𝒌𝒅
M0 

N/mm 

𝒌𝒔S10.4
M1

 

N/mm 

𝒌𝒔S20.4
M1

 

N/mm 

𝒌𝒅
M1 

N/mm 

1 0.60 0.83 0.23 1.24 1.50 0.26 

3 0.71 0.96 0.25 1.48 1.76 0.28 

5 0.78 1.05 0.27 1.62 1.89 0.27 

7 0.83 1.11 0.28 1.71 1.99 0.28 

9 0.87 1.15 0.28 1.79 2.06 0.27 

 
Fig. 12. Equivalent stiffness coefficient 𝑘𝑠 versus frequency 𝑓: samples 

   S1, S2 

4. MODIFIED DAHL MODEL OF MATERIALS 

Most parametric models in field-dependent behaviour of 

MREs are based on Kelvin–Voigt, Bouc–Wen, Dahl, LuGre and 

four-parameter viscoelastic models. Among the models that con-

cern the description of the hysteresis phenomenon, the Dahl 

model considers fewer parameters whose values must be esti-

mated, making it computationally more efficient. In this work, the 

authors select for analysis the modified Dahl model with the struc-

ture shown in Fig. 13.  
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Fig. 13. Structure of the modified Dahl model 

The model can be described as follows:  

𝐹𝑟 = 𝐹𝐷 + 𝑐𝐷𝑧̇𝐷 + 𝑘𝐷𝑧𝐷 + 𝐹0     (7) 

where zD is the displacement, cD denotes the damping coefficient 

and kD refers to the stiffness coefficient. As it can be seen, the 

force Fr  incorporates four components, namely the Dahl model 
friction force FD, the viscous force cDż, the spring force kDz and 

offset in the force F0. The component FD is expressed using the 
following formula: 

𝜕𝐹𝐷

𝜕𝑧𝐷
= 𝜎 [1 −

𝐹𝐷

ℎ𝐷
𝑠𝑔𝑛 (

𝑑𝑧𝐷

𝑑𝑡
)]

𝑏

 (8) 

where σ represents the Dahl’s model stiffness coefficient, b de-

scribes the shape of the stress–strain curve and hD is the Cou-

lomb friction force. Assuming that ρ =
σ

hD
, r = FD hD⁄  and 

b = 1 [38], equation (8) can be rewritten as: 

𝑟̇ = 𝜌(𝑧̇𝐷 − 𝑟|𝑧̇𝐷|)    (9) 

Let us consider that displacement zD varies sinusoidally with 
the amplitude AzD and frequency fzD in one cycle: 

𝑧𝐷(𝑡) = −𝐴𝑧𝐷 ∙ 𝑐𝑜𝑠(2𝜋𝑓𝑧𝐷𝑡) (10) 

Then, in the first half of the displacement cycle period, the 
value of zD increases from −AzD to AzD, whereas in the second 
half of the period this value decreases. Following Eq. (10), the 
velocity takes the form: 

𝑣𝐷(𝑡) = 2𝜋𝑓𝑧𝐷𝐴𝑧𝐷𝑠𝑖𝑛(2𝜋𝑓𝑧𝐷𝑡) (11) 

Combining Eqs (7, 9–11), the modified Dahl model can be 

written as:  

{
𝐹𝑟(𝑡) = ℎ𝐷𝑟 + 𝑐𝐷𝑣𝐷(𝑡) + 𝑘𝐷𝑧𝐷(𝑡) + 𝐹0

𝑟̇(𝑡) = 𝜌(𝑣𝐷(𝑡) − 𝑟|𝑣𝐷(𝑡)|)
 (12) 

It is evident then that the model contains seven parameters 

(kD, cD, hD, ρ, AzD , fzD , F0). Three of them, AzD, fzD  and F0 , 
may be determined directly from the test results, whereas the 
remaining parameters have to be estimated. Designating the 

sampling time by tpr, the number of samples can be calculated 

according to: 

𝑛 =
1

𝑓𝑧𝐷𝑡𝑝𝑟
 (13) 

Using Eq. (12) in the simulations, the authors assumed the 

constant sampling time tpr, and the initial condition r(0) = −1. 

The initial condition estimate was set to avoid initial errors and 

improve the calculations’ accuracy. 
Considering the differences in the phase time pattern of the 

displacements z(t) and zD(t) , the authors proposed to correct 
the time shift of the displacement z and force Fm by the value of 

Δtm . Introducing displacement zΔ(t) = z(t − Δtm)  and force 

FmΔ(t) = Fm(t − Δtm)  the accuracy of the modified Dahl 
model can be evaluated by the following quality factor: 

𝐽𝑒 = √
1

𝑛𝑡𝑝𝑟
∫ (𝐹𝑟(𝑡) − 𝐹𝑚𝛥(𝑡))

2
𝑑𝑡

𝑛𝑡𝑝𝑟

0
   (14) 

To achieve a better accuracy of the factor Je, the scaling fac-

tor sc = 0.5(|sin(2πfzDt)| + 1) was used and then, the modi-
fied quality factor could be expressed as follows: 

𝐽𝑒𝑠 = √
∫ (0.5(|sin(2𝜋𝑓𝑧𝐷𝑡)|+1)∙(𝐹𝑟(𝑡)−𝐹𝑚𝛥(𝑡))

2
)𝑑𝑡

𝑛𝑡𝑝𝑟
0

𝑛𝑡𝑝𝑟
 (15) 

Taking into account the shape of the relationship FmΔ(zΔ), 
the benefit of the quality factor Jes is in reducing the weight factor 
for the samples located at the maximum and minimum values of 

the displacement zΔ , respectively. Such modification yields an 
improved projection of the model on the test results. 

4.1. Estimation procedure of model parameters 

The proposed procedure for the estimation of the modified 
Dahl model parameters (see Fig. 14) consists of the following four 
stages: 

Stage 1. Data import and estimation of parameters AzD, fzD, 

F0, Δtm. The stage consists of two steps. 

 Step 1. Test results are imported considering the displace-
ment 𝑧 and the force 𝐹𝑚. 

 Step 2. The 𝐴𝑧𝐷  is determined as 0.5 ∙ (max(𝑧) −

min (𝑧)), the 𝑓𝑧𝐷 is calculated using the autocorrelation func-

tion, 𝛥𝑡𝑚 is estimated using the cross-correlation function tak-
ing into consideration the displacements 𝑧(𝑡) and 𝑧𝐷(𝑡), 𝐹0 

is computed by averaging 𝐹𝑚(𝑡) over one cycle. 

Stage 2. Initial estimation of parameters kD, cD, hD, ρ. The 
stage consists of three steps. 

 Step 1. Parameter initialisation. The one hundred sets of the 
parameters kD, cD, hD, ρ were randomly selected within the 

corresponding ranges: kD ∈ [0,1.2] N/mm , cD ∈
[0,1.8] N∙s/mm , hD ∈ [0,0.7] N , ρ ∈ [1,2] s/mm . The 
ranges of kD , cD  and hD  are selected based on Tab. 2, 

whereas the range of the parameter ρ is selected in order to 

preserve the shape of r(zD).  

 Step 2. Calculation of the force Fr(t) and the quality factor Jes 
using previously generated sets of parameters. 

 Step 3. Selection of the set of parameters for which the 

smallest value of the Jes  factor was obtained. For further 
calculations, the selected set is referred to as Sb. 
Stage 3. Improvement of parameter estimation. The stage 

consists of four steps. 

 Step. 1 The parameter modification. Taking into account the 

set Sb, one to three of the parameters are randomly selected 
for modification. The modification considers random changes 
of the parameter value varying from 0 to twice its obtained 
value. 

 Step 2. Calculation of the force Fr(t) and the quality factor Jes 
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based on the formerly modified parameters. 

 Step 3. Selection of the best-fitted set of parameters. If the 
value of Jes  calculated for the set of modified parameters is 

less than the factor Jes  calculated for the set Sb , then the 
modified set of parameters is considered as the new set Sb. 

 Step 4. Steps 1–3 are repeated 105 times. 
Stage 4. Non-linear least-squares method application. The 

stage consists of two steps. 

 Step 1. The parameter set Sb is used as an initial condition in 
the lsqcurvefit function in MATLAB to calculate the modified 
set of parameters. 

 Step 2 If the value of the quality factor Jes determined for the 
set of parameters in Step 1 is smaller than the value obtained 

for the set Sb, then Stage 4 should be skipped. 

 

Fig. 14. Block diagram of the estimation procedure 

4.2. Validation of procedure 

The procedure elaborated in Subsection 4.1 was validated by 
comparing the simulation data obtained with the model against the 
test results. 

The input to the procedure was the time patterns of the dis-

placement z and force Fm registered for the sample S13 (see Fig. 

7). Two cases were considered,  M0 and M1, which refer to both 
the absence and presence of the magnetic field. The procedure 
was repeated 10 times for both cases. 

The validation results are shown in the form of force–
displacement loops (see Figs. 15,16). In addition to that, in Tab. 4 
the authors provide the calculated values (averaged over the set 
of realisations) to summarise each stage of the procedure. 

 
Fig. 15. Validation of the model: S13

M0 

 
Fig. 16. Validation of the model: S13

M1 

Tab. 4. Parameter estimates: sample S13 

Stage 

no. 
Model parameters Quality factors 

Case M0 

1 

𝐴𝑧𝐷 = 3.01 mm,  

𝑓𝑧𝐷 = 0.099 Hz, 

𝐹0 = 1.3 N, Δt𝑚 =  6.63 s. 

- 

2 

𝑘𝐷 = 0.3494 N/mm, 

𝑐𝐷 = 0.0811 N∙s/mm, 

ℎ𝐷 = 0.1972 N, 𝜌 =

1.59 s/mm. 

𝐽𝑒 = 0.20002 N, 

𝐽𝑒𝑠 = 0.16608 N. 

3 

𝑘𝐷 = 0.3819 N/mm, 

𝑐𝐷 = 0.0886 N∙s/mm, 

ℎ𝐷 = 0.0409 N, 𝜌 =

1.46 s/mm. 

 

𝐽𝑒 = 0.01673 N, 

𝐽𝑒𝑠 = 0.01351 N. 
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4 

𝑘𝐷 = 0.3834 N/mm, 

𝑐𝐷 = 0.0912 N∙s/mm, 

ℎ𝐷 = 0.0353 N, 𝜌 =

1.46 s/mm. 

𝐽𝑒 = 0.01666 N, 

𝐽𝑒𝑠 = 0.01345 N. 

Case M1 

1 
𝐴𝑧𝐷 = 2.99 mm, 𝑓𝑧𝐷 = 0.1 Hz, 

𝐹0 = 1.85 N, Δt𝑚 = 6.64 s. 
- 

2 

𝑘𝐷 = 0.6602 N/mm, 

𝑐𝐷 = 0.1130 N∙s/mm, 

ℎ𝐷 = 0.2906 N, 𝜌 =

1.41 s/mm. 

𝐽𝑒 = 0.14802 N, 

𝐽𝑒𝑠 = 0.11682 N. 

3 

𝑘𝐷 = 0.6784 N/mm, 

𝑐𝐷 = 0.1343 N∙s/mm, 

ℎ𝐷 = 0.2372 N, 𝜌 =

1.46 s/mm. 

𝐽𝑒 = 0.06506 N, 

𝐽𝑒𝑠 = 0.05300 N. 

4 

𝑘𝐷 = 0.6797 N/mm, 

𝑐𝐷 = 0.1374 N∙s/mm, 

ℎ𝐷 = 0.2309 N, 𝜌 =

1.44 s/mm. 

𝐽𝑒 = 0.06511 N, 

𝐽𝑒𝑠 = 0.05296 N. 

The comparison of the plots in Figs. 15,16 shows that a good 
agreement was achieved between the simulation data and the test 
results. Some insignificant inaccuracies could be observed only 
for the values of the force Fr  which relate to the maximal and 

minimal values of the displacement zD. The best-fitted parameter 
set of the model is marked in blue in Tab. 4. It is apparent that the 
values of the quality factors Je and Jes took a less and less value 
at each stage, which confirms the accuracy of the estimation 

procedure. Moreover, the values of the parameters AzD and fzD, 
correspond to the values of Az and f obtained from the tests. It 

can be seen that when comparing the case M1 against the case 

M0, the values of the stiffness coefficient kD  and the damping 

coefficient cD  increase by 0.3 N/mm  and 0.046 N∙s/mm . Fur-
thermore, the parameter hD assumes a small value, and, effec-
tively, the developed models may resemble the Kelvin–Voigt 

model. The determined values of the parameter ρ  vary mostly 
within the assumed range of [1,2] s/mm in the case of M0 and 

M1. Keeping in mind that σ = hDρ, a small value of the parame-

ter hD has an adverse effect on the estimation of the parameter ρ. 
The minimal and maximal values of parameters kD , cD , hD , ρ 
based on the set of realisations estimated at Stage 4 are provided 
in Tab. 5. 

Tab. 5. Min/max values of the parameters obtained at Stage 4 

Parameters Case M0 Case M1 

Min(𝑘𝐷) 0.3800 N/mm 0.6689 N/mm 

Max(𝑘𝐷) 0.3856 N/mm 0.6899 N/mm 

Min(𝑐𝐷) 0.0892 N∙s/mm 0.1285 N∙s/mm 

Max(𝑐𝐷) 0.0937 N∙s/mm 0.1492 N∙s/mm 

Min(ℎ𝐷) 0.0286 N 0.1993 N 

Max(ℎ𝐷) 0.0442 N 0.2598 N 

Min(𝜌) 0.99 s/mm 1.18 s/mm 

Max(𝜌) 1.85 s/mm 1.68 /mm 

 

 

 

5. CONCLUSION 

This study deals with experimental tests and modelling of two 
fabricated MRE samples with different concentrations of CIP by 
volume. The work presents the microscopic examination of the 
material samples, discusses the influence of the magnetic field on 
the MRE samples’ behaviour and proposes the estimation proce-
dure of the modified Dahl model parameters. 

The outcome of the research leads the authors to the follow-
ing conclusions: 

 The CIP inside the fabricated samples is regularly distributed 
in the silicon matrix, but the matrix contains inclusions of small 
air bubbles. 

 The difference between the magnetisation curves of the ex-
amined samples results from different CIP contents. 

 The equivalent stiffness and damping coefficients of the sam-
ples depend on the magnetic field level and the concentration 
of CIP by volume. 

 The modified quality factor 𝐽𝑒𝑠 increases the accuracy of the 
model parameters’ determination in the zones close to the ze-

ro value of the displacement 𝑧𝐷. 

 The estimated parameters of the modified Dahl model guaran-
tee the reproduction of the real behaviour of the investigated 
sample. 

 The multi-stage estimation procedure was proposed by the 
authors due to the potential application of more complex mod-
els such as Bouc–Wen or LuGre model. 
The ongoing research will be focused on the extended test 

conditions to develop an inverse model of the manufactured 
MREs. The authors intend to investigate the influence of the 
magnetic flux density, amplitude and excitation frequency on the 
material behaviour. 
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Abstract: This research endeavour-investigates the enhanced adaptation of the Laplace-based variational iteration method (VIM) tailored 
specifically for tackling the Duffing Equation. This is accomplished by incorporating the Lagrange multiplier as a strategic tool to effectively 
address the inherent natural frequency within the Duffing Equation. Using a meticulous comparative analysis, here are juxtapose the ana-
lytical outcomes generated by the modified VIM approach with the numerical solution obtained through the application of the renowned 
Runge-Kutta Fehlberg method (RKF45), implemented by using the powerful mathematical software, MAPLE. Furthermore, by exploring the 
profound influence of diverse initial conditions on the resulting solution, a diverse array of distinct graphical representations is presented.  

Keywords: nonlinear dynamics, modified variational iterative method, Simulink model, mechanical vibration.        

1. INTRODUCTION 

In the 1990s, many mathematicians work to solve the dribbled 
flow in fractional derivatives and nonlinear differential equations 
[1-3] and they introduced a method that is known as the variation-
al iterative method (VIM) and now in recent times VIM has been 
applied immensely as an important mathematical tool for solving 
nonlinear differential equations in various field of sciences (for 
instance, visit [4-10]). For linear problems, the Lagrange multiplier 
is identified and used to obtain the exact solution with single 
iteration. 

This method is very desired in the directory of techniques for 
nonlinear models and high summons record articles that are 
concerned with the “Variational iterative method” which has been 
into account. Also, this method is more reliable and effective than 
other existing strategies, for example, the Adomian decomposition 
and perturbation method etc. The other benefits of VIM are that 
we can reduce the measurements of computation and still main-
tain the precision of the numerical solution. However, the strength 
of this technique is the ability to handle a large group of analytical 
applications as well as numerical applications in real-life prob-
lems. The Integral Transform-based VIM (ITVIM) is a mathemati-
cal technique that combines the variational iteration method (VIM) 
with integral transforms, such as the Laplace transform, to solve 
differential equations. This hybrid approach leverages the ad-
vantages of both methods, allowing for the efficient solution of a 
wide range of differential equations, including ordinary differential 
equations (ODEs) and partial differential equations (PDEs). The 
Laplace transform-based VIM offers a robust approach for solving 
a wide array of differential equations, providing researchers and 
engineers with a valuable tool for understanding and analysing 
dynamic systems in different fields. 

The main concern of this method is about nonlinear oscillators 
like Fangzhu Oscillators [11], lowfrequency property of fractal 

vibration model [12], microelectro mechanical system oscillators 
[13, 14] time-fractional problems [15, 16] etc. The VIM was modi-
fied with the help of Laplace transformation by Rehman et al. [17]. 
In this work the nonlinear differential equation is solved by using 
the method, known as the Modified VIM (MVIM) and periodic 
solution is obtained. The MVIM retains an approximate solution for 
each time level. The tactics MVIM identify incontestable use and 
the Lagrange multiplier is so easy to handle than that of Variation-
al principle [18-22]. We assume a nonlinear oscillator that is ex-
pressed by equation: 

𝑦′′(𝑡) + 𝑓(𝑦) = 0,                                                (1) 

with following initial conditions 

𝑦(0) = 𝐴,                𝑦′(0) = 0. 

We can write Eq. (1) as 

𝑦′′ + 𝜔2(𝑦) + 𝑟(𝑦) = 0,                                                   (2) 

where ω is unknown frequency,  

𝑟(𝑦) = 𝑓(𝑦) − 𝜔2𝑦,                                                            (3) 

and inVIM, for the Eq. (2)  the convolution is given by [23] and 
known as the correction functional which is 

𝑣𝑛+1(𝑡) = 𝑣𝑛(𝑡) + ∫ 𝜂(𝑡, 𝜉)[𝑣′′
𝑛(𝜉) + 𝜔2𝑣𝑛(𝜉) +

𝑡

0

𝑟̃(𝑣𝑛)]𝑑𝜉, 𝑛 = 0,1,2,3, …                                                    (4) 

In the above expression the general Lagrange multiplier is η, 

and by using VIM [24-27] with respect to vn, it can be alternatively 

calculated by stabilizing the conditions of Eq. (4). The symbol n 
represents the nth approximation of the solution and r̃ denotes 

the restricted variation. By assembling stabilised vn(t), the con-

volution will give the value of η . Now we obtain a relationship 
between amplitude and angular frequency and we incorporate 
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Laplace transform in the well-known VIM. Then we will apply this 
method on the equations arising from Duffing equation. Applying 
MVIM to the Duffing equation offers valuable insights into the 
behaviour of nonlinear systems, including understanding complex 
dynamics, resonance phenomena, bifurcation analysis; and sensi-
tivity to system parameters. These implications are not only im-
portant for theoretical understanding but also have practical appli-
cations in engineering and related fields. The Duffing equation is a 
nonlinear second-order differential equation frequently used to 
model the behaviour of various physical systems, including me-
chanical, electrical, and biological systems. It was named after the 
German engineer and physicist Georg Duffing, who extensively 
studied this equation in the early 20th century. In mechanical 
engineering, it describes the behaviour of certain mechanical 
systems, such as a nonlinear oscillator with cubic stiffness. In 
electrical engineering, it represents the response of certain elec-
tronic circuits to external inputs. Moreover, it has been applied in 
biology to model the dynamics of biological systems, such as the 
motion of the human heart under certain conditions. Studying the 
Duffing equation and its solutions provides valuable insights into 
the behavior of nonlinear systems and help to use them in various 
scientific and engineering disciplines. 

The generalized Duffing Equation is defined by Petrova [28] 
and given as: 

𝑠′′(𝑡) + 𝛿𝑠′(𝑡) + 𝛼𝑠(𝑡) + 𝛽𝑠3(𝑡) = 𝜑(𝑡),                       (5) 

where α, β and δ are positive constants and φ(t) is a well-known 
function. 

The above equation is a nonlinear second-order differential 
equation. If β = 0, then this equation will reduce to linear equa-
tion. The Duffing equation shows the chaotic nonlinear behaviour 

of dynamical system. If β > 0  the equation denotes a rigid 
springs and if β < 0, the equation denotes the smooth springs 
and, in this case the phase portrait will be closed [29]. The many 
terms from the qualitative theory of ODE can be easily illustrated 
by using the Eq.(5) i.e. limit cycle [30] and chaotic behaviour.  Tao 
et al. [31] introduced a promising method for solving fractional 
differential equations by combining the homotopy perturbation 
method with the Aboodh transform. This innovative hybrid tech-
nique offers a straightforward way to obtain an approximate solu-
tion, which converges rapidly to the exact solution, requiring min-
imal computational effort.  

Anjum and He [32] proposed a simplified method utilising the 
Laplace transform to calculate the multiplier, thereby making this 
approach accessible to researchers dealing with diverse nonlinear 
problems.  Anjum et al. [33] explored the Elzaki transform, a 
modified version of the Laplace transform known for its effective-
ness in dealing with nonlinear oscillators. The study demonstrated 
that a single iteration using this transform results in a highly accu-
rate solution, highlighting its practical utility for researchers. In this 
paper we will solve by taking a special case of Duffing equation 
and applying the MVIM on this equation. 

2. APPLICATIONS OF MVIM TO DUFFING EQUATION 

Problem 1: Firstly, we take δ = 0, α = 0  and φ(t) = 0 in 
Eq. (5) of Duffing equation, 

𝑠′′ + 𝑠3 = 0,   𝑤ℎ𝑒𝑛   𝑠(0) = 𝐴, 𝑠′ (0)   = 0.                    (6)                      

This equation represents the Duffing oscillator. In order to 
solve the Duffing equation, with the help of Laplace transform 

inVIM, we will consider the nonlinear oscillator form 

𝑠′′ + 𝜔2𝑠3 + 𝑔(𝑠) = 0 ,                                                     (7) 

where     g(s) = (1 − ω2)s3. 

Consider the correctional formula for VIM 

ℒ[𝑣𝑛+1(𝑡)] = ℒ[𝑣𝑛(𝑡)] − ℒ ∫
1

𝜔

𝑡

0
sin 𝜔(𝑡 − 𝜉) (𝑣𝑛

′′(𝜉) +

𝜔2𝑣3
𝑛(𝜉) + 𝑔(𝑣𝑛))𝑑𝜉,                                                      (8) 

and now by using convolution for the Laplace transformation, we 
get 

ℒ[𝑠𝑛+1(𝑡)] = ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠′′

𝑛 + 𝜔2𝑠3
𝑛 +

𝑔(𝑠𝑛)].                                                                                (9) 

By substituting the value of g(sn), we have 

ℒ[𝑠𝑛+1(𝑡)] = ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠𝑛

′′ +

𝜔2𝑠3
𝑛 + (1 − 𝜔2)𝑠𝑛

3,                                      (10) 

ℒ[𝑠𝑛+1(𝑡)] = ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠𝑛

′′ +

𝑠𝑛
3].                                                                   (11) 

Use trail function s0(t) = A cos wt,  then the Eq. (11) be-

comes, when n = 0, 

ℒ[𝑠1(𝑡)] = ℒ[𝑠0(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠0

′′ + 𝑠0
3].            (12) 

By substituting the value of s0(t) = A cos ωt, and s0
′′(t) =

−Aω2 cos ωt, we get, 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[−𝐴𝜔2 cos 𝜔𝑡 +

𝐴3 cos 𝜔𝑡3],                                                                       (13) 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[−𝐴𝜔2 cos 𝜔𝑡 +

𝐴3

4
(cos 3𝜔𝑡 + 3 cos 𝜔𝑡)].                                                 (14) 

By solving the above, we have following equation 

ℒ[𝑠1(𝑡)] =

ℒ[𝐴 cos 𝜔𝑡] + [𝐴𝜔 −
3𝐴3

4𝜔
] ℒ [sin 𝜔𝑡]ℒ[cos 𝜔𝑡] −

𝐴3

4𝜔
ℒ [sin 𝜔𝑡]ℒ[cos 3𝜔𝑡].                                          (15) 

Now apply the inverse Laplace transform, the first order ap-

proximate solution is of the form 

𝑠1(𝑡) = [𝐴 cos 𝜔𝑡] + [𝐴𝜔 −
3𝐴3

4𝜔
] [

1

2
t sin 𝜔𝑡] −

𝐴3

4𝜔
[

1

8𝜔
(cos 𝜔𝑡 − cos 3𝜔𝑡)],                                      (16) 

𝑠1(𝑡) =

𝐴 cos 𝜔𝑡 + [𝐴𝜔 −
3𝐴3

4𝜔
] [

1

2
t sin 𝜔𝑡] −

𝐴3

4𝜔
[

1

8𝜔
(cos 𝜔𝑡 −

cos 3𝜔𝑡)].                                                                         (17) 

In the above, the second term is a secular term because it in-

creases in amplitude with time, so avoiding the secular term in 

approximate solution requires that 
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𝐴𝜔 −
3𝐴3

4𝜔
= 0, 

𝜔2 =
3

4
𝐴2, 

𝜔 = √
3

4
𝐴.                                                                          (18) 

The above expression of angular frequency is same as is ob-
tained by the first-order Hamiltonian approach, second-order 
Hamiltonian approach and third-order Hamiltonian approach in 
Eq.(2) by Yildirim et al. [34]. So periodic solution in this case 
becomes same as that of first-order Hamiltonian approach, sec-
ond-order Hamiltonian approach and third-order Hamiltonian 
approach while approximate solution is 

𝑠1(𝑡) = 𝐴 cos −
𝐴3

4𝜔
[

1

8𝜔
(cos 𝜔𝑡 − cos 3𝜔𝑡)] .                  (19) 

Problem 2: We will take  φ(t) = f0 cos ωt  in Eq. (5). This 
leads to a new case of Duffing equation, 

𝑠′′(𝑡) + 𝛿𝑠′(𝑡) + 𝛼𝑠(𝑡) + 𝛽𝑠3(𝑡) =

𝑓0 𝑐𝑜𝑠 𝜔𝑡 ,    𝑤ℎ𝑒𝑛    𝑠(0) = 𝐴,  𝑠′ (0) = 0 .                       (20) 

This equation represents the Duffing oscillator. In order to 
solve Duffing equation, by making Laplace transform in VIM, we 
will consider the nonlinear oscillator form 

𝑠′′ + 𝜔2𝑠 + 𝑔(𝑠) = 0,                                                           (21) 

where   

𝑔(𝑠) = 𝛿𝑠′(𝑡) + 𝛼𝑠(𝑡) + 𝛽𝑠3(𝑡) − 𝑓0 𝑐𝑜𝑠 𝜔𝑡 − 𝜔2𝑠.  

Consider the correctional formula for VIM 

ℒ[𝑣𝑛+1(𝑡)] = ℒ[𝑣𝑛(𝑡)] − ℒ ∫
1

𝜔

𝑡

0
sin 𝜔(𝑡 − 𝜉) (𝑣𝑛

′′(𝜉) +

𝜔2𝑣𝑛(𝜉) + 𝑔(𝑣𝑛))𝑑𝜉.                                                       (22) 

Now by using convolution for the Laplace transformation, we 
get 

ℒ[𝑠𝑛+1(𝑡)] = ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠𝑛

′′(𝑡) + 𝜔2𝑠𝑛 +

𝑔(𝑠𝑛)].                                                                               (23) 

By substituting the value of g(sn), we have 

ℒ[𝑠𝑛+1(𝑡)] = 

ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠𝑛

′′(𝑡) + 𝜔2𝑠𝑛 + 𝛿𝑠′(𝑡) +

𝛼𝑠(𝑡) + 𝛽𝑠3(𝑡) − 𝑓0 cos 𝜔𝑡                                             (24) 

ℒ[𝑠𝑛+1(𝑡)] = ℒ[𝑠𝑛(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠𝑛

′′(𝑡) +

𝛿𝑠𝑛
′(𝑡) + 𝛼𝑠𝑛(𝑡) + 𝛽𝑠𝑛

3(𝑡) − 𝑓0 cos 𝜔𝑡].                      (25) 

Using the trail function s0(t) = A cos ωt, and when n = 0, 
the above equation becomes 

ℒ[𝑠1(𝑡)] = ℒ[𝑠0(𝑡)] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[𝑠0

′′(𝑡) + 𝛽𝑠0
3(𝑡) +

𝛿𝑠0
′(𝑡) + 𝛼𝑠0(𝑡) − 𝑓0 cos 𝜔𝑡].                                        (26) 

By substituting the value of s0(t) = A cos ωt,  s0
′ (t) =

−Aω sin ωt, and s0
′′(t) = −Aω2 cos ωt, we get, 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[−𝐴𝜔2 cos 𝜔𝑡 +

𝛼𝐴 cos 𝜔𝑡 − 𝛿𝐴𝜔 sin 𝜔𝑡 + 𝛽𝐴3 cos 𝜔𝑡3 − 𝑓0 cos 𝜔𝑡],    (27) 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[−𝐴𝜔2 cos 𝜔𝑡 +

𝛼𝐴 cos 𝜔𝑡 − 𝛿𝐴𝜔 sin 𝜔𝑡 +
𝛽𝐴3

4
𝑐𝑜𝑠 3𝜔𝑡 +

3𝛽𝐴3

4
𝑐𝑜𝑠 𝜔𝑡 −

𝑓0 cos 𝜔𝑡],                                                                         (28) 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
ℒ [sin 𝜔𝑡]ℒ[(−𝐴𝜔2 + 𝛼𝐴 +

3𝛽𝐴3

4
− 𝑓0) 𝑐𝑜𝑠 𝜔𝑡 − 𝛿𝐴𝜔 sin 𝜔𝑡 +

𝛽𝐴3

4
𝑐𝑜𝑠 3𝜔𝑡],             (29) 

and by solving these, obtain following equation 

ℒ[𝑠1(𝑡)] = ℒ[𝐴 cos 𝜔𝑡] −
1

𝜔
(−𝐴𝜔2 + 𝛼𝐴 +

3𝛽𝐴3

4
−

𝑓0) ℒ [sin 𝜔𝑡]ℒ[cos 𝜔𝑡] − 𝛿𝐴ℒ [sin 𝜔𝑡]ℒ[sin 𝜔𝑡] −

𝛽𝐴3

4𝜔
ℒ [sin 𝜔𝑡]ℒ[cos 3𝜔𝑡].                                                 (30) 

Applying the inverse Laplace transform, the formulation for the 
first order approximate solution is 

𝑠1(𝑡) =

𝐴 cos 𝜔𝑡 −
1

𝜔
(−𝐴𝜔2 + 𝛼𝐴 +

3𝛽𝐴3

4
− 𝑓0) (

1

2
𝑡 sin 𝜔𝑡) −

𝛿𝐴

2𝜔
(sin 𝜔𝑡 − 𝑡𝜔 cos 3𝜔𝑡) −

𝛽𝐴3

4𝜔
(

1

8𝜔
(cos 𝜔𝑡 −

cos 3𝜔𝑡)),                                                                              (31) 

𝑠1(𝑡) =

𝐴 cos 𝜔𝑡 −
1

𝜔
(−𝐴𝜔2 + 𝛼𝐴 +

3𝛽𝐴3

4
− 𝑓0) (

1

2
𝑡 sin 𝜔𝑡) −

𝛿𝐴

2𝜔
sin 𝜔𝑡 +

𝛿𝐴

2𝜔
𝑡𝜔 cos 3𝜔𝑡 −

𝛽𝐴3

4𝜔
(

1

8𝜔
(cos 𝜔𝑡 −

cos 3𝜔𝑡)).                                                                             (32) 

In this, the second term is a secular term because it increases 
in amplitude with time, and so avoiding the secular term in approx-
imate solution requires that 

−
1

𝜔
(−𝐴𝜔2 + 𝛼𝐴 +

3𝛽𝐴3

4
− 𝑓0) = 0,  

𝐴𝜔2 − 𝛼𝐴 −
3𝛽𝐴3

4
+ 𝑓0 = 0,  

𝐴𝜔2 = 𝛼𝐴 +
3𝛽𝐴3

4
− 𝑓0,  

𝜔2 = 𝛼 +
3𝛽𝐴2

4
−

𝑓0

𝐴
,  

𝜔 = √𝛼 +
3𝛽𝐴2

4
−

𝑓0

𝐴
.                                                           (33) 

The above expression shows the angular frequency of the 
system using the periodic solution approach while approximate 
solution is 

𝑠1(𝑡) = 𝐴 cos 𝜔𝑡 −
𝛿𝐴

2𝜔
sin 𝜔𝑡 −

𝛽𝐴3

4𝜔
[

1

8𝜔
(cos 𝜔𝑡 −

cos 3𝜔𝑡)].                                                                        (34) 
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3. RESULT AND DISCUSSION OF PROBLEM 1 

In this problem, we take a Duffing Equation with a special 
case to obtain analytical solution by modified VIM and now we will 
compare our results with the numerical method that is Runge-
Kutta Fehlberg method (RKF45). The Figs. 1, 2 and 3 show the 
comparison between analytical solutions obtained by MVIM and 
numerical solutions by RKF45 whichconforms the validity of 
MVIM: 

 
Fig. 1.   Comparison between VIM with Laplace and RKF45 for A = 0.01.              

RKF45, Runge-KuttaFehlberg method: VIM, Variational iteration 
method. 

In this session, we have characterised the error analysis of the 

analytical solution by MVIM and numerical solution by RKF45. In 

Tab. 1, error term E1 conforms the validity of the solution by 

MVIM. 

Tab. 1. Error analysis for problem 

        Time 

steps 
RKF45 MVIM E1 

1. 0.00999999500495420 0.009999996250 0.000000000622523 

2. 0.00999998001985614 0.009999985000 0.00000000249007 

3. 0.00999995504478561 0.009999966250 0.00000000560261 

4. 0.00999992007985009 0.009999940000 0.00000000996007 

5. 0.00999987512518472 0.009999906250 0.0000000155624 

6. 0.00999982018095232 0.009999865000 0.0000000224095 

7. 0.00999975524734341 0.009999816251 0.0000000305018 

8. 0.00999968032457617 0.009999760001 0.0000000398382 

9. 0.00999959541289647 0.009999696252 0.0000000504196 

10. 0.00999950051257784 0.009999625002 0.0000000622447 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

 
Fig. 2.   Comparison between VIM with Laplace and RKF45 for A = 0.1. 

RKF45, Runge-Kutta Fehlberg method; VIM, Variational iteration 
method. 

In this session, we have characterised the error analysis of the 

analytical solution by MVIM and numerical solution by RKF45. In 

Tab. 2, error term Error E2 again conforms the validity of the 

solution by MVIM. 

Tab. 2. Error analysis for problem 

T      Time 

steps 
RKF45 MVIM E2 

1. 0.0999950010279834 0.09999625002 0.000000624496 

2. 0.0999800056260519 0.09998500037 0.00000249737 

3. 0.0999550182421241 0.09996625190 0.00000561683 

4. 0.0999200462264396 0.09994000600 0.00000997989 

5. 0.0998750998315593 0.09990626465 0.0000155824 

6. 0.0998201922123647 0.09986503037 0.0000224191 

7. 0.0997553394260590 0.09981630627 0.0000304834 

8. 0.0996805604321661 0.09976009598 0.0000397678 

9. 0.0995958770925311 0.09969640374 0.0000502633 

10. 0.0995013141713202 0.09962523432 0.0000619601 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

 
Fig. 3.   Comparison between, VIM with Laplace and RKF45 for A = 1. 

RKF45, Runge-Kutta Fehlberg method; VIM, Variational iterative 
method. 
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In this session, we have characterised the error analysis of the 

analytical solution by MVIM and numerical solution by RKF45. In 

Tab. 3, error term E3 again conforms the validity of the solution by 

MVIM. 

Tab. 3. Error analysis for problem 

Time 

steps 
RKF45 MVIM E3 

1. 0.995012463963846 0.9962523432 0.00061994 

2. 0.980197633634482 0.9850374625 0.002419914 

3. 0.955985874143270 0.9664394171 0.005226771 

4. 0.923053269838254 0.9405976051 0.008772168 

5. 0.882266426229066 0.9077057190 0.012719646 

6. 0.834616758953844 0.8680102938 0.016696767 

7. 0.781152682325995 0.8218088592 0.020328088 

8. 0.722917072594592 0.7694477095 0.023265318 

9. 0.660895283270746 0.7113193077 0.025212012 

10. 0.595976638587752 0.6478593447 0.025941353 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

4. RESULT AND DISCUSSION OF PROLEM 2 

In this problem, we consider a Duffing Equation with a special 

case to obtain analytical solution by MVIM and the results are 

compared with the numerical method that is RKF45.  

 
Fig. 4.   Comparison between, VIM with Laplace and RKF45 for A = 0.1. 

RKF45, Runge-Kutta Fehlberg method; VIM, Variational iterative 
method. 

The Figs. 4, 5 and 6 show the comparison between analytical 

solutions obtained by MVIM and numerical solution by RKF45 

which conforms the validity of MVIM. MVIMs, including the La-

place-based variant, offer a flexible and powerful approach to 

solving a wide range of differential equations. However, users 

should be aware of its limitations and the specific characteristics 

of the problems they intend to solve. Additionally, it’s important to 

stay updated with the latest research in this field, as ongoing 

developments might address some of the current limitations  

[35-37].  

Note that we have characterised the error analysis of the ana-

lytical solution by MVIM and numerical solution by RKF45 in this 

session. In Tab. 4, error term E4 conforms the validity of the 

solution by MVIM. 

Tab. 4. Error analysis for problem 

Time 

steps 
RKF45 MVIM E4 

1. 0.090647789 0.090647651 0.000000068965 

2. 0.064339347 0.064339933 0.00000002931 

3. 0.025999877 0.025997625 0.000000112601 

4. -0.01720434 -0.017207461 0.00000156036 

5. -0.05719678 -0.057193943 0.00000141875 

6. -0.086484702 -0.08648247 0.00000111599 

7. -0.099596785 -0.099594713 0.00000103591 

8. -0.094045679 -0.094078066 0.0000161936 

9. -0.070989376 -0.070964401 0.0000124876 

10. -0.034789867 -0.034577059 0.000106404 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

 
Fig. 5.   Comparison between, VIM with Laplace and RKF45 for A = 0.01. 

RKF45, Runge-Kutta Fehlberg method; VIM, Variational iterative 
method. 

In this part, we have characterised the error analysis of the 

analytical solution by MVIM and numerical solution by RKF45. In 

Tab. 5, error term Error E5 again conforms the validity of the 

solution by MVIM. 
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Tab. 5. Error analysis for problem 

Time 

steps 
RKF45 MVIM E5 

1. 0.001594365 0.001594392 0.0000000136765 

2. -0.009491547 -0.009491583 0.0000000179675 

3. -0.004621835 -0.004621054 0.000000390476 

4. 0.008017644 0.008018028 0.000000192285 

5. 0.007178921 0.00717783 0.000000545386 

6. -0.005726789 -0.005729173 0.00000119161 

7. -0.009006871 -0.00900474 0.00000106561 

8. 0.002859876 0.002857755 0.0000010607 

9. 0.009919876 0.009916016 0.00000192992 

10. 0.000398376 0.000304249 0.00000470636 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

 
Fig. 6.   Comparison between, VIM with Laplace and RKF45 for A = 

0.001. RKF45,  Runge-Kutta Fehlberg method; VIM, Variational 
iterative method 

In this section, we have characterised the error analysis of the 

analytical solution by MVIM and numerical solution by RKF45. In 

Tab. 6, error term E6 again conforms the validity of the solution by 

MVIM. 

Tab. 6. Error analysis for problem 

Time 

steps 
RKF45 MVIM E6 

1. -0.000239068 -0.000239034 0.0000000167992 

2. -0.0008857 -0.000885725 0.0000000126032 

3. 0.000662679 0.000662472 0.000000103627 

4. 0.000569568 0.000569018 0.000000274801 

5. -0.00093679 -0.000934501 0.0000011442 

6. -0.000126891 -0.000122262 0.0000023141 

7. 0.000996544 0.000992951 0.00000179618 

8. -0.000308648 -0.000352436 0.0000218943 

9. -0.000875433 -0.000824463 0.0000254851 

10. 0.000905437 0.000746586 0.0000794254 

MVIM, modified Variational iteration method; RKF45, Runge-

Kutta Fehlberg  method. 

5. CONCLUSIONS 

  The Modified Laplace-Based variational Iteration Method 

VIM (MLVIM) has been applied to the Duffing equation and has 

yielded numerical results that are in good agreement with numeri-

cal solution. 

Numerical simulations using the MLVIM have shown that the 

method is capable of capturing the nonlinear behavior exhibited 

by the Duffing equation. The approximate solutions obtained 

through the MLVIM approach closely match the expected trends 

and characteristics of the Duffing equation, including nonlinear 

oscillations, bifurcations, and chaos. 

Comparisons between the MLVIM results and RKF45 have 

demonstrated a high degree of accuracy. The MLVIM has been 

successful in reproducing key features of the Duffing equation, 

such as the amplitude-frequency response, phase portraits, and 

frequency response curves. 

Additionally, the MVIM has proven to be a versatile method for 

studying different variations of the Duffing equation, including 

those with additional nonlinear terms or external forcing. By ap-

propriately modifying the iterative scheme and incorporating the 

necessary terms, the MLVIM has been able to handle these ex-

tensions and produce satisfactory numerical results. 

It is worth noting that the accuracy of the MLVIM solutions de-

pends on the number of iterations performed and the convergence 

behaviour of the method. In cases where the Duffing equation 

exhibits strong nonlinearity or complex dynamics, a higher number 

of iterations may be required to achieve desired accuracy. 

We can conclde that the MLVIM has provided numerical re-

sults which are in good agreement with RKF45 for the Duffing 

equation. This method demonstrates its effectiveness in capturing 

the nonlinear behavior and complex dynamics exhibited by the 

Duffing equation, making it a valuable tool for analysing and un-

derstanding such systems. 
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Abstract: The springback phenomenon that occurs during cold forming is the main problem that affects the dimensional accuracy of bent 
products. This article presents the results of the analysis of the springback phenomenon occurring during a three-point air bending of 0.5 
mm, 0.8 mm, 1.0 mm and 2.0 mm thick AW-2024 aluminium alloy sheet, AW-1050A aluminium clad. For sheets with a thickness of 1.0 mm 
and 2.0 mm, the influence of heat treatment and natural ageing time of sheets on the value of the springback coefficient was also tested. 
The springback characteristics were determined by defining the dependence of the springback coefficient on the bending deflection of the 
band. The experimental results obtained indicate a linear dependence of the value of the springback coefficient on the relative deflection 
w/fg index (w – distance between supports, fg – deflection under load), both in the case of the influence of the sheet thickness and the 
ageing time of the sheets. 

Key words: AW-2024 sheet, three-point bending, springback, clad sheet metal, natural ageing

1. INTRODUCTION 

One of the main criteria in the selection of material for the 
production of parts, especially in aviation and automotive produc-
tion, is the index determining the ratio of its density to the strength 
limit [1]. Therefore, aluminium alloys, due to their properties and 
the well-developed ability to produce them, are widely used in 
aviation and other areas of the transport industry [2, 3]. Currently, 
apart from composite materials, their percentage share is the 
largest in aircraft production. 

In the aerospace industry, the materials used to make aircraft 
skins are mainly high-strength aluminium alloys; however, the 
disadvantage of these materials is usually their low resistance to 
corrosion. Corrosion damage arising during operation is a serious 
threat, especially for many years of operation of aluminium aircraft 
structures [4, 5]. To improve the corrosion resistance of the case 
of high-strength sheets made of aluminium alloys, technically pure 
aluminium is used as the coating material, applied on both sides 
in the rolling process to the parent material [6]. 

An example of an alloy widely used in aviation production is 
the AW-2024 aluminium alloy, whose precipitation hardening 
ability is very often used to obtain the required mechanical proper-
ties [7]. After thermal treatment (heat treatment and ageing), it 
obtains relatively high strength and good fracture toughness [8–
10]. The ageing process can be carried out naturally or accelerat-
ed (artificial ageing) [11]. Natural ageing generally gives better 
results in the form of increasing the strength of the material than 
accelerated ageing, but it takes a long time, even 4–5 days, while 
the use of higher temperatures during artificial ageing shortens 
the time of this process [12, 13]. 

Stampings made of aluminium sheets capable of precipitation 
hardening are most often shaped from the sheet in the delivery 
condition, i.e. after soft annealing, and then subjected to heat 
treatment and ageing. In engineering practice, due to a number of 
advantages, heat-treated sheets are also subjected to shaping in 
the initial stage of natural ageing [14]. For this reason, when 
designing processes for the forming of drawpieces from these 
sheets, it is important to know the value of the springback coeffi-
cient K, both for the sheets as delivered and after the heat treat-
ment during the forming operation. It should be emphasised that 
shaping operations should be performed as soon as possible after 
heat treatment due to the deteriorating technological properties of 
the sheet during natural ageing. 

The shaping of various types of parts and sheet metal coat-
ings is carried out by bending processes. In the bending process, 
three basic stages can be distinguished in this process, i.e. elastic 
bending, plastic bending and springing. The distribution of longitu-
dinal strains and stresses on the cross-section of the bent strip 
(Fig. 1) shows that during loading, the outer and inner layers of 
the material are plastically deformed, while the material in the 
middle layer remains under the influence of elastic stresses. As a 
result, after removing the load, the phenomenon of return elastic 
deformation is observed, i.e. the curvature of the bend decreases. 
The decisive coefficient for the quality of bent elements is their 
dimensional and shape accuracy; therefore, during the analysis 
and design of this process, it is very important to determine the 
springback effect after removing the bending load. 

Quantitative assessment of the springback is carried out by 
means of experimental research, analytical calculations, numeri-
cal modelling and others. The amount of springback is most often 
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determined by the dimensionless springback coefficient K. This 
coefficient is calculated from formula (1) as the quotient of the 
bending radius under load ρg and the bending radius after unload-
ing ρs or as the quotient of the bending angle after unloading γs 
and the bending angle under load γg (Fig. 2). 

𝐾 =
γs

γg
=

ρg

ρs
            (1) 

where γg, γs – band deflection angle under load and after spring-

back, respectively, ρg, ρs – band radius under load and after 

springback, respectively. 

 
Fig. 1. Distribution of longitudinal strains (a) and stresses (b) on the      

cross-section of the bent strip 

 
Fig. 2. The shape of a bent sample: (A) under load and (B) after unload-

ing [15] 

When designing the technological process and the bending 
tools, it is necessary to determine to what angle (radius) the input 
material should be bent to obtain the final product required after 
springing. Knowing the value of the springback coefficient for 
specific cases of bending, we can determine the radius or angle 
that should be used during bending in order to obtain a product 
with the desired shape after bending. This gives an opportunity to 
minimise the effects of springing after bending in the design stage 
of technological processes and technological devices.  

In engineering practise, the correction of the shape of the pro-
totype bending tools specified in the design is often done by trial 
and error. The number of these tests can be significantly reduced 
by increasing the accuracy of calculations that consider a wide 
range of coefficients affecting the amount of springback. There-
fore, it is important to take into account as many coefficients as 
possible that influence the parameters of the analysed process 
when determining the value of the springback coefficient. 

Various research works have been devoted to the analysis 

and study of the springback phenomenon of sheets after bending 
and for various materials, using various approaches to solving the 
issues under consideration – analytical [16-18], numerical [19-21]  
as well as the use of neural networks [22]. However, there is a 
lack of knowledge on the impact of cladding layers on forecasting 
springback of clad aluminium alloy sheets; only studies on bend-
ing aluminium-clad steel sheets can be found [23]. 

Knowledge about the amount of springback of materials after 
bending is practically useful. The lack of data from the literature 
on the influence of thickness, as well as the influence of heat 
treatment and natural ageing time of the clad sheets made of the 
AW-2024 alloy on the value of the springback coefficient K as a 
function of relative deflection (w/fg) was the motivation to under-
take this research. The prepared characteristics of the springback 
coefficient of the tested sheets, in addition to cognitive aspects, 
have practical application in the analysis of the bending process 
and in the design of equipment for bending these sheets, both in 
the delivered condition and after heat treatment and during natural 
ageing. 

The paper presents the results of experimental investigations 
of the three-point air bending process of AW-2024 aluminium 
alloy, with rolled AW-1050A cladding for anti-corrosion protection, 
which, among others, are used to make the outer plating of air-
craft structures. The tests were carried out for four sheet thick-
nesses under delivery conditions, i.e. after soft annealing, for 
which the dependence on the value of the springback coefficient K 
as a function of sheet thickness t and relative band deflection 
(w/fg) was determined. In addition, for two thicknesses of the 
tested sheets, the effect of the natural ageing time after heat 
treatment on the value of the springback coefficient as a function 
of relative band deflection (w/fg) was determined. 

2. MATERIAL AND EXPERIMENTAL PROCEDURE  

The tests were carried out using AW-2024 aluminium alloy 
sheets with thicknesses of 0.5 mm, 0.8 mm, 1.0 mm and 2.0 mm 
– and the thickness of the AW_1050A clad layers (Fig. 3) applied 
on both sides was 12.1%, 10.4%, 10.0% and 5.5% of the sheet 
thickness, respectively. Observations of the microstructure in the 
cross-section of the sheets (Fig. 3) showed good cohesion of the 
clad material with the base material. During the bending tests, no 
loss of cohesion was observed. The microstructure shown corre-
sponds to the softened state of the material, with coagulation of 
precipitates present, without a granular structure. No significant 
differences in structure were observed depending on the direction 
of sample collection. Experimental studies, both determining the 
mechanical parameters of the sheet material and bending tests, 
were carried out for two variants: 

 all sheets are tested for material as supplied, i.e. for annealed 
materials, 

 for sheets with a thickness of 1.0 mm and 2.0 mm, heat treat-
ment was carried out. 
In the heat-treatment process, the samples were successively 

heated in the furnace to a temperature of 493C and kept at this 
temperature for 40 min and 45 min for thicknesses of 1 mm and 2 
mm, respectively [24], and then rapidly cooled in cold water. 
Uniaxial tensile and bending tests were carried out using sheet 
samples of material delivered as delivered, immediately after heat 
treatment and after natural ageing for 20 min, 45 min, 90 min and 
120 min. The ageing time range covered by the tests was deter-
mined based on an analysis of the assortment of produced 
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stamps and engineering practise, taking into account the 
AMS2770 standard [24]. 

 
Fig. 3.   An exemplary microstructure of a clad sheet in delivery condition:   

A – base material, B – cladding layer 

From the supplied sheets, samples were taken for uniaxial 

stretching in the 0, 45 and 90 according to the rolling direction 
of the sheets. The shape and dimensions of the samples for 
testing according to ISO 6892-1 are shown in Fig. 4. Static uniaxi-
al tensile tests of individual samples were carried out on the 
Zwick/Roell Z030 test machine. The tensile speed of the samples 
was 30 mm/min. During the tensile test, the values of selected 
material parameters were determined: 
 yield stress R0.2, 
 ultimate strength Rm, 
 parameters of the strain hardening curve according to Hollo-

mon  = C∙εn , where C and n are the hardening coefficient 
and the hardening curve exponent, respectively. 
Bending samples that were 40 mm wide and 100 mm long 

were taken in parallel with the rolling direction. Experimental 
bending tests were carried out on the Zwick/Roell Z030 testing 
machine in a three-point tool system with the same radii r = 5 mm 
(Fig. 5). For samples of each of the sheets tested, the deflection 
under load was set in eight cycles, successively with the value of 
2 mm, 4 mm, 6 mm, 8 mm, 11 mm, 14 mm, 17 mm and 20 mm. 
The samples were then unloaded and the value of deflection 
springback was measured. 

Then, on the basis of the experimental data, the numerical 
values of the sample deflection arrow after unloading in subse-
quent bending cycles were determined. The bending angle and 
springback angle values were calculated in subsequent cycles, 
together with the numerical values of the springback coefficient 
corresponding to these cycles. Based on the measured deflection 
values, the values of the deflection angles under load γg and after 
unloading γs were calculated. 

As observed above [15], the position of the contact point of 
the sample with the surface of the shaping tools changes with the 
increase of the deflection arrow, which has a decisive impact on 
the value of the calculated bending angle. Therefore, to calculate 
the angle of bend, formula (2) was used, considering the observed 
phenomenon and also considering the effect of the band thick-
ness: 

 γ = arctg(
2f

𝑤−Af
)                         (2) 

where f – band deflection arrow, w – distance between the outer 
bending rollers, A – dimensionless coefficient depending on the 
thinness coefficient t/r, and the size of the distance between the 
outer bending rolls w, determined on the basis of geometrical 
relationships, using the least squares method with the use of the 
Logger Pro programme.  

The author's Eq. (2) was presented in detail together with the 
method of determining the coefficient A in the work [15]. 

 

Fig. 4. Dimensions of the samples for the uniaxial tensile test in mm [15] 

 
Fig. 5. A photograph of a bent sample [15]  

3. RESULTS AND DISCUSSION 

Based on the results of the tensile test, it can be seen that 
both the yield stress values and the strength limit for all thickness-
es of the sheets tested under delivery conditions are more than 
two times higher than the values of these parameters for the clad 
material (Tab. 1). Heat treatment of the sheet material resulted in 
a very significant increase in the value of both the yield point 
(respectively by 110% for 1.0 mm thick sheet and 86% for 2.0 mm 
thick sheet), the strength limit (respectively by 99% for 1.0 mm 
thick sheet and 93% for 2.0 mm thick sheet) as well as for the 
value of the strain hardening exponent (respectively by 24% for 
1.0 mm thick sheet and 44% for 2.0 mm thick sheet). With in-
creasing ageing time, further increases in the values of both the 
yield point and the strength limit were observed. The values of the 
strain hardening exponent decrease with increasing ageing time 
(Tab. 2). Therefore, the observation arises that taking into account 
the course and effect of forming the stamps, as well as the me-
chanical parameters of the finished product, the conditions of heat 
treatment of the sheet material should be taken into account. 
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Tab. 1.  Selected mechanical parameters of the tested sheet material   
under delivery condition 

 

Tab. 2. Selected mechanical parameters of the sheet material after heat  

            treatment and ageing 

 

The springback characteristics were presented as a depend-
ence of the springback coefficient on the value of the w/fg index 
because, as shown earlier [15], it allows one to obtain a linear 
relationship between these parameters described by a linear 
equation of the form: 

𝐾 = −𝐴(
𝑤

𝑓𝑔
) + 𝐵           (3)  

where A and B – material coefficients determined experimentally.         
This is confirmed by the results of the experimental investiga-

tions presented in this study, as evidenced by the high values of 
the correlation coefficients R2 (Fig. 6). The data presented in the 
graph (Fig. 6) show that the springback coefficient K also depends 
on the thickness of the sheet t; so, in this case, it is a function of 
two variables: 

𝐾 = 𝑓 (
𝑤

𝑓𝑔
, 𝑡)            (4) 

In order to take into account the influence of the second varia-
ble, i.e. the thickness of the sheet t, the values of coefficients A 
and B in Eq. (3) should be determined as a function of the thick-
ness of the sheet. Taking into account the determined values of 
these coefficients for the thicknesses tested (see equations in Fig. 
6), the approximation method determined the relationship be-

tween the sheet thickness and the value of coefficients A and B, 
which is presented in the graph (Fig. 7). After substituting the 
coefficients A and B determined as functions of thickness into 
formula (3), we obtain the relationship:    

 𝐾 = −(0,086t2 − 0,0283t + 0,0314) (
𝑤

fg
) 

+(0,8178 + 0,153t − 0,0442t2)         (5) 

allowing us to calculate the numerical value of the spring coeffi-

cient K as a function of the w/fg index and the thickness of the 

sheet t in the range of thickness t = (0.5-2.0) mm and the quotient 

(𝑤/𝑓𝑔) = (2.5–25). 

The above equation can be used for quick and estimated se-
lection of the shape of the bending tools in order to obtain the 
required geometry of the final stamps. 

As expected, the value of the springback coefficient clearly 
depends on the thickness of the sheet. For the sheet with a thick-
ness of 0.5 mm, the values of the springback coefficient are clear-
ly lower than for the other sheets (Fig. 6). This is due to the fact 
that for the curvatures used in bending tests, for the thinnest 
sheet, the share of the elastic stress layer a (Fig. 1) is the largest. 
In addition, for this sheet, the percentage share of the clad thick-
ness in relation to the sheet thickness is the highest; therefore, the 
more easily deformable material in the outer layers of the sheets 
results in a greater value of springback after removing the bending 
load.  

 
Fig. 6.   Dependence of the springback coefficient on the value of the w/fg 

index for sheets of different thickness 

 

 

Fig. 7. The influence of sheet thickness on the value of coefficients  
 A and B in Eq. (3) 
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The heat treatment of the material also resulted in a significant 
increase in the springback susceptibility of the sheets, especially 
for small bending curvatures (high values of the w/fg ratio) (Figs. 8 
and 9). The values of the springback coefficient for the material 
delivered, especially for sheets 1.0 mm thick, are clearly higher 
than the values of the K coefficient for sheets after heat treatment. 
The values of the K coefficient decrease (increase springback) as 
the annealing time increases. Taking into account the practical 
use of these relationships, it is recommended to shape products in 
bending processes using sheets in the delivered condition, and 
then heat treat the finished parts in order to increase the mechan-
ical parameters of the material [14]. 

 
Fig. 8.   Dependence of the springback coefficient on the value of the w/fg          

index for sheets for different ageing times for 1.0 mm thick 
sheets (compared to the springback characteristics for sheet with 
mechanical parameters as delivered) 

 
Fig. 9.   Dependence of the springback coefficient on the value of the w/fg 

index for sheets for different ageing times for 2.0 mm thick 
sheets (compared to the springback characteristics for sheet with 
mechanical parameters as delivered) 

The value of the springback coefficient of sheets 1.0 mm and 
2.0 mm thick after different ageing times showed a dependence 
on the tendency of the material to strain hardening (Figs. 10 and 
11). An increase in the value of the strain hardening exponent 
results in an increase in the value of the springback coefficient. 
This relationship is more pronounced as the bending curvature 
(greater deflection of the samples). 

During natural ageing of the tested sheets in the time range of 
0–120 min, an increase of almost 40% and 43% in yield stress 
was observed for sheets with a thickness of 1.0 mm and 2.0 mm, 
respectively. At the same time, a much less intense increase in 
ultimate strength was recorded, which was 10% and 13% for 
sheets with a thickness of 1.0 mm and 2.0 mm, respectively (Tab. 
2). The influence of these parameters, specifically the ratio 

R0.2/Rm, on the springback coefficient for three values of w/fg, is 

shown in Figs. 12 and 13 for sheet metal with a thickness of 1.0 
mm and 2.0 mm, respectively. Both in the case of a 1.0 mm thick 
sheet (Fig. 12) and a 2.0 mm thick sheet (Fig. 13), the value of the 
springback coefficient K decreases with the increase in the 
R0.2/Rm ratio. The intensity of the decrease in the value of the 
springback coefficient K with an increase in the R0.2/Rm ratio de-
pends on the relative deflection w/fg and is greater with the lower 
value of w/fg. In other words, the smaller the radius of the bending 
curvature, the greater the springback after the bending. The 
amount of this springback increases additionally with the increase 
in the R0.2/Rm ratio, and this increase is more intense with a small-
er bending radius. 

 
Fig. 10.   Dependence of the springback coefficient on the value of the  

strain hardening exponent for sheets for different deflection for  
sheets 1.0 mm thick 

 
Fig. 11.   Dependence of the springback coefficient on the value of the 

strain hardening exponent for sheets for different deflection for 
2.0 mm thick sheets 

 
Fig. 12.   Dependence of the springback coefficient on the value of the 

R0.2/Rm ratio for sheets for different deflection for 1.0 mm thick 
sheets 
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Fig. 13.   Dependence of the springback coefficient on the value of the 

R0.2/Rm ratio for sheets for different deflection for 2.0 mm thick 
sheets 

4. CONCLUSIONS 

This work presents the results of the analysis of the spring-
back phenomenon observed during elastic–plastic cold bending of 
0.5 mm, 0.8 mm, 1.0 mm and 2.0 mm thick of the AW-2024 alu-
minium alloy with AW-1050A aluminium clad. For the sheet mate-
rial in the delivery condition and after heat treatment and various 
ageing times, the value of the selected mechanical parameters 
and the springback characteristics were determined. The main 
conclusions of this work can be summarised as follows: 
 Heat treatment of the material in the as-deliver resulted in an 

average approximately two-fold increase in the values of both 
the yield stress and the ultimate strength, and an approxi-
mately 20% increase in the hardening deformation exponent. 
Compared to the parameters of the heat-treated material, the 
increase in the yield stress and the ultimate strength after an 
ageing time of 120 min was on average approximately 40% 
and 11%, respectively. In the tested ageing time range, the 
strain hardening exponent values decrease with increasing 
ageing time, up to a value close to the value of this parameter 
for the material in the delivery condition. 

 For all the tested sheets, a linear dependence of the value of 
the springback coefficient on the value on the relative deflec-
tion w/fg index was observed – with increasing bending curva-
ture (decreasing w/fg index), the value of the springback coef-
ficient increases. In the entire tested w/fg range, for example, 
for the sheet as delivered with a thickness of 2 mm, this in-
crease was 1.28 times, while for the same sheet immediately 
after heat treatment, it was 1.54 times and 2.21 times after 
120 min of natural ageing. It was observed that, regardless of 
heat treatment and ageing time, this increase was greater with 
the smaller the thickness of the tested sheet. 

 The values of the springback coefficient for the material in the 
delivery state are clearly higher than the value of this index for 
sheets after heat treatment. Extending the ageing time of the 
material results in a decrease in the value of the springback 
coefficient. 

 For heat-treated sheets, an increase in the Re/Rm ratio was 
observed with the increase in natural ageing time. In the test-
ed ageing time range of up to 120 min, the value of the 
springback coefficient decreases as the Re/Rm ratio increas-
es. The intensity of this decrease increases with the deflection 
of the sample. 

 An increase in the value of the strain hardening exponent 
results in an increase in the value of the springback coeffi-
cient. 
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Abstract: Damping and energy-consuming elements can be found in many technical applications. This means these component types  
can prevent fractures or injuries in the case of products or people, respectively. In the last time, many modern applications and inventions 
associated with the reduction of the effects of an impact are observed especially in the mode of transportation safety area. The significant 
development of the automotive industry, increasing popularity of motorbikes, electric bikes and scooters, sports field, etc., require new  
solutions for personal safety protection. Human head and neck protection, and other body parts protection are typical groups of solutions 
from biomechanics and mechanical engineering. Authors have investigated LDPE-made pneumatic absorbers under axial impact force. 
Based on the experimental approach and analytical model, mechanical characteristics are presented. Impact force value, deceleration  
and damping for different loading conditions are shown. Because safety systems’ impact protective features can be matched to impact 
conditions, results indicated that absorber damping could possibly be a good solution for them, shaping the impact characteristics  
according to safety requirements. 

Key words: LDPE absorbers, reaction on impact, analytical approach, mechanical parameters, impact test,  
                     LDPE bellows impact, protective 

1. INTRODUCTION 

Materials, components or structures are very often subjected 
to complex loading covering a dynamic one. This means the 
stress state is represented by a few components, and deformation 
can occur at more complicated features than it can be noticed at a 
one-axial loading type (1,2). Research on the dynamics behaviour 
of materials and structures can be divided into experimental re-
searches (3–8), simulation ones and hybrid methods (9–12). 
Modern materials and rapid development of engineering materials 
create new opportunities for scientists and engineers dealing with 
the protection of human health and life. Dynamic tests concerning 
the loading impulse are the basis for all activities aimed at devel-
oping more and more effective protection systems against the 
effects of accidents. The review paper (13) contains a list of cur-
rently designed layered structures acting as impact and explosion 
energy absorbers. Attention was drawn to the enormity of works 
related to the dynamic study of layered structures, which makes 
the topic up-to-date due to the attempt to unify the issue. The 
structures of the cores are interesting because they are designed 
based on origami inspiration. Structures with auxetic properties 
are also geometrically complex and give possibilities of impact 
energy-absorbing applications. Interest in auxetics as cores of 
layered energy-absorbing structures is a very interesting direction. 
In this paper, a layered structure was also specified, where the 
core is made of pipes arranged parallel to each other, perpendicu-
lar to the linings. Attention is paid to the material from which pipe 
cores are currently made. They are metals or polymers. Tubes 
filled with foam are characterised by very good energy consump-

tion. Structures of this type are used in protection against the 
effects of impacts at relatively low speeds, where structure per-
formance may occur. In paper (3), the method of dynamic testing 
of polypropylene obtained uniaxial effects, determining the strain 

rate values at the following levels: 100 s1, 200 s1, 300 s1, 400 

s1 and 500 s1 was presented. During the experiment, the au-
thors have used a split-Hopkinson pressure bar giving constant 
strain rates. The obtained results of dynamic tests were compared 
with the quasi-static test ones. Lower values of strain at destruc-
tion at dynamic loading were observed. In the analysis of the 
results, the wave phenomenon was taken into account, based on 
the one-dimensional wave theory. Jordan et al. (4) also used the 
split-Hopkinson pressure bar and the relationship between strain 
rate and grain size and mechanical properties of OFHC copper 
was investigated. The measurement of the radial and longitudinal 
deformation was carried out using the laser technique together 
with the registration of images with a high-speed camera. It was 
pointed out that the Poisson ratio in dynamic tests assumes a 
constant (14). The results of tension dynamic tests of 
X20MnAlSi16-3-3 steel are presented. A rotary hammer was 
used, which allows setting the strain velocity in the range 5–40 
m/s. Based on the obtained results, it was found that the tested 
high-grade steel strengthens with increasing strain velocity values. 
An increase in the hardness of the tested steel was observed (5). 
Experimental and analytical results for a radially loaded ring dur-
ing an explosion are presented. Ring deformations were meas-
ured using the X-ray method. Ring specimens, placed on a cylin-
drical explosive charge, made it possible to measure changes in 
radius and deformation rate. In theoretical investigations, the 
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specimen ring was treated as a thin-walled structure, assuming: 
symmetry during sample deformation, plane strain state occur-
rence, ring outer side pressure equal to zero, isotropic properties, 
no compressible, ideal plastic material and the instantaneous 
value of the ring sample radius is determined experimentally. 
Analytical model of investigated ring was based on the Tresca 
condition. Stankiewicz et al. (15) presented the results of energy 
consumption tests of the following elastomers: Asmathane (65 
ShA), Asmaprene BE (55 ShA), Asmaprene Q (55 ShA), Easy-
prene FPS (30 ShA), Biresin U1303 (hardener Biresin U1402), 
Biresin U1305 (hardener Biresin U1305) and Biresin U1419 
(hardener Biresin U1419). Properties of these materials are re-
sistance to large deformations and thermal dissipation of impact 
energy. A drop tower was used as a test stand, where piezoelec-
tric force sensor and laser displacement sensor was applied. In 
the study, a high-speed camera was used to record successive 
cycles of dynamic specimen deformations. The authors based on 
the obtained experimental characteristics, build constitutive mod-
els of dynamic mechanical material properties. Then, models were 
applied to numerical investigations and design impact protection 
cover. In paper (11), Raponi and Fiumarella presented experi-
mental and numerical analysis of attenuator made of thermo-
plastic composite material parameter identification under axial 
impact loading. Composite materials have light weight and good 
energy dissipation. Investigated truncated-cone shape bumper 
with a rectangular cross-section was crushed in a quasi-static 
experimental test. Kathiresan et al. (12) described results of the 
experimental and simulation of quasi-static compression test of 
thin-walled cone made of glass fibre and epoxy resin reinforced 
composite. Conical specimens had different forming angles. Load-
ing deformation characteristics were compared with those ob-
tained by Abaqus simulation. In paper (16), new proposition of 
glass or carbon fibre sandwich panel with foam core was present-
ed. Prepared panels was tested for impact load under different 
energy. Authors used Instron Dynatup 9250HV drop weight im-
pact testing machine and did tests according to the ASTM norm. 
Applied impact head speed was equal to 2 mm/min. Avalle Bel-
ingardi (17) presented a model of the foam material, the purpose 
and application of it which is to give possibilities to select the 
appropriate foam due to the absorption of impact energy. The 
presented model of the foam material includes, among others, the 
influence of the strain rate on its mechanical properties. Proposed 
foam one-dimensional material model is fitted to experimental 
data based on past experimental data of the authors. The alumin-
ium foam model studies included quasi-static, dynamic, and im-
pact tests at different loading speeds and impact energy. It was 
pointed out that foams are materials commonly used in devices 
protecting the safety of people and in the transport of delicate 
goods. In paper (9), Koohbor et al. presented the results of me-
chanical energy absorption tests under low-velocity impact loading 
for elastomeric hybrid structure polyurethane foam. The authors 
pointed out on the measure stress and strain in foam structure, 
energy indicators and evolution of the Poisson ratio. Optical sys-
tems were used during experimental tests. The examined foam 
behaviour was characterised by an increase of strength value 
when strain rate increased. Reyes and Børvik (8) presented the 
continuation of their research on the energy dissipation properties 
of layered structures. Various foams acting as the core were 
tested. Thin aluminium plates were used as covers. Dynamic 
loading was used by means of the drop tower, where a constant 
mass of 15 kg impacted the tested specimens with different ve-
locities between 5 m/s and 10 m/s. During the research, high-

speed cameras were used to record the movement. In conclusion, 
it was found that the best energy dissipation effects can be ob-
tained by using low-density foam cores. In paper (18), foam-filled, 
thin-walled structures were presented as mechanical energy 
absorbers. The interesting fact is that foam density varies 
throughout the foam depth. The authors noted that variable foam 
density has a significant influence on the energy dissipation pro-
cess during impact. Investigated structures were prepared as 
square, thin-walled aluminium-made pipes filled by aluminium 
foam, where foam density varies on the specimen length in ac-
cordance with impact direction. Research was made by the FEM 
simulation software. Robinson et al. (19) investigated the interac-
tion between head and protective football helmet under impact 
load. Influence factors that lead to mild traumatic brain injury 
(MTBI) were the main revealing goal of the researchers. The 
authors pointed out that the reduction of the coefficient of friction 
between the head and the helmet liner results in a reduction of 
overloads acting on the head. In paper (20), Maw et al. investigat-
ed skater’s helmets under impact loading, where helmet size and 
shape were decision-making parameters. During the experimental 
tests, the helmet fell on the special pad. The authors used four 
levels of the drop. As a conclusion, it was found that the size and 
the helmets’ radius of curvature have an important influence on 
the linear decelerations during the helmet impact. Research on 
the energy consumption of helmets is also presented by Clough et 
al. (6). Modern elastomeric lattice properties, applied as helmet 
shock absorber padding are investigated. The researchers have 
paid attention to two types of materials used as helmet linings: 
single-hit material and self-recovering. Resistance to multiple 
impacts undoubtedly increases the usefulness of the helmet. 
Additive manufacturing of cellular architecture is giving new pos-
sibilities to design more effective cellular structure where we can 
design more precisely the safety properties. The problem of head 
overloads was studied by Lewis et al. (21), where they experimen-
tally investigated the problem of head acceleration, which was 
protected by football helmets. Volunteers between the age of 16 
years and 30 years, with football helmet worn, had accelerome-
ters inside their mouths. They also applied accelerometers in-
stalled inside the lining layer. Human cadaver heads were used 
with and without protective helmets for a more intense impact 
during tests. In the case of a corpse, blunt impact force was real-
ised by pendulum device. The recorded results were compared 
with each other, paying attention to the acceleration peak values. 
The test results showed the advantages of safety helmets. Atten-
tion was focussed on the differences between the results of the 
measured accelerations for the sensors placed in the mouth and 
the helmet lining. The results of research on the chin part of the 
full-face helmet were presented by Whyte et al. (22). The finite 
element method was used for dynamic simulation of the helmet 
behaviour. The author applied two composite layers to increase 
the stiffness of the chin part of the helmet. This modification re-
sulted in a reduction of peak acceleration of the head. It was 
noted that the stiffness of the foam lining the helmet should be 
selected in correlation with the properties of the helmet shell. The 
lowest acceleration values were obtained when the stiffness of the 
helmet shell was increased and the stiffness of the foam lining 
inside the helmet was reduced. Trzaskalska and Chwastek (7) 
conducted studies on the effect of the density of ski helmet liners 
made of expanded polystyrene (EPS) in order to assess the ener-
gy dissipation properties. It was found that increasing the EPS 
density increases the damping properties while reducing flexibility 
and increasing the hardness and brittleness of the ski helmet 
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liners. Mizuno et al. (10) used FEM simulations for the investiga-
tion of cyclist helmet properties protection during the impact of 
vehicle A-pillar. Due to the high stiffness of the A-pillar, a head 
impact results in serious injuries. It was noted that, in the case 
under study, the helmet liner had little effect on the HIC parameter 
but by reducing the stiffness of the A-pillar, the HIC parameter can 
be reduced. It should be noted that the authors used a simplified 
FEM simulation model. Considerations led by Ghajari et al. (23) 
made it possible to notice that the tests of protective helmets are 
carried out using standard heads, ignoring the rest of the body. 
Using the finite element method, a full-face helmet study was 
conducted taking into account the interaction of the whole body 
during impacts. The authors pointed out that even during 10 m/s 
impact, the whole body causes the helmet liner to be crushed. 
The results described by Wu et al. (24) present the resistance to 
the secondary impacts of construction helmets. It was found that 
the protective performance of these helmets can be improved by 
using polyethylene air-bubble cushions. During the experimental 
tests, a drop tower was used. Multiple strokes were performed at 
different times by dropping the impactor with an accelerometer 
from different heights. The authors found that the use of air-
bubble cushions significantly improves the protective qualities of 
construction helmets. Mazurek and Szyguła (25) performed a 
numerical FEM analysis of the impact on a thin-walled aluminium-
made column. Columns with circular, square and triangular cross-
sections were tested at the impact velocity of 30 km/h. The influ-
ence of notches on the crushing process of the columns was also 
examined. Based on the research, interesting conclusions were 
drawn. During axial impact, the cross-sectional shape of the col-
umn affects the dissipated energy capacity. The columns with 
notches or embossing results in increase of the amount of dissi-
pated energy and a more favourable deceleration curve. Re-
search results are presented in Böhm et al. (26) for conducted 
tests on the front bumper bracket of a passenger car. Bumper 
bracket was made from carbon fibre epoxy bumper brackets 
reinforced with 2D biaxial and 2D triaxial braids. Experimental 
studies were conducted on a dedicated drop tower equipped with 
fast cameras. Simultaneously, numerical research was carried out 
in the Abaqus software. The usefulness of new phenomenological 
textile-reinforced composites models of all damages were also 
demonstrated. Raponi and Fiumarella (11) presented the results 
of experimental and simulation tests of a bumper made of ther-
moplastic composite. Material parameters were identified on the 
basis of the experimental study. The crushing test of the compo-
nent was performed and compared with the results of the comput-
er simulation. Optimisation of the simulation model was carried 
out by adapting it to the characteristics of the load-displacement 
based on the experimental crushing test. 

In the current paper, the results of selected experimental and 
analytical approaches for the air LDPE absorbers system will be 
presented. The attention follows not only the influence of impact 
velocity on mechanical characteristics, but is focussed on analyti-
cal description of the relation between dynamic characteristics for 
open and closed LDPE absorbers system.  

2. EXPERIMENTAL IMPACT TESTS 

Laboratory tests were carried out using a drop tower stand 
with a steel 0.2-kg mass impactor. The free fall of the impactor 
took place from several levels relative to the base of the test 

stand, namely: 200 mm, 400 mm, 600 mm and 900 mm. During 
the impact test, the impactor hit the aluminium plate bumper 
shown in Fig. 1, equipped with very low friction coefficient ball 
bearings, one in each corner. The aluminium plate bumper moved 
along the corner bar guides, where the resistance to movement 
was negligible. Pneumatic LDPE absorbers have been impact 
loaded, where at the same time, four spring LDPE absorbers were 
tested and placed parallel. 

 
Fig. 1. Impact test stand 

  
Fig. 2.   Pneumatic LDPE absorbers: (a) sealed absorbers, (b) free 

airflow   absorbers 

Tested LDPE absorbers were examined as sealed space—
Fig. 1, where the air was compressed under impact loading, and 
in another case, when free airflow was released through a pas-
sage channel in the steel base of the absorber—Fig. 2b. In the 
second case, only the dynamic stiffness of the LDPE absorber 
was followed. The results of the experimental research were 
dynamic characteristics for the air-compressing absorber and the 
absorber with the resistance posed only by its shell. 

3. LDPE FOIL TENSION TEST RESULTS 

LDPE polymer used to produce the tested absorbers was de-
livered in a sheet of foil form. A specimen was subjected to a 
static tensile test at room temperature. Based on results from the 
tensile test, fundamental LDPE mechanical characteristics were 
elaborated—Fig. 3.2. 
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Fig. 3.1. Specimen of LDPE foil used in the tensile test 

The thickness of the foil sheet wasn’t constant and it oscillated 
from 0.36 mm to 0.39 mm. 

 
Fig. 3.2. Stress–strain relations (a) for tangential modulus E(ε)  

 (b) for LDPE 

4.  ANALYTICAL MODEL OF PNEUMATIC ABSORBER 

Based on the experimental dynamic results of the LDPE ab-
sorbers, a phenomenological analytical description was proposed. 
The purpose of the analytical research was focussed on the de-
scription of the impact phenomenon. 

For the clarity of the investigations, the following assumptions 
were taken: 

 The geometry and the static characteristics of the absorber 
are well-known. 

 The absorber’s deflection was connected only with the reac-
tion of its harmonic part. 

 The absorber was filled with the medium (air) about the initial 

pressure, 𝑝𝑜  [MPa] and the temperature compatible with the 
ambient temperature. 

 The connection between the absorber and the base is perfect-
ly tight. 

 Impact time is so short that every exchange of the thermal 
energy with the ambient does not exist. 
Due to the complete tightness of the discussed absorber and 

its volume change as a consequence of dynamic compression, 
the relation between current values of pressure, 𝑝, and volume, 

𝜗 [mm3], is the same, like in the case of adiabatic transfor-
mation. In consequence, we can write: 

𝑝𝜗𝜅 = 𝑐𝑜𝑛𝑠𝑡. (4.1) 

where 𝜅 is the Poisson’s coefficient, depending on the medium 
fitting the absorber. 

Therefore, for the increase of pressure, Δ𝑝, caused by the 
volume change, Δ𝜗, the following relationship is true: 

𝑝𝑜𝜗𝑜
𝜅 = (𝑝𝑜 + Δ𝑝)(𝜗𝑜 + Δ𝜗)𝜅 ,  (4.2) 

and hence: 

Δ𝑝 = 𝑝𝑜 ∙ [(
𝜗𝑜

𝜗𝑜+Δ𝜗
)

𝜅

− 1],  (4.3) 

or equivalently: 

Δ𝑝 = 𝑝𝑜 ∙ [(1 +
Δ𝜗

𝜗𝑜
)

−𝜅

− 1], (4.4) 

where 𝑝𝑜 and 𝜗𝑜 are respectively the initial values of pressure 
and absorber’s volume. 

According to Pascal’s law, because the pressure propagates 
independently in the direction, it can be considered that it is the 

quotient of the force increment, Δ𝐹1 [𝑁], (of the gas pressure) 

and the cross-surface area, 𝐴𝑜 [mm2], of the absorber, which in 
effect gives: 

Δ𝐹1 = 𝐴𝑜𝑝𝑜 ∙ [(1 +
Δ𝜗

𝜗𝑜
)

−𝜅

− 1], (4.5) 

where 𝐴𝑜 =
1

4
𝜋𝐷2 and 𝐷 are absorber’s cross-section diameter. 

In order to determine the initial volume, 𝜗𝑜, and its change, 

Δ𝜗, let’s consider the absorber geometry, based on Fig. 4.1. 

 
Fig. 4.1. Detail dimensions of the discussed absorber 
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Based on the measurements, the work of the spring absorber 
can be illustrated, just like in the following figures. 

 
Fig. 4.2. Absorber geometry parameters in the initial state 

 
Fig. 4.3. Deflection of the absorber 

Assuming the acceptable simplification of the shape, geome-
try can be assumed that the initial volume of the absorber is: 

𝜗𝑜 = 𝜗1 + 𝑛𝜗2 + 𝜗3,  (4.6) 

where 𝜗1, 𝜗2 and 𝜗3 denote the volume of the top, working and 
base parts of the absorber, respectively. 

The similarity between two pairs of triangles: orange and red, 
blue and green implies: 

𝐻1 =
𝐷

𝐷−𝑑1
∙ 𝑙1, (4.7) 

and 

𝐻 =
𝐷

𝐷−𝑑
∙ ℎ𝑜, (4.8) 

which gives: 

𝜗1 =
1

12
𝜋𝐷2𝐻1 −

1

12
𝜋𝑑1

2(𝐻1 − 𝑙1) =
1

12
𝜋[(𝐷2 − 𝑑1

2)𝐻1 +

𝑑1
2𝑙1] =

1

12
𝜋(𝐷2 + 𝐷𝑑1 + 𝑑1

2)𝑙1, (4.9)  

𝜗2 =
1

12
𝜋𝐷2𝐻 −

1

12
𝜋𝑑2(𝐻 − ℎ𝑜) =

1

12
𝜋[(𝐷2 − 𝑑2)𝐻 +

𝑑2ℎ𝑜] =
1

12
𝜋(𝐷2 + 𝐷𝑑 + 𝑑2)ℎ𝑜. (4.10)  

Using Eq. (4.6), we get: 
 

𝜗𝑜 =
1

12
𝜋(𝐷2 + 𝐷𝑑1 + 𝑑1

2)𝑙1 +
1

12
𝜋𝑛(𝐷2 + 𝐷𝑑 + 𝑑2)ℎ𝑜 +

1

4
𝜋𝑑2

2(𝐿𝑜 − 𝑙𝑜 − 𝑙1). (4.11) 

 
According to the interpretation illustrated in Fig. 4.3, the ab-

sorber volume change, ∆𝜗, can be expressed as: 

∆𝜗 = 𝜗 − 𝜗𝑜 (4.12) 

where, 

𝜗 =
1

12
𝜋(𝐷2 + 𝐷𝑑1 + 𝑑1

2)𝑙1 +
1

12
𝜋𝑛(𝐷2 + 𝐷𝑑 + 𝑑2)(ℎ𝑜 +

∆ℎ) +
1

4
𝜋𝑑2

2(𝐿𝑜 − 𝑙𝑜 − 𝑙1), (4.13) 

which gives: 

∆𝜗 =
1

12
𝜋𝑛(𝐷2 + 𝐷𝑑 + 𝑑2)∆ℎ. (4.14) 

 
Fig. 4.4. Absorber reaction on compression force 

 

Due to the thickness, 𝑡̃, of the absorber surface, elastic com-
pression ends; when its value equals the limit value, ∆𝑙𝑑 = 𝑛𝑡̃ 
(see Fig. 4.4), which implies the real change of the volume: 

∆𝜗𝑟 =
1

12
𝜋𝑛(𝐷2 + 𝐷𝑑 + 𝑑2)ℎ𝑜 −

1

4
𝜋𝑑2(𝑙𝑜 − ∆𝑙𝑑).   (4.15) 

On the other hand, based on Eq. (4.14), this reaction implies 
the volume decrease: 

∆𝜗𝑑 =
1

12
𝜋(𝐷2 + 𝐷𝑑 + 𝑑2)∆𝑙𝑑 .            (4.16) 

During the compensation, the absorber thickness changes its 
volume, therefore, we introduce the correction coefficient: 

𝑘 =
∆𝜗𝑟

∆𝜗𝑑
=

𝑙𝑜

∆𝑙𝑑
− 3 ∙

𝑑2

𝐷2+𝐷𝑑+𝑑2 ∙
𝑙𝑜−∆𝑙𝑑

∆𝑙𝑑
. (4.17) 

  

hence: 

∆𝜗̃ = 𝑘 ∙ ∆𝜗 =
1

12
𝜋𝑘𝑛(𝐷2 + 𝐷𝑑 + 𝑑2)∆ℎ,    (4.18) 

 
and next, after substituting into Eq. (4.5), we get: 

 
Δ𝐹1 =

𝐴𝑜𝑝𝑜 ∙ [(1 +
𝑛𝑘(𝐷2+𝐷𝑑+𝑑2)∆ℎ

(𝐷2+𝐷𝑑1+𝑑1
2)𝑙1+𝑛(𝐷2+𝐷𝑑+𝑑2)ℎ𝑜+3𝑑2

2(𝐿𝑜−𝑙𝑜−𝑙1)
)

−𝜅

− 1].  

                                                                                                (4.19) 

Due to the fact that the complete change of the absorber 
height, ∆𝑙 = 𝑛∆ℎ (where, 𝑛∆ℎ ≤ ∆𝑙𝑑), we can write: 

Δ𝐹1 =
𝐴𝑜𝑝𝑜 ∙

[(1 +
𝑘(𝐷2+𝐷𝑑+𝑑2)∆𝑙

(𝐷2+𝐷𝑑1+𝑑1
2)𝑙1+𝑛(𝐷2+𝐷𝑑+𝑑2)ℎ𝑜+3𝑑2

2(𝐿𝑜−𝑙𝑜−𝑙1)
)

−𝜅

−

1]                                                                                  (4.20)                                                                                                    

and taking into account the experimental dynamic absorber axial 

stiffness, Cm (which is known from the experimental results for 
open LDPE absorbers system), we have: 

∆𝐹2 = 𝐶𝑚 ∙ ∆𝑙,      (4.21) 
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which finally gives: 

∆𝐹(∆𝑙) = Δ𝐹1 + Δ𝐹2.              (4.22) 

The received pattern is an analytical description of the theoret-
ical characteristic of the ideal sealed absorber. 

Replacing the absorber height change, ∆𝑙, with the displace-
ment, 𝑥, along its axis, the equation of motion for a package 

consisting of 𝑁 absorber (in our case, 𝑁 = 4) can be written as: 

𝑚
𝑑2𝑥

𝑑𝑡2 = −𝑁Δ𝐹(𝑥),            (4.23) 

where 𝑚 is the running mass. 
Because: 

𝑑2𝑥

𝑑𝑡2 = 𝑉
𝑑𝑉

𝑑𝑥
,      (4.24) 

so: 

𝑚𝑉
𝑑𝑉

𝑑𝑥
= −𝑁𝐴𝑜𝑝𝑜 ∙ [(1 − 𝐵𝑥)−𝜅 − 1] − 𝑁𝐶𝑚𝑥,   (4.25) 

where: 

𝐵 =
𝑘(𝐷2+𝐷𝑑+𝑑2)

(𝐷2+𝐷𝑑1+𝑑1
2)𝑙1+𝑛(𝐷2+𝐷𝑑+𝑑2)ℎ𝑜+3𝑑2

2(𝐿𝑜−𝑙𝑜−𝑙1)
. (4.26) 

Finally, using of condition, 𝑉(0) = 𝑉𝑜, it can be written that: 

𝑉 =

√𝑉𝑜
2 + 2𝑁

𝐴𝑜𝑝𝑜

𝐵𝑚
∙ {

1

1−𝜅
[(1 − 𝐵𝑥)−𝜅+1 − 1] + 𝐵𝑥} − 𝑁 ∙

1

𝑚
𝐶𝑚𝑥2 .  

(4.27)    

Returning to the substitution, 𝑉 =
𝑑𝑥

𝑑𝑡
, the relation between 

compression, 𝑥, and time, 𝑡, can be expressed as: 

𝑡 = ∫
𝑑𝑥

√𝑉𝑜
2+2𝑁

𝐴𝑜𝑝𝑜
𝐵𝑚

∙{
1

1−𝜅
[(1−𝐵𝑥)−𝜅+1−1]+𝐵𝑥}−𝑁∙

1

𝑚
𝐶𝑚𝑥2

𝑥

0
.  (4.28) 

Based on the above equation, it is possible to determine the 
relation between the dynamic absorbers deflection and time in the 
case of an ideal sealed system of absorbers, on the base of the 
same characteristic but in the free flow of air state. The deter-
mined characteristics are presented and discussed in the next 
part of the current paper. 

5.   APPROXIMATION OF EXPERIMENTAL RESULTS AND 
APPLICATION OF THEORETICAL INVESTIGATIONS 

The basic experimental characteristic was the relation be-

tween deflection, 𝑥, of the LDPE absorbers system, and the time, 

𝑡, (see blue lines in Fig. 5.1). The necessity of the achievement of 
the calculated values of velocity 𝑉(𝑡), acceleration 𝑎(𝑡) and 

force 𝐹(𝑡) implies that the approximation 𝑥(𝑡) should be three 

times differentiable and equal zero at zero point (𝑥(0) = 0). 
To achieve the above assumptions, the approximation func-

tion was taken in the form: 

𝑥(𝑡) = 𝑎 ∙ sin(𝑏𝑡)   for 𝑡 〈0;
𝜋

2𝑏
〉 ,          (5.1) 

and in consequence: 

𝑉(𝑡) = 𝑥̇(𝑡) = 𝑎𝑏 cos(𝑏𝑡) for 𝑡 〈0;
𝜋

2𝑏
〉,    (5.2) 

𝑎(𝑡) = 𝑉̇(𝑡) = −𝑎𝑏2 sin(𝑏𝑡) = −𝑏2𝑥(𝑡)  for 𝑡 〈0;
𝜋

2𝑏
〉,  (5.3) 

𝐹(𝑡) = 𝑚𝑃 ∙ 𝑎(𝑡) = −𝑚𝑃 ∙ 𝑏2𝑥(𝑡) for 𝑡 〈0;
𝜋

2𝑏
〉,       (5.4) 

and finally: 

𝐹̇(𝑡) = −𝑚𝑃 ∙ 𝑏2𝑥̇(𝑡) = −𝑚𝑃 ∙ 𝑎𝑏3 cos(𝑏𝑡),    (5.5) 

where a and b are experimental coefficients and mP is the mass 
of the palte. 

It is easy to see that: 

𝐹(𝑡) = −𝑚𝑃 ∙ 𝑏2𝑥(𝑡) = −𝐶𝑝𝑥(𝑡),     (5.6) 

where 𝐶𝑝 = 𝑚𝑃 ∙ 𝑏2 is the experimental dynamic stiffness, and 

𝐶𝑚 =
1

𝑁
∙ 𝐶𝑝,   (5.7) 

is the dynamic stiffness of a single absorber. 
The approximations of experimental characteristics is illustrat-

ed. Based on the results of the experiments, the initial velocities of 
the bumper, corresponding to the falls of the impactor from the 
heights of 200 mm, 400 mm, 600 mm and 900 mm, were as-
sumed to be equal to: 0.66 m/s, 0.93 m/s, 1.15 m/s and 1.33 m/s. 

 

 
Fig. 5.1. The approximation (orange line) of experimental characteristics 

(blue line) for open absorbers system in case of initial velocity: 

(a) Vo = 0.69 [
m

s
], (b) Vo = 0.96 [

m

s
], (c) Vo = 1.17 [

m

s
], (d) 

Vo = 1.33 [
m

s
] 

Dynamic stiffness of the free flow of the air LDPE absorbers 
system, determined on the basis of experimental characteristics 
approximation, at different values of the initial deflection velocity, 
is presented on the graph (Fig. 5.2). 
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Fig. 5.2. Dynamic stiffness of free flow of air LDPE absorbers system at  

different values of initial impact velocity 

Using the above experimental dynamic stiffness of a free flow 
of air LDPE absorbers system, one can determine the theoretical 

characteristic 𝑥(𝑡) for a closed system (see Eq. 4.28). With re-
spect to the possibility of validation of the results of theoretical 
approaches, the experimental characteristics of the closed system 
were introduced (see Fig. 5.3), while theoretical and experimental 
characteristics are presented in Fig. 5.4. 

 

 
 

Fig. 5.3. Dynamic stiffness of sealed absorbers system for different value  
of initial deflection velocity 

 
Fig. 5.4.   The comparison of the theoretical curve x(t) (red line) on    

experimental (green line) by initial absorber compression 
velocity: (a) 0.66 m/s, (b) 0.93 m/s, (c) 1.15 m/s and (d) 1.33 
m/s 

Using experimental characteristics (see Fig. 5.1), one can de-
fine the damping parameter as: 

𝑇 = (1 −
𝐸𝑘2

𝐸𝑘1
) ∙ 100%,   (5.8) 
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where 𝐸𝑘1 and 𝐸𝑘1 denote, respectively, the kinetic energy of the 
absorbers system at the beginning and end of the impact test. 

Because the energy is a function of mass and current velocity, 
this can be written in the following form: 

𝑇 = (1 −
𝑉2

2

𝑉1
2) ∙ 100%,     (5.9) 

where 𝑉1 and 𝑉2 are, respectively, the velocity at the beginning 
and end of the impact process. 

The experimental values of damping have been presented in 
Fig. 5.5. 

 
Fig. 5.5. The values of damping for free flow of air absorbers system 

Based on the Eq. (5.5), the intensity of force change can be 
determined. 

 
Fig. 5.6.   The intensity of change reaction force for the free flow of air 

absorbers system 

6. RESULTS AND DISCUSSIONS 

The obtained results of experimental and analytical approach-
es enabled to notice several interesting aspects of functioning of 
the LDPE absorbers system. At the beginning, it was easy to 
observe that the dynamic deflection–time relation is strictly con-
nected with the initial value of deformation velocity. The contrac-
tion maximum value of the open absorbers system increases due 
to the value of initial velocity (see Fig. 5.1), but the stiffness, 𝐶𝑝, 

decreases (see Figs 5.1 and 5.2). 

At bigger numbers of absorbers, the stiffness palte increases 
while compression decreases their stiffness and decreases the 
total deflection arrows for the individual initial velocities (see Fig. 
5.3). On the ground of adiabatic transformation it is possible to 
describe the compression–time relation for sealed absorbers 
system, based only on the same relation for open air LDPE ab-
sorbers system (see Eq. 4.28). The agreement between the ana-
lytical solution and experimental results is satisfactory (see Fig. 
5.4). 

The relationship between the damping of the free flow ab-
sorbers system and the initial value of deformation velocity is still 
interesting. The results obtained on the basis of the analysis of 
experimental characteristics allow us to conclude that the attenua-
tion increases with the increase of the initial strain rate (see Fig. 
5.5), that can be connected among others with the mechanical 
properties of the absorbers construction materials and motion of 
the air. The air pressure influence of the tight absorbers system 
stiffness is still an open question, and it will be one of the future 
aims for the authors’ investigations. 

7. CONCLUSIONS 

Tested, sealed and free airflow absorbers made of polymer 
LDPE are primarily characterised by usability in the energy-
intensive sense. The possibility of estimating the damping values 
for sealed absorbers compressing air during impact was demon-
strated. The characteristics of dynamic properties of the sealed 
LDPE absorbers at extreme loading conditions were analytically 
modelled, showing the perfect agreement of the approximation 
with the results obtained experimentally. It is advisable to conduct 
further research on the presented absorbers whose dynamic 
characteristics will be between the extreme cases presented in 
this paper, i.e. obtained for a sealed absorber and a free airflow 
absorber. 
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BIOMECHANICAL ASSESSMENT OF CRITICAL FACTORS DURING PATIENT LIFTING:  
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Abstract: This study examines the ergonomics of the patient lifting motion often used by healthcare professionals, focusing  
on the shoulder area, as manual weight management is still an important part of daily work. Data acquisition was made with the 17 IMU 
sensors, Movella Xsens system. A total of 25 quality measurements were acquired for further data processing. A mathematical model  
with the defined assumptions is presented in this research calculating shoulder moment-kinematics. The load engagement profile  
was determined based on the hip extension as a variable size for different test subjects and trials. Shoulder flexion-extension range  
of motion (ROM) variance was estimated, determining each test subject’s technique, together with shoulder moment and cumulative 

shoulder moment. Cumulative shoulder load varied from 31.46% to 27.78% from the mean shoulder moment value. During the estimated 
accumulation of a 5-year work span, the difference in worst to best techniques accumulated to 1.86 times. Recommendations  
on how the technique and the further scope of the research could be improved were given.  

 
Key words: shoulder girdle, range of motion, cumulation, lift motion 

1. INTRODUCTION 

Manual weight handling is still a significant part of everyday 
work in today’s rapidly evolving healthcare segment. The working 
nature of healthcare specialists impacts them which is becoming a 
concern. The demanding nature of their work often requires them 
to engage in physically intensive tasks, such as patient lifting or 
transferring. While these activities are essential for providing 
healthcare, they also pose potential risks. It has a significant im-
pact on various musculoskeletal disorders [1]. 

Scientific evidence shows that ergonomic intervention can ef-
fectively lower the physical demands of manual labour tasks [2]. 
As different industry manual weight handling tasks are being 
changed with the machinery, it is relatively hard to impact patient 
handling in the healthcare sector. Although there are various 
equipment that might help to lift and transport patients, lifting 
procedures done manually by nursing staff specialists are not yet 
extinct. Different rooms, procedures and surfaces make it hard 
and costly to implement automated solutions. Not only the circum-
stances, but the patients themselves are different; not to mention 
that patient lifting and nursing might be required at patient homes.  

Rapid injuries can often be defined and predicted by the force 
applied to different muscle skeletal segments and to the strain of 
different types of tissues [3]. Chronic musculoskeletal diseases 
are harder to predict and define as not only it take time but it is 
hard to replicate. Although this is true, chronic traumas of muscu-
loskeletal apparatus can be reduced if we limit the accumulation 
of non-ergonomic positions, high-strain movements and loads in 
general to a different segment of the body [4]. Measuring and 

evaluating the motions involved in patient lifting is a critical step in 
identifying potential stress points and areas of strain on the hu-
man musculoskeletal system. This involves the utilisation of ad-
vanced motion capture technologies that allow for precise tracking 
and quantification of joint angles, range of motion (ROM), and 
forces exerted during lifting activities. By collecting and analysing 
such data, researchers can gain insights into the biomechanical 
dynamics of various patient lift techniques. This would enable the 
identification of problematic movement patterns that may lead to 
overexertion and subsequent injuries. ROM is relatively easy to 
calculate and requires input in many calculations and estimations. 
This makes ROM one of the most impactful factors and highly 
associated with ergonomics since it is crucial for force moment 
evaluation. ROM amplitude can magnify moment by at least a few 
times. If we count its possible accumulation, the impact of correct 
posture of movement might be drastic. 

There are a lot of advancement in lower back and leg re-
search and studies, while shoulder, neck and arms are relatively 
unresearched and problematic areas. Research done in 2021 
shows that 53% of the 233 test population experienced shoulder 
pains, related to work-related activities [5]. Patient lifting motions, 
involving repetitive movements of the shoulders, neck and arms, 
have been observed to lead to discomfort, pain and even chronic 
musculoskeletal issues among healthcare professionals. At the 
same time, shoulders were the body part that experienced work-
related muscle skeletal disorders most frequently in Hong Kong 
[6] and Norway [7]. The choice to analyse shoulder segments can 
be further supported by consulting healthcare sector specialists. 
The significance of maintaining a healthy workforce within the 
healthcare sector cannot be understated, as their ability to provide 
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optimal patient care is directly linked to their physical well-being. 
Addressing the ergonomic aspects of patient lifting has the poten-
tial to alleviate the physical burden on healthcare specialists and 
also enhance their overall job performance and satisfaction. Fur-
thermore, mitigating the risks associated with repetitive stress 
injuries and chronic pain can lead to a healthier and more resilient 
healthcare workforce, resulting in improved patient outcomes and 
reduced healthcare costs. 

Evaluating the forces exerted on the body and the ROM limita-
tions during patient lifting serves as a crucial aspect of biome-
chanical analysis [8–10]. By quantifying forces, researchers can 
identify thresholds beyond which tissues and structures may be-
come compromised, leading to discomfort or injuries. Similarly, 
assessing the ROM limitations helps pinpoint potential constraints 
that might hinder proper lifting techniques and contribute to mus-
culoskeletal strain. Such evaluations provide valuable insights into 
the critical parameters that must be considered when designing 
ergonomically sound patient lift protocols. This research delves 
into the intricacies of healthcare specialists' everyday patient lift 
motions. It places a significant emphasis on the biomechanics of 
shoulders – the area most commonly reported to experience dis-
comfort and pain. By understanding the underlying ergonomic 
factors contributing to these issues, effective interventions and 
strategies can be developed to optimise patient lifting techniques. 
Consequently, this research seeks to bridge the gap between the 
demands of patient care and the well-being of healthcare special-
ists, fostering an environment where both patient safety and pro-
vider health are equally prioritised. 

In the following sections of this research article, patient lift mo-
tion is analysed with the evaluation of the cumulative load's im-
pact, progressing to recommendations and discussions on the 
following topic. Methodology on how to calculate shoulder mo-
ment with accumulated load is presented. The initial goal of this 
study was to find quantitative assessment methods that would 
allow accurate assessment of shoulder girdle injury risk in medical 
staff during patient transfer. This research aims to contribute to 
the ongoing efforts to create a safer, healthier and more sustaina-
ble healthcare environment for both practitioners and patients 
alike. 

2. MATERIALS AND METHODS 

2.1. Test subjects and analysed motion 

For the test subjects, various body type scholars were chosen. 
This research includes five participants doing at least five quality 
repetitions. This makes in total 25 quality measurements. Test 
subjects’ anthropometry data needed for the scope of this re-
search is listed in Tab. 1.  

The test environment was represented by two chairs each 0.5 
m tall and 0.5 m apart from the starting position of the test subject 
(Fig. 1) One indicates the surface from which the patient is being 
lifted while the other represents the surface at which the patient 
has to be put down. Same height surfaces were chosen to em-
phasise the motion and its ergonomics and not the environment 
itself. A weight of 5 kg was given to have better representable lift 
motion. It was chosen not to use representation of the patient to 
avoid possible injuries as this was not professionally trained per-
sonnel and multiple measurements were taken in a short period.  

 

Tab. 1. Test subjects anthropometry data 

 
Subject 

1 
Subject 

2 
Subject 

3 
Subject 

4 

Subject  

5 

Sex Female Female 
Fe-

male 
Male Male 

Full body 
height (cm) 

168.00 164.00 170.00 184.00 187.00 

Upper arm 
length, cm 

(𝑙𝑢𝑎) 
30.35 29.63 30.72 38.79 39.42 

Lower arm 
length, cm* 

(𝑙𝑙𝑎) 
35.61 34.76 36.04 42.68 43.37 

Full body 
weight (kg) 

80.00 82.00 68.00 84.00 83.00 

Upper arm 
weight (kg) 

2.32 2.38 1.97 2.72 2.69 

Lowe arm 
weight (kg) 

1.89 1.94 1.60 2.23 2.21 

*Elbow to the middle of the hand, where grip of the load is ex-
pected. 

 
Fig. 1. Simplified researched motion scene schematics 

For this research, imitated patient lift motion was chosen. It is 
based on the physiotherapists' ergonomic lift techniques and safe 
lifting recommendations. Techniques were practiced by the test 
subjects before conducting a recorded movement. The correct 
technique was not enforced to have a broader spectrum of 
movements and their impact on the research. The movement 
sequence combines three basic motions – lifting the patient up, 
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pivoting while transferring body weight and putting the patient 
down. The test subject approaches the patient so they have their 
waist at their reach and hugs the patient. After stabilising their 
posture and securing the grip, they stand up, by lifting a patient’s 
weight. Afterwards, left leg is being transferred to align body 
weight and position to the destination of the lift. Left leg reposition-
ing is followed by the right leg, keeping a steady posture and firm 
stance. After both legs are repositioned and pivoting is done, the 
patient is being put down by gradually squatting. Subsequently, 
the grip is released and the patient is secured on the new surface 
[11, 12]. 

Analysed motion definition starts when the test subject is pre-
sent in from of the patient (has both feet firm on the ground) and 
starts bending motion to hug the patient preparing for transfer. 
Motion end is recorded when patient is transferred to the end 
surface and test subject releases patients body weight and stands 
in neutral standing position with hands to his sides.  

2.2. Equipment and research procedure 

In this research, measurement of the whole body is made. 
From there, upper body limbs can be analysed while having full 
body movement as a context. Researched movement was rec-
orded with the Movella Xsens inertia measurement units (IMU) 
costume. This costume has custom marker layout for the main 
body segments. In total, 17 IMU sensors were used. Finger 
movements are not measured in this research. Sensors are 
placed in approximate centre of gravity (COG) positions on each 
segment. Movement noise is removed with the high-definition post 
processing of the Xsens MVN 2023.2.0 software version. Record-
ing was done with a 60 Hz data acquisition frequency.  

The study was performed in the sequence shown in the Fig. 2. 

 
Fig. 2. Research sequence. IMU, inertia measurement units 

First, as aforementioned, test subjects were instructed and 
practiced given motion. Then, IMU costumes were equipped and 
calibrated. Eight measurements were taken to have broader vol-
ume, so five with the most consistent data would be taken. As a 
rule of thumb, first measurement of every test subject was exclud-
ed from the measurement as additional practice, while performing 
movement under-recording. In total 43 data recordings were made 
with 25 chosen to progress. 

All 25 measurements were then batch HD post-processed. 
This helped to remove noise, and motion inconsistencies, interpo-
late any gaps, etc. Afterwards, data was exported in MVNX format 
file. This data then was imported to biomechanics of bodies soft-
ware 10.5 and after inverse kinematics, ROM data were taken. 
Data was compared with the original Xsens ROM data to make 
sure that it is consistent and does not show any significant visual 
differences. For further analysis, these main input points were 
needed: Shoulders ROM, pelvis sensor coordinates and arms 
sensors’ coordinates (shoulders, arms, hands). These coordinates 
were imported into Rhino Grasshopper version 7-SR26 for further 
analysis since neither Movella, nor biomechanics of bodies mod-
els exports needed angles. In Rhino Grasshopper, model was 
made to find spine angle, which is necessary for shoulder moment 
calculation, the same as sagittal arm angle. Since arm angle can 
be impacted by various ROMs, it was decided to take sensor 
coordinate systems and project them on the created sagittal 
plane. After this, data were taken out from the model, so further 
calculations and data processing could be made. It was chosen to 
calculate shoulder moment, with cumulative moment evaluation, 
that would contribute to data comparison and final results evalua-
tion [13]. Grasshopper is an algorithmic modelling plugin that is a 
power tool widely used by various engineers and designers. It is 
flexible that is able to read, write, process or manipulate various 
data with pre-integrated tools [14]. 

2.3. Tools and mathematical methods for kinematics  
and shoulder moment evaluation 

Shoulder moments were calculated as quasi-static, without 
taking the acceleration of individual segments into account. The 
quasi-static analysis assumes that the system or segment re-
mains similar or in equilibrium with negligible dynamic effects such 
as inertia and time-dependent behaviour. 

 
Fig. 3.   Maximum linear acceleration of Upper arm, Forearm and Hand  

evaluated altogether 



Karolis Senvaitis, Kristina Daunoravičienė, Aušra Adomavičienė                                                                                                                                   DOI 10.2478/ama-2024-0036 
Biomechanical Assessment of Critical Factors during Patient Lifting: Shoulder Gridle and Cumulative Moment Ergonomic Evaluation 

326 

Based on the linear acceleration values of the analysed seg-
ments, shown in Fig. 3, the maximum acceleration is 0.159 m/s2. 
As this is only 1.62% of gravity constant, the dynamic load is 
being accounted as negligible effect to further calculations and 
therefore, further analysis is quasi-static.  

Since the average pelvis width is 20 cm, load COG was taken 
10 cm from the grip and directed to the test subject's body.  

Shoulder moments were calculated from equations as follows 
[15]:  

𝑆𝑀 = 𝑠𝑚𝑢𝑎 + 𝑠𝑚𝑙𝑎 + 𝑠𝑚load   

𝑠𝑚𝑢𝑎 = 𝐹𝑢𝑎 ∙ ∙ 𝐷𝑠𝑢𝑎 = 𝑚𝑢𝑎 ∙ 𝑔 ∙ 𝐷𝑠𝑢𝑎   

𝑠𝑚𝑙𝑎 = 𝐹𝑙𝑎 ∙ ∙ 𝐷𝑠𝑙𝑎 = 𝑚𝑙𝑎 ∙ 𝑔 ∙ 𝐷𝑠𝑙𝑎  

𝑠𝑚load = 𝐹load ∙ ∙ 𝐷𝑠𝑙 = 𝑚𝑙 ∙ 𝑔 ∙ 𝐷𝑠𝑙   

Shoulder moment consists of three key components: shoulder 

moment of upper arm (𝑠𝑚𝑢𝑎), moment of lower arm (𝑠𝑚𝑙𝑎) and 

moment of load (𝑠𝑚load). Note that g is a gravity constant, taken 
as a 9.81 m/s2 and m represents the mass of a specific segment 
or load: upper arm, lower arm and load respectively – is a project-
ed distance from shoulder acting as moment arm. Each of these 
components is a multiplication of its gravity force and projected 
distance between the shoulder and COG. Fig. 4 illustrates the 
main forces impacting shoulder moment.  

 
Fig. 4. Diagram of forces impacting shoulder moment 

In this calculation, the hand is accounted as a part of the fore-
arm and is being evaluated together as a lower arm. Since the 
wrists are mostly acting in a locked position relative to the forearm 
during the motion, it was decided to treat them in conjunction. The 
weight and length were recalculated to fit the segment as if the 
hand would have fingers bent 90° as this is the closest pose of 
hand participants had during recorded motion. Generalised hu-
man body parameters were used, the centre of mass for the upper 
arm being 0.436 of its length ratio, located closer to the shoulder. 
After recalculating lower arm parameters, including forearm and 
hand centre of mass is located at 0.496 of segment length ratio, 
located closer to the elbow.  

Loads are relatively static, but distances are constantly chang-
ing depending on body posture. That’s why the emphasis is on 

posture and its overall impact on the shoulder moment and its 
accumulation. Moment arm distances were calculated as follows: 

𝐷𝑠𝑢𝑎 = 0.436𝑙𝑢𝑎 ∙ sin(𝛼 − 𝛽) 

𝐷𝑠𝑙𝑎 = 2 ∙ 𝐷𝑠𝑢𝑎 + 0.496𝑙𝑙𝑎 ∙ cos(𝛿)  

𝐷𝑠𝑙 = 2 ∙ 𝐷𝑠𝑢𝑎 + (𝑙𝑙𝑎 − 0.1) ∙ cos(𝛿)  

cos(𝛿) = cos (180° − (90° − 𝛽) − 𝛽 − 𝛾 = cos(90° − 𝛾)  

Schematics of calculation inputs can be found in Fig. 5. 𝛼 rep-

resents shoulder flexion-extension joint angle. 𝛽 is a spine angle 
in a reference to vertical line, calculated from the parametric mod-
el. 𝛾 is arm angle projected to the ground plane, calculated as a 
derivative size from elbow joint angle in a parametric model. Hand 
anthropometric data were taken from the Tab. 1. 

 
Fig. 5. Mathematical scheme of project shoulder distance calculations 

 
Fig. 6. Load engagement step configuration graph 

During lift motion, the load is engaged gradually and is not 
present during the whole motion. This is important to define as the 
load size of this particular study is set to be 36 kg. Patient whose 
weight is 60 kg was taken as a baseline for patient load with the 
assumption that the patient can still carry 40% of its body weight 
on his own, during transportation motion. During motion, the load 
of a patient to the test subject is applied when the test subject is 
standing up, it has been decided to replicate the slope of hip ex-
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tension joint angle. It is understood, that load is being engaged 
after the grip is initiated and the hip starts to extend.  illustrates 
the relation between hip and shoulder flexure-extension joint an-
gles. It can be observed that hip starts to extend at first and only 
afterwards shoulders follow. As hips are extending, more and 
more weight is being lifted until the whole load is engaged on the 
subject arms. The assumption is made that the load is fully en-
gaged on the subject when shoulder extension stops. The black 
line () indicates inverted load profile from the start of load en-
gagement to its full capacity. 

In this research, it has been found that a spine angle with ref-
erence to a vertical line is needed for shoulder moment calcula-
tion. This is required to calculate moment arms as shoulder flexion 
and extension joint angle can yield different shoulder moment arm 
results depending on the body posture. Furthermore, a projected 
arm angle is needed so the moment arm of load can be deter-
mined more accurately. For this purpose, the parametric model 
was designed in Rhino Grasshopper so the whole motion can be 
evaluated at once [13].  

The spine angle to the vertical line (𝛽 in Fig. 5) was identified 
as an angle between the vertical line and line, constructed be-
tween the pelvis marker and midpoint of an imaginary line be-
tween shoulder points. The vertical line was created from the 

pelvis marker to act as a measurement baseline for 𝛽 angle cal-
culation. Baseline vertical line always belongs to the sagittal plane 
constrained as a middle plane between shoulder points, with 
pelvis marker set as origin point. This acts as a reference plane 
for angle measurements. Evaluating main parameters is crucial, to 
lower the approximation level, as different components can trans-
form the final shoulder moment calculation. Especially for such 
complex motions, involving different bending, squatting and rotat-
ing motions. The parametric model was defined with the geomet-
rical constraint in Fig. 5.  

2.4. Evaluating and representing results 

Statistical methods were used to process and represent the 
results of this research. Origin 2018 SR1 software was used for 
processing of final result and presentation. Data comparison was 
done by calculating mean values of the different lift motions, to-
gether with the range, in which repetitive motions happen. Peak 
and cumulation evaluation was conducted to understand the criti-
cal limits of the motion and aggregate effects of the loads. Graphs 
were compared by overlaying them for visual estimation, together 
with statistical difference calculation and evaluating deviation from 
mean values.  

To have a comparable data, normalisation of shoulder mo-
ments in relation to individuals’ body weight and height ratios was 
conducted. This normalisation process enabled us to establish a 
common baseline for evaluating shoulder moments across partici-
pants, irrespective of their physical attributes. By doing so, more 
comparable data is gained so more insightful assessments could 
be made. Together with physiology data, time normalisation was 
conducted so motion could be overlayed in the same progress of 
the movement axis [16, 17]. 

Furthermore, for data to be comparable, shoulder moments 
were normalised in time and expressed as 100% of the motion 
completion. The motion of average duration was taken as a set-
point to shrink and extend the remaining data sets. Afterwards, 

results were normalised in the ratio of body weight to height  
[18, 19]. 

The root mean square error (RMSE) serves as a statistical 
metric in this study, providing a quantitative measure of the accu-
racy of biomechanical measurements. By calculating RMSE, the 
disparity between observed and predicted values is being as-
sessed, such as joint angles and ROM, providing a clear indica-
tion of the fidelity of the data [20]. 

Utilising the standard deviation in the scope of this research 
aids in comprehending the variability and consistency within the 
data. It serves as a base statistical measure, allowing one to 
gauge how individual data points deviate from the mean or aver-
age. A low standard deviation implies that the data points tend to 
cluster closely around the mean, indicating a high degree of con-
sistency in presented biomechanical measurements. Conversely, 
a higher standard deviation suggests greater variability, prompting 
the investigation of potential sources of variation or error [21]. 

3. RESULTS 

Shoulder ergonomics during lift motion were evaluated 
throughout temporal values and ROMs intervals. Initial motion 
kinematics determination yielded results as shown in Tab. 2. Total 
average duration of performed lift motion is 9.61 s out of 25 calcu-
lated trials. Time data shows that most of the motions are con-
sistent, having less than second of variance between different 
mean values and different repetitions. 

Tab. 2. Motion duration characteristics 

Test subject Mean motion  
duration (s) 

RMSE 

Subject 1 10.29 ± 0.81 0.73 

Subject 2 8.70 ± 0.40 0.35 

Subject 3 10.70 ± 1.02 0.91 

Subject 4 8.75 ± 0.34 0.31 

Subject 5 9.59 ± 0.44 0.39 

RMSE, root mean square error. 

 
By time normalising each of the subject’s trials and overlaying 

them, variance ROMs can be seen (Fig. 7). Subject 1 data was not 
included as it shows a similar trend as test subject 2 results. 
These ROMs identify the highest and lowest boundaries of per-
formed motion. This allows to judge the consistency of the motion 
and general trend. From this shoulder flexion extension graphs, 
different techniques can be identified. Test subjects 1 and 2 show 
consistent shoulder engagement during whole motion. This indi-
cates potentially bigger loads in the shoulder area, without resting 
arms and putting additional strain. Test subject 3 releases the 
shoulder after lifting the patient but not as much as test subjects 4 
and 5. During test subjects 4 and 5 motions, a few key aspects of 
the motion can be identified: first peak represents squat to hug 
and lift the patient, while second peak identifies squat to put down 
and release the patient. Furthermore, less variance can be seen 
on test subjects 4 and 5 technique as the range areas from lowest 
to highest ROM values are visually smaller. 

From recorded motions, none of the test subjects reached 90° 
ROM, which is identified as risky by ISO or Rapid Upper Limb 
Assessment (RULA) standards. To be able to further evaluate 
data, the risky joint angle was set to 70°. Medium risk is treated 
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when shoulders are >45°. These values are taken lower than the 
aforementioned standard since the handled load is bigger too. 
Values were adapted to the analysed motion, so estimation would 
yield insights on the ergonomics and motion parameters.  
Exposure evaluated in percentage of motion duration is shown  
in Tab. 3:  

 
Fig. 7.   Test subjects’ shoulder flexion-extension ROM. ROM, range of 

motion 

Tab. 3. Shoulder flexion exposure to different joint angles 

Test subject Mean time portion 
of movement >45° 

Mean time portion 
of movement >70° 

Subject 1 81.68% 38.61% 

Subject 2 76.08% 54.61% 

Subject 3 85.47% 33.69% 

Subject 4 43.13% 20.90% 

Subject 5 81.25% 24.11% 

 
Shoulder flexion that is >45° can be seen as dominant for 

most of the test subjects' movements. 3 out of 5 test subjects 
have >80% of their motion >45°. 3 out of 5 test subjects have their 
movements with >30% exposure time >70° with subject 2 having 
the most exposure – 54.61%. 

Fig. 8 shows different ROMs and angle components. Motion 
characteristics can be identified – lift, pivot and put down motions. 
Furthermore, it can be seen that these angles translate to same 
motion pattern. 

Projected distances are shown in Fig. 9. As they are calculat-
ed from the anthropometric data and ROM angle, similarities can 
be seen with the appropriate Fig. 8 angles. Projected load dis-
tance is a sum of both, shoulder and forearm distances. 

Normalised total shoulder moment is shown in Fig. 10. On av-
erage, shoulder moment contributed from the body weight ranges 
at 10.70 ± 2.67%. Subjects 1, 2, 3 and 5 overlap for at least part 
of the motion, while subject 4 has the lowest shoulder moment 
through the whole motion when load is engaged. This acts as a 
baseline to further evaluate the technique of subject 4 determining 
benefits of the posture and recommendations for the rest of the 
test subjects’ techniques. An observation has been made that by 
shifting the grip position lower towards the patient's waist, it is 

possible to reduce the required shoulder range to execute the 
motion. Furthermore, this brings the patient’s body weight into 
closer proximity to the lifting individual. This approach, involving 
relaxing the shoulders and trying to tie the patient to the lifting 
person closer, can serve as an additional prompt for minimising 
shoulder strain.  

 
Fig. 8.   Test subject 4 ROM components for shoulder moment calcula-

tion. ROM, range of motion 

 
Fig. 9    Test subject 4 projected distance components for shoulder mo-

ment calculation. Forearm distance is shown as a component 
from elbow, instead of shoulder as for other components. 

 
Fig. 10  Time and Body height/weight ratio normalised total shoulder 

moment data. Grey area covers dominant trend of the results 
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Fig. 11. Box plot of total shoulder moments 

The box plot shown in the Fig. 11 shows that subjects 3 and 4 
have least distribution throughout the results. All of the results’ 
mean values are below median and only few outliers observed in 
the results. Based on this consistency, results can be considered 
reliable.  

Cumulative shoulder moment was calculated as Nm, seconds 
considered as dt and they are shown in Tab. 4. Mean values of 
cumulative shoulder load per single repetition range from 791 Nm 
to 1,475 Nm. The mean value of the cumulative moment is 1,154 
Nm with the standard deviation of ±225 Nm. By evaluating each 
subject's cumulative shoulder moment difference from the mean 
value, a final assessment of their technique can be observed. 
Subject 1 has the least effective ergonomics of lift motion with 
27.78% above the mean value, while subject 4 has the most effi-
cient ergonomics with cumulative shoulder moment 31.46% below 
the mean value. 

Tab. 4. Cumulative shoulder moment results 

Test 
subject 

Mean cumula-
tive load per 
single repeti-

tion (Nm) 

Mean Cumu-
lative load 
per second 
of repetition 

(Nm/s) 

Mean 
value 
(Nm) 

Mean 
difference 

(%) 

Subject 1 1,475 ± 134 151 

1,154 
± 225 

+27.78 

Subject 2 1,103 ± 101 142 4.46 

Subject 3 1,279 ± 97 131 +10.86 

Subject 4 791 ± 92 98 31.46 

Subject 5 1,123 ± 112 139 2.72 

 
In order to estimate the possible long term effects and thus, 

possible chronic traumas, assumptions for further calculations 
were made. Assumptions were made together with the ergothera-
py specialists and nurses, to have approximated, but representa-
tive values: 

 Every lift within the trend estimation is taken as a mean value 
of 5 measurements from the test subject. 

 5 patient lifts per day as calculated in this research is estimat-
ed. 

 21 work days per month, 252 work days per year is estimated. 
 

 
Fig. 12. Cumulative shoulder moment trend during years of repetitive 

manual labour 

The cumulative shoulder moment shown in Fig. 12 is an esti-
mation of the different technique impacts through the multiple 
years of work. If we were to compare the lowest and highest 
shoulder moments, the difference would be 46.37%. By taking the 
best ergonomics posture with the lowest cumulative shoulder 
moment as a baseline, we can estimate how many extra lifts are 
being done with worse techniques within the defined time. By 
comparing lowest and highest shoulder moment accumulations 
within 5 years, we are getting 6,300 repetitions versus 11,748 
repetitions. That is 1.86 times more strain on the shoulders of 
what it could have been if best technique within this scope of 
research had been performed.  

4. DISCUSSION 

In this study, ergonomics of shoulder movement during patient 
lift was assessed. The methodology for cumulative load evaluation 
was presented. In the context of temporal kinematics within the 
scope of this research, the initial estimate of motion duration re-
vealed an average duration of 9.61 s across all 25 trials, with 
relatively minimal variance observed between different repetitions. 
This consistent timing suggests that the lift technique can be per-
formed at a relatively stable pace during patient lift task without 
extensive experience. Pace can be essential for both, execution of 
the motion and settings for easier recommendations for improve-
ment and research applications [22]. To project long-term effects 
of these observed techniques, cumulative shoulder moments over 
multiple years of work were estimated. The higher the cumulative 
shoulder moment was calculated, the higher was contribution of 
own body weight to the sum moment. This can be explained by 
the general posture and shoulder ROM of the test subjects. Dur-
ing calculation arm, forearm and hand weight impose bigger mo-
ment force the bigger amplitudes are. The results demonstrate 
that utilising the preferred ergonomic posture could potentially 
reduce shoulder strain drastically over 5 years. That means an 
even bigger difference in senior healthcare specialists' work expe-
rience. This emphasises the significance of promoting and imple-
menting optimal lifting techniques to mitigate the risk of chronic 
traumas and musculoskeletal disorders among healthcare special-
ists [23]. 

Although temporal parameters are analysed, this research fo-
cused on spatial parameters. ROM and joint angles were evaluat-
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ed, with the addition of hip ROM and further extension of parame-
ters such as spine angle to the vertical. This research was based 
on well-known ergonomic recommendations, putting effort into 
analysing constraints and determining what would be the risk 
factors of analysed movement. The analysis of ROM helps to 
identify distinct techniques employed by the test subjects during 
patient lifts. Some of the analysed test subjects exhibited continu-
ous shoulder engagements throughout the entire motion, poten-
tially indicating higher loads on the shoulder area. This could have 
happened due to reduced opportunities for testing the arms. In 
contrast, some of the test subjects displayed variation in their 
technique with discernible peaks corresponding to different phas-
es of the lift. Putting even bigger emphasis not to only analysing 
motion with quantifiable sizes, but with exact motions and move-
ments that determines those metrics, can improve analysis and 
prognosis of the ergonomics and whole research. The calculation 
of shoulder moment considered both time and body weight to 
height ratio normalisation. Furthermore, it required some addition-
al inputs that were not default export parameters of the data pro-
cessing software like spine angle to vertical or projected arm 
angle. In the scope of this research, it has been shown how hip 
extension is related to the shoulder flexion during lift motion. This 
implies the importance of understanding whole body motions even 
when single segment of the body is being targeted for the analysis 
[24]. Especially, when technique is being analysed to determine 
the best motion solutions and patterns. Hand joint angles’ rela-
tions in the mathematical model explain the coherence between 
different body segments and how one segment load can be in-
creased or decreased by the motion of the other one.  

Ergonomic recommendations from recognised standards such 
as the RULA or ISO 11228-1-2021 emphasise the importance of 
shoulder flexion in patient lifting tasks. Shoulder flexion >45° is 
identified as risky ROM that might require changes and >90° pos-
es a significant risk. From recorded motions, none of the test 
subjects reached 90° ROM, although they were close to the 
aforementioned boundary – 80°. 

During this research, a few limitations were identified: 

 Ergonomic standards that were used to evaluate researched 
motion define ROMs where the risk of musculoskeletal 
strain increases. However, during the scope of this re-
search, it was foreseen that limitations given in the RULA or 
ISO 11228-1-2021 standards are very generalised and sim-
plified, possible in order to have them more applicable. Due 
to this generalisation, it lacked some biomechanical con-
straints that might ease the evaluation of risk zones, ROMs, 
exposure times, etc.  

 Although it has its variance, techniques and motions were 
not analysed very deeply, leaving a gap in understanding 
what are the specifics that determined one of the other ana-
lysed motion ergonomics. 

 Additional limitation to the uncertainty and constraint of this 
calculation was the load engagement profile that was not 
evaluated in the scope of this research due to the lack of 
equipment and the additional margin of complexity that this 
would add. Furthermore, the load that has been used sug-
gests that with the real patient overall kinematics of the mo-
tion would change. Since only dummy weights were used 
for recalculating as it would be part of the patient’s body 
weight, no exact ergonomic recommendations or technique 
advice could be drawn from the research.  

 One additional limitation of conducted research is the as-
sumption that lift motion is static, without taking acceleration 
into account. Including acceleration in calculation could pos-
sibly yield different accumulated load results as the tech-
nique might not be only defined by the posture, but by how 
fast motions should be made. Further evaluation of acceler-
ations of the motion might shed some further light on how 
the shoulders and whole body react to the given load [25]. 

 Population of the research is not as large as it could be. 25 
trials pose statistical significance for methodological pur-
poses but would require a bigger sample to make more cer-
tain conclusions. 

 To have a more in-depth understanding of the motion and 
its long-term effect, more of a body should be taken into ac-
count, as it was shown in this research how different body 
segments can impact load and changes on overall posture. 

 The well-known limitation of similar research is biomechani-
cal simplifications. In this study, it was sought to grasp the 
implications needed to fill the gaps in the calculations and 
their analysis. This implies the necessity for formulating fun-
damental or supplementary assumptions upon which further 
calculations were based on. By formulating assumptions, an 
estimation of the cumulative load and its cumulation trend 
could be formed, to better illustrate how ergonomic choices 
during manual handling tasks translate into disparities of da-
ta [26]. 

 Although models are getting better and mostly kinematics 
were evaluated for this research, only 17 sensors were used 
for the recording of body motion. Further simplification as-
sumptions were made during mathematical model and par-
ametric model evaluation. These models, while informative, 
may not fully capture the individual variations in musculo-
skeletal structures and neuromuscular control among 
healthcare specialists. This research is a low-volume evalu-
ation of different body types and technique effects on the 
same lifting task in the most similar conditions. It was as-
sumed that if the lift conditions are relatively similar between 
different test subjects, we will see impact on their motion er-
gonomics allowing us to do make first assumptions that 
would be later on backed up by a larger volume measure-
ment.  

 Shoulder moment calculation does not include body and 
tendon structures, so the load calculated on shoulders is not 
directly associated with the tissue that might be at risk of 
damage [27]. However, these simplifications and assump-
tions might be critical in order to evaluate a bigger popula-
tion. Increasing the count of participants or measurements 
limits the amount of data that can be processed, observed 
and concluded. 

The goal of this research was to deepen the knowledge and 
methodologies to calculate shoulder moment and understand the 
strain that occurs during lift motion, although this research has 
limitations, it is thought that this might still pose some valuable 
insights and methodologies. 

5. RECOMMENDATIONS 

It is recommended to broaden the spectrum of this research 
with increased availability of concerned persons/factors to solve 
mentioned limitations. To better understand the impact and vari-
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ance of different techniques, professional healthcare specialists 
are recommended to participate. This way, the scope of the re-
search will have more practical and experience-based techniques. 
A bigger population sample is highly recommended, as that might 
yield better results possibly introducing new and different trends 
and insights. 

From the ergonomics that were observed during this research, 
it is recommended to invest in lifting techniques if there is no 
availability of additional equipment. Furthermore, it has been 
noticed that lowering the grip, to the waist of the patient lowers the 
shoulder ROM and allows to have patient body weight closer to 
the lifting person. Releasing the shoulders and trying to drag the 
patient that is being lifted might work as an additional reminder on 
how to focus on lowering the strain of the shoulders. 

6. CONCLUSION 

In conclusion, the results of this study offer valuable insights 
and techniques into the biomechanics and ergonomics of general 
analysis of the lift motion, particularly with the healthcare special-
ists’ patient lift technique. The results of the conducted research 
showed that a relatively small variance in technique can yield a 
significant cumulative load during the year. In a 5-year span, it 
was estimated that the difference between the worst techniques in 
the scope of this research, compared to best, would induce 1.86 
times more strain on the shoulders.  

Moreover, the implications of these findings extend beyond 
the immediate scope of the research. They underscore the critical 
need to broaden methodologies of evaluating more of a critical 
muscle-skeletal segments. The substantial disparity in cumulative 
shoulder loads between suboptimal and optimal techniques identi-
fies the possible cause of chronic musculoskeletal disorders. 
Thus, it is important not to only broaden research but implement 
evidence-based interventions and training programs to mitigate 
risks. 
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Abstract: In the paper, the authors presented an elaboration of the biomechanical model of a human in a sitting position for the dynamic 
tests related to the impact loads acting on operators of self-propelled mining machines. Here, the human body was replaced  
with a one-dimensional multi-mass model (in the form of concentrated masses connected with elastic and damping elements). The models 
of this type are currently used to study ergonomics in vehicles. However, their use is limited because they are adapted to much lower 
dynamic loads than those acting on the operator in accident situations in mines. Many models of this type, in which the stiffness  
and damping characteristics of the elements are constant, have been described in the literature. Due to the specificity of the analysed 
loads acting on the operator, the literature studies were mainly focused on models for vertical forces analysis. By developing non-linear 
stiffness characteristics, in the currently used car seat ergonomics linear biomechanical models, it was possible to use simple multi-mass 
models with several degrees of freedom to analyse the effects of dynamic excitation characterised by large displacements. The validation 
of the developed characteristics was performed using a full-size dummy in a sitting position positioned in the cabin, on the operator’s seat.   

Key words: passive safety, mining safety, biomechanics, numerical simulation.  

1. INTRODUCTION 

The requirements for structures protecting mining machine 
operators are limited to assessing the effects of machine roll-over 
(Roll-Over Protective Structure [ROPS]) and assessing the effects 
of events related to falling objects (Falling Object Protective 
Structure (FOPS)] [1]. These studies do not take into 
consideration any injuries the operators may sustain. They only 
describe the deformation of the cabin’s load-bearing structure and 
analyse if the protected space inside the cabin remains intact. 
However, the analysis of accident situations shows that it is 
insufficient to assess the operators' safety [2]. It is necessary to 
define and evaluate biomechanical criteria, as well as to take into 
account other factors causing accidents that threaten the health 
and life of operators. 

The analysis of accident situations over the last few decades 
confirms that the current standards do not provide sufficient 
protection for the operators while significant vertical loads acting 
on the machine. The authors considered injuries of the operators 
caused by the machine being thrown upwards as one of the 
greatest threats. In underground mines, this is due to the dynamic 
uplift of the floor or burying of the loader buckets by the material, 
resulting in throwing the machine in a vertical direction. This often 
results in permanent injury or even death to the operator, due to 
the limited space above the head in self-propelled mining 
machines with low transport heights. 

The authors conducted a numerical analysis of such 
a phenomenon using a full-size, anthropometric model of a human 
being, considering its biomechanics (Fig. 1). A coupled analysis 

was carried out using two software for numerical simulations: 
MADYMO (a multibody biomechanical human model) and LS-
Dyna (a discrete model of the operator’s cabin load-bearing 
structure with the seat). The human model used during the 
analysis is based on a dummy used to test the safety of 
passengers during accidents and emergencies in aircraft, where 
the vertical forces affect the human body the most.  

The construction of the dummy is adapted to transfer such 
loads, and the obtained results are similar to the response of the 
human body and repeatable, which was the main reason for the 
selection of this type of model. This is a 50th-percentile male 
dummy from the Hybrid III family. It is marked with the 
abbreviation FAA meaning the Federal Aviation Administration, a 
transportation agency of the U.S. Government that regulates all 
aspects of civil aviation [3]. The described dummy was created for 
the purpose of testing the safety of passengers and airline seats.  

As a result of the performed analyses, the injuries that the 
operator may suffer depending on the velocity at which the 
machine is thrown upwards were determined [4]. These studies 
have enabled the operator’s safety to be assessed in a wide 
variety of accident situations. However, this method is not free 
from disadvantages. Calculations of a full human model with 
a seat and cabin are complicated and time-consuming, and the 
software used for numerical simulation is expensive and requires 
specific knowledge in this area. Therefore, the authors developed 
a simplified (one-dimensional with four degrees of freedom) 
biomechanical human model (SBHM) that allows determining the 
dynamic response to dynamic loads with a large amplitude of 
kinematic excitations. The authors assumed that the developed 
research method could be used more widely for testing the safety 
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of operators and did not force the use of dedicated commercial 
software. 

 

 
Fig.1. Full-size dummy model with the cab and operators seat 

2. BIOMECHANICAL HUMAN MODEL  
USED IN THE LITERATURE 

In the literature, there are many simple dynamic models 
currently used to study the ergonomics of machine operators 
and vehicle passengers. However, they are adapted to the 
analysis of vibrations (with accelerations up to 5 m/s2 and small 
amplitudes excitations), which do not threaten the lives of 
operators [5]. In some literature, scientists attempt to modify 
models of this type to adjust them to much larger loads. 
Unfortunately, the introduced modifications adapt them only to the 
one type and value of loads [6]. The introduction of any 
modifications of the initial boundary conditions in the analyses 
using models of this type causes the results obtained with their 
use to differ significantly from the dynamic response obtained 
using full-size models of the human body. The authors decided to 
elaborate on such a one-dimensional model in which the applied 
characteristics defining stiffness and damping will allow to obtain a 
dynamic response similar to those obtained using a full-size 
dummy model for a wider range of initial boundary conditions. 

In the first stage of the model development, the level of detail 
of the model was established. It should have enough elements in 
order to determine the key injuries for the health and life of the 
operator while maintaining a simple structure with a relatively 
simple description of the characteristics. While analysing 
accidents involving machine operators, the authors determined 
that the effects of spinal injuries, especially in the cervical and 
lumbar section, as well as head injuries, are most tragic. For this 
reason, a model with four degrees of freedom was chosen, in 
which the following elements of the human body can be 
distinguished: head with neck, body divided into thoracic and 
lumbar parts, as well as thighs with a sacral part of the spinal 
cord. More degrees of freedom would significantly complicate 
the elaboration of the model by introducing too many variables, 
while a smaller number would make it impossible to obtain the 
most important information about injuries due to insufficient 
accuracy.   

Due to the above-mentioned aspects, the further analysis 
included two models with four degrees of freedom available in 

the literature, which have been proven for years in the study 
of operator ergonomics [7]. These are models developed by 
Boileau et al. [8] and Wan and Schimmels [9]. In the literature, you 
can find many similar models of the human body with four 
degrees of freedom as those of Abbas [10], Zhang [11], Liu [12], 
Singh and Wereley [13] or Srdjevic and Cveticanin [14], but all of 
them are only extensions and modifications of previously 
mentioned models, which is why the authors focused only on the 
two basic ones. 

Boileau and Rakheja proposed a human model with constant 
and linear characteristics (Fig. 2). It is a model of a human sitting 
on a seat with his feet supported and his hands held in a car 
driving position. It is supposed to enable proper distribution of 
loads from the vehicle and the seat to the head. It was established 
that the four degrees of freedom of the model are enough to 
obtain the data necessary to determine the impact on the 
behaviour of key parts of the human body. The parameters of the 
model were selected based on published results of studies on 
people subjected to low-frequency loads [15], with the limitations 
identified based on the analysis of anthropometric and 
biomechanical data available for the human body. The model was 
tested and, on this basis, it was found that its dynamic response is 
comparable to the response of the human body under dynamic 
excitations with acceleration values not exceeding 4 m/s2. The 
proposed driver model consists of four elements with a mass, 
connected by elastic elements with linear stiffness and damping 
characteristics. This assumption is consistent with the generally 
accepted idea that in the first approximation, the non-linearity of 
the human body can be neglected when the vibration load is not 
excessive. The four weights represent the following four parts of 
the body: head and neck (m1), chest with upper torso (m2), lower 
torso (m3) and thighs and pelvis with seat (m4). The weight of the 
lower legs with feet is not included in the model, because its share 
in the dynamic response is negligible and does not affect the 
results in terms of loads and displacements of the upper part 
of the biomechanical model of the human body. This is due to 
the support of the feet and the fact that the mentioned elements 
of the model are outside the seat and do not constitute a load for 
it. This assumption is also justified by Fairley [16], who proved that 
the share of the legs in transferring the vertical forces of the 
cushioned seat is relatively insignificant, as both the legs and the 
seat are subjected to the same kinematic inputs. Hands and 
further arms are supported on the steering wheel and are also not 
included in the model, assuming that their mass has a negligible 
contribution to the obtained dynamic response of the whole body. 
The inertia of the four main body segments in the model is 
determined based on anthropometric data identified by Pheasant 
[17]. On this basis, the proportion of total body weight estimated 
for different body segments is 8.4% for the head and neck, 36.6% 
for the chest and upper body, 13.4% for the lower body and 20% 
for the thighs and pelvis. For a seated driver with an average body 
weight of 75.4 kg, it is assumed that 73.6% of the weight is 
supported by the seat, so it is approximately 55.5 kg of total body 
weight. The following segments are connected by elements with 
the following stiffness and damping coefficients: pelvis and thighs 
are represented by k1 and c1, lumbar region by k2, c2, thoracic 
region by k3, c3, and cervical spine by k4, c4. The development of 
a human body model involves the identification of these 
parameters. The biomechanical properties of the spine, thorax, 
and upper body are relatively unknown and vary widely. In a study 
conducted on corpses, Kazarian [18] determined the stiffness for 
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the lumbar spine in the range of 100–300 kN/m and for the 
thoracic spine in the range of 150–200 kN/m. Mertens [19] 
proposed a model of the human body using damping coefficients 
in the range of 500–4000 Ns/m. Although the reported data 
represents high variability, the identified ranges can be used as 
effective limit values for optimising the models.  
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Fig.2. BR and WS models. BR, Boileau-Rakheja; WS, Wan-Schimmels 

Finally, for the elements of the analysed model, the following 
characteristics were adopted by Boileau and Rakheja [20]: 

m1 = 12.78 kg,  k1 = 90 kN/m,  c1 = 2,064 Ns/m. 

m2 = 8.62 kg,  k2 = 162.8 kN/m,  c2 = 4,585 Ns/m, 

m3 = 28.49 kg,  k3 = 183 kN/m,  c3 = 4,750 Ns/m, 

m4 = 5.31 kg,  k4 = 310 kN/m,  c4 = 400 Ns/m. 

 
 

This approach made it possible to develop a generalised and 
unique model of the seated vehicle drivers, based on which the 
dynamic behaviour of the human body can be estimated. 

The Wan-Schimmels (WS) model, similar to the Boileau-
Rakheja (BR) model discussed above, is composed of four 
separate mass segments. The difference is the number of 
connections – the segments are connected with each other by five 
pairs of springs and dampers, and the total weight of the model is 
60.67 kg. The stiffness and damping properties of the thighs and 
pelvis are (k1) and (c1), the lower torso is (k2) and (c2), the upper 
torso is (k3, k31) and (c3, c31), and the head is (k4) and (c4). The 
values of masses, stiffnesses and dampings determined in this 
model are as follows: 

m1 = 36 kg,  k1 = 49.34 kN/m,  c1 = 2,475 Ns/m. 

m2 = 5.5 kg,  k2 = 20 kN/m,  c2 = 330 Ns/m, 

m3 = 15 kg,  k3 = 10 kN/m,  c3 = 200 Ns/m, 

 k31 = 192 kN/m,  c31 = 909,1 Ns/m 

m4 = 4.17 kg,  k4 = 134.4 kN/m,  c4 = 250 Ns/m. 

The four weights represent the following body segments: head 
and neck (m4), upper torso (m3), lower torso (m2) and thighs and 
pelvis (m1). The arms and legs are connected to the upper torso 
and thigh respectively. 

The WS model is also limited to acceleration in the range 
around 4 to 5 m/s2.  

2.1. Literature models comparison   

The models discussed above have been subjected to loads 
that may be experienced by machine operators during accidents 
in mines related to the uplift of the floor. These results were then 
compared with the results obtained after analysing a full-size 
human model in the MADYMO program (Hybrid III). All models 
were analysed with the velocity of the upthrow of 10 m/s and then 
suddenly stopped, which was followed by a rebound and free fall 
[21]. This simulates the event of throwing the machine up and 
then impacting the roof of mine gallery [22]. An additional degree 
of freedom has been added to the biomechanical models in the 
form of the operator’s seat, along with the stiffness and damping 
of its base. A comparison of the dynamic response for the dummy 
from MADYMO and the models presented in Fig. 2 for velocities 5 
m/s and 10 m/s are shown on charts in Figs. 3 and 4. 

The results obtained from both one-dimensional models 
described in the literature were similar and at the same time, both 
significantly differed from the results obtained using a full-size 
human body dummy. This confirms the authors’ assumption of 
these models regarding the limitation of kinematic excitation to 
which they may be subjected. In the performed analysis, the loads 
significantly exceeded the limit, and permissible accelerations 
were specified in the range of up to 5 m/s2. This means that none 
of these models can be used directly to study this phenomenon 
causing accidents in mines without introducing the necessary 
modifications to them. 

Finally, the Boileau-Rakhej model was adopted for further 
analysis due to the smaller number of parameters and thus 
characterized by a greater simplicity of description, which in turn 
facilitates the process of adapting the model to the given 
boundary conditions. 
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a) 

 
b) 

 
Fig. 3.   Comparison of forces acting on a lumbar spine of the human 

model;  BR model, WS model, MADYMO – MADYMO Hybrid III 
dummy (a – lumbar spine, b – cervical spine; velocity 5 m/s). BR, 
Boileau-Rakheja; WS, Wan-Schimmels 

a) 

 
b) 

 
 Fig. 4.  Comparison of forces acting on a cervical spine of the human 

model; BR model, WS model, MADYMO – MADYMO Hybrid III 
dummy (a – lumbar spine, b – cervical spine; velocity 10 m/s). 
BR, Boileau-Rakheja; WS, Wan-Schimmels 

3. SIMPLIFIED BIOMECHANICAL HUMAN MODEL 

The one-dimensional model of a seated human was 
developed, whose dynamic response to the imposed excitation is 
similar to a full-size dummy seated on the operator’s seat (Fig. 5). 

 
Fig. 5.   Applied, SBHM of the operator positioned on the seat, with 5 

degrees of freedom SBHM, simplified biomechanical human 
model 

It is a 5-degree-of-freedom model that can be analysed with 
any software capable of solving inhomogeneous non-linear 
second-order differential equations. The model is described by the 
differential equations of motion shown below: 

𝑚1𝑢̈1 + 𝑐1(𝑢̇1 − 𝑢̇0) + 𝑘1(𝑢1 − 𝑢0) − 𝑐2(𝑢̇2 − 𝑢̇1) − 𝑘2(𝑢2 −

𝑢1) = 0  

𝑚2𝑢̈2 + 𝑐2(𝑢̇2 − 𝑢̇1) + 𝑘2(𝑢2 − 𝑢1) − 𝑐3(𝑢̇3 − 𝑢̇2) −

𝑘3(𝑢3 − 𝑢2) = 0  

𝑚3𝑢̈3 + 𝑐3(𝑢̇3 − 𝑢̇2) + 𝑘3(𝑢3 − 𝑢2) − 𝑐4(𝑢̇4 − 𝑢̇3) −

𝑘4(𝑢4 − 𝑢3) = 0  

𝑚4𝑢̈4 + 𝑐4(𝑢̇4 − 𝑢̇3) + 𝑘4(𝑢4 − 𝑢3) − 𝑐5(𝑢̇5 − 𝑢̇4) − 𝑘5(𝑢5 −

𝑢4) = 0  

𝑚5𝑢̈5 + 𝑐5(𝑢̇5 − 𝑢̇4) + 𝑘5(𝑢5 − 𝑢4) = 0       (1) 

where: mn – mass of following segments; un – time-variable 
displacements; kn – stiffness as a non-linear deflection function; 
cn – damping. 

The dynamic model was built in Matlab Simulnk R2022b. The 
model is shown in Fig. 6. As part of the tests performed, the 
dynamic responses of the system to the given excitation were 
analysed. In the model, elements of the integrator type were used 
twice to integrate the acceleration signal of a given term, to the 
velocity and, in the second step, to the displacement. These 
blocks are marked in yellow on the model. The blocks marked in 
orange describe the dependence of the segment stiffness on the 
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value of the displacement difference between individual segments 
(deflection). The Ki(Ui) relationship diagrams are shown in Figs. 
6–10. Damping values adopted following literature data [8] are 
marked in green, and mass elements used in the model are 
marked in light blue. The model uses blocks from groups: Math 
Operations, Continuous, Lookup Tables, Sources and Sinks.  

 
Fig. 5.   Diagram of the developed SBHM in MATLAB Simulink. SBHM, 

simplified biomechanical human model 

The simulation was carried out for a period of 3.5 s. For the 
first 3 s, the only load acting is gravity, which helped to stabilize 
the system. Then, an excitation in the form of a time-varying 
displacement is introduced into the system. Kinematic excitation in 
the form of variability of displacements over time was obtained by 
integrating the course of velocity changes (excitation U0 – the 
excitation signal was marked with light green in the diagram). The 
dynamic response was analysed for two maximum values of the 
excitation velocity 5 m/s and 10 m/s (maximum value of the 
course), respectively. In the proposed model, the values of forces 
acting on individual elements in the model were determined 
(marked in magenta). The values obtained from the Matlab 
Simulink R2022b model were compared with the values obtained 
from analyses in the Abaqus and Madymo software. 

The configuration parameters set in the simulation are as 
follows: simulations were performed with a constant integration 

step of 1.0 e5/s. The method of direct integration of equations 
(solver based on Euler’s equations) was used, i.e. the Euler 
integration method is used to compute the model state at the next 
time step as an explicit function of the current value of the state 
and the state derivatives. This solver requires fewer computations 
than a higher-order solver [23]. 

The stiffness parameters were selected empirically, by 

comparing and matching the results with the results obtained 
using a full-size numerical model of a human placed in the 
operator’s seat (there was also a condition that in a certain range 
of deflections, the deviation checked by the least squares method 
from the linear model should meet the condition R > 0.9998. 

 
Fig. 6. Stiffness k1 of the seat base segment 

 
Fig. 7.   Stiffness k2 of the thighs and sacral part of the spine with seat 

cushion segment 

 
Fig. 8. Stiffness k3 of the lower torso segment 
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Fig. 9. Stiffness k4 of the upper torso segment 

 
Fig.10. Stiffness k5 of the cervical spine segment 

4. MODEL COMPARISON 

To develop a one-dimensional biomechanical model 
of a seated operator, the authors used a model with four degrees 
of freedom developed to assess the ergonomics of machines and 
vehicles [8]. The linear models used so far in ergonomics studies 
have been developed based on experimental studies involving 
people, subjected to dynamic inputs, with small ranges 
of displacement (vibrations) safe for the health of the subjects. 
The existing models, due to linear characteristics, do not allow 
obtaining the correct results for excitations with large 
displacement amplitudes occurring simultaneously with high 
velocities, which occur in accident situations involving mining 
machine operators [21,22]. 

The authors introduced significant changes to the existing 
models consisting of describing the characteristics with non-linear 
functions and thus obtained a dynamic response in a one-
dimensional model, similar to the results obtained in analyses 
using commercial solutions based on full-size dummies. 
Satisfactory results were obtained primarily for high velocities of 
the occurring phenomena. Characteristics that allowed the use of 
simple one-dimensional biomechanical models with four degrees 
of freedom to analyse impact dynamic loads were developed. To 
verify the correctness of the developed model, the obtained 
results (forces acting in individual segments) for various excitation 

velocities were compared with the results obtained for the Hybrid 
III (MADYMO) dummy. The developed biomechanical model 
allows us to determine the values of loads acting in several 
individual parts of the spine and to analyse the effects of the 
accident situation. It also allows for the deliberate development of 
structural elements to reduce the loads acting on the operator 
without the need to use commercial solutions in the form of, for 
example, the Hybrid III dummy. Requirements for structures 
protecting operators in terms of assessment of work ergonomics 
with loads related to vibrations arising during normal operation of 
machines can also be successfully analysed using the developed 
biomechanical model. In the linear part (at small ranges of 
deflection changes), the characteristics describing the stiffness 
of individual model elements were developed based 
on experimental studies on people, subjected to low dynamic 
excitations (vibrations safe for the health of the subjects). The 
authors showed that in the case of large deflections, the results 
obtained from the models described in section 2 of the paper are 
not correct, especially for the loads to which machine operators 
are subjected during an accident situation. 

The modification of the linear characteristics in the models, 
introduced by the authors, allowed us to obtain quantitatively and 
qualitatively similar results to those obtained with the use of full-
size dummies, as well as for large kinematic excitation. A method 
for determining the characteristics was developed, which allows 
the model to be adapted to the analysis of different loads in terms 
of duration and intensity. The results for different excitation 
velocities for SBHM, Hybrid III and Boileu-Rakheja original models 
were compared to verify the correctness of the developed 
characteristics,  (Figs. 11 and 12).  

a) 

 
b) 

 

Fig. 11. Results comparison of full-size dummy (Hybrid III) and 
elaborated model SBHM; a – lumbar spine, b – cervical spine; 
velocity 5 m/s. SBHM, simplified biomechanical human model 
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a) 

 

b) 

 

Fig. 12. Results comparison of full-size dummy (Hybrid III) and 
elaborated model SBHM; a – lumbar spine, b – cervical spine; 
velocity 10 m/s. SBHM, simplified biomechanical human model 

5. CONCLUSIONS 

The authors performed a comparison of the results obtained 
from two models, for the analysis of which the same initial 
boundary conditions were adopted. One of them is a full-size 
model of the operator with the seat and cabin, while the other is 
a proprietary one-dimensional model (the 5th degree of freedom is 
related to the movement of the seat). 
1. A model has been developed in a way that allows the analysis 

of accident situations in mines, which have not been taken 
into account in safety studies so far. 

2. A one-dimensional model of the human body (SBHM) based 
on the BR model was introduced, enabling a relatively simple 
and quick analysis of the loads acting on the human body, 
which can replace the full-size model in the initial analysis. 

3. The characteristics that allow the multi-mass model with 5 
degrees of freedom to be used for this analysis of impact 
phenomena were developed based on the author’s method. 
The developed characteristics implemented in a simple 

human model can also be used to analyse other phenomena 
related to the everyday operation, not only to assess the safety of 
mining machine operators. Safety assessment methods, so far 
limited to assessing the effects of rollover of the machine ROPS 
and assessing the effects of events related to falling objects 
FOPS [1] (these studies do not determine operator injuries, 
describe only the deformations of the cabin load-bearing structure 
and analyse the protected space) can now be supplemented with 
additional test methods and assessment criteria based on the 

biomechanics of the human body. 
The direction for further research is the implementation of the 

model in studies on energy-absorbing elements, which will 
mitigate injuries resulting from accidents caused by vertical loads. 
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Abstract: Despite the development of laser processing, the mechanical cutting process is still widely used in the formation of electric 
steels that are very sensitive to thermal phenomena. However, proper process control is difficult due to the large number of factors  
determining the quality of the products. As a result, the quality of the cut edge is characterised by the presence of burrs, the removal  
of which increases the production costs. Due to their magnetic properties, these materials should not be exposed to excessive stresses 
and deformations. The article presents the possibilities of predicting the characteristic features of the cut edge as well as stress  
distributions in this area. Original shear-slitting finite element method (FEM) models were developed, the results of which were verified  
experimentally. The proposed method based on stress triaxiality analysis enables precise analysis of stress states in the cutting zone  
and the boundaries of the slip fracture transition in the separating fracture, as well as determining the method of material cracking. Variable 
control factors such as cutting clearance, rake angle of the upper knife, and cutting speed were taken into account in the models.  
Parametric analysis of the process was carried out and it was determined how the process parameters should be selected in order  
to obtain the appropriate quality of the product. The developed analysis results can be useful on production lines for proper process  
control.  

Key words: shear-slitting, electrical steels, residual stress, triaxiality, sheared-edge   

1. INTRODUCTION     

In the process of cutting metal materials, it is very important to 
properly control the process in order to obtain the optimal techno-
logical quality of the product. It depends on both the characteris-
tics of the cut surface and the dimensional and shape accuracy of 
the formed elements. In the processes of cutting thin materials 
such as electrical steel sheets or amorphous tapes in industrial 
conditions, there is a problem with the formation of burrs on the 
cut edge. Burrs are hard, sharp and raised edges created on the 
cut surface of the material during the process. They often have an 
irregular height along the cut line. The presence of burrs must be 
removed by further processing, such as machining or deburring, 
further increasing the cost of production [1]. The intensity of the 
increase in the height of the burrs increases with the wear of the 
cutting tool blades [2]. In the case of cutting thin sheets, it is also 
important to select the appropriate cutting clearance, so that the 
width of the deformed zone along the cut edge is as small as 
possible [3]. As research by the authors of papers [4–7] has 
shown, the clearance value should be selected depending on the 
cutting speed. Since the cutting process generates plastic strains 
and residual stresses that concentrate near the cutting edge of the 
sheet, it is necessary to have knowledge about the distribution of 
plastic strains and stresses in the cutting zone. According to many 
authors, the reason for the deterioration of the magnetic proper-
ties is the change in the flux density distribution due to material 
stresses and deformations [8–10]. In the works [8, 11], it was 
shown that the residual stresses after punching and blanking go 
further into the material than the strain-hardened area. According 

to studies, the zone of plastic deformation after mechanical cutting 
is at least 0.1 mm and grows rapidly with the increase in the wear 
of cutting tools [8, 12, 13]. Deformations along the cutting line may 
be the reason for the formation of an elastic stress zone in the 
depth of the material, adjacent to the plastically deformed area. As 
a result, both zones strongly influence the magnetic properties. In 
the case of aluminium sheets, the burr adversely affects the pro-
cesses of joining sheets, while in the case of electrical steel 
sheets, on the packing in the magnetic cores. In the literature, 
there are known techniques for measuring the hardness of the 
sheet in the vicinity of the cut edge, aimed at determining the 
plastic state and the width of the deformation zone into the mate-
rial. These are invasive methods that cause local changes in the 
magnetic properties in the measurement zone. The degree of 
degradation of magnetic properties also depends on factors such 
as chemical composition, type of material, type of cutting tech-
nique, technological parameters of the process, etc. Moreover,  
in the case of thin sheets, the measurement is subject to error 
[14–16]. 

In the available literature, many works focus on the analysis of 
the negative impact of punching and blanking processes on the 
magnetic properties of grain-oriented and non-grain oriented 
silicon electrical steel sheets [17, 18]. The impact of the blanking 
process, depending on the thickness of the non-grain oriented 
electrical steel and the deterioration of core losses was studied in 
Toda et al. [19] and Omura et al. [20]. It was found that the distri-
bution of the hardness increase near the shear edge was almost 
half of the plate thickness for all the tested steels. The use of 
thinner steel sheets for the magnetic core could reduce the iron 
losses in the punching process. In works [21] and [22] it was 
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shown that electrotechnical steels with a high content of silicon 
and characterised by large grains are more sensitive to the deteri-
oration of magnetic properties in the punching process. Subra-
monian et al. [23] determined the effect of the punching process 
parameters on various 0.25 mm and 0.8 mm thick steel sheets by 
means of experimental studies. The authors showed that blanking 
clearance is the most important factor influencing the quality of the 
cut edge. Its values must be selected depending on the thickness 
of the cut sheet and the type of material. An increase in clearance 
above a critical value causes a significant increase in burr on the 
cut surface. In work [24], the effect of grain size and banking 
clearance on selected magnetic characteristics was experimental-
ly analysed. As a result of process optimisation, guidelines were 
proposed to reduce core losses by 5.8%. In the work [8], the 
impact of material grain size on iron losses after the blanking 
process and on the course of the blanking forces was assessed. 
In Wang et al. [14], the impact of the blanking process on the 
magnetic properties of non-oriented electrical steel sheets was 
analysed, focussing on the assessment of the degree of changes 
in magnetic properties depending on the increase in stress in the 
cutting zone. Variable geometry tools were used. With the help of 
appropriate tool geometries and clearance values, it was possible 
to limit the negative changes in magnetic properties.  

Recent literature provides information on the characteristics of 
the width of the cut edge and new methods used to quantify its 
length. Problems with obtaining high-quality cut edges are indicat-
ed because deformations of the material domain walls occur and, 
as a consequence, the domain magnetisation flux decreases and 
the shift between the magnetisation flux and the total flux increas-
es. Monitoring techniques are used to determine the characteristic 
features of the cut edge [25–28]. In paper [29], the relations be-
tween the relevant material parameters, i.e., sheet thickness, 
alloying and grain size and non-linear magnetic properties, are 
studied, with a focus on cut surface features and iron losses. 
Paper [30] presents an approach for image-based blanking tool 
wear monitoring and workpiece shape. The workpiece images 
offer the possibility to apply computer vision algorithms for hand-
crafted feature extraction in order to capture the cut surface for-
mation and product properties as time-efficiently as possible. The 
work [31] analysed the causes of burr formation on the cut edge of 
blanked details. The authors indicated that the main cause of this 
is the wear of the cutting edges of the punch and die. The correct 
determination of the width of individual zones on the cut surface, 
and thus the prediction of the occurrence of areas with variable 
fracture mechanisms, is currently one of the main difficulties 
encountered in the literature related to mechanical cutting pro-
cesses. According to the works [4, 9, 32, 33], the local state of 
stress in the shear zone is important for the formation of shear 
bands and significantly affects the topography of the cut surface. 
Higher local compressive stresses inhibit cracking and allow the 
material to flow plastically for longer periods. 

The finite element method (FEM) is increasingly used in many 
industries as a powerful numerical tool to analyse physical phe-
nomena occurring in various processes and to shorten the cycle 
time of introducing new solutions. FEM provides the ability to 
effectively track and analyse the deformation process, which may 
be difficult to observe in experimental studies. Simulation of the 
finite element cutting process can enable the analysis of the influ-
ence of various technological input parameters, such as cutting 
clearance, tool edge radius, cutting speed and sheet thickness, 
etc. on burr height, deformed zone width, stress and strain values 

in the cutting zone compared to experimental methods. In the 
available literature, there are many papers devoted to modelling 
the process of cutting construction materials and light metal al-
loys. There is a lack of numerical simulations of the process of 
cutting electrical steels, especially of small thicknesses [4, 14, 23]. 
This is especially true of the shear-slitting process in which the 
tools perform a rotary motion.  

This paper proposes an approach to modelling the process of 
cutting electrical steel sheets under real process conditions. The 
correct determination of the width of individual zones on the cut 
surface, and thus also the prediction of the occurrence of areas 
with variable fracture mechanisms using numerical modelling 
techniques, is currently one of the main difficulties encountered in 
the literature related to mechanical cutting processes. The new 
method proposed in the manuscript, based on the analysis of 
stress triaxiality, enables precise analysis of stress states in the 
cutting zone and the boundaries of the slipping fracture in the 
separating fracture, as well as determining the manner of material 
cracking. The developed models allow for the prediction of stress 
values and areas of their occurrence depending on the adopted 
processing parameters. 

2. MATERIALS AND METHODS 

2.1. Experimental setup 

In order to carry out the experiment, a special test stand was 
designed, shown in Figure 1a. The stand is equipped with a cut-
ting device consisting of rotary knives, a motor, special guides and 
holders for fixing metal sheets. It allows you to cut sheets in a 
straight line and cut out rings or circles. A special roller made of 
polyurethane allows the sheet to be moved horizontally during 
cutting (Fig. 1b). It is possible to precisely set the value of cutting 
clearance hc, knife overlap cv and cutting speed v (Fig. 1a, c). 
The upper knife can be replaced depending on the preferred value 
of the rake angle α. Before starting the experiments, trial tests of 
the device were carried out to verify the correct operation. Input, 
output, disturbing and constant factors were specified. The tests 
were carried out as follows: prepared electrical steel sheets were 
mounted in the device and fixed with a special needle. Due to the 
rotation of the knives and the clamping roll, the cut element was 
moved along the z-axis, resulting in its separation (Fig. 1b). At the 
final stage of the process, the attached part remained in place due 
to the action of the needle, while the cut part fell off. Due to the 
high complexity and speed of the course of physical phenomena, 
an advanced vision method (digital image correlation) was used in 
the cutting process in the form of a specially designed monitoring 
system, which consisted of a high-speed camera i-SPEED TR, 
zoom lens, light sources and the GOM Correlate and i-SPEED 
Suite software. A resolution of 1,280 × 1,024 pixels, and a speed 
of 2,000 fr/s. were used in images registration. The test stand also 
includes intermediate rings, LED rings and LED lamps with differ-
ent diode power. During the experiment, synchronous tracking of 
points in the recorded sequences of images was carried out. A 
correlation algorithm was used to create the object model, which 
may be the first frame of the recorded sequence of test images. 
The ranges of the variability of the studied factors are summarised 
in Tab. 1. 
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Tab. 1. The ranges of the variability of the studied factors  

Horizontal clearance, hc 0.02−0.1 mm 

Vertical clearance, cv 0.1 mm 

Slitting velocity, v2 3−24 m/min 

Rake angle, α 5°−40° 

 
Fig. 1. Experimental test stand: a) 1 – engine, 2 – electrical system,  

3 – drive pedal, 4 – threaded socket with a scale for adjusting the 
cutting clearance, 5 – cutting speed regulator, 6 – sheet stabilizer 
(needle), 7 – high-speed camera, 8 – knife overlap regulator,  
9 – scale for determining the diameter of cut discs for curvilinear 
outlines, 10 – LED lamp, 11 – auxiliary screen for recording and 
analysis, 12 – computer workstation for archiving measurement 
data, b) zoom of contact zone: 13 – upper knife, 14 – sheet,  
15 – clamping roll and 16 – lower knife, c) characteristic parame-
ters of the process  

2.2. Material characteristics 

ET 110-30LS with thickness t = 0.3 mm electrical steel was 
used in research. Mechanical properties are presented in table 2.  

Tab. 2. Mechanical properties of ET 110-30LS steel [34]  

Density 

[kg/dm3] 

Yield point 

[MPa] 

Elongation 

[%] 
Hardness [HV5] 

7.8 310 ± 5 14 ± 1.5 170 ± 6 

 
A thickness of t = 0.3 mm was chosen due to this thickness 

having the greatest applicability for the construction of electrical 
devices. The mechanical and magnetic properties are presented 
in Tab. 1 and Fig. 2. 

 
 
 
 
 
 
 

 
 
 
 
Fig. 2. Magnetisation characteristic Jm=f(Hm) for ET 110-30LS [34].  

3. FE MODELLING OF THE SHEAR-SLITTING PROCESS  

A mathematical model of the shear-slitting process is incre-
mentally formulated containing the following: a material model, a 
contact model, an equation of both the motion and deformation, 
and both the initial and boundary conditions. 

3.1. Material modelling 

3.1.1. The incremental model of the yield stress 

For a typical step time, 𝑡 → 𝜏 = 𝑡 + ∆𝑡,  a model ∆𝜎𝑌 
was 

defined as [35]: 

∆𝜎𝑌 = 𝐸𝑇 ∙ ∆𝜀𝑒
(𝑉𝑃)

+ 𝐸̇𝑇 ∙ ∆𝜀𝑒̇
(𝑉𝑃)

,   (1) 

where ∆𝜀𝑒
(𝑉𝑃) 

 and ∆𝜀𝑒̇
(𝑉𝑃)

are the increments of the effective 

viscoplastic strain and rate, respectively, 𝐸𝑇 ∙ ∆𝜀𝑒
(𝑉𝑃)

represents 

the change in the temporary yield stress ∆𝜎𝑌 with changing vis-

coplastic strain, where 𝐸𝑇 = ∂𝜎𝑌(∙)/ ∂𝜀𝑒
(𝑉𝑃)

 is the temporary 

hardening parameter assuming a constant accumulated effective 

viscoplastic strain rate at time t (∆𝜀𝑒̇
(𝑉𝑃)

= const) and 𝐸̇𝑇 ∙

∆𝜀𝑒̇
(𝑉𝑃)

represents the change in the temporary yield stress, 𝜎𝑌, 

with changing viscoplastic strain rate, where 𝐸̇𝑇 = ∂𝜎𝑌(∙

)/ ∂𝜀𝑒̇
(𝑉𝑃)

is the temporary hardening parameter assuming a 
constant accumulated effective viscoplastic strain at time t 

(∆𝜀𝑒
(𝑉𝑃)

= const). 

3.1.2. Elastic/viscoplastic material model 

A new mixed hardening model for isotropic materials, which 
includes the combined effects of elasticity (reversible domain), 
and viscoplasticity (non-reversible domain) (E/VP), is used. This 
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model accounts for the mechanic history of the material. The 
constitutive equation for the incremented components in a total 
Green–Lagrange strain tensor takes the following form [35, 36]: 

∆𝜀𝑖𝑗 =

1

1−𝑆̃ **
∙ (𝐷𝑖𝑗𝑘𝑙

(𝐸)
∙ ∆𝜎𝑘𝑙 −

2

3
∙[𝜎𝑌(∙)]∙𝐸̇𝑇∙∆𝜀̇𝑒∙𝑆̃𝑖𝑗

𝑆̃𝑖𝑗∙𝐶
𝑖𝑗𝑘𝑙
(𝐸)

∙𝑆̃𝑘𝑙+
2

3
∙𝜎𝑌

2(∙)∙(𝐶(∙)+
2

3
∙𝐸𝑇)

)           (2) 

Whereas the incremented components for the total second 
symmetric Pioli–Kirchhoff’s stress tensor are as follows [36]: 

∆𝜎𝑖𝑗 =

𝐶𝑖𝑗𝑘𝑙
(𝐸)

∙ (∆𝜀𝑘𝑙 − ψ
𝑆̃𝑘𝑙∙{𝑆̃𝑖𝑗∙𝐶𝑖𝑗𝑘𝑙

(𝐸)
∙∆𝜀𝑘𝑙−

2

3
∙𝜎𝑌(∙)∙𝐸̇𝑇

(𝑉𝑃)
∙∆𝜀̇𝑍

(𝑉𝑃)
}

𝑆̃𝑖𝑗∙𝐶
𝑖𝑗𝑘𝑙
(𝐸)

∙𝑆̃𝑘𝑙+
2

3
∙𝜎𝑌

2(∙)∙(𝐶(∙)+
2

3
∙𝐸𝑇)

)         (3) 

where ∆ – increment, 𝜀𝑖𝑗  – strain tensor component, 𝜎𝑖𝑗 - – stress 

tensor component, 𝑆̃ ** = 𝑆̃𝑖𝑗
∗ ∙ 𝐶𝑖𝑗𝑚𝑛

(𝐸)
∙ 𝑆̃𝑚𝑛 is a positive scalar 

variable, 𝑆̃𝑖𝑗 = 𝑆𝑖𝑗 − 𝛼𝑖𝑗  (𝑖, 𝑗 = 1– 3)  is the stress deviator 

component, 𝑫̃𝜎 and 𝐷𝑖𝑗𝑘𝑙
(𝐸)

 is the component for the tensor 

𝑫(𝐸) = 𝑪(𝐸)−1
in time t, 𝐶𝑖𝑗𝑘𝑙

(𝐸)
 are the elastic constitutive tensor 

components 𝑪(𝐸), 𝐶 ̃(∙) = 𝐶 ̃(𝜀𝑒
(𝑉𝑃)

, 𝜀𝑒̇
(𝑉𝑃)

),is the temporary 
translation hardening parameter in time t, 

𝜎𝑌(∙) = 𝜎𝑌(𝜀𝑒
(𝑉𝑃)

, 𝜀𝑒̇
(𝑉𝑃)

) is the accumulated material yield 
stress, which depends on the history of the viscoplastic strain and 

strain rate, and 𝜀𝑒
(𝑉𝑃)

and 𝜀𝑒̇
(𝑉𝑃)

 are the cumulative effective vis-
coplastic strain and strain rate, respectively. It is assumed that the 

relationship of 𝜎𝑌(∙) and 𝐶 ̃(∙) to 𝜀𝑒
(𝑉𝑃)

 and 𝜀𝑒̇
(𝑉𝑃)

 can be derived 
from data obtained during a series of tensile tests at different 
strain rates using virgin material specimens [37, 38]. The instan-
taneous value of the yield stress σY was calculated from John-
son-Cook material law [39]:  

𝜎𝑌 = [𝐴 + 𝐵(𝜀 ̅𝑝)𝑛][1 + 𝐶𝑙𝑛𝜀 ∗̇][1 − (𝑇∗)𝑚],  (4) 

where: 𝐴, 𝐵, and n are strain hardening constants, 𝐶 is the 

strain rate hardening constant, σY is the equivalent flow stress, ε̅p 
is the equivalent plastic strain, 𝑚 is the thermal softening constant 

and 𝑇∗is the homologous temperature term, where 𝑇∗ =
𝑇−𝑇r

𝑇𝑚−𝑇𝑟
, 

T is the temperature of the material, 𝑇𝑟 is a reference tempera-

ture, and 𝑇𝑚 is the melt temperature of the material, ε∗̇  is the 

normalised strain rate of the material or ε∗̇ =
ε̇̅p

ε̇0
 , where ε̇0 =

1.0s−1. The model parameters are presented in Tab. 3. 

Tab. 3.  The Johnson-Cook constitutive model constants for ET 110-30LS 

steel [34] 

𝑨 [𝑴𝑷𝒂] 𝑩 [𝑴𝑷𝒂] 𝑪  𝒏 𝒎 

110.4 456 0.049 0.41 0.51 

3.2. Simulation model  

For the purpose of the work, FEM models were developed in 
the LS-DYNA solver for the spatial state of stress and the plane 
(2D) or spatial state of strain (3D) (Figs. 3 and 4). 2D models were 
used to predict the course of the plastic flow and cracking process 
in very small cross-sectional areas of the sheet. On the other 
hand, 3D models, after taking into account the length of the cut 
line, make it possible to predict deformation and stress states 

along the cut line and model sheet defects, e.g. bends and corru-
gations. The models take into account variable rake angle values 
(α), the value of the radius of the knives, the length of the cutting 
line and the variable cutting speed. It is also possible to control 
the setting of overlap cv.  
 

 

 

Fig. 3. 3D FE model with boundary conditions 

The numerical simulations were carried out for the process con-
trol variables in the range of α = 5°–40°, v2 = 3–32 m/min and  
hc = 0.02–0.1 mm. A constant value of tools overlap cv = 0.1 mm 
was assumed. The following geometric parameters of the test stand 
were applied: r1 = r2 = 15 mm, r3 = 20 mm, l1 = 80 mm, l2 = 40 mm. 

 
Fig. 4. 2D FE model with boundary conditions 

Constant coefficients of static 𝜇𝑠 = 0.15 and dynamic 

𝜇𝑑 = 0.1 friction were assumed. A 4-node element of the PLANE 
162 type for 2D models and 3D SOLID 164 for 3D models was 
used to discretise the object. 

4. FE MODELLING RESULTS 

4.1. Shear-slitting phases and model validation 

Since the concentration of maximum deformations and dis-
placements in cutting processes occurs in a small area, advanced 
vision methods can be used to observe many physical phenome-
na. Currently, image registration is an important issue in the su-
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pervision of manufacturing processes in real time. In this way, it is 
possible to fully observe the formation of possible product defects. 
The proposed research methodology uses an advanced vision 
system for measuring displacements and deformations in the 
cutting zone, crack propagation moment, trajectory analysis, 
cracking speed measurement and product quality assessment, 
depending on the adopted machining parameters at any time 
during the process. 

The proposed method using an advanced vision system was 
used to analyse deformation states in the cutting zone, crack 
propagation and crack trajectory. The deformation values and the 
width of the deformation zone in the material after cutting were 
also determined. The obtained results were used to validate the 

simulation results obtained using FEM models.  
Fig. 5 shows the plastic flow phase transitioning to the crack-

ing phase of the process. Both in the 2D model and the 3D model, 
local cracks are visible in the areas of the cutting edges of the 
knives. Due to the minimal clearance hc used, cracking occurs in 
the cutting zone and proceeds stably without causing transverse 
cracking and burr formation, which is consistent with the results 
obtained experimentally. Particular attention was paid during the 
comparative analysis to the correct representation of the flow 
mechanics of the material, the formation of individual zones on the 
cut surface, among others edge roundness and burrs, the degree 
of material deformation and the formation of sheared-burnished 
and fracture zones. 

 

Fig. 5. Numerical representation and visual recording of the transition from plastic flow to cracking: (a) 2D FEM model, (b) 3D FEM, model, (c) camera 

image (hc = 0.04 mm, α = 7°, v = 7 m/min).  

 
Fig. 6. Analysis of selected features of the cut edge: (a) appearance of the cut edge for the 2D model, (b) appearance of the cut edge for the 3D model, (c) 

appearance of the cut edge obtained experimentally, (d) image of the surface of the cut edge 

Fig. 6 shows the appearance of the cut edge after the cutting 
process for the configuration of the parameters hc = 0.04 mm, α = 
7° and v = 10 m/min. Shaping materials with small thicknesses 
often causes problems on production lines because (even small 
deviations from the optimal settings of processing parameters and 
disturbances cause product defects) they are very sensitive to 
changes in processing parameters, which causes the formation of 
burrs and excessive roll-over of the edges. The analyses of the 
cut edge for the validation of FEM models were made using imag-
es recorded with a high-speed camera in the cross-section of the 
sheet and images of the geometric structure of the cut surface 
recorded along the cutting line with a LEXT OLS4000 laser confo-

cal microscope from OLYMPUS. The presented example is char-
acterised by a clear transition boundary of the sheared-burnished 
in the fractured area, which is characterised by the perpendiculari-
ty deviation within 40 µm both in simulation models and in the 
experiment. The rollover zone is acceptable from a technological 
point of view and is about 30–40 µm. The simulation models 
correctly reflect the boundaries of the fractures and the size of the 
roll-over. In the presented case, there is a negligible burr, which 
was shown in FEM models and confirmed experimentally.  

Fig. 7 shows the selected results with clearance hc = 0.08 
mm, α = 7° and v = 7 m/min. The effect of the increased clear-
ance on the course of the plastic flow and cracking phases is 
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particularly visible. In the selected stage of the process phase, the 
first cracks appear in the contact area of the knife blades with the 
material. In the 2D model, micro-gaps can be observed near the 
cutting edges of the knives. In the 3D model, the initial phase of 
material cracking can be observed. The deformed zone is wider 
than in the case of reduced clearance cutting and the flow area is 
non-symmetrical. The fibre arrangement of the material is signifi-
cantly curved. The asymmetry of the concentration of maximum 
plastic strains causes uneven and unstable cracking of the mate-
rial, which does not run in a straight line. Crack propagation pro-
ceeds at different speeds. Initially, in the contact zone of the lower 
knife with the material, the crack propagates faster than in the 

area under the upper knife, but at a certain stage it stabilises, and 
due to the movement of the upper knife, cracking accelerates in 
the area of its contact with the edge of the sheet. The fracture line 
is far from the knife’s cutting edge, resulting in burr formation. Due 
to the increased bending moment, an increased roll-over of the 
sheet edges can be observed. The results obtained using FEM 
models are consistent with the results obtained experimentally, 
and the characteristic phenomena occurring in the process are 
correctly predicted. Experimental measurements confirmed the 
formation of a burr on the lower surface of the sheet edge and a 
characteristic depression just behind the burr line, which may 
indicate the area of local micro-cracks. 

 
Fig. 7. The course of the plastic flow phase with the beginning of the cracking phase for hc = 0.08 mm, α = 7°, v = 7 m/min:  
            (a) 2D model, (b) 3D model, (c) camera image 

 
Fig. 8. View of the cut edge after the cutting process for: hc = 0.08 mm, α = 7°, v = 7 m/min: (a) 2D FEM model, (b) 3D FEM model, (c) camera image,  

(d) image of the surface of the cut edge, and geometric structure of the lower surface of the sheet in the area of the cut edge 

After the cutting process, the following measurements were 
made: the height of the burr and its width, which are in the range 
of about hz = 110–130 µm, sz = 70–80 µm for both simulation and 
experiment (Figs. 8a and 8b). It was possible to accurately meas-

ure thanks to the option of tracking the displacements of the 
nodes of the FEM model and the analysis of images of the geo-
metric structure of the bottom surface of the metal sheet regis-
tered with a confocal microscope. The flow angle was measured 



DOI 10.2478/ama-2024-0038                                                                                                                                                        acta mechanica et automatica, vol.18 no.2 (2024)                                                                                                                                                                                                                                                                   

347 

using specialised ImageJ and GOM Correlate software. The 
results of the measurements of the flow angle φ are consistent 
with the experiment (φ1 = 37.8°, φ2 = 34.1°, φ3 = 38.3°) and do 
not differ significantly at the assumed significance level (Fig. 8c). 
The sample is characterised by the lack of a clear transition 
boundary of the sheared-burnished in the fractured (Fig 8d). In 
order to predict the area of occurrence of this boundary on the cut 
edge, a new approach based on the analysis of distributions of the 
stress triaxiality coefficient was proposed. 

4.2. Residual stress analysis 

4.2.1. Stress triaxiality distribution 

A method, based on stress triaxiality, enables precise analysis 
of stress states in the cutting area and the boundaries of the 
zones as well as determining the manner of material cracking. 
The location of the transition points of individual zones on the cut 
edge can be determined on the basis of the study of the distribu-
tion of the stress triaxiality coefficient η defined as the ratio of 
hydrostatic stress (hydrostatic pressure) and the equivalent stress 
(usually calculated using von Mises criterion) [40]. With the use of 
particular ranges of the triaxiality coefficient developed in the 

literature, it is possible to predict, using FEM models, characteris-
tic areas of fracture boundaries, even for samples with no clear 
division boundary. This makes it possible to design tools and 
select process conditions so as to extend the shearing and plastic 
flow phase, which causes the formation of a sheared-burnished 
zone on the cut edge with a minimum share of tensile stresses, 
causing significant deterioration of magnetic properties. 

Figs. 9 and 10 show selected phases of the cutting process 
with the distribution of the stress triaxiality factor for two values of 
the cutting clearance hc. In the initial stages, the cutting edges of 
the tools cause elastic deformation of the material. It is strongly 
compressed – stresses and elastic strains concentrate near the 
cutting edges as a result of the elastic bending of the cut material. 
With a further increase in the load near the cutting edges, plastic 
deformations occur (Figs. 9a, 10a). Shear areas where the triaxi-
ality coefficient oscillates within the range of η = 0.0 ± 0.16 in the 
initial phase of the process are close to each other for the two 
analysed clearance values. Outside the shear area states of 
uniaxial compression occur in the cross-section of the sheet. In 
the vicinity of the cutting edges of the tools, there is biaxial com-
pression with significantly negative values of the triaxiality coeffi-
cient.  

 
 

 
Fig. 9. Triaxiality coefficient values: (a) plastic flow phase, (b) plastic flow phase with a transition to cracking, (c) cracking phase: 

hc = 0.02 mm, α = 7º, v = 7 m/min) 

 

 
Fig. 10. Triaxiality coefficient values: (a) plastic flow phase, (b) plastic flow phase with a transition to cracking, (c) cracking phase: 

hc = 0.08 mm, α = 7º, v = 7 m/min) 

a) b) c) 

 

a) b) c) 
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In the next stage of the process, the reduced clearance accel-
erated the cracking process and the formation of a uniaxial 
stretching zone dominated by the above positive values of the 
triaxiality coefficient (Fig. 9b). Small areas of biaxial tension are 
also visible, which can cause micro-cracks in the vicinity of the 
blades, which was confirmed by experimental studies. For the 
increased clearance, the shear area occurs at this stage in the 
lower areas of the sheet thickness (Fig. 10b). Under the upper 
knife, however, the state of uniaxial tension begins and the transi-
tion from the phase of plastic flow to cracking begins. Biaxial 
tension fields are also visible. In the cracking phase, characteristic 
distributions of the triaxiality coefficient fields can be observed. 
For the reduced clearance, the distributions are symmetrical with 
the separation of areas of biaxial and uniaxial tension of small 
width along the fracture line (Fig. 9c). For increased clearance, 
the zone of increased coefficients is wider than for reduced clear-
ance (Fig. 10c). In the fracture line there are states of uniaxial and 
biaxial tension, and the area of ideal shear is distant from the cut 
line. When the clearance between the cutting edges of tools is 
greater than the allowable, as a result of the edge spreading, the 
bending moment increases, causing excessive bending of the 
edges of the cut material. As a result, with shearing, there is 
excessive tension of the material in the gap between the cutting 
edges, which causes a thick bent burr.  

 
Fig. 11. Triaxiality factor values recorded before removing the finite 

elements from the mesh in the cracking line: hc = 0.02 mm,  
α = 7º, v = 15 m/min 

Fig. 11 shows the values of the stress triaxiality factor deter-
mined in the finite elements located along the crack path. A sam-
ple without a clear fracture separation boundary was selected for 
the study. Finite elements in the section analysed and lying on the 
fracture path are marked in Fig. 11. The chart highlights three 
main areas. The first contains finite elements with negative values 

of the stress triaxiality coefficient. The second shows the values of 
the stress triaxiality coefficient in the range from η = 0 to η = 0.4. 
The third area is the triaxiality of stresses above η = 0.4. The 
obtained results can be discussed on the basis of analyses of Bao 
and Wierzbicki’s research [41]. The finite elements located in the 
upper part of the sheet cross-section (elements No. 1–7) were 
subjected to a shear fracture mechanism and a smooth zone was 
formed. The features numbered 8–14 were generated by a com-
bination of shear and fracture growth modes. The predicted frac-
ture zone was probably formed by the removal of finite elements 
from 15 to 20 and was mainly subjected to a mode of fracture 
formation and growth.  

4.2.2. Influence of the process parameters on the residual 
stresses in the area of the cut edge 

Figs. 12–14 show the influence of process parameters on 
equivalent stresses in the area of the cut edge. The magnetic 
domain structure is characterised by domains with dimensions 
similar to the thickness of the sheet and the walls separating them 
pass through the entire thickness of the sheet and are parallel to 
the direction of rolling. The plastic deformation of the cut edges 
causes local displacements of the material, which effectively 
hinders the movement of the domain walls and domain rotation. 
As a consequence, this leads to lower permeability, higher coer-
civity and higher hysteresis losses. In addition, stresses in electri-
cal steel affect the magnetic properties due to the inverse magne-
tostrictive effect. Fig. 12 shows the influence of the cutting clear-
ance value on the stress values in the cutting zone. The meas-
urement was made in the zone of greatest strengthening in the 
middle of the cross-section of the sheet. The obtained results 
confirmed the significant influence of the analysed process pa-
rameters on the stress values in the area of the cut surface. In 
some cases, it can be seen that the maximum stress concentra-
tion occurs at a certain distance from the cut surface and not at its 
edge. In the case of cutting clearances in the hc = 0.02–0.04 mm 
range, the concentration of maximum stress values occurs in the 
area of the cut surface, and their values decrease away from the 
cut edge. In the case of cutting clearance hc = 0.06 mm, the max-
imum stress concentration occurs at a distance of about x1 = 100 
µm from the cut edge. Their values, however, decrease rapidly as 
they move away from the cut edge. The largest zone of stress 
concentration occurred for cutting clearances above hc = 0.08 
mm. 

 

 
Fig. 12. Influence of cutting clearance hc on the value of equivalent stresses in the area of the cut edge 
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The influence of the rake angle of the upper knife cutting edge 
α on the stress values in the cutting zone is shown in Fig. 13. The 
value of the angle α has a significant impact on the values of 
maximum stresses in the cutting zone. The high value of α causes 

the concentration of maximum stresses directly on the cut edge 
and their increase compared to α = 7°. For the angle α = 7°, the 
width of the stress zone is greater than when α = 20° and α = 40°, 
but their maximum values are smaller. 

 
Fig. 13. Influence of rake angle α on the value of equivalent stresses in the area of the cut edge 

The influence of cutting speed on the values of equivalent 
stresses in the cut edge is shown in Fig. 14. In the analysed cas-
es, a significant impact of cutting speed on the values of maxi-
mum stresses in the vicinity of the cutting edge can be observed. 
In the case of cutting with speed v = 32 m/min, the maximum 

stress values cover a larger area of the material than when cutting 
speeds are lower. For v = 3 m/min and v = 17 m/min the maxi-
mum stress values are lower, which may indicate a reduced width 
of the plastically hardened zone in the area of the cutting edge. 

 
Fig. 14. Influence of cutting speed v on the value of equivalent stresses in the area of the cut edge 

4.3. Burr formation  

The concentration of high stresses and strains in the cutting 
zone may result in deformation of the cut edge in the form of burrs 
[42, 43]. The occurrence of burrs on the cut surface is one of the 
main problems in industrial lines. Parametric analyses of the 
process were carried out to show which of the machining parame-
ters are crucial and have the greatest impact on burr formation.  

The research results indicate that the use of clearances above 
hc = 0.06 mm causes a significant increase in burr height, regard-
less of the cutting speed (Fig. 15). This may be due to the fact that 
the stability of the flow and cracking process decreases, which 
causes a decrease in the width of the sliding fracture and an 
increase in the width of the separation fracture and the height of 
the burr. An increase in clearance above the allowable one caus-
es excessive concentration of the bending moment in the cutting 
zone.  

 
Fig. 15. Influence of cutting speed v and clearance hc on burr height 
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Fig. 16. Influence of cutting speed v and rake angle α on burr height 

For clearances above hc = 0.08 mm, the burr height is too 
large and can be a problem on the production line for each ana-
lysed cutting speed. The increase in the burr also contributes to 
the increase in the rounding and rollover of the edges. Reducing 
the clearance value to hc = 0.04 mm makes it possible to increase 
the cutting speed even to v = 24 m/min and obtain an acceptable 
burr value. For this cutting speed value, the rake angle should be 

within the range α = 30–40° (Fig. 16). If the clearance value is 

less than hc = 0.04 mm, small angle values α = 5–18° should be 
used. In the case of using clearance above hc = 0.06, it is more 
advantageous to increase the rake angle. This reduces the bend-
ing moment in the cutting area because the contact zone of the 
knives with the material is smaller and the material cracks earlier. 

5. CONCLUSIONS 

The process of cutting soft electrical steels is complicated due 
to the large number of factors affecting the quality of the product. 
From an industrial point of view, the appropriate quality of the 
product can be achieved by appropriate control of the process. At 
the same time, it is important to ensure high process efficiency 
and reduce the negative impact of process conditions on tool wear 
and energy consumption. The specificity of electrotechnical mate-
rials and their small thickness require very precise settings of 
machining parameters and process stability. Due to the lack of 
knowledge on how to control the process, in many cases the 
amount of waste increases. The paper proposes an approach 
enabling forecasting the influence of process conditions on prod-
uct quality. Numerical modelling with the use of finite element 
analysis was used to analyse the values of stresses, deformations 
and the quality of the cut edge. As a result, it was determined 
which conditions can ensure high quality and repeatability of 
products on production lines and which should be avoided. After 
the research, the following detailed conclusions can be drawn: 

 The obtained research results indicate that there is a limit 
value of the cutting clearance, after which the stress concen-
tration in the area of the cut edge and the burr increases sig-
nificantly. This value is for sheet thickness t = 0.3 mm,  
hc = 0.06 mm. 

 It is unfavourable to use a cutting clearance of hc = 0.08 mm. 
This causes excessive bending torque and burr formation that 
can damage the cut edge. 

 The correct selection of the cutting clearance is particularly 

important in the case of high cutting speeds, where with ex-
cessive clearance, the stability of the process decreases and 
the stresses cover the area away from the cut edge by up to 
300 µm. 

 The value of the tool rake angle should be selected depending 
on the cutting clearance. With clearances smaller than hc = 

0.04 mm, angle values α = 5–18° should be used. In the 
case of using clearance above hc = 0.06 mm, it is more advan-
tageous to increase the rake angle.  

 The results of simulations and experimental tests can be used 
for the correct selection of machining parameters depending 
on the adopted criteria. 
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Abstract: Nano-additives are generally blended with the base lubricant oil, to enhance the lubricant characteristics such as wear, 
coefficient of friction (CoF), thermal conductivity, density, and flash and fire points of the lubricant. In this research, nano-additives of SiO2, 
Al2O3 and TiO2 are blended with the base SN500 oil with different proportions of mixture. When these three nanoparticles are used 
together in base oil, they enhance most of the desirable properties of a lubricant; 27 samples with three different levels of a mixture  
of nano-additives are identified using factorial design of experiments. The experimental outcomes for the selected three characteristics  
of interest of density, flash point and fire point are determined. Conducting experiments for ‘n’ number of samples with different proportions 
of mixture of nano-additives is a cumbersome, expensive and time-consuming process, in order to determine the optimum mix  
of nano-additives for the desirable level of characteristics of interest. In this research, attempt has been made to apply fuzzy logic  
to simulate a greater number of samples with different proportions of a mixture of three nano-additives with the respective outcomes  
of characteristics of three thermophysical properties. Out of the numerous samples simulated using fuzzy logic, the sample  
with the optimum mix of three nano-additives of SiO2, Al2O3 and TiO2 blended with the base oil is identified for the desirable level  
of characteristics of interest of density, flash point and fire point. The values of the identified sample are found to be at the desirable level 

of 0.9008 gm/ml, 231C and 252C, respectively. 

Key words: nano-additives, density, flash and fire points, fuzzy logic. 

 

1. INTRODUCTION  

Nano-additives have captured the attention of researchers as 
a newly emerged and evolved technology for use due to their 
special thermophysical characteristics, in lubrication and heat 
transfer systems. Classified as a new category of fluids, the 
stability of nano-additives and their performance in various 
scenarios, including extreme temperatures, are vital focal points 
in expanding our knowledge of lubrication and heating systems 
and creating a useful nano lubricant [1-2]. Recent literature 
recommends using base oil blended with nano-additives for 
enhancing lubricating properties. Studies have examined the 
impact of SiO2, Al2O3 and TiO2 nano-additives on the wear rate 
and coefficient of friction (CoF). The best combination of SiO2, 
Al2O3 and TiO2 nano-additives in SN500 base oil was examined 
by Sankar et al [3].  When polyolester oil is combined with SiO2 
nano-additive by up to 0.15%, this leads to improved rheological 
characteristics. The maximum increase in flash point and fire 
point is observed at 7% and 5.9%, respectively, for the 0.2% 
SiO2/POE nanolubricant [4]. Flash and fire points are found to be 
increasing due to the addition of SiO2 nanoparticles in the base 
oil [5]. By adding SiO2 nano-additives, in a step by step manner 
at 0.3 wt.% in SAE20W40 engine oil, the flash and fire points 
become minimum at 0.6 wt.%, and by increasing further from 0.6 
wt.% to 1.5 wt.%, the flash and fire points increase [6]. Flashpoint 
enhancement percentages of 5.042%, 6.612%, 8.502% and 

10.67% are achieved for SiO2 nano-additive concentrations of 
0.25%, 0.5%, 0.75% and 1 wt.%, respectively. Similarly, Al2O3 
nano-additives result in enhancement of 4.237%, 5.04%, 7% and 
9.63% for the respective concentrations [7]. In concentrations of 
0.2% and 1%, SiO2 has a higher flash and fire point than Al2O3. 
So it is recommended to add SiO2 in a higher proportion than 
Al2O3, since it notably increases the operating temperatures [8]. 
In the case of Al2O3 nanoparticle, which was introduced into two 
base lubricants, Marula oil and Mineral oil, within the range of 0–
2 wt.%, the trend is consistent in both lubricants, where the flash 
and fire points increase with the addition of Al2O3 nanoparticles, 
peaking at 0.75 wt.%. Beyond this concentration, these points 
gradually decrease. Consequently, the optimal Al2O3 amount 
exhibits an increase in both flash and fire points [9]. The addition 
of 100 ppm of Al2O3 to diesel significantly raises the flash point 
from 66°C to 69°C. Even slight increments in the nano-additives 
content contribute to this enhancement [10]. The addition of 
Al2O3 nanoparticles in N10, P20 and T30 has shown an 
increase in their respective flash points than pure base oils [11] . 
Adding Al2O3 nanoparticles in Servo SAE 20W-40 flash point 
increases slightly till the value of 0.02% concentration and then 
decreases with respect to further increase in nanoparticles [12]. 
The addition of Al2O3 nano-additive at 0.25 wt.%, 0.65 wt.%, 
1.05 wt.%, 1.45 wt.% and 1.85 wt.% drastically increased the 
flash point by 1.33%, 3.54%, 5.75%, 7.52% and 9.73% 
respectively, which increased the flashpoint from 228℃ to 249℃ in 
the lube oil stock-60 [13]. Addition of Al2O3 nano-additive shows 
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an increase in flash and fire points with the base local Iraqi 
lubricant oil of 20W-50 [14]. Conversely, the flash point 
decreases with inclusion of TiO2 nanoparticles, with no further 
variation observed beyond a concentration of 0.6% [15]. The 
flashpoint rate increases by adding TiO2 nano-additives at 
different concentrations: 0.1 wt.%, 0.2 wt.%, 0.5 wt.% and 1 
wt.%, resulting in flash point increases of 4.54%, 9.45%, 11.81% 
and 13.63%, respectively, relative to the base fluid. Notably, 
changes in higher concentrations are less pronounced compared 
with those in lower concentrations [16]. By the addition of TiO2 
nano-additive, there is an enhancement of flash and fire points of 
castor oil [17]. Kumar [15] investigated the physicochemical and 
tribological properties of TiO2 nano lubricant oil at different 
concentrations; 0.2% of TiO2 in SAE 20 W40 exhibits the higher 
value of flash and fire points while compared with base oil SAE 
20 W40. Both flash and fire points are directly proportional to the 
size of the nanoparticle and the base engine oils the surface 
modifying behaviour [18]. In the case of nano-lubricating oil made 
of TiO2 nanoparticles, the flashpoint increased by 9.3% [19]. 

It has been found that titanium oxide and aluminium oxide 
nanoparticles are the most effective thermal enhancers [20]. 
Based on the statistical performance indicators acquired, 
designing the model and estimate using the ANFIS technique 
can be done with a high degree of dependability [21]. The 
accuracy of prediction is determined by calculating statistical 
data from the values of experimental and predicted models [22]. 
The model’s performance in the experiment is assessed using 
R2 and RMSE values [23]. These observations suggest that the 
ANFIS model demonstrates greater resilience in predicting 
values when compared with the RSM model [24]. Based on the 
statistical performance indicators acquired, designing the model 
and estimate using the ANFIS technique can be done with a high 
degree of dependability [25].  

John Shelton et al. [26] recently examined the rheological 
properties of Al2O3-TiO2/MO hybrid nanofluids, focusing on 
temperature, particle concentration, ratio and composition. The 
results show more Newtonian flow behaviour compared with 
conventional nanofluids, with higher TiO2 ratios affecting the 
properties. Kia et al. [27] also examined the heat transfer and 
pressure drop characteristics of Al2O3 and SiO2/base oil 
nanofluid flow in a helical tube, revealing that nanofluid enhances 
heat transfer factor and pressure drop, with the highest rate at 
0.5% mass concentrations. 

Every nanoparticle blending with the base oil enhances the 
property of a lubricant in a distinct manner [28]. From the 
literature, it is found that mixing of SiO2 with base oil induces the 
ball bearing effect and hence reduces the friction between 
rubbing surfaces. Similarly, Al2O3 improves the thermal 
conductivity of a lubricant and hence disseminates the heat 
considerably away from the rubbing surfaces and thus improves 
the lubricant action. TiO2 reduces the wear rate considerably. In 
this research, attempt has been made to blend optimally all these 
three nanoparticles together with the base oil SN500, in order to 
enhance the selected properties of the lubricant to its respective 
desirable level. 

2. METHODOLOGY 

The chosen three additives, SiO2, Al2O3 and TiO2, are 
blended with the SN500 base oil in three distinct ratios of 0.05%, 
0.5% and 1% during the nanofluid preparation process. The 

three nano-additives of SiO2, Al2O3 and TiO2 are chosen with 
particle size of 35.9 nm, 32.9 nm and 50.56 nm respectively. The 
specifications of the nanoparticles used in this research are given 
in Tab. 1. 

Tab. 1. Specifications of nanoparticles used 

Molecular formula TiO2 SiO2 Al2O3 

Purity (%) 99 99 99 

Average particle size (nm) <100 <100 <100 

Molecular weight (g/mol) 79.8658 231.533 101.96 

Colour White White White 

Surface area (m2/g) 150 220 110 

Bulk density (g/cm3) 0.9 0.3 0.6 

Courtesy: Ad Nano Technologies, India. 

 

Recycled base oil SN500-distilled is suitable for use in high-
temperature applications due to its low volatility, or its inability to 
evaporate quickly. This product is less likely to ignite or catch fire 
because of its high flash point. Tab. 2 describes the properties of 
the base lubricant oil SN500 used in the experimental work. 

Tab. 2. Specifications of SN500 base oil 

Property Test method Typical result of 

SN500 base oil 

Density @15C, kg/m3 ASTM D 1298 880 

Viscosity @100˚C,cSt ASTM D 445 9.4 

Viscosity index ASTM D 2270 92 

Flash point C ASTM D 92 225 

Pour point C ASTM D 97 3 

Colour ASTM D 150 2 

# https://tnzoil.com/wp-content/uploads/2020/11/Base-Oil-SN500 

 

The optimal settings for the independent variables may be 
estimated using a full factorial design of experiments which also 
determines the main effects and the effects of interactions on the 
response variable. A three-level factorial design is used in this 
research. This means that k factors are considered, each at three 
levels which are also referred to as low, intermediate and high 
levels. In this research, 27 samples (treatments) are created for 
the complete factorial design of experiments with three different 
additives selected at three distinct levels. The experimental 
values of density, flash and fire points are determined for all the 
selected 27 samples. Using a proper weight proportion of three 
nano-additives along with Span 80 surfactant are blended with 
the SN500 base oil. Using the magnetic capsule, the mixture is 

stirred for 30 min at 300 RPM at 100C using a hot plate 
magnetic stirrer. In order to ensure that the nanoparticles settle 
uniformly in the oil, the mixture is further treated in an ultrasonic 

cleaner for 30 min at 60C. 
Cleveland open cup tester is used to measure the flash and 

fire points in accordance with ASTM D92 standards. The 
experimental values are obtained for the 27 samples which are 
used as inputs in the fuzzy logic program later to determine the 
optimum mix of three nano-additives for all the three 
characteristics of interest of density, flash and fire points of 
lubricant at their desirable levels. 
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Tab. 3. Density (gm/ml), Flash point and Fire point (°C) 

 

Sample 

number 

Nano-additives 

concentration (wt.%) Density 

(gm/ml) 

Flash 

point 

(°C) 

Fire 

point 

(°C) SiO2 TiO2 Al2O3 

1 0.05 0.05 0.05 0.88 230 261 

2 0.5 0.5 0.5 0.8906 220 226 

3 1 1 1 0.9008 231 252 

4 0.05 0.05 0.5 0.8929 224 240 

5 0.05 0.05 1 0.8927 228 242 

6 0.5 0.05 0.05 0.8904 215 232 

7 0.5 0.05 0.5 0.8916 224 251 

8 0.5 0.05 1 0.8911 220 250 

9 1 0.05 0.05 0.8909 232 252 

10 1 0.05 0.5 0.8911 230 260 

11 1 0.05 1 0.8934 210 241 

12 0.05 0.5 0.05 0.8884 192 218 

13 0.05 0.5 0.5 0.8905 183 221 

14 0.05 0.5 1 0.8924 197 225 

15 0.5 0.5 0.05 0.8944 180 206 

16 0.5 0.5 1 0.8913 189 223 

17 1 0.5 0.05 0.8928 141 162 

18 1 0.5 0.5 0.8886 194 228 

19 1 0.5 1 0.8924 212 236 

20 0.05 1 0.05 0.8872 185 215 

21 0.05 1 0.5 0.8933 190 210 

22 0.05 1 1 0.8968 196 227 

23 0.5 1 0.05 0.8913 180 210 

24 0.5 1 0.5 0.894 191 229 

25 0.5 1 1 0.8905 195 220 

26 1 1 0.05 0.8924 205 235 

27 1 1 0.5 0.891 210 240 

From Tab. 3, it is observed that the three different samples of 
1, 3 and 9 possess the desirable high values of density, flash and 
fire points, respectively. However, it is required to determine a 
single sample that possesses the closely desirable level of 
characteristics of density, flash and fire points. In this study, 
attempt has been made to apply fuzzy logic to find a sample with 
an optimum mix of three nano-additives of SiO2, Al2O3 and 
TiO2, which possess the desirable characteristics of density, 
flash and fire points. 

 

3. FUZZY LOGIC APPROACH 

A fuzzy system describes the inputs and outputs using fuzzy 
sets and membership functions. The surface response graph is a 
three-dimensional graph that visually represents the output 
varying with changes in input variables. It is determined by the 
fuzzy rules and inference mechanisms used. Higher regions 
indicate stronger output responses, while lower regions indicate 
weaker responses. The surface response graph can help 
optimise the system by identifying suboptimal output regions and 
adjusting fuzzy rules or membership functions accordingly. It can 
also be used for system validation by comparing the predicted 
output with the actual responses and refining and validating the 
model. The surface response graph’s shape indicates how the 
fuzzy system responds to different input values. The rules are 
developed using the relationships between the measured 
parameters of density, flash point and fire point, with different 
nano lubrication concentration of SiO2, TiO2 and Al2O3 nano-
additives. Three membership functions are employed for the 
input (nano lubrication concentration of SiO2, TiO2 and Al2O3 
nanoparticles) and output variables (density, flash point and fire 
point) to categorise them in different response levels as Low, 
Medium and High, used for the input variables to categorise them 
in different set-up levels, as shown in Tab. 4. 

Tab. 4. Fuzzy linguistic variables used for each parameter 

Input 

parameter 

Linguistic 

variables 
Range of parameter 

SiO2 L, M, H 
0.05 wt.%, 0.5 wt.% and 1 

wt.% 

TiO2 L, M, H 
0.05 wt.%, 0.5 wt.% and 1 

wt.% 

Al2O3 L, M, H 
0.05 wt.%, 0.5 wt.% and 1 

wt.% 

Output 

parameter 

Linguistic 

variables 
Range of parameters 

Density (gm/ml) L, M, H 
0.88–0.8909, 0.891–0.8924 

and 0.8927–0.9008 

Flash point C L, M, H 
141–192C, 194–215C and 

220–232C 

Fire point C L, M, H 
162–223C, 225–240C and 

241–261C 

where L = Low, M = Medium, H = High. 

 

Tab. 3 is rewritten with the above linguistic variables, as 
shown in Tab.5. 

The fuzzy linguistic variables are high for density, flash point 
and fire point in Samples 3 and 5. High-density lubricants 
typically have higher viscosity and better load-carrying capacity. 
They can provide better film strength and protection against 
surface wear and contact fatigue in high-load applications. So, it 
leads to better thermal stability, which means they can withstand 
higher operating temperatures without breaking down. High-
density lubricants are generally more resistant to oxidation, 
preventing the formation of harmful deposits and sludge. 
However, in order to get an optimum mix of the three nano-
additives even with concentrations other than 0.05 wt.%, 0.5 
wt.% and 1 wt.%, a fuzzy logic approach is used in this study.  
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Tab. 5. Fuzzy linguistic variables used for experimental values 

 

The proposed model demonstrates that the type of 
membership function utilised during fuzzification relies on the 
relevant event. Fig. 1 illustrates the properties of the FIS. In this 
specific scenario, the input variables are partitioned based on the 
range of experimental parameters. 

 

Fig. 1. FIS properties 

 

Fig. 2. Rules used in fuzzy logic approach 

The surface response is determined by system-defined fuzzy 
rules and an inference mechanism, with each point on the 
surface associated with input values and output values 
determined by fuzzy inference. 

Using SiO2, TiO2 and Al2O3 nanosuspension lubricant, a 
total of 27 rules for density, flash point and fire point are 
developed using the experimental data, as shown in Fig. 2. The 
experiment’s findings are then examined utilising Mamdani Fuzzy 
Logic through the MATLAB software. 

A fuzzy system describes the inputs and outputs using fuzzy 
sets and membership functions, which represent the degree to 
which a particular input or output belongs to a fuzzy set. 

 

 Fig. 3.  Input variables in the membership function  (a) SiO2  (b) TiO2               
(c) Al2O3  

 
                       

Fig. 4.   Output variables in the membership function (a) density (b) flash 
point (c) fire point 
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4. RESULTS AND DISCUSSION 

The surface response graph is a three-dimensional 
visualisation that shows how the output of a fuzzy system 
changes with changes in multiple input variables, illustrating the 
smooth variation of the output as input variables change. The 
relationship between the amount of nanoparticles added and the 
changes in the properties are represented here using the surface 
graphs. In the surface graph, with increase in the altitude of the 
surface and property of the nano-additives combination, the 
colour of the surface changes from blue to yellow, where the blue 
represents lower values and yellow represents the higher values. 
Also, in between the blue and yellow there is a transition of 
middle values represented from conversion of blue into yellow 
colour. 

 
a.  

 
b. 

 
 c.  

          

 

d.  

             

                           

e.  

 

f.  

Fig. 5.  Predicted density by fuzzy logic in relation to SiO2, TiO2 and 
Al2O3. (a) Density in relation to concentration of SiO2 and 
TiO2. (b) Density in relation to concentration of SiO2 and 
Al2O3. (c) Density in relation to concentration of SiO2 and 
TiO2. (d) Density in relation to concentration of TiO2 and 
Al2O3.(e) Density in relation to concentration of Al2O3 and 
SiO2. (f) Density in relation to concentration of Al2O3 and TiO2. 

Fig. 5 shows the predicted density using the fuzzy logic for 
the SiO2, Al2O3 and TiO2 nano-additives as pairs of two nano-
additives, in six possible combinations. It is represented as the 
surface graph where the relation between the nano-additives 
concentration and density can be clearly observed. 

Fig. 5 shows the relationship between three input 
parameters, that is, 0 wt.% to 1 wt.% of SiO2, TiO2 and Al2O3 
nanoparticles and their density as the output parameter in a 3-D 
input–output space. Fig. 5a, c, d and f, shows an increase in the 
level of wt.% of TiO2 to obtain maximum density, and Fig. 5b and 
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e, shows an increase in the level of wt.% of SiO2 to obtain the 
maximum density. The influence of the Al2O3 nanoparticle is 
less than that of the other two nanoparticles. 

Fig. 6 shows the predicted flash point (C) the fuzzy logic for 
the SiO2, Al2O3 and TiO2 nano-additives as pairs of two nano-
additives, in six possible combinations. It is represented as the 
surface graph where the relation between the nano-additives 

concentration and flash point (C) can be clearly observed. 
Fig. 6 shows the relationship between three input 

parameters, that is, 0 wt.% to 1 wt.% of SiO2, TiO2 and Al2O3 

and their flash point temperature in C as the output parameter in 
a 3-D input–output space. Fig. 6a, c, d and f, shows minimum 
levels of the wt.% of TiO2 to obtain maximum flash point 
temperature, and Fig. 5b and e shows an increase in the level of 
0.4 wt.% to 0.6 wt.% of SiO2 and Al2O3 to obtain the maximum 
flash point temperature. The influence of the TiO2 nanoparticle is 
less than that of the other two nanoparticles. 

 
 

 

a.  

 

 

b.  
 

 

c.  

 

d.  

 

e.  
 

 

f.  

Fig. 6.   Predicted flash point by fuzzy logic in relation to SiO2,TiO2 and 

Al2O3. (a) Flash point (C) in relation to concentration of SiO2 

and TiO2. (b) Flash point (C) in relation to concentration of 

SiO2 and Al2O3. (c) Flash point (C) in relation to concentration 

of TiO2 and SiO2. (d) Flash point (C) in relation to 

concentration of TiO2 and Al2O3. (e) Flash point (C) in relation 

to concentration of Al2O3 and SiO2. (f) Flash point (C) in 
relation to concentration of Al2O3 and TiO2. 

Fig. 7 shows the predicted fire point (C) using the fuzzy 
logic for the SiO2, Al2O3 and TiO2 nano-additives as pairs of two 
nano-additives, in six possible combinations. It is represented as 
the surface graph where the relation between the nano-additives 

concentration and fire point (C) can be clearly observed.  
Fig. 7 shows the relationship between three input 

parameters, that is, 0 wt.% to 1 wt.% of SiO2, TiO2 and Al2O3 

and their fire point temperature in C as the output parameter in 
a 3-D input–output space. Fig. 6a, c, d and f, shows the minimum 
level of the wt.% of TiO2 to obtain the maximum fire point 
temperature, and Fig. 5b and e, shows an increase in the level of 
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0.4 wt.% to 0.6 wt.% of Al2O3, and 0.6 wt.% to 1 wt.% of SiO2 to 
obtain the maximum fire point temperature. The influence of the 
TiO2 nanoparticle is less than that of the other two nanoparticles. 

 

 

a. 

 

b.  

 

 

c.  

 

d.  

 

e.  

 

f.  

Fig. 7.   Predicted fire point by fuzzy logic in relation to SiO2, TiO2 and 

Al2O3. (a) Fire point (C) in relation to concentration of SiO2 

and TiO2. (b) Fire point (C) in relation to concentration of SiO2 

and Al2O3. (c) Fire point (C) in relation to concentration of 

TiO2 and SiO2. (d) Fire point (C) in relation to concentration 

TiO2 and Al2O3. (e) Fire point (C) in relation to concentration 

of Al2O3 and SiO2. (f) Fire point (C) in relation to 
concentration of Al2O3 and TiO2. 

Fig. 7 shows the relationship between three input 
parameters, that is, 0 wt.% to 1 wt.% of SiO2, TiO2 and Al2O3 

and their fire point temperature in C as the output parameter in 
a 3-D input–output space. Fig. 6a, c, d and f, shows the minimum 
level of the wt.% of TiO2 to obtain the maximum fire point 
temperature, and Fig. 5b and e, shows an increase in the level of 
0.4 wt.% to 0.6 wt.% of Al2O3, and 0.6 wt.% to 1 wt.% of SiO2 to 
obtain the maximum fire point temperature. The influence of the 
TiO2 nanoparticle is less than that of the other two nanoparticles. 

In this study, the desired values for fuzzy logic are assumed 
to be HIGH for the selected applications for all the outputs. Using 
fuzzy logic 8,000 samples are generated taking 27 input 
samples. Of these 8,000 samples, the maximum flash point from 

fuzzy logic is found to be 232C when the lubricant contains 1% 
of SiO2, 0.05% of TiO2 and 0.05% Al2O3. Similarly, the 

maximum fire point obtained in fuzzy logic is found to be 261C 
when the lubricant contains 0.05% of SiO2, 0.05% of TiO2 and 
0.05% Al2O3. The sample containing 0.95% of SiO2, 0.05% of 
TiO2 and 0.5% Al2O3 shows the best optimum values of both 

flash and fire points of 229.39C and 259.16C, respectively.  
Although the unique sample identified from the 8,000 

samples simulated using fuzzy logic, exhibits the optimum values 
for both flash and fire points, it is observed that they are not the 
best desirable values compared with the other researches 
carried out with one of any three nano-additives of Al2O3, TiO2 
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and SiO2 blended with other base oils as indicated in Tab. 6. 
However, the mix of these three nano-additives is observed to be 
enhancing the other tribological properties of wear rate, CoF and 
shear rate of the base oil SN 500 compared with the other 
researches carried out in this domain. Hence, the research 
carried out for enhancing most of the tribological properties of a 
lubricant oil using the mix of these three nano-additives is found 
to be more promising and adding useful knowledge to this 
domain [29]. 

 

Tab. 6.  Comparison of various research findings on enhancing flash 
point of a lubricant 

 

Researcher 
Base oil 

investigated 

Nanoparticle 

blended 

Attained 

flash 

point C 

% 

increase

/ 

decreas

e 

Awad et al. Stock-60 1.85 wt.% of Al2O3 248 +9.373 

Deepak et al. SAE20W40 0.2 wt.% of TiO2 246.2 +12.73 

Desai et al. SAE20W40 
0.6% of mass 

fraction of SiO2 
200 9.7% 

Gumus et al. Nano diesel-2 50 ppm of Al2O3 68 +13.33% 

Koppula et al. SAE 0W20 1.2 wt.% of Al2O3 243 +21.5% 

Sajith et al. SAE20W40 
0.02 % volume 

fraction of Al2O3 
228 +2.2% 

Authors of 

this 

manuscript 

SN500 

1 wt.% of each 

SiO2, TiO2 and 

Al2O3 

232 +2.66% 

5. CONCLUSION 

An attempt has been made in this research to determine the 
optimum mix of three nano-additives of SiO2, Al2O3 and TiO2 
blended with the base SN500 lubricant oil, for enhancing the 
level of the thermophysical properties of density, flash and fire 
points using fuzzy logic approach. The experimental analysis of 
27 samples resulted in three different samples of 1, 3 and 9 for 
higher (desirable) values of fire point, density and flash points, 
respectively. However, it is required to determine one sample 
with a desirable value for all three thermoplastic properties of 
density, flash and fire point. The fuzzy logic approach used in this 
research facilitates to determine such unique samples beyond 27 
experimental samples. From the fuzzy logic analysis, the sample 
number 3 possesses the desirable values of 0.9008 gm/ml, 

231C and 252C for density, flash and fire points, respectively. 
This approach can be extended further to determine a 

sample of lubricant with the optimum mix of any number of nano-
additives along with the enhancement of various lubricant 
properties at their desirable levels. The scope of further work 
includes enhancing other thermophysical properties such as 
viscosity, thermal conductivity and shear rate. The other 
promising optimisation techniques such as RSM, ANN and SVM 
may also be attempted by researchers in this field for 
determining the optimum mix of various nano-additives with the 
base oil to attain the desirable level for all the characteristics of 
interest simultaneously. 
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Abstract: In a world in which biometric systems are used more and more often within our surroundings while the number of publications 
related to this topic grows, the issue of access to databases containing information that can be used by creators of such systems becomes 
important. These types of databases, compiled as a result of research conducted by leading centres, are made available to people who are 
interested in them. However, the potential combination of data from different centres may be problematic. The aim of the present work  
is the verification of whether the utilisation of the same research procedure in studies carried out on research groups having similar  
characteristics but at two different centres will result in databases that may be used to recognise a person based on Ground Reaction 
Forces (GRF). Studies conducted for the needs of this paper were performed at the Bialystok University of Technology (BUT) and Lublin 
University of Technology (LUT). In all, the study sample consisted of 366 people allowing the recording of 6,198 human gait cycles. Based 
on obtained GRF data, a set of features describing human gait was compiled which was then used to test a system’s ability to identify  
a person on its basis. The obtained percentage of correct identifications, 99.46% for BUT, 100% for LUT and 99.5% for a mixed set of data 
demonstrates a very high quality of features and algorithms utilised for classification. A more detailed analysis of erroneous classifications 
has shown that mistakes occur most often between people who were tested at the same laboratory. Completed statistical analysis of select 
attributes revealed that there are statistically significant differences between values attained at different laboratories.   

Key words: human gait recognition, biometrics, ground reaction forces, databases.

1. BACKGROUND 

Nowadays, in a world that has become more and more digital, 
the fast, correct identification of a user, granting him access to his 
resources including documents, photos, films, or even money, 
becomes quite significant. At the same time, various biometric 
features such as fingerprints [1], eye movement [2], voice [3], 
keystroke [4], face [5], gait [6] or a combination of two or more of 
such features [7, 8] are more frequently utilised as a tool of such 
recognition.  

 Among the biometrics mentioned, human gait is drawing 
increasing attention [9, 10]. This is caused by its unique character-
istics. The human gait is the most complex activity performed 
subconsciously by a person. It is accepted that after maturity, the 
way a human being walks remains unchanging and is characteris-
tic of that particular person. What is more, its measurement is 
possible without any type of unnatural interaction between the 
considered person and the measuring device.   

It should be noted that reliable identifications require statistical 

accuracy including data of sufficient quantity and quality. It is for 
this reason that numerous laboratories all around the world con-
cerned with the biomechanics of human gait have compiled many 
databases containing biometric samples [11–13]. These data-
bases were then made available to researchers to support their 
efforts related to the search for the optimal human recognition 
algorithms. Such databases also include values of attributes 
concerning human gait, with the number of people from whom the 
data was obtained ranging from few to several thousand (OULP-
Age). Unfortunately, these databases are rarely compatible. This 
is mainly caused by differing measurement values describing 
human gait. These indexes most often contain data that: 

 has been recorded by video cameras [14], 

 is accelerometer and gyroscope data collected from inertial 
measurement units or mobile devices [15], 

 describes ground reaction forces (GRF) registered by force 
plates [12]. 
Additionally, some databases contain data that illustrates situ-

ations that are problematic for human gait recognition algorithms 
such as people walking while doing different activities [16], in the 
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wild [17], at different speeds and wearing varying clothing [13], 
with or without a bag [18], seen from various viewing angles [19], 
on different surfaces [20] or in various shoe types  [12]. 

Another potential problem concerns the utilisation of measur-
ing systems for gathering data having varying characteristics 
including differing sampling frequency or performing measure-
ments under diverse conditions resulting in the acquisition of data 
that differs significantly. Differences in force plate levelling are 
also a source of slight differences in results. Smith and Ditroilo 
[21] analysed ground reaction force values under conditions when 
the force plates were either bare or covered by three varying 
materials including vinyl, sportflex and astroturf. Statistical analy-
sis showed that covering material had a significant impact on peak 
force and rate of force development measurements during a 
testing procedure.  

As mentioned earlier, the databases are primarily used to 
build biometric systems characterised by the highest possible 
quality, understood as the accuracy of human recognition. The 
main part of every biometric system is a module that assigns a 
particular biometric signature to one of the people represented 
within the database. This assignment is realised using classifiers. 
Thus, the search for classification algorithms and features that 
describe a person’s physical characteristics or behaviour is a 
large part of work in the biometrics field. 

Horst et al. [22] make human gait recognition based on GRF 
and three publicly available datasets. For the experiments, they 
utilised subsets of the AIST Gait Database, the GaitRec dataset, 
and the Gutenberg Gait Database. It should be emphasised that 
the main aim of their work was demonstrating the uniqueness of 
gait signatures and highlighting the gait characteristics that are 
most distinctive of each person. The problem of the integrity of the 
data contained in different databases and its impact on the quality 
of classification of the combined sets was not analysed in this 
work. 

According to the author’s knowledge within the literature there 
are no works that could indicate whether the combination of data 
gathered by various gait laboratories allows a relatively problem-
free expansion of a database. The present work aims to verify if 
adherence to the same research procedure in a study carried out 
on a similar sample group at two different research centres will 
result in the compilation of databases that can be used for human 
recognition based on GRFs. 

2. MATERIAL AND METHODS 

Research was carried out at two human gait biomechanics la-
boratories: the Institute of Biomedical Engineering of the Bialystok 
University of Technology (BUT) and the Department of Computer 
Science of the Lublin University of Technology (LUT). Testing 
paths at both labs were of similar length with measurements made 

at BUT performed using two Kistler-made, 60 cm  40 cm force 
plates registering data with a frequency of 960 Hz. GRF registra-

tion at LUT occurred through the utilisation of two 60 cm  40 cm 
force plates manufactured by AMTI, model no. BP400600-4000, 
which recorded data with a frequency of 1,000 Hz (Fig. 1). To 
eliminate the largest number of factors that may have an impact 
on the results of performed measurements, the tests were carried 
out in accordance with the same procedure and under the super-
vision of the same person, the first author of the present work.  

 
Fig. 1.   Image of the LUT testing path with two AMTI-manufactured force   

plates indicated in the foreground. LUT, Lublin University of 
Technology 

2.1. The study group 

The study conducted at BUT was carried out with the partici-
pation of 322 people including 139 women and 183 men while that 
realised at LUT involved 14 people including 4 women and 10 
men. Data concerning both groups has been presented in Tab. 1. 

Tab. 1. Characteristics of people comprising groups of study participants 

 Age (years ± 
SD) 

Body height 

(cm ± SD) 

Body weight 

(kg ± SD) 

BUT 21.54 ± 1.17 175.01 ± 9.59 74.59 ± 16.74 

LUT 22.36 ± 1.01 175.07 ± 9.59 70.02 ± 13.86 

BUT, Bialystok University of Technology; LUT, Lublin University of Tech-

nology. 

Prior to the initiation of measurements, every person taking 
part in the study, regardless of whether they were tested at BUT 
or LUT, was informed about the aim and course of the testing and 
signed appropriate authorisations. Next, the participants were 
asked to walk at their own pace through the testing path contain-
ing two hidden force plates. The test was initiated by the person 
conducting the research. In cases where the participant did not 
clearly hit into both platforms, their starting point was slightly 
corrected. Every person walked through the testing path numer-
ous times wearing their own sports shoes. To prevent fatigue, 1–2 
min rest was conducted after every 10 passes through the path. In 
total, during the study, 5,980 gait cycles were recorded at BUT 
and 218 at LUT. The study was conducted in accordance with the 
Declaration of Helsinki, and approved by the Bioethics Committee 
of Regional Medical Chamber in Bialystok (no 18/2006, 8 Novem-
ber 2006) and the Bioethics Committee of Medical University of 
Bialystok (no. APK.002.192.2022, 28 April 2022, and no. 
APK.002.251.2023, 20 April 2023). 

2.2. Calculating of features  

GRFs gained by individual force plates consisted of three 
components: vertical, medial/lateral and anterior/posterior. The 
values of the vertical component of GRF attained at LUT, in com-
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parison to those gathered at BUT, were negative, therefore, to 
standardise measurement data, Fy values from LUT were negat-
ed (Fig. 2). Registered GRFs were presented using time series 
x1, x2, …, xN, where N is the number of samples. Generally, the 
duration time of the support phase of a person’s gait depends on 
several factors and varies so N is variable. To minimise the impact 
of the duration of the support phase and facilitate the comparison 
of two distinct gait cycles, parameter values were calculated using 
formulas (1)–(7).  

The features describing gait were selected on the results re-
ported in the work [23]:  

 Mean of the signal: 

 𝑥̅ =
1

𝑁
∑ 𝑥𝑖

𝑁
𝑖=1 =

𝑥1+𝑥2+⋯+𝑥𝑁

𝑁
            (1)  

 Variance of the signal:  

 𝑣𝑎𝑟 =  
1

𝑁
∑ |𝑥𝑖 − 𝑥̅|2𝑁

𝑖=1              (2) 

 Standard deviation of the signal:  

 𝑆𝐷 =  √
1

𝑁
∑ (𝑥𝑖 − 𝑥̅)2𝑁

𝑖=1              (3) 

 Peak-to-peak (ptp) amplitude of the signal: 

𝑝𝑡𝑝 = (max(𝑥) − min (𝑥) )           (4) 

where x is the signal-set containing the values of time series x1, 
x2, …, xN, of a given lower limb and a given GRF component.  

 Skewness of the signal is computed as the Fisher-Pearson 
coefficient of skewness:  

𝑠𝑘𝑒𝑤 =  
𝑚3

𝑚2
3/2              (5)  

where mi =
1

n
∑ (xi − x̅)k n

i=1 the biased kth sample central 

moment 

 Kurtosis of the signal:  

𝑘𝑢𝑟𝑡𝑜𝑠𝑖𝑠 =
𝑚4

𝑣𝑎𝑟2             (6) 

 Hurst exponent of the signal is calculated from the rescaled 
range and averaged over all the partial time series of length N:  

 (
𝑅

𝑆𝐷
)

𝑡
=

𝑅𝑡

𝑆𝐷𝑡
            (7)  

where R⁄SD is averaged over the regions [x1,xt],[xt+1,x2t] until [x(l-

1)t+1,xlt] where l=floor(N/t), t = 1,2,...,N, R is the range of series, SD 
standard deviation of series. Hurst exponent is defined as the 
slope of the least-squares regression line going through a cloud of 
partial time series [16].  

It is also necessary to specify that signal features were calcu-
lated independently for each component of GRF and separately 
for each lower limb. Thus, created input space consisted of a total 
of 42 parameters. Since the values of obtained parameters vary 
significantly from one another it becomes necessary to standard-
ize them before classification using the following equation:   

𝑥𝑠𝑡𝑑 =
𝑥𝑜𝑙𝑑−𝑥𝑜𝑙𝑑̅̅ ̅̅ ̅̅

𝑆𝐷
              (8) 

where: 

𝑥𝑜𝑙𝑑̅̅ ̅̅ ̅ - mean of the j-th feature value before standardisation; 

𝑥𝑜𝑙𝑑  - single value of the j-th feature value before standardisation. 

It should be stressed that the standardisation of data was car-
ried out separately for every utilised data set (only BUT, only LUT, 
BUT + LUT). 

 
Fig. 2.   Components of GRF in: medial/lateral—Fx; vertical—Fy 

(negated); anterior/posterior—Fz direction of the left lower limb 
(blue line) and of the right one (red line) in sports shoes. The 
graph shows a dozen steps of a man aged 23 years with a 
weight of 82.2 kg and height of 178 cm recorded on the LUT. 
GRF, ground reaction forces; LUT, Lublin University of 
Technology 

2.3. Classification algorithms 

Within the presented solution, it had been decided to test sev-
eral well-known algorithms. Among them were: k nearest neigh-
bors (kNN) classifier, naive Bayes (NB), feedforward neural net-
work with no more than two hidden layers (MLP), Classification 
and Regression Tree (CART), support vector machines (svm), 
regularised linear discriminant analysis (rLDA) and Adam Deep 
Learning Optimization Algorithm (deep ANN). The feedforward 
neural network consisted of one or two hidden layers with relu or 
tanh activation functions. The output (classification) layer used the 
softmax activation function. The number of inputs was always 
equal to 42 and the number of outputs was equal to the number of 
classes. MLP used Broyden–Fletcher–Goldfarb–Shanno quasi-
Newton algorithm for learning. 

The employed deep neural network consisted of the following 
seven layers: 

 feature input layer (42 inputs); 

 dense layer with 400 neurons; 

 batch normalisation layer; 

 relu layer; 
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 dense layer with the number of neurons equal to the number 
of classes; 

 softmax layer; 

 classification layer. 
A more detailed description of the working of individual algo-

rithms may be found in literature including, for example, [23–25]. 
Every classifier was trained for a group of features listed in 

subsection 2.2 using 10 folds of cross-validation. Each time, the 
same division of data into folds was utilised, thanks to which 
results obtained by different classifiers were comparable. The 
quality of every classifier was determined by its accuracy. This 
represents the proportion of true positive results (both true posi-
tive as well as true negative) in the selected population. 

Accuracy =
TruePositive+TrueNegative

Number of classified data
           (9) 

The number of classes equalled the number of people being 
recognised and, of course, differed depending on the data set 
being utilised. All data processing and analysis were performed 
using MATLAB 2023a software. 

3. RESULTS AND DISCUSSION 

Tab. 2 presents the accuracy results for individual classifiers. 
It must be stressed that these results are the product of having 
conducted several learning cycles allowing the optimisation of 
parameters specific to particular classification algorithms. Tab. 2 
contains the best-obtained results. 

Tab. 2.  Results of person identification depending on the utilised 
classifier and data set 

 BUT LUT BUT + LUT 

kNN 96.76% 99.08% 96.90% 

NB 96.07% 97.52% 96.11% 

MLP 93.14% 98.62% 92.80% 

CART 72.66% 83.94% 72.81% 

SVM 89.85% 98.62% 90.03% 

rLDA 99.46% 100% 99.52% 

deep ANN 96.79% 98.18% 96.93% 

BUT, Bialystok University of Technology; CART, classification and re-
gression tree; kNN, k nearest neighbors; naïve Bayes (NB); feedforward 
neural network (MLP);  support vector machines (svm); deep artificial 
neural network (deep ANN); LUT, Lublin University of Technology; rLDA, 
regularised linear discriminant analysis. 

The results displayed in Tab. 2 indicate that all classifiers ex-
cept for decision tree (CART), cope well or very well with the task 
of identifying a particular person. The highest values, reaching 
>99.45%, were obtained with the rLDA algorithm and are reflected 
in the study results [23]. In the paper [22], the worst result of 
classification, as here, was obtained using CART. In contrast to 
our results in the paper [22], SVM classifier did the best job, allow-
ing a correct recognition in >99.3% of cases. This result is only 
slightly lower than the best score presented in Tab. 2, however it 
was obtained for a larger group of people. 

It is easy to see that the best results were attained with rela-
tion to the LUT data set while the worst were seen for the BUT 
data set. Undoubtedly, this is connected with the number of study 

participants and, as has been shown, for example, in paper [26], a 
rise in the number of identified people causes a gradual yet una-
voidable fall in the percentage of correct identifications. Therefore, 
to be able to directly compare recognition results for both the BUT 
and LUT sets, 14 people were randomly drawn 10 times from the 
BUT set and the table presents the average classifier accuracy 
results for both BUT and LUT with 10-fold cross-validation also 
being used in this case (Tab. 3). The direct comparison shows 
that in case of human gait recognition based on samples consist-
ing of 14 people the accuracy for the BUT database is only slightly 
higher than the for LUT database. The biggest differences are for 
NB and CART classifiers. It should be noted that in all other clas-
sifiers, the accuracy of recognising individuals from the LUT data-
base is within the range for the BUT database given in Tab. 3.  

Tab. 3.  Person identification results depending on the classifier used for 
the database containing 14 people from the BUT data set 

 BUT  

(14 person) 

Standard 
deviation 

Range  

<min-max> 

kNN 99.70% 0.377 98.94%–100% 

NB 99.43% 0.491 98.45%–100% 

MLP 98.70% 0.614 97.89%–99.62% 

CART 93.08% 2.905 87.21%–96.88% 

SVM 99.24% 0.573 98.45%–100% 

rLDA 99.93% 0.154 99.63%–100% 

deep ANN 98.94% 0.550 97.73%–99.64% 

BUT, Bialystok University of Technology; CART, classification and re-

gres-sion tree; kNN, k nearest neighbors; naïve Bayes (NB); feedforward 

neural network (MLP);  support vector machines (svm); deep artificial 

neural network (deep ANN); rLDA, regular-ised linear discriminant analy-

sis. 

Looking at Tab. 2, it was noted that the results for all classifi-
ers except MLP for the combined set (BUT + LUT) are slightly 
higher than just for BUT. Since, according to the previous state-
ment, they should be rather slightly worse, this could mean that 
features established for the LUT data set assume different values 
than for the BUT data set. In that case, there will be no increase in 
the number of classes in the same place of the feature space, 
since the data from the two labs is far enough apart. Therefore, 
the classification of data from the LUT set will provide very good 
results (see Tab. 2), and since for both BUT + LUT sets, there will 
be more correctly classified instances then accuracy will slightly 
increase.  

Tab. 4.  Number (and percentage) of errors in the identification of people 
with relation to the laboratory at which, in reality, those people 
were tested occurring in classifications using deep ANN 

  Predicted research centre 

  BUT LUT 

Actual  
research centre 

BUT 182 (3.04%) 1 (0.02%) 

LUT 1 (0.46%) 5 (2.29%) 

BUT, Bialystok University of Technology; LUT, Lublin University of Tech-
nology. 

For this reason, the tables below present a specific form of a 
confusion matrix that shows whether incorrect identifications 



DOI 10.2478/ama-2024-0040                                                                                                                                                         acta mechanica et automatica, vol.18 no.2 (2024)

  

365 

concern people who were tested at the same or at different labor-
atories. Incorrect recognitions made by the most accurate classifi-
er rLDA (Tab. 5) and, to better illustrate the phenomenon, a 
somewhat less precise, in this case, deep ANN classifier (Tab 4), 
were chosen for the tables. Even a cursory analysis of values 
presented in the tables allows the conclusion that the errors are 
mostly made with respect to people who were tested at the same 
laboratory. Erroneous identifications for people who were tested at 
different centres, on the other hand, are, literally, singular occur-
rences.  

Tab. 5.  Number (and percentage) of errors in the identification of people 
with relation to the laboratory at which, in reality, those people 
were tested occurring in classifications using rLDA 

  Predicted research centre 

  BUT LUT 

Actual  
research centre 

BUT 29 (0.48%) 0 (0.00%) 

LUT 0 (0.00%) 1 (0.02%) 

BUT, Bialystok University of Technology; LUT, Lublin University of Tech-
nology. 

Tab. 6.  The average and standard deviation for the mean of the signal as 
well as the amplitude peak-to-peak features attained for both 
lower extremities as well as for both laboratories 

 Feature Average 
(N/(kg·m/s2)) 

SD 

 

 

 

BUT 

Mean_Left_Fy 0.4301 0.0101 

Mean_Right_Fy 0.4435 0.0101 

P2p_Left_Fy 1.1415 0.0665 

P2p_Right_Fy 1.1652 0.0641 

Mean_Left_Fz 0.0002 0.0047 

Mean_Right_Fz 0.0008 0.0042 

P2p_Left_Fz 0.3811 0.0702 

P2p_Right_Fz 0.4171 0.0613 

 

 

 

LUT 

Mean_Left_Fy 0.4414 0.0142 

Mean_Right_Fy 0.4444 0.0160 

P2p_Left_Fy 1.1291 0.0574 

P2p_Right_Fy 1.1377 0.0643 

Mean_Left_Fz 0.0089 0.0044 

Mean_Right_Fz 0.0151 0.0069 

P2p_Left_Fz 0.3834 0.0558 

P2p_Right_Fz 0.3886 0.0573 

BUT, Bialystok University of Technology; LUT, Lublin University of Tech-
nology. 

To further verify differences between data statistical tests 
were performed with four characteristics from every data set being 
selected. These were mean and p2p values of anterior-posterior 
and vertical components of GRF for both lower limbs calculated 
according to formulas (1) and (4), respectively. In contrast to 
values of features utilised to train classifiers, this time these val-
ues were normalised for the body mass of the person, a standard 
procedure used in human gait biomechanics allowing the compar-
ison of GRFs gathered from people whose body weight differs. 
Parameters calculated on the basis of Fy and Fz were selected 
since it has been shown that the medial-lateral component has the 
smallest impact on human recognition [27]. The mean and stand-

ard deviation values of these features have been presented in 
Tab. 6. 

The verification of the hypothesis that appropriate parameters 
measured at different laboratories vary from one another was 
carried out using the Statistica software. Based on the Central 
Limit Theorem and sample cardinality obtained in both labs, it was 
accepted that the attributes described by the present work exhibit 
normal distribution. Since the number of samples gathered at 
individual laboratories differed significantly the Welch test was 
utilised to demonstrate a statistically significant difference be-
tween the values recorded at BUT in relation to those calculated 
on the basis of measurements performed at LUT. The values of 
these tests attained during the verification of the hypotheses as to 
a lack of statistically significant differences have been presented 
in Tab. 7. Statistically significant values have been marked in red. 

Tab. 7. Welch test p-level values  

Feature Welch test 

p-level 

Feature Welch test 

p-level 

Mean_Left_Fy <0.001 Mean_Right_Fy 0.409 

P2p_Left_Fy 0.002 P2p_Right_Fy <0.001 

Mean_Left_Fz <0.001 Mean_Right_Fz <0.001 

P2p_Left_Fz 0.002 P2p_Right_Fz <0.001 

Results of statistical tests indicate that statistically significant 
differences at levels of p < 0.05 do not occur solely with the mean 
value of the right leg vertical component. Through this, the results 
presented in Tabs 4 and 5 are verified and confirm the existence 
of significant differences between measurements done at the two 
research centres. It is worth mentioning that the cause of these 
differences may be found in the fact that the force plates were 
manufactured by different companies as well as in the level of 
force inhibition of the material used to cover them [21]. Another, 
although less likely, possible cause for differing results is that the 
samples consisted of different people, each with a characteristic 
manner of gait. Thus, an interesting question arises, one unan-
swered by the present work, whether the results would be differ-
ent if the tests were conducted on the same group of people at 
both research centres. The answer would ultimately confirm the 
thesis concerning the differences between laboratories. 

5. CONCLUSION 

The paper presents the working of a biometric system for the 
recognition of a person based on their gait. Test data was record-
ed at two biomechanics human gait laboratories. Generally, the 
obtained human identification results were very good and con-
firmed the great potential of human gait as a biometric measure. 
An analysis of errors, enriched with statistical analysis, showed 
that the specific character of a given laboratory may significantly 
impact the results of measurements. It turned out that even with 
the utilisation of the same procedure and with the same personnel 
conducting the tests the final results may differ, with the conclu-
sion being that the combining of databases compiled by different 
sources does not have to result in better data allowing the crea-
tion of a biometric system that is, for example, more resistant to 
external factors. 
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