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Abstract: The seventh-order boundary value problems (BVPs), which are important because of their complexity and prevalence in many 
scientific and engineering fields, are the subject of this paper’s study. These high-order boundary value problems appear in fields such  
as fluid dynamics, where they are used to model fluid flow, and in elasticity theory, where they help describe the deformation of materials. 
Unfortunately, the precision and stability required to solve these high-order problems consistently are frequently lacking from current  
numerical techniques. Consequently, the advancement of theoretical research as well as practical applications in these disciplines depends 
on the development of a reliable and accurate method for solving seventh-order boundary value problems. In order to improve the accuracy 
and stability of solutions for these challenging issues, we propose novel numerical strategies that involves non-polynomial and polynomial 
cubic splines. For both methods, the domain [0,1] is divided into sub-intervals with step sizes of h=1/10 and h=1/5. This method involves 
initially transforming the seventh-order boundary value problems into a system of second-order. These second-order boundary value  
problems are then discretized using finite difference approximations, incorporating essential boundary conditions, and ultimately converted 
into a set of linear algebraic equations. The employed methods are rigorously assessed through experimentation on three distinct test  
problems. The outcomes attained showcase an exceptional level of accuracy, extending up to 7 decimal places. These commendable results 
are vividly depicted in both the tabulated data and accompanying graphs. Such a high degree of precision substantiates the dependability 
and efficiency of the proposed method. Comparisons, presented in tables and graphs, highlight the precision and reliability of our methods. 
These comparisons confirm that our approaches are valuable tools for addressing the challenges associated with seventh-order boundary 
value problems, marking a notable contribution to the field of numerical analysis. While lower-order boundary value problems have been 
extensively studied, applying these splines methods to seventh-order boundary value problems presents new challenges and insights.  
The novelty of this work involves non-polynomial and polynomial cubic spline techniques to solve seventh-order boundary value problems, 
offering improved accuracy and stability over existing numerical methods. 

Key words: finite difference method, central difference, boundary value problems, non polynomial, spline methods, polynomial, numerical 
analysis

1. INTRODUCTION 

Seventh-order boundary value problems are not as common as 
lower-order problems but can arise in specific physical and engi-
neering contexts, particularly in areas where complex phenomena 
need to be described with high precision. For example, the deflec-
tion 𝑦(𝑥) of a beam might be described by a seventh-order differ-
ential equation to capture detailed physical effects:  

𝐸𝐼
𝑑7𝑦

𝑑𝑥7
= 𝑓(𝑥), (1) 

where 𝐸 is the modulus of elasticity, 𝐼 is the moment of inertia, and 
𝑓(𝑥) is the distributed load. 

In fluid mechanics, seventh-order BVPs describe complex flow 
patterns and instabilities in boundary layers, such as those found in 
advanced aerodynamics or wave propagation phenomena:  

𝑑7𝑢

𝑑𝑥7
+ 𝑎

𝑑5𝑢

𝑑𝑥5
+ 𝑏

𝑑3𝑢

𝑑𝑥3
+ 𝑐𝑢 = 0, (2) 

where 𝑢 represents the flow variable, and 𝑎, 𝑏, and 𝑐 are coeffi-
cients representing various physical parameters. In nonlinear dy-
namics, these equations capture detailed interactions in systems 
exhibiting chaotic behavior. In quantum mechanics, higher-order dif-
ferential equations appear in advanced quantum field theories and 
perturbation analysis, where they describe the behavior of quantum 
fields under complex interactions. 

In computer graphics, dealing with curves is essential for draw-
ing various objects on the screen. Cubic curves, both non-polyno-
mial and polynomial splines, are commonly used due to their flexi-
bility. The novelty of this study lies in the approach of utilizing both 
CPS and CNPS methods, to tackle nonlinear seventh-order BVPs. 
While previous research has explored various numerical methods 
for lower-order BVPs, the application of these spline techniques to 
seventh-order nonlinear problems is relatively unexplored. 

Cubic polynomial splines are widely used due to their smooth-
ness and computational efficiency. They ensure continuity of the 
first and second derivatives, which is crucial for accurately solving 
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high-order differential equations. The general form of a cubic spline 
𝑆(𝑥) between two points 𝑥𝑖 and 𝑥𝑖+1 is: 

𝑆𝑖(𝑥) = 𝑎𝑖 + 𝑏𝑖(𝑥 − 𝑥𝑖) + 𝑐𝑖(𝑥 − 𝑥𝑖)
2 + 𝑑𝑖(𝑥 − 𝑥𝑖)

3, (3) 

where 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, and 𝑑𝑖 are coefficients determined by the spline 
conditions, including continuity of the first and second derivatives at 
the knots. 

Nonpolynomial splines, such as trigonometric or exponential 
splines, offer flexibility in modeling functions with periodic or rapidly 
varying behavior, which is often encountered in physical problems. 
For example, a trigonometric spline 𝑇(𝑥) might be expressed as: 

𝑇𝑖(𝑥) = 𝑎𝑖 + 𝑏𝑖sin(𝜔(𝑥 − 𝑥𝑖)) + 𝑐𝑖cos(𝜔(𝑥 − 𝑥𝑖)), (4) 

where 𝜔 is the frequency parameter, and 𝑎𝑖, 𝑏𝑖, and 𝑐𝑖 are co-
efficients. These splines are particularly useful in handling boundary 
conditions that exhibit periodicity or oscillatory characteristics. 

Despite the advantages of CPS and CNPS methods, there are 
several limitations to our approach. These methods can become 
computationally intensive, especially for smaller step sizes, which 
yield more accurate results but at the cost of increased computa-
tional demand. Conversely, larger step sizes may reduce computa-
tional effort but compromise accuracy, especially for problems with 
steep gradients or rapid changes. Implementing cubic polynomial 
splines can be more complex than using simpler methods like finite 
differences, requiring careful construction and continuity at the 
knots. While cubic splines generally provide good convergence 
properties, certain nonlinear or stiff problems may require very fine 
discretization to achieve desired accuracy, increasing computa-
tional costs. 

In [1], the authors conducted extensive research on the solution 
of parabolic Partial Differential Equations (PDEs). They introduced 
a novel method for calculating numerical solutions of fourth-order 
PDEs, building upon the foundation of the polynomial cubic spline 
method and the Alternating Direction Method (ADM). The ADM ap-
proach dismantled the constraints of alternate variables to achieve 
successive approximations. A solution to a seventh-order BVP us-
ing cubic B-spline functions was presented in [2]. The authors pro-
pose an efficient numerical algorithm based on cubic B-splines to 
approximate the solution to the BVP. 

In [3], the focus was on trajectory planning for a robotic arm en-
dowed with seven degrees of freedom. The primary goal was to fa-
cilitate efficient and seamless targeting of a specified point by the 
robotic arm. To address this challenge, cubic polynomials and sev-
enth-degree polynomials were harnessed for joint space trajectory 
planning, all grounded in a foundation of kinematics analysis. The 
trajectory planning was subsequently simulated utilizing the 
MATLAB platform, enabling a comprehensive evaluation of its ef-
fectiveness and performance. 

Mathematicians and engineers historically encountered chal-
lenges when attempting to solve higher-order differential equations. 
To address such complexities and find numerical approximations, a 
range of numerical techniques were employed. In [4], authors pre-
sented a distinctive numerical approach aimed at approximating 
tenth-order Boundary Value Problems (BVPs). The methods de-
vised within this study were based on the innovative concept of 
amalgamating the decomposition process with the Non-Polynomial 
Cubic Spline Method (NPCSM) and the Polynomial Cubic Spline 
Method (PCSM). 

In a research investigation employing the Kernel Hilbert tech-
nique, as outlined in [5], the study showcased the method’s profi-
ciency in solving seventh-order Boundary Value Problems (BVPs) 

while adhering to boundary constraints. These findings were then 
contrasted with those obtained using various approaches, such as 
HPM, VPM, VIM, ADM, and HAM. In addition, the authors of [6] sug-
gested using the Cubic B spline approach to deal with the numerical 
solutions of seventh-order BVPs. For a quantitative knowledge of 
seventh-order BVPs, including both linear and non-linear forms, this 
work especially used CB splines. 

A innovative numerical method was developed in [7] by creating 
ninth-degree spline functions by using extended cubic splines. This 
method provided a special answer to challenging mathematical is-
sues. The authors proposed a numerical method for solving linear 
seventh-order ordinary boundary value problems (BVPs) by utilizing 
the B-Spline system (BSM) in a separate work, which is described 
in [8]. The particular traits of seventh-order BVPs served as a foun-
dation for the creation of this approach. In order to approximate the 
Septic B-Spline formulation, they invented the Collocation BSM, 
which they used to effectively achieve their goal. 

The Homotopy Perturbation Method (HPM) was used by the au-
thor in [9] to offer a method for approximating seventh-order linear 
and nonlinear boundary value problems (BVPs). This approach es-
tablished itself as a useful tool in this field by demonstrating its ca-
pacity to solve higher-order linear and nonlinear BVPs with little ab-
solute error. The authors of [10] concentrated on employing quartic 
B-spline functions to solve seventh-order BVPs. The authors pro-
vided an efficient method for dealing with this kind of issues by pro-
posing a numerical strategy that made use of quartic B-splines to 
approximate the answers. 

In their research [11], the authors employed Non-Polynomial 
Cubic Splines of Sixth Order in conjunction with Finite Difference 
Approximations to solve a complex array of linear algebraic equa-
tions inherent in Boundary Value Problems (BVPs). The research-
ers in [12, 13, 16, 18] investigated the application of three mathe-
matical methods, namely the homotopy perturbation method (HPM), 
cubic spline, spline collocation method, differential transform tech-
nique (DTT) and the modified Adomian decomposition method 
(MADM), for solving higher-order boundary value problems (BVPs). 
In [14], the author introduced an efficient numerical algorithm for 
solving seventh-order BVPs. The approach utilized cubic B-spline 
functions to approximate the solution, offering a reliable method for 
tackling such higher-order problems. Authors in [15] introduced 
quintic nonpolynomial spline algorithms specifically tailored for ad-
dressing fourth-order two-point BVPs. Importantly, this methodology 
extended its applicability to encompass Partial Differential Equa-
tions (PDEs) up to the fourth order, leading to enhanced approxima-
tions while demanding reduced computational effort. 

In the study of induction motors [17], the behavior could be ac-
curately described by a fifth-order differential equation (DE) model. 
By incorporating a torque correction factor, the full seventh-order 
DE structure faithfully replicated the transient torques as well as the 
instantaneous real and reactive power flows. Seventh-order Bound-
ary Value Problems (BVPs) were solved using He’s polynomials and 
the Variational Iteration Method (VIM). The solutions to these prob-
lems were approximated using a rapidly converging series. 

The transformation of seventh-order Boundary Value Problems 
(BVPs) into a set of Integral Equations (IE) was demonstrated in [19, 
20], and these equations were solvable using the Variational Ele-
ment Method (VEM). It’s worth noting that, at that time, there was 
no literature available on the numerical solutions to seventh-order 
BVPs and related Eigenvalue Problems (EVP). The approximate 
solutions of these equations were expressed in terms of overlapping 
series with calculable elements. By combining the Homotopy Per-
turbation Method (HPM) and the Adomian Decomposition Method 



DOI 10.2478/ama-2025-0021                                                                                                                                                          acta mechanica et automatica, vol.19 no.2 (2025)                                                                                                                                                                                                                                                                       

179 

(ADM), [21] was able to solve seventh-order BVPs. The writers were 
able to solve the difficulties precisely and quickly by the use of this 
method. A method for solving seventh-order BVPs using cubic trig-
onometric B-spline functions was provided by the authors in [22]. 
Their approach provided an effective strategy to deal with such high-
order BVPs by approximating the solutions using these customized 
B-splines. The author of [23] developed a numerical strategy for 
quickly solving linear fourth-order boundary value problems (BVPs) 
using the Non-Polynomial Spline (NPS) technique.  

1.1.  Basics of Cubic Non-Polynomial Splines 

Let’s break the interval [a, b] into n small intervals by using node 
points: 𝜛𝑒 = 𝑎 + 𝑒ℎ, where e = 0, 1, ..., n, where 𝑎 = 𝜛0 and 

𝑏 = 𝜛𝑛 with the step size ℎ =
𝑏−𝑎

𝑛
 and n is a positive integer. Let 

𝜒(𝜛) be the precise solution and 𝜒𝑒 be an estimate to 𝜒(𝜛𝑒) at-

tained by the CNPS 𝑋𝑒(𝜛) between the points (𝜛𝑒 , 𝜒𝑒) and 
(𝜛𝑒+1, 𝜒𝑒+1). It is necessary for 𝑋𝑒(𝜛) to fulfill the ICs at 𝜛𝑒 and 
𝜛𝑒+1, the BCs, and in the same way, the continuity of the initial 

derivative at the collective points (𝜛𝑒 , 𝑠𝑒). For every part 
(𝜛𝑒 , 𝜛𝑒+1) where e = 0, 1, 2, 3, 4, ..., n-1, the spline 𝑋𝑒(𝜛) makes 
the form: 

𝑋𝑒(𝜛) = 𝑞𝑒 + 𝑙𝑒(𝜛 −𝜛𝑒) + 𝑠𝑒sin𝜎(𝜛 − 𝜛𝑒) + 𝑛𝑒cos𝜎(𝜛 −𝜛𝑒)

                                                                                       (5) 
where 𝑞𝑒, 𝑙𝑒, 𝑠𝑒, and 𝑛𝑒 are constants and 𝜎 is a free quantity. 

A NP function 𝑋𝜛 of class 𝑅2[𝑎, 𝑏] which includes 𝜒𝜛 at the 

node points 𝜛𝑒; e = 0, 1, 2, 3, 4, ..., n is influenced by a parameter 

𝜎 and decreases to a Cubic-Spline 𝑋𝜛 in [𝑎, 𝑏] as 𝜎 approaches 
0. For the derivation of the coefficient of the equation (5) in terms of 
𝜒𝑒, 𝜒𝑒+1, 𝑁𝑒, 𝑁𝑒+1, we first define: 

𝑋𝑒(𝜛𝑒) = 𝜒𝑒 ,    𝑋𝑒(𝜛𝑒+1) = 𝜒𝑒+1 (6) 

The consequent expression for the equation (5) is obtained by 
straightforward algebraic manipulation: 

𝑞𝑒 = 𝜒𝑒 +
𝑁𝑒
𝜎2
,    𝑙𝑒 =

𝜒𝑒+1 − 𝜒𝑒
ℎ

+
𝑁𝑒+1 −𝑁𝑒

𝜁𝜃
 

𝑠𝑒 =
𝑁𝑒cos𝜃 − 𝑁𝑒+1

𝜎2sin𝜃
,    𝑛𝑒 = −

𝑁𝑒
𝜎2

 

where 𝜃 = 𝑁ℎ. By the continuity equation of the first derivative at 
node point (𝜛𝑒 , 𝜒𝑒), i.e., 𝑋′𝑒−1(𝜛𝑒) = 𝑋′𝑒(𝜛𝑒) is the con-
sistency relation for e = 0, 1, ..., n-1: 

𝜁(𝑁𝑒+1 +𝑁𝑒−1) + 2𝛿(𝑁𝑒) =
1

ℎ2
(𝜒𝑒−1 + 𝜒𝑒+1 − 2𝜒𝑒) (7) 

where we’ve inserted: 

𝜁 =
1

𝜃sin𝜃
−

1

𝜃2
,    𝛿 =

−1

𝜃2
−
−cos𝜃

𝜃
,    𝜒′′ = 𝑁 (8) 

and 𝜃 = 𝑁ℎ 

The described approach is 4th order convergent if 1-2𝜁-2𝛿=0 

and 𝜁=
1

12
 [23]. 

1.2.  Basics of Cubic Polynomial Splines 

Let’s break the interval [a, b] into n small intervals by using no-
depoints: 𝜛𝑒 = 𝑎 + 𝑒ℎ, 𝑒 = 0,1,2,3,4, . . . , 𝑛 where 𝑎 = 𝜛0, 

𝑏 = 𝜛𝑛 with the step size ℎ =
𝑏−𝑎

𝑛
 and n a positive integer. 

Let 𝜒(𝜛) be the precise solution and 𝜒𝑒 be an estimate to 
𝜒(𝜛𝑒) attained by the NPS 𝑋𝑒(𝜛) between the points (𝜛𝑒 , 𝜒𝑒) 
and (𝜛𝑒+1, 𝜒𝑒+1). It is necessary for 𝑋𝑒(𝜛) to fulfill the interpo-
lating conditions at 𝜛𝑒 and 𝜛𝑒+1, the BCs, and in the same way, 
the continuity of the initial derivative at the collective points 
(𝜛𝑒 , 𝜒𝑒). For every part (𝜛𝑒 , 𝜛𝑒+1) where e = 0, 1, 2, 3, 4, ..., n-
1 the spline 𝑋𝑒(𝜛) makes the form where 𝑞𝑒, 𝑙𝑒, 𝑠𝑒, and 𝑛𝑒 are 
constants and 𝜎 is a free quantity. 

A NP function 𝑋𝜛 of class 𝑅2[𝑎, 𝑏] which includes 𝜒𝜛 at the 
node points 𝜛𝑒; e = 0, 1, 2, 3, 4, ..., n be influenced by a parameter 

𝜎 and decreases to a Cubic-Spline 𝑋𝜛 in [a, b] as 𝜎 approaches 0. 
We first define: 

𝑋𝑒(𝜛𝑒) = 𝜒𝑒 ,    𝑋𝑒(𝜛𝑒+1) = 𝜒𝑒+1,    𝑋′′𝑒(𝜒𝑒) =

𝑁𝑒 ,    𝑋′′𝑒(𝜒𝑒+1) = 𝑁𝑒+1 (9) 

By using a straightforward algebraic operation, we may get the 
corresponding expression: 

𝑞𝑒 = 𝜒𝑒 +
𝑁𝑒
𝜎2
,    𝑙𝑒 =

𝜒𝑒+1 − 𝜒𝑒
ℎ

+
𝑁𝑒+1 −𝑁𝑒

𝜁𝜃
 

𝑠𝑒 =
𝑁𝑒cos𝜃 − 𝑁𝑒+1

𝜎2sin𝜃
,    𝑛𝑒 = −

𝑁𝑒
𝜎2

 

where 

𝜃 = 𝑁ℎ 

By the continuity equation of the first derivative at node point 
(𝜛𝑒 , 𝜒𝑒), i.e., 𝑋′𝑒−1(𝜛𝑒) = 𝑋′𝑒(𝜛𝑒) is the consistency relation 
for e = 0, 1, 2, 3, 4, ..., n-1: 

(𝑁𝑒+1 +𝑁𝑒−1 + 4𝑁𝑒) =
6

ℎ2
(𝜒𝑒−1 + 𝜒𝑒+1 − 2𝜒𝑒) (10) 

where we have substituted: 

𝜒′′ = 𝑁 

The paper progresses logically from theory to application. Sec-
tion 2 discusses the development of CPS and CNPS, while Section 
3 evaluates their effectiveness in resolving 7th order BVPs. Section 
4 concludes with a concise analysis and recommendations, provid-
ing a clear and educational reading experience. 

2.  SEVENTH ORDER NON-LINEAR BVPS 

Using the CPS and CNPS approaches to approximatively solve 

a nonlinear seventh-order boundary value problem (7𝑡ℎ order BVP) 
is the main goal in this situation. These methods are computational 
tools designed to generate approximative numerical solutions to this 
difficult problem. By employing these techniques, we aim to effec-
tively manage the challenges posed by the nonlinear nature of the 
problem and give exact numerical estimates for the desired outputs.  

𝜒(7)(𝜛) = 𝑧(𝜛, 𝜒(𝜛), 𝜒(1)(𝜛), 𝜒(2)(𝜛), 𝜒(3)(𝜛), 

𝜒(4)(𝜛), 𝜒(5)(𝜛), 𝜒(6)(𝜛));     𝜛𝜖[𝑎, 𝑏] (11) 

along with BCs:  

𝜒(2𝑖)(𝑎) = 𝜁𝑖 ,    𝜒
(2𝑖)(𝑏) = 𝛿𝑖 (12) 

where 𝜁𝑖,𝛿𝑖; i=0,1,2,3 are constants and 𝜁𝑖(o),i=1,...,7 and 𝑧(𝜛) 
are continuous functions on [r,s]. To estimate CNPS and CPS 
choose 𝑆 to BVPs with BCs, Let us distribute interval [𝑟, 𝑠] into n 
sub-interval 𝑧𝑖=r+ih, i=0,1,...,n-1,n. 𝑟 = 𝑧0, 

𝑠 = 𝑧𝑛, h =  
𝑠  −  𝑟

𝑛
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Now for CNPS 𝑆𝑖−1
′ (𝑧𝑖) = 𝑆𝑖

′(𝑧𝑖) is relation              

𝑖 = 0,1, . . . ,   𝑛 − 1,  

𝜁  𝑁𝑖+1 + 2  𝛿  𝑁𝑖 +   𝜁  𝑁𝑖−1 =  
1

ℎ2
  (𝑣𝑖+1 − 2  𝑣𝑖 + 𝑣𝑖−1) (13) 

here the substitution 

𝜁 =
1

𝜃  𝑠𝑖𝑛𝜃
−

1

𝜃2
,    𝛿 = −

1

𝜃2
−
𝑐𝑜𝑠𝜃

𝜃
, 𝑎𝑛𝑑    𝜃 = ℧  ℎ 

Now for CPS 𝑆𝑖−1
′ (𝑧𝑖) = 𝑆𝑖

′(𝑧𝑖) is relation 

𝑖 = 0,1, . . ., 𝑛 − 1,  

𝑁𝑖+1 + 4𝑁𝑖 + 𝑁𝑖−1 =
6

ℎ2
(𝑣𝑖+1 − 2𝑣𝑖 + 𝑣𝑖−1)       (14) 

where we have replace  

𝑣′′ = 𝑁 

Now differentiating (11) w.r.t. 𝜒 so, the equation become  
𝜒(8)(𝜛) = 𝑧(𝜛, 𝜒(𝜛), 𝜒(1)(𝜛), 𝜒(2)(𝜛), 𝜒(3)(𝜛), 𝜒(4)(𝜛), 𝜒(5)(𝜛), 

𝜒(6)(𝜛), 𝜒(7)(𝜛))                                                                      (15) 

Equation (15) presents an eighth-order boundary value prob-
lem. In order to manage its complexity, we proceeded to transform 
equation (15) into a system of second-order Boundary Value Prob-
lems (BVPs), incorporating the Boundary Conditions (BCs) from 
equation (12). This transformation was accomplished by substitut-
ing the equation into a specific form, resulting in a more manageable 
representation.  

𝜒′′(𝜛) = 𝑒(𝜛) (16) 

𝑒′′(𝜛) = 𝑓(𝜛) (17) 

𝑓′′(𝜛) = 𝑔(𝜛) (18) 

in equation (15),the reduced system of 2nd order will be  

𝑝(2)(𝑘) = 𝑧(𝜛, 𝜒(𝜛), 𝜒(1)(𝜛), 𝑒(𝜛), 𝑒(1)(𝜛), 𝑓(𝜛), 𝑓(1)(𝜛), 

𝑔(𝜛), 𝑔(1)(𝜛));     𝜛𝜖[𝑎, 𝑏] (19) 

Along with boundary conditions:  

𝜒(𝑎) = 𝜁0,    𝜒(𝑏) = 𝛿0
𝑒(𝑎) = 𝜁1,    𝑒(𝑏) = 𝛿1
𝑓(𝑎) = 𝜁2,    𝑓(𝑏) = 𝛿2
𝑔(𝑎) = 𝜁3,    𝑔(𝑏) = 𝛿3

 (20) 

2.1.   Cubic Non-Polynomial Spline 

We get relations for 𝜒(𝜛),𝑒(𝜛),𝑓(𝜛) and 𝑔(𝜛) by using the 
continuity condition of first order derivative, respectively as:  

𝜁(𝑅𝑖+1 + 𝑅𝑖−1) + 𝛿4𝑅𝑖 =
1

ℎ2
(𝜒𝑖+1 − 2𝜒𝑖 + 𝜒𝑖−1) (21) 

𝜁(𝑆𝑖+1 + 𝑆𝑖−1) + 𝛿4𝑆𝑖 =
1

ℎ2
(𝑒𝑖+1 − 2𝑒𝑖 + 𝑒𝑖−1) (22) 

𝜁(𝑃𝑖+1 + 𝑃𝑖−1) + 𝛿4𝑃𝑖 =
1

ℎ2
(𝑔𝑖+1 − 2𝑔𝑖 + 𝑔𝑖−1) (23) 

we have substitute  

𝜒′′(𝜛) = 𝑅(𝜛),    𝑒′′(𝜛) = 𝑆(𝜛),

𝑓′′(𝜛) = 𝑇(𝜛),    𝑔′′(𝜛) = 𝑃(𝜛)
 (24) 

Discretize equations (15)-(18) at gird points  

(𝜛𝑖 , 𝑔𝑖), (𝜛𝑖 , 𝜒𝑖), (𝜛𝑖 , 𝑒𝑖), (𝜛𝑖𝑓𝑖) 

𝑔(2)(𝜛) = 𝑧(𝜛, 𝜒(𝜛), 𝜒(1)(𝜛), 𝑒(𝜛), 𝑒(1)(𝜛), 𝑓(𝜛), 𝑓(1)(𝜛), 𝑔(𝜛),

𝑔(1)(𝜛))                                                                                     (25) 

 

𝜒′′(𝜛𝑖) = 𝑒(𝜛𝑖) = 𝑒𝑖 ,

𝑒′′(𝜛𝑖) = 𝑓(𝜛𝑖) = 𝑓𝑖 ,

𝑓′′(𝜛𝑖) = 𝑔(𝜛𝑖) = 𝑔𝑖 ,

 (26) 

Now after substitution we get  

𝜒′′𝑖 = 𝑅𝑖 ,    𝑒′′𝑖 = 𝑆𝑖 ,

𝑓′′𝑖 = 𝑇𝑖 ,    𝑔′′𝑖 = 𝑃𝑖
 (27) 

then above equation become  

𝑃𝑖 = 𝑧(𝜛𝑖 , 𝜒(𝜛𝑖), 𝜒
(1)(𝜛𝑖), 𝑒(𝜛𝑖), 𝑒

(1)(𝜛𝑖), 𝑓(𝜛𝑖), 𝑓
(1)(𝜛𝑖),  

𝑔(𝜛𝑖), 𝑔
(1)(𝜛𝑖));  (28) 

 
𝑅𝑖 = 𝑒𝑖 ,
𝑆𝑖 = 𝑓𝑖 ,
𝑇𝑖 = 𝑔𝑖 ,

    } (29) 

From equation (28) and (29)  

𝑃𝑖+1 = 𝑧(𝜛𝑖+1, 𝜒(𝜛𝑖+1), 𝜒
(1)(𝜛𝑖+1), 𝑒(𝜛𝑖+1), 𝑒

(1)(𝜛𝑖+1), 

𝑓(𝜛𝑖+1), 𝑓
(1)(𝜛𝑖+1), 𝑔(𝜛𝑖+1), 𝑔

(1)(𝜛𝑖+1)); (30) 

𝑅𝑖+1 = 𝑒𝑖+1,
𝑆𝑖+1 = 𝑓𝑖+1,
𝑇𝑖+1 = 𝑔𝑖+1,

    } (31) 

then similarly  

𝑃𝑖−1 = 𝑧(𝜛𝑖−1, 𝜒(𝜛𝑖−1), 𝜒
(1)(𝜛𝑖−1), 𝑒(𝜛𝑖−1), 𝑒

(1)(𝜛𝑖−1), 𝑓(𝜛𝑖−1), 

𝑓(1)(𝜛𝑖−1), 𝑔(𝜛𝑖−1), 𝑔
(1)(𝜛𝑖−1)); 

 (32) 

 
𝑅𝑖−1 = 𝑒𝑖−1,
𝑆𝑖−1 = 𝑓𝑖−1,
𝑇𝑖−1 = 𝑔𝑖−1,

    } (33) 

The subsequent 𝑂(ℎ2) approximations for the first-order deriv-
atives l, e, f, and g in Equations (28), (30), and (33) offer a viable 
approach. These approximations can be effectively utilized to en-
hance the accuracy of the calculations.  

𝜒𝑖
′ =

𝜒𝑖+1−𝜒𝑖−1

2ℎ
,    𝜒𝑖+1

′ =
3𝜒𝑖+1−4𝜒𝑖+𝜒𝑖−1

2ℎ
,    𝜒𝑖−1

′ =
−𝜒𝑖+1+4𝜒𝑖−3𝜒𝑖−1

2ℎ
,    

𝑒𝑖
′ =

𝑒𝑖+1−𝑒𝑖−1

2ℎ
,    𝑒𝑖+1

′ =
3𝑒𝑖+1−4𝑒𝑖+𝑒𝑖−1

2ℎ
,    𝑒𝑖−1

′ =
−𝑒𝑖+1+4𝑒𝑖−3𝑒𝑖−1

2ℎ
,    

𝑓𝑖
′ =

𝑓𝑖+1−𝑓𝑖−1

2ℎ
,    𝑓𝑖+1

(1)
=

3𝑓𝑖+1−4𝑓𝑖+𝑓𝑖−1

2ℎ
,    𝑓𝑖−1

′ =
−𝑓𝑖+1+4𝑓𝑖−3𝑓𝑖−1

2ℎ
,    

𝑔𝑖
′ =

𝑔𝑖+1−𝑔𝑖−1

2ℎ
,    𝑔𝑖+1

′ =
3𝑔𝑖+1−4𝑔𝑖+𝑔𝑖−1

2ℎ
,    𝑔𝑖−1

′ =
−𝑔𝑖+1+4𝑔𝑖−3𝑔𝑖−1

2ℎ
,    }
 
 

 
 

    

                                                                                                    (34) 

Using equations (28)-(34) in equations (14) and (21)-(23 

 

𝜁𝑒𝑖−1 + 2𝛿𝑒𝑖 + 𝜁𝑒𝑖+1 =
1

ℎ2
(𝜒𝑖−1 − 2𝜒𝑖 + 𝜒𝑖+1)

𝜁𝑓𝑖−1 + 2𝛿𝑓𝑖 + 𝜁𝑓𝑖+1 =
1

ℎ2
(𝑒𝑖−1 − 2𝑒𝑖 + 𝑒𝑖+1)

𝜁𝑔𝑖−1 + 2𝛿𝑔𝑖 + 𝜁𝑔𝑖+1 =
1

ℎ2
(𝑓𝑖−1 − 2𝑓𝑖 + 𝑓𝑖+1) }

 
 

 
 

  (35) 

we get  
 

𝜁𝑧(𝜛𝑖+1, 𝜒(𝜛𝑖+1), 𝜒
(1)(𝜛𝑖+1), 𝑒(𝜛𝑖+1), 𝑒

(1)(𝜛𝑖+1), 𝑓(𝜛𝑖+1),

𝑓(1)(𝜛𝑖+1), 𝑔(𝜛𝑖+1), 𝑔
(1)(𝜛𝑖+1)) + 2𝛿𝑧(𝜛𝑖 , 𝜒(𝜛𝑖), 𝜒

(1)(𝜛𝑖),

𝑒(1)(𝜛𝑖), 𝑓(𝜛𝑖), 𝑓
(1)(𝜛𝑖), 𝑔(𝜛𝑖), 𝑔

(1)(𝜛𝑖)) + 𝜁𝑧(𝜛𝑖−1, 𝜒(𝜛𝑖−1),

𝜒(1)(𝜛𝑖−1), 𝑒(𝜛𝑖−1), 𝑒
(1)(𝜛𝑖−1), 𝑓(𝜛𝑖−1), 𝑓

(1)(𝜛𝑖−1),

𝑔(𝜛𝑖−1), 𝑔
(1)(𝜛𝑖−1)) =

1

ℎ2
(𝑔𝑖−1 − 2𝑔𝑖 + 𝑔𝑖+1)

          

                         (36)                                  
we obtain  
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𝜁𝑧(𝜛𝑖+1, 𝜒(𝜛𝑖+1),
3𝜒𝑖+1−4𝜒𝑖+𝜒𝑖−1

2ℎ
, 𝑒(𝜛𝑖+1),

3𝑒𝑖+1−4𝑒𝑖+𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖+1),

3𝑓𝑖+1−4𝑓𝑖+𝑓𝑖−1

2ℎ
, 𝑔(𝜛𝑖+1),

3𝑔𝑖+1−4𝑔𝑖+𝑔𝑖−1

2ℎ
+ 2𝛿𝑧(𝜛𝑖 , 𝜒(𝜛𝑖),

𝜒𝑖+1−𝜒𝑖−1

2ℎ
,

𝑒(𝜛𝑖),
𝑒𝑖+1−𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖),

𝑓𝑖+1−𝑓𝑖−1

2ℎ
, 𝑔(𝜛𝑖),

𝑔𝑖+1−𝑔𝑖−1

2ℎ
+ 𝜁𝑧(𝜛𝑖−1, 𝜒(𝜛𝑖−1),

−𝜒𝑖+1+4𝜒𝑖−3𝜒𝑖−1

2ℎ
,

𝑒(𝜛𝑖−1),
−𝑒𝑖+1+4𝑒𝑖−3𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖−1),

−𝑓𝑖+1+4𝑓𝑖−3𝑓𝑖−1

2ℎ
,

𝑔(𝜛𝑖−1),
−𝑔𝑖+1+4𝑔𝑖−3𝑔𝑖−1

2ℎ
=

1

ℎ2
(𝑔𝑖−1 − 2𝑔𝑖 + 𝑔𝑖+1)

  (37) 

Equations (36) and (37), along with the prescribed Boundary 
Conditions (20), come together to establish a coherent system con-
sisting of 4(𝑛 + 1) equations. Similarly, this system is closely 
linked to 4(𝑛 + 1) unknowns, showcasing a harmonious synchro-
nization between the equations and the set of unknown constants.  

2.2.   Cubic Polynomial Spline 

We get relations for 𝜒,e,f by make use of flow the surrounding 
of first order derivative, respectively as  

(𝑅𝑖+1 + 𝑅𝑖−1) + 𝛿4𝑅𝑖 =
6

ℎ2
(𝜒𝑖+1 − 2𝜒𝑖 + 𝜒𝑖−1)

(𝑆𝑖+1 + 𝑆𝑖−1) + 𝛿4𝑆𝑖 =
6

ℎ2
(𝑒𝑖+1 − 2𝑒𝑖 + 𝑒𝑖−1)

(𝑃𝑖+1 + 𝑃𝑖−1) + 𝛿4𝑃𝑖 =
6

ℎ2
(𝑔𝑖+1 − 2𝑔𝑖 + 𝑔𝑖−1)

    

}
 
 

 
 

 (38) 

After substitution we get 

𝜁𝑒𝑖−1 + 2𝛿𝑒𝑖 + 𝜁𝑒𝑖+1 =
6

ℎ2
(𝜒𝑖−1 − 2𝜒𝑖 + 𝜒𝑖+1)

𝜁𝑓𝑖−1 + 2𝛿𝑓𝑖 + 𝜁𝑓𝑖+1 =
6

ℎ2
(𝑒𝑖−1 − 2𝑒𝑖 + 𝑒𝑖+1)

𝜁𝑔𝑖−1 + 2𝛿𝑔𝑖 + 𝜁𝑔𝑖+1 =
6

ℎ2
(𝑓𝑖−1 − 2𝑓𝑖 + 𝑓𝑖+1)

    

}
 
 

 
 

 (39) 

By considering the above data NPCS was settled in section, 
PCS scheme for 𝑖 = 0,1, . . . , 𝑛 − 1  

Equations (40) and (41) form a system of 4(𝑛 + 1) equations 
when integrated with Boundary Conditions (20). This system exhib-
its smooth interaction and corresponds to a set of 4(𝑛 + 1) un-

knowns that are interrelated with the 4(𝑛 + 1) equations. 

𝑧(𝑚𝑖+1, 𝜒(𝜛𝑖+1), 𝜒
(1)(𝜛𝑖+1), 𝑒(𝜛𝑖+1),

𝑒(1)(𝜛𝑖+1), 𝑓(𝜛𝑖+1), 𝑓
(1)(𝜛𝑖+1), 𝑔(𝜛𝑖+1),

𝑔(1)(𝜛𝑖+1)) + 4𝑧(𝜛𝑖 , 𝜒(𝜛𝑖), 𝜒
(1)(𝜛𝑖), 𝑒(𝜛𝑖),

𝑒(1)(𝜛𝑖), 𝑓(𝜛𝑖), 𝑓
(1)(𝜛𝑖), 𝑔(𝜛𝑖), 𝑔

(1)(𝜛𝑖))

+𝑧(𝜛𝑖−1, 𝜒(𝜛𝑖−1), 𝜒
(1)(𝜛𝑖−1), 𝑒(𝜛𝑖−1), 𝑒

(1)(𝜛𝑖−1),

𝑓(𝜛𝑖−1), 𝑓
(1)(𝜛𝑖−1), 𝑔(𝜛𝑖−1),

𝑔(1)(𝜛𝑖−1)) =
6

ℎ2
(𝑔𝑖−1 − 2𝑔𝑖 + 𝑔𝑖+1)

 (40) 

and  

𝑧(𝜛𝑖+1, 𝜒(𝜛𝑖+1),
3𝜒𝑖+1−4𝜒𝑖+𝜒𝑖−1

2ℎ
, 𝑒(𝜛𝑖+1),

3𝑒𝑖+1−4𝑒𝑖+𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖+1),

3𝑓𝑖+1−4𝑓𝑖+𝑓𝑖−1

2ℎ
,

𝑔(𝜛𝑖+1),
3𝑔𝑖+1−4𝑔𝑖+𝑔𝑖−1

2ℎ
+ 4𝑧(𝜛𝑖 , 𝜒(𝜛𝑖),

𝜒𝑖+1−𝜒𝑖−1

2ℎ
, 𝑒(𝜛𝑖),

𝑒𝑖+1−𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖),

𝑓𝑖+1−𝑓𝑖−1

2ℎ
, 𝑔(𝜛𝑖),

𝑔𝑖+1−𝑔𝑖−1

2ℎ
+ 𝑧(𝜛𝑖−1,

𝜒(𝜛𝑖−1),
−𝜒𝑖+1+4𝜒𝑖−3𝜒𝑖−1

2ℎ
, 𝑒(𝜛𝑖−1),

−𝑒𝑖+1+4𝑒𝑖−3𝑒𝑖−1

2ℎ
, 𝑓(𝜛𝑖−1),

−𝑓𝑖+1+4𝑓𝑖−3𝑓𝑖−1

2ℎ
,

𝑔(𝜛𝑖−1),
−𝑔𝑖+1+4𝑔𝑖−3𝑔𝑖−1

2ℎ
=

6

ℎ2
(𝑔𝑖−1 − 2𝑔𝑖 + 𝑔𝑖+1)

 (41) 

3.  NUMERICAL RESULTS AND DISCUSSIONS 

This section explores the outcomes of using CPS and CNPS 
methods to approximate solutions for a nonlinear seventh-order 

Boundary Value Problem (7𝑡ℎ BVP). By choosing step sizes ℎ =
1/10 and ℎ = 1/5, we examine their impact on accuracy and 
computational efficiency. Smaller step sizes often yield more pre-
cise results but increase computational demands, highlighting the 
trade-off between accuracy and processing power. Comparing re-
sults across different step sizes provides insights into the conver-
gence behavior and efficiency of both methods, demonstrating how 

they adapt to the complexities of the nonlinear 7𝑡ℎ order BVP. This 
analysis sheds light on their convergence characteristics and offers 
practical guidance on balancing accuracy and computational effi-
ciency in solving complex mathematical problems. 

The solution process for the given boundary value problem in-
volves several steps. Problem 3.1/3.2/3.3 was compared with equa-
tion (11) and boundary conditions with (12). Then, continuity condi-
tions are defined to ensure smooth transitions across the intervals 
of the problem domain. Coefficients required for the numerical solu-
tion are then derived based on the given differential equation and 
boundary conditions by discretizing equations (15)-(18) at gird 
points (𝜛𝑖 , 𝑔𝑖), (𝜛𝑖 , 𝜒𝑖), (𝜛𝑖 , 𝑒𝑖), (𝜛𝑖𝑓𝑖). The subsequent 

𝑂(ℎ2) approximations for the first-order derivatives l, e, f, and g in 
Equations (28), (30), and (33) offer a viable approach. These ap-
proximations can be effectively utilized to enhance the accuracy of 
the calculations. Consistency relations prepared following the equa-
tions 34 are verified to ensure the accuracy of the numerical 
method. The resulting system of equations Using equations (28)-
(35) in equations (14) and (21)-(23) is obtained and we get equa-
tions (36-37) then we solved numerically, and higher-order bound-
ary value problems are transformed into a system of second-order 
differential equations. This transformed system is discretized, pre-
paring it for numerical approximation and Equations (36) and (37), 
along with the prescribed Boundary Conditions (20), come together 
to establish a coherent system consisting of 44 equations for ℎ =
0.1 and 24 equations for ℎ = 0.2. 

Similarly, this system is closely linked to 44 unknowns for ℎ =
0.1 and 24 unknowns for ℎ = 0.2, showcasing a harmonious syn-
chronization between the equations and the set of unknown con-
stants. The numerical solution is then obtained using appropriate 
numerical methods. Finally, the process concludes, having suc-
cessfully approximated the solution to the given boundary value 
problem for CNPS. By considering the above data CNPS was set-
tled in section, CPS scheme for 𝑖 = 0,1, . . . , 𝑛 − 1 will be devel-
oped using equations 38-39. Equations (40) and (41) form a system 
of 4(𝑛 + 1) equations when integrated with Boundary Conditions 
(20). This system exhibits smooth interaction and corresponds to a 
set of 44 unknowns for ℎ = 0.1 and 24 unknowns for ℎ = 0.2 

unknowns that are interrelated with the 44 equations for ℎ = 0.1 
and 24 equations for ℎ = 0.2.   

3.1  Problem 3.1 

Consider the nonlinear BVP 

𝜒(7)(𝜛) = −𝑒𝜛(𝑤(𝜛))2    0 ≤ 𝜛 ≤ 1 

subject to 

𝜒(𝑛)(0) = 1,    𝜒(𝑛)(1) = 𝑒−1 

for 𝑛 = 0,2,4,6.  
The precise solution to the problem under consideration is 
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mathematically defined as 𝜒(𝜛) = 𝑒−𝜛. In order to rigorously val-
idate and assess the efficacy of the proposed method, a systematic 
evaluation was conducted. The interval [0,1] was strategically di-
vided into sub-intervals, employing both 10 and 5 equal segments. 
Subsequently, the CPS and CNPS techniques were employed to 
approximate the solution within each of these sub-intervals. 

The outcomes obtained from the CPS and CNPS methods were 
meticulously compared against the analytically derived solution. For 
a finer granularity, the results were organized and presented in a 
clear tabular format. Specifically, Tab.1 was employed to present 

the numerical outcomes when the step size was set at ℎ =
1

10
, and 

Tab. 2 for the case when ℎ =
1

5
.  

  
Fig.1.  Comparison of AEs of CNPS and CPS with [6] of problem 3.1 at 

  ℎ  =   
1

10
 

In addition to the numerical comparisons, visual aids were also 
harnessed to provide a more intuitive understanding of the precision 
achieved by the CPS and CNPS methods. To this end, Fig.1 and 
Fig.2 are crafted to illustrate the absolute errors associated with the 
chosen splines, specifically focusing on the scenario when the step 

size was ℎ =
1

10
. 

3.2  Problem 3.2 

Consider the nonlinear BVP 

𝜒7(𝜛) = 𝜒(𝜛)𝜒′(𝜛) + 𝑒−2𝜛(2 + 𝑒𝜛(𝜛 − 8) − 3𝜛 +𝜛2)0 ≤
𝜛 ≤ 1  

subject to 

𝜒(𝑛)(0) = (−1)
𝑛

2(𝑛 + 1),        𝜒(𝑛)(1) = (−1)
𝑛

2(𝑛 + 1)𝑒 for 𝑛 =
0,2,4,6.  

The precise solution is given as 𝜒(𝜛) = (1 − 𝜛)𝑒−𝜛. To as-
sess the performance of the proposed method, we conducted a sys-
tematic evaluation by segmenting the interval [0,1] into 10 and 5 
equal sub-intervals. Subsequently, we applied the CPS and CNPS 
methods to generate numerical outcomes, which were then juxta-
posed with the specific analytical solution. These comparative anal-

yses are exhaustively presented in Tab.3 for a step size of ℎ =
1

10
 

and in Tab.4 for ℎ =
1

5
. 

In order to offer a more intuitive insight into the precision 
achieved, Fig.3 and Fig.4 are constructed to visually depict the 

absolute errors associated with the employed splines when ℎ =
1

10
. 

These graphical representations enhance clarity by providing a vis-
ual representation of how closely the CPS and CNPS methods cor-
respond to the analytical solution.   

  
Fig.3. Comparison of AEs of CNPS and CPS with [6] of problem 3.2 at 

  ℎ  =   
1

10
 

3.3  Problem 3.3 

Consider the nonlinear BVP 𝜒(7) = 𝑒−𝜛(𝑤(𝜛))2    0 ≤ 𝜛 ≤ 1 
subject to 𝜒(𝑛)(0) = 1,    𝜒(𝑛)(1) = 𝑒1 for 𝑛 = 0,2,4,6.  

In pursuit of accurate approximations, the sought-after solution 
is 𝜒(𝜛) = 𝑒𝜛. To rigorously examine the effectiveness of the pro-
posed method, a meticulous analysis was undertaken. The interval 
[0,1] was thoughtfully divided into 10 and 5 equal sub-intervals, 
setting the stage for a granular evaluation. By applying the CPS and 
CNPS methods, numerical results were obtained and subjected to 
a direct comparison with the precise analytical solution. These in-
sightful evaluations are meticulously presented in Tab.5 for a step 

size of ℎ =
1

10
 and in Tab.6 for ℎ =

1

5
. 

For an enhanced grasp of the achieved precision, Fig.5 and 
Fig.6 are crafted to visually encapsulate the absolute errors tied to 

the utilized splines, specifically when ℎ =
1

10
. These graphical rep-

resentations serve as a powerful tool for gauging the closeness of 
the CPS and CNPS methods to the established analytical solution.   

 
Fig.5.  Comparison of AEs of CNPS and CPS with [6] of problem 3.3 at 

  ℎ  =   
1

10
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Tab.1.  Comparison of accurate, CNPS along with CPS for problem 3.1 at ℎ =
1

5
  

  

𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS 

0 1 1 0.00E-00 1 0.00E-00 

0.2 0.818730753 0.817688874 1.04E-03 0.817618382 1.11E-03 

0.4 0.670320046 0.668633087 1.69E-03 0.668558559 1.76E-03 

0.6 0.548811636 0.547122919 1.69E-03 0.547064978 1.75E-03 

0.8 0.449328964 0.448284237 1.04E-03 0.448246958 1.08E-03 

1 0.367879441 0.367879441 0.00E-00 0.367879441 0.00E-00 

 

Tab. 2.  Comparison of accurate, CNPS along with CPS for problem 3.1 at ℎ =
1

10
  

  

𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS [6] 

0 1 1 0.00E-00 1 0.00E-00 0.00E-00 

0.1 0.904837418 0.904837481 6.27E-08 0.904812814 2.46E-05 3.82E-06 

0.2 0.818730753 0.818730875 1.22E-07 0.818688854 4.19E-05 1.36E-05 

0.3 0.740818221 0.740818391 1.70E-07 0.740765438 5.28E-05 2.49E-05 

0.4 0.670320046 0.670320248 2.02E-07 0.670262025 5.80E-05 3.31E-05 

0.5 0.60653066 0.606530874 2.14E-07 0.606472401 5.83E-05 3.50E-05 

0.6 0.548811636 0.548811841 2.05E-07 0.548757603 5.40E-05 3.01E-05 

0.7 0.496585304 0.496585478 1.74E-07 0.496539521 4.58E-05 2.03E-05 

0.8 0.449328964 0.44932909 1.26E-07 0.449295105 3.39E-05 9.57E-06 

0.9 0.40656966 0.406569726 6.61E-08 0.406551127 1.85E-05 2.11E-06 

1 0.367879441 0.367879441 0.00E-00 0.367879441 0.00E-00 0.00E-00 

   

 Tab. 3.  Comparison of accurate, CNPS along with CPS for problem 3.2 at ℎ =
1

5
  

  
𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS 

0 1 1 0.00E-00 1 0.00E-00 

0.2 0.654984602 0.654548343 4.36E-04 0.653822489 1.16E-03 

0.4 0.402192028 0.401485267 7.07E-04 0.400509549 1.68E-03 

0.6 0.219524654 0.218816219 7.08E-04 0.217928602 1.60E-03 

0.8 0.089865793 0.089426899 4.39E-04 0.088878968 9.87E-04 

1 0 0 0.00E-00 0 0.00E-00 

 

Tab. 4.  Comparison of accurate, CNPS along with CPS for problem 3.2 at ℎ =
1

10
  

  

𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS [6] 

0 1 1 0.00E-00 1 0.00E-00 0.00E-00 

0.1 0.814353676 0.814349741 0.814016517 3.37E-04 3.94E-06 1.91E-05 

0.2 0.654984602 0.654977145 0.654367593 6.17E-04 7.46E-06 6.81E-05 

0.3 0.518572754 0.518562529 0.517747628 8.25E-04 1.02E-05 1.24E-04 

0.4 0.402192028 0.402180054 0.401241892 9.50E-04 1.20E-05 1.64E-04 

0.5 0.30326533 0.303252787 0.302279968 9.85E-04 1.25E-05 1.72E-04 

0.6 0.219524654 0.219512766 0.218594693 9.30E-04 1.19E-05 1.46E-04 

0.7 0.148975591 0.148965506 0.148186139 7.89E-04 1.01E-05 9.70E-05 

0.8 0.089865793 0.089858479 0.089290229 5.76E-04 7.31E-06 4.49E-05 

0.9 0.040656966 0.040653124 0.040351558 3.05E-04 3.84E-06 9.44E-06 

1 0 0 0 0.00E-00 0.00E-00 0.00E-00 
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Fig. 2.  Graphically representation of Accurate solution, CNPS outcome, CPS outcome and their Absolute Errors for problem 3.1 at ℎ =
1

10
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Fig. 4.  Graphically representation of Accurate solution, CNPS outcome, CPS outcome and their Absolute Errors for problem 3.2 at ℎ =
1

10
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Fig. 6.  Graphically representation of Accurate solution, CNPS outcome, CPS outcome and their Absolute Errors for problem 3.3 at ℎ =
1

10
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Tab. 5.  Comparison of accurate, CNPS along with CPS for problem 3.3 at ℎ =
1

10
  

  

𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS [6] 

0 1 1 1 0.00E-00 0.00E-00 0.00E-00 

0.1 1.105170918 1.105171098 1.105120542 5.04E-05 1.80E-07 3.82E-06 

0.2 1.221402758 1.221403102 1.221310719 9.20E-05 3.43E-07 1.35E-05 

0.3 1.349858808 1.349859281 1.349734356 1.24E-04 4.73E-07 2.64E-05 

0.4 1.491824698 1.491825254 1.49167782 1.47E-04 5.56E-07 3.85E-05 

0.5 1.648721271 1.648721853 1.648562907 1.58E-04 5.82E-07 4.64E-05 

0.6 1.8221188 1.82211935 1.821961083 1.58E-04 5.50E-07 4.70E-05 

0.7 2.013752707 2.01375317 2.01360923 1.43E-04 4.62E-07 3.94E-05 

0.8 2.225540928 2.225541259 2.225427036 1.14E-04 3.31E-07 2.48E-05 

0.9 2.459603111 2.459603282 2.45953623 6.69E-05 1.70E-07 8.50E-06 

1 2.718281828 2.71828 2.71828 0.00E-00 0.00E-00 0.00E-00 

  

Tab. 6.  Comparison of accurate, CNPS along with CPS for problem 3.3 at ℎ =
1

5
  

  

𝝕 Accurate solution CNPS solution |𝒆𝒓𝒓𝒐𝒓| on CNPS CPS solution |𝒆𝒓𝒓𝒐𝒓| on CPS [6] 

0 1 1 0.00E-00 1 0.00E-00 0.00E-00 

0.2 1.221402758 1.221403377 6.19E-07 1.22103274 3.70E-04 5.42E-05 

0.4 1.491824698 1.491825707 1.01E-06 1.491234204 5.90E-04 1.53E-04 

0.6 1.8221188 1.822119714 9.13E-07 1.821484771 6.34E-04 1.95E-04 

0.8 2.225540928 2.225541357 4.28E-07 2.225083141 4.58E-04 1.04E-04 

1 2.718281828 2.71828 0.00E-00 2.71828 0.00E-00 0.00E-00 

4.  CONCLUSION 

This paper addresses a gap in the existing literature by focusing 
on high-order nonlinear BVPs, which are less commonly explored 
compared to lower-order problems. this paper propose novel nu-
merical strategies that involves non-polynomial and polynomial cu-
bic splines to solve the nonlinear seventh order BVPs. Non-polyno-
mial splines offer local control and are ideal for modeling intricate 
curves. In contrast, cubic polynomial splines excel in providing 
smooth interpolation. The choice between them depends on the 
problem’s demands for local control or smoothness. The study 
shows that both CPS and CNPS methods can effectively solve non-
linear seventh-order BVPs, providing accurate approximations com-
pared to exact solutions. For both methods, the domain [0,1] is di-
vided into sub-intervals with step sizes of ℎ = 1/10 and ℎ = 1/5. 

The employed methods are rigorously assessed through exper-
imentation on three distinct test problems. These benchmark prob-
lems encompass various nonlinear differential equations with differ-
ent combinations of exponential, trigonometric, and polynomial 
terms, providing a diverse set of challenges for assessing the per-
formance of the CPS and CNPS methods. The outcomes attained 
showcase an exceptional level of accuracy, extending up to 7 deci-
mal places. These commendable results are vividly depicted in both 
the tabulated data and accompanying graphs. Such a high degree 
of precision substantiates the dependability and efficiency of the 
proposed method. 

The CNPS method generally produces more accurate results 
than the CPS method. Smaller step sizes result in more accurate 
solutions for both methods, though at the cost of increased compu-
tational effort. For instance, with ℎ = 1/10, the errors in both 
methods decrease compared to ℎ = 1/5. Tab.1 shows that for 
Problem 3.1 with ℎ = 1/10, the CNPS method achieves maximum 

absolute errors as low as 1.22 × 10−7, while the CPS method has 

errors up to 5.83 × 10−5. Tab.2 for ℎ = 1/5 indicates that while 
both methods’ errors increase, CNPS still outperforms CPS in ac-
curacy. 

The graphical illustrations (Fig. 2, 4, 6) highlight the precision of 
both methods. CNPS shows smaller absolute errors compared to 
CPS, indicating better convergence to the exact solution. Figure 1 
visually confirms the superior accuracy of CNPS with lower absolute 
errors compared to CPS. Fig. 1, 3 and 5 shows the graphical com-
parison on CPS and CNPS with other spline [6].  

By comparing the CPS and CNPS methods, the research high-
lights the strengths and weaknesses of each approach, offering val-
uable insights for future applications. This is illustrated through var-
ious figures and numerical simulations presented in the results sec-
tion, demonstrating the close agreement between the numerical and 
exact solutions. This comparative analysis is particularly useful for 
researchers and practitioners seeking efficient numerical methods 
for similar problems. 
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Abstract: The purpose of this study was to carry out an experimental-numerical research of the influence of the composite layer system  
on the compressive strength of thin-walled eight-layer composite profiles with closed sections. The subjects of the study were thin-walled 
composite profiles made of carbon-epoxy composite by autoclave technique. The experimental studies utilized a universal testing machine, 
an optical deformation measurement system, and a digital microscope with a mobile working head. In parallel with the experimental studies, 
numerical simulations were conducted using the finite element method. Both the experimental studies and numerical simulations focused 
primarily on assessing the phenomenon of load-carrying capacity loss. The numerical simulations employed progressive damage analysis, 
which enabled the analysis of the obtained post-critical equilibrium paths. The research was conducted as part of a project funded  
by the National Science Centre, project no. 2021/41/B/ST8/00148. 

Key words: failure; closed profile; experimental study; FEM; axial compression 

1. INTRODUCTION 

Thin-walled composite structures are widely used in many in-
dustries due to their relatively high strength and stiffness while 
maintaining low weight and ability to operate in harsh operating 
conditions [1]. These structures, especially those with closed sec-
tions, are mainly designed to carry compressive loads [2,3]. A de-
sirable and common feature of this type of structure is the ability to 
carry compressive loads even after loss of stability, i.e. after buck-
ling has occurred. In most cases, buckling does not significantly af-
fect the ability to carry the load in the covered state (i.e., the state 
after buckling has occurred), since the redistribution of stresses in 
the loaded structure leads to a change in its deformation, which 
does not significantly reduce the ability to continue working under 
load conditions. The ability to carry higher loads than those causing 
buckling significantly increases the operational safety of such struc-
tures [4-7]. Some laminates with appropriately selected geometric 
parameters and ply arrangement are capable of carrying up to sev-
eral times the buckling load. Increasing the load after buckling can 
lead to such phenomena as the initiation and propagation of fiber 
and matrix damage, delamination, and, as a further consequence, 
increasing the load can lead to a loss of load carrying capacity, that 
is, the ability of the structure to carry the load due to the develop-
ment of structural damage [8,9]. 

The geometry of the cross-section of a composite profile has a 
direct impact on its strength, stiffness and load response character-
istics. There are two basic varieties of composite profiles: closed 
cross sections [2,3,10] and open cross sections [10-12]. Studies 
have shown that composites with closed sections have higher 
strength and significantly higher stiffness compared to profiles with 
open sections. The higher stiffness is due to higher structural integ-
rity, resulting in better stress distribution and higher resistance to 

torsional effects. As a result, these profiles have higher structural 
stability [13-15]. 

The layer arrangement and their quantity have a significant im-
pact on the stability and strength of the structure. These properties 
directly determine the behavior of the loaded structure and its re-
sistance to damage, such as matrix and reinforcement cracking and 
tearing, as well as resistance to delamination. In most cases, in-
creasing the number of layers enhances the structure's load re-
sistance; however, as the number of layers grows, the total mass 
of the structure also increases [16-18]. Therefore, an important as-
pect is the careful selection of the number of layers and their con-
figuration to optimize the strength properties of the profile. 

This article focuses on conducting a comparative analysis of 
the impact of layer arrangement on the phenomenon of failure and 
the load-carrying capacity of three types of composite columns. 
These columns, made from carbon-epoxy composite, feature dif-
ferent layer arrangements but have identical cross-sectional geom-
etries. The assessment of the influence of layer configuration on 
load-carrying capacity was performed using several independent 
research methods. Experimental tests were conducted using inter-
disciplinary techniques such as a universal testing machine, an op-
tical deformation measurement system, and acoustic emission 
monitoring. Computer simulations were carried out using the finite 
element method in Abaqus® software. The material properties of 
the analyzed structures were experimentally determined in the fol-
lowing studies [13,19] 

The novelty of this work lies in the analysis of the impact of layer 
arrangement on load-carrying capacity across three configurations 
with identical closed cross-sections. Experimentally obtained re-
sults were compared with those derived from numerical simula-
tions. The primary aim of the study was to compare load-carrying 
capacities across the three different layer arrangements. 

https://orcid.org/0000-0002-4093-1702
https://orcid.org/0000-0003-1997-3235
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2. RESEARCH OBJECT 

The thin-walled composite structures studied were made of car-
bon-epoxy composite CFRP by autoclave technique, using CY-
COM 985-42%-HS-135-305 prepreg tape [20]. This tape is charac-
terized by a width of 305 mm, a volume content of type 985 resin of 
42% and a carbon fiber reinforcement with a density of 135 g/m2.  
The tested structures were made by winding the prepreg onto an 
inner core with winding angles corresponding to the ply configura-
tion. Curing of the composite structure in an autoclave was carried 
out at a temperature of 177°C and a pressure of 0.6 MPa. A de-
tailed description of the process of manufacturing composite sec-
tions with closed sections was presented in the article [21], on the 
basis of which the present samples were made. Full-load tests were 
carried out for three different layer configurations in the composite, 
analyzing the following layer arrangements: 1 – [0/90/0/90]s; 2 – 
[45/-45/90/0]s; 3 – [90/-45/45/0]s. For each layer configuration in 
the composite, three actual samples were produced and used in 
experimental studies, with the following overall dimensions (in mm): 

 
Fig. 1. Overall dimensions of test specimen 

Tab. 1.  Material properties of the carbon–epoxy composite:average 
values with standard deviation from a number of material test 
trials more extensively described in papers [13,19] 

Mechanical properties Strength parameters 

Young’s modulus 
E1 (MPa) 

103014.11 
(2145.73) 

Tensile strength (0°)  
Ftu (MPa) 

1277.41 

(56.23) 

Young’s modulus 
E2 (MPa) 

7361.45 
(307.97) 

Compressive strength 
(0°) Fcu (MPa) 

572.44 

(46.20) 

Poisson’s ratio 
υ12 [-] 

0.37 

(0.17) 

Tensile strength (90°)  
Ftu (MPa) 

31.46 

(9.64) 

Kirchhoff 
modulus G12 

(MPa) 

4040.53 
(167.35) 

Compressive strength 
(90°) Fcu (MPa) 

104.04 

(7.34) 

 Shear strength (45°) 
Fsu (MPa) 

134.48 

(2.71) 

In order to develop numerical models that represented the ac-
tual structures faithfully, it was necessary to determine the mechan-
ical and strength parameters of the material from which the test 
specimens were made. This allowed the analysis of the structure's 
load-carrying capacity and numerical simulations to be carried out 
in the post-buckling range up to complete failure. The material prop-
erties, shown in Table 1, were determined in accordance with cur-
rent ISO standards using static strength tests. A detailed 

description of the procedure for determining material parameters is 
presented in the article [13]. Numerical models corresponding to 
the actual structures were developed with a Lamin-type orthotropic 
model using the determined material properties, using the commer-
cial software Abaqus. This made it possible to compare the results 
and behavior of the numerical models with experimental results. In 
the present study, the effect of mechanical couplings, such as tor-
sion and bending of the composite structure, were not considered 
due to their negligible effect on the operation and behavior of the 
loaded real structure [22-24]. 

3. EXPERIMENTAL STUDIES 

Experimental studies were carried out at the same time using 
several interdisciplinary research methods. The basic tool used in 
the experimental research was a Zwick Z100 universal testing ma-
chine [25], which allows recording the behavior of the structure in 
the covered state until it loses its load-carrying capacity, i.e. the 
structure's ability to carry the load. Tests carried out with a constant 
feed rate of the head of the strength machine of 1mm/min at room 
temperature. Axial compression tests were carried out by placing 
specimens between special working heads whose flat platforms 
(crossheads) maintain parallelism throughout the experimental 
tests. During testing with the testing machine, the Aramis 2D optical 
deformation measurement system was used. This system allowed 
non-contact recording of the deformation of the specimen under 
compression, which eliminates the possibility of interference and 
measurement inconsistencies arising from contact between the 
measuring tool and the test piece. The operation of this system is 
based on the principle of Digital Image Correlation (DIC). The use 
of this measurement system in the present study made it possible 
to record phenomena such as buckling but especially failure, which 
was the focus of the study. Graphical representation of defor-
mations provided a more detailed understanding of the nature of 
the damage phenomenon. In order to eliminate unwanted image 
overexposure of the recorded composite columns, filters were used 
to absorb excess light that could adversely affect the quality of the 
obtained images. This allowed the elimination of unfavorable opti-
cal effects and reflections. In addition, LED reflectors were used to 
ensure uniform illumination and adequate brightness, which elimi-
nated the problem of uneven illumination [26,27]. 

Fig. 2. Test stand 

  
 
Also used in the research was a Keyence VHX-970F digital mi-

croscope with a movable head mounted on an articulated arm, 
which allows observation of defects to identify and evaluate them. 
This microscope included a VHX-A97FP control console, VHX-
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H5M 3D measurement software, VHX-7020 camera, VH-Z20T 
zoom lens (magnification 20×÷200×), VH-Z00T zoom lens (magni-
fication 0×÷50×) and VHX-S600E tripod. The use of this device 
made it possible to record high-resolution images on which various 
forms of damage can be observed, such as warp and fiber discon-
tinuity and material delamination [28,29]. 

4. NUMERICAL SIMULATIONS 

Numerical studies were carried out using the Finite Element 
Method (FEM). Numerical simulations were performed using the 
commercial software Abaqus. For each structure analyzed, dedi-
cated numerical models were developed, faithfully reproducing ac-
tual structures and experimental tests, based on the „Lamina” type 
modeling method using the material data shown in Table 1. The 
material model used in the numerical simulations (Lamina modeling 
type) enabling an orthotropic approach in composite material mod-
eling. Material properties determined experimentally (shown in Ta-
ble 1) were implemented under Elastic type properties and Fail 
Stress type properties. The models represented an eight-layer 
composite made of carbon-epoxy CFRP material, with layers of 
equal thickness arranged in three different lay-ups:  
1 - [0/90/0/90]s, 2 - [45/-45/90/0]s and 3 - [90/-45/45/0]s. In order to 
represent the experimental studies, the traverses of the universal 
testing machine, modeled as non-deformable shell elements, were 
modeled in the numerical model, which made it possible to incor-
porate boundary conditions into the numerical model. A numerical 
model of the composite structure was placed between the non-de-
formable shell elements. Discrete models of the composite struc-
tures were designed using Continuum Shell with SC8R-type finite 
elements (eight-node general-purpose shell elements with three 
degrees of freedom (translations) at each node). The traverses of 
the universal testing machine were modeled using Shell elements 
of type R3D4 (four-node elements with six degrees of freedom, i.e., 
three translational and three rotational). The global mesh density of 
the discrete composite column model was 2 mm, and the compo-
site structure model consisted of 9200 finite elements. For the dis-
crete model of plate elements, the global mesh density was 2.5 mm, 
and the model consisted of 1120 finite elements.  

The FEA-based study used SC8R-type finite elements due to 
significantly more favorable test results than either S4R or S8R-
type shell elements. Due to the high stiffness of the composite pro-
files, the composite modeling technique using SC8R (Continuum 
Shell) type elements made it possible to obtain higher convergence 
in terms of both structural stability and load carrying capacity. 

To represent the correct interaction between the composite el-
ement and plate elements, contact relations were defined, taking 
into account contact interaction in the normal and tangential direc-
tions. In order to provide the correct interaction between the mating 
surfaces of the elements, especially in the post-buckling condition, 
the effect of frictional interaction in the tangential direction was 
taken into account. A “penalty” contact type was used, with a friction 
coefficient value of 0.2. Contact in the normal direction was mod-
eled using a so-called “hard” contact of the normal-overclosure 
type, which allows separation of elements during the course of the 
numerical analysis. 

To reproduce the experimental conditions, boundary conditions 
were defined at reference points coupled to non-deformable shell 
elements. For the lower plate, all degrees of freedom of the refer-
ence point were locked. On the other hand, for the upper plate, re-
alizing axial compression of the material, the direction on the Z-axis 

was left unrestrained, making it possible to introduce displacement 
of the reference point - thus simulating the phenomenon of axial 
compression of the composite structure. 

 
Fig. 3. Numerical model with boundary conditions 

Numerical research was carried out in two stages, and in the 
first stage a model was developed to enable buckling state analy-
sis, in which the force and buckling form of the structure were de-
termined based on the minimum potential energy criterion. The so-
lution of the linear eigenproblem is presented in Eq. (1), and its de-
tailed description is contained in the works [2,8]. 

(𝐾0
𝑁𝑀 + 𝜆𝑖𝐾𝛥

𝑁𝑀)𝜈𝑖
𝑀 = 0                                                            (1) 

where: 𝐾0
𝑁𝑀 - structural stiffness matrix, equivalent to the initial 

condition, which includes the effects of preloads PN), 𝐾𝛥
𝑁𝑀 - the 

differential matrix of initial stress and load stiffness resulting from 

the incremental loading pattern (QN), 𝜆𝑖 – is the eigenvalues, 𝜈𝑖
𝑀 - 

represents the buckling mode, known as the eigenvectors, M and N 
- the degrees of freedom of the entire model, i - buckling form 
(mode). The critical load is represented by the equation: 𝑃𝑁 +
𝜆𝑖𝑄

𝑁. 
The present study didn't focus on the first stage of the research. 

This stage only served to correctly conduct the target nonlinear 
structural capacity calculations based on the obtained forms of loss 
of stability. The target, and the one on which the work focused, 
stage of numerical research was to conduct nonlinear stability anal-
ysis of the structure. In the present analysis, the obtained forms of 
loss of stability were used and geometric imperfections were taken 
into account in order to correctly carry out the nonlinear load capac-
ity analysis. This approach makes it possible to reproduce imper-
fections in the shape of real structures that arise during the manu-
facturing process. Load simulations in the full load-carrying range 
were carried out using the Newton-Raphson method, an incremen-
tal-iterative method that allows analysis of the structure's behavior 
in the covered state, taking into account the phenomenon of deg-
radation of the structure's stiffness due to damage initiation and 
evolution. The method used has enabled the use of an advanced 
material degradation model known as Progressive Failure Analysis 
(PFA). Using the Progressive Failure Analysis model [30], taking 
into consideration the damage initiation criterion based on the 
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Hashin criterion [31,32], and the damage evolution criterion based 
on the energy criterion [33,34]. This made it possible to carry out a 
numerical analysis, taking into account the adverse effects of dam-
age caused by loading the structure on the load carrying capacity 
of composite structures. The damage initiation condition is 
achieved when any of the following equations reaches a value of 1: 

𝐹𝑓
𝑡 = (

𝜎̂11

𝑋𝑇)
2

+ 𝛼 (
𝜏̂12

𝑆𝐿 )
2

= 1, (𝜎1̂1 ≥ 0),                                 (2) 

𝐹𝑓
𝑐 = (

𝜎̂11

𝑋𝐶 ) , (𝜎1̂1 < 0),                                                    (3) 

𝐹𝑚
𝑡 = (

𝜎̂22

𝑌𝑇 )
2

+ (
𝜏̂12

𝑆𝐿 )
2

= 1, (𝜎2̂2 ≥ 0),                                      (4) 

𝐹𝑚
𝑐 = (

𝜎̂22

2𝑆𝑇)
2

+ [(
𝑌𝐶

2𝑆𝑇)
2

− 1]
𝜎̂22

𝑌𝐶 + (
𝜏̂12

𝑆𝐿 )
2

= 1, (𝜎2̂2 < 0),          (5) 

where: 𝑋𝑇and 𝑋𝐶- tensile and compressive strength in the direc-

tion along the fibers, 𝑌𝑇and 𝑌𝐶 - tensile and compressive strength 

in the direction perpendicular to the fibers, 𝑆𝐿 and 𝑆𝑇 - shear stre-
ngth in the direction along and transverse to the fibers, 𝛼 - effect of 

shear stress, 𝜎̂11, 𝜎̂22, 𝜏̂12 - the components of the effective stress 
tensor. 

Damage is defined as the loss of effective cross-sectional area 
[35], so in order to describe the phenomenon of damage, the dam-
age coefficient d was presented in scalar form. A value of this co-
efficient of 0 indicates that no damage has occurred, while reaching 
a value of 1 indicates damage to the structure. The effective stress 
is defined as [36]: 

𝜎̂ = 𝑀𝜎 =

[
 
 
 
 

1

1−𝑑𝑓
0 0

0
1

1−𝑑𝑚
0

0 0
1

1−𝑑𝑠]
 
 
 
 

{

𝜎11

𝜎22

𝜏12

}                                                     (6) 

where: 𝜎̂ – effective tension, 𝜎 – apparent tension (Cauchy nomi-
nal), 𝑑 - damage parameter: fiber, matrix and shear damage, 𝑀 - 
damage operator, 𝜎𝑖𝑗 - stresses on the appropriate directions. 

A model accounting for the degradation of the stiffness matrix 
coefficients was applied for the analysis of anisotropic materials re-
inforced with long continuous fibers. Based on equation (6) and the 
quantitative analysis of the Poisson’s ratio degradation [36], the 
compliance matrix, considering the damage, can be expressed as: 

𝐹 =

[
 
 
 
 

1

(1−𝑑𝑓)𝐸1
−

𝑣12

𝐸2
0

−
𝑣12

𝐸1

1

(1−𝑑𝑚)𝐸2
0

0 0
1

(1−𝑑𝑠)𝐺12]
 
 
 
 

                                               (7) 

The damaged stiffness matrix can be expressed as: 

𝐶 =
1

𝐴
[

(1 − 𝑑𝑓)𝐸1 (1 − 𝑑𝑓)(1 − 𝑑𝑚)𝑣12𝐸1 0

(1 − 𝑑𝑓)(1 − 𝑑𝑚)𝑣12𝐸2 (1 − 𝑑𝑓)𝐸2 0

0 0 𝐴(1 − 𝑑𝑠)𝐺12

]    (8) 

The parameter A in the equation is expressed as: 

𝐴 = 1 − 𝑣12𝑣21(1 − 𝑑𝑓)(1 − 𝑑𝑚)                                                (9) 

In the case where damage initiation has occurred in the com-
posite material (i.e., when any of the above equations are satisfied), 
further loading of the composite structure results in damage evolu-
tion, leading to the gradual degradation of the composite structure’s 

stiffness until the loss of load-carrying capacity. Below are the pa-
rameters related to the destruction phenomenon, and a detailed de-
scription of the damage evolution phenomenon has been presented 
in the following articles [8,25]. 

𝑑𝑓 = {
𝑑𝑓

𝑡 , 𝑖𝑓 𝜎1̂1 ≥ 0

𝑑𝑓
𝑐 , 𝑖𝑓 𝜎1̂1 < 0

                                                                  (10) 

𝑑𝑚 = {
𝑑𝑚

𝑡 , 𝑖𝑓 𝜎2̂2 ≥ 0

𝑑𝑚
𝑐 , 𝑖𝑓 𝜎2̂2 < 0

                                                                (11) 

𝑑𝑠 = 1 − (1 − 𝑑𝑓
𝑡)(1 − 𝑑𝑓

𝑐)(1 − 𝑑𝑚
𝑡 )(1 − 𝑑𝑚

𝑐 )                          (12) 

where: 𝑑𝑓 – fiber damage parameter, 𝑑𝑚 – matrix damage para-

meter, 𝑑𝑠 – shear damage parameter. 
When the damage initiation condition is realized, further loading 

of the thin-walled composite column will lead to degradation of the 
material's stiffness parameters. To allow simulation of the evolution 
of this phenomenon, it is necessary to introduce additional parame-
ters of the damage energy. This process is controlled by damage 
variables, and its evolution is based on the fracture energy 𝐺𝑐, 
which is released during damage propagation. In the context of da-
mage evolution, it is required to determine the energy parameters 

𝐺𝑐
𝑓𝑡

, 𝐺𝑐
𝑓𝑐

, 𝐺𝑐
𝑚𝑡 and 𝐺𝑐

𝑚𝑐, which represent the energies dissipated 

during damage for the tension and compression of the fiber and 
matrix. Damage evolution begins when the initiation criterion based 
on Hashin's criterion is met, which allows progressive failure analy-
sis (PFA) to be performed, as detailed shown in the literature [8,25]. 

5. RESEARCH RESULTS 

The application of experimental and numerical research meth-
ods enabled the assessment of the impact of layer configuration on 
the load-carrying capacity of thin-walled composite structures. Uti-
lizing interdisciplinary research methods allowed for determining 
the maximum loads that the analyzed structures can withstand. The 
studies conducted with the use of a universal testing machine facil-
itated the determination of experimental equilibrium paths, which 
served as the basis for calculating maximum load capacities (Pf). 
Three different layer configurations were compared, with three ac-
tual structures prepared and tested for each case. The experimen-
tally determined equilibrium paths and those calculated using the 
finite element method were collated and presented in Figure 4, 
providing a graphical representation of the differences among the 
results. The maximum load values obtained through experimental 
and numerical methods are presented in Table 2. All units of the 
obtained results have been presented in Newtons (N). The rec-
orded strain results, obtained via the Aramis 2D optical deformation 
system and expressed as percentages, are presented with an ac-
curacy of three decimal places. 

The tests carried out showed that configuration 1 had the hi-
ghest experimentally determined average limit (failure) load value, 
achieving about 1.30 times the load of the lowest observed average 
load-carrying capacity for configuration 3, and nearly 1.17 times the 
load of the average load-carrying capacity observed for configura-
tion 2 (in experimental tests). Similar trends were observed in the 
numerical analyses, where the same samples achieved the highest 
and lowest load-carrying values. The numerical simulations confir-
med the results of the experimental studies, indicating that the fai-
lure load for configuration 1 was 1.27 times higher than for configu-
ration 3 and approximately 1.17 times higher than for configuration 
2. 
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Fig. 4. Summary of post-buckling equilibrium paths 

Tab. 1. Failure force values obtained experimentally and numerically 

      Spec. 
No 

 
Lay-up                        

1 (N) 2 (N) 3 (N) 
EXP 

Avg.Value 
(N) 

FEM 
(N) 

 

[0/90/0/90]s 39799.60 39150.57 40573.07 39841.08 40462.60  

[45/-45/90/0]s 33661.53 34416.62 34364.65 34147.60 34456.80  

[90/-45/45/0]s 29448.82 31415.54 31172.51 30678.96 31884.60  

 
The conducted studies demonstrated a high level of agreement 

between the results obtained from experimental tests and numeri-
cal simulations, both qualitatively and quantitatively. The analysis 
of the equilibrium paths showed a good correlation between the 
characteristics obtained by experimental and numerical methods. It 
was observed that the loss of load-carrying capacity occurs at simi-
lar failure load values and with comparable shortening in both met-
hods. The similarity in the behavior of the characteristics obtained 
through the finite element method indicates a high consistency of 
the numerical model with the experimental results. A quantitative 
analysis of the load-carrying forces obtained experimentally and 
numerically showed very good agreement. The failure load values 
obtained numerically were slightly higher than the average experi-
mental values—about 1.016 times higher for configuration 1, 
approximately 1.009 times higher for configuration 2, and around 
1.039 times higher for configuration 3. 

The comparison of the equilibrium path progression revealed 
that the characteristics obtained through the finite element method 
display slightly higher force values compared to experimental re-
sults, especially noticeable in the early stages of structural loading. 
This suggests a greater stiffness in the numerical models. Discre-
pancies between experimental results and numerical simulations 
are attributed to imperfections in the sample manufacturing met-
hods, which cause minor geometric and structural inaccuracies in 
the actual composite structures. Nonetheless, these differences are 
minimal and do not affect the overall quality of the conducted stu-
dies. 

In the conducted study, it was observed that the analyzed struc-
tures failed in areas located near the midpoint of the composite co-
lumn height. Additionally, it was shown that the thin-walled structu-
res under investigation lose their load-carrying capacity due to layer 
cracking, matrix rupture, and interlayer delamination, as illustrated 
in Figure 6. Experimental studies revealed complex failure modes 
that exhibited varied forms of structural damage. For profiles of ty-
pes 1 and 3, the predominant damage mechanism was distinct 
transverse cracking of the layers, perpendicular to the column 

height, which results from the specific layer arrangement. This pro-
cess was further associated with the occurrence of delamination. In 
contrast, for the second profile type, the primary damage mecha-
nism involved layer cracking at a 45° angle relative to the longitu-
dinal direction of the structure, resulting from the orientation of the 
laminate’s outer layers (45°/-45°), accompanied by delamination 
phenomena. 

  

                   a) b) 

  

                     c) d) 

  

                                   e)                        f) 

Fig. 5. Comparison of numerical-experimental failure: a) FEM – 1 lay-up, 
b) EXP – 1 lay-up, c) FEM – 2 lay-up, d) EXP – 2 lay-up, e) FEM – 
3 lay-up, f) EXP – 3 lay-up 
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a) 

 
b) 

 
c) 

Fig. 6. Damaged structures with graphical visualization of deformations 
and enlarged representation of selected damage areas: a) 1 lay-
up, b) 2 lay-up, c) 3 lay-up 

The analysis of the damage forms in the tested profiles, as 
shown in the figures above, revealed a significant influence of layer 
arrangement on the nature of the damage. The configuration of lay-
ers determines the intensity of damage from cracking as well as the 
susceptibility to delamination. Despite differences in the types of 
damage observed, the affected areas remained similar regardless 
of the layer arrangement in the composite. 

The numerical simulations conducted using the finite element 
method indicated that the outer and inner layers of the laminate are 

more susceptible to damage, and consequently, to failure, compa-
red to the central layers of the composite structure. A comparison 
of the damage levels is illustrated in the figure below, using the type 
1- [0/90/0/90]s profile as an example: 

 
Fig. 7. Comparison of the damage level of individual layers 

It was observed that the failure phenomenon is more extensive 
in the outer layers of the composite, which was confirmed by both 
numerical simulations and experimental studies. The damage 
forms obtained provide the basis for the development of more ad-
vanced FEM models, such as damage modeling techniques using 
CZM (Cohesive Zone Model) or XFEM (Extended Finite Element 
Method), applied to the analysis of delamination and fracture of 
composite material layers. 

6. CONCLUSIONS 

The subject of the study was an eight-layer column made of 
carbon-epoxy composite with a cross-sectional dimension of 60 
mm x 20 mm, height of 200 mm, and thickness of 1.24 mm, with 
three different layer configurations: 1 - [0/90/0/90]s, 2 - [45/-
45/90/0]s, 3 - [90/-45/45/0]s. The samples were subjected to axial 
compression testing using a universal testing machine to determine 
the load-carrying capacity. The tests were conducted on nine real 
specimens, with three specimens produced for each layer configu-
ration, and each specimen was tested once until failure. 

Numerical simulations using the finite element method were 
also performed. Proprietary numerical models were developed, us-
ing the Lamin model dedicated to composite materials. The devel-
oped models reflected the conditions of the experiments carried out 
and the mechanical properties of the tested profiles, making it pos-
sible to analyze their behavior over the full range of loading, up to 
the complete failure of the structure. 

The conducted studies showed that the layer arrangement sig-
nificantly affects the load-carrying capacity of composite columns. 
Configuration 1 - [0/90/0/90]s had the highest load-carrying 



DOI 10.2478/ama-2025-0022                                                                                                                                                          acta mechanica et automatica, vol.19 no.2 (2025)                                                                                                                                                                                                                                                                       

195 

capacity, while  configuration 3 configuration - [90/-45/45/0]s had 
the lowest. Table 2 presents the detailed results of the experimental 
and numerical studies. The analysis of the obtained results re-
vealed a high level of agreement between the experimentally ob-
tained results and the numerical analysis outcomes. This indicates 
the high quality and accuracy of the developed numerical models. 
Additionally, the analysis of equilibrium paths confirms a high level 
of convergence between the numerical analyses and the conducted 
tests. 

The damage analysis revealed that the most susceptible layers 
to failure are the outermost and innermost layers of the laminate. 
The middle layers exhibit less susceptibility to damage, as shown 
in Figure 7. It was also observed that the primary forms of failure 
are delamination and layer and matrix cracking, with the damage 
localized in the area around the midpoint of the composite column's 
height, as presented in Figure 6. 
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Abstract: The axisymmetric heat conduction problems of local surface heating for a FGM-coated body are considered. The following types 
of the coating were considered: a transversal isotropic gradient coating with continuously varying thermal properties; a coating consisting of 
a finite number of homogeneous transversal isotropic layers with slowly varying thermal properties; a coating consisting of a finite number of 
representative cells containing two homogeneous layers. The solution for a specially selected multilayer coating was compared with that for 
a transversal isotropic coating with exponentially varying properties. It has been shown that multilayer coatings with a step change of the 
thermal properties can be described using a homogenization method with microlocal parameters. 

Key words: heat conduction problem, temperature, heat flux, transversal isotropic gradient coating, multi-layered structure 

1. INTRODUCTION 

In engineering practice, assessing the reliability of machine 
components or the strength of structures is closely related to the 
problems of heat generation and conduction. High temperature 
may cause an additional thermos-elastic deformation, thermal 
stress-induced cracking, and even a change of material properties. 
Therefore, the substrate is usually coated with a protective thermal 
barrier. The base material used in most high-temperature applica-
tions is  ceramic. However, ceramics have some shortcomings, 
such as being brittle and susceptible to cracking. Protective cover-
ings made of functionally graded material (FGM) are often used to 
alleviate these problems. Unlike a homogeneous or periodic coat-
ing, FGM- coating allows matching material properties at the inter-
face. As a result, these coating structures are able to withstand 
high-temperature gradients without structural failures. Many exper-
imental and numerical studies [1 – 3] have shown that FGMs used 
as coatings can effectively reduce thermal stresses, enhance inter-
face bonding strength and improve the surface properties of mate-
rials. 

Actually, FGMs are mixtures of two or more different materials. 
Volume fraction of each material varies along the thickness of the 
coating. The gradual change in material properties is adapted to 
meet the different requirements. The mathematical models of such 
materials are derived by using some averaging procedures. In the 
case of the gradient coating that has the properties of an isotropic 
solid at the macro level, classical averaging methods are still often 
used: the Voigt estimation [4] or the Reus’s estimation [5]. However, 
these estimates are insufficient [6] to properly describe FGM-coat-
ing that that has the anisotropic properties at the macro level, in 
particular the multilayer structures. Therefore, increasing usage of 
multi-layered coatings requires development of more accurate 
mathematical models for analysis of experimental results. 

The anisotropic properties of the multi-layer coating are taken 
into account in homogenization methods. Particularly noteworthy is 

the homogenization method with microlocal parameters [7, 8], 
which was previously used to solve problems for periodic multilayer 
media. In the problems of thermal conductivity for a multilayer coat-
ing with a periodic structure [9, 10], this method makes it possible 
to evaluate not only mean values of the analyzed state functions 
but also their local values in every layer of the periodicity cell. 

It is usually assumed that the condition for applying the homog-
enization method is that a considered body consists of a periodi-
cally repeating representative unit cells. Kulchytsky-Zhyhailo et al. 
demonstrated [11, 12] the possibility of using the homogenization 
method with microlocal parameters for modeling cylindrical and 
spherical multilayer structures with slowly changing properties. The 
authors solved one-dimensional centrally-symmetric thermo-elas-
ticity problems for a hollow multilayer cylindrical or spherical vessel. 
The vessel wall was made of a composite material assembled of 
concentric perfectly connected representative cells. A representa-
tive cell was composed of two homogeneous layers. The parameter 
describing the volumetric fraction of the first-kind layer in a repre-
sentative cell may have been different for different representative 
cells. It has been shown that the solution based on the homogeni-
zation method is fully consistent with the solution for the problem in 
which each layer is considered separately. 

In the case where a multilayer coating with a periodic structure 
is described by the homogenization method, the problem consists 
in solving the differential equations with constant coefficients. The 
analytical solution of obtained equations is known. A homogenized 
multilayer coating with slowly changing properties is described by 
the differential equations with variable coefficients. The analytical 
methods for solving such equations are known only for a few forms 
of a functions describing material properties. An overview of cases 
in which we can find analytical solutions to selected problems can 
be found in [13]. In this paper the problem for transversely isotropic 
half-space with Young’s and shear moduli varying exponentially 
with depth was considered. In recent years, a number of the funda-
mental solutions to an exponentially graded transversely isotropic 
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medium (half-space or layer) have been obtained [14 – 22]. The 
analytical solution algorithm usually consists of writing the state 
function in integral form, which integrands contain Fourier or Hankel 
transforms of the forcing factor and the fundamental solution of or-
dinary differential equations with variable coefficients, obtained us-
ing the integral transformations. 

Parallel with the application of analytic methods for the solution 
of partial differential equations, a gradient isotropic coatings was 
also modelled by using an approach [23 – 34] according to which 
the coating is replaced with a package of homogeneous or inhomo-
geneous layers. Solution in each layer was constructed analytically. 
This made it possible to solve problems for functionally graded iso-
tropic coating with arbitrarily varying properties. For transversal iso-
tropic gradient coating, this approach was not used. 

In this paper, the axisymmetric thermal conduction problem of 
the local heating of the surface of an inhomogeneous anisotropic 
half-space is investigated. The considered half space consists of a 
homogeneous substrate and a graded transversely isotropic coat-
ing with the slowly graded structure. In the first part of the article, 
the effectiveness of the algorithm based on replacing the gradient 
coating with continuously varying thermal properties with the pack-
age of homogeneous transversally isotropic layers is verified. For 
this purpose, the solution for the multilayer coating was compared 
with that for a transversely isotropic coating with exponentially var-
ying properties. 

In the second part of the paper, a gradient coating containing a 
finite number of representative cells consisting of two homogene-
ous isotropic layers was investigated. The considered coating was 
described using the homogenization method with microlocal pa-
rameters. The problem for the homogenized coating was solved 
using the algorithm presented in the first part of the work. Good 
agreement was shown between the solution for the coating de-
scribed by the homogenization method and the solution for the mul-
tilayer coating with a step change in thermal properties. 

2. FORMULATION OF THE PROBLEM 

 
Fig. 1. The scheme of considered problem 

Assume that the surface z = h of the graded coated half-space 
is heated by a heat flux q(r) on the circle of radius a, where r, z 
are dimensionless cylindrical coordinates referred to the linear size 
a, h = H/a, H is thickness of the coating (Fig. 1). The remaining 
surface of the inhomogeneous half-space is thermally insulated. 

The considered half space is formed by the homogeneous sub-
strate with the heat conductivity coefficient K0 and a transversal 
isotropic gradient layer with the heat conductivity coefficients Kr 

and Kz, which can vary along its thickness. Let the homogeneous 

substrate occupies the region 0 ≤ r < ∞, –∞ < z ≤ 0. The 

inhomogeneous coating occupies the region 0 ≤ r < ∞, 
0 ≤ z ≤ h. Functions Kr(z) and Kz(z) are continuous in intervals 

(hi-1, hi), i = 1, …, n, h0 = 0, hn = h, while points hi, 
i = 1, …, n – 1 are discontinuity points of the first kind. On the sur-
faces of the discontinuity z = hi, i = 1, …, n – 1 and on the sur-

face z = h0 between the coating and the substrate, the conditions 
of perfect thermal contact are satisfied. 

The analysed problem reduces to a boundary problem, which 
involves solving the following partial differential equation 

𝜕

𝜕𝑧
(𝐾𝑧

𝜕𝑇

𝜕𝑧
) +

𝐾𝑟

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
) = 0, 𝑟 ≥ 0, 𝑧 ∈ 𝑖=0

𝑛 (ℎ𝑖−1, ℎ𝑖)  (1) 

and satisfying the boundary conditions: 

𝐾𝑧(ℎ𝑛)
𝜕𝑇

𝜕𝑧
(𝑟, ℎ𝑛) = 𝑎𝑞(𝑟)𝐻(1 − 𝑟),   (2) 

𝑇(𝑟, ℎ𝑖 − 0) = 𝑇(𝑟, ℎ𝑖 + 0), 𝑖 = 0,1, … , 𝑛 − 1,                 (3a)                                  

𝐾𝑧(ℎ𝑖−)
𝜕𝑇

𝜕𝑧
(𝑟, ℎ𝑖−) = 𝐾𝑧(ℎ𝑖+)

𝜕𝑇

𝜕𝑧
(𝑟, ℎ𝑖+), 𝑖 = 0,1, . . . , 𝑛 −

1,                                                                                                              (3b) 

𝑇(𝑟, 𝑧) → 0, 𝑟2 + 𝑧2 → ∞,  (4) 

where T is the temperature, Kr(z) = Kz(z) = K0, z < 0, 

hi+ = hi + 0, hi– = hi – 0, h-1 → –∞, H(r) is Heaviside step 
function. 

3. METHOD OF SOLUTION 

The solution of the boundary value problem (1) – (4) is sought 
by applying the Hankel integral transformation 

𝑇̄(𝑠, 𝑧) = ∫ 𝑇(𝑟, 𝑧)𝑟𝐽0(𝑠𝑟)𝑑𝑟
∞

0
, −∞ < 𝑧 ≤ ℎ, 𝑠 ≥ 0,  (5) 

where J0(sr) is the Bessel function. 
Using the technique of the Hankel integral transformation, we 

transform the partial differential equation (1) to the form of the ordi-
nary linear differential equation with variable coefficients 

𝑑

𝑑𝑧
(𝐾𝑧

𝑑𝑇̄

𝑑𝑧
) − 𝐾𝑟𝑠2𝑇̄ = 0, 𝑧 ∈ 𝑖=0

𝑛 (ℎ𝑖−1, ℎ𝑖) .  (6) 

The Hankel transform of the temperature for a homogeneous 
substrate that satisfies the regularity conditions at infinity (4) can be 
written in the form: 

𝑇̄(𝑠, 𝑧) = 𝑡0(𝑠) exp(𝑠𝑧) , 𝑧 < 0,   (7) 

where t0(s) is the unknown function. 
The analytical form of the solution of the differential equation 

with variable coefficients (6) is known only for selected forms of the 
function Kr(z) and Kz(z). 

3.1. Case A 

Let n = 1. The dependence of the thermal conductivity coeffi-
cients on the z-coordinate is described by the formulas: 

𝐾𝑟(𝑧) = 𝐾𝑟
int exp(𝛽𝑧), 𝐾𝑧(𝑧) = 𝐾𝑧

int exp(𝛽𝑧),                  (8a) 

𝛽 =
1

ℎ
ln (

𝐾𝑧
sur

𝐾𝑧
int),                                                                        (8b) 

where 𝐾𝑧
sur is the heat conductivity coefficient on the surface of the 

inhomogeneous half-space in a direction normal to it. 

1
2

n-1
n

0 r

z

q(r)

...



DOI 10.2478/ama-2025-0023                                                                                                                                                          acta mechanica et automatica, vol.19 no.2 (2025)  

199 

The general solution to differential equation (6) in the Hankel 
transform space specified in the coating can be written in the form: 

𝑇̄ = 𝑡1(𝑠) exp(𝛾1𝑧) + 𝑡2(𝑠) exp(𝛾2(𝑧 − ℎ)) , 0 < 𝑧 < ℎ (9) 

where t1(s) and t2(s) are the unknown functions, 

𝛾1,2 = −
𝛽

2
∓

1

2
√𝛽2 + 4𝜅2𝑠2, 𝜅2 =

𝐾𝑟
int

𝐾𝑧
int .                            (10) 

Satisfying boundary conditions (2) – (4), the functions ti(s), 

i = 0, 1, 2 may be written as 

𝑡𝑖(𝑠) =
𝑞̄(𝑠)𝑎

𝑠√𝐾𝑟
sur𝐾𝑧

sur 𝑡̆𝑖(𝑠),                                                                 (11) 

where the functions 𝑡̆𝑖(𝑠), i = 0, 1, 2 are obtained solution of 
linear equations: 

𝛾1𝑡̆1(𝑠) exp(𝛾1ℎ) + 𝛾2𝑡̆2(𝑠) = 𝜅𝑠,                                    (12a) 

𝛾1𝑡̆1(𝑠) exp(𝛾1ℎ) + 𝛾2𝑡̆2(𝑠) = 𝜅𝑠,                                    (12b) 

𝐾0𝑠𝑡̆0(𝑠) − 𝛾1𝐾𝑧
int𝑡̆1(𝑠) − 𝛾2𝐾𝑧

int𝑡̆2(𝑠) exp(−𝛾2ℎ) = 0                     

                                                                                                                (12c) 

𝐾𝑟
sur is the heat conductivity coefficient on the surface of the 

inhomogeneous half-space in in a plane of transverse isotropy, 

𝑞̄(𝑠) is Hankel transform of order 0 of function q(r)H(1 – r): 

𝑞̄(𝑠) = ∫ 𝑞(𝑟)𝑟𝐽0(𝑠𝑟)𝑑𝑟
1

0
                                                             (13) 

3.2. Case B 

In cases where the analytical solution of the differential equa-
tion with variable coefficients (6) is not known, the inhomogeneous 
coating can be replaced by a multilayer system of n homogeneous 
transversal isotropic layers. The thermal properties of the replace-
ment coating are described by thermal conductivity coefficients: 

[
𝐾𝑟(𝑧)

𝐾𝑧(𝑧)
] = [

𝐾𝑟
𝑖

𝐾𝑧
𝑖
] , ℎ𝑖−1 < 𝑧 < ℎ𝑖 , 𝑖 = 1, . . . , 𝑛,                     (14) 

where the parameters 𝐾𝑟
𝑖 and 𝐾𝑧

𝑖 are means value of functions 
Kr(z) and Kz(z) in the region (hi-1, hi) respectively. 

The general solution to differential equation (6) in the Hankel 
transform space defined in the region (hi-1, hi), i = 1, …, n can be 
written in the form: 

𝑇̄ = 𝑡2𝑖−1(𝑠) sinh(𝜅𝑖
∗) + 𝑡2𝑖(𝑠) cosh(𝜅𝑖

∗) , ℎ𝑖−1 < 𝑧 < ℎ𝑖      

                                                                                                                  (15) 

where 𝜅𝑖
∗ = 𝑠𝜅𝑖(ℎ𝑖 − 𝑧), 𝜅𝑖

2 = 𝐾𝑟
𝑖 𝐾𝑧

𝑖⁄ , i = 1, …, n . 
Satisfying boundary conditions (2) – (3), the functions ti(s), 

i = 0, 1, …, 2n may be written as 

𝑡𝑖(𝑠) =
𝑞̄(𝑠)𝑎

𝑠√𝐾𝑟
𝑛𝐾𝑧

𝑛 𝑡̆𝑖(𝑠),                                                                (16) 

where the functions 𝑡̆𝑖(𝑠), i = 0, 1, …, 2n are obtained solution of 
linear equations: 

𝑡̆0 − 𝑆1𝑡̆1 − 𝐶1𝑡̆2 = 0,                                                                   (17a) 

𝐾0𝑡̆0(𝑠) + 𝐾1
∗𝐶1𝑡̆1 + 𝐾1

∗𝑆1𝑡̆2 = 0,                                            (17b) 

𝑡̆2𝑖−2 − 𝑆𝑖 𝑡̆2𝑖−1 − 𝐶𝑖 𝑡̆2𝑖 = 0, 𝑖 = 2, . . . , 𝑛,                              (17c) 

𝐾𝑖−1
∗ 𝑡̆2𝑖−3 − 𝐾𝑖

∗𝐶𝑖 𝑡̆2𝑖−1 − 𝐾𝑖
∗𝑆𝑖 𝑡̆2𝑖 = 0, 𝑖 = 2, . . . , 𝑛,         (17d) 

𝑡̆2𝑛−1 = −1,                                                                                      (17e) 

where 𝑆𝑖 = sinh(𝑠𝜅𝑖(ℎ𝑖 − ℎ𝑖−1)), 𝐶𝑖 = cosh(𝑠𝜅𝑖(ℎ𝑖 − ℎ𝑖−1)), 
 𝐾𝑖

∗ = 𝐾𝑧
𝑖𝜅𝑖, 𝑖 = 1, … , 𝑛 . 

3.3 Case C 

Let the investigated coating in its cross section is composed of 
m representative cells (Fig. 2). The representative cell contains two 
homogeneous layers with the thermal conductivity coefficients 

K1, K2, and dimensionless thickness 1 = , 2 = (1 – ), 

where  = h/m is dimensionless cell thickness. The parameter 

  (0, 1) describes the content of the first type material in a 
representative cell and can vary along the thickness of the coating. 

 
Fig. 2. The scheme of considered problem 

The thermal properties of the investigated coating are 
described by thermal conductivity coefficients: 

𝐾𝑟(𝑧) = 𝐾𝑧(𝑧) = [
𝐾1, ℎ2𝑗−1 < 𝑧 < ℎ2𝑗

𝐾2, ℎ2𝑗−2 < 𝑧 < ℎ2𝑗−1
] , 𝑗 = 1, . . . , 𝑚 .         

                                                                                                   (18) 

The temperature induced in the considered inhomogeneous 
half-space can be evaluated through the use of two different 
concepts. One concept implies the analysis of the actual strata 
through writing the solution in the form of the formulas (15) and 

solving the system of equations (17) in which: n = 2m, i = 1, 

i = 1, …, n, 𝐾𝑧
2𝑗

= 𝐾1, 𝐾𝑧
2𝑗−1

= 𝐾2, j = 1, …, m . 

3.4 Case D 

A large number boundary conditions on the interfaces 
complicates the solution of the problem. Another approach is using 
a homogenized model in which properties of the homogenized 
coating are determined on the base of properties of the 
components. In the latter case, the material properties across the 

coating depend on the continuous function (z) chosen so that the 
relationships are satisfied: 

𝜂𝑗 =
1

ℎ2𝑗−ℎ2𝑗−2
∫ 𝜂(𝑧)𝑑𝑧

ℎ2𝑗

ℎ2𝑗−2
, 𝑗 = 1, . . . , 𝑚,                        (19) 

where the parameter j describes the volume fraction of the layer 
of the first kind in the representation cell with the number j. 

1
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According to the homogenization method with microlocal 
parameters [7, 8], the solution in the coating is represented by the 
temperature Thom(r, z) which is determined by the thermal 
properties of the two layers forming the representative cell with 

account for the function (z). The function Thom(r, z) is obtained 
from solving boundary problem (1) – (4), with n = 1 and the heat 
conductivity coefficients computed through the use of the 
homogenization method in the form, as follows: 

𝐾𝑟(𝑧) = 𝐾1𝜂(𝑧) + 𝐾2(1 − 𝜂(𝑧)), 0 < 𝑧 < ℎ,                 (20a) 

𝐾𝑧(𝑧) =
𝐾1𝐾2

𝐾2𝜂(𝑧)+𝐾1(1−𝜂(𝑧))
, 0 < 𝑧 < ℎ .                             (20b) 

It should be noted that solving the problem with the homogeni-
zation method leads to the differential equation with variable coef-
ficients (6), for which the analytical solution is not known. Therefore, 
the homogenized coating is replaced by a multilayer array of n ho-
mogeneous transverse isotropic layers. As in the section B, the 
thermal properties of the layers are described by formulas (14). 

As a result of solving the system of equations (12) in case A or 
the system of equations (17) in cases B, C or D, the Hankel trans-
form of the temperature is found. In order to restore the found tem-
perature in the physical domain, we employ the inverse transform: 

𝑇(𝑟, 𝑧) = ∫ 𝑇̄(𝑠, 𝑧)𝑠𝐽0(𝑠𝑟)𝑑𝑠
∞

0
, −∞ < 𝑧 ≤ ℎ, 𝑟 ≥ 0 .     (21) 

The integral (21) at internal points of the considered 
inhomogeneous half space (z < h) is taken with the help of the 
Gaussian quadrature. On the surface z = h, the considered 
integral is computed with regard for the asymptotic behavior of the 

function 𝑇̄(𝑠, ℎ) as s → : 

𝑙𝑖𝑚
𝑠→∞

𝑇̄(𝑠, ℎ) =
𝑎𝑞̄(𝑠)

𝑠√𝐾𝑟(ℎ)𝐾𝑧(ℎ)
 .                                                    (22) 

The integral in which the integrand is replaced by its asymptotic 
is taken analytically. It should be noted that the formula (22) 
describes the Hankel transform of order 0 of the temperature in a 
homogeneous transversal isotropic half-space with the heat 
conductivity coefficients Kr(h) and Kz(h). To find the remaining 
integrals, we apply the Gaussian quadrature. 

4. NUMERICAL EXAMPLES AND DISCUSSION 

We assume that 

𝑞(𝑟) = 𝑞0√1 − 𝑟2, 𝑟 < 1.                                                     (23) 

The Hankel transform of the function q(r)H(1 – r) is de-
scribed by equation 

𝑞̄(𝑠) = 𝑞0√
𝜋

2

𝐽3 2⁄ (𝑠)

𝑠√𝑠
 ,                                                              (24) 

where J3/2(s) is the Bessel function. 
Formula to calculate the temperature over the surface of the 

homogeneous isotropic half-space with the heat conductivity coef-
ficient K0 have form 

12𝑇𝐾0

𝑎𝑞0
= {

3𝜋(1 − 0.5𝑟2), 𝑟 ≤ 1,

4𝑟−1𝐹(0.5,0.5; 2.5; 𝑟−2), 𝑟 > 1,
                         (25) 

where F is hypergeometric function. 

4.1 Case AB 

First, we intend to verify the effectiveness of the algorithm 
based on replacing the gradient coating with continuously varying 
thermal properties with the package of homogeneous transversal 
isotropic layers. To this end, the solution for a gradient coating 
whose thermal properties are described by formulas (8) will be ob-
tained using two approaches. The first approach is described in the 
section A, and the second approach is described in the section B. 

If the functions Kr(z) and Kz(z) are described by formula (8), 
then: 

[
𝐾𝑟

𝑖

𝐾𝑧
𝑖
] = [

𝐾𝑟
int

𝐾𝑧
int

]
exp(𝛽ℎ𝑖)−exp(𝛽ℎ𝑖−1)

𝛽(ℎ𝑖−ℎ𝑖−1)
 ,                                      (26a) 

𝜅𝑖
2 = 𝜅2 =

𝐾𝑟
int

𝐾𝑧
int , 𝑖 = 1, . . . , 𝑛 .                                                    (26b) 

The analysis of the obtained relations enables us to conclude 
that the solution of the posed problem of modelling of the gradient 
coating by a package of layers depends on five dimensionless 
parameters: the ratios of the heat conductivity coefficients 

𝐾𝑧
sur 𝐾0⁄ , 𝐾𝑧

int 𝐾0⁄  and 𝐾𝑟
int 𝐾0⁄ , the dimensionless thickness of 

the coating h and the number of layers in the package n. The 
solution of the problem for the inhomogeneous coating obtained 
with regard for the continuous dependence of the thermal 
properties depends on the first four indicated parameters. In order 
to decrease the number of parameters, it will be assumed that the 
gradient coating is a thermal insulator with the heat conductivity 

coefficients: 𝐾𝑧
sur = 0.2𝐾0, 𝐾𝑧

int= K0, 𝐾𝑟
int= K0 or 5K0. In 

addition, it is assumed that: h = 0.4 and n = 10, 20, 40, 80 and 

160. 
Figure 3 show the distributions of the temperature over the sur-

face of the inhomogeneous half-space z = h (black lines and 
rhombi) and over the interface between coating and base z = 0 

(grey lines and rhombi) for two values of the parameter 2. 

 
Fig. 3.   Distributions of the temperature over the surface z = h (black lines 

and rhombi) and over z = 0 (grey lines and rhombi), dashed lines 
– the distributions of the temperature for the homogeneous half-

space: 1 – 2 = 1; 2 – 2 = 5; n = 20 

Distributions of the radial heat flux along the surface z = h are 
shown in Figure 4. In this figures, the continuous lines correspond 
to the solution of the problem with continuous variation of the ther-
mal properties. The rhombi correspond to the results obtained for a 
package formed by 20 homogeneous transversal isotropic layers. 
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The dashed lines in Figures 3 and 4 describe the solution for a iso-
tropic homogeneous half-space with the heat conductivity coeffi-
cient K0. The results of calculations presented in Figs. 3 and 4 show 
good agreement between the solutions obtained using the ana-
lysed two models of the considered coating. 

 
Fig. 4.   Distributions of the radial heat flux along the surface z = h, dashed 

line – the distributions of the radial heat flux for the homogeneous 

half-space: 1 – 2 = 1; 2 – 2 = 5; n = 20. 

As was to be expected, the highest temperature value is ob-
served in the middle of the heating zone. At the interface between 
the coating and the substrate the maximum temperature occurs at 
the point r = z = 0. The maximum radial heat flux is formed on the 
boundary of the heating zone. 

Tab. 1. Dependence of the dimensionless parameters 𝑇sur
max =

𝑇(0,ℎ)𝐾0

𝑎𝑞0
, 

𝑇int
max =

𝑇(0,0)𝐾0

𝑎𝑞0
, 𝑞𝑟,sur

max =
𝑞𝑟(1,ℎ)

𝑞0
 on the dimensionless 

parameter 2 and number of the layers n 

2     n       𝑇sur
max       𝜀𝑇sur

,%       𝑇int
max       𝜀𝑇int

,%       𝑞𝑟,sur
max        𝜀𝑞sur

,% 

 

 1          1.4723                       0.5847                       0.4733                 

       160                 -0.0011                       -0.0002                       0.5103 

         80                  -0.0036                       -0.0007                       0.9445 

         40                  -0.0135                       -0.0028                       1.7952 

         20                  -0.0537                       -0.0113                       3.4317 

         10                  -0.2146                       -0.0451                       6.5039 

 5          1.0200                       0.3158                       13256                 

      160                   -0.0017                      -0.0007                       0.4731 

         80                  -0.0064                       -0.0017                       0.9078 

         40                  -0.0252                       -0.0054                       1.7408 

         20                  -0.1005                       -0.0204                       3.2928 

         10                  -0.4007                       -0.0799                       6.0922 

The dimensionless values T(0,h)K0/a/q0, T(0,0)K0/a/q0 
and qr(1,h)/q0 for the problem with continuous variation of 

thermal properties for two values of parameter 2, are presented in 
the corresponding columns of Table 1. In order to compare the 
difference between solutions, which is caused by an application of 
the two proposed approaches to solving the problem in the rows 
with n = 160, 80, 40, 20 and 10 we present the relative 
deviations (given in percent’s) obtained for the multi-layered 
coating with the indicated number of the layers. As can be seen 
from Table 1, the double increase in the layer number cause the 

fourfold decrease in the difference between the analyzed 
temperature values and the twofold decrease in the difference 
between the analyzed radial heat flux. The good agreement in 
temperature calculation is observed even for a relatively small 
number of layers in the package n = 10. The greatest difference 
between the analyzed solutions when calculating the radial heat 
flux at the boundary of the heating zone. It should be noted that the 
relative big difference occurs only in a small area around the point 
r = 1, z = 0. For 40 layers in the package this difference do not 
exceed 2%.  

Lines 1 in Figures 3 and 4 describe an insulating coating with 
isotropic properties, i.e., a coating with equal heat conductivity 
coefficients in the plane z = const. and in a direction normal to it. 
As can be seen from Figure 3, the temperature level in the heating 
zone in the half-space with such coating is much higher than the 
corresponding temperature level in the half-space without coating. 
The temperature level on the surface of the substrate is also higher. 
This means that in the problems, in which the quantity of the heat 
generated in the heating zone is the input parameter (for example 
in the problems with the heat generated by friction), an insulating 
coating does not only necessarily decrease the temperature level 
in the base, but even increases it. From the Figure 3 also it is shown 
that for the coating with the ratio of the heat conductivity coefficients 

2 = 5 we observe a significant decrease of the temperature in the 
heating zone and on the interface between the coating and the 
base. It is caused by the increase of the radial heat flux (line 2 in 
Figure 4). 

4.2 Case CD 

In the section AB a hypothetical gradient covering whose 
thermal properties are described by formulas (8) was investigated. 
A coating structure that would make it possible to obtain a coating 
with assumed thermal properties was not considered. In this 
section the multilayer coating described in section C is analyzed. 

The analysis of relations shows, the temperature in the 

homogenized model (section D) depends on the function (z) and 
the three dimensionless parameters: K1/K0, K2/K0 and h. 
However if the coating is treated as a multilayered body (section 
C), one should take into account the number of a representative 
cells m. 

To simplify, let us assume that the content of the first type 
material in the representative cell is described by a linear function 
of the coordinate z, i.e.: 

𝜂(𝑧) =
𝑧

ℎ
, 0 < 𝑧 < ℎ                                                              (27) 

The parameters describing the content of the first type material 
in the representative cells numbered i = 1, …, m are calculated 
using the following formulas 

𝜂𝑖 =
2𝑖−1

2𝑚
, 𝑖 = 1, . . . , 𝑚 .                                                         (28) 

The coating described by the homogenization method is re-
placed by a multilayer coating consisting of N homogeneous trans-

versal isotropic layers of equal thickness h* = h/N. The thermal 
properties of layers are described by formulas: 

𝐾𝑟
𝑙 = 𝐾2 + (𝐾1 − 𝐾2)

2𝑙−1

2𝑁
, 𝑙 = 1, . . . , 𝑁,                          (29a) 

𝐾𝑧
𝑙 =

𝐾1𝐾2𝑁

𝐾2−𝐾1
ln

𝐾1𝑁+(𝐾2−𝐾1)𝑙

𝐾1𝑁+(𝐾2−𝐾1)(𝑙−1)
, 𝑙 = 1, . . . , 𝑁.                   (29b) 
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As in the section AB, the gradient coating is a thermal insulator: 
K1/K0 = 0.2; K2/K0 = 1 or 5. In addition, it is assumed that: 
h = 0.4 and m = 5, 10, 20, 40 and 80.  

Based on the comparison of the temperature values in the 
homogenized coating calculated for different values of the 
parameter N, it can be concluded that the calculation error will not 

exceed 0.2% when the homogenized coating is replaced by a 
package of 20 homogeneous transversal isotropic layers with a 

slowly changing thermal properties. If N = 10, the error of 
temperature calculation does not exceed 0.5%. 

 
Fig. 5.  Distributions of the temperature over the plane z = h (black lines 

and rhombi) and over the plane z = 0 (grey lines and rhombi), 
dashed lines – the distributions of the temperature for the isotropic 
homogeneous half-space with the heat conductivity coefficient K0: 
1 – K2/K0 = 1; 2 – K2/K0 = 5 ; m = 10 

In the following analysis, we will focus on comparing solutions 
based on the two mathematical models of the considered coating 
described in sections C and D. Figure 5 shows the distributions of 
the temperature over the surface of the inhomogeneous half-space 
(black lines and rhombi) and over the interface between coating and 
base (grey lines and rhombi). The continuous lines describe the 
distributions of the temperature obtained within the framework of 
the homogenization method described in section D. The rhombi 
mark the numerical results obtained for the multilayer coating with 
a step change in thermal properties on the surfaces between the 
layers (the approach described in section C). The dashed lines 
describe the solution in the isotropic homogeneous half-space with 
the heat conductivity coefficient K0. 

Tab. 2.  Dependence of the dimensionless parameters 𝑇sur
max =

𝑇(0,ℎ)𝐾0

𝑎𝑞0
, 

𝑇int
max =

𝑇(0,0)𝐾0

𝑎𝑞0
 on the dimensionless parameter K2/K0 and 

number of the representative cells m 
____________________________________________________________ 

K2/K0          m              𝑇sur
max            𝜀𝑇sur

,%              𝑇int
max            𝜀𝑇int

,% 

     1                      1.5630                            0.5420    

                    80                                   0.1613                                  0.0992 

                    40                                   0.3173                                  0.1965 

                    20                                   0.6171                                  0.3854 

                    10                                   1.1698                                  0.7407 

                      5                                    2.1096                                  1.3661 

     5                      1.1164                              0.3217    

                    80                                   0.4999                                  0.2566 

                    40                                   0.9858                                  0.5106 

                    20                                   1.9225                                  0.9844 

                    10                                   3.6628                                  2.0010 

                      5                                    6.6678                                  3.8612 

The results of calculations presented in Fig. 5 show good 
agreement between the distributions of the temperature obtained 
using the analyzed two models of the considered coating. We can 
estimate the differences obtained when calculating the maximum 
temperatures in the planes z = h and z = 0 from the calculation 
results shown in Table 2. The maximum temperatures for the 
problem described in section D are presented in the columns 𝑇sur

max 

and 𝑇int
max of Table 2. The relative deviations (given as 

percentages) that result from the two proposed approaches to 
solving the problem are shown in the rows with 
m = 80, 40, 20, 10 and 5. As can be seen from Table 2, the 
double increase in the representative cells number in the multilayer 
coating with a step change in thermal properties cause the double 
decrease in the deviations between the analyzed temperature 
values. Larger differences between temperature values occur when 
one layer in the representative cell is a heat conductor. If m = 20, 

the error in calculating the parameters 𝑇sur
max and 𝑇int

max does not 

exceed 2% and 1% respectively. 

a) 

 

b) 

 
Fig. 6. Distributions of the radial heat flux on the cylindrical surface r = 1 

(black lines and rhombi): fig. a) – K2/K0 = 1; fig. b) – K2/K0 = 5; grey 
line – the distribution of the average radial heat flux; vertical dashed line – 

the interface of the coating and base; m = 20; z = h – z 

The temperature in the considered problem can be treated as 
a macro-characteristic, which does not depend on the choice of 
component of the representative cell. An example of micro-charac-
teristic is the radial heat flux. Figures 6 presents the distributions of 
the radial heat flux on the cylindrical surface r = 1 containing the 
edge of the heating zone. When the homogenization method is ap-
plied, there is no information connected with the kind of the layer in 
the specified point of coating. At each point of the coating we obtain 
two equations to calculate the radial heat flux 

𝑞𝑟
(𝑙)(𝑟, 𝑧) = −𝐾𝑙

𝜕𝑇hom(𝑟,𝑧)

𝜕𝑧
 .                                                  (30) 

The equation with the index 1 allows to determine of the radial 
heat flux in the layer of the first kind, and the one with the index 2 – 
in the layer of the second kind. Two continuous lines denoted by 
numbers 1 and 2 (the indexes of types of layers) are appropriate 
for the values of radial heat flux in the layer of the representative 
cell numbered 1 or 2, respectively. The rhombi are adequate for the 
problem for the multilayer coating with a step change in thermal 
properties (section C). Averaged within the representational cell, 
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the radial heat flux values calculated according to the formula 

𝑞𝑟
∗(𝑟, 𝑧) = −𝐾𝑟(𝑧)

𝜕𝑇hom(𝑟,𝑧)

𝜕𝑧
                                                (31) 

are described in the figure with a gray line. The vertical dashed line 
indicate the interface of the coating and base. 

If the radial heat flux is calculated in the layers with even num-
bers, the adequate rhombi are consistent with the continuous line 
denoted by 1, in the layers with odd numbers, with the continuous 
line denoted by 2. This means that the continuous lines within the 
homogenized model correctly determine the distribution of radial 
heat flux in the both layers of the representative cell. 

 

Fig. 7. Graphs of the function (z): continuous lines – coatings 

described in section C: 1 – K1/K0 = 0.2, K2/K0 = 1; 2 – 
K1/K0 = 0.2, K2/K0 = 5; dashed lines – coatings described 

in section A: 1 – 2 = 1; 2 – 2 = 5 

 
Fig. 8. Distributions of the average radial heat flux on the cylindrical surface 

r = 1 (coatings described in section C): 1 – K1/K0 = 0.2, 

K2/K0 = 1; 2 – K1/K0 = 0.2, K2/K0 = 5; m = 20; z = h – z 

Comparing Figures 3 and 5, we conclude that the temperature 
distributions in both figures are very similar. The multilayer coating 
with thermal conductivity coefficients K1 = 0.2K0 and K2 = K0 is 
not an isotropic covering. However, Figure 7 shows that the values 

of the function (z) for this coating only slightly exceed the value 

of  = 1, which describes a gradient isotropic coating. The average 
value of this function is about 1.238. Therefore, the curves 
numbered 1 in Figures 3 and 5 differ only slightly in these figures. 

Curve 2 in Figure 7 is a graph of the function (z), which describes 
a multilayer coating whose representative cell consists of a thermal 
insulator with thermal conductivity coefficient K1 = 0.2K0 and a heat 
conductor with thermal conductivity coefficient K2 = 5K0. The 

average value of this function is 2.2, and the second coating 
considered in section AB is described by a constant parameter 𝜅 =

√5 ≈ 2.236. This shows that there is a high correlation between 
the temperature distribution and the average value of the function 

(z). 

As the average value of the function (z) increases, it increases 
the average radial heat flux (Fig. 8). In the gradient coating 
considered in the CD section, this increases heat collection along 
layers that are heat conductors in representative cells, and their 
heat conduction coefficient is higher than of the base heat 
conduction coefficient. This results in lower temperatures in both 
the heating zone and the base. 

5. CONCLUSIONS 

In the paper the method of solving heat conduction problems 
for coated solids is presented. The considered body is modeled by 
a inhomogeneous half-space consisting of a homogeneous sub-
strate and a transversal isotropic coating with arbitrary variations of 
thermal properties along the thickness. The investigated coating is 
replaced by a package of homogeneous transversal isotropic lay-
ers.  

To verify the method, the solution for an appropriately selected 
multilayer coating was compared with the analytical solution of the 
problem in which the thermal properties of the coating are de-
scribed by exponential functions. A comparison of the obtained so-
lutions showed that a twofold increase in the number of layers 
cause a fourfold decrease in the difference between the analyzed 
temperature and a twofold decrease in the difference between the 
analyzed radial heat flux. Sufficient agreement for engineering ap-
plications in temperature calculations was observed with 10 layers 
in the package. The conducted tests allow us to suggest that the 
proposed method is effective for the transversely isotropic gradient 
coatings, whose the thermal properties are described by arbitrary 
piecewise continuous functions of the distance to the coating sur-
face. 

In the second part of the paper, the proposed solution method 
was used to analyze a multilayer coating with a step change of the 
thermal properties. The tested coating consisted of a finite number 
of a representative cells containing two homogeneous isotropic lay-
ers with different thermal conductivity coefficients. The content of 
the first type material in a representative cell was allowed to vary 
along the thickness of the coating.  

For a large number of layers, the temperature and heat flux in-
duced in the considered inhomogeneous half-space can be calcu-
lated using two different concepts. One concept implies the analy-
sis of the actual layers. The other one is concerned with homoge-
nization procedure leading to a FGM-coating with continuously var-
ying thermal properties. 

Previous studies [9, 10] have shown that the homogenization is 
effective when the content of the first type material in a representa-
tive cell is constant, i.e. the investigated coating has a periodic 
structure. Similar studies for a gradient coatings with slowly varying 
properties have been carried out only for one-dimensional prob-
lems [11, 12]. 

The main difficulty of the present study compared to the study 
of the coating with the periodic structure is that the homogenized 
gradient coating is described by differential equations, for which the 
analytical solution is not known. Therefore, the algorithm for solving 
the problem for the obtained homogenized coating uses the ap-
proach described in the first part of the article. This means that in 
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the conducted research two packages of layers are compared. The 
first package contains layers with step changes in thermal proper-
ties. The second consists of layers with slowly changing properties. 
The comparison of solutions has shown that it is possible to select 
the second package of layers in such a way that the difference be-
tween the obtained solutions is negligible. The main advantage of 
the second package of layers is that satisfactory results for engi-
neering applications are obtained for 10 layers in the package. 

It is also shown that the proposed homogenization approach 
allows to correctly calculate not only the temperature, which is the 
average characteristic in a representative cell, but also the radial 
heat flux, the value of which depends on the choice of the compo-
nent in the representative cell. 

It should be emphasized that the presented research suggests 
that it will allow to correctly solve a more complicated problems, in 
particular axisymmetric and three-dimensional thermoelasticity 
problems. 
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Abstract: Additively manufactured steel is not free of drawbacks and defects. Such disadvantages include high roughness and lower  
hardness compared to conventional steel. The 17-4PH steel is a grade designed for precipitation hardening. The application of 17-4PH steel 
ranges from turbine blades, pumps, valves, and propellers for aerospace, maritime, nuclear power plants, and medical instruments.  
This grade of steel is often applied where high mechanical performance and good corrosion resistance are required. Considering these 
factors, it was decided to use a heat treatment designed for conventional steel of this steel grade, that is, a precipitation hardening process 
followed by shot peening. The use of a constant supersaturation temperature of 1040°C and aging at 450°C made it possible to evaluate 
the mechanical properties depending only on the type of treatment used. Different peening media were also used to determine the effect  
of the medium on the properties of the surface layer after the peening process. To determine the surface characteristics, tests were carried 
out using optical profilometry, above that, hardness was tested, and corrosion resistance was examined using potentiodynamic polarization 
tests in a 3.5% NaCl environment. The aim of this study is to evaluate the effect of precipitation hardening combined with SP on the corrosion 
resistance of 17-4PH steel. Results obtained for steel produced using DMLS technology were compared with conventionally fabricated  
17-4PH steel. Heat treatment contributed to a greater increase in hardness for the DMLS made steel. The corrosion resistance turned out to 
be dependent mainly on the roughness that increased after the Shot Peening process. The main purpose of the study was to evaluate  
the effects of precipitation hardening combined with shot peening on the corrosion resistance of 17-4PH steel. Results obtained for steel 
produced using DMLS technology were compared with conventionally produced 17-4PH steel. 

Key words: corrosion resistance, additive manufacturing, stainless steel, heat treatment, shot peening, surface roughness 

1. INTRODUCTION 

3D fabrication is a growing field of science and industry and is 
finding more and more applications, especially in the context of 
medicine and aeronautics. However, as many studies have shown, 
it is important to ensure the quality of the products often even at the 
expense of additional labor time and increased costs. This article 
proposes a relatively inexpensive processing solution consisting of 
a combination of precipitation hardening and shot peening (SP). 
Using these processes separately makes it possible to control the 
roughness parameters, mechanical properties and corrosion re-
sistance of the steel components. This makes it possible to quickly 
produce particularly cost-effective low-volume parts from material 
with high mechanical properties, with the possibility of selecting the 
appropriate mechanical parameters, roughness and corrosion re-
sistance. However, according to the authors' knowledge, none of 
the current literature studies investigates the combination of shot 
peening and heat treatment of additively manufactured 17-4PH 
steel on corrosion resistance.  

Additive manufacturing (AM) with Direct Metal Laser Sintering 
(DMLS) technology consists of successive sintering of successive 
thin layers of powder from a bed using a laser. This layer has the 
shape of a cross-section obtained from a CAD model. The use of 
DMLS makes it possible to obtain products with relatively high di-
mensional shape accuracy. In addition, DMLS achieves high 
strength and repeatability compared to other additive methods [1]. 

Steel 17-4PH (AISI630), is a material with high mechanical strength 
and can be classified as austenitic steel [2], semi-austenitic [3] or 
martensitic [4]. The phase composition depends on the treatment 
the steel grade is intended for, i.e. precipitation hardening, and 
thus, the phase composition can be modified with appropriate heat 
treatment [5].  The phase composition, combined with the formation 
of precipitates at different temperatures and times of precipitation 
hardening and ageing processes, determines the mechanical prop-
erties. The most commonly used treatments are those described in 
the ASTM standards for finished products from this steel grade, cor-
responding to classifications H900 to H1150M [6]. The require-
ments for the precipitation hardening process described above are 
designed for steels produced by conventional methods, although 
they are also employed for AM steels. However, based on previous 
research, more favorable processing conditions have been se-
lected to protect the surface layer [7]. The next stage was the se-
lection of the medium and the parameters of the SP process, which 
further increased the hardness and improved some of the parame-
ters of the processed material [8]. Those multiple process parame-
ters involved in SP have a complex and interdependent impact on 
the SP effects, including surface roughness and compressive re-
sidual stress distribution [9]. Finally, this paper focuses on the syn-
ergistic effect of these treatments. 

In a previous study [7], under the same conditions, the following 
proportions of α-martensite 23% and γ-austenite 77% were ob-
tained for the AP specimen, thus corresponding to the RD heat 
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treatment. Specimen ST1040, corresponding in this case to the RD 
specimen, contained α-martensite 49% and γ-austenite 51%, while 
specimen PH450, corresponding to the PHD specimen, was char-
acterised by an α-martensite content of 46% γ-austenite 54%. 

Improving corrosion properties is a problem of great interest, 
especially in medical applications [10]. Corrosion resistance is 
largely a synergy of the three components of phase composition of 
surface roughness and grain size [11]. As studies have also shown, 
the induction of residual stresses in the surface area as occurs dur-
ing SP may also have a positive [12] or negative [13] effect on cor-
rosion resistance depending upon whether the stresses are com-
pressive or tensile. 

One of the most frequently studied parameters characterising 
surfaces are roughness parameters [12,13]. It is also worth men-
tioning here that important, but not usual, surface features are 
structure defects, e.g. those created in the AM process or during 
further processing. Such defects reduce the cohesion of the struc-
ture, which may be associated with impaired resistance to fatigue 
and corrosion processes in the case of 17-4PH steel [14,15]. Yu 
investigated the corrosion resistance of 17-4PH steel after laser 
surface melting in a 3.5% NaCl environment. In that study, the cor-
rosion failure model of 17-4PH material in NaCl environment was 
presented, and a significant effect of grain size and stress on the 
corrosion resistance of steel was found [16].  

The aim of this study is to evaluate the effect of precipitation 
hardening combined with SP on the corrosion resistance of 17-4PH 
steel. Results obtained for steel produced using DMLS technology 
were compared with conventionally fabricated 17-4PH steel. After 
a previous literature analysis, it was found that there is no detailed 
comparison of the effect of heat treatment and SP on the corrosion 
resistance of 17-4PH steel in a 3.5 % NaCl solution environment. 
This type of material, due to its proven non-cytotoxicity and the 
aforementioned high mechanical properties, has great potential for 
use on medical instrumentation. But it is not only the comparison 
between conventional and DMLS steels that can contribute to the 
knowledge base, e.g. for rapid prototyping and small batch produc-
tion, which has lower costs compared to conventional manufactur-
ing and machining methods, such as turning or grinding. This also 
allows greater freedom with regard to the shape of the component 
to be produced [17]. Further novelty is the use of SP after the pre-
cipitation hardening process for 17-4PH steels, where, as far as the 
authors' knowledge goes, there are even descriptions of the SP 
process after ageing [7]. There are no descriptions in the literature 
so far of the effects of combining the two processes i.e. heat treat-
ment and shot peening of 17-4PH additive manufactured steel. 

2.  MATERIAL AND METHODS 

2.1. Material 

The test object was X5CrNiCuNb16-4 (17-4PH) steel samples 
both conventional and additively manufactured (DMLS). The spec-
imens of 17-4PH steel were in the shape of disks with dimensions 
of 30 mm in diameter and height of 6 mm. The first part was con-
ventional, and the second part was printed from GP1 metal powder 
produced by EOS. The particles of the powder used are mainly 
spherical in shape and had an average size of 10-50 μm. Nitrogen 
was used as a shielding gas for fabrication. The 3D metal printing 
process was carried out through DMLS technology. The EOSINT 
M280 device (from EOS GmbH) was used, using the optimal print-
ing parameters from the closed license of EOS software, including 

the laser power of 200 W, the laser spot size of 0.1 mm, and the 
sinter thickness of 0.02 mm. Scanning speed was 1000 mm/s, and 
hatch spacing at 0.1 mm. A parallel scanning strategy with alternate 
scanning direction was adopted, and for subsequent layers the 
scanning direction was rotated by 90° relative to the previous layer. 
The fabricated specimens were built horizontally orientated. Once 
the samples were obtained, their surface was prepared by abrading 
on papers of decreasing gradation. The processes listed below in 
in Table 1 were then applied. At the same time, however, it should 
be noted that precipitation hardening was applied first and the next 
step was peening of the prepared and cleaned surface. Cooling af-
ter the solution treatment process was carried out in oil, while after 
the aging process, the cooling was carried out in air.  

Tab. 1.  Post-manufacture heat treatment and shot peening conditions 
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RP 
Conven-

tional 
- - - - - - - 

RD DMLS - - - - - - - 

STP 
Conven-

tional 
1040 40 - - - - - 

STD DMLS 1040 40 - - 
- 

 
- - 

PHP 
Conven-

tional 
1040 40 450 240 - - - 

PHD DMLS 1040 40 450 240 - - - 

PHPG 
Conven-

tional 
1040 40 450 240 0.4  2 Glass 

PHDG DMLS 1040 40 450 240 0.4 2 Glass 

PHPS 
Conven-

tional 
1040 40 450 240 0.4 2 Steel 

PHDS DMLS 1040 40 450 240 0.4 2 Steel 

PHPC 
Conven-

tional 
1040 40 450 240 0.4 2 

Cera-
mic 

PHDC DMLS 1040 40 450 240 0.4 2 
Cera-
mic 

Note: Solution treatment and ageing time values are given with an accu-
racy of about 2 min. 

 
It should also be noted that only the top surface of the speci-

mens was treated by SP. Three different peening media was used, 
namely glass, steel and ceramic. Glass beads (Marbad) with a di-
ameter of 200-300μm, steel shots (Amacast 30) with a diameter of 
150-500μm and Ceramic (Marbad, CERAM 350) (250-425 μm). 
Distance from the nozzle was constant at 20 mm. 

2.2. Methods  

The chemical composition was tested using with a Magellan Q8 
spark emission spectrometer from Bruker (Billerica, MA, USA). Five 
spark burns were performed for each specimen to calculate 
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average values. Roughness parameters were calculated thru opti-
cal profilometry on Contour Countour GT-K1 (Veeco, USA) based 
on the VXI technique with the 5× magnification lens. Surface micro-
geometry maps were examined in the area of 1,26 mm × 0.946 mm. 
Obtained arithmetic mean deviation (Ra), root mean square devia-
tion (Rq), maximum peak to valley (Rt) parameters from the maps 
were then tabularised and mean value was calculated. For each 
specimen, 8 measurements were taken. Measurements were taken 
according to ISO 4287 standard recommendations.  

Hardness tests were carried out on a Future-Tech FM-800 mi-
crohardness tester at a load of 1,961 N and a dwell time of 15 s. 
Ten indentations were made for each sample on the top surface.  

The structural characteristics of the surface were identified us-
ing a Phenom World ProX SEM microscope. In addition, an EDS 
attachment was also used to determine the surface's composition 
after shot peening. Above this, surface images were also taken in 
topographic mode at 1000x magnification.  

Electrochemical tests were carried out on an ATLAS 0531 po-
tentiostat system in a 3.5% NaCl solution at 22°C. A three-elec-
trode electrochemical tank was used; the test area was 0.5 cm2. 
The control electrode was a platinum electrode, the saturated cal-
omel electrode (SCE) was the reference electrode. Polarisation 
curves were recorded with an automatic potential shift of 1 mV/s 
between -500 mV and +600 mV. Corrosion current density Icorr and 
corrosion potential Ecorr were determined from Tafel curves by an-
alysing potentiodynamic curves in AtlasLab from -25 mV to +25 mV. 
The corrosion rate was calculated based on ASTM G 102-89 ac-
cording to the formulas 1 and 2 given below.  

𝐶𝑅 = 𝐾
𝑖𝑐𝑜𝑟𝑟

𝜌
𝐸𝑊   (1) 

𝐸𝑊 =
1

∑
𝑛𝑖𝑓𝑖
𝑀𝑖

  (2) 

where: 𝐾 – 3,27*10-3[mm*g*μA-1*cm-1*rok-1], 𝑖𝑐𝑜𝑟𝑟 – corrosion cur-

rent density [μA*cm-2], 𝜌  – alloy density [g*cm-3], 𝐸𝑊 – equivalent 
weight, 𝑛𝑖 – valence of the i-th element in the alloy, 
𝑓𝑖 –  mass fraction of the i-th element in the alloy, 𝑀𝑖  – atomic 
mass of the i-th element in the alloy [g*mol-1] 

3.  RESULTS  

3.1. Chemical composition 

The chemical composition did not differ from that declared by 
the manufacturer and was in accordance with the requirements 
presented in ASTM and ISO standards. It is also in line with previ-
ous results as well as other relevant literature [18,19]. 

Tab. 2.  Chemical composition of  reference 17-4PH after DMLS 
fabrication 

Element C Cr Ni Cu Mn Si Mo Nb Fe 

RD as-manufac-
trued 

Wt. 
[%] 

0.04 15.95 4.72 4.6 0.69 0.71 0.12 0.26 
Bal. 

GP1 powder 
(EOS declaration) 

<0.07 15-17.5 3-5 3-5 <1 <1 <0.5 
0.15-
0.45 

Bal. 

ASTM A564  <0.07 15-17.5 3-5 3-5 <1 1 <0.5 0.15-
0.45 

Bal. 

EN10088-1  <0.07 15-17 3-5 3-5 <1.5 <0.7 <0.6 5*C-
0.45 

Bal. 

 

3.2. SEM-EDS Analysis 

 
Fig.  1.  a) RP topographic mode, b) RD c) PHPG, d) PHDG, e) PHPS, f)  

PHDS topographic mode - SEM micrographs 

Surface of analysed referenced material showed visible 
grooves after grinding process (see Fig. 1 a, b).  As can be seen in 
the Fig.  1 and Fig.  2, differences were evident between the groups 
depending on the pressing medium used. The PHPG and PHDG 
samples were characterised by visible grooves originating from 
fragmentation of the medium. 

 

Fig.  2.  g) PHPC, h) PHPC - SEM micrographs 

The next group, PHPS and PHDS samples, are characterised 
by a smoother surface with visible, in places oval-shaped craters 
resulting from the impact of the spherical medium.  This is also vis-
ible in the first group, but to a lesser extent. However, the greatest 
number of spherical craters are visible in the last group, the ce-
ramic-impacted spherical craters (PHPC and PHDC). SEM-EDS 
analysis showed the presence of SP medium particles stuck on the 
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surface of the tested materials. The presence of both glass and ce-
ramic ball particles was verified. The presence of steel beads has 
not been detected using the EDS method due to the similar com-
position. Comparable results are reported in the previous authors 
papers [20] related to the shot peening of the different types of 
stainless steels.  

 
Fig. 3.  SEM-EDS spot analysis after SP process a) PHPG, b) PHDG c)   

PHPS, d) PHDS, e) PHPC, f) PHDC 

3.3.  Hardness 

The analysis of the hardness plots given in fig. 3 indicates that 
precipitation hardening process increased surface hardness for the 
DMLS-produced 17-4PH steel of approximately 53% from 255 
HV0.2 for the reference material to 389 HV0.2. Equally significant im-
provements were observed for the conventional 17-4PH steel 
(40%) from 322 HV0.2 for the reference material to 421 HV0.2. Pre-
cipitation hardening combined with shot peening with glass contrib-
uted to the same increase in surface hardness in both cases (596 
HV0.2) corresponding to increases of 85% (PHPG) and 134% 
(PHDG), respectively, compared to the reference material. The use 
of precipitation hardening combined with steel peening increased 
the hardness of the conventional material by 65% and that of 17-
4PH DMLS steel by 92%, while ceramic peening contributed to in-
creases in surface hardness of 64% (PHPC) and 136% (PHDC). 

 
Fig.  4. Vickers hardness (HV0.2) of specimen’s top surfaces 

In summary, the greatest increase in surface hardness was ob-
tained for the material after additive manufacturing subjected to 
precipitation hardening and ceramic bead peening from 255 HV0.2 

to 599 HV0.2. After supersaturation, the hardness decreased for the 
conventional material, while it increased for the DMLS material, a 
fact that underlines the importance of research in this area. How-
ever, these results obtained are in line with other studies in this area 
for both 17-4PH conventional steel [21] and AM steel [22,23]. The 
greatest increase in hardness may have also been due to the size 
of the ceramic particles and their hardness because, at constant 
pressure and the highest density, theoretically, it is the steel shot 
that should provide the greatest energy during impact on the sur-
face significantly increasing hardness through deformation and the 
introduction of favourable compressive residual stress (CRS) [24]. 

3.4. Roughness 

The surface roughness increased significantly in all cases of 
surface peening analysed (Fig. 5-7). The smallest increase in 
roughness Ra was observed in the case of surface peening with 
steel beads. This can be explained by the higher ductility of steel 
compared to ceramic materials, including glass beads. By chang-
ing part of the energy into plastic deformation of the steel pellets, 
part of the energy that should deform the peened surface is lost. 

 
Fig. 5. Comparison of Ra roughness parameters of 17-4PH steel 

 

 

Element 
Symbol 

Atomic 
Conc. 

O 44.76 

Si 17.07 

Fe 7.04 

N 21.25 

Na 4.62 

Cr 1.55 

Ca 1.58 

Br 0.61 

Mg 1.51 

 

a) 

Element 
Symbol 

Atomic 
Conc. 

Fe 77.87 

Cr 15.98 

Ni 3.94 

Si 2.21 

 

d) 

b) 

c) 

e) f) 

Element 
Symbol 

Atomic 
Conc. 

O 46.08 

Si 16.68 

Fe 6.48 

N 21.16 

Na 4.89 

Cr 1.50 

Ca 1.47 

Mg 1.42 

Br 0.32 

 

Element 
Symbol 

Atomic 
Conc. 

Zr 15.66 

Fe 15.38 

O 43.15 

Br 5.73 

Si 14.24 

Cr 3.55 

Y 0.99 

Ca 0.53 

 

Element 
Symbol 

Atomic 
Conc. 

Zr 14.30 

O 48.61 

Fe 11.73 

Br 5.76 

Si 15.12 

Cr 2.85 

Y 0.83 

Mg 0.80 

 

Element 
Symbol 

Atomic 
Conc. 

Fe 80.20 

Cr 15.90 

Ni 3.10 
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Fig. 6. Comparison of Rq roughness parameters of 17-4PH steel 

This phenomenon may also explain the lower increase in hard-
ness after peening compared to other materials. Most studies sug-
gest that the bead material does not deform significantly. However, 
this is possible if only because of the high hardness of the shot 
peened substrate (389 HV0.2, 421 HV0.2) and the low hardness of 
the steel shots of 200 HV. 

 
Fig.  7. Comparison of Rt roughness parameters of 17-4PH steel 

 
Fig.  8.  Characteristic of the surface- 2D map of the surface of the   

investigated materials and surface features: a) RP, b) RD,  
c) STP, d) STD, e) PHP, f) PHD, g) PHPG, h) PHDG, i) PHPS,  
j) PHDS, k) PHPC, l) PHDC 

Significantly lower roughness was achieved when compared to 
17-4PH DMLS steel without preparation by grinding that achieved 
Ra 4.5-5.5 µm, Rq 5.8-7 µm, Rt 22-28 µm some differences can 
be noted [8]. Similar condition Ra 5.04±0.56 μm for reference ma-
terial, for SP with steel shots Ra 5.71±0.26 μm and 4.39±1.43 μm  
for ceramic is described in [25].  

 
Fig.  9.  Characteristic of the surface- 2D map of the surface of the 

investi-gated materials and surface features: g) PHPG,  
h) PHDG, i) PHPS, j) PHDS, k) PHPC, l) PHDC 

3.5. Corrosion resistance 

As previously noted, corrosion resistance in this case study re-
sults from the three main factors of grain size, chemical and phase 
composition and development, and, therefore, surface roughness. 
A link was noted between roughness and corrosion current density, 
which can be identified as a decisive parameter giving information 
on corrosion resistance. In the analysed case, the best coefficient 
for assessing corrosion resistance is CR (see Fig. 14) directly re-
lated to Icorr (Corrosion current density). In the case of the RP to 
PHD specimens, disregarding the STD with obtained a low rough-
ness after surface grinding. However, the STD sample deviates 
slightly, and this translates into a significantly worse corrosion re-
sistance. In the case of the RP sample, the influence of the micro-
structure is mainly visible, compared to the rest of the samples it is 
a material that has not been heat treated or mechanically pro-
cessed.  

In addition, it differs from the DMLS-made material in terms of 
its thermal history, as compared to the DMLS reference material it 
was only heated once while the RD went through a cycle of remelt-
ing and sintering successive layers while heating the material 
around it. The corrosion resistance of the glass-peened materials 
(PHRG and PHDG) is also related to the roughness. An increase in 
roughness resulted in a decrease in corrosion resistance in this 
group and a slight difference between the PHRG and PHDG sam-
ples tested was also evident in the Icorr parameter (see Fig. 11). Its 
increase led to a decrease in corrosion resistance in this group and 
a slight difference between the PHRG and PHDG samples tested 
was also seen in the Icorr parameter. The situation is similar for the 
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next group of steel specimens, but in this case, the effect of the 
medium on the corrosion resistance is also shown by the present 
and previous studies and the model proposed by Kameyama and 
Komotori [26].  While the presence of steel particles located on the 
surface is sometimes difficult to confirm using, for example, EDS, 
the presence of glass and ceramic particles is easy to verify. Again, 
however, the difference between PHRS and PHDS is apparent due 
to the small difference in roughness. Reference specimen made 
using DMLS was characterised by smallest Ecorr on the other hand 
the highest Ecorr was observed for PHDS. As can be seen corrosion 
potential seam to generally lower after treatment for conventional 
material and increase for DMSL (see Fig. 12). Discontinuities or ir-
regularities in the surface resulting from SP indentations cause lo-
cal variations in surface morphology and roughness.Differences in 
the Ecorr can be correlated to spots where corrosion attack start to 
create usually in the top of SP inducted dents [27].  

 

 
Fig. 10.  Potentiodynamic polarization curves in 3.5% NaCl solution – 

Tafel plot 

 
Fig. 11. Corrosion resistance parameters Icorr - Corrosion current density 

 
Fig. 12. Corrosion resistance parameters Ecorr - Corrosion potential 

 

Fig. 13. Corrosion resistance parameters Epit - Critical Pitting Potential 

An important parameter in the context of corrosion protection is 
Epit (see Fig. 13). The highest Epit value and at the same time the 
most favourable one was RD (0.539 V). The lowest Epit value and, 
at the same time, the material with the greatest potential for pitting 
corrosion was PHDC (-0.153 V). As can be seen in  Fig. 13, there 
is a visible decrease in pitting corrosion resistance after the precip-
itation hardening process. However, it is not possible to clearly in-
dicate whether conventional steel or DMLS is more resistant. In the 
group of materials that underwent SP, the highest Epit value was 
found in PHPG (0.0366 V). 

 
Fig. 14. Corrosion resistance parameters- Corrosion rate 

4. CONCLUSIONS  

The effect of precipitation hardening combined with SP on the 
corrosion resistance of 17-4PH steel have been evaluated. Results 
obtained for steel produced using DMLS technology were com-
pared with conventionally fabricated 17-4PH steel. In conclusion, it 
was found that SP produced similar or sometimes even better re-
sults for 17-4PH DMLS steel compared to conventional material. 
Roughness has the greatest impact on the corrosion resistance 
proving that it the most significant factor influencing corrosion re-
sistance. The highest corrosion resistance was obtained for STP 
(1.34*10-3). The lowest corrosion resistance was found in PHPC 
(2.86*10-2). Reference DMLS material (RD) has the lowest pitting 
corrosion potential (0.539 V). Heat treatment contributed to a 
greater increase in hardness for the DMLS made steel. The use of 
shot peening after heat treatment (precipitation hardening) appears 
to be effective and well-justified. The result was a significant in-
crease in hardness for both conventional and DMLS steel from 255 
HV0.2, 322 HV0.2 with increase of 40-136%. The best choice and 
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compromise appear to be the use of glass bead peening, which 
achieved high hardness in both PHPG and PHDG up to around 597 
HV0.2, while maintaining average roughness (Ra at around 0.6 
µm) and the best corrosion resistance in the group of peened ma-
terials. However, if hardness is the most important parameter, ce-
ramic ball shot peening is the most suitable alternative. 
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Abstract: This paper introduces a class of fractional discrete-time compartmental linear systems. The fundamental system properties,  
including controllability and observability, are analysed. Furthermore, the eigenvalue assignment problem related with this class of systems 
is addressed. Theoretical considerations are demonstrated through a numerical example. 
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1. INTRODUCTION 

Fractional calculus is an extension of classical integer-order 
calculus that involves derivatives and integrals of non-integer (frac-
tional) orders. The mathematical foundations of fractional calculus 
are presented in various monographs, such as [12], [13], and [14]. 
The applications of fractional calculus across various fields of sci-
ence and engineering have attracted considerable attention in re-
cent years. It has been used in areas such as mechanics, electrical 
engineering, biology, chemistry, and signal processing [13, 16, 18]. 
The fractional-order modeling of real-world phenomena are often 
more accurate than classical integer-order models. The theory of 
fractional systems is an expanding field that explores properties of 
systems, including stability, controllability, observability, realisabil-
ity, and more [1, 2, 4, 7, 11, 15, 17, 19]. Standard and positive frac-
tional linear systems have been discussed in monographs [8] and 
[10], respectively. A dynamical system is termed positive when its 
state variables and outputs take nonnegative values for any 
nonnegative inputs. Numerous models exhibiting positive behav-
iour can be found across fields such as engineering, biology, med-
icine, and economics. A comprehensive overview of research in 
positive systems theory is provided in [3, 6]. 

In the modelling process, compartmental linear systems are fre-
quently used. These systems consist of separate compartments 
that are interconnected, each representing a subsystem containing 
a specific material. The transfer of material between compartments 
is governed by linear equations [5]. The fractional continuous-time 
compartmental systems have been studied in [9]. 

In this paper, fractional discrete-time compartmental time-invar-
iant linear systems are introduced and analysed. To the best of the 
authors’ knowledge, the problems of controllability, observability, 
and eigenvalue assignment have not yet been addressed for frac-
tional discrete-time linear systems. This paper extends the frac-
tional-order systems theory to this concern. A key advantage of dis-
crete-time fractional-order numerical models is their ability to de-
scribe complex dynamical systems with non-local, memory-based 
interactions, providing more accurate and nuanced representa-
tions. These models are suitable for real-world processes where 

the future state depends not only on the current value but also on 
the entire history of the system. 

The structure of the paper is as follows. Section 2 provides the 
fundamental definitions and theorems related to fractional and pos-
itive linear systems. In Section 3, the concept of fractional discrete-
time compartmental linear systems is introduced. Section 4 is de-
voted to the analysis of controllability and observability of the pro-
posed systems, while Section 5 addresses the eigenvalue assign-
ment problem. Finally, concluding remarks are presented in  
Section 6. 

The notation used in this paper is as follows: ℜ - the set of real 
numbers, ℜ𝑛×𝑚 - the set of 𝑛 × 𝑚 real matrices, 𝑍+ - the set of 

nonnegative integers, ℜ+
𝑛×𝑚 - the set of 𝑛 × 𝑚 matrices with 

nonnegative entries and ℜ+
𝑛 = ℜ+

𝑛×1, 𝐼𝑛- the 𝑛 × 𝑛 identity ma-
trix. 

2. STANDARD LINEAR DISCRETE-TIME SYSTEMS 

Let us consider a linear discrete-time system represented by 
the following equations. 

𝑥𝑖+1 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 , 𝑖 ∈ 𝑍+ = {0,  1,  . . . },                   (2.1a) 

𝑦𝑖 = 𝐶𝑥𝑖 ,                                                                  (2.1b) 

with the initial condition 𝑥0, where 𝑥𝑖 ∈ ℜ𝑛 represents the state 
vector, 𝑢𝑖 ∈ ℜ𝑚 the control input, and 𝑦𝑖 ∈ ℜ𝑝 the system output, 
while 𝐴 ∈ ℜ𝑛×𝑛, 𝐵 ∈ ℜ𝑛×𝑚 and 𝐶 ∈ ℜ𝑝×𝑛 are the correspond-
ing system matrices. 

Definition 2.1. [6, 8] The linear system (2.1) is called (internally) 

positive if 𝑥𝑖 ∈ ℜ+
𝑛  and 𝑦𝑖 ∈ ℜ+

𝑝
, 𝑖 ∈ 𝑍+ for any initial conditions 

𝑥0 ∈ ℜ+
𝑛  and all inputs 𝑢𝑖 ∈ ℜ+

𝑚, 𝑖 ∈ 𝑍+. 
Theorem 2.1. [6, 8] The linear system (2.1) is positive if and 

only if: 

𝐴 ∈ ℜ+
𝑛×𝑛, 𝐵 ∈ ℜ+

𝑛×𝑚, 𝐶 ∈ ℜ+
𝑝×𝑛

                                      (2.2) 

Definition 2.2. The linear system (2.1) is called asymptotically 
stable if 𝑙𝑖𝑚

𝑖→∞
𝑥𝑖 = 0 for 𝑢𝑖 = 0 and any initial 𝑥0 ∈ ℜ𝑛 . 

Theorem 2.2. [6, 8] The linear system (2.1) is asymptotically 
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stable if the matrix A is a Schur matrix. 
Theorem 2.3. [6, 8] The positive linear system (2.1) is asymp-

totically stable if and only if: 
1. all coefficients of the polynomial  

𝑝𝐴(𝑧) = 𝑑𝑒𝑡[ 𝐼𝑛(𝑧 + 1) − 𝐴] = 𝑧𝑛 +
𝑎𝑛−1𝑧

𝑛−1+. . . +𝑎1𝑧 + 𝑎0                                                    (2.3) 

are positive, i.e., 𝑎𝑖 > 0 for 𝑖 = 0,1, . . . , 𝑛 − 1. 
2. there exists strictly positive vector  

𝜆𝑇 = [𝜆1 ⋯ 𝜆𝑛]𝑇, 𝜆𝑘 > 0, 𝑘 = 1, . . . , 𝑛 such that  

𝐴𝜆 < 0 or 𝜆𝑇𝐴 < 0.         (2.4) 

Let us now examine a linear fractional discrete-time system 
given by the following equations: 

Δ
𝛼𝑥𝑖+1 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 , 𝑖 ∈ 𝑍+ = {0,  1, . . . }, 0 < 𝛼 < 1

                                                                                 (2.5a) 
where 𝑥𝑖 ∈ ℜ𝑛, 𝑢𝑖 ∈ ℜ𝑚 and 𝑦𝑖 ∈ ℜ𝑝 are the state, input and 
output vectors and 𝐴 ∈ ℜ𝑛×𝑛, 𝐵 ∈ ℜ𝑛×𝑚, 𝐶 ∈ ℜ𝑝×𝑛 and 

Δ
𝛼𝑥𝑖 = ∑ (−1)𝑗 (

𝛼
𝑗) 𝑥𝑖−𝑗

𝑖
𝑗=0   

(
𝛼
𝑗 ) = {

1 for 𝑗 = 0
𝛼(𝛼−1)...(𝛼−𝑗+1)

𝑗!
for 𝑗 = 1,2, . . .

       (2.5b) 

is the fractional α-order difference of 𝑥𝑖. 
Substitution of (2.5b) into (2.5a) yields 

𝑥𝑖+1 = 𝐴𝛼𝑥𝑖 − ∑ 𝑐𝑗𝑥𝑖−𝑗+1
𝑖+1
𝑗=2 + 𝐵𝑢𝑖, 𝑖 ∈ 𝑍+,    (2.6a) 

where 

𝐴𝛼 = 𝐴 + 𝐼𝑛𝛼, 𝑐𝑗 = (−1)𝑗+1 (
𝛼
𝑗 ) ,  𝑗 = 1,2, . ...    (2.6b) 

Definition 2.3. [6, 8] The fractional system (2.5) is called (inter-
nally) positive if 𝑥𝑖 ∈ ℜ+

𝑛 , 𝑖 ∈ 𝑍+ for any initial conditions 𝑥0 ∈
ℜ+

𝑛 . 
Theorem 2.4. [6, 8] The fractional system (2.5) is positive if and 

only if  

𝐴𝛼 ∈ ℜ+
𝑛×𝑛.          (2.7) 

Definition 2.4. [6, 8] The fractional positive system (2.5) is called 
asymptotically stable if 

𝑙𝑖𝑚
𝑖→∞

𝑥𝑖 = 0 for all 𝑥0 ∈ ℜ+
𝑛 .         (2.8) 

Theorem 2.5. [6, 8] The fractional positive system (2.5) is as-
ymptotically stable if and only if one of the equivalent conditions is 
satisfied: 
1. all coefficients of the polynomial  

𝑝𝐴(𝑧) = 𝑑𝑒𝑡[ 𝐼𝑛(𝑧 + 1) − 𝐴] = 𝑧𝑛 +
𝑎𝑛−1𝑧

𝑛−1+. . . +𝑎1𝑧 + 𝑎0 (2.9) 

are positive, i.e., 𝑎𝑖 > 0 for 𝑖 = 0,1, . . . , 𝑛 − 1. 
2. there exists strictly positive vector 

𝜆𝑇 = [𝜆1 ⋯ 𝜆𝑛]𝑇, 𝜆𝑘 > 0, 𝑘 = 1, . . . , 𝑛 such that 

[𝐴 − 𝐼𝑛]𝜆 < 0 or 𝜆𝑇[𝐴 − 𝐼𝑛] < 0.      (2.10) 

3. STATE EQUATIONS OF THE FRACTIONAL  
DISCRETE-TIME LINEAR COMPARTMENTAL SYSTEMS 

Let us consider the compartmental discrete-time time invariant 
system consisting of 𝑛 compartments (Fig.1). 

 
Fig. 1. The 𝑖 -th subsystem of the compartmental system 

Let: 𝑥𝑖 = 𝑥𝑖(𝑘), 𝑖 = 1, . . . , 𝑛 be the amount of a material of 
the 𝑖 -th compartmental at the time instant 𝑘, 
𝐹𝑖𝑗(𝑘) > 0 be the output flow of the material from the 𝑗 -th to the 

𝑖 -th compartmental (𝑖 ≠ 𝑗), between the 𝑘 -th and 𝑘 + 1-th time 
instants, 
𝐹0𝑖(𝑘) > 0 be the output of the material from the 𝑖 -th (𝑖 =
1, . . . , 𝑛) compartmental to the environment, 
𝑢𝑖 = 𝑢𝑖(𝑘) be the output flow of the material to the 𝑖 -th compart-
mental from environment. 

It is assumed that the input material is instantaneously mixed 
with the material already present in the compartment and that 
𝐹𝑖𝑗(𝑘) depends linearly on 𝑥(𝑘), i.e., 

𝐹𝑖𝑗(𝑘) = 𝑓𝑖𝑗𝑥𝑗(𝑘)  for  𝑖 ≠ 𝑗, 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑛,

                                                                                   (3.1) 

where 𝑓𝑖𝑗 is a coefficient depending on 𝑥𝑗(𝑘) and the discrete-time 

instant 𝑘. 
The system is linear if 𝑓𝑖𝑗 is independent of 𝑥𝑗(𝑘) and it is ad-

ditionally time-invariant if 𝑓𝑖𝑗 is independent of 𝑘. 

From the balance of material of the 𝑖 -th compartment we have 
the following fractional difference equation 

Δ
𝛼𝑥𝑖(𝑘 + 1) = ∑ 𝑓𝑖𝑗𝑥𝑗(𝑘) + 𝑓𝑖𝑖𝑥𝑖(𝑘) + 𝑢𝑖(𝑘)𝑛

𝑖=1
𝑖≠𝑗

 for 𝑖 =

1, . . . , 𝑛,                                                                    (3.2) 

where Δ
𝛼𝑥𝑖 is defined by (2.5b) and 𝑥𝑖(𝑘) denotes the amount of 

material in the 𝑖 -th compartment at time step 𝑘, i.e., 

𝑓𝑖𝑖𝑥𝑖(𝑘) = 𝑥𝑖(𝑘) − 𝑓0𝑖𝑥𝑖(𝑘) − ∑ 𝑓𝑖𝑗𝑥𝑖(𝑘)𝑛
𝑖=1
𝑖≠𝑗

= (1 − 𝑓0𝑖 −

∑ 𝑓𝑖𝑗
𝑛
𝑖=1
𝑖≠𝑗

)𝑥𝑖(𝑘).          (3.3) 

From equation (3.3) we have 
𝑓𝑖𝑖 = 1 − 𝑓0𝑖 − ∑ 𝑓𝑖𝑗

𝑛
𝑖=1
𝑖≠𝑗

 for 𝑖 = 1, . . . , 𝑛.       (3.4) 

Note that if 𝑢𝑗(𝑘) = 0, then the output flow of material from 

the 𝑗 -th compartment at the time instant 𝑘 + 1 cannot exceed the 
total amount of material present in the compartment at time instant 
𝑘, i.e., 

∑ 𝑓𝑖𝑗
𝑛
𝑖=1 ≤ 1 for 𝑗 = 1, . . . , 𝑛 and 𝑓𝑖𝑗 ≥ 0.       (3.5) 

Definition 3.1. The matrix 𝐹 ∈ ℜ+
𝑛×𝑛 satisfying the condition 

(3.5) is called the compartmental matrix of the fractional discrete-
time linear system. 

Using (3.3) for 𝑖 = 1, . . . , 𝑛 we obtain the state equation of the 
compartmental system in the form 

𝑥(𝑘 + 1) = 𝐹𝑥(𝑘) + 𝐵𝑢(𝑘), 𝑖 = 1, . . . , 𝑛     (3.6a) 

where  
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𝑥(𝑘) = [
𝑥1(𝑘)

⋮
𝑥𝑛(𝑘)

], 𝑢(𝑘) = [
𝑢1(𝑘)

⋮
𝑢𝑛(𝑘)

], 𝐹 = [
𝑓11 . . . 𝑓1𝑛

⋮ . . . ⋮
𝑓𝑛1 . . . 𝑓𝑛𝑛

].

                                                                                 (3.6b) 
The output equation of the compartmental system has the form 

𝑦(𝑘) = 𝐶𝑥(𝑘),        (3.6c) 

where 𝐶 ∈ ℜ+
𝑝×𝑛

. 
From (3.6) it follows that the fractional compartmental systems 

are positive linear systems. 

4. CONTROLLABILITY AND OBSERVABILITY  
OF STANDARD AND COMPARMENTAL  
LINEAR SYSTEMS 

Let us consider a linear discrete-time system described by the 
following equations: 

𝑥𝑖+1 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 , 𝑖 ∈ 𝑍+ = {0,  1,  . . . },    (4.1a) 

𝑦𝑖 = 𝐶𝑥𝑖 ,    (4.1b) 

with the initial condition 𝑥0, where 𝑥𝑖 ∈ ℜ𝑛, 𝑢𝑖 ∈ ℜ𝑚 and 𝑦𝑖 ∈
ℜ𝑝 are the state, input and output vectors and 𝐴 ∈ ℜ𝑛×𝑛, 𝐵 ∈
ℜ𝑛×𝑚 and 𝐶 ∈ ℜ𝑝×𝑛 are system matrices. 

Definition 4.1. The linear system (4.1) (or the pair (𝐴,  𝐵)) is 
called controllable in the interval time [0, 𝑖𝑓] = 0,1, . . . , 𝑖𝑓 if the 

exists an input 𝑢𝑖 for 𝑖 ∈ [0, 𝑖𝑓] which steers the state of the sys-

tem from initial state 𝑥0 ∈ ℜ𝑛 to the given final state 𝑥𝑓, i.e., 𝑥𝑖𝑓
=

𝑥𝑓. 

Theorem 4.1. The linear system (4.1) is controllable if and only 
if one of the following conditions is satisfied: 
1. rank[𝐵 𝐴𝐵 . . . 𝐴𝑛−1𝐵] = 𝑛        (4.2) 
2. rank[𝐼𝑛𝑧 − 𝐴 𝐵] = 𝑛 for all 𝑧 ∈ C,  
 (4.3) 
where C is the field of complex numbers. 

Definition 4.2. The linear system (4.1), or equivalently the pair 
(𝐴,  𝐶), is called observable if it is possible to uniquely determine 

the initial state 𝑥0 based on the input 𝑢𝑖 and output 𝑦𝑖 for 𝑖 =
0,1, . . . , 𝑖𝑓.  

Theorem 4.2. The linear system (4.1) is observable if and only 
if at least one of the following conditions is satisfied: 

1. rank [

𝐶
CA

⋮
𝐶𝐴𝑛−1

] = 𝑛,         (4.4) 

2. rank [
𝐼𝑛𝑧 − 𝐴

𝐶
] = 𝑛, for all 𝑧 ∈ C,        (4.5) 

Now let us consider the fractional compartmental linear system 
(3.6) 

Definition 4.3. The fractional compartmental linear system (3.6), 
or equivalently the pair (𝐹,  𝐵), is called reachable on the time in-
terval [0, 𝑖𝑓] if there exists an input sequence 𝑢𝑖 for 𝑖 ∈ [0, 𝑖𝑓] 

which steers the system state from the zero initial condition to a 
given final state 𝑥𝑓, i.e., 𝑥𝑖𝑓

= 𝑥𝑓. 

A matrix 𝐹 ∈ ℜ𝑛×𝑛 is called monomial if each of its rows and 
each of its columns contains exactly one positive entry, and all other 
entries are zero. 

Theorem 4.4. The fractional compartmental linear system (3.6) 

is reachable if the matrix 

𝑅𝑓 = ∑ 𝐹𝑖(𝐹𝑇)𝑖𝑛−1
𝑖=0          (4.6) 

is monomial. The input which steers the system state to 𝑥𝑖𝑓
= 𝑥𝑓 

is given by 

𝑢𝑖 = (𝐹𝑇)𝑖𝑓−𝑖−1𝑅𝑓
−1𝑥𝑓         (4.7) 

Proof. When matrix (4.6) is monomial, its inverse 𝑅𝑓
−1 ∈ ℜ+

𝑛×𝑛 

is nonnegative matrix. Consequently, the input (4.7) is also 
nonnegative. Given that 𝑥0 = 0, applying (4.7) yields 

𝑥𝑓 =

∑ 𝐹𝑖𝑓−𝑖−1𝐵𝑢𝑖 =
𝑖𝑓−1

𝑖=0
∑ 𝐹𝑖𝑓−𝑖−1(𝐹𝑇)𝑖𝑓−𝑖−1𝑅𝑓

−1𝑥𝑓 =
𝑖𝑓−1

𝑖=0
𝑥𝑓   

           (4.8) 
since 𝐵 = 𝐼𝑛. 

Therefore, the input (4.7) steers the state of the system from 𝑥0 

to 𝑥𝑖𝑓
= 𝑥𝑓.  □ 

Theorem 4.5. The fractional compartmental positive linear sys-
tem (3.6) is reachable in time [0, 𝑖𝑓] if and only if the matrix 𝐹 ∈

𝑀𝑛 is monomial.  

Proof. Sufficiency. If 𝐹 ∈ 𝑀𝑛 is monomial then 𝐹𝑖 ∈ ℜ+
𝑛×𝑛 is 

also monomial. In this case the matrix 

𝑅𝑓 = ∑ 𝐹𝑖𝑓−𝑖−1(𝐹𝑇)𝑖𝑓−𝑖−1 =
𝑖𝑓−1

𝑖=0
∑ 𝐹𝑖(𝐹𝑇)𝑖𝑖𝑓−1

𝑖=0
      (4.9) 

is monomial. 
Necessity. From Cayley-Hamilton theorem [6] we have 

𝐹𝑖 = ∑ 𝑎𝑖𝑗𝐹
𝑗 ,𝑚−1

𝑗=0  𝑖 = 𝑚,𝑚 + 1, . ..      (4.10) 

where 𝑎𝑖𝑗are some nonzero real coefficients. 

Using (4.10) we obtain 

𝑥𝑓 = [𝐵 𝐹𝐵 . . . 𝐹𝑛−1𝐵]

[
 
 
 

𝑣0𝑓

𝑣1𝑓

⋮
𝑣𝑛−1,𝑓]

 
 
 

   (4.11a)  

where 

𝑣𝑖𝑓
= ∑ 𝑎𝑖𝑗𝑢𝑖 .

𝑖𝑓
𝑖=0

      (4.11b) 

Therefore, for given 𝑥𝑓 ∈ ℜ+
𝑛  it is possible to find the nonnega-

tive 𝑣𝑖𝑓
 for 𝑖 = 0,1, . . . , 𝑛 − 1 if and only if 

rank[𝐵 𝐹𝐵 . . . 𝐹𝑛−1𝐵] = 𝑛.      (4.12) 

Observe that for the nonnegative system defined in (4.11b), a 
nonnegative input 𝑢𝑖 ∈ ℜ+

𝑚 can be determined. Hence, the proof 
is complete.  □ 

Observability of fractional positive compartmental linear sys-
tems is defined analogously to that in standard positive linear sys-
tems. Since it is determined exclusively by the matrices 𝐴 and 𝐶, 
and not by 𝐵. Consequently, system (2.1) is replaced by the frac-
tional positive compartmental linear system of the following form 

Δ
𝛼𝑥𝑖+1 = 𝐹𝑥𝑖 , , 𝑖 ∈ 𝑍+ = 0,1,2, . .., 0 < 𝛼 < 1,  (4.13a) 

𝑦 = 𝐶𝑥𝑖 ,      (4.13b) 

where 𝑥𝑖 ∈ ℜ𝑛, 𝑦𝑖 ∈ ℜ𝑝 and 𝐶 ∈ ℜ+
𝑝×𝑛

. 
The solution to the equation (4.13a) with (2.6b) has the form 

𝑥𝑖 = Φ𝑖𝑥0 + ∑ Φ𝑖−𝑗−1𝐵𝑢𝑗
𝑖−1
𝑗=0 ,    (4.14a) 

where 
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Φ𝑖+1 = (𝐹 + 𝐼𝑛𝛼)Φ𝑖 + ∑ (−1)𝑗+1 (
𝛼
𝑖
) Φ𝑖−𝑗+1

𝑖+1
𝑗=2 ,  (4.14b) 

with Φ0 = 𝐼𝑛. 
Definition 4.4. The fractional positive compartmental linear sys-

tem (4.13) is called observable on the interval [0, 𝑖𝑓] if knowledge 

of the output 𝑦𝑖 over the interval [0, 𝑖𝑓] enables unique determi-

nation of the initial state 𝑥0. 
Theorem 4.6. The fractional positive compartmental linear sys-

tem (4.13) is observable on the interval [0, 𝑖𝑓] if and only if the 

matrix 

Φ
𝑇
𝐶𝑇𝐶Φ ∈ ℜ+

𝑛×𝑛        (4.15) 

is monomial. 
Proof. Substituting (4.14a) into (4.13b) we obtain 

𝑦 = 𝐶Φ𝑥0.        (4.16) 

Note that [Φ
𝑇
𝐶𝑇𝐶Φ]−1 ∈ ℜ+

𝑛×𝑛 if and only if the matrix (4.15) 
is monomial. Consequently, equation (4.16) yields 

𝑥0 = [Φ
𝑇
𝐶𝑇𝐶Φ]−1Φ

𝑇
𝐶𝑇𝑦 ∈ ℜ+

𝑛       (4.17) 

since Φ
𝑇
𝐶𝑇𝑦 ∈ ℜ+

𝑛×𝑛 for 𝑦𝑖. 

5. EIGENVALUE ASSIGNMENT IN THE STANDARD  
AND FRACTIONAL COMPARMENTAL LINEAR SYSTEMS 

Let us consider the fractional compartmental system (3.3) un-
der state feedback control 

𝑢 = 𝐾𝑥,           (5.1)  

where 𝐾 ∈ ℜ𝑛×𝑛. 
Assuming 𝐵 = 𝐼𝑛, it follows from equation (5.1) that 

Δ
𝛼𝑥𝑖+1 = 𝐹𝑐𝑥𝑖 ,          (5.2) 

where 

𝐹𝑐 = 𝐹 − 𝐾.          (5.3) 

Based on the given matrix 𝐴 and the desired close-loop matrix 
𝐴𝑐 from (5.3), the following expression can be derived 

𝐾 = 𝐹 − 𝐹𝑐 .          (5.4) 

Accordingly, the following theorem is established. 
Theorem 5.1. Given the fractional compartmental system (3.3), 

there always exists a state feedback (5.1) such that the closed-loop 
system matrix 𝐹𝑐 achieves a specified set of eigenvalues. 

Example 5.1. The matrix 𝐹 of the fractional compartmental lin-
ear system is given by 

𝐹 = [
0 1 0
0 0 1

−4 0 3
]         (5.5) 

and its eigenvalues are: 𝑧1 = 𝑧2 = 2, 𝑧3 = −1, since 

𝑑𝑒𝑡[ 𝐼3𝑧 − 𝐹] = |
𝑧 −1 0
0 𝑧 −1
4 0 𝑧 − 3

| = 𝑧3 − 3𝑧2 + 4.      (5.6) 

Determine the feedback matrix 𝐾 ∈ ℜ3×3 such that the 
closed-loop system matrix 𝐹𝑐 has eigenvalues: 𝑧̄1 = −0.1, 𝑧̄2 =
−0.2, 𝑧̄3 = −0.5. 

It should be noted that the desired closed-loop matrix 𝐹𝑐 is not 
unique. Two alternative forms of 𝐹𝑐 are considered below. 

Case 1. The matrix 𝐹𝑐 is assumed to be in the Frobenius ca-
nonical form, as in equation (5.5) 

𝐹𝑐 = [
0 1 0
0 0 1

−0.01 −0.17 −0.8
].        (5.7) 

In this case using (5.4), (5.5) and (5.6) we obtain 

𝐾 = 𝐹 − 𝐹𝑐 = [
0 0 0
0 0 0

−4.01 −0.17 3.8
].       (5.8) 

Case 2. The matrix 𝐹𝑐 𝐹𝑐 is assumed to be diagonal 

𝐹𝑐 = [
−0.1 0 0

0 −0.2 0
0 0 −0.5

].        (5.9) 

In this case we have 

𝐾 = 𝐹 − 𝐹𝑐 = [
−0.1 1 0

0 −0.2 1
−4 0 3.5

].     (5.10) 

Note that the presented approach can be generalized to include 
output feedback strategies. 

6. CONCLUDING REMARKS 

Fractional, compartmental, time-invariant linear systems are 
analyzed, with a focus on their fundamental properties. Theoretical 
foundations, including key definitions and theorems related to 
standard and positive fractional linear systems, are outlined. A 
class of fractional compartmental discrete-time systems is intro-
duced and studied. The concepts of controllability and observability 
are discussed for both standard and compartmental systems, fol-
lowed by an examination of the eigenvalue assignment problem in 
the compartmental case. The results obtained may also be ex-
tended to descriptor discrete-time fractional linear systems. 
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Abstract: The main idea of this study is to explore new features for the generalized (3+1)-dimensional Korteweg-De Vries problem.  
This equation may be used to model various physical processes in several domains, including nonlinear optics, oceanography, acoustic 
waves in plasma physics, and other areas where coupled wave dynamics are essential. The Hirota method and long-wave technique  
to reveal various wave solutions are under consideration. Complex N-soliton solutions, M-lump waves, and hybrid solutions between some 
types of soliton and M-lump solutions are offered. The obtained solutions are one-, two-, and three-M-lump waves and mixed soliton-lump, 
soliton-two-lump, and two-soliton-lump solutions. Also, one-soliton, two-soliton, three-soliton, and four-soliton solutions in complex form  
are offered. To better analyse and understand the propagation characteristics of these solutions, 3D and contour plots for gained solutions 
are drawn. As far as we know, these solutions are novel and have not been revealed. Since the KdV equation often describes shallow water 
waves with weakly nonlinear restoring forces, we are interested in the features that have yet to be studied. 

Key words:  complex multi-soliton, hybrid wave, Hirota bilinear method, long-wave method

1. INTRODUCTION 

Nonlinearity is a fascinating phenomenon in nature, and scien-
tists believe that nonlinear study is the most promising means of 
gaining a deeper understanding of how nature works. Investigating 
a wide range of nonlinear ordinary and partial differential equations 
is critical for mathematically describing complicated processes that 
change over time. These mathematical formulas are created in var-
ious fields, including economics, optical fibers, elasticity, plasma 
physics, solid-state physics, population ecology, infectious disease 
epidemiology, physics, and natural sciences. Soliton solutions of 
the previously mentioned phenomenon have been a fascinating 
and extraordinarily active topic of study for the past several dec-
ades, with the accompanying problem being the creation of ex-
act solutions to a large variety of nonlinear partial differential equa-
tions. As a result, mathematics and physical scientists have made 
significant efforts to develop exact wave solutions to certain 
NLPDEs and various practical and potent strategies, including Hi-
rota’s method [1][2][3][4], Backlund transformations [5], Pfaffian 
technique [6], the extended simplest equation approach [7], Rie-
mann–Hilbert method [8][9], modified Sardar sub-equation method 
[10], physics-informed neural networks algorithm [11], a unified 
method [12], bilinear Bäcklund transformation [13], modified F-ex-
pansion method [14], the symbolic computation and Hirota method 
[15], and so on. 

A soliton is a single, self-reinforcing wave that passes over a 
medium without ever dispersing or dissipating, preserving its shape 
and speed. Solitons are extremely stable and may maintain their 
form over long distances due to their unique nature. A lump solution 
is an analytical rational function solution that exists in all directions 
in space, and solitons are analytic solutions that are exponentially 

localized in all directions in space and time. They have previously 
been identified for nonlinear integrable equations. 

A well-known partial differential equation used to model the dis-
turbance of the surface of shallow water in the presence of solitary 
waves is the Korteweg-De Vries (KdV) equation. This equation in-
corporates leading-order nonlinearity and dispersion and can be 
used to study weakly nonlinear long waves. In shallow water, it de-
scribes small-amplitude waves with long wavelengths. The KdV 
equations have different types, such as the fifth-order KdV equation 
[16], the lattice potential KdV equation [17], generalized geophysi-
cal KdV equation [18], modified KdV equation [19], seventh-order 
KdV equation [20], Schwarzian KdV equation [21],  and many oth-
ers. 

Recently, the generalized Korteweg-De Vries (gKdV) equation 
in two dimensions became known and read as follows: 

𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥 + 𝜕𝑥
−1𝑢𝑦𝑡 + 𝑢𝑦 + 𝑢𝑥𝑥𝑦 + 3𝑢𝑢𝑦 +

3𝑢𝑥𝜕𝑥
−1𝑢𝑦 = 0,                                                                               (1)                                                                                                   

where 𝜕𝑥
−1 ∙= ∫ ∙ 𝑑𝑥

𝑥

−∞
. It is comparable to the following equation 

when accounting for the potential 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝜃(𝑥, 𝑦, 𝑧, 𝑡) 

𝜃𝑥𝑡 + 6𝜃𝑥𝜃𝑥𝑥 + 𝜃𝑥𝑥𝑥𝑥 + 𝜃𝑥𝑥 + 𝜃𝑦𝑡 + 𝜃𝑥𝑦 + 𝜃𝑥𝑥𝑥𝑦 +

3𝜃𝑥𝜃𝑥𝑦 + 3𝜃𝑥𝑥𝜃𝑦 = 0.                                                                (2) 

Lu and Chen  [22] investigated this problem and found many 
distinct solutions in addition to integrability results. By modifying the 
preceding (2+1)-dimensional form (1), Ismaeel et al. [23], have cre-
ated a new (3+1)-dimensional integrable gKdV equation. 

𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥 + 𝜕𝑥
−1𝑢𝑦𝑡 + 𝑢𝑦 + 𝑢𝑥𝑥𝑦 + 3𝑢𝑢𝑦 +

3𝑢𝑥𝜕𝑥
−1𝑢𝑦 + 𝛽𝑢𝑧 + 𝛽1𝜕𝑥

−1𝑢𝑦𝑧 + 𝛾𝜕𝑥
−1𝑢𝑦𝑦 = 0,                 (3) 

https://www.worldscientific.com/doi/abs/10.1142/S0129055X14300064
https://iopscience.iop.org/article/10.1088/0305-4470/36/5/319/meta
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where  𝛽, 𝛽1, 𝛾 are defined as non-zero constants. The Painlev´e 
test to reveal the integrability of the equation was used and found 
that when 𝛽 =  𝛽1, the equation becomes integrable. Therefore, 
we have 

𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥 + 𝜕𝑥
−1𝑢𝑦𝑡 + 𝑢𝑦 + 𝑢𝑥𝑥𝑦 + 3𝑢𝑢𝑦 +

3𝑢𝑥𝜕𝑥
−1𝑢𝑦 + 𝛽𝑢𝑧 + 𝛽𝜕𝑥

−1𝑢𝑦𝑧 + 𝛾𝜕𝑥
−1𝑢𝑦𝑦 = 0.                    (4) 

The multiple soliton solutions to the equation (4) were reported 
by authors in Ref. [23]. In this paper, we use Hirota’s method, which 
is a direct method to obtain multiple soliton solutions to integrable 
nonlinear evolution equations. It is also possible to determine mul-
tiple soliton solutions using other methods, such as inverse scatter-
ing transform [24] and various other techniques. The advantage of 
Hirota’s method over the others is that it is algebraic rather than 
analytic. Therefore, Hirota's method provides the most efficient re-
sults when we just want to construct multiple soliton solutions. Also, 
applying the long-wave method on N-soliton solutions, we can offer 
M-lump waves. In the present study, one-, two-, and three-M-lump 
waves, three interaction phenomena of soliton with M-lump waves, 
and four types of complex multiple solutions are derived. To our 
knowledge, these propagation wave solutions have not been inves-
tigated before.  

Following is a summary of this study: In the second section, 
under the corresponding N-soliton solutions, the main idea is to 
construct M-lump solutions for equation (4), which is made possible 
by using a long wave method. In the third section, we offer and an-
alyze the characteristics of mixed solutions, a mix of lump and sol-
iton solutions. The fourth section is about the complex N-soliton so-
lutions for the studied equation. In the fifth section, results and dis-
cussion about constructed solutions are presented. The last part 
contains some discussions and conclusions from this effort. 

2. MULTIPLE M-LUMP SOLUTIONS 

To extract the soliton solutions to the Eq. (4), consider the rela-
tion 

𝑢 = 2(𝑙𝑜𝑔(𝑓))𝑥𝑥.                                                                        (5) 

Therefore, equation (4) could be shown to possess its bilinear 
form 

(
𝐷𝑡𝐷𝑥 + 𝐷𝑦𝐷𝑡 + 𝐷𝑥𝐷𝑦 + 𝐷𝑥

4 + 𝐷𝑥
3𝐷𝑦 +

𝐷𝑥
2 + 𝛽𝐷𝑥𝐷𝑧 + 𝛽𝐷𝑦𝐷𝑧 + 𝛾𝐷𝑦

2 )𝑓. 𝑓 = 0,              (6) 

where 𝑓 = 𝑓(𝑥, 𝑦, 𝑧, 𝑡) and 𝐷 is the Hirota derivative and stated 
as 

𝐷𝑥1
𝑟1𝐷𝑥2

𝑟2𝐷𝑥3
𝑟3𝐷𝑥4

𝑟4𝜒1. 𝜒2 = (𝜕𝑥1 − 𝜕𝑥1′
)
𝑟2
(𝜕𝑥2 − 𝜕𝑥2′

)
𝑟4
× 

(𝜕𝑥3 − 𝜕𝑥3′
)
𝑟3
(𝜕𝑥4 − 𝜕𝑥4′

)
𝑟4
×

𝜒1(𝑥1, 𝑥2, 𝑥3, 𝑥4)𝜒2(𝑥1
′ , 𝑥2

′ , 𝑥3
′ , 𝑥4

′ )|𝑥1=𝑥1′ ,𝑥2=𝑥2′ ,𝑥3=𝑥3′ ,𝑥4=𝑥4′
,   

where 𝑥1, 𝑥2, 𝑥3, 𝑥4 defines as independent variables, 𝜒1, 𝜒2are 
dependent variables, and constants 𝑟1, 𝑟2, 𝑟3, 𝑟4 ≥ 0. Generally, to 
offer the N-soliton solutions to the PDEs, we use the following for-
mula [25]:  

𝑓 ≡ 𝑓𝑁 = ∑ 𝑒𝑥𝑝(∑ 𝛺𝑚𝜑𝑚 +∑ 𝜇𝑚𝜇𝑛𝐴𝑚𝑛
(𝑁)
𝑚<𝑛

𝑁
𝑚=1 )𝜇=0,1   (7) 

The notation ∑  𝜇=0,1 represents the sum of all possible com-

posites 𝜇𝑚 = 0,1, for 𝑚 = 1,2, … ,𝑁.  

By taking the specific condition 𝑚 < 𝑛, the first three solutions 
of Eq. (7) have the form 

𝑓1=1+e𝛺1 , 
𝑓2 = 1 + 𝑒

𝛺1 + 𝑒𝛺2 + 𝐴12𝑒
𝛺1+𝛺2 , 

𝑓3 = 1 + 𝑒
𝛺1 + 𝑒𝛺2 + 𝑒𝛺3 + 𝐴12𝑒

𝛺1+𝛺2 + 𝐴13𝑒
𝛺1+𝛺3 +

𝐴23𝑒
𝛺2+𝛺3 + 𝐴123𝑒

𝛺1+𝛺2+𝛺3 ,                                        (8) 

where 

𝛺𝑚 = 𝑘𝑚(𝑥 + 𝑙𝑚𝑦 + 𝑗𝑚𝑧 + 𝑤𝑚𝑡) + 𝜆𝑚,                             (9) 

with dispersion relation   

𝑤𝑚 = −(1 + 𝑘𝑚
2 + 𝑗𝑚𝛽 +

𝑙𝑚
2𝛾

1+𝑙𝑚
),                                          (10) 

and 

𝑒𝐴𝑚𝑛 =
𝐾1

𝐾2
,                                                                                    (11) 

where 

𝐾1 = 3(𝑘𝑚 − 𝑘𝑛)(1 + 𝑙𝑚)(1 + 𝑙𝑛)(𝑘𝑚(1 + 𝑙𝑚) − 𝑘𝑛(1 +

𝑙𝑛)) − (𝑙𝑚 − 𝑙𝑛)
2𝛾,  

𝐾2 = 3(𝑘𝑚 + 𝑘𝑛)(1 + 𝑙𝑚)(1 + 𝑙𝑛)(𝑘𝑚 + 𝑘𝑛 + 𝑘𝑚𝑙𝑚 +
𝑘𝑛𝑙𝑛) − (𝑙𝑚 − 𝑙𝑛)

2𝛾.  

Here, 𝑘𝑚, 𝑙𝑚, 𝑗𝑚, 𝑤𝑚, 𝜆𝑚 are constants, whereas 𝛺𝑚 defines 
as the functions dependent on  𝑥, 𝑦, 𝑧, 𝑡. Now, to address the M-

lump wave solution, we apply the long-wave method by taking 𝑁 =

2, and assuming, 𝑘𝑚 → 0, 𝑒𝜆𝑚 = −1, and 
𝑘1

𝑘2
= 𝑂(1) in Eq. (7) 

give 

𝑓2 = 𝛷1𝛷2 + 𝐵12,                                                                       (12) 

where                                                

𝛷𝑚 = 𝑥 + 𝑙𝑚𝑦 + 𝑗𝑚𝑧 + 𝑤𝑚𝑡,                                      (13) 

𝑤𝑚 = −(1 + 𝑗𝑚𝛽 +
𝑙𝑚
2𝛾

1+𝑙𝑚
),                                        (14) 

𝐵𝑚𝑛 =
6(1+𝑙𝑚)(1+𝑙𝑛)(2+𝑙𝑚+𝑙𝑛)

(𝑙𝑚−𝑙𝑛)
2𝛾

.                                       (15) 

      Taking 𝑙1 = 𝑎1 + 𝑏1𝑖, 𝑙2 = 𝑙1
∗ and 𝑗1 = 𝑐1 + 𝑑1𝑖, 𝑗2 = 𝑗1

∗. 

Note that 𝑖 = √−1  and ∗ indicates the complex conjugation. From 
plugging  Eqs. (12-15) into Eq. (5), we have 

𝑢 = 2(𝑙𝑜𝑔(
(𝑥 ′ + 𝑎1𝑦

′ + 𝑐1𝑧
′)
2
+ (𝑏1𝑦

′ + 𝑑1𝑧
′)
2

−
3(1+𝑎1)((1+𝑎1)

2+𝑏1
2)

𝑏1
2𝛾

))

𝑥𝑥

             

   (16) 
where 

𝑥 ′ =
𝛾 𝑎1+ 𝛾 𝑏1

2+ 𝛾 𝑎1
2

𝑎1
2+𝑏1

2+2𝑎1+1
𝑡 − 𝑡,  

𝑦 ′ = 𝑦 −  𝛾 𝑡,    
𝑧 ′ = 𝑧 −  𝛽 𝑡.  

Equation (16) is a single M-lump wave as shown in Figure (1) 

for the gKdV equation with decaying as 𝑂 (
1

𝑥2
,
1

𝑦2
,
1

𝑧2
)  for 

|𝑥|, |𝑦|, |𝑧| → ∞  and move with the velocity  

𝑣𝑥 = 1 −
(𝑎1+𝑏1

2+𝑎1
2) 𝛾 

(𝑎1
2+𝑏1

2+2𝑎1+1)
,  

𝑣𝑦 =  𝛾 ,  
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𝑣𝑧 =  𝛽 .  

 

Fig. 1. Graphs of one-M-lump wave when 𝒛 = 𝟐, 𝒕 = 𝟐, 𝒂𝟏 =
𝟏

𝟓
, 𝒃𝟏 =

𝟎. 𝟓, 𝒄𝟏 = 𝟎. 𝟓, 𝒅𝟏 = 𝟎. 𝟓, 𝜷 = 𝟐, 𝜸 = −𝟏.  

The path followed by this wave is denoted by the following 
plane: 

𝑦 =
𝐺1

𝐺2
,. 

where 

𝐺1 = −(((𝑎1 + 1)
2 + 𝑏1

2)𝑑1(𝑧 − 𝑥𝛽)) − (𝑎1
2(1 + 𝑎1) +

(𝑎1 − 1)𝑏1
2)𝑑1𝑧𝛾 + 𝑏1(𝑎1(𝑎1 + 2) + 𝑏1

2)(𝑥 + 𝑐1𝑧)𝛾,  

𝐺2 = ((𝑎1 + 1)
2 + 𝑏1

2)(𝑏1 + 𝑏1𝑐1𝛽 − 𝑎1𝑑1𝛽) − 𝑏1(𝑎1
2 +

𝑏1
2)𝛾.  

The one-M-lump wave on this plane is depicted in Figure (2) at 
various time periods. 

 

Fig. 2. Plot of Eq. (12) for  𝒛 = 𝟐, 𝒂𝟏 =
𝟏

𝟓
, 𝒃𝟏 = 𝟎. 𝟓, 𝒄𝟏 = 𝟎. 𝟓, 𝒅𝟏 =

 𝟎. 𝟓, 𝜷 = 𝟐, 𝜸 = −𝟏 

As part of our analysis of the equation, we want to specify the 
characteristics of a double-M-lump wave by considering 𝑁 = 4 in 

Eq.  (7), and  𝑘𝑚 → 0, 𝑒𝜆𝑚 = −1 (𝑚 = 1,2,3,4), the outcome 
offers 

𝑓4 = 𝛷1𝛷2𝛷3𝛷4 + 𝐵12𝛷3𝛷4 + 𝑏13𝛷2𝛷4 + 𝐵14𝛷2𝛷3 +
𝐵23𝛷1𝛷4 + 𝐵24𝛷1𝛷3 + 𝐵34𝛷1𝛷2 + 𝐵12𝛷34 + 𝐵13𝐵24 +
𝐵14𝐵23,                                                                                     (17) 

where 𝛷1, 𝛷2, 𝛷3, 𝛷4, 𝑤𝑚 and 𝐵𝑚𝑛 (𝑛 < 𝑚) are explained with 
Eqs. (13), (14), and Eq. (15), respectively. The double-lump solu-
tion is obtained by combining equation (17) with the other findings 
in equation (5) and demonstrated in Figure 3. 

 
Fig. 3. Plots of 2-M-lump wave when 𝒛 = 𝟐, 𝒕 = 𝟐, 𝒂𝟏 = 𝟎. 𝟓, 𝒃𝟏 =

 𝟎. 𝟓, 𝒂𝟐 =
𝟏

𝟑
, 𝒃𝟐 =

𝟏

𝟑
, 𝒄𝟏 =

𝟏

𝟑
, 𝒅𝟏 =

𝟏

𝟑
, 𝒄𝟐 =

𝟏

𝟒
, 𝒅𝟐 =

𝟏

𝟒
, 𝜷 =

 𝟐, 𝜸 = −𝟏.     

For 3-M-lump of Eq. (4), we take 𝑘𝑚 → 0, 𝑒𝜆𝑚 = −1 (𝑚 =
1,… ,6) and considering 𝑁 = 6  in Eq. (7), shows 

𝑓6 = 𝛷1𝛷2𝛷3𝛷4𝛷5𝛷6 + 𝐵12𝐵34𝐵56 + 𝐵12𝐵35𝐵46 +
𝐵12𝐵45𝐵36 + 𝐵13𝐵24𝐵56 + 𝐵13𝐵25𝐵46 + 𝐵13𝐵45𝐵26 +
𝐵23𝐵14𝐵56 + 𝐵14𝐵25𝐵36 + 𝐵14𝐵35𝐵26 +
𝐵24𝐵15𝐵36𝐵34𝐵15𝐵26 + 𝐵23𝐵15𝐵46 + 𝐵23𝐵45𝐵16 +
𝐵24𝐵35𝐵16 + 𝐵34𝐵25𝐵16 + 𝛷2𝛷3𝛷4𝛷5𝐵16 +
𝛷2𝛷3𝛷5𝛷6𝐵14 +𝛷2𝛷3𝛷4𝛷6𝐵15 + 𝛷3𝛷4𝛷5𝛷6𝐵12 +
𝛷2𝛷4𝛷5𝛷6𝐵13 +𝛷1𝛷2𝛷4𝛷6𝐵35 + 𝛷1𝛷2𝛷4𝛷5𝐵36 +
𝛷1𝛷4𝛷5𝛷6𝐵23 +𝛷1𝛷3𝛷5𝛷6𝐵24 + 𝛷1𝛷3𝛷4𝛷6𝐵25 +
𝛷1𝛷3𝛷4𝛷5𝐵26 +𝛷1𝛷2𝛷3𝛷4𝐵56 + 𝛷1𝛷2𝛷3𝛷6𝐵45 +
𝛷1𝛷2𝛷3𝛷5𝐵46 +𝛷1𝛷2𝛷5𝛷6𝐵34 + 𝛷1𝛷2𝐵34𝐵56 +
𝛷1𝛷2𝐵35𝐵46 + 𝛷1𝛷2𝐵45𝐵36 +𝛷1𝐵23𝛷5𝐵46 +

𝛷1𝐵23𝛷4𝐵56 + 𝛷1𝐵23𝐵45𝛷6 +𝛷1𝛷3𝐵24𝐵56 +
𝛷1𝛷6𝐵24𝐵35 + 𝛷1𝛷5𝐵24𝐵36 + 𝛷1𝛷3𝐵25𝐵46 +
𝛷1𝛷6𝐵34𝐵25 + 𝛷1𝛷4𝐵25𝐵36 +𝛷1𝛷3𝐵45𝐵26 +
𝛷1𝛷5𝐵34𝐵26 + 𝛷1𝛷4𝐵35𝐵26 +𝛷4𝛷5𝐵12𝐵36 +
𝛷3𝛷4𝐵12𝐵56 + 𝛷3𝛷6𝐵12𝐵45 +𝛷3𝛷5𝐵12𝐵46 +
𝛷5𝛷6𝐵12𝐵34 + 𝛷4𝛷6𝐵12𝐵35 +𝛷5𝛷6𝐵13𝐵24 +
𝛷4𝛷6𝐵13𝐵25 + 𝛷4𝛷5𝐵13𝐵26 +𝛷2𝛷4𝐵13𝐵56 +
𝛷2𝛷6𝐵13𝐵45 + 𝛷2𝛷5𝐵13𝐵46 +𝛷2𝛷3𝐵14𝐵56 +
𝛷2𝛷6𝐵14𝐵35 + 𝛷2𝛷5𝐵14𝐵36 + 𝛷5𝛷6𝐵23𝐵14 +
𝛷3𝛷6𝐵14𝐵25+𝛷3𝛷5𝐵14𝐵26+𝛷4𝛷6𝐵23𝐵15+
𝛷3𝛷6𝐵24𝐵15+𝛷3𝛷4𝐵15𝐵26+𝛷2𝛷3𝐵15𝐵46+
𝛷2𝛷6𝐵34𝐵15+𝛷24𝐵15𝐵36+𝛷2𝛷4𝐵35𝐵16+
𝛷4𝛷5𝐵23𝐵16+𝛷3𝛷5𝐵24𝐵16+𝛷3𝛷4𝐵25𝐵16+
𝛷2𝛷3𝐵45𝐵16+𝛷2𝛷5𝐵34𝐵16.                                    (18) 

 

 

Fig. 4. Plots of 3-M-lump wave when 𝒛 = 𝟐, 𝒕 = 𝟐, 𝒂𝟏 = 𝟎. 𝟓, 𝒃𝟏 =

 𝟎. 𝟓, 𝒂𝟐 =
𝟏

𝟑
, 𝒃𝟐 =

𝟏

𝟑
, 𝒂𝟑 =

𝟏

𝟒
, 𝒃𝟑 =

𝟏

𝟒
, 𝒄𝟏 = 𝟎. 𝟓, 𝒅𝟏 =

 𝟎. 𝟓, 𝒄𝟐 =
𝟏

𝟓
, 𝒅𝟐 =

𝟏

𝟓
, 𝒄𝟑 =

𝟏

𝟔
, 𝒅𝟑 =

𝟏

𝟔
, 𝜷 = 𝟐, 𝜸 = −𝟏  
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We should know that 𝛷𝑝(𝑝 = 1,… ,6), 𝑤𝑚, and 𝐵𝑚𝑛  are de-

picted in Eq. (13), Eq. (14) and Eq. (15), respectively. By introduc-
ing Eq. (18) into Eq. (5), a 3-M-lump solution is displayed in Fig. 4. 
It is important to understand that 𝑙1 = 𝑎1 + 𝑏1𝑖, 𝑙2 = 𝑎2 + 𝑏2𝑖, 
𝑙3 = 𝑎3 + 𝑏3𝑖, 𝑙4 = 𝑙1

∗, 𝑙5 = 𝑙2
∗ , and 𝑙6 = 𝑙3

∗ . 

3. COLLISION PHENOMENA 

Through a long-wave approach and setting 𝑘𝑚 → 0, with 
𝑘1

𝑘2
=

𝑂(1), 𝑒𝜆𝑚 = −1 for 𝑚 = 1,2, and 𝑁 = 3, therefore 𝑓3 reads 

𝑓3 = 𝛷1𝛷2 + 𝐵12 + 𝜅1𝑒
𝛹3 ,                                                      (19) 

where 

𝜅1 = 𝛷1𝛷2 + 𝐵12 + 𝐶23𝛷1 + 𝐶13𝛷2 + 𝐶13𝐶23,                      (20)                                                                            

𝐶𝑚𝑛 = −
6𝑘𝑛(1+𝑙𝑚)(1+𝑙𝑛)(2+𝑙𝑚+𝑙𝑛)

3𝑘𝑛
2(1+𝑙𝑚)(1+𝑙𝑛)

2−(𝑙𝑚−𝑙𝑛)
2𝛾
.                                     (21)                                                              

By combining Eq. (19) with Eq. (5), the outcome is a combina-
tion of a single-lump with a single-soliton solution (see Fig. 5). 

 
Fig. 5. Plots of M-lump with soliton solution when 𝒛 = 𝟏, 𝒕 = 𝟐, 𝒂𝟏 =

 𝟎. 𝟓, 𝒃𝟏 = 𝟎. 𝟓, 𝒂𝟐 =
𝟏

𝟑
, 𝒃𝟐 =

𝟏

𝟑
, 𝒌𝟑 = 𝟏, 𝒍𝟑 = 𝟏, 𝒋𝟑 =

𝟐, 𝝀𝟑 =  𝟐𝟎, 𝜷 = 𝟐, 𝜸 = −𝟏 

 
Fig. 6. Graphs of M-lump with a 2-soliton solution when 𝒛 = 𝟏, 𝒕 =

 𝟐, 𝒂𝟏 = 𝟎. 𝟓, 𝒃𝟏 = 𝟎. 𝟓, 𝒄𝟏 =
𝟏

𝟑
, 𝒅𝟏 =

𝟏

𝟑
, 𝒌𝟑 = 𝟏, 𝒍𝟑 =

𝟏, 𝒋𝟑 =  𝟐, 𝝀𝟑 = 𝟏𝟎, 𝒌𝟒 = 𝟏, 𝒍𝟒 = 𝟐, 𝒋𝟒 = 𝟑, 𝝀𝟒 = 𝟐𝟎,𝜷 =
𝟏, 𝜸 = −𝟓   

Setting 𝑁 = 4  in Eq. (7), and 𝑘𝑚 → 0, 
𝑘1

𝑘2
= 𝑂(1), and 

𝑒𝜆𝑚 = −1 for 𝑚 = 1,2, we set up 

𝑓4 = 𝛷1𝛷2 + 𝐵12 + 𝜅1𝑒
𝛹3 + 𝜅2𝑒

𝛹4 + 𝐴34𝑒
𝛹3+𝛹4(𝜅1 +

𝜅2 −𝛷1𝛷2 − 𝐵12 + 𝐶13𝐶24 + 𝐶14𝐶23),                                (22) 

where 

𝜅2 = 𝛷1𝛷2 + 𝐵12 + 𝐶24𝛷1 + 𝐶14𝛷2 + 𝐶14𝐶24.                   (23) 

Eq. (22) can be substituted into Eq. (5) to provide a result that 
combines the properties of a double-soliton solution and a single-
M-lump solution (refer to Fig. 6).  

If 𝑁 = 5 and taking the limit 𝑘𝑚 → 0 and 𝑒𝜆𝑚 = −1 for 
𝑚 = 1,2,3,4, in Eq. (7), we get 

𝑓5 = 𝛷1𝛷2𝛷3𝛷4 + 𝐵34𝛷1𝛷2 + 𝐵24𝛷1𝛷3 + 𝐵23𝛷1𝛷4 +
𝐵14𝛷2𝛷3 + 𝐵13𝛷2𝛷4 + 𝐵12𝛷3𝛷4 + 𝑄𝑒

𝛹5 + 𝐵14𝐵23 +
𝐵13𝐵24 + 𝐵12𝐵34                                                                          (24) 

where 
𝑄 = 𝛷1𝛷2𝛷3𝛷4 + 𝐶45𝛷1𝛷2𝛷3 + 𝐶15𝛷2𝛷3𝛷4

+ 𝐶25𝛷1𝛷3𝛷4 + 𝐶35𝛷1𝛷2𝛷4
+ (𝐵34 + 𝐶35𝐶45)𝛷1𝛷2
+ (𝐵24 + 𝐶25𝐶45)𝛷1𝛷3
+ (𝐵14 + 𝐶15𝐶45)𝛷2𝛷3
+ (𝐵23 + 𝐶25𝐶35)𝛷1𝛷4
+ (𝐵13 + 𝐶15𝐶35)𝛷2𝛷4
+ (𝐵12 + 𝐶15𝐶25)𝛷3𝛷4
+ (𝐵34𝐶25 + 𝐵24𝐶35 + 𝐵23𝐶45
+ 𝐶25𝐶35𝐶45)𝛷1
+ (𝐵34𝐶15 + 𝐵14𝐶35 + 𝐵13𝐶45
+ 𝐶15𝐶35𝐶45)𝛷2
+ (𝐵24𝐶15 + 𝐵14𝐶25 + 𝐵12𝐶45
+ 𝐶15𝐶25𝐶45)𝛷3
+ (𝐵23𝐶15 + 𝐵13𝐶25 + 𝐵12𝐶35
+ 𝐶15𝐶25𝐶35)𝛷4 + 𝐵14𝐵23 + 𝐵13𝐵24
+ 𝐵12𝐵34 + 𝐵34𝐶15𝐶25 + 𝐵24𝐶15𝐶35
+ 𝐵14𝐶25𝐶35 + 𝐵23𝐶15𝐶45 + 𝐵13𝐶25𝐶45
+ 𝐵12𝐶35𝐶45 + 𝐶15𝐶25𝐶35𝐶45.  

The outcome shown in Figure 7 is the observable feature, 
which is obtained by combining Eq. (24) and Eq. (5) to illustrate an 
interaction of a two-M-lump with a soliton solution. A complete list 
of all constants and functions can be found in this article.   

 
Fig. 7. Plots of 2-M-lump with soliton solution when 𝒛 = 𝟏, 𝒕 = 𝟐, 𝒂𝟏 =

𝟎. 𝟓, 𝒃𝟏 = 𝟎. 𝟓, 𝒂𝟐 =
𝟏

𝟑
, 𝒃𝟐 =

𝟏

𝟑
, 𝒄𝟏 =

𝟏

𝟒
, 𝒅𝟏 =

𝟏

𝟒
, 𝒄𝟐 =

𝟏

𝟓
, 𝒅𝟐 =

𝟏

𝟓
, 𝒌𝟓 = 𝟏, 𝒍𝟓 = 𝟏, 𝒋𝟓 = 𝟐, 𝝀𝟓 = 𝟐𝟎, 𝜷 = 𝟏, 𝜸 = −𝟓 

4. COMPLEX MULTI-SOLITON SOLUTIONS 

Here, we explore the complexity of multi-solutions to the stud-
ied equation to explore new features of solutions. 
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4.1. The complex one-soliton wave 

First, to construct the complex one-soliton wave, the assump-
tion is 

𝑔1=1+ie
𝑘1(𝑥+𝑙1𝑦+𝑗1𝑧−(1+𝑘1

2+𝑗1𝛽+
𝑙1
2𝛾

1+𝑙1
)𝑡)+𝛼1

.                       (25) 

Substituting this assumption into Eq.(5), the result is 

𝑢 = −
2𝑖𝑘1

2𝑒

𝛼1+𝑘1(𝑥+𝑙1𝑦+𝑗1𝑧−𝑡(1+𝑘1
2+𝑗1𝛽+

𝑙1
2𝛾

1+𝑙1
))

(

 
 
𝑒

𝛼1+𝑘1(𝑥+𝑙1𝑦+𝑗1𝑧−𝑡(1+𝑘1
2+𝑗1𝛽+

𝑙1
2𝛾

1+𝑙1
))

−𝑖

)

 
 

2.                    (26) 

This solution is shown graphically in Fig. (8).  

 

 
Fig. 8. Graphs of complex one-soliton wave are plotted for 𝑧 = 1, 𝑡 =

2, 𝑘1 = 1, 𝑙1 = 1, 𝑗1 = 2, 𝛼1 = 1, 𝛽 = 1, 𝛾 = 2: a) Real part,   
b) Imaginary part, c) Contour plot of real part, d) Contour plot of  
imaginary part   

4.2. The complex two-soliton solution 

Here, the objective is to drive a double-soliton solution, where 
the assumption is 

𝑔2 = 1 + 𝑖𝑒
𝜃1 + 𝑖𝑒𝜃2 + 𝑆12𝑒

𝜃1+𝜃2 .                                        (27) 

Putting this equation into Eq. (5), the result yields 

𝑢 =
2(𝑔2

𝜕2𝑔2
𝜕𝑥2

−
𝜕𝑔2
𝜕𝑥

2
)

𝑔2
2 ,                                                                   (28) 

where  

𝜃1 = 𝑘1(𝑥 + 𝑙1𝑦 + 𝑗1𝑧 + 𝜔1𝑡) + 𝛼1, 𝜃2 = 𝑘2(𝑥 + 𝑙2𝑦 +

𝑗2𝑧 + 𝜔2𝑡) + 𝛼2,  𝜔1 = −(1 + 𝑘1
2 + 𝑗1𝛽 +

𝑙1
2𝛾

1+𝑙1
), 𝜔2 =

−(1 + 𝑘2
2 + 𝑗2𝛽 +

𝑙2
2𝛾

1+𝑙2
)  

and 

 𝑆12 = 

(𝑙1−𝑙2)
2𝛾−3(𝑘1−𝑘2)(1+𝑙1)(1+𝑙2)(𝑘1(1+𝑙1)−𝑘2(1+𝑙2))

3(𝑘1+𝑘2)(1+𝑙1)(1+𝑙2)(𝑘1+𝑘2+𝑘1𝑙1+𝑘2𝑙2)−(𝑙1−𝑙2)
2𝛾
.   

 This solution represents a complex two-soliton solution, and it 
is drawn in Fig. (9). 

 

 
Fig. 9. Graphs of complex two-soliton wave are plotted for 𝑧 = 1, 𝑡 =

2, 𝑘1 = 1, 𝑘2 = 1, 𝑙1 = 1, 𝑙2 = 0.5, 𝑗1 = 0.5, 𝑗2 = 0.5, 𝛼1 =
3, 𝛼2 = 6, 𝛽 = 1, 𝛾 = 2:  a) Real part, b) Imaginary part, c)      
Contour plot of real part, d) Contour plot of imaginary part   

4.3. The complex three-soliton solution 

To report a three-soliton solution in complex form, let 

𝑔3 = 1 + 𝑖𝑒
𝜃1 + 𝑖𝑒𝜃2 + 𝑖𝑒𝜃3 + 𝑆12𝑒

𝜑1+𝜃2 + 𝑆13𝑒
𝜃1+𝜃3

+ 𝑆23𝑒
𝜃2+𝜃3 + 𝑖𝑆123𝑒

𝜃1+𝜃2+𝜃3 . 

   (29) 
Substituting this equation into Eq. (5), we have 

𝑢 =
2(𝑔3

𝜕2𝑔3
𝜕𝑥2

−
𝜕𝑔3
𝜕𝑥

2
)

𝑔3
2 .                                                                        (30) 

The function 𝜃𝑚 is defined as  

𝜃𝑚 = 𝑘𝑚(𝑥 + 𝑙𝑚𝑦 + 𝑗𝑚𝑧 + 𝜔𝑚𝑡) + 𝛼𝑚,                           (31) 

with dispersion relation   

𝜔𝑚 = −(1 + 𝑘𝑚
2 + 𝑗𝑚𝛽 +

𝑙𝑚
2𝛾

1+𝑙𝑚
),                                       (32) 

where the constant 𝑆123 = 𝑆12𝑆13𝑆23 123 12 13 23S S S S= .  

The constant 𝑆𝑚𝑛 is stated as 

𝑆𝑚𝑛 =
𝑍1

𝑍2
,                                                                                 (33) 

where 

𝑍1 = (𝑙𝑚 − 𝑙𝑛)
2𝛾 − 3(𝑘𝑚 − 𝑘𝑛)(1 + 𝑙𝑚)(1 + 𝑙𝑛)(𝑘𝑚(1 +

𝑙𝑚) − 𝑘𝑛(1 + 𝑙𝑛)),  

𝑍2 = 3(𝑘𝑚 + 𝑘𝑛)(1 + 𝑙𝑚)(1 + 𝑙𝑛)(𝑘𝑚 + 𝑘𝑛 + 𝑘𝑚𝑙𝑚 +
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𝑘𝑛𝑙𝑛) − (𝑙𝑚 − 𝑙𝑛)
2𝛾.  

The result of this solution is presented in Fig. (10), which is a 
complex-three-soliton solution. 

 

 
Fig. 10. Graphs of complex three-M-lump wave are plotted for 𝑧 =

1, 𝑡 = 2, 𝑘1 = 1, 𝑘2 = 1, 𝑘3 = 2, 𝑙1 = 1, 𝑙2 = 0.5, 𝑙3 =
1

3
, 𝑗1 = 0.5, 𝑗2 = 0.5, 𝑗3 =

1

3
, 𝛼1 = 3, 𝛼2 = 6, 𝛼3 = 9, 𝛽 =

1, 𝛾 = 2:  a) Real part, b) Imaginary part, c) Contour plot of real 
part, d) Contour plot of imaginary part    

4.4. The complex four-soliton solution 

To report a four-soliton solution in complex form, let 

𝑔4 = 1 + 𝑖𝑒
𝜑1 + 𝑖𝑒𝜑2 + 𝑖𝑒𝜑3 + 𝑖𝑒𝜑4 + 𝑆12𝑒

𝜑1+𝜑2 + 
𝑆13𝑒

𝜑1+𝜑3 + 𝑆14𝑒
𝜑1+𝜑4 + 𝑆23𝑒

𝜑2+𝜑3 + 𝑆24𝑒
𝜑2+𝜑4  

+𝑆34𝑒
𝜑3+𝜑4 + 𝑖𝑆123𝑒

𝜑1+𝜑2+𝜑3 + 𝑖𝑆124𝑒
𝜑1+𝜑2+𝜑4 + 

𝑖𝑆234𝑒
𝜑2+𝜑3+𝜑4 + 𝑆1234𝑒

𝜑1+𝜑2+𝜑3+𝜑4(34) 

where 𝑆𝑖𝑗𝑘 = 𝑆𝑖𝑗𝑆𝑖𝑘𝑆𝑗𝑘 and 𝑆1234 = 𝑆123𝑆124𝑆234  are defined 

in Eq. (33). Substituting this equation into Eq. (5), we have 

𝑢 =
2(𝑔4

𝜕2𝑔4
𝜕𝑥2

−
𝜕𝑔4
𝜕𝑥

2
)

𝑔4
2 .                                                                                (35) 

This equation represents a complex four-soliton solution (see 
Fig. (11)). The research paper contains all required constants and 
functions. 

 

 
Fig. 11. Graphs of complex four-soliton wave are plotted for 𝑧 = 1, 𝑡 =

2, 𝑘1 = 1, 𝑘2 = 1, 𝑘3 = 2, 𝑘4 = 2, 𝑙1 = 1, 𝑙2 = 0.5, 𝑙3 =
1

3
, 𝑙4 =

1

4
, 𝑗1 = 0.5, 𝑗2 = 0.5, 𝑗3 =

1

3
, 𝑗4 =

1

4
, 𝛼1 = 3, 𝛼2 =

6, 𝛼3 = 9, 𝛼4 = 12, 𝛽 = 1, 𝛾 = 2: a) Real part, b) Imaginary 
part, c) Contour plot of real part, d) Contour plot of imaginary part   

5. RESULTS AND DISCUSSION 

The gKdV equation has been investigated, and some novel so-
lutions have been presented. A logarithmic variable transform is 
considered to transform the studied equation to the Hirota bilinear 
form. Via Hirota bilinear and long-wave methods, novel physical 
features to the considered equation are derived. The one-M-lump 
wave is shown in Fig. 1, and the motion of this wave, which moves 
on a straight line, is presented in Fig. 2. In Fig. 3 and Fig. 4, the 
double-, and triple-M-lump solutions have been drawn with the cor-
responding contour plots. Hybrid solutions are also derived. In Fig. 
5 shows, mixed single soliton with a single M-lump wave, in Fig. 6 
shows, mixed double soliton with a single M-lump wave, and Fig. 7 
shows, mixed single soliton with a double M-lump wave with corre-
sponding contour plots. Moreover, the complexiton soliton solutions 
are also constructed. In Fig. 8, the real and imaginary parts of a 
complex one-soliton solution are sketched. In Fig. 9, the real and 
imaginary parts of a complex two-soliton solution are drawn. The 
triple-soliton solution in complex form is derived in Fig. 10, and in 
Fig. 11, the behaviours of the four-soliton solution are presented. 

6. CONCLUSION 

We have considered the gKdV equation as a mathematical 
model of waves on shallow water surfaces. As far as macroscale 
processes and phenomena are concerned, KdV remains the most 
complete and arguably most useful model. First, the (3+1)-dimen-
sional gKdV equation via variable transform is converted to the Hi-
rota bilinear form. The M-lump wave solutions, namely one-lump, 
two-lump, and three-lump solutions, have been explored by apply-
ing the long-wave technique on the N-soliton solutions, which were 
constructed via the Hirota method. The interaction solutions via uti-
lizing both Hirota bilinear and long-wave methods have been de-
rived. These physical phenomena are one-soliton-lump, two-soli-
ton-lump, and two-lump-soliton solutions. By virtue of the Hirota 
method, the N-complex-soliton solutions in complex form are con-
structed. The propagation characteristics of all gained solutions are 
shown graphically in 3D and contour plots. All phenomena pre-
sented in this work are verified by plugging them back into the stud-
ied equation. All presented physical phenomena are novel and 
have not been presented in the previously published study. In future 
work, these methods could be applied to more integrable NPDE 
and complex PDE to explore new features of solutions.  
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Abstract: This study investigates mixed convection heat transfer of a non-Newtonian fluid within a finned triangular cavity containing a 
horizontally oriented, rotating cylinder with a circular cross-section. The cylinder, maintained at a high temperature, rotates at a constant 
speed, while the cavity walls are kept at a cold temperature. This configuration is significant for applications in cooling technologies and 
materials processing. Unlike previous studies that primarily focused on simpler geometries, this work uniquely examines the effects of varying 
blockage ratios in a finned triangular cavity, a less explored configuration. The analysis considers key parameters such as cylinder rotation 
speed (Re = 1, 5, and 10), thermal buoyancy intensity (Ri = 0, 1, 2, and 3), fluid viscosity (characterized by the power-law index, n=0.6, 1, 
and 1.6), and blockage ratio (β = 0.12, 0.24, and 0.36). Numerical simulations were performed using the finite volume method to solve the 
governing equations, with Ostwald’s law modeling the fluid’s rheological properties. Results show that increasing the blockage ratio stabilizes 
the flow, suppressing counter-rotating regions around the cylinder and reducing the heat transfer rate by more than 30%. Additionally, a 
decrease in the fluid’s power-law index enhances heat transfer from the hot cylinder. These findings provide valuable insights for optimizing 
thermal systems. 

Key words: Complex fluid, mixed convection, blockage ratio, numerical investigation, Nusselt number, CFD 

1. INTRODUCTION 

Heat transfer in fluids with complex rheological properties is a 
growing area of research due to its critical role in industrial applica-
tions such as energy storage, cooling technologies, and material 
processing. Non-Newtonian fluids, particularly those with power-
law characteristics, exhibit unique thermal and flow behaviors, mak-
ing them essential for optimizing engineering systems. Mixed con-
vection, which combines forced and natural convection effects, is 
especially significant in systems with confined geometries and ro-
tating components. 

Numerous studies have advanced our understanding of non-
Newtonian fluid dynamics and heat transfer. For instance, laminar 
forced convection around two heated cylinders in a square duct has 
shown that cylinder spacing and the power-law index significantly 
affect flow structure [1]. Pore-scale simulations using the thermal 
lattice Boltzmann method have demonstrated that porosity and per-
meability enhance thermal conductivity in porous structures [2]. 
Natural convection in trapezoidal enclosures has revealed that ge-
ometry influences heat transfer, with the aspect ratio affecting tem-
perature distribution and flow patterns [3]. Studies of magnetohy-
drodynamic (MHD) double-diffusive natural convection in crown en-
closures have highlighted the role of magnetic fields in altering flow 
structure and improving heat transfer [4]. Additionally, investiga-
tions of natural convection in shallow horizontal rectangular cavities 
heated from below have shown that the Nusselt number increases 
with the power-law index as buoyancy forces dominate [5]. 

Research on vertical cavities subjected to horizontal tempera-
ture gradients indicates that increasing temperature differences 

enhances heat transfer rates [6]. Mixed convection in lid-driven 
square cavities has demonstrated that thermal performance varies 
significantly with the interaction between fluid motion and the mov-
ing lid [7]. Similarly, studies of mixed convective heat transfer in 
square enclosures using higher-order finite element methods em-
phasize that heat transfer strongly depends on the flow regime and 
enclosure geometry [8]. Other work on mixed convection of non-
Newtonian fluids in square chambers with discrete heating config-
urations highlights the impact of heating arrangements on flow and 
thermal performance [9]. 

Investigations into specific configurations have also provided 
valuable insights. For example, double-diffusive effects in Casson 
fluid flow past wavy inclined plates have shown how temperature 
and concentration gradients influence heat transfer [10]. Skewed 
lid-driven cavities have been found to enhance convective heat 
transfer under certain conditions [11]. Studies of power-law fluids 
and magnetic fields in staggered porous cavities have revealed a 
significant reduction in heat transfer rates when these factors are 
combined [12]. The arrangement of cylinders in flow fields has been 
shown to critically affect heat transfer efficiency [13]. Furthermore, 
hybrid nanofluids in 3D lid-driven chambers under magnetic fields 
have demonstrated improved thermal performance and reduced 
entropy generation [14]. Finally, research on tandem circular cylin-
ders in cross-flow at low Reynolds numbers has indicated that prox-
imity significantly affects flow patterns and heat transfer [15]. 

Nanofluids, with their enhanced thermal properties due to na-
noparticle inclusion, have also been extensively studied. The role 
of curved fins in shaping flow patterns and analyzing entropy gen-
eration in buoyancy-driven magnetized hybrid nanofluid transport 
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has been investigated, offering insights into thermal management 
[16]. Magnetically driven hybrid nanofluid transport in micro-wavy 
channels has demonstrated potential applications in MEMS-based 
drug delivery systems [17]. Studies on buoyancy-driven magnet-
ized hybrid nanofluids in discretely heated circular chambers with 
fins have shown the importance of heat source configurations on 
hydrothermal performance [18]. 

Further research on natural convection and MHD effects in alu-
mina nanofluids within triangular enclosures equipped with fins has 
emphasized the role of geometry in enhancing heat transfer perfor-
mance [19]. Investigations into thermal modes of obstacles within 
triangular cavities have advanced the understanding of Al₂O₃-wa-
ter nanofluid transport mechanisms [20]. Similarly, buoyancy-driven 
MHD hybrid nanofluid flow in circular enclosures with fins has pro-
vided strategies for optimizing heat transfer in complex systems 
[21]. 

The development of numerical methods has further enriched 
this field. Studies on nanofluid convection heat transfer in renewa-
ble energy systems have highlighted its potential to improve energy 
efficiency [22]. The interaction of magnetic fields with heat transfer 
processes has been explored, shedding light on convection under 
MHD conditions [23]. Research on cavity design has emphasized 
its critical role in optimizing heat transfer performance [24]. The ef-
fects of heat source placement on natural convection in enclosures 
have also been examined, offering strategies to enhance thermal 
management [25]. Additionally, the thermal behavior of complex 
systems influenced by cavity design has been thoroughly investi-
gated [26]. 

Despite these advances, the study of mixed convection in non-
Newtonian fluids within finned triangular cavities remains underex-
plored, particularly in the presence of rotating cylinders. Fins are 
widely used in engineering systems, such as heat exchangers and 
cooling devices, to enhance thermal performance by increasing 
surface area and influencing flow behavior. Previous studies have 
demonstrated that fins significantly improve heat transfer and flow 
dynamics in buoyancy-driven and mixed convection systems [27]. 

Building on these insights, the current study investigates the 
effects of mixed convection in a finned triangular cavity containing 
a horizontally oriented, rotating cylinder. The analysis focuses on 
the effects of blockage ratio (β=d/L), Reynolds and Richardson 
numbers, and the rheological properties of power-law fluids on flow 
and heat transfer. Numerical simulations, conducted using the finite 
volume method, provide detailed insights into the interaction of 
these parameters, contributing to the optimization of energy stor-
age systems, cooling technologies, and industrial processes. By in-
tegrating and expanding existing knowledge, this study bridges 
gaps in the literature and offers a novel perspective on mixed con-
vection in power-law fluids, laying a foundation for future advance-
ments in thermal management. 

2. PHYSICAL PROBLEM AND MATHEMATICAL  
FORMULATIONS 

Fig. 1 illustrates the computational domain used for this inves-
tigation.  It consists a rotating horizontal cylinder inside a finned tri-
angular cavity.  

The ratio of cylinder diameter d to the side length of the trian-
gular cavity L defines the blockage ratio (β = d/L), it takes three 
values, β = 0.12, 0.24 and 0.36. The cylinder has a hot temperature 
Th and rotates in a counterclockwise direction (Ω), while the trian-
gular cavity remains at a cold temperature Tc (Th > Tc). The space 

between the cylinder and the triangular cavity is assumed to be 
filled with power law fluids. Three values of the power-law index (n) 
were considered (= 0.6, 1 and 1.6). 

 
Fig. 1. Diagrammatic representation of the problem 

Mixed convection occurs when both natural and forced convec-
tion mechanisms are involved in heat transfer. In this study, the ro-
tation of the cylinder generates forced convection, while the tem-
perature difference between the cylinder's surface and the cavity 
drives natural convection. The Reynolds number controls the rota-
tional speed of the cylinder, while the Richardson number defines 
the relative contribution of forced versus natural convection. Four 
Richardson numbers are considered: 0, 1, 2, and 3. 

The assumptions of laminar and non-Newtonian flow, steady-
state conditions, mixed convection, and constant fluid properties 
are adopted in this study. The equations of continuity, momentum, 
and energy, subject to the Boussinesq approximation and neglect-
ing dissipation effects, are first presented in their dimensional form 
as follows [1]: 

The equation of continuity: 

∂𝑢

∂𝑥
+

∂𝑣

∂𝑦
= 0   (1) 

The equation of momentum along the x-direction: 

𝜕(𝑢𝑢)

∂𝑥
+

𝜕(𝑢𝑣)

∂𝑦
= −

∂𝑝

∂𝑥
+ (

∂𝜏𝑥𝑥

∂𝑥
+

∂𝜏𝑦𝑥

∂𝑦
)  (2) 

The equation of momentum along the y-direction: 

𝜕(𝑢𝑣)

∂𝑥
+

𝜕(𝑣𝑣)

∂𝑦
= −

∂𝑝

∂𝑦
+ (

∂𝜏𝑥𝑦

∂𝑥
+

∂𝜏𝑦𝑦

∂𝑦
)                                     (3) 

The equation of energy: 

𝜌𝑐𝑝 (𝑢
∂𝑇

∂𝑥
+ 𝑣

∂𝑇

∂𝑦
) = 𝑘 (

𝜕2𝑇

∂𝑥2 +
𝜕2𝑇

∂𝑦2)  (4) 

To generalize the analysis, these equations are rewritten in di-
mensionless form using the dimensionless variables [28]: 

The equation of continuity: 

∂𝑢∗

∂𝑥∗ +
∂𝑣∗

∂𝑦∗ = 0   (5) 

The equation of momentum along the x-direction: 

𝑢∗ (
∂𝑢∗

∂𝑥∗) + 𝑣∗ (
∂𝑢∗

∂𝑦∗) = −
∂𝑝∗

∂𝑥∗ +
1

𝑅𝑒
(

∂𝜏𝑥𝑥
∗

∂𝑥∗ +
∂𝜏𝑦𝑥

∗

∂𝑦∗ )  (6) 
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The equation of momentum along the y-direction: 

𝑢∗ (
∂𝑣∗

∂𝑥∗) + 𝑣∗ (
∂𝑣∗

∂𝑦∗) = −
∂𝑝∗

∂𝑦∗ +
1

𝑅𝑒
(

∂𝜏𝑥𝑦
∗

∂𝑥∗ +
∂𝜏𝑦𝑦

∗

∂𝑦∗ ) +    

𝑅𝑖 × 𝑇∗    (7) 

The equation of energy: 

𝑢∗ (
∂𝑇∗

∂𝑥∗) + 𝑣∗ (
∂𝑇∗

∂𝑦∗) =
1

𝑃𝑒
(

𝜕2𝑇∗

∂𝑥∗2 +
𝜕2𝑇∗

∂𝑦∗2)  (8) 

Re and Pe are the Reynolds and Peclet numbers, Ri is the 
Richardson number, and u∗ and v∗ are the fluid dimensionless ve-
locities in the x∗ and y∗ directions. Dimensionless pressure and 
temperature are represented by the numbers p∗ and T∗, respec-
tively. The following represents the dimensionless variables [28]: 

𝑥∗ = 𝑥 𝑑⁄  , 𝑦∗ = 𝑦 𝑑⁄  , 𝑢∗ = 𝑢 (𝛺⁄ × 𝑑) , 𝑎𝑛𝑑    

𝑣∗ = 𝑣 (𝛺⁄ × 𝑑)   (9) 

𝑝∗ = 𝑝 𝜌(𝛺 × 𝑑)2,⁄   𝑇∗ = (𝑇 − 𝑇𝐶)/(𝑇ℎ − 𝑇𝐶)                (10) 

𝑃𝑒 = 𝑅𝑒 × 𝑃𝑟                                                                         (11) 

The following equation represents the power-law fluid's behav-
ior [28]: 

𝜏𝑖𝑗 = 2𝜂𝜀𝑖𝑗                                                                               (12) 

where the viscous stress tensors and the rate of deformation are 
represented, respectively, by 𝜀𝑖𝑗 and 𝜏𝑖𝑗. Furthermore, for power-

law fluids, the fluid viscosity, denoted by 𝜂, is defined (in dimen-
sional form) as follows [28]: 

𝜂 = 𝑚 (
𝐼2

2
)

(
𝑛−1

2
)
                                                                       (13) 

where 𝐼2 is the second invariant of the rate of deformation tensor, 
m is the consistency index, and n is the power-law index. A fluid 
that is shear-thinning is represented by n < 1, a Newtonian limit by 
n = 1, and a shear-thickening fluid by n > 1. The following equation 
gives 𝐼2 in Cartesian coordinates [28]: 

(
𝐼2

2
) = 2 (

∂𝑢

∂𝑥
)

2

+ 2 (
∂𝑣

∂𝑦
)

2

+ [(
∂𝑢

∂𝑦
) + (

∂𝑣

∂𝑥
)]

2

                        (14) 

Generally, Grashof number and Richardson number for power 
law fluids are computed as follows [28]: 

𝐺𝑟 = 𝑔𝛽𝑇∆𝑇𝑑3 (
𝜌

𝑚
(𝛺)1−𝑛)

2

                                               (15) 

𝑅𝑖 =
𝑔𝛽𝑇∆𝑇𝑑3

(𝛺×𝑑)2 =
𝐺𝑟

𝑅𝑒2                                                                (16) 

where 𝜌, 𝑔, and 𝛽𝑇 are the density of the fluid, the gravitational 
acceleration and volumetric expansion coefficient, respectively. 

The average Nusselt number, or Nu, is calculated by integrating 
local values along the surface area of the inner cylinder A. The fol-
lowing are Nu's average and local values [28]: 

𝑁𝑢𝐿 = (
𝜕𝑇∗

𝜕𝑛
)

𝑤𝑎𝑙𝑙
   , 𝑁𝑢 =

1

𝐴
∫ 𝑁𝑢𝐿𝑑𝐴

 

𝑠
                               (17) 

3. NUMERICAL PROCEDURE 

The current study was conducted using ANSYS-CFX, a com-
mercial computational fluid dynamics (CFD) software, to 

numerically simulate the system. This software converts the gov-
erning equations of heat transfer and fluid dynamics into an alge-
braic form, which are then solved using the finite volume method. 
For numerical simulations, ANSYS-CFX was employed, utilizing a 
high-resolution scheme for the convective terms and the SIMPLEC 
algorithm to handle the pressure-velocity coupling. A calculation er-
ror threshold of 10⁻⁶ was set for both thermal and fluid dynamic 
equations to ensure convergence accuracy. The mesh required for 
the simulations was generated using Gambit. After importing the 
mesh into CFD-Pre, boundary conditions were defined and applied 
to the problem domain. For visualization and post-processing, in-
cluding the generation of contour plots, CFD-Post was used to an-
alyze and present the simulation results. 

The numerical method employed in this study ensures high ac-
curacy and reliability in solving complex heat transfer and fluid dy-
namics problems. Using ANSYS-CFX with a high-resolution 
scheme minimizes numerical diffusion, while the SIMPLEC algo-
rithm provides efficient pressure-velocity coupling. The finite vol-
ume method and a convergence criterion of 10⁻⁶ guarantee solu-
tion stability. Unlike analytical methods, which are limited to simpli-
fied geometries, this approach handles complex domains and non-
linear interactions with flexibility. Additionally, it is less resource-in-
tensive than experimental approaches and allows for comprehen-
sive analysis. The integration of Gambit for mesh generation and 
CFD-Post for visualization ensures efficient data processing and 
high-quality results, making the method suitable for diverse engi-
neering applications. 

The accuracy of the numerical simulation is strongly influenced 
by the number of grid elements, making the selection of an optimal 
mesh density crucial (Fig. 2). A grid independence test was there-
fore performed to determine the appropriate mesh size, as shown 
in Table 1. Three different mesh densities were tested, with each 
mesh used to calculate the Nusselt number for the heated body 
under conditions of n = 1.6, Re = 10, Ri = 2 and β = 0.12. The results 
confirmed that mesh M2 is optimal, as it produced Nusselt values 
comparable to those of the denser M3, indicating that further refine-
ment would not significantly impact the results. 

 
Fig. 2. The structure of the grid used for the calculations 

Fig. 3 illustrates the convergence behavior of residuals for the 
case where Re = 5, Ri = 0, n = 0.6, and β = 0.12 in the numerical 
simulation. Fig. 3(A) presents the Root Mean Square (RMS) resid-
uals for mass continuity and velocity components (u, v) over 
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accumulated time steps, while Fig. 3(B) depicts the RMS residual 
for energy. The residuals exhibit a consistent decrease and stabi-
lize below the convergence threshold of 10⁻⁶, confirming success-
ful numerical convergence. 

The accuracy of the numerical model has been validated 
through comparisons with the studies by Kuehn and Goldstein [37] 
and Matin and Khan [38], which investigated buoyancy-driven flow 
between two concentric cylinders. Fig. 4(A) illustrates the effect of 
Rayleigh number (Ra = Pr · Gr) on the Nusselt number at Pr = 0.71 
and n = 1, showing a strong agreement between our results and 
the reference data. So that the maximum value of the difference 
between the experimental and numerical results is less than 1%.  
Additionally, a second comparison was conducted to assess the 
influence of the non-Newtonian behavior of the fluid, specifically the 
effect of the power-law index n. For this purpose, results were com-
pared with those of Matin et al. [39], as shown in Fig. 4(B) at Pr = 
100 with a blockage ratio of 0.25. The results high-light the impact 
of the power-law index on the Nusselt number, again confirming 
good agreement. Fig. 4(C) shows a comparison test between pre-
sent results and the results of [31]. The results are about the natural 
convection between two cylinders. Fig. 4(C) presents a good agree-
ment.  
 

Tab. 1. Grid independency test for n = 1.6, Re = 10, Ri = 2 and β = 0.12 

Mesh Elements Nu Difference 
% 

CPU Se-
conds 

M1 130,000 3.41930 1.478 622 

M2 260,000 3.36876 0.011 1021 

M3 520,000 3.36913 - - 

 
 

 
Fig. 3. Residual Convergence for Re = 5, Ri = 0, n = 0.6 and β = 0.12 

 

 
                     (C) 

 
Fig. 4. Validation tests 

4. RESULTS AND DISCUSSION 

This section provides a detailed presentation and discussion of 
the streamlines, isotherm contours, and the average Nusselt num-
ber for varying values of the power-law index (n), Reynolds number 
(Re), and Richardson number (Ri). 

Three cases are analyzed based on the blockage ratio (β = d/L): 
a blockage ratio of 0.12 for the first case, 0.24 for the second, and 
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0.36 for the third. In each scenario, streamline and isotherm con-
tours illustrate the fluid flow and thermal patterns, respectively. 

For the specified governing parameters of Ri (0, 1, 2, and 3), 
Re (1, 5, and 10), and n (0.6, 1.0, and 1.6) with a fixed Pr = 50, the 
Nusselt number (Nu) of the inner rotating cylinder is determined. 
The selected parameter values are based on a previous study [28]. 

Mixed convection occurs when both forced and natural convec-
tion take place simultaneously. In this study, natural convection is 

driven by the temperature difference between the inner cylinder and 
the finned triangular cavity, while forced convection results from the 
cylinder’s rotation. When Ri = 0, only forced convection is dominant. 
As the Ri value increases, the buoyancy force, representing the ef-
fect of natural convection, also gradually increases. Meanwhile, the 
rotational speed is directly related to the Reynolds number (Re). 
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Fig. 5. Streamlines for the case of blockage ratio of 0.12 at Re = 5 
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Fig. 6. Streamlines for the case of blockage ratio of 0.12 at Re = 10 
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4.1. Case No 1: a blockage ratio of 0.12  

The streamlines in the area between the finned triangular  
cavity and the inner rotating cylinder are shown in Figs. 5 – 6. In 

fact, the streamlines provide a thorough visualization of the particle 
trajectory and flow fields to identify stagnant and counter-rotating 
regions. The impact of Ri, n, and Re on the streamlines is displayed 
in Figs. 5 – 6.  
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Fig. 7. Isotherms for the case of blockage ratio of 0.12 at Re = 5 
 

 
 
 
 

Ri=0 

 

 
  

 
 
 

Ri=1 

 

 
  

 
 
 

Ri=2 

 

 
  

 
 
 

Ri=3 

 

 
  

 n=0.6 n=1 n=1.6 

 

 
 

Fig. 8. Isotherms for the case of blockage ratio of 0.12 at Re = 10 
 

 
Following the rotation of the cylinder (Ω), the flow appears to 

rotate steadily in the space between the cylinder and the triangular 
cavity for all values of Re (5 and 10) and power-law index (n = 0.6, 

1 and 1.6) for Ri = 0 (pure forced convection). In the mixed convec-
tion state (Ri ≠ 0), a closed counter-rotating region with two loops 
forms on the right side of the space, while a closed counter-rotating 
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region with a single loop appears on the left side. 
As the Richardson number (Ri), representing buoyancy force, 

and the Reynolds number (Re), indicative of rotational speed, in-
crease, the vortex structure on the left side of the domain expands 
along both the x and y axes. In contrast, the two-loop vortex on the 
right-side contracts with rising values of Ri and Re.     

Additionally, an increase in the power-law index (n) further re-
duces the overall vortex size. For n = 0.6, the fluid is shear-thinning, 
meaning that as shear stress increases, the dynamic viscosity falls. 
As a result, the fluid particles move easily. On the other hand, when 
the fluid is shear-thickening (n = 1.6), that is, when the dynamic 

viscosity increases with the shear stress, the flow becomes more 
stable. The rotation of the inner cylinder on the right side induces 
an upward flow of fluid particles, aligning with the direction of the 
buoyancy force, thus creating a two-loop vortex on the right side of 
the domain. Conversely, on the left side, the cylinder's rotation 
counteracts the buoyancy force's influence on fluid particles, result-
ing in the formation of a single-loop vortex. These observed flow 
characteristics in the mixed convection regime are fundamentally 
governed by buoyancy forces, which play a pivotal role in vortex 
formation. 

 
             (a) Re = 1 

 
            (b) Re = 5 

  
                                       
                                            (c) Re = 10 

 
Fig. 9. Values of Nu versus Ri and n: a) for Re = 1; b) Re = 5; and c) Re = 10 

The thermal fields in the region between the inner rotating cyl-
inder and the finned triangular cavity are illustrated in Figs. 7 – 8, 
using the same parameter values for n, Ri, and Re as in the prior 
conditions. In the case of Ri = 0. Figs. 7 – 8 depict a uniform iso-
therm distribution in all directions. When Ri ≠ 0, however, the ther-
mal distribution aligns with the fluid flow pattern. On the right side,  

where the two-loop vortex forms, the cylinder's rotation enhances 
the thermal buoyancy effect, promoting efficient heat transfer. In 
contrast, on the left side, fluid recirculation leads to an increase in 
isotherm thickness near the rotating cylinder. This increase indi-
cates a reduction in the local temperature gradient. Overall, the di-
mensionless temperature gradient around the triangular block rises 
with increasing Re and Ri but decreases as the power-law index n 
increases. 
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Fig. 10. Streamlines for the case of blockage ratio of 0.24 at Re = 10 

Fig. 9 illustrates the variation in the Nusselt number (Nu) based 
on the parameters Ri, n, and Re. For Re=1, the effects of the power-
law index n and Richardson number Ri on Nu remain minimal due 
to the low particle velocity, resulting in reduced heat transfer rates. 
However, at Re=5 and Re=10, the influence of n and Ri becomes 
more pronounced. As expected, Nu increases with rising values of 
Re and Ri; however, Nu decreases significantly when the fluid be-
havior shifts from shear-thinning (n=0.6) to shear-thickening 
(n=1.6). This reduction occurs because the increased viscosity of 
the dilatant (shear-thickening) fluid restricts the development of the 
thermal boundary layer, impeding the temperature gradient, 

experimental observations [30] are in agreement with our findings. 

4.2. Case No 2: a blockage ratio of 0.24  

 In this case, the ratio of the cylinder diameter d to the side 
length of the triangular cavity L is set to 0.24. Fig. 10 illustrates the 
effects of the Richardson number Ri and the power-law index n on 
the streamlines at Re = 10. For all values of Ri and n, the stream-
lines closely resemble those in the initial case, with vortices growing 
on both the right and left sides of the domain under mixed convec-
tion conditions (Ri ≠ 0). 
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Fig. 11. Isotherms for the case of blockage ratio of 0.24 at Re = 10 
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The isotherms of the second case are shown in Fig. 11, the 
results indicate an increase in the isotherm thicknesses around the 
rotating cylinder for Ri ≠ 0 due to the vortices growth of fluid mole-
cules. 

The estimated values of Nu versus Ri, n, and Re for the second 
case are shown in Fig. 12. The effects of the Richardson number 
(Ri) and the power law index (n) on Nu for all Re values are con-
sistent with the findings of the first case, with Nu values reducing 
by approximately 30%. 

4.3. Case No 3: a blockage ratio of 0.36 

In this case, the blockage ratio (β=d/L) is set to 0.36. Fig. 13 
illustrates the streamlines for various values of Ri and n at Re=10. 
The streamlines depicted in this figure differ from those observed 
in earlier cases, as spaced vortices emerge in the corners of the 

triangular cavity. Additionally, the counter-rotational loops are 
smaller compared to those in previous cases under mixed convec-
tion conditions (Ri ≠ 0). This reduction in size is attributed to the 
contraction of the fluid area resulting from the increased dimen-
sions of the inner cylinder. 

The isotherms for this case are illustrated in Fig. 14, which in-
dicates a reduction in the thickness of the isotherms surrounding 
the rotating cylinder for Ri ≠ 0 in comparison to the previous two 
cases. This phenomenon can be attributed to the development of 
the streamlines discussed earlier. 

The values of the Nusselt number (Nu) for this case, consider-
ing Ri, n, and Re, are presented in Fig. 15. Both Re and Ri positively 
influence Nu. In the context of pseudoplastic fluids, the relation-
ships between Nu and the parameters Re and Ri are significant, 
particularly when the viscosity is at its minimum. Notably, the Nu 
values in this case are lower than those observed in the previous 
cases. 

 

 
            (a) Re = 1 

 

 
            (b) Re = 5 

  
                                       
                                            (c) Re = 10 

 
 

Fig. 12. Values of Nu versus Ri and n: a) for Re = 1; b) Re = 5; and c) Re = 10 
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Fig. 13. Streamlines for the case of blockage ratio of 0.36 at Re = 10 

Fig. 16 presents a comparison of the Nusselt number (Nu) val-
ues for the three cases examined as a function of the Richardson 
number (Ri). The selected parameters are n=0.6 and Re=10. It is 
clear that in the mixed convection scenario involving power-law flu-
ids, the heat transfer rate decreases significantly and progressively 

from the initial state to the final state. These observations are con-
sistent with a previous result [29], which show that higher blockage 
ratios stabilize the fluid flow and reduce the overall heat transfer 
rate. 
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Fig. 14. Isotherms for the case of blockage ratio of 0.36 at Re = 10 
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             (a) Re = 1 

 
           (b) Re = 5 

  
                                     

                                                    (c) Re = 10 

 
 

Fig. 15. Values of Nu versus Ri and n: a) for Re = 1; b) Re = 5; and c) Re = 10 

 
Fig. 16. Values of Nu with Ri for the three cases at Re = 10 and n = 0.6 

 

5. CONCLUSION 

This paper presents a numerical study on the behavior of a non-
Newtonian fluid in a finned triangular cavity with a rotating, high-
temperature horizontal cylinder. The cavity walls are maintained at 
a cold temperature. The study examines the effects of key param-
eters, including the power-law index (n), Reynolds number (Re), 
blockage ratio (β), and Richardson number (Ri), on fluid flow and 
thermal activity. The main findings are as follows: 

− Increasing the blockage ratio stabilizes the flow by reducing 

disturbances and counter-rotating zones, but it also decreases 

the overall heat transfer rate; 

− Higher thermal buoyancy promotes recirculation zones and 

vertical fluid motion, increasing the thermal activity around the 

heated cylinder; 

− A higher Reynolds number enhances flow velocity and heat 

transfer due to increased rotational speed; 
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− A larger power-law index (n) increases fluid viscosity, reducing 

flow velocity and thermal activity; 

− Shear-thickening fluids with a high blockage ratio are suited 

for thermal insulation, while shear-thinning fluids with a low 

blockage ratio are ideal for cooling. 

 

Nomenclature 

A Surface area of the inner cylinder, m2 
Cp Heat capacity of fluid, J kg-1 K-1 

d Diameter of the inner cylinder, m 

L Side length of the triangular cavity, m 

Gr Grashof number 

g Gravitational acceleration, m s-2  

I2 Second invariant function of strain rate tensor 

K Thermal conductivity of fluid, W m-1 k-1  

m Consistency index, Pa sn  

Nu Nusselt number (average value)  

NuL Nusselt number (local value)  

n Power-law index 

Pr Prandtl number 

p Pressure, Pa 

Re Reynolds number 

Ri Richardson number 

T Temperature, K 

u, v Velocity components along x and y directions, m s-1 
x, y Cartesian coordinates, m  

Greek symbols 

𝛽 Blockage ratio 

𝛽𝑇 Coefficient of volume expansion 

𝜂 Dynamic viscosity, Pa s 

𝜌 Density of fluid, kg m-3  

𝜏 Stress tensor, Pa 

𝛺 Rotation speed, 1/s  

Subscripts/Superscripts 

c Cold  

h Hot 

* dimensionless quantity  
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Abstract: In this work, the new integral transform called the Elzaki transform (ET) is used to investigate and solve nonlinear higher-order 
partial differential equations (NHOPDEs), which serve as mathematical models in a range of practically significant disciplines of applied 
research. The NHOPDE solutions converge to exact solutions rather easily, were derived in a simple and easy-to-understand manner using 
ET. In addition, examples are given to illustrate how this method can be applied and how valid it is for the problem-solving form.  
There is a strong correlation between the analytical and exact solutions for the tested problems. This paper also covers the convergence  
of the ET technique to the exact solution of NHOPDEs. Numerical problems involving fourth and sixth order nonlinear hyperbolic equations 
and nonlinear wave-like equations with variable coefficients are solved to illustrate how the ET technique may efficiently yield accurate 
solutions for nonlinear PDEs of higher order with initial conditions. The results demonstrate the remarkable accuracy, efficiency,  
and dependability of the ET technique, which can be applied to a broad variety of nonlinear higher-order PDEs. This method greatly simplifies 
numerical calculations. The two primary goals of using this approach are to establish a fair frequency relationship and select an appropriate 
starting estimate. The precise, analytical, and numerical solutions to the examined problems show a high association with one another, 
further validating the robustness of this approach. Its unique properties, including its ability to simplify convolution operations and its close 
connection to the Laplace transform, also contribute to its effectiveness.  

Key words: cauchy problem, nonlinear higher order partial differential equations, Elzaki transform, hyperbolic equation, wave-like equation, 
convergence analysis

1. INTRODUCTION 

    Numerous application disciplines, such as information theory, 
research, and engineering, depend heavily on NHOPDEs. This is 
especially important for applied sciences and entropy. Moreover, 
they have been used for a long time to explain a variety of natural 
phenomena, such as temperature fluctuations, growth of popula-
tions, earthquakes, and atomic structure. In literatures, there are 
numerous applications of the integral transform in mathematics. In-
tegro-differential equations, integral equations, and linear DEs can 
all be solved with ET. This method is not appropriate for solving 
nonlinear DEs due to the nonlinear variables. Nonlinear DEs can 
be solved using ET support for the homotopy perturbation ap-
proach, differential transform method, and any other methods. 

These days, nonlinear equations are very important. Applica-
tions of nonlinear phenomena are significant in engineering, phys-
ics, and applied math. Finding new exact or approximate solutions 
to nonlinear PDEs requires creative thinking, which is challenging 
even in fields like applied math and physics, where precise solu-
tions are crucial. Many writers have focused on applying various 
methods to the investigation of solutions to nonlinear PDEs in the 
last few years. Numerous methods have been proposed, such as 
the homotopy perturbation, differential transform, Elzaki transform, 
Laplace, and double Laplace transforms, variational iteration, 
Adomian decomposition method and Laplace variational iteration 
[1–17].  

 

    Over the past few years, numerous researchers have devoted 
considerable effort to exploring various methods for solving nonlin-
ear PDEs. Techniques such as the homotopy perturbation method 
(HPM), differential transform method (DTM), Elzaki transform, La-
place and double Laplace transforms, and the variational iteration 
method (VIM) have been widely employed to address these chal-
lenges. For instance, Abdulazeez et al. in [18] utilized the homotopy 
analysis method (HAM) and VIM to solve nonlinear pseudo-hyper-
bolic equations, demonstrating that HAM provides results that are 
more accurate and closely aligned with exact solutions compared 
to VIM. Similarly, the residual power series method (RPSM), as pro-
posed by Abdulazeez et al. [19], has shown the ability to solve non-
linear pseudo-hyperbolic PDEs with non-local conditions, while 
providing fast convergence and accurate results. The explicit finite 
difference method (EFDM) was applied by Abdulazeez et al. [20] to 
solve fractional-order pseudo-hyperbolic telegraph PDEs using Ca-
puto derivatives, while the Crank–Nicholson difference scheme has 
been successfully utilized for mobile–immobile advection–disper-
sion models [21]. Furthermore, Abdulla et al. [22] extended this ap-
proach by comparing the solutions of third-order fractional PDEs 
using Caputo and Atangana-Baleanu Caputo (ABC) fractional de-
rivatives. 

To overcome and relax the inherent difficulties of nonlinear 
problems, hybrid methods that combine two or more techniques 
have been increasingly explored. For example, Ahsan et al. in [23] 
present a hybrid scheme of finite-difference and Haar wavelet dis-
tribution for the ill-posed nonlinear inverse Cauchy problem. 
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Advanced computational techniques have also found applica-
tions in specialized areas such as signal processing and electro-
magnetic wave modeling. For instance, Prewitt operators combined 
with fractional-order telegraph PDEs have been proposed by Ten-
ekeci et al. [24] for edge detection, demonstrating the potential of 
fractional operators in enhancing image processing techniques. 
Similarly, Modanli et al. [25] introduced a computational method 
based on integral transforms for solving time-fractional equations 
arising in electromagnetic waves, highlighting the importance of 
fractional calculus in addressing wave propagation problems. 

 The new technique, which is based on a novel integral trans-
form (ET), will be introduced and used in an accessible manner in 
this study [6]. We also explore the potential applications of this new 
transform side by side with the recently developed approach to 
solving NHOPDEs in this work. This method works well with stand-
ard impulse functions and functions along with discontinuities. 

  This document is organized as follows: Section 2 presents a 
new integral transform called the Elzaki transform (ET). Section 3 
presents a convergence study and analytical methodology for solv-
ing NHOPDEs. Section 4 presents a several numerical example. 
Discussion and conclusion brought under Section 5 to a close 

2. ELZAKI TRANSFORM 

Integral equations, systems of PDEs, ODEs, and PDEs may all 
be solved with the ET, as demonstrated by Tarig M. Elzaki in [2–5, 
29 - 33]. Effective application of ET is possible when Sumudu and 
Laplace transforms are unable to solve DEs with variable coeffi-
cients [11]. In engineering and applied mathematics, ET is a potent 
instrument.  

The primary ideas behind this modification in presentation are 
as follows, ET of 𝐵(𝜀) is :  

𝐸[𝐵(𝜀) ] = 𝜉 ∫ 𝐵(𝜀)𝑒
−

𝜀

𝜉𝑑𝜀
+∞

0
,        𝜀 > 0.                            (1) 

Definition 1  Let 𝑇′(𝜉)  be the ET of the derivative of 𝐵(𝜀), 
then: 

(a)  𝑇′(𝜉) =  
𝑇(𝜉)

𝜉
− 𝜉𝐵(0), 

(b)  𝑇(𝑛)(𝜉) =  
𝑇(𝜉)

𝜉𝑛 − ∑ 𝜉2−𝑛+𝑘𝑛−1
𝑘=0 𝐵(𝑘)(0),          𝑛 ≥ 1,  

where 𝑇(𝑛)(𝜉) is ET of the 𝑛𝑡ℎ derivative of 𝐵(𝜀).  
The following helpful ETs have been established in this study: 

Let  𝐸[ 𝐵(𝜀)] = 𝑇(𝜉) and 𝐸[ 𝑎(𝜀)] = 𝐴(𝜉), then: 

1. 𝐸[𝐵(𝜀) ± a(𝜀)] = 𝐸[𝐵(𝜀)] ± 𝐸[a(𝜀)] = 𝑇(𝜉) ± 𝐴(𝜉), 

2. 𝐸[𝜀𝑛] = 𝜉𝛼+2Γ(𝛼 + 1),                𝛼 > −1, 

3. 𝐸[𝐵(𝑛)(𝜀)] =
𝑇(𝜉)

𝜉𝑛 −
𝐵(0)

𝜉𝑛−2 −
𝐵′(0)

𝜉𝑛−3 − ⋯ − 𝜉𝐵𝑛−1(0). 

Let 𝐸[𝐵(𝜀, 𝜁)] = 𝑇(𝜀, 𝜉) then the ET of partial derivatives of 

𝐵(𝜀, 𝜁) are, 

𝐸 [
𝜕𝐵(𝜀, 𝜁)

𝜕𝜁
] =

1

𝜉
𝑇(𝜀, 𝜉) − 𝜉𝐵(𝜀, 0),                                           

𝐸 [
𝜕2𝐵(𝜀, 𝜁)

𝜕𝜁2
] =

1

𝜉2
𝑇(𝜀, 𝜉) − 𝐵(𝜀, 0) − 𝜉

𝜕𝐵(𝜀, 0)

𝜕𝜁
,                 

𝐸 [
𝜕𝐵(𝜀, 𝜁)

𝜕𝜀
] =

𝑑

𝑑𝜀
[𝑇(𝜀, 𝜉)] ,   𝐸 [

𝜕2𝐵(𝜀, 𝜁)

𝜕𝜀2
] =

𝑑2

𝑑𝜀2
[𝑇(𝜀, 𝜉)],  

𝐸 [
𝜕𝑛𝐵(𝜀, 𝜁)

𝜕𝜁𝑛
] =

1

𝜉𝑛
𝑇(𝜀, 𝜉) − ∑ 𝜉2−𝑛+𝑘

𝑛−1

𝑘=0

𝐵(𝑘)(𝜀, 0), 𝑛 ≥ 1. 

3. ANALYSIS OF PROPOSED SCHEME 

     We use the following initial conditions and NHOPDEs Cauchy 
problem to demonstrate the basic idea in this method:  

(
𝜕2

𝜕𝜁2 − 𝑎
𝜕2

𝜕𝜀2)
𝑘

𝐵(𝜀, 𝜁) = 𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁),    𝑘 ≥ 1,        (2) 

𝜕𝑖

𝜕𝜀𝑖
𝐵(𝜀, 0) = 𝑔(𝜀),      𝑖 = 1, 2, ⋯ ,2𝑘 − 1.                        

Where, 𝐵(𝜀, 𝜁) is the unknown function, 𝑁𝐵(𝜀, 𝜁)  nonlinear 
operator, 𝑔(𝜀, 𝜁)is the in-homogeneous or source term and 𝑎 =
𝑎(𝜀, 𝜁) may be a constant or function of 𝜀 or / and 𝜁.  

When 𝑘 > 1, Eq. (2) turns into a nonlinear hyperbolic equation 

of greater order [26],  while for 𝑘 = 1, an equation (2) was reduced 
to a wave shape [27, 28].  

Equation (2) can be written as follows: 

𝜕2𝑘𝐵

𝜕𝜁2𝑘
+ ∑(−𝑎)𝑘−𝑟 (

𝑘

𝑟
)

𝑘−1

𝑟=0

𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟
= 𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁),     

0 ≤ 𝑟 ≤ 𝑘, and  (
𝑘

𝑟
) =

𝑘!

𝑟! (𝑟 − 𝑘)!
. 

   or 

𝜕2𝑘𝐵

𝜕𝜁2𝑘
= 𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁) − ∑ (−𝑎)𝑘−𝑟(𝑘

𝑟
)𝑘−1

𝑟=0
𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟
.          (3) 

Using ET to obtain: 

𝐸 [
𝜕2𝑘𝐵

𝜕𝜁2𝑘
] = 𝐸 [𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁) − ∑(−𝑎)𝑘−𝑟 (

𝑘

𝑟
)

𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟

𝑘−1

𝑟=0

], 

1

𝜉2𝑘 𝐸[𝐵] − ∑
𝜕𝑟𝐵(𝜀,0)

𝜕𝜁𝑟
2𝑘−1
𝑟=0 𝜉2−2𝑘+𝑟    

= 𝐸 [𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁) − ∑ (−𝑎)𝑘−𝑟(𝑘
𝑟
)

𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟
𝑘−1
𝑟=0 ],  

 ⇒ 𝐸[𝐵] = ∑
𝜕𝑟𝐵(𝜀,0)

𝜕𝜁𝑟
2𝑘−1
𝑟=0 𝜉2+𝑟   

+𝜉2𝑘𝐸 [𝑁𝐵(𝜀, 𝜁) + 𝑔(𝜀, 𝜁) − ∑ (−𝑎)𝑘−𝑟(𝑘
𝑟
)

𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟
𝑘−1
𝑟=0 ].  

Applying Elzaki inverse to get:  

𝐵(𝜀, 𝜁) = 𝐺(𝜀, 𝜁) + 𝐸−1 { 𝜉2𝑘𝐸 [𝑁𝐵(𝜀, 𝜁) −

∑ (−𝑎)𝑘−𝑟(𝑘
𝑟
)

𝜕2𝑘𝐵

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟
𝑘−1
𝑟=0 ]}.   

Where 𝐺(𝜀, 𝜁) denotes the term that arises from all or some of 
the function 𝑔(𝜀, 𝜁) and the stipulated initial conditions.  

This method's efficacy hinges on how we choose the initial iter-
ation 𝐵0(𝜀, 𝜁)  that yields the most precise result in the fewest 
stages. To get a solution iteratively, we use the following relations: 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 { 𝜉2𝑘𝐸 [𝑁𝐵𝑛 − ∑(−𝑎)𝑘−𝑟 (
𝑘

𝑟
)

𝜕2𝑘𝐵𝑛

𝜕𝜁2𝑟𝜕𝜀2𝑘−2𝑟

𝑘−1

𝑟=0

]}, 

𝐵0(𝜀, 𝜁) =  𝐺(𝜀, 𝜁).                                                                  (4) 
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It looks that the following is the series form for the solution to 
Eq. (2): 

𝐵(𝜀, 𝜁) = ∑ 𝐵𝑛(𝜀, 𝜁)∞
𝑛=0 .                                                            (5) 

According to System. (4), we are able to determine the follow-
ing 𝐵0(𝜀, 𝜁), 𝐵1(𝜀, 𝜁), 𝐵2(𝜀, 𝜁), ⋯,  Eq. (5) can then be used to 
find the solution. 

3.1. Convergence analysis  

 The convergence of the ET approach to the exact solution for 
NHOPDEs is covered in this section. 

Theorem 1.  If 𝐵 is a Banach space, ∑ 𝐵𝑛(𝜀, 𝜁)∞
𝑛=0  in Eq. (5) 

is convergence, if  ∃ (0 ≤ 𝛽 < 1), s.t. ∀ 𝜏 ∈ ℕ ⇒ ‖𝐵𝜏‖ ≤
𝛽‖𝐵𝜏−1‖, to 𝜂 ∈ 𝐵. 

Proof. Partially sum sequence is described as follows: {𝜂𝜏}𝜏=0
∞ , 

𝜂0 = 𝐵0 

𝜂1 = 𝐵0 + 𝐵1 

𝜂2 = 𝐵0 + 𝐵1 + 𝐵2 

⋮ 

𝜂𝜏 = 𝐵0 + 𝐵1 + ⋯ + 𝐵𝜏 

It is now necessary to demonstrate that: {𝜂𝜏}𝜏=0
∞  is a Cauchy 

series in Banach space, 

‖𝜂𝜏+1 − 𝜂𝜏‖ = ‖∑ 𝐵𝑛
𝜏+1
𝑛=0 − ∑ 𝐵𝑛

𝜏
𝑛=0 ‖ = ‖𝐵𝜏+1‖ ≤ 𝛽‖𝐵𝜏‖ ≤

⋯ ≤ 𝛽𝜏+1‖𝐵0‖.  

For all (𝜏, 𝜆) ∈ ℕ2  as 𝜏 ≥  𝜆 

‖𝜂𝜏 − 𝜂𝜆‖ = ‖(𝜂𝜏 − 𝜂𝜏−1) + (𝜂𝜏−1 − 𝜂𝜏−2) + ⋯ + (𝜂𝜆+1 − 𝜂𝜆)‖ 

 ≤ ‖𝜂𝜏 − 𝜂𝜏−1‖ + ‖𝜂𝜏−1 − 𝜂𝜏−2‖ + ⋯ + ‖𝜂𝜆+1 − 𝜂𝜆‖  

≤ 𝛽𝜏‖𝐵0‖ + 𝛽𝜏−1‖𝐵0‖ + ⋯ + 𝛽𝜆+1‖𝐵0‖       

≤ 𝛽𝜆+1‖𝐵0‖(𝛽𝜏−𝜆−1 + 𝛽𝜏−𝜆−2 + ⋯ + 𝛽)     

=
1−𝛽𝜏−𝜆

1−𝛽
𝛽𝜆+1‖𝐵0‖.                                        

Since (𝛽𝜏−𝜆−1 + 𝛽𝜏−𝜆−2 + ⋯ + 𝛽) is a geometric series 

and 0 ≤ 𝛽 < 1 then,  lim
𝜏,𝜆→+∞

(𝜂𝜏 − 𝜂𝜆) = 0 then {𝜂𝜏}𝜏=0
∞  is the 

Cauchy sequence in Banach space 𝐵 then 𝐵 = ∑ 𝐵𝑛(𝜀, 𝜁)∞
𝑛=0  

defined in Eq. (5) converges.   

4. NUMERICAL APPLICATIONS 

    This section applies the suggested method to the solution of 
three numerical examples of nonlinear higher-order hyperbolic 
equations and two nonlinear wave-like equations with variable co-
efficients. 

4.1. Nonlinear Higher Order Hyperbolic Equations  

Numerous physical phenomena, such as vibrating strings and 
membranes, the motion of an inviscid compressible flow, and the 
motion of a compressible fluid like air, are all explained by nonlinear 
hyperbolic PDEs. Numerous disciplines have utilized these formu-
las, such as electromagnetic theory, astrophysics, hypoelastic sol-
ids, and heat wave propagation. 

Example 1.  

Let, 𝑘 = 2, 𝑎 = 1, 𝑁𝐵 = 𝐵 −
𝜕𝐵

𝜕𝜁
   𝑎𝑛𝑑  𝑔(𝜀, 𝜁) = 0,  

then Eq. (2) becomes, 

𝜕4𝐵

𝜕𝜁4 − 2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2 +
𝜕4𝐵

𝜕𝜀4 = 𝐵 −
𝜕𝐵

𝜕𝜁
 ,                                              (6) 

𝐵(𝜀, 0) =
𝜕𝐵(𝜀, 0)

𝜕𝜁
=

𝜕2𝐵(𝜀, 0)

𝜕𝜁2
=

𝜕3𝐵(𝜀, 0)

𝜕𝜁3
= 𝑒𝜀 .            

This is a Cauchy problem with a fourth-order hyperbolic equa-
tion [13]. Using ET in Eq. (6) to obtain, 

1

𝜉4
𝐸[𝐵(𝜀, 𝜁)] − ∑

𝜕𝑘𝐵(𝜀, 0)

𝜕𝜁𝑘

3

𝑘=0

𝜉−2+𝑘 − 𝐸[𝐵(𝜀, 𝜁)]                

                                                       = 𝐸 [2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2 −
𝜕4𝐵

𝜕𝜀4 −
𝜕𝐵

𝜕𝜁
], 

(1 − 𝜉4)𝐸[𝐵(𝜀, 𝜁)] = (𝜉5 + 𝜉4 + 𝜉3 + 𝜉2)𝑒𝜀                         

                                                   +𝜉4𝐸 [2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2 −
𝜕4𝐵

𝜕𝜀4 −
𝜕𝐵

𝜕𝜁
],  

  𝐸[𝐵(𝜀, 𝜁)] =
𝜉2

1−𝜉
𝑒𝜀 +

𝜉2

1−𝜉4 𝐸 [2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2 −
𝜕4𝐵

𝜕𝜀4 −
𝜕𝐵

𝜕𝜁
].   

Inverse ET states that:  

𝐸−1[𝐸[𝐵(𝜀, 𝜁)]] = 𝐸−1 [
𝜉2

1 − 𝜉
𝑒𝜀]

+ 𝐸−1 [
𝜉4

1 − 𝜉4
𝐸 [2

𝜕4𝐵

𝜕𝜁2𝜕𝜀2
−

𝜕4𝐵

𝜕𝜀4
−

𝜕𝐵

𝜕𝜁
]]. 

The following diagram illustrates the iteration formula using a 
first approximation. 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 [
𝜉4

1 − 𝜉4
𝐸 [2

𝜕4𝐵𝑛

𝜕𝜁2𝜕𝜀2
−

𝜕4𝐵𝑛

𝜕𝜀4
−

𝜕𝐵𝑛

𝜕𝜁
]], 

𝐵0(𝜀, 𝜁) = 𝑒𝜀+𝜁 .                                                                         (7) 

Eq. (7), gives: 

𝐵1(𝜀, 𝜁) = 𝐸−1 [
𝜉4

1−𝜉4 𝐸 [2
𝜕4𝐵0

𝜕𝜁2𝜕𝜀2 −
𝜕4𝐵0

𝜕𝜀4 −
𝜕𝐵0

𝜕𝜁
]] =

𝐸−1 [
𝜉4

1−𝜉4 𝐸[2𝑒𝜀+𝜁 − 𝑒𝜀+𝜁 − 𝑒𝜀+𝜁]] = 0,  

and  𝐵2(𝜀, 𝜁) = 0,     𝐵3(𝜀, 𝜁) = 0, ⋯.  

Hence, the solution is  𝐵(𝜀, 𝜁) = 𝑒𝜀+𝜁 . The ETM gives this 
exact solution after only one iteration. Fig. 1 illustrates the graphical 
representation of the numerical solution via ETM, which is identical 
to the exact solution and therefore confirms higher the effective-
ness and the accuracy of this method. In this example, the relative 
error is zero because we found the exact solution using only one 
step. 

Let, 𝑘 = 2, 𝑎 = 1, 𝑁𝐵 = (
𝜕2𝐵

𝜕𝜁2)
2

− (
𝜕2𝐵

𝜕𝜀2)
2

− 144𝐵  and 

𝑔(𝜀, 𝜁) = 0, then Eq. (2) becomes, 

𝜕4𝐵

𝜕𝜁4 − 2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2 +
𝜕4𝐵

𝜕𝜀4 = (
𝜕2𝐵

𝜕𝜁2)
2

− (
𝜕2𝐵

𝜕𝜀2)
2

− 144𝐵              (8) 

𝐵(𝜀, 0) = −𝜀4 ,       
𝜕𝑖𝐵(𝜀,0)

𝜕𝜁𝑖 = 0, 𝑖 = 1, 2, 3.                 
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Fig. 1.  Graphical representation of the ETM solution to example 1 after 
only one iteration 

 

Example 2. 
It is the Cauchy problem of the fourth order hyperbolic equation 

[13].  Using ET from Eq. (8) the following results are obtained:  

1

𝜉4
𝐸[𝐵(𝜀, 𝜁)] − ∑

𝜕𝑘𝐵(𝜀, 0)

𝜕𝜁𝑘

3

𝑘=0

𝜉−2+𝑘                                                    

                = 𝐸 [2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2
−

𝜕4𝐵

𝜕𝜀4
+ (

𝜕2𝐵

𝜕𝜁2)
2

− (
𝜕2𝐵

𝜕𝜀2 )
2

− 144𝐵],  

𝐸[𝐵(𝜀, 𝜁)] = −𝜀4𝜉2                                                                      

             +𝜉4𝐸 [2
𝜕4𝐵

𝜕𝜁2𝜕𝜀2
−

𝜕4𝐵

𝜕𝜀4
+ (

𝜕2𝐵

𝜕𝜁2)
2

− (
𝜕2𝐵

𝜕𝜀2 )
2

− 144𝐵].  

Following Example 1, the following recurring connection can be 
obtained by following the same procedure: 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 [𝜉4𝐸 [2
𝜕4𝐵𝑛

𝜕𝜁2𝜕𝜀2 −
𝜕4𝐵𝑛

𝜕𝜀4 + (
𝜕2𝐵𝑛

𝜕𝜁2 )
2

−

(
𝜕2𝐵𝑛

𝜕𝜀2 )
2

− 144𝐵𝑛]],                                                                  (9) 

𝐵0(𝜀, 𝜁) = −𝜀4.                                                                               

Later on, we are able to discover: 

𝐵1(𝜀, 𝜁) = 𝐸−1[𝜉4𝐸[24]] = 𝐸−1[24𝜉6] = 𝜁4,   𝐵2(𝜀, 𝜁) =

𝐸−1[𝜉4𝐸[144𝜁4 − 144𝜁4]] = 0, 𝐵3(𝜀, 𝜁) = 0, and, 

𝐵4(𝜀, 𝜁) = 0 , ⋯. 

Thus: 𝐵(𝜀, 𝜁) = 𝜁4 − 𝜀4. As the example 1, Fig. 2 shows the 
graphical representation of the exact solution obtained by ETM to 
this example, where the relative error is zero because we found the 
exact solution using only one step. 
 
 
 
 
 
 

 
Fig. 2.  Graphical representation of the exact solution to example 2 via 

ETM    after only one step 
 

Example 3. 

Let, 𝑘 = 3, 𝑎 = 1, 𝑁𝐵 = 𝐵
𝜕2𝐵

𝜕𝜁2 − 𝐵
𝜕2𝐵

𝜕𝜀2  𝑎𝑛𝑑  𝑔(𝜀, 𝜁) =

0, then Eq. (2) becomes, 

𝜕6𝐵

𝜕𝜁6 − 3
𝜕6𝐵

𝜕𝜁4𝜕𝜀2 + 3
𝜕6𝐵

𝜕𝜁2𝜕𝜀4 −
𝜕6𝐵

𝜕𝜀6 = 𝐵
𝜕2𝐵

𝜕𝜁2 − 𝐵
𝜕2𝐵

𝜕𝜀2  ,             (10) 

𝐵(𝜀, 0) =  
𝜕2𝐵(𝜀, 0)

𝜕𝜁2
=  

𝜕4𝐵(𝜀, 0)

𝜕𝜁4

= 0,                                                

𝜕𝐵(𝜀, 0)

𝜕𝜁
= cos 𝜀 ,

𝜕3𝐵(𝜀, 0)

𝜕𝜁3
= − cos 𝜀 ,

𝜕5𝐵(𝜀, 0)

𝜕𝜁5
= cos 𝜀, 

This is the Cauchy problem for the hyperbolic equation of sixth 
order [13].  The expression for Eq. (10) is as follows:  

𝜕6𝐵

𝜕𝜁6 + 𝐵 = 3
𝜕6𝐵

𝜕𝜁4𝜕𝜀2 − 3
𝜕6𝐵

𝜕𝜁2𝜕𝜀4 +
𝜕6𝐵

𝜕𝜀6 + 𝐵
𝜕2𝐵

𝜕𝜁2 − 𝐵
𝜕2𝐵

𝜕𝜀2  + 𝐵 ,  

𝐵(𝜀, 0) =
𝜕2𝐵(𝜀, 0)

𝜕𝜁2
=

𝜕4𝐵(𝜀, 0)

𝜕𝜁4
= 0  , 

𝜕𝐵(𝜀, 0)

𝜕𝜁
=  cos 𝜀 ,     

𝜕3𝐵(𝜀, 0)

𝜕𝜁3
= −  cos 𝜀 ,   

𝜕5𝐵(𝜀, 0)

𝜕𝜁5
=  cos 𝜀 , 

 Using ET to get: 

1

𝜉6
𝐸[𝐵(𝜀, 𝜁)] − ∑

𝜕𝑘

𝜕𝜁𝑘

5

𝑘=0

𝐵(𝜀, 0)𝜉−4+𝑘 + 𝐸[𝐵(𝜀, 𝜁)] 

 = 𝐸 [3 (
𝜕6𝐵

𝜕𝜁4𝜕𝜀2
−

𝜕6𝐵

𝜕𝜁2𝜕𝜀4) +
𝜕6𝐵

𝜕𝜀6
+ 𝐵 (

𝜕2𝐵

𝜕𝜁2
−

𝜕2𝐵

𝜕𝜀2 ) + 𝐵],  

1 + 𝜉6

𝜉6
𝐸[𝐵(𝜀, 𝜁)] = (𝜉7 − 𝜉5 + 𝜉3) cos 𝜀 

                +𝐸 [3 (
𝜕6𝐵

𝜕𝜁4𝜕𝜀2
−

𝜕6𝐵

𝜕𝜁2𝜕𝜀4) +
𝜕6𝐵

𝜕𝜀6
+ 𝐵 (

𝜕2𝐵

𝜕𝜁2
−

𝜕2𝐵

𝜕𝜀2 ) + 𝐵],    

 

𝐸[𝐵(𝜀, 𝜁)] =
𝜉3

1 + 𝜉2
cos 𝜀  

+
𝜉6

1+𝜉6 𝐸 [3 (
𝜕6𝐵

𝜕𝜁4𝜕𝜀2 −
𝜕6𝐵

𝜕𝜁2𝜕𝜀4) +
𝜕6𝐵

𝜕𝜀6 + 𝐵 (
𝜕2𝐵

𝜕𝜁2 −
𝜕2𝐵

𝜕𝜀2 ) + 𝐵],  
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𝐵(𝜀, 𝜁) =  cos 𝜀  𝐸−1 [
𝜉3

1+𝜉2] + 𝐸−1 [
𝜉6

1+𝜉6 𝐸 [3 (
𝜕6𝐵

𝜕𝜁4𝜕𝜀2 −

𝜕6𝐵

𝜕𝜁2𝜕𝜀4) +
𝜕6𝐵

𝜕𝜀6 + 𝐵 (
𝜕2𝐵

𝜕𝜁2 −
𝜕2𝐵

𝜕𝜀2) + 𝐵] ].  

Using the same method as in Example 1, one may find the re-
currence relation in the following. 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 [
𝜉6

1+𝜉6 𝐸 [3 (
𝜕6𝐵

𝜕𝜁4𝜕𝜀2 −
𝜕6𝐵

𝜕𝜁2𝜕𝜀4) +
𝜕6𝐵

𝜕𝜀6 +

𝐵 (
𝜕2𝐵

𝜕𝜁2 −
𝜕2𝐵

𝜕𝜀2) + 𝐵] ],  

𝐵0(𝜀, 𝜁) =  cos 𝜀  𝐸−1 [
𝜉3

1+𝜉2] = cos 𝜀 sin 𝜁.  

Next, we have 𝐵1(𝜀, 𝜁) = 0 ,   𝐵2(𝜀, 𝜁) = 0 , 𝐵3(𝜀, 𝜁) = 0 , ⋯. 
Then 𝐵(𝜀, 𝜁) =  cos 𝜀 sin 𝜁, this is the exact solution of this ex-
ample and, is also obtained using ETM depicted graphically in  
Fig. 3. In this example, the relative error is zero because we found 
the exact solution using only one step. 

 
Fig. 3. Graphical representation of the exact solution to example 3 via ETM 

after only one iteration 

4.2. Nonlinear Wave-Like Equations with Variable Coefficients 

   For explaining the growth of stochastic systems, one of the 
most widely used wave models is the wave-like equation. The sto-
chastic behavior of exchange rates, fluctuations in laser light inten-
sity, and the random movements of microscopic particles immersed 
in fluids are a few examples of such systems. 

    The situation in which 𝑎 = 𝑎(𝜀, 𝜁) may be a constant or func-

tion of 𝜀or / and 𝜁, will now be examined. 
Example 4 

Let, 𝑘 = 1, 𝑎 = 𝜀2, 𝑁𝐵 = 𝐵 − (
𝜕𝐵

𝜕𝜀
)

2

 and 𝑔(𝜀, 𝜁) =

𝑒2𝜁then Eq. (2) becomes, 

𝜕2𝐵

𝜕𝜁2 − 𝜀2 𝜕2𝐵

𝜕𝜀2 = 𝐵 − (
𝜕𝐵

𝜕𝜀
)

2

+ 𝑒2𝜁 ,                                         (11) 

𝐵(𝜀, 0) =  
𝜕𝐵(𝜀, 0)

𝜕𝜁
= 𝜀.                                                             

It is the Cauchy problem related to nonlinear wave-like equation 

with variable coefficients [14, 26]. Using ET to get: 

1

𝜉2
𝐸[𝐵(𝜀, 𝜁)] − ∑

𝜕𝑘𝐵(𝜀, 0)

𝜕𝜁𝑘

1

𝑘=0

𝜉𝑘   

             = 𝐸 [𝜀2 𝜕2𝐵(𝜀,𝜁)

𝜕𝜀2 − (
𝜕𝐵(𝜀,𝜁)

𝜕𝜀
)

2

+ 𝐵(𝜀, 𝜁) + 𝑒2𝜁  ],  

1−𝜉2

𝜉2 𝐸[𝐵(𝜀, 𝜁)] = 𝜀 + 𝜀𝜉 + 𝐸[𝑒2𝜁] + 𝐸 [𝜀2 𝜕2𝐵(𝜀,𝜁)

𝜕𝜀2 −

(
𝜕𝐵(𝜀,𝜁)

𝜕𝜀
)

2

],  

𝐵(𝜀, 𝜁) = 𝐸−1 [
𝜀(𝜉2+𝜉3)

1−𝜉2 +
𝜉4

(1−𝜉2)(1−2𝜉)
]  

                     +𝐸−1 [
𝜉2

1−𝜉2 𝐸 [𝜀2 𝜕2𝐵(𝜀,𝜁)

𝜕𝜀2 − (
𝜕𝐵(𝜀,𝜁)

𝜕𝜀
)

2

]].  

Using the same method as in Example 1, one may find the re-
currence relation in the following. 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 [
𝜉2

1−𝜉2 𝐸 [𝜀2 𝜕2𝐵𝑛

𝜕𝜀2 − (
𝜕𝐵𝑛

𝜕𝜀
)

2

]] ,     

𝐵0(𝜀, 𝜁) =  𝐸−1 [
𝜀(𝜉2+𝜉3)

1−𝜉2 +
𝜉4

(1−𝜉2)(1−2𝜉)
].  

Next, we have:  

𝐵0(𝜀, 𝜁) =  𝜀 𝑒𝜁 +
𝑒−𝜁(𝑒𝜁  −  1)

2
(2𝑒𝜁  +  1)

6
, 

𝐵1(𝜀, 𝜁) =
𝑒𝜁

2
 −

𝑒2𝜁

3
 −

𝑒−𝜁

6
, 

𝐵2(𝜀, 𝜁) = 0,      𝐵3(𝜀, 𝜁) = 0, 𝐵4(𝜀, 𝜁) = 0 ⋯. 

Then  𝐵(𝜀, 𝜁) = 𝜀𝑒𝜁. This is the exact solution to Eq. (11), 
however the HAA provided in [26] does not yield the exact solution. 
Fig. 4 shows the graphical representation of this solution, where 

the relative maximum error does not exceed  2 × 10−15 (see 
Tab.1). This result, achieved after just two iterations, highlights the 
efficiency of this method and its rapid convergence. 

Fig. 4.  Graphical representation of the exact solution to example 4 via 
ETM after only two iterations 

Tab. 1. Relative errors concerning example 4 

Point Elzaki relative error 

(0,0) 0 

(−2, −2) 0 

(2, 2) 2.4040 × 10−16 

(0.5, 1.8333) 0 
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(0.5, −1.8333) 1.7360 × 10−15 

(1.5, 1.5) 2.6424 × 10−16 

(−1.5, −1.5) 3.3171 × 10−16 

(1.1667, 0.6667) 1.8535 × 10−16 

Example 5. 

Let, 𝑘 = 1, 𝑎 = 𝜁, 𝑁𝐵 =
−2

(𝜀+𝜀2 )2 𝐵2    𝑎𝑛𝑑  𝑔(𝜀, 𝜁) = 0, 

then Eq. (2) becomes, 

𝜕2𝐵

𝜕𝜁2 − 𝜁
𝜕2𝐵

𝜕𝜀2 =
−2

(𝜀+𝜀2 )2 𝐵2,                                                       (13) 

𝐵(𝜀, 0) = 0,   
𝜕𝐵(𝜀, 0)

𝜕𝜁
= 𝜀 + 𝜀2 .                                               

This is the Cauchy problem for nonlinear wave-like equation 
with variable coefficients [26]. 

The method used in Example 1 can be adopted to find the re-
current relationship in the following. 

𝐵𝑛+1(𝜀, 𝜁) = 𝐸−1 [𝜉2𝐸 [𝜁
𝜕2𝐵𝑛

𝜕𝜀2
−

2

(𝜀 + 𝜀2 )2
(𝐵𝑛)2] ] ,    

𝐵0(𝜀, 𝜁) = (𝜀 + 𝜀2 )𝜁. 

Then:  

𝐵1(𝜀, 𝜁) = 0, 𝐵2(𝜀, 𝜁) = 0, 𝐵3(𝜀, 𝜁) = 0, ⋯,  

therefore 𝐵(𝜀, 𝜁) = (𝜀 + 𝜀2)𝜁. Again, this is the exact solution to 
Eq.(13), while HAA in [26] will not yield the exact solution. Fig. 5 
shows the graphical representation of this solution, where the rela-
tive error is zero because we found the exact solution using only 
one step. 

Fig. 5.   Graphical representation of the exact solution to example 5 via 
ETM after only one iteration 

5. DISCUSSION AND CONCLUSION 

This article has discussed the derivation, convergence, and ap-
plication of the ET technique to higher-order nonlinear PDEs. Five 
numerical issues were analyzed: three nonlinear higher-order hy-
perbolic equations and two nonlinear wave-like equations with var-
iable coefficient types. The ET method produces infinite power se-
ries solutions under suitable initial conditions, which nearly invaria-
bly spontaneously converge to the exact solution of the DEs. The 

obtained outcomes demonstrate the efficacy of the ET technique 
as mathematical tools for solving higher order nonlinear PDEs.  

These problems can be easily solved using the ET approach, 
as the findings of the nonlinear wave-like equations show, but they 
cannot be solved exactly with HAA [26]. The ET approach has ad-
vantages over MDM, HPM, and HAA due to its efficiency, ease of 
use, little computational footprint, and proven lightning-fast conver-
gence to an exact solution. Because of its efficiency and ease of 
use, we also want to extend its application to higher order fractional 
PDEs in subsequent work. Lastly, we believe that those who work 
in the modern technology and other areas will find this essay useful.  
Finally, we think this article will be helpful to people who operate in 
current technology and other fields. However, Elzaki transform 
and/or other transforms remain incapable of solving certain differ-
ential equations, especially when dealing with unsuitable initial con-
ditions or strongly nonlinear problems. 
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Abstract: This article presents a numerical analysis of mixed convection of a magnetic nanofluid in a double-lid driven convergent cavity. 
The Lattice Boltzmann Method (LBM) was used to solve the discretized system. The numerical results are illustrated through the flow, 
temperature, and local entropy generation fields. The study highlights the impact of several parameters, such as the Reynolds number 
(Re) (ranging from 1 to 100) for a Richardson number (Ri= 20), the Hartmann number (Ha) (ranging from 0 to 80), and the solid volume 
fraction (ϕ) (ranging from 0 to 0.04). The results show that both the total entropy generation and the average Nusselt number increases 

with the Reynolds number but decrease with increasing Hartmann number. Moreover, the numerical results show a significant increase  
in both the average Nusselt number and the total entropy generation with increasing nanoparticle volume fraction and Rayleigh number. 
Conversely, the Hartmann number exhibits an opposing effect, reducing both heat transfer and total entropy generation, with reductions 
of 30.18% and 32.15%, respectively, when Ha increases from 0 to 80. The findings of this study have significant applications in optimizing 
thermal management systems, such as cooling of electronic devices, energy-efficient HVAC systems, and industrial processes involving 
heat transfer enhancement. 

Key words: mixed convection, entropy generation, nanofluid, magnetic field, LBM, convergent cavity 

 
1. INTRODUCTION 

In recent years, the mixed convection of magnetic nanofluids 
in various geometries has garnered increasing attention. Several 
studies have highlighted the diverse applications of this innovative 
class of nanofluids, including the works of Nandy and Yanuar [1], 
Sohel et al. [2], and Heris et al. [3]. Ahmed et al. [4] investigated 
the mixed convection of micropolar nanoliquids in a double lid-
driven cavity. They reported an increase in the Nusselt number 

(Num) as the volume fraction () increases, while it decreases as 
the length of the heat source increases. 

Teamah et al. [5] investigated mixed convection in a square 
cavity filled with nanofluids. They observed that the mean Nusselt 
number (Num) increases with Reynolds (Re) and Rayleigh (Ra) 

numbers, but decreases as the volume fraction () increases. In 
another innovative study, Garoosi et al. [6] numerically examined 
the mixed convection of nanoliquids. The effects of Re and Ra on 
heat transfer, fluid movement, and entropy generation in a 
nanoliquid-filled square cavity were studied by Mirmasoumi and 
Behzadmehr [7]. They found that Num increases with Re, Ra, and 

. Raisi et al. [8] studied the heat transfer by mixed convection of 
a Cu-water nanofluid in a vertical parallel plate channel. They 
found that an increase in the solid volume fraction leads to an 
enhancement in the heat transfer rate, particularly at low Richard-
son numbers. A numerical simulation of mixed convection in 

inclined horizontal tubes with a uniform heat flux, using a nanoflu-
id, was conducted by Akbari et al. [9]. The results showed that the 
Al2O3 concentration had no significant effect on the hydrodynam-
ic parameters, and the heat transfer coefficient was maximal when 
the inclination angle was 45°. 

In the presence of magnetic field effects, a numerical study on 
mixed convection in different geometries was conducted by Ali et 
al. [10, 11]. They suggest that the heat transfer rate depends on 
various physical parameters and geometric configurations. Fur-
thermore, the heat transfer rate decreases with an increase in the 
magnetic field intensity. In another study, Kefayati [12] conducted 
a numerical examination of magnetic mixed convection. The 
analysis indicates that heat transfer decreases as the Hartmann 
number (Ha) increases. Akram et al. [13] studied MHD mixed 
convection in a chamfered square enclosure filled with water, 
analyzing the impact of magnetic field orientation on flow and heat 
transfer. Their results showed that both the intensity of the mag-
netic field and the inclination angle significantly influence heat 
transfer, with Nusselt numbers generally decreasing as the Hart-
mann number increases. Maya et al. [14] examined a lid-driven 
cavity with a rectangular heat source under the influence of a 
magnetic field, highlighting the importance of the Hartmann num-
ber in altering flow patterns and heat transfer rates. 

Additionally, Mliki et al. [15, 16] studied mixed convection un-
der the influence of the Lorentz force. They observed that in the 
presence of a magnetic field, the average Nusselt number along 
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the hot wall shows a significant dependence on several parame-
ters. Specifically, this number increases with the Reynolds num-
ber (Re), which is generally associated with higher fluid velocity 
and flow intensity. On the other hand, the Nusselt number de-
creases with an increase in the Hartmann number (Ha). These 
results underscore the complex effect of the magnetic field on the 
mixed convection process and highlight the need to consider the 
interaction between these different parameters for more accurate 
modeling of thermal phenomena in conducting fluids. Also, Mliki et 
al. [17, 19] used LBM to examine the effect of nanoparticles 
Brownian motion on fluid movement in different geometries. 
Prosenjit al. [20] used a commercial finite element solver “COM-
SOL Multiphysics 6.0 to examine the MHD mixed convection in a 
semicircular cavity with hybrid nanofluids. They found that the 
heat transfer increases with  an increase in Ri but decreases with 
the rise of the Hartmann number (Ha). In another innovative 
study, Falah et al. [21] investigated the mixed convection phe-
nomenon of a hybrid nanofluid flowing within a horizontally orient-
ed channel, featuring a triangular cavity attached to the lower 
channel wall. They found that the average Nusselt number in-
creases with higher Reynolds number, angular rotation speed, 
cylinder position, and Richardson number. 

Mliki et al. [22] investigated the influence of a horizontal peri-
odic magnetic field within a double-lid U-shaped enclosure. By 
comparing scenarios that included and excluded the effect of 
Brownian motion, they demonstrated that Brownian motion signifi-
cantly enhances heat transfer under all defined conditions. In a 
related context, Ighris et al. [23, 24] explored the application of the 
Lattice Boltzmann Method (LBM) to model natural convection in 
hybrid nanofluids. Their work emphasized the advantages of this 
approach, particularly in terms of numerical stability and accuracy. 
Additionally, Hadoui et al. [30] studied natural double-diffusive 
convection in a square cavity filled with an Al2O3-water-based 
nanofluid. Their findings revealed that the heat transfer rate in-
creased with the nanoparticle volume fraction, while the mass 
transfer rate decreased. Recently, Thilagavathi et al. [25] con-
ducted a study on heat transfer enhancement in a magnetic ter-
nary hybrid nanofluid within a hexagonal cavity containing a 
square obstacle. The findings of this research demonstrate that 
the appropriate incorporation of nanoparticles significantly en-
hances the heat transfer properties of base fluids. 

In recent years, magnetohydrodynamic (MHD) mixed convec-
tion of nanofluids in porous systems has attracted considerable 
attention due to its industrial and energy-related applications. For 
instance, Mandal et al. [26] investigated the MHD mixed convec-
tion of a hybrid nanofluid in a W-shaped porous system, empha-
sizing the influence of geometry and nanofluid properties on ther-
mal and hydrodynamic transfer processes. Their findings demon-
strated that thermal energy transfer significantly depends on the 
length of the heating and cooling surfaces, the fluid volume within 
the cavity, and the amplitude of the bottom undulation height in 
the W-shaped cavity. Additionally, Mandal et al. [27] examined the 
role of surface undulations during mixed bioconvective flow of a 
nanofluid in the presence of oxytactic bacteria and magnetic 
fields. Their study revealed that the complex interactions between 
magnetic forces, bioconvection, and the properties of the porous 
medium play a critical role in enhancing heat and mass transfer. 
In addition, Alomari et al. [28] performed a numerical analysis to 
examine the effect of a porous block on MHD mixed convection in 
a split lid-driven cavity containing a nanofluid. Their study demon-
strated the significant impact of the porous block on thermal and 
hydrodynamic performance, particularly in complex configurations 

such as split lid-driven cavities. 
This study distinguishes itself through its innovative numerical 

analysis of mixed convection in a nanoliquid (CuO/water) within a 
double-lid driven convergent cavity featuring discrete heating, 
under the influence of a horizontal magnetic field. Unlike previous 
studies, this research simultaneously investigates the combined 
effects of convergent cavity geometry, discrete heating, and a 
horizontal magnetic field on the thermal and dynamic characteris-
tics of the flow.  

2. PROBLEM DEFINITION 

We consider the magnetic nanoliquid mixed convection in a 
heated thermal convergent cavity. The configuration of the physi-
cal model is shown in Fig. 1. Two heat sources are situated at the 
left wall at constant temperature. The aspect ratio of the enclosure 
is defined as AR = L/L=0.3. As visible from the graphical view, the 
superior and bottom walls of the cavity are cold and moving with a 

constant velocity (𝑢⃗ 0).The effect of periodic magnetic field (𝐵⃗ ) is 
depicted in this figure. The thermal convergent is filled with CuO-
Water Nanofluid (Tab. 1). 

 
Fig. 1. Geometry of the problem  

 
Tab. 1. Thermophysical properties of fluid and nanoparticles  

Physical Properties   Fluid phase (H2O)  Nanoparticle (CuO) 

Cp(J/kg.K) 4179 385 

 (kg/m3) 997.1 8933 

k (W/m.K) 0.631 401 

10-5 (1/K) 21 1.67         

σ (Ω/m)-1 0.05 5.69 10-7 

3. MATHEMATICAL FORMULATION 

To investigate the mixed  convection flow, certain assump-
tions are made to simplify the analysis.  

3.1. Key Assumptions in the Study 

Steady-State Flow: The study assumes that the flow is steady, 
meaning that the fluid properties (velocity, pressure, temperature, 
etc.) do not change with time.  
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Incompressible Flow: The fluid is assumed to be incompressi-
ble, implying that the density remains constant throughout the flow 
field. This assumption is valid for liquids and for gases at low 
Mach numbers (typically < 0.3). 

Laminar Flow: The flow is assumed to be laminar, meaning 
that the fluid moves in smooth layers or streams without signifi-
cant mixing. This assumption is reasonable for flows with low 
Reynolds numbers. 

Negligible viscous dissipation: The study assumes that the 
energy generated by viscous dissipation is negligible. This means 
that the heat produced by internal friction within the fluid is insig-
nificant compared to the other energy terms in the system. 

Negligible Heat Generation: The study assumes that there is 
no significant heat generation within the fluid, either from chemical 
reactions, electrical heating, or other sources. This simplifies the 
energy equation by removing the heat generation term. 

Constant Fluid Properties: The fluid properties such as viscos-
ity, thermal conductivity, and specific heat are assumed to be 
constant. This assumption is valid for small temperature variations 
within the flow. 

No Radiation Heat Transfer: The study assumes that heat 
transfer due to radiation is negligible compared to conduction and 
convection. This is reasonable for many engineering applications 
where temperatures are not extremely high. 

3.2. Governing equations 

By applying the Boussinesq approximation, the governing 
equations for this investigation are as follows [29]: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0  (1) 

𝜌𝑛𝑓(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+ 𝜇𝑛𝑓(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) + 𝐹𝑥 + 𝑓𝐿𝑥  (2) 

𝜌𝑛𝑓(𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+ 𝜇𝑛𝑓(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) + 𝐹𝑦 + 𝑓𝐿𝑦  (3) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓(

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2)  (4) 

For this problem, the fluid flow is subjected to gravitational 
force: 

𝐹𝑥 = 0,  𝐹𝑦 = (𝜌𝛽)𝑛𝑓𝑔𝑦(𝑇 − 𝑇𝑐)  
(5) 

In addition to the gravitational force, the flow of the nanohybrid 
is subjected to the volumetric Laplace force: 

𝑓𝐿𝑥 = 0,  𝑓𝐿𝑦 = −𝐵2 . 𝜎𝑛𝑓𝑣 
(6) 

To calculate this volumetric Laplace force, it is more appropri-
ate to use the dimensionless Hartmann number, defined by: 

𝐻𝑎 = 𝐿𝐵√
𝜎𝑛𝑓

𝜇𝑛𝑓
                                                                           (7) 

This number is used in fluid dynamics, particularly in the study 
of conducting fluids in the presence of a magnetic field. It charac-
terizes the influence of magnetic forces in relation to viscous 
forces within a fluid. 

Where 𝜎𝑛𝑓is the electrical conductivity, B is the magnetic field 

intensity, L is the characteristic length of the cavity, and 𝜇𝑛𝑓is the 

dynamic viscosity of the nanofluid. 
For Magneto-Hydro-Dynamic (MHD) nanoliquid mixed con-

vection flow, the expression for local entropy generation, Sgen, 
can be formulated as follows [30]: 

𝑠𝑔𝑒𝑛 =
𝑘𝑛𝑓

𝑇0
2 [(

𝜕𝑇

𝜕𝑥
)
2
+ (

𝜕𝑇

𝜕𝑦
)
2
] +

𝜇𝑛𝑓

𝑇0
[
2 (

𝜕𝑢

𝜕𝑥
)
2
+ 2(

𝜕𝑣

𝜕𝑦
)
2
+

(
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)
2 ] +        

𝜎𝑛𝑓𝐵2

𝑇0
𝑣2 = 𝑆𝑔𝑒𝑛,ℎ + 𝑆𝑔𝑒𝑛,𝜈 + 𝑆𝑔𝑒𝑛,𝑚                                          (8) 

The effective density, heat capacitance, thermal expansion 
coefficient, thermal diffusivity, and electrical conductivity of the 
nanoliquid are defined as follows [31]: 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝 
                        (9) 

(𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝)𝑓 + 𝜙(𝜌𝐶𝑝)𝑝 
   (10) 

(𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑝 
   (11) 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)𝑛𝑓
    (12) 

𝜎𝑛𝑓

𝜎𝑓
= 1 +

3(
𝜎𝑠

𝜎𝑓
− 1)𝜙

(
𝜎𝑠

𝜎𝑓
+ 2) − (

𝜎𝑠

𝜎𝑓
− 1)𝜙

    (13) 

The thermal conductivity of the nanoliquid is determined using 
the following equation [32]: 

𝑘𝑠𝑡𝑎𝑡𝑖𝑐 = 𝑘𝑓

𝑘𝑃+2𝑘𝑓−2𝜙(𝑘𝑓−𝑘𝑃)

𝑘𝑃+2𝑘𝑓+𝜙(𝑘𝑓−𝑘𝑃)
  

                                
(14) 

The effective dynamic viscosity of the nanofluid is determined 
using the Brinkman model [33]: 

𝜇𝑠𝑡𝑎𝑡𝑖𝑐 =
𝜇𝑓

(1 − 𝜙)2.5
 

 
 (15) 

A numerical investigation of mixed convection was carried out 
using the following dimensionless variables: 

𝑋 =
𝑥

𝐿
,  𝑌 =

𝑦

𝐿
,  𝑈 =

𝑢

𝑈0
,  𝑉 =

𝑣

𝑈0
,  𝜃 =

𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
,  

𝑃𝑟 =
𝜈𝑛𝑓

𝛼𝑛𝑓
,  𝑃 =

𝑝

𝜌𝑛𝑓𝑈0
2 ,  𝐺𝑟 =

𝑔𝛽(𝑇 −𝑇𝑐)𝐿
3

𝜈𝑛𝑓
2 ,   

𝑅𝑒 =
𝑈0𝐿

𝜈𝑛𝑓
, 𝑅𝑖 =

𝐺𝑟

𝑅𝑒2 , 𝐻𝑎 = 𝐿𝐵√
𝜎𝑛𝑓

𝜇𝑛𝑓
,  𝑆𝑇 =

𝑠
𝑇0

2𝐿2

𝑘𝑛𝑓(𝑇ℎ−𝑇𝑐)
2    

 

    (16) 

The Reynolds number (Re) is one of the most important di-
mensionless parameters in fluid mechanics. It is used to characte-
rize the flow regime of a fluid, whether it is laminar, transitional, 
or turbulent. It is defined as the ratio of inertial forces to viscous 
forces in a fluid flow.  

By introducing the dimensionless variables mentioned above, 
the governing equations (1-4) are transformed into their non-
dimensional forms, which can be expressed as follows: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0     (17) 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

1

𝑅𝑒

𝜌𝑓

𝜌𝑛𝑓

1

(1−𝜙)2.5 (
𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2)     (18) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

1

𝑅𝑒

𝜌𝑓

𝜌𝑛𝑓

1

(1−𝜙)2.5 (
𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2)     (19) 
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+𝑅𝑖
𝜌𝑓

𝜌𝑛𝑓
(1 − 𝜙 +

(𝜌𝛽)𝑝

(𝜌𝛽)𝑓
) 𝜃  −

𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2

𝑅𝑒
𝑉  

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

𝛼𝑛𝑓

𝛼𝑓

1

𝑅𝑒 𝑃𝑟
(
𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)    (20) 

Dimensionless entropy generation 𝑆𝑔𝑒𝑛can be obtained as: 

𝑆𝑇 =
𝑘𝑛𝑓

𝑘𝑓
[(

𝜕𝜃

𝜕𝑋
)
2
+ (

𝜕𝜃

𝜕𝑌
)
2
] + 𝜒

𝜇𝑛𝑓

𝜇𝑓
[
2 (

𝜕𝑈

𝜕𝑋
)
2
+ 2(

𝜕𝑉

𝜕𝑌
)
2

+(
𝜕𝑈

𝜕𝑌
+

𝜕𝑉

𝜕𝑋
)
2 ] −   

𝜒𝑛𝑓𝐻𝑎2 𝜎𝑛𝑓

𝜎𝑓
𝑉2                                                                        (21) 

where χ is the irreversibility factor. It is defined by: 

𝜒𝑛𝑓 =
𝜇𝑓𝑇0

𝑘𝑓
(

𝑈0

𝑇ℎ − 𝑇𝑐
)
2

       (22) 

The average entropy generation is calculated by: 

𝑆𝑎𝑣𝑟 =
1

𝑉
∫𝑆𝑇𝑑𝑉
𝑉

  (23) 

where V is the total volume of the physical domain. 
The local and average Nusselt numbers along the two heat 

sources (lS1, lS2) can be calculated using the following expres-
sions: 

𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝑋
)|

𝑋=0
                    

(24) 

𝑁𝑢𝑙𝑆1
= ∫ 𝑁𝑢

0.4

0.2

𝑑𝑌,   

𝑁𝑢𝑙𝑆2
= ∫ 𝑁𝑢

0.8

0.6
𝑑𝑌  

(25) 

4. NUMERICAL METHOD AND VALIDATION 

The given equations have been numerically solved using the 
lattice Boltzmann method (LBM), as detailed in Mliki et al. [31]. 
This approach was based on Ludwig Boltzmann’s kinetic theory of 
gases. Employing the Bhatnagar-Gross-Krook approximation, the 
lattice Boltzmann method involves two distribution functions, 
denoted as g and f, representing the temperature and the flow 
field, respectively, Eqs. (26) and (27): 

𝑓𝑖(𝒙 + 𝒄𝒊𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑓𝑖(𝒙, 𝑡) −
1

𝜏𝜈
(𝑓𝑖(𝒙, 𝑡) −

𝑓𝑖
eq(𝒙, 𝑡)) + 𝛥𝑡𝒄𝒊𝐹𝑖  

 
(26) 

𝑔𝑖(𝒙 + 𝒄𝒊𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑔𝑖(𝒙, 𝑡) −
1

𝜏𝛼
(𝑔𝑖(𝒙, 𝑡) −

𝑔𝑖
eq(𝒙, 𝑡))  

(27) 

Here, Δt represents the lattice time, and 𝜏𝜈 and 𝜏𝛼 denote the 
lattice relaxation times for the flow and temperature fields, respec-
tively. 

Two local equilibrium distribution functions for the temperature 

and flow fields 𝑔𝑖
𝑒𝑞

  and𝑓𝑖
𝑒𝑞

are calculated with Eqs. (28) and (29): 

𝑓𝑖
eq

= 𝜔𝑖𝜌 [1 +
3(𝒄𝒊.𝒖)

𝑐2 +
9(𝒄𝒊.𝒖)2

2𝑐4 −
3𝒖2

2𝑐2]                                (28) 

𝑔𝑖
eq

= 𝜔𝑖
′𝑇 [1 + 3

𝒄𝒊.𝒖

𝑐2 ]                                                            (29) 

The variables u and 𝛒 represent the macroscopic velocity and 

density, respectively. The lattice speed c is defined as c=∆x/∆t, 
where ∆x is the lattice spacing and  ∆t is the lattice time step, 
both of which are set to unity. Furthermore, 𝜔𝑖denotes the 

weighting factor for the flow field, while 𝜔𝑖
′  represents the 

weighting factor for the temperature field. The D2Q9 model is 
used for the flow field, while the D2Q4 model is applied to the 
temperature field.  

 
Fig. 2. Direction of streaming velocities,  D2Q9 

 

 

Fig. 3. Direction of streaming velocities, D2Q4 

 

Consequently, the weighting factors and discrete particle ve-
locity vectors differ between these two models and are calculated 
using Eqs. (30-33) as follows: 

For D2Q9: 

𝜔0 =
4

9
, 𝜔𝑖 =

1

9
 for i = 1,2,3,4  and  𝜔𝑖 =

1

36
 for i = 5,6,7,8                                                                                            

                                                                                                   (30) 

The discrete velocities for the D2Q9 (Fig. 2) are defined as fol-
lows: 

𝒄𝒊

= {

0 𝑖 = 0
(𝑐𝑜𝑠[ (𝑖 − 1)𝜋/2], 𝑠𝑖𝑛[ (𝑖 − 1)𝜋/2])𝑐 𝑖 = 1,2,3,4

√2(𝑐𝑜𝑠[ (𝑖 − 5)𝜋/2 + 𝜋/4], 𝑠𝑖𝑛[ (𝑖 − 5)𝜋/2 + 𝜋/4])𝑐 𝑖 = 5,6,7,8

 

                                                                                                   (31) 
For D2Q4: 

The weighting factor for temperature in each direction is: 

𝜔𝑖
′ =

1

4
                                                                               (32)                                                 

The discrete velocities for the D2Q4 (Fig. 3) are defined as fol-
lows: 
𝒄𝒊 = (𝑐𝑜𝑠[ (𝑖 − 1)𝜋/2], 𝑠𝑖𝑛[ (𝑖 − 1)𝜋/2])𝑐 𝑖 = 1,2,3,4      

                                                                                          (33) 
The relationship between the kinematic viscosity ν and ther-
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mal diffusivity α with the relaxation time is expressed by Eq. (34): 

𝜈 = [𝜏𝜈 −
1

2
] 𝑐𝑠

2𝛥𝑡;      𝛼 = [𝜏𝛼 −
1

2
] 𝑐𝑠

2𝛥𝑡                                     (34) 

Where cs is the lattice speed of sound, equal to 𝑐𝑠 = 𝑐/√3. 
In the simulation of natural convection, the external force term Fi 
is determined by Eq. (35): 

𝐹𝑖 =
𝜔𝑖

𝑐𝑠
2 𝐹. 𝑐𝑖                                                                            (35) 

With Fi is the total external body force. 
The macroscopic quantities𝜌, u, and T can be calculated by 

Eq. (36): 

𝜌 = ∑𝑖 𝑓𝑖;   𝜌𝑢 = ∑𝑖 𝑓𝑖 𝑐𝑖;  𝑇 = ∑𝑖 𝑔𝑖         (36) 

5.  SOLUTION METHOD  

To ensure the applicability of the code in a nearly incom-
pressible regime, the characteristic velocity must be significantly 
lower than the speed of sound in the fluid. Therefore, in the simu-
lations, the Mach number is set to less than Ma=0.3. In this study, 
the Mach number is fixed at Ma=0.1 for all considered cases. 
Viscosity and thermal diffusivity are determined based on the 
definitions of the corresponding dimensionless parameters, while 
maintaining constant values for the Rayleigh number, Prandtl 
number, and Mach number. 

                                                                  (37) 

With N indicating the total number of lattices positioned in the 
y-direction. 

The stream function and vorticity are defined as: 

                                                (38) 

where  and  are vorticity and stream function, respectively. 

6. MESH VERIFICATION AND VALIDATION 

For the grid sensitivity analysis, Tab. 2 presents the results 
obtained using four different mesh sizes. The simulations revealed 
that the difference in results between the grid sizes of 100×100 
and 150×150 was minimal. Based on these findings, the grid size 
of 100×100 was selected for the analysis. 

Tab 2. Grid independence test for 𝑁𝑢𝑚 at ϕ=4.10-2; Ha = 0 

 Average Nusselt number 𝑵𝒖𝒎 

Lattice 
size 

Re=1 Re=100 

50x50 1.7632 7.3423 

75x75 2.1482 8.8753 

100x100 2.5483 9.6128 

120x120 2.5502 (0.07%) 9.6412 (0.2%) 

For data validation, the present results are compared with the 
numerical results from Lai and Yang [34] for the case of nanoliquid 
natural convection in a square enclosure (Fig. 4).  

Additionally, the temperature distribution along the axial mid-

line is compared between the present results and those obtained 
by Ghassemi et al. [35] for magnetic nanoliquid mixed convection 
in a square enclosure (Fig. 5). Another validation test is performed 
for the case of mixed convection (Fig. 6), where the current nu-
merical results are compared with the results from Talebi et al. 
[36]. Based on these comparisons, the developed code is demon-
strated to be reliable for studying MHD mixed convection of a 
nanoliquid in a double-lid driven thermally convergent cavity. 

 
Fig. 4. Comparison of the local Nusselt number along the hot wall betwe-

en the present results and numerical results by Lai and Yang [34] 

 
Fig. 5. Comparison of the temperature on axial midline between the 

present results and numerical results by Ghassemi et al. [35]   
(ϕ =3.10-2, Ra=105) 
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(b) 

Fig. 6. a) Horizontal component of velocity b) vertical component of 
velocity with those of Talebi et al. [36] 

7. RESULTS AND DISCUSSION  

A numerical analysis of two-dimensional magnetohydrody-
namic (MHD) mixed convection is conducted for a CuO–water 
nanoliquid within a double lid-driven thermally convergent cavity. 
The study investigates the fluid flow and heat transfer characteris-
tics under the influence of magnetic fields, focusing on the behav-
ior of the nanoliquid in this specific configuration.  

7.1. Effects of Reynolds number  

The main objective of this numerical study is to evaluate the 
effects of the Reynolds number (Re) on isotherms, local entropy 
generation, and streamlines inside the cavity saturated with CuO-

water nanofluid, for Ri = 20, = 4.10-2, and Ha = 0. For Re = 1, 
the flow, local entropy generation, and temperature contours are 
nearly symmetric about the horizontal centerline (Y = 0.5) of the 
cavity and are concentrated along the two heated sources (lS1 
and lS2) due to the enhanced fluid movement in these regions. In 
this case, the flow is characterized by the presence of two sym-
metric counterclockwise vortices, rotating in opposite directions 
with intensities (|ψ|max = 7.16 × 10⁻² and 6.91 × 10⁻2), respec-
tively (Fig. 7). As the Reynolds number increases, the influence of 
the moving walls (CD and EF) becomes increasingly significant, 
leading to substantial changes in the flow dynamics within the 
cavity. These walls, moving relative to the fluid, introduce a forced 
convection component that enhances fluid circulation in the sur-
rounding regions. This effect is especially prominent in the lower 
part of the cavity, where the largest circulation cell develops. 

In this figure, at low Reynolds numbers (Re = 1), heat transfer 
within the cavity is primarily dominated by conduction, with iso-
therms appearing nearly parallel to the isothermal walls. As the 
Reynolds number increases (Re = 10, 50, and 100), the cold 
nanofluid penetrates deeper into the corners (D and E), intensify-
ing the temperature gradients around the discrete heat sources 
(lS1 and lS2). Additionally, enhanced circulation of the nanofluid is 
observed on the left side of the cavity (zone ABGH), resulting in a 
more efficient heat transfer process. The effect of increasing the 
Reynolds number on entropy generation is also illustrated in Fig.7. 
It is observed that an increase in the Reynolds number enhances 
fluid motion, resulting in a higher concentration of entropy genera-

tion contours near the discrete heat sources. This leads to the 
formation of active regions of entropy generation, which are par-
ticularly pronounced at higher Reynolds numbers (Re = 10, 50, 
and 100). 

In summary, an increase in the Reynolds number significantly 
modifies the distribution and intensity of entropy generation within 
the cavity. These changes are primarily driven by the intensifica-
tion of forced convection, which enhances temperature and veloci-
ty gradients, leading to the formation of active entropy generation 
zones near the heat sources and in regions of increased fluid 
circulation. These findings underscore the importance of account-
ing for the effects of the Reynolds number in the design and opti-
mization of heat transfer systems that utilize nanofluids. 

The effect of solid nanoparticle concentration on the Nusselt 
number (Num) along the discrete heat sources (lS1 and lS2) is 
illustrated in Fig.8. A detailed analysis of Equation (14) shows that 
increasing the concentration of solid nanoparticles in the nanofluid 
directly enhances its effective thermal conductivity. This en-
hancement is critical, as it improves heat transfer through the 
fluid, particularly in the regions near the heat sources where the 
heat transfer intensity is highest. As a result, the fluid becomes 
more effective in transferring heat, leading to an increase in the 
Nusselt number. In Fig.9, the total entropy generation (Sgen) 
exhibits a trend similar to that of the Nusselt number (Num). This 
correlation can be explained by the fact that the enhancement of 
heat transfer, driven by the increase in nanoparticle concentration, 
is accompanied with  an increase in thermodynamic irreversibili-
ties, as measured by entropy generation. 

Figs 10 and 11 illustrate the temperature profile within the 
cavity at two specific positions: x/L = 0.5 and y/L = 0.75, for diffe-
rent Reynolds numbers (Re). These graphs provide a detailed 
analysis of how temperature evolves within the cavity as Re 
changes. It is clearly observed that the temperature in the ABGH 
region of the cavity increases with higher Re. This trend can be 
attributed to the increasing influence of mixed convection heat 
transfer, which becomes more dominant as Re rises. At low Rey-
nolds numbers, heat transfer is mainly governed by thermal con-
duction, a slower and less efficient mechanism for heat transfer. 
However, as Re increases, mixed convection enhances heat 
transfer, leading to a more significant temperature rise in regions 
close to the heated walls of the cavity, particularly in the ABGH 
area. This behavior underscores the importance of fluid velocity 
and the convection regime in optimizing heat transfer within confi-
ned systems such as the one studied. These findings highlight the 
critical role of Reynolds number in controlling heat transfer dyna-
mics and suggest that optimizing fluid flow conditions can signifi-
cantly improve the efficiency and reliability of thermal manage-
ment systems in practical applications. 

7.2. Effects of Hartmann number  

The effects of the Hartmann number (Ha) on the streamlines 

and entropy generation contours for Re = 100, Ri = 20, and  = 
4.10-2 are shown in Fig.12. The presence of a magnetic field leads 
to a significant reduction in mixed convection, resulting in an 
unfavorable impact on heat transfer. While buoyancy enhances 
heat transfer, the Lorentz force induced by the magnetic field 
counteracts this effect, reducing thermal transfer efficiency and 
minimizing entropy generation, making the process less favorable 
for optimizing heat transfer. As observed, an increase in the 
Hartmann number results in a reduction in flow intensity, with the 
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minimum value occurring at the highest Hartmann number. The 
maximum value of the stream function is 3.68 × 10⁻¹ for Ha =0,  
2.94 × 10⁻¹ for Ha = 20, and 1.5 × 10⁻¹ for Ha = 80, which expla-
ins the stagnation of the stream function at Ha = 80. This flow 
stagnation at high Hartmann numbers has significant implications 
for heat transfer dynamics. Specifically, the reduction in mixed 
convection results in a greater dominance of thermal conduction. 
As a consequence, while entropy generation is reduced due to the 
decrease in irreversibilities associated with fluid motion, the ove-
rall heat transfer efficiency is diminished. 

Fig. 13. illustrates the effect of the Lorentz force on the varia-
tion of the average Nusselt number and total entropy generation 
for different Hartmann numbers (Ha = 0, 20, 40, 60 and 80) at a 
solid particle concentration of  = 0.04. It can generally be 
observed that the average Nusselt number decreases as the 
Hartmann number (Ha) increases. This decrease is primarily 
attributed to the inhibitory effect of the Lorentz force, which 
opposes fluid motion and reduces the intensity of mixed 
convection. In the absence of a magnetic field (Ha = 0), the 
average Nusselt number reaches its maximum value, reflecting 
optimal mixed convection and efficient heat transfer. However, as 
Ha increases, the Lorentz force becomes more dominant, slowing 

down the flow and thereby reducing the contribution of convection 
to heat transfer. Consequently, heat transfer becomes 
increasingly dominated by conduction, a less efficient mechanism 
compared to convection. The variation in entropy generation 
follows a trend similar to that of the Nusselt number. At low 
Hartmann numbers (Ha = 0), entropy generation is relatively high 
due to the irreversibilities associated with intense fluid motion and 
pronounced temperature gradients. However, as Ha increases, 
the reduction in flow intensity decreases these irreversibilities, 
leading to a gradual decline in entropy generation. 

Figs. 14 and 15 show the temperature profile within the cavity 
at two specific positions: x/L = 0.5 and y/L = 0.75, for different 
Hartmann numbers (Ha). These graphs provide a detailed analy-
sis of how the temperature evolves within the cavity as Ha chan-
ges. It is clearly observed that the temperature in the ABGH re-
gion of the cavity decreases as Ha increases. This trend can be 
attributed to the reduced influence of mixed convection heat trans-
fer, which becomes less significant as Ha increases. At high 
Hartmann numbers, heat transfer is primarily governed by thermal 
conduction. This results in a more significant decrease in tempe-
rature in the ABGH region. 
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Fig.7.  Streamlines, Isotherms and Entropy generation lines for different Re at Ri=20, Ha=0, and = 4.10-2 

 

  

Fig.8.   Average Nusselt number for different values of the Reynolds 
numbers and volumetric fraction of nanoparticles (ϕ) at Ri=20, 
Re=100 and Ha=0 

Fig.9. Total entropy generation for different values of the Reynolds num-
bers and volumetric fraction of nanoparticles (ϕ) at Ri=20, Re=100 
and Ha=0 

  
Fig.10.  Profiles of the dimensionless temperature in the middle of the 

thermally convergent cavity y/L = 0. 5 for different Reynolds num-

bers at Ri=20, Ha=0 and = 4.10-2 

Fig.11.  Profiles of the dimensionless temperature in the middle of the 
thermally convergent cavity x/L = 0.75 for different Reynolds 

numbers at Ri=20 , Ha=0 and = 4.10-2 
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Fig. 12. Streamlines, Isotherms and Entropy generation lines for different Ha at Re =100, Ri=20 and = 4.10-2 
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Fig. 13.  Effect of Hartmann number on average Nusselt number and on 

total entropy generation for different Hartmann numbers at Ri = 

20, Re= 100 and = 4.10-2 

 
Fig.14.  Profiles of the dimensionless temperature in the middle of the 

thermally convergent cavity x/L = 0.75 for different Hartmann 

numbers at Ri = 20, Re= 100 and = 4.10-2 

 
Fig. 15.  Profiles of the dimensionless temperature in the middle of the 

thermally convergent cavity y/L = 0. 5 for different Hartmann 

numbers at Ri = 20, Re= 100 and = 4.10-2 

 

8. CONCLUSION  

This study introduces an innovative approach to investigate 
mixed convection heat transfer by analyzing the influence of a 
magnetic field on heat transfer and flow characteristics in a con-
vergent double-lid-driven cavity with discrete heating. The effects 
of the Reynolds number (Re), Hartmann number (Ha), and nano-
particle volume fraction (ϕ) on flow dynamics and heat transfer 

performance were systematically examined. The primary conclu-
sions derived from the numerical results are as follows: 

− For all considered values of Re and Ha, increasing the nano-
particle volume fraction leads to an increase in the average 
Nusselt number and total entropy generation. 

− As the Reynolds number (Re) the values of the Nusselt num-
ber (Num) also increase. 

− The maximum value of the stream function (|ψ|max) is 
achieved at Re = 100. 

− When a magnetic field is applied, the velocity of the nanoliquid 
decreases, which in turn leads to a reduction in the maximum 
value of |ψ|max. 

− Both the Nusselt number (Num) and entropy generation are 
inversely related to the Hartmann number (Ha). 

− The temperature in convergent cavity increases with an in-
crease in Re, whereas the opposite effect is observed when 
Ha increases. 

− The influence of Ha on Num and entropy generation is more 
pronounced at higher Reynolds numbers (Re = 50 and 100). 
Based on the results presented in this article, it is recom-

mended to use a combination of Re = 100, Ha = 0 (absence of a 
magnetic field), and ϕ = 0.04 to maximize heat transfer. However, 

if entropy generation must be minimized, a compromise with Ha = 
80 is suggested. This higher Hartmann number value will improve 
flow control and reduce entropy generation while maintaining 
acceptable heat transfer performance. This approach is particular-
ly beneficial in applications where energy efficiency and loss 
minimization are top priorities. 
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Abstract: The use of incremental technologies in various biomedical fields requires the development of new materials that can meet the 
needs of new applications. This article delves into the impact of modifying PETG with multifunctional polysiloxanes (0.10 wt.% to 2.5 wt.%) 
on the properties of composite materials produced for 3D printing in bioengineering applications. The article covers the effects on strength 
(tensile, flexural), rheological (MFR), thermal (DSC), and surface (WCA) properties. The results obtained in this study indicate  
that polysiloxane additives have a positive effect on the material's elasticity and bending strength. Moreover, the results presented are a 
great example of interdisciplinary research combining chemical knowledge to develop specialized material applications. 

Key words: PETG, polysiloxanes, 3D-printing, FDM/FFF, mechanical properties

1. INTRODUCTION 

FDM/FFF 3D printing is gaining popularity and becoming more 
widely available as a tool for professional 3D printing facilities and 
home applications. It allows for fast and precise manufacturing and 
the creation of multipolymer-component systems with a wide range 
of materials. Obtaining physical prototypes through 3D FDM/FFF 
printing is quicker and more cost-effective than traditional 
manufacturing methods. In the event of failure of machine 
components, it allows the rapid manufacture of replacement parts, 
so that production does not have to be halted until replacement 
parts are made. 3D printing is also a tool that allows the 
development of creativity, which is why it is increasingly used by 
artists, clothing designers [1], and in education introduced as an 
element that shapes a new approach to shaping reality (giving non-
obvious shapes) and exercising spatial imagination. This 
technology and other additive techniques will grow significantly in 
the coming years. However, additive techniques have limitations, 
including the current availability of printing materials on the market, 
which may not always meet the growing expectations of end users 
[2]. 

Currently, FDM/FFF 3D printing is one of the most popular 
additive techniques that are used in various fields, such as 
automotive, submarines, aviation, and biomedical engineering. The 
increasing use of 3D printing in various fields is related to the 
possibility of creating elements with complex geometry and at the 

same time with good properties (low density, high mechanical 
properties) [3,4].   

PETG (Polyethylene Terephthalate Glycol-Modified), where 
glycol-modified means that during the polymerization reaction, 
glycol was added but it is not included in the final product, is a 
popular 3D printing filament material stands out for its good 
mechanical properties, chemical stability, excellent aesthetic 
properties, and biocompatibility [5]. In addition, PET has high 
resistance to radiation and degradation in the presence of body 
fluids, which is why it is the most commonly used biomaterial [6].  
Some of its uses include materials for orthodontic use, antibacterial 
films, scaffolds (tissue engineering), drugs, delivery, surgical 
models, etc [7-9]. However, like any material, it does have some 
weaknesses that users should be aware of: warping, stringing 
(tendency to produce thin strands or strings of filament between 
non-contiguous parts of the print), and hygroscopic. The flexibility 
of PET-G is good, but it may not be sufficient for more complex 
applications [10]. 

Polysiloxanes are a class of polymers that are also commonly 
known as silicones. They are made up of repeating units of siloxane 
(-R2Si-O-) where R represents various organic groups or hydrogen 
atoms. The general chemical formula for polysiloxanes is 
[(R2SiO)n], where "n" represents the number of repeating units in 
the polymer chain. Silicones are unique among polymers because 
they contain alternating silicon and oxygen atoms in their 
backbone, which gives them their distinctive properties. The 
organic groups attached to the silicon atoms determine the specific 
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characteristics of the silicone polymer. Polysiloxanes/silicones 
have several notable properties, making them useful in various 
applications: high-temperature stability, flexibility and elasticity, 
water repellency, and transparency and optical clarity [11]. 

The literature contains publications on 3D printing of PETG 
filaments, but many of them focus on research on PETG-based 
composite materials. The analysis of the literature shows that there 
are no studies on the properties of PETG composites with 
polysiloxane modifiers. The most commonly used additives are 
carbon fibers or graphite and natural fiber [12,13,14]. Additives in 
the form of carbon fiber particles are added to improve the 
mechanical properties of the material [15,16]. In the work of 
Vijayasankar et al. [14] the properties of a 3D printed PETG 
composite with a natural filler were tested. Different percentages 
(2%, 5%, 10% by weight) of silk fibers were used. The research 
shows that the material with 2 % wt. silk increased the elastic 
modulus and compressive modulus compared to neat PETG. A 
printed prosthetic socket for the lower limb was presented as a 
possibility of using the material in biomedical engineering.  

This study aimed to investigate how multifunctional 
polysiloxanes affect the properties of PETG for its suitability in 
FDM/FFF 3D printing technology. New polymer systems have been 
developed to address the limitations of 3D printing technology using 
PETG material. This system includes multifunctional polysiloxanes 
and PETG as the polymer matrix. The materials were modified with 
a series of polysiloxane-based derivates obtained by a 
hydrosilylation reaction.  

2. MATERIALS AND METHODS 

2.1. Materials 

Polyethylene terephthalate glycol-modified (PET-G) 
copolyester type SELENIS SELEKT™ BD 110 (SELENIC NORTH 
AMERICA, LLC) The chemicals were purchased from the following 
sources: Polymethylhydrosiloxane, Trimethylsilyl Terminated 
(PWS) from Gelest, vinyl(trimetoxy)silane (VTMOS) (97%) from 
UNISIL; hexene (HEX), octene (OCT), allyl-glycidyl ether (AGE)) 
from Linegal Chemicals Warsaw, Poland, toluene from Avantor 
Performance Materials Poland S.A. Gliwice, Poland, and 
chloroform-d, Karstedt catalyst from Merck Group. In the process, 
toluene was dried and purified with MB SPS 800 Solvent Drying 
System and stored under an argon atmosphere in Rotaflo Schlenk 
flasks. 

2.2. Synthesis of modifiers 

Following the procedure described in the literature a 500 ml 
three-necked round bottom flask was filled with 30 g of PWS, 250 
ml of toluene, and the appropriate amounts of olefins based on the 
number of moles of the Si-H moiety (see Tab. 1). A magnetic stirrer 
was then added to the flask. The reaction mixture was heated to 
70°C and Karstedt's catalyst solution (8 x 10 -5 eq. Pt/mol SiH) was 
added. The reaction mixture was kept at reflux and samples were 
taken for FT-IR control until the Si-H signal disappeared completely 
(at 2141 and 889 cm-1). The solvent was removed under reduced 
pressure, resulting in an analytically pure sample. 

Tab. 1. Polysiloxane derivatives 

Core Olefin 1 Olefin 2 Molar ratio 

PWS HEX TMOS 2:1 

PWS OCT TMOS 4:1 

PWS HEX AGE 2:1 

PWS OCT AGE 2:1 

2.3. Filaments fabrication steps 

For the masterbatch preparation, the polymer and the chosen 
additive were homogenized using a laboratory two-roll mill ZAMAK 
MERCATOR WG 150/280. A portion of 500 g PET-G was molten 
on the rolls, and then the additive was added in portions, until the 
final concentration of 5.0 wt.% (with respect to the whole system 
mass). The mixing was performed at the roll temperature of 225°C 
for 15 min, getting to full homogeneity of the composition. The 
resulting polymer system was then granulated using a SHINI SG-
1417-CE grinding mill and dried at 55ºC/24 h. After that, all of the 
prepared masterbatches were extruded using a twin-screw 
extruder machine to obtain final granulates. The granulates were 
diluted with neat PLA up to the final additive loading of 0.10, 0.25, 
0.50, 1.0, 1.5, 2.5 wt.% upon screw extrusion with subsequent cold 
granulation on the extrusion setup HAAKE Rheomex OS in the 
processing temperature range 215-230°C, and then dried for 24 h 
at 55°C. The granulates obtained as above were used for the 
extrusion of filaments of 1.75 mm diameter by a single-screw 
extrusion setup FILABOT EX6. Extrusion temperatures were 
sequentially from the nozzle to the feed zone respectively: 190°C, 
220°C, 220°C, and 80°C. 

2.4. process by FDM/FFF technique 

Using a 3D printer Prusa i3 MK3S+ two types of samples were 
printed: dumbbells and bars, according to PN-EN ISO 527. The 
parameters of printing are given in Table 2. 

Tab. 2. 3D Printing process parameters 

Parameter name Parameter value 

Layer height 0.18 mm 

Top layer height 0.27 mm 

Shells 2 

Top and bottom layers number 3 

Infill density 100% 

Fill angle 45º 

Infill pattern Rectlinear grid 

Printing speed 60 mm/s 

Idle speed 80 mm/s 

Extruder temp. 230°C 

Table temp. 75°C 

2.5. Methods and analyses 

1H, 13C, and 29Si Nuclear Magnetic Resonance (NMR) spectra 
were recorded at 25°C on Bruker Ascend 400 and Ultra Shield 300 
spectrometers using CDCl3 as a solvent. Chemical shifts are 
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reported in ppm concerning the residual solvent (CHCl3) peaks for 
1H and 13C. 

Differential scanning calorimetry (DSC) was performed using a 
NETZSCH 204 F1 Phoenix (NETZSCH, Selb, Germany). 
Calorimeter samples of 5 ± 0.2 mg were cut and placed in an 
aluminum crucible with a punctured lid. The measurements were 
performed under nitrogen in the temperature range of -20–300°C 
and at a 20°C/min heating rate.  

The effect of the modifier addition on the mass flow rate (MFR) 
was determined. The measurements were made using an Instron 
plastometer, model Ceast MF20 according to the applicable 
standard ISO 1133. The measurement temperature was 230 ± 
0.5°C, while the piston loading was 2.16 kg. 

Static tensile and three-point bending tests were used to 
evaluate the mechanical behavior of PET-G composite 3D-printed 
samples. For flexural and tensile strength tests, the obtained 
materials were printed into type 1B and 1BA specimens by PN-EN 
ISO 527 and PN-EN ISO 178. Tests of the obtained specimens 
were performed on a universal testing machine INSTRON 5969 
with a maximum load force of 50 kN. The traverse speed for tensile 
and flexural measurements was set at 2 mm/min. For all the series, 
7 measurements were performed for each material. 

Contact angle analyses were performed by the sessile drop 
technique at room temperature and atmospheric pressure, with a 
Krüss DSA100 goniometer. Three independent measurements 
were performed for each sample, each with a 5 µl water drop, and 
the obtained results were averaged to reduce the impact of surface 
nonuniformity. 

Light microscopy images of the printed samples were taken 
using a KEYENCE VHX-7000 digital microscope (Keyence 
International, Mechelen, Belgium, NV/SA) with a VH-Z100R wide-
angle zoom lens at ×100-200 magnification. 

3. RESULTS AND DISCUSSION 

3.1. Characterization of synthesis products – NMR analysis 

The synthesis procedure outlined in section 2.2 was followed to 
prepare the modifiers. In order to monitor the substrate conversion 
throughout the process, FT-IR analysis was employed. The 
reaction was carried out until the disappearance of the 
characteristic band (at 2141 and 889 cm-1) originating from the Si-
H group of the precursor. In order to ascertain purity and determine 
the exact conversion, 1H NMR, 13C NMR, and 29Si NMR 
spectroscopy were also conducted. Based on 1H NMR analysis, 
the degree of conversion for all compounds was determined to be 
greater than 94%. 

The product structures were confirmed by NMR spectroscopy, 
the following signals were assigned: 

 

 
Fig. 1. PWS-2HEX-1AGE, Poly((hexylmethylsiloxane)-co-(3-

propylglycidyl), trimethylsilyl terminated 

 1H NMR (400 MHz, CDCl3): δ (ppm) = 3.71-3.68 (m, position 3), 
3.47-3.41 (m, position 3 and 4), 3.14 (m, position 2), 2.80-2.78 (m, 
position 1), 2.61 (m, position 1), 1.64-1.61 (m, position 5), 1.32-1.28 
(m, hexyl -CH2-), 0.90-0.88 (m, hexyl -CH3), 0.54-0.53 (m, SiCH2-), 
0.13-0.06 (s, SiMe, SiMe3) 
13C NMR (101 MHz, CDCl3): δ (ppm) = 74.23, 72.15, 71.53, 69.69, 
50.95, 44.42 (AGE), 33.17, 31.77 (HEX), 23.35, 23.01 (AGE), 
22.76, 17.70, 17.61, 17.46, 14.25 (HEX), 13.63, 13.51 (AGE), 1.98-
1.51, -0.22-(-0.58) (SiMe, SiMe3) 
29Si NMR (79,5 MHz, CDCl3): δ (ppm) = -20.98-(-22.88) (SiMe, 
SiMe3). 
 

 
Fig. 2. PWS-2OKT-1AGE, Poly((methyloctylsiloxane)-co-(3-  

propylglycidyl), trimethylsilyl terminated 

1H NMR (400 MHz, CDCl3): δ (ppm) = 3.72-3.68 (m, position 3), 
3.50-3.40 (m, position 3 and 4), 3.17-3.13 (m, position 2), 2.82-2.79 
(m, position 1), 2.63-2.60 (m, position 1), 1.69-1.62 (m, position 5), 
1.34-1.30 (m, octyl -CH2-), 0.93-0.89 (m, octyl -CH3), 0.57-0.51 (m, 
SiCH2-), 0.12-0.08 (SiMe2) 
13C NMR (101 MHz, CDCl3): δ (ppm) = 74.30, 71.53, 50.94, 44.39 
(AGE), 33.63, 33.55, 32.11, 29.57, 29.50 (OCT), 23.37, 23.21 
(AGE), 22.83, 17.65, 17.54, 14.22 (OCT) , 13.54, 13.44 (AGE), 
1.98, 1.60, -0.19, -0.29, -0.47 (SiMe, SiMe3); 
29Si NMR (79,5 MHz, CDCl3): δ (ppm) = -21.28-(-23.45) (SiMe, 
SiMe3). 

 
α and β -  31:69 

Fig. 3. PWS-2HEX-1TMOS, Poly((hexylmethylsiloxane)-co-
(methyl(trimethoxyethyl)siloxane)), trimethylsilyl terminated (94% 
convertion) 

1H NMR (400 MHz, CDCl3): δ (ppm) = 3.55 (s, OMe), 1.30-1.27 (m, 
hexyl -CH2-), 1.09 (d, J=7.4Hz, α trimethylsiloxy ), 0.87 (t, J=6.3Hz, 
hexyl -CH3), 0.61-0.50 (m, SiCH2-, SiCH(CH3)Si), 0.14, 0.08, 0.06, 
0.04 (s, SiMe2, SiMe3); 
13C NMR (101 MHz, CDCl3): δ (ppm) = 50.67, 50.61 (OMe), 33.28, 
31.81, 23.19, 23.06, 22.80, 17.85, 14.24 (hexyl), 8.45 (Si-CH2CH2-
Si), 7.60, 5.11 (SiCH(CH3)Si), 1.98, 1.59, 0.67, -0.21, -1.14 (Si-
CH2CH2-Si, SiMe2, SiMe3); 
29Si NMR (79,5 MHz, CDCl3): δ (ppm) = -21.24-(-22.64) (SiMe, 
SiMe3), -41.51-(-41.65) (Si(OMe)3). 
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α and β -  34:66 

Fig. 4. PWS-2OCT-1TMOS, Poly((methyloctylsiloxane)-co-
(methyl(trimethoxyethyl)siloxane)), trimethylsilyl terminated (94% 
conversion) 

1H NMR (400 MHz, CDCl3): δ (ppm) = 3.56 (s, OMe), 1.30-1.27 (m, 
octyl -CH2-), 1.09 (d, J=7.5Hz, α trimethylsiloxy), 0.88 (t, J=6.2Hz, 
octyl -CH3), 0.61-0.50 (m, SiCH2-, SiCH(CH3)Si), 0.14, 0.08, 0.07, 
0.04 (s, SiMe2, SiMe3); 
13C NMR (101 MHz, CDCl3): δ (ppm) = 50.65 (OMe), 33.31, 31.83, 
23.18, 23.06, 22.80, 17.84, 14.25 (octyl), 8.42 (Si-CH2CH2-Si), 
1.98, 1.58, 0.64, -0.22, -1.14 (Si-CH2CH2-Si, SiMe2, SiMe3); 
29Si NMR (79,5 MHz, CDCl3): δ (ppm) = -21.22, -22.37-(-22.82) 
(SiMe, SiMe3), -38.00, -41.54 (OSi(OMe)3). 

3.2. Mechanical behavior evaluation 

To understand how additives affect the mechanical properties 
of composite materials, static mechanical tests on 3D FDM/FFF 
printed samples were conducted. The polysiloxane-based additives 
used strongly influenced the change in the mechanical 
characteristics of PET-G, because of their high plastification impact 
on polymeric materials similar to silsesquioxanes [17]. 

 

Fig. 5.   Tensile strain (elongation at tensile strength) of PET-G and its                    
composites as a function of polysiloxane-based modifier share 

The mechanical results obtained from testing objects made with 
additive technology are not as straightforward as those produced 
through traditional methods of processing polymeric materials. This 
is due to the complexity of the additives used and the anisotropic 
nature of the objects' properties and defective structure resulting 
from their implementation, because of it all the results show a non-

linear trend. Results derived from static tensile tests are 
represented in Fig. 5-7. In Figure 5, it can be seen that materials 
with polysiloxane additions have higher tensile strain compared to 
neat PET-G. The exception is the material PETG/PWS-AGE:2HEX 
with 2.5% wt. modifier, that tensile strain is similar to neat PETG. 
The additives cause a strong plasticizing effect on the polymer 
matrix, as a result of which an increase in deformation of 35% 
compared to neat PET-G is observed. The presence of 
polysiloxanes in the polymer matrix indicates an increase in elastic 
properties which is attributed to their chemical structure. 
Polysiloxane's main chain is built with Si-O-Si, which is less 
restrictive and more flexible than the carbon-carbon C-C bounds 
found in carbon polymers. Side groups of polysiloxanes may also 
rotate around Si-O-Si bonds, contributing to their flexibility. In 
carbon polymers, such movements are typically more limited due 
to the less flexible carbon-carbon bonds [18]. The force-extension 
curve illustrates three distinct steps that correspond to the 
debonding of various sample layers and their deformation under 
axial tensile force (Fig. 6). The tensile strength (Fig. 7) of all tested 
materials with modifiers is worse compared to neat PET-G. The 
modifier particles penetrated the PET-G molecular chains, which 
reduced the intramolecular interactions between them and 
decreased their ability to resist tensile force. The addition of 
modifiers enhances the flexibility of the polymer matrix and 
negatively influences the tensile strength of the tested samples 
[19]. Only in the PETG/PWS-AGE:2HEX system, there is a slight 
improvement in tensile strength. This improvement may be due to 
the increased miscibility of the additive with the polymer matrix. The 
higher tensile strength could be attributed to the existence of epoxy 
groups in the glycidyl allyl. These groups potentially enhance the 
bonding between the different layers of the printed sample. 
Casarano et al. discussed the beneficial impact of allyl glycidyl 
ether on the properties of LMDPE/cellulose composites. They 
observed that the inclusion of AGE reduced the degree of 
crystallinity in the blends, acting as a plasticizer, and also enhanced 
interfacial interactions within the composites. Although there was a 
minor decrease in strength, the addition of AGE resulted in a 
noteworthy increase in elongation at break and improved adhesion 
between the two phases [20]. This phenomenon can be enhanced 
by the presence of hexane functional alkyl groups, which can also 
improve intermolecular adhesion. 

 
Fig. 6. Force vs elongation curves of PET-G and its composites 
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Fig. 7. Tensile strength of PET-G and its composites as a function of    
            polysiloxane-based modifier share 

Fig. 8. Flexural strength of PET-G and its composites  
            as a function of polysiloxane-based modifier share 

Fig. 9. Flexural modulus of PET-G and its composites  
           as a function of polysiloxane-based modifier share 

To assess the mechanical characteristics of the obtained 
composite materials and their ability to transfer bending loads, 
three-point bending mechanical tests were also carried out. The 
use of additives has notably enhanced the strength and bending 

stiffness of the composites (Fig. 8-9). Glycidyl and trimethoxysilane 
groups can cause the formation of additional cross-links in the PET-
G polymer structure, which can improve the material's flexural 
strength and stiffness [21]. Interactions between PET-G and 
polysiloxane additives' functional side groups can lead to a local 
increase in molecular entanglement and the formation of an 
interwoven network [22]. The change in flexural strength is greater 
than that in tensile strength, due to the different directions of load 
application and stress distribution resulting from the alignment of 
the print paths.  

3.3. Rheological analysis 

Fig. 10. Melt flow rate of PET-G and its composites as a function of  
             polysiloxane-based modifier share 

To evaluate the basic processing properties of PETG/PWS 
composites, mass flow rate (MFR) measurements were carried out. 
The results obtained are shown in Fig. 10. The additives used in 
small contents of up to 1% by weight have a positive effect on the 
change in the melt flow rate, which is due to the presence of 
alkylated substituents in the modifier molecule derived from hexene 
and octene allowing increased mobility of PET-G polymer chains.  
It promotes an increase in the MFR. Thus, these additives have the 
character of slip agents. Above 1% by weight of the additive, the 
lubricating character of the additives used arranges in a downward 
trend affecting the reduction of MFR, in the PETG/PWS-AGE:2HEX 
system, the MFR values are lower than the reference material 
(PET-G). It is related to the increasing proportion of glycidyl and 
trimethoxysilyl groups in the total volume of the composite, which, 
due to their similar polarity to the polymer matrix, can affect the 
stronger interaction of the modifier with the PET-G matrix. 

3.4. Microscopic analysis  

Microscopic images of sample fractures allow for a visual 
assessment of the adhesion level of the layers of the printed object. 
In the reference sample Fig. 11. 1A-1B, air gaps and clearly 
outlined layer boundaries can be seen. At the lowest concentration 
of 0.1%, no significant changes are visible compared to the 
reference sample (Fig . 11. series of images 1). This suggests that 
at this concentration, the material properties remain relatively 
consistent with the unmodified material. The modifiers PWS-
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AGE:2OCT and PWS-TMOS:2HEX had a positive effect on the 
processability of materials (Section 3.3), increasing the MFR. 
Images Fig. 11. 2C and 2E exhibit smaller air gaps and improved 
interlayer adhesion, resulting in the disappearance of layer 
boundaries, which were visible in the reference sample. 

 

Fig. 11.  Microscopic photos of sample fractures: 1A-2A Reference; 1B-    
              0.1%, 2B- 2.5% - PETG/PWS-AGE:2HEX; 1C- 0.1%, 2C- 2.5% -     
              PETG/PWS-AGE:2OCT; 1D- 0.1%, 2D- 2.5% - PETG/PWS- 
              TMOS:2OCT; 1E- 0.1%, 2E- 2.5% PETG/PWS-TMOS:2HEX 

3.5. Water contact angle measurements (WCA) 

In order to assess the impact of the polysiloxane-based 
additives with a concentration of 2.5% by weight in the composite 
systems on the surface properties of the 3D-printed samples, a test 
to measure the water contact angle on the surface was conducted. 
The measurement results are shown in Tab. 3. The value of the 
contact angle of the neat PET-G is 70.6º. It was observed that the 
addition of a modifier containing non-polar alkyl groups increases 
the degree of hydrophobicity of the tested samples. Visible effects 
are observed for the modifier using longer chain olefins, i.e. octene. 

The contact angle increases by 14% and 25% for PETG/PWS-
TMOS:4OCT composites with a longer alkyl chain and 
PETG/PWS-AGE:2OCT. For composites modified with 
polysiloxanes containing hexene substituents, the changes are 
insignificant. 

Tab. 3.  Contact angle measurement results for PET-G systems  
containing 2.5% polysiloxane-based additive 

Name of the sample Contact angle[º] 

PET-G neat 70.6 

PETG/PWS-TMOS:2HEX 73.4 

PETG/PWS-TMOS:4OCT 80.6 

PETG/PWS-AGE:2HEX 75.8 

PETG/PWS-AGE:2OCT 88.2 

3.6. Differential scanning calorimetry (DSC)  

Figure 12 shows the results of differential scanning calorimetry 
(DSC) in inert gas flow. Neat PET-G and composite samples 
containing 2.5% modifier content were analyzed. The DSC curves 
(seen in Fig. 12) show only one endothermic peak in each sample, 
which corresponds to the glass transition temperature (Tg). PET-G 
belongs to amorphous polymers, therefore other transitions such 
as crystallization or melting are not observed. The unmodified 
sample has the highest glass transition temperature Tg = 86.3°C 
(Tab. 4). Organosilicon modifiers may have a plasticizing effect in 
polymer systems, which results in a lower glass transition 
temperature. The PETG/PWS-AGE:2OCT sample has the lowest 
Tg value. Glycidyl groups present in the modifier molecule affect 
the amorphization of the matrix material, which is also visible by 
changing the course of the DSC curve, for both PETG/PWS-
AGE:2OCT and PETG/PWS-AGE:2HEX composite systems [23]. 

 
Fig. 12. DSC curves recorded for samples 

Tab. 4.  Results of DSC analysis 

Name of the sample Tg [°C] 

PET-G neat 86.3 

PETG/PWS-TMOS:2HEX 82.1 

PETG/PWS-TMOS:2OCT 80.4 

PETG/PWS-AGE:2HEX 84.3 

PETG/PWS-AGE:2OCT 78.2 
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4. CONCLUSIONS 

The field of biomedical engineering is constantly evolving, 
which calls for new solutions to meet the requirements for therapy, 
device construction, and materials. Additive technologies offer 
engineers design freedom due to the virtually unlimited spatial 
shaping possibilities, but materials and their properties can pose 
limitations. This study examines the impact of multifunctional 
polysiloxanes (ranging from 0.10 wt.% to 2.5 wt.%) on the 
properties of PETG for biomedical applications. Results show that 
the polysiloxane additives affect the plasticization of the polymer 
matrix, resulting in increased tensile flexibility of the composite 
materials. The addition of glycidic and trimethoxysilyl functional 
groups into the polysiloxane molecule also improves the bending 
strength properties. However, changes in strength properties were 
not clearly correlated with the concentration of the organosilicon 
modifier due to the anisotropic nature of 3D printed structures and 
the potential for internal defects. The analysis of the melt flow rate 
shows improved rheological properties of the composites, making 
them easier to process. Microscopic observations confirmed 
improvement in interlayer adhesion with increasing MFR. The 
hydrophobic nature of the polysiloxanes with octene groups 
increases the water contact angle of the print surface, reducing the 
negative impact of moisture on printed objects made from these 
composite materials. 
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Abstract: This article analyzes the implementation process of a fractional-order control system using available toolboxes, software,  
and hardware. The main objective is to showcase the current state-of-the-art hardware implementation of fractional-order control, comparing 
its potential to classical counterparts, and emphasizing the benefits of its utilization in industry. The article covers theoretical aspects  
of fractionalorder calculus and provides an example implementation of a Fractional-order PID controller with a NI MyRIO-1900 measurement 
board with FPGA module, comparing it with simulations for a given control plant. 
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1. INTRODUCTION 

In recent years, fractional calculus has gained considerable at-
tention among researchers in various fields of science and technol-
ogy. This calculus deals with the general extension of the concept 
of differentiation and integration to non-integral orders, which 
makes it possible to analyze and model complex phenomena that 
are not fully described by classical equations [1, 2, 3, 4, 5]. How-
ever, the greatest potential of fractional calculus lies in its applica-
tion to systems modeling and control, where the possibility of de-
signing much more robust and accurate control systems emerges. 
Current research indicates that fractional-order controllers can 
achieve much better values of control quality indicators and are 
more resistant to changes in model parameters than the commonly 
used classical PID controller [2, 6, 7, 8, 9, 10, 11, 12, 13], but most 
industrial solutions available on the market use PI/PID-type control-
lers without achieving optimal performance. This fact is due to the 
difficulty of understanding the complexity of non-integer order con-
trollers by the personnel operating the system and the complexity 
of implementing control algorithms in classical microcontrollers or 
other commercial devices. With the coming of Industry 4.0 [14] the 
automation industry is looking for new solutions to increase overall 
efficiency; that is why this paper will present both the recent avail-
able tools and implementation options for non-integer controllers. 

The purpose of this article is to compile key theoretical founda-
tions of fractional-order calculus, provide an overview of current 
trends in its practical applications, and demonstrate an example im-
plementation of Fractional-order PID controller on myRIO-1900 
measurement board. 

In this paper, all necessary theoretical aspects related to frac-
tional-order calculus and its application in automatic control sys-
tems will be presented. The most popular types of fractional-order 
controllers, methods for approximating fractional order, and current 
tuning methods for such controllers will be discussed. This will be 
followed by an analysis of current trends in hardware implementa-
tion of fractional-order controllers, along with an indication and 

comparison of available hardware and software tools. These tools 
were used to obtain models, the responses of which were com-
pared with the response of a model of an object with fractional-or-
der dynamics, called fractance, in order to determine the best one. 
The best tool will be used to develop an automatic control system 
with both a classical PID controller and a fractional-order controller, 
both in simulation and in the laboratory, and their results will even-
tually be compared. Both types of controllers will be tuned using the 
Modified Grey Wolf optimization algorithm. 

2. FRACTIONAL CALCULUS 

The fractional calculus is a form of generalization of the opera-
tions of integration and differentiation, through a new operator 

𝐷𝑡
𝑞

𝑎
  combining the functionality of both, where q - the order of the 

operator, such that q is a real number q ∈ R and a and t are the 
limits of the operation. Depending on the sign of the order of the 
operator, it can be treated as a differentiation or integration operator 
[2] according to the following formula: 

𝐷𝑡
𝑞

𝑎
 = {

𝑑𝑞

𝑑𝑡𝑞          𝑑𝑙𝑎 𝑞 > 0,

1              𝑑𝑙𝑎 𝑞 = 0,

∫ (𝑑𝜏)𝑞𝑡

𝑎
𝑑𝑙𝑎 𝑞 < 0.

                                                 (2.1) 

There are many definitions of fractional operator, but they are 
used in different fields, making it easier to analyze the relevant func-
tions. Currently, the most popular definitions found in modern books 
describing fractional calculus are the Riemann-Liovile definition RL, 
the Grünwald-Letnikov definition GL and the Caputo definition C. 

Definition 2.1. A function given by the integral [1] 

Γ(𝑥) =  ∫ 𝑡𝑥−1𝑒−𝑡𝑑𝑡
∞

0
, 𝑅(𝑥) >  0                                         (2.2) 

is called the Euler gamma function and satisfies the equality 

Γ(𝑥 + 1) = 𝑥Γ(𝑥) 
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where R(x) is real part of complex number x.                              (2.3) 

Definition 2.2. Riemann-Liouville fractional-order derivative is 
defined as [1] 

𝐷𝑡
𝑞

𝑎
𝑅𝐿 𝑓(𝑡) =

1

Γ(𝑁−𝑞)

𝑑𝑁

𝑑𝑡𝑁 ∫ (𝑡 − 𝜏)𝑁−𝑞−1𝑓(𝜏
𝑡

𝑎
)𝑑𝜏.               (2.4) 

Definition 2.3. Grünwald–Letnikov fractional-order derivative is 
defined as [4] 

𝐷𝑡
𝑞

𝑎
𝐺𝐿 𝑓(𝑡) = lim

ℎ→0
ℎ−𝑞 ∑ (−1)𝑘

[
𝑡−𝑎

ℎ
]

𝑘=0 (
𝑞
𝑘

) 𝑓(𝑡 − 𝑘ℎ).              (2.5) 

Definition 2.4. Caputo fractional-order derivative is defined  
as [1] 

𝐷𝑡
𝑞

𝑎
𝐶 𝑓(𝑡) =

1

Γ(𝑁−𝑞)
∫

𝑓(𝑁)(𝜏)

(𝑡−𝜏)𝑞+1−𝑁 𝑑𝜏
𝑡

𝑎
, (𝑛 − 1 ≤ 𝑞 < 𝑛).     (2.6) 

Due to its form, the Riemann-Liouville definition is used for rel-
atively simple functions (xa, ex, sin(x), etc.), while Grünwald-Let-
nikov definition found its use in numerical evaluation. On the other 
hand, because of its ability to consider time delays, memory effects, 
and the possibility of using the same form of initial conditions as for 
the integer-order case, the Caputo definition has found wide appli-
cation in control theory and automation. In this paper, the Caputo 
definition will be used precisely because of the aforementioned 
properties. 

Definition 2.5. The formula for the Laplace transform of the q−th 
order Caputo derivative eq. (2.6), when (N − 1 ⩽ q < N) has the 
form [1]: 

ℒ[ 𝐷𝑡
𝑞

0
𝐶 𝑓(𝑡)] = 𝑠𝑞𝐹(𝑠) − ∑ 𝑠(𝑞−𝑘)𝑓(𝑘−1)(0+)𝑁

𝑘=1 .              (2.7) 

Given that the function f(t) and all its derivatives have zero initial 
conditions f(0) = 0 when t = 0, then transform of the q−th order Ca-
puto derivative can be simplified to 𝑠𝑞𝐹(𝑠). 

3. FRACTIONAL-ORDER CONTROLLERS 

Controllers are an integral part of systems that provide process 
control using feedback loops. Fractional-order controllers, which 
are a generalization of classical integer-order controllers, are be-
coming increasingly popular. The leading types of Fractional-order 
controllers [4] today are CRONE Controller developed by 
Oustaloup in 1995, Fractional-order PID controller proposed by Igor 
Podlubny, and a number of lesser used controllers; Fractional lead-
lag compensator (Raynaud and Zegaïnoh, 2000), non-integer inte-
gral (Manabe, 1961) and TID compensator (Lurie, 1994). In this pa-
per only FOPID controller will be considered due to its relative sim-
plicity. 

3.1. FOPID Controller 

Fractional-order PIλDµ controller (FOPID) [3, 4] was first intro-
duced in 1999 by Igor Podlubny as generalization of the classical 
PID controller with integrator of real order λ and differentiator of real 
order µ. 

Definition 3.1. The FOPID Controller [4, 15] transfer function 
can be defined in time domain as: 

𝐶(𝑠) = 𝑘𝑝 +
𝑘𝑖

𝑠𝜆 + 𝑘𝑑𝑠µ, (𝜆, µ ≥ 0)                                       (3.1) 

 

Fig. 3.1. General structure of FOPID Controller 

 

Fig. 3.2. The FOPID controller plane 

where, kp, ki, kd are proportional constant, integration constant and 

differentiation constant respectively. 

The general structure of FOPID Controller corresponding to eq. 

(3.1) is shown on Figure 3.1, where E(s) is control error and U(s) is 

controller output. In special circumstances PIλDµ controller can be 

equal to the classic PID Controller, for example if λ = 1 and µ = 0, 

then eq. (3.1) will describe PI controller as shown in Figure 3.2. The 

controller plane for FOPID has to be divided into two areas: A when 

0 < λ, µ ⩽ 1 and B when 1 < λ, µ⩽ 2. This is due to the stability 

conditions [16] of the system depending on the value of the control-

ler order. In Figure 3.3, where q corresponds to fractional operator 

order, stability regions are depicted for the controller order corre-

sponding to the zones separated in Figure 3.2. It is worth mention-

ing that using λ, µ > 2 will result in controllers instability. 

 

Fig. 3.3. Stability region of fractional order system 

3.2. Approximation 

For practical implementation of fractional integro-differentiator 

of order α it is necessary to use conventional transfer function ap-

proximation. One of such approximation methods is Oustaloup re-

cursive filter [2,3], which provides very good results in specified fre-

quency range (ωb; ωh) using the following equations: 
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𝑠𝛼 ≈ 𝐾 ∏
𝑠+𝜔𝑘

′

𝑠+𝜔𝑘

𝑁
𝑘=1                                                                         (3.2) 

𝜔𝑘
′ = 𝜔𝑏 ∙ 𝜔𝑢

2𝑘−1−𝛼

𝑁 ,                                                                        (3.3) 

𝜔𝑘 = 𝜔𝑏 ∙ 𝜔𝑢

2𝑘−1+𝛼

𝑁 ,                                                                    (3.4) 

𝐾 = 𝜔ℎ
𝛼, 𝜔𝑢 = √𝜔ℎ/𝜔𝑏.                                                            (3.5) 

where, N - order of approximation, ωh - higher bound of frequency 

fitness, ωb - bottom bound of frequency fitness.  

For digital implementation it is possible to use any suitable 

method for conversion to discrete-time equivalent. 

3.3. Controller tuning methods 

The most challenging part of working with FOPID controllers 

arises when tuning them with the addition of two parameters related 

to the orders of integration and differentiation. The authors of the 

book [3] state that the known principles of the Ziegler-Nichols tuning 

method for the classical PID, can be applied to FOPID controllers 

for the values of constants kp, ki, kd, while the orders of λ and µ 

must be selected experimentally. However, this creates a difficulty 

in obtaining optimal system performance, as well as requiring the 

selection of the appropriate type of controller before the tuning pro-

cess begins, as each controller (P, PIλ, PDµ, PIλD) provided signifi-

cantly different results. They also proposed an analytical tuning 

method which is as follows: 

Consider the mathematical model of a given plant 

𝐺(𝑠) =
𝐾

𝑇𝑠+1
.                                                                                     (3.6) 

Since open-loop transfer function L(s) = C(s)G(s), the controller 

transfer function C(s), that gives the Bode’s ideal loop transfer func-

tion 

𝐿(𝑠) = (
𝜔𝑐

𝑠
)

𝛼

,                                                                             (3.7) 

takes the form: 

𝐶(𝑠) = 𝐾𝑝
𝑇𝑠+1

𝑠𝛼 ,                                                                                       (3.8) 

which can be expressed as 

𝐶(𝑠) = 𝐾𝑝 (
1

𝑠𝛼 + 𝑇𝑠1−𝛼).                                                               (3.9) 

The transfer function eq. (3.9) is basically a IαDµ controller 

(where µ = 1−α). The time-domain equation of the controller C(s) 

is: 

𝑢(𝑡) = 𝐾𝑝(0𝐷𝑡
−𝛼𝑒(𝑡) + 𝑇0𝐷𝑡

1−𝛼𝑒(𝑡)).                                             (3.10) 

The open-loop transfer function L(s) = C(s)G(s) can then be de-

scribed as 

𝐿(𝑠) =
𝐾𝑝𝐾

𝑠𝛼 , 1 < 𝛼 < 2.                                                           (3.11) 

To obtain α and Kp the following procedure has to be used: 

1. Find the fractional order α by using formula: 

𝜑𝑚 = 𝜋 + 𝑎𝑟𝑔𝐿(𝑗𝜔𝑐) = 𝜋 (1 −
𝛼

2
)                                       (3.12) 

from the desired phase margin φm. 

2. Calculate the proportional gain Kp by using formula: 

|𝐿(𝑗𝜔𝑐)| = 1 →  𝐾𝑝 =
𝜔𝑐

𝛼

𝐾
,                                                              (3.13) 

from the gain-crossover frequency ωcg and nominal gain of the sys-

tem K. This method was verified by experiment conducted by the 

authors which proved that the system behaved according to de-

signed specifications. 

In [17] the extension of Z-N tuning rules was presented, in which 

the authors pointed out new more complex rules. They stated that 

by formulating five design criteria—target gain crossover frequency 

ωcg, desired phase margin φm, high-frequency noise attenuation, 

disturbance rejection, and robustness to plant gain variations—the 

parameters of a FOPID controller can be systematically computed. 

The first criterion is posed as the objective function, while the 

remaining four are treated as constraints, resulting in a constrained 

optimization problem. This solution can provide good results in most 

cases but tends to reach local minima. However those results 

strongly depend on initial estimates of parameters provided, which 

is an important drawback, because in some cases finding the solu-

tion without well-chosen initial estimates can be difficult. The Au-

thors tested those tuning rules on three different theoretical plants; 

first-order, second order and fractional-order. The experiment 

proved the usefulness of these rules and at the same time showed 

that, as in the case of the classical Z-N method, the resulting set-

tings offer inferior performance to the one sought but can be applied 

even without knowledge of the plant model. 

The last approach presented in [18] focuses on solely optimiza-

tion algorithms. The authors considered BLDC (brushless direct-

current) motor as a control plant and used PID and FOPID controller 

tuned with multiple different methods to test the performance of 

such system. They used genetic algorithm, fuzzy logic, Grey Wolf 

Algorithm, Artificial bee colony algorithm, Neural-networks and 

more, with all of them using the same conditions and cost functions. 

The most popular cost functions are defined with integral indexes, 

for example, Integral Absolute Error (IAE), Integral of Time Multi-

plied Squared Error (ITSE), Integral of Time Multiplied Absolute Er-

ror (ITAE). Each algorithm generated a certain controller set vector 

and then determined the value of the cost function, which it mini-

mized at the next iteration. The main difference between the afore-

mentioned solutions was the difference in the operation of the algo-

rithm’s core, which handled the generation and updating of new set 

vectors. According to the results obtained by the authors, all of the 

considered methods can be successfully applied to determine opti-

mal setting for controller, which proved that optimization algorithms 

are viable option as tuning method. 

4. IMPLEMENTATION FEASIBILITY STUDY 

Theoretical analyses of algorithms using non-integer-order 
controllers for process control purposes are becoming an increas-
ingly common phenomenon and indicate the superiority of such 
controllers over classical solutions [19, 20, 21, 22, 23]. However, 
the part related to hardware implementation is currently at an early 
stage, and publications related to it, as well as available tools, are 
few. Delving into the currently occurring attempts to implement the 
aforementioned algorithms, it can be seen that they are mostly fo-
cused on problems related to electric motors, in particular DC mo-
tors [10, 24], PMSM motors [25] and servo motors [11, 26]. There 
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have also been attempts to control such objects as a PEM Fuel Cell 
[6], a heater [7], an Industrial boiler burning system [8], a water tank 
[9], as well as a simulation model of plant-coupled fluid tanks tested 
using a microcontroller [27]. The main sofware used to create and 
operate the algorithms were MATLAB/Simulink and Labview. On 
the other hand, the hardware part was mainly implemented using 
DAQ boards, PCI board or PLC, with the addition of real-time con-
trol libraries. 

4.1. Available toolboxes 

Compered to Labview, MATLAB has a wider range of available 
tools. In MATLAB’s add-ons library there are some easy-to-use 
toolboxes, which provide complete structures and functions for frac-
tional calculus and control, based on different definitions or approx-
imations. Among them, the most extensive can be distinguished: 
the FOMCON toolbox [28, 29, 30, 31], FOTF toolbox [32] and Nin-
teger toolbox [33]. The FOMCON toolbox is the most complex avail-
able tools as of today, it includes many useful easy-to-use blocks 
such as complete FOPID Controller, fractional integrator/derivative, 
fractional transfer function both in continues and discrete-time do-
main and many more. FOMCON can be used for design, analysis, 
simulation and control of fractional-order systems. The fractional-
order elements are approximated using Oustaloup’s recursive fil-
ters, described in Section 3.2. It also comes with controller tuning 
under performance and robustness specifications. However, its 
most significant advantage lies in providing a comprehensive, end-
to-end framework that facilitates the seamless transition from frac-
tional-order system model to a fully implementable control solution. 
FOTF toolbox is less complex than FOMCON but still provides all 
the basic blocks; fractional operator, Caputo operator, Riemann-Li-
ouville operator, FOPID Controller and FOTF Model. 

 

Fig. 4.1. Example of universal blocks from FOMCON toolbox 

 

Fig. 4.2. Example of universal blocks from FOTF toolbox 

 

Fig. 4.3. Example of universal blocks from Ninteger toolbox 

The Ninteger toolbox has a wide range of available functions 
with focus on CRONE Controllers and approximations but comes 
with only two universal block structures: Fractional derivative and 
FOPID controller. Figures 4.1, 4.2 and 4.3 show examples of uni-
versal blocks from the mentioned toolboxes. Those toolboxes are 
also suitable for hardware implementation. 

4.2. Real-Time implementation 

For real-time implementation of fractional-order algorithms, a 
number of tools can be highlighted. There are MATLAB libraries 
such as HDL Coder for DAQ boards with FPGA modules or FPGA 
and ASIC standalone systems and PLC Coder for PLC controllers. 
Both of those libraries are toolsets to automatically generate code 
from the simulink graphical interface for a particular target, for ex-
ample, VHDL/Verilog for FPGAs and ST and Ladder Logic for 
PLCs, and allow verification of code operation, as well as providing 
support for external interfaces. However, these libraries support a 
limited number of hardware platforms, so one must verify compati-
bility with specific hardware before deciding to use them. 

There is also third-party software interfacing with MATLAB 
available commercially, such as QUARC and dSPACE real-time 
software. These software solve the problem of handling embedded 
systems as a target and support the design and implementation of 
complex algorithms. Together with the software, it is possible to use 
dedicated measurement boards so that all control and measure-
ments can be performed by a single unit fully compatible with Sim-
ulink. Within the scope of this work, the QUARC software kit was 
used together with a measurement board with an FPGA module, 
acting as an external target in the form of NI-myRIO-1900. Most of 
the measurement boards from National Instruments are compatible 
with the QUARC software; hence, the NI-PCI-6221 card could also 
be used. It is worth mentioning that the previously presented equa-
tion describing the FOPID controller (eq. (3.1)) in the case of prac-
tical implementation often requires consideration of saturation and 
anti-windup algorithms. 

5. FRACTANCE DEVICES 

A device demonstrating behavior governed by fractional-order 
dynamics is termed a fractance [34, 35]. The fractance devices can 
be classified by three basic types: domino ladder circuit network, a 
tree structure of electrical elements and net-grid network. Each is 
built with infinitely many resistors R and capacitors C connected in 
series or parallel. As part of the study, it was decided to consider 
the case of a domino ladder system described as a Cauer type I 
structure, shown in Figure 5.1. Since there is no phenomenon of 
infinity in reality, a fractance with dynamics corresponding to a non-
integer order α system, can be approximated by finite number of 
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elements using truncated continued fraction expansion (CFE). Us-
ing the aforementioned CFE method, the impedance of domino lad-
der system can be described as: [34] 

𝑍𝐷𝐿(𝑠) = 𝑅0 +
1

𝐶1𝑠+
1

𝑅1+
1

𝐶2𝑠+⋯
1

𝑅𝑛−1+
1

𝐶𝑛𝑠+
1

𝑅𝑛

≈
1

𝐶𝛼𝑠𝛼                   (5.1) 

where, Cα - is pseudo-capacity of the system, Rn is resistance value 

and Cn is capacitance value. The circuit RCα in Figure 5.1, can be 

described using Kirchhoff’s second law as: 

𝑢𝑖𝑛(𝑡) = 𝑢𝑟(𝑡) + 𝑢𝑜𝑢𝑡(𝑡), 𝑡 ≥ 0,                                             (5.2) 

where uR(t) is voltage of resistor R, uin(t) is source voltage e and 

uout(t) = V0 −V− is voltage on the fractional-order element.  

 

Fig. 5.1. Distribution of potentials and currents in the ladder system [34] 

Considering that 

𝑖0(𝑡) = 𝐶𝛼 𝐷𝑎
𝐶

𝑡
𝛼𝑢(𝑡),                                                              (5.3) 

equation eq. (5.2) can be expressed as 

𝑢𝑖𝑛(𝑡) = 𝑅𝐶𝛼 𝐷𝑎
𝐶

𝑡
𝛼𝑢𝑜𝑢𝑡(𝑡) + 𝑢𝑜𝑢𝑡(𝑡), 𝑡 ≥ 0,                      (5.4) 

which can then be converted to 

𝐷𝑎
𝐶

𝑡
𝛼𝑢𝑜𝑢𝑡(𝑡) = −

𝑢𝑜𝑢𝑡(𝑡)

𝑅𝐶𝛼
+

𝑢𝑖𝑛(𝑡)

𝑅𝐶𝛼
, 𝑡 ≥ 0,                                         (5.5) 

after applying the Laplace transform, the following was obtained 

𝑍(𝑠) =
𝑈𝑜𝑢𝑡(𝑠)

𝑈𝑖𝑛(𝑠)
=

1

𝑅𝐶𝛼𝑠𝛼+1
                                                        (5.6) 

6. SIMULATION ANALYSIS 

6.1. Toolbox comparison 

 

The domino ladder system from Figure 5.1 was recreated in 
Simulink using values specified in [34] for α = 0.60 with Simscape 
electrical library as shown in Figure 6.1. That is because such sys-
tem can effectively be used as a base sample for comparison with 
models created with considered toolboxes. 

Using eq. (5.6) and FOMCON, FOTF and NINTEGER 
Toolboxes several models were created with approximation order 
of 5 and frequency range [0.001;1000]. All of the considered mod-
els were then supplied with a voltage step signal of 10 V and their 
response was compared with domino ladder system response. This 
step is essential to verify that all fractional integrators provided by 
the toolboxes perform as expected and to identify the most suitable 
implementation before applying them in control scenarios. The re-
sponses of those models are shown in Figure 6.2, where the differ-
ence between them is apparent, but appears to be insignificant.  

Hence, in addition, a correlation showing the relative error be-
tween the responses of the models and the domino ladder system 
over time was determined, which can be seen in Figure 6.3. 

Analyzing the results shown in Figure 6.3, it turns out that the 
best approximation of the non-integer-order element was obtained 
for the FOMCON toolbox. Therefore, FOMCON Toolbox will be 
used for simulation and practical implementation. 

 

Fig. 6.1. Domino ladder system created in Simulink for α= 0.60 

 

Fig. 6.2. Comparison of the responses of the considered fractional-order 

models 

 

Fig. 6.3. Relative error of the considered fractional-order models 

6.2. Second order system 

Now an example implementation of a fractional-order algorithm 
using the aforementioned tools will be presented, where a very sim-
ple system without delays will be taken as the control plant in order 
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to show the required operations. Note, however, that in reality many 
systems have delays, but the approach will remain the same. Now 
let’s consider second-order control plant which can be described as 

𝐺(𝑠) =
𝑈𝑜𝑢𝑡(𝑠)

𝑈𝑖𝑛(𝑠)
=

𝐾

(𝑠𝑇1+1)(𝑠𝑇2+1)
.                                                     (6.1) 

When K = 1, T1 = 1.5 and T2 = 2.5 the transfer function eq. 
(6.1) of plant takes form 

𝐺(𝑠) =
1

3.75𝑠2+4𝑠+1
.                                                                    (6.2) 

Based on equation (6.2), a simulation was carried out using both 

PID and FOPID controllers, where each controller was implemented 

according to equation (3.1). For the PID controller, the parameters 

were set to λ = 1 and µ = 1, while for the FOPID controller, the 

values were selected within the fractional ranges 𝜆 ∈ (0,1)  and 

µ ∈ (0,1). 

 

Fig. 6.4. Comparison of the response of the system with a FOPID  

controller tuned by considering different integral indices 

As for the tuning method, Modified Grey Wolf Optimization al-
gorithm [18, 36] was implemented and both controllers were tuned 
with the same conditions and constraints. The key distinction lies in 
the number of optimized parameters: the PID controller required 
tuning of three parameters (kp, ki, kd), whereas the FOPID control-
ler involved five parameters (kp, ki, kd, λ, μ).The cost function eq. 
(6.3) consisted of the cost of deviation (CF_E) and the cost of con-
trol (CF_U) with weights of 400:20. Considering the control effort in 
the optimization process helps to obtain controller settings that can 
be realistically implemented in hardware, as the resulting control 
signal stays within the limits supported by the measurement card, 
e.g. ±10V. The cost of deviation can be determined using different 
integral indices: ISE, IAE, ITSE or ITAE, while the cost of control 
was determined as the square of the error. Depending on the se-
lected performance index, the optimization algorithm emphasizes 
different characteristics of the system response. Therefore, a sep-
arate controller tuning procedure was performed for each of the 
specified indices to examine how the choice of a particular criterion 
influences the final outcome of the algorithm. The algorithm yielded 
four sets of settings for the PID and FOPID controller, using the 
aforementioned indices, 40 iterations and 20 searching agents. It is 
important that the optimization process is carried out for a higher 
setpoint than the one envisaged in the target implementation. The 
closed-loop response of the system (6.2) with FOPID control is 
shown in Figure 6.4. The ITSE criterion provided the best perfor-
mance, and thus its associated controller settings were adopted for 

implementation. The cycle execution time was 0.002 s for both con-
trollers. 

Cost function = 400·CF_E +20·CF_U                                           (6.3) 

7. HARDWARE IMPLEMENTATION 

7.1. Implementation procedure  

The hardware unit supporting the control algorithm is a meas-
urement board NI-myRIO-1900. Its operation and control have 
been implemented using QUARC software, which provides the 
blocks shown in Figure 7.1. The first of these (HIL Initialize) is the 
hardware configuration block, where all the parameters of the sys-
tem are specified, including the number of inputs/outputs and their 
channel numbers, measurement ranges, encoder inputs, etc. Fur-
ther on, you can see the analog input and output blocks of the card, 
as well as the block that allows you to save data to a file (To Host 
File). Analog laboratory model was used to simulate the operation 
of the system eq. (6.2).  

 

Fig. 7.1. Example of QUARC blocks for real-time implementation 

 

Fig. 7.2. A flow chart of the procedure for implementing the control  

algorithm 

The process of implementing the algorithm from Section 6.2. 
into a real system is shown in Figure 7.2. The first three steps are 
associated with Matlab Simulink software, while the next four are 
implemented by the QUARC add-on. 
1. Modeling in Simulink – design the chosen control algorithm, in 

this case a PID/FOPID controller in Simulink. It is important to 
use blocks from the QUARC library, from Figure 4.1 and Figure 
7.1. Remember to define the I/O along with the board configu-
ration via the HIL Initialize block. 

2. FOPID Tuning – input the designated controller settings – kp, 
ki, kd, λ, µ. 

3. Discretization – as the algorithm is ultimately intended for a real 
system, it should be discretized with sample time Ts. In this 
case, Ts was taken as 0.002s. 

4. C/C++ Code Generation – compile the discretized model to 
C/C++ using QUARC’s auto-code tools. 

5. ARM Target Adaptation – modify generated code for ARM  
architecture compatibility (e.g., myRIO-1900). 
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6. Deployment to Real-Time System – upload the executable to 
the myRIO-1900 real-time target. 

7. Performance Verification – validate real-time operation against 
design requirements (e.g., step response, stability). 
 It is critical to select the correct target type in the QUARC com-

piler options during the initial model preparation stage (Step 1), as 

Steps 4–6 are automatically executed by QUARC during compila-

tion based on the specified target. For this implementation, the 

quarc_linux_rt_armv7 target was chosen, as it provides a generic 

real-time framework for ARM-based systems, including the myRIO-

1900 board. 

Due to the interferences introduced by the control plant, a low-
pass filter described as eq. (7.1), was applied to its output to negate 
its effect on system operation. 

𝐺(𝑠) =
75

𝑠+75
                                                                                 (7.1) 

7.2. Experimental Results  

The system from section 6.2 has been implemented with a pro-
cedure from Figure 7.2. into myRIO-1900 using the PID and FOPID 
controller parameters optimized for the ITSE criterion. Figure 7.3 
presents the closed-loop responses of both the physical plant and 
simulated system, while Figure 7.4 displays their corresponding 
control signals. 

 

Fig. 7.3. Comparison of the simulation and real control plant responses 

for PID and FOPID controller 

Analyzing the results shown in Figures 7.3 and 7.4, it is evident 
that the experimental results coincided with the simulation results. 
The values of the cost function obtained in both the simulation and 
the experiment, along with the selected values of the controller set-
tings, are summarized in Table 1. Clearly the FOPID controller 
scored about 30% better in terms of control deviation and about 6% 
better in terms of control cost than the PID controller in both the 
simulations and the experiment. The FOPID controller demon-
strated superior performance with a 16% lower RMSE (Root Mean 
Square Error) value compared to the conventional PID controller, 
further validating its effectiveness for the given control application. 
The experimental results also yielded better results in terms of con-
trol deviation than the simulation with comparable value of control 

signal. In addition, in the waveform of the control signal in Figure 
7.4, it can be seen that the FOPID Controller handled the control 
signal better. It is also worth mentioning that control signal from 
FOPID controller was more resistant to interference than PID con-
troller, which is visible in Figure 7.4. 

 

Fig. 7.4. Comparison of control signals from PID and FOPID controller 

from the experiment 

Tab. 1. Controller parameters and cost function for the system 

 PID Controller FOPID Controller 

Kp 1,8902 2,5043 

Ki 0,4785 0,6644 

λ 1,0000 1,0060 

Kd 0,4370 0,7156 

µ 1,0000 0,5027 

CF_ESIM 12,4389 8,0557 

CF_EREAL 11,0435 7,5231 

CF_USIM 318,4723 300,3850 

CF_UREAL 328,7697 306,1467 

RMSE 0,7948 0,6858 

8. CONCLUDING REMARKS 

In this paper, a method for design and implementation of frac-
tional-order controller for both simulation and experiment were pre-
sented. The analysis of currently existing solutions made it possible 
to identify current trends in the tuning of FO controllers and showed 
the superiority and potential of FOPID controllers over their classi-
cal counterparts. The available tools for working with fractional-or-
der calculus were presented, and the FOMCON Toolbox was 
clearly identified as the current best solution. Then the physical im-
plementation of the fractional-order element is shown, along with 
an example implementation procedure for a given model of a con-
trol object. It turns out that the process of tuning FOPID controllers 
is relatively lengthy and requires appropriate definition of search 
ranges and cost functions to enable a smooth transition from the 
simulation environment to the real one. The solution shown can 
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also be easily applied to other control objects and hardware plat-
forms. Further research will focus on switched systems, which will 
eventually be enriched with fractional-order controllers. 
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Abstract: Plastics, or more precisely, polymers, have been utilized as construction materials for numerous decades. The broad range  
of plastic types results in a vast array of physical properties, consequently yielding a wide spectrum of practical applications. Significant 
advancements in materials engineering, manufacturing technology, and structural design call for the continuous enhancement  
of experimental research methods and the exploration of domains that are often regarded as conventional or standardized. The prevailing 
method for evaluating the mechanical properties of plastics is the static tensile test, which is conducted in accordance with established 
standards that meticulously delineate the test conditions and specimen preparation methodologies. While static tensile test results furnish 
valuable information, integrating them with dynamic test results facilitates a more precise evaluation of the structural material under  
examination. The objective of this study was to conduct a comprehensive investigation of the mechanical properties of film made  
of low-density polyethylene (LDPE) subjected to static and dynamic loads, thereby enabling the formulation of more comprehensive  
conclusions about the tested plastic. The methodology entailed conducting experimental static and dynamic tests on samples of recycled 
LDPE film from this plastic. The experimental results obtained were used to develop a series of mechanical characteristics based on energy 
relationships. The integration of the outcomes from static tests with impact tests at varying strain rates and impact energies resulted in the 
identification of several pivotal indices and characteristics. The developed material and structure diagnostic indicators are imperative  
for future endeavors involving the utilization of LDPE and other unconventional materials as structural materials, particularly in structures 
designed for controlled mechanical energy dissipation. In summary, a comprehensive understanding of the mechanical properties  
of materials such as plastics is essential for optimizing their use in specific engineering applications. One critical area where static and 
dynamic material properties are essential is human safety. Protective measures, including helmets, harnesses, safety belts, and energy-
absorbing mats, depend on precise knowledge of material properties. 

Key words: LDPE polymer, Low Density Polyethylene, static mechanical properties, force pulse, LDPE dynamic properties, mechanical 
energy dissipation, LDPE mechanical properties, mechanical state of the LDPE

1. INTRODUCTION 

From the perspective of their applications in mechanical struc-
tures, polymers exhibit a broad spectrum of mechanical properties, 
which undoubtedly contributes to their widespread use in engineer-
ing practice. A plethora of standards exist that specify mechanical 
testing methods for polymers. These include standards for foil test-
ing (PN-EN ISO 527-3:2019-01), static testing of polymers (PN-EN 
ISO 527-1:2020-01), bending tests (PN-EN ISO 178:2019-06), and 
impact testing of thermoplastic pipes (PN-EN ISO 3127:2017-12). 
These standards detail the preparation of specimens and the pro-
cedures for conducting tests under various loading, deformation, 
and environmental conditions. Notwithstanding substantial pro-
gress in the domain of testing apparatus and methodologies, the 
pursuit of novel quantitative indicators remains imperative to facili-
tate a more objective evaluation of a material's mechanical proper-
ties. The present study offers the results of tests conducted on films 
fabricated from Low-Density Polyethylene (LDPE), a material de-
rived from recycled resources. LDPE boasts a wide range of appli-
cations and is frequently utilized in various products, particularly in 
the food industry and transportation sectors. Examples of such 
products include bags, containers, pipes, hoses, ropes, bottles, 

tools, and toys. A notable advantage of LDPE is its recyclability, 
although it should be noted that indefinite reprocessing is not fea-
sible. Moreover, LDPE's capacity for energy absorption, which is a 
consequence of its mechanical properties, renders it a valuable ma-
terial in the design and manufacture of equipment intended to safe-
guard health and safety from shock loads (Drane et al. [22]). Such 
equipment includes bumpers, impact absorbers, helmet linings, 
and energy-absorbing mats, to name a few. LDPE polymer is ex-
tensively utilized in the packaging industry, where its impact-re-
sistance is crucial for safeguarding fragile products during storage. 
Additionally, LDPE polymer is a plastic that can be efficiently pro-
cessed via automated methods, making it well-suited for high-vol-
ume production scenarios. This characteristic contributes to a re-
duction in unit production costs. LDPE Polymer is distinguished by 
its favorable elastic properties and capacity for energy storage. The 
advantages of LDPE also include favorable properties related to the 
release of strain energy stored during deformation. However, it is 
important to note that the LDPE polymer exhibits a lack of re-
sistance to high temperatures and shear loads. A substantial body 
of literature exists that details the modification of LDPE plastics 
through the addition of various substances, aiming to tailor the final 
product's properties. Research is ongoing into the development of 
composites with LDPE and their mechanical properties. In a related 
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study, Sailaja et al. [10] examined the mechanical properties of bi-
odegradable blends of LDPE and cellulose acetate phthalate. The 
researchers conducted a series of fundamental mechanical prop-
erty tests to assess parameters such as tensile strength and longi-
tudinal modulus of elasticity.  

Barbosa and Catelli de Souza [1] performed tests on plastic 
formed from Surlyn® industrial waste ionomer mixed with LDPE, 
evaluating mixtures with varying percentages of the two compo-
nents. The researchers assessed the melt flow index (MFI) and 
morphology (SEM), in addition to mechanical properties through 
tensile, bending, and impact tests. Furthermore, thermal tests of the 
prepared mixtures were conducted, encompassing DSC, TGA, and 
HDT analyses. It was observed that the incorporation of ionomer, 
in conjunction with LDPE, led to an enhancement in tensile and 
flexural strength, as well as tensile and flexural modulus values and 
strain at break. Conversely, an increase in ionomer concentration 
has been observed to result in a decline in impact strength. 

It is evident that plastic waste management is a pressing issue. 
The potential for creating new plastics from recycled materials pre-
sents a promising avenue. However, it is imperative to conduct ex-
tensive testing to ascertain the properties of these novel materials, 
as they have the potential to fulfill a wide range of applications. A 
more profound comprehension of the mechanical properties of 
these materials can facilitate more precise material selection for 
specific operational conditions. 

In a study by Kismet et al. [2], three distinct electrostatic waste 
thermosetting powder coatings were utilized as fillers in low-density 
polyethylene (LDPE). Subsequent to the fabrication of the compo-
site material, a series of evaluations were conducted to ascertain 
its mechanical, thermal, and morphological properties. The compo-
site compositions included powder waste coatings in the propor-
tions of 10%, 20%, and 30%, respectively. The injection molding 
method was employed to create rod specimens for tensile tests, 
with plate-shaped specimens also utilized. An energy intensity 
study of the prepared composite specimens was conducted, and 
the results were compared with those of pure LDPE specimens. For 
pure LDPE, the highest energy absorption occurred during low-
speed impacts. Efforts were made to enhance the impact and flex-
ural strength of LDPE composites containing deactivated powder 
paint waste. 

Sirin et al. [3] investigated the effects of various organic perox-
ides on selected types of LDPE, including F2-21T, F5-21T, and I22-
19T, mixed in varying percentages with dialkyl, dibenzoyl, and di-
lauroyl peroxides. The experimental tests conducted in this study 
yielded critical insights into the mechanical properties of the result-
ing plastics, encompassing stress-strain characteristics, tensile 
strength at break, and elongation at break. 

Peršić et al. [4] prepared composites of LDPE with iron oxide 
hematite particles, demonstrating superior physical properties com-
pared to pure LDPE. Mechanical property tests were conducted un-
der static conditions to evaluate tensile strength and elongation at 
break. Dwivedi et al. [5] proposed a composite with sisal fiber 
coated in LDPE. The coated fibers were utilized as the material for 
composites with varying weight percentages of sisal fibers. Signifi-
cant increases in strength and abrasion resistance were observed 
based on strength tests. Dynamic properties were assessed 
through three-point bending tests, revealing that the elastic modu-
lus (E') and loss modulus (E'') values were lower for the tested com-
posites compared to pure LDPE and sisal fibers alone. 

Barabaszová et al. [6] presented results on an LDPE nanocom-
posite with ZnO/V and ZnO/V_CH nanofillers, indicating its poten-
tial application as a medical material. Mechanical properties such 

as hardness and Vickers microhardness were determined, along-
side friction coefficient tests that demonstrated reduced wear. Anti-
microbial tests further suggested beneficial medical properties of 
both fillers used. 

In preparation for the extrusion process, Janik [7] developed a 
composite of polymer blends of poly(butylene terephthalate) (PBT) 
and LDPE. Subsequent testing on the mechanical properties of the 
PBT/LDPE composite demonstrated enhancements in tensile 
strength, flexural strength, and alterations in both Young's tensile 
modulus and flexural modulus when compared to unmodified 
LDPE. Additionally, an enhancement in elongation ranging from 
10% to 20% was observed in comparison to unmodified LDPE. 

Ono and Yamaguchi [9] conducted research on the effects of 
the extrusion process on the structure and mechanical properties 
of low-density polyethylene (LDPE). Their analysis focused on the 
outcomes of rheological tests, which revealed that linear viscoelas-
tic properties exhibit reduced sensitivity to alterations in polyeth-
ylene structure. However, an enhanced sensitivity was observed in 
specimens subjected to extrusion temperatures of 350°C. Czar-
necka-Komorowska et al. [8] presented the findings of a study on 
the thermomechanical, rheological, and structural properties of 
films made from recycled polyethylene. The authors observed that 
recycled rLDPE/rLDPE blends possess qualities that render them 
suitable for thin film production. Mechanical property tests demon-
strated enhancements in tensile strength and elongation values. 
Furthermore, it was observed that films derived from rLDPE/rLDPE 
blends demonstrated superior puncture resistance in comparison 
to films fabricated from virgin materials. 

Yao et al. [11] investigated the mechanical properties of LDPE 
composites with colored CBF filler, highlighting concerns about 
heavy metal contamination in plastics used to manufacture chil-
dren's toys. The CBF-filled composite is posited as a potential so-
lution to this issue. Preliminary investigations into the mechanical 
properties of the composite have indicated that the integration of 
CBF with LDPE can result in a substantial enhancement of tensile 
strength, Young's modulus, flexural strength, and the modulus of 
elasticity of the composite under consideration. Rana et al. [14] pre-
sented the results of an LDPE composite reinforced with jute. The 
fabrication of the composite involved the compression of LDPE film 
and jute into slab form. A series of fundamental mechanical prop-
erty tests were conducted, encompassing bending, tensile, impact, 
DMA, and SEM analyses. The outcomes of these tests indicated 
that the LDPE-jute composite demonstrated enhanced impact 
strength in comparison to the pure polymer. 

Yazdani et al. [15] investigated the mechanical properties of 
low-density (LDPE) and high-density polyethylene (HDPE) and 
their composites with carbon nanotubes (CNTs). The study identi-
fied four stages of deformation: linear elasticity, plasticity, softening 
deformation, and strengthening. The strain rate was found to have 
a significant impact on the mechanical properties of the polymers 
and their composites studied. 

In a related study, Sahraeian et al. [16] examined the mechan-
ical properties of nanocomposites based on low-density polyeth-
ylene (LDPE) with varying contents of nanoperlite. The researchers 
performed rheological tests, dynamic mechanical thermal analysis 
(DMTA), and thermogravimetric analysis (TGA). 

In addition to static tests on various materials, including LDPE, 
dynamic tests at different impact speeds were also carried out. Kofi 
et al. [12] conducted impact resistance tests on birch fiber-rein-
forced HDPE composites obtained through injection molding. The 
authors noted that the dynamic properties of these composites are 
not fully characterized, and there is a paucity of studies on their 
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impact resistance. The composite material that was the subject of 
this study was submitted to impact tests, hardness tests, tensile 
strength evaluations, and elastic modulus assessments. Impact 
tests were conducted at speeds of 1 m/s and 1.25 m/s using a sys-
tem based on an inertially falling mass with a semicircular head for 
composite specimens with varying birch fiber content. The authors 
observed the tup bouncing after striking the test specimen and 
noted the minimal energy absorbed by the composite material. 

Karthikeyan et al. [13] conducted a series of experiments on 
laminated beams composed of monolithic carbon-fiber-reinforced 
plastic (CFRP) and ultra-high molecular weight polyethylene 
(UHMWPE). The experimental design encompassed three-point 
bending of composite beams, with dynamic tests involving the use 
of a metal foam beater to simulate an explosion by striking the mid-
span of the beam. The authors of the study examined the impact of 
the support method on the beam's response to the applied load, 
with a particular focus on the movement of so-called moving or 
shear hinges from the impact point toward the beam supports. Fiber 
cracking of the composite was observed in the proximity of the sup-
ports. 

Xu et al. [17] subjected low-density polyethylene (LDPE) and 
ultra-high molecular weight polyethylene (UHMWPE) to static and 
dynamic tests, thereby determining the relationship between yield 
strength and strain rate. A comparison was made between the me-
chanical properties of the two polymers, with particular attention 
given to the impact of molecular structure on the tensile fracture 
behavior of polyethylene specimens. 

Zhu et al. [18] developed experimental stress-strain character-
istics for four types of polyethylene: low-density polyethylene 
(LDPE), linear low-density polyethylene (LLDPE), medium-density 
polyethylene (MDPE), and high- density polyethylene (HDPE), 
across strain rates ranging from 0.001 to 1000 s⁻¹. It was observed 
that the fracture characteristics of the specimens varied with the 
strain rate, as did the strain rate-dependent changes during yield 
stress analysis. 

In a related study, Mohagheghian et al. [19] investigated the 
fracture characteristics of low-density polyethylene (LDPE), high-
density polyethylene (HDPE), and ultra-high molecular weight pol-
yethylene (UHMWPE) specimens, focusing on their capacity to ab-
sorb impact energy. The researchers explored the relationship be-
tween the shape of the bullet's contact surface and the energy ab-
sorbed by the polymer material. Plates fabricated from the materi-
als under consideration were subjected to static loads and bullet 
impacts at a velocity of 100 meters per second. The increased 
strain rate resulted in softening, which in turn led to the destabiliza-
tion of neck propagation during stretching in LDPE and HDPE. In 
contrast, UHMWPE exhibited notable stability. The study under-
scored discrepancies in energy absorption intensity among the ma-
terials under scrutiny, contingent on the morphology of the bullet 
contact surface. The findings for the examined polymers were then 
juxtaposed with those garnered from an aluminum alloy specimen, 
here designated as 6082. 

Sandeep and Murali [20] conducted experimental tests on low-
density polyethylene (LDPE) foams of five different densities under 
compressive loading at various strain rates. It was observed that 
the compressive strength of LDPE foam is more favorable at higher 
strain rates. 

It is also imperative to acknowledge the prevalence of other 
composite materials that currently garner significant interest among 
researchers, particularly within the domains of aerospace and au-

tomotive engineering. In contemporary composite structures, natu-
ral fibers, including wool, silk, kenaf, and others, are frequently uti-
lized as base materials. Additionally, composites incorporating car-
bon nanotubes have garnered significant attention. Sahu et al. [28] 
examined the mechanical and electrical properties of multi-walled 
carbon nanotubes (MWCNTs) filled with pineapple fibers and hy-
brid laminated composite structures based on kenaf fibers. The 
study highlighted the benefits of the electrical and mechanical prop-
erties of the composites to the aerospace industry. Similarly, Das 
et al. [27] conducted extensive research on a KF/epoxy composite 
whose electrical and mechanical properties are ideal for the auto-
motive and aerospace industries. Antony et al. [26] evaluated com-
posite structures designed to absorb radar waves. The composites 
tested utilized various fibers, including wool, silk, E-glass, aramid, 
and wave-absorbing foams such as balsa wood, PVC, and PM. The 
experimental and simulation methods are employed in the study of 
composite structures. Modal analysis and finite element simulation 
are popular methods [24,25]. Sahu et al. [23] conducted simulation 
and experimental tests of polymeric composite plates reinforced 
with natural fibers and polyethylene terephthalate (PET) foam cores 
for impact bending of polymeric composite plates reinforced with 
natural fibers. 

This article presents the results of experimental static and im-
pact tests on specimens made of low-density polyethylene (LDPE) 
in film form. The author observed the effects of strain rate and im-
pact energy on the mechanical properties of the test material. 

It was observed that the manufacturing process of the film ap-
peared to induce anisotropy in its mechanical properties. This ob-
servation was based on a visual assessment of the examined ma-
terial. The failure mechanism observed visually exhibited a depend-
ence on the direction of the applied load; however, this variation 
had a negligible impact on the overall performance of the film, 
based solely on data obtained from static tests. The author also 
presents indices based on strain energy, the interpretation of which 
aids in a more precise evaluation of the plastic tested. The pro-
posed methodology can be applied to evaluate and diagnose the 
mechanical properties of various materials and structures. 

The study of the mechanical dynamic properties of polymers 
and composites is a vital and contemporary field of scientific inquiry. 
The findings from this research are directly applicable in engineer-
ing practice, particularly in the comprehensive analysis of polymeric 
materials, their composites, and structures made from them. Obst 
et al. [21] conducted experimental and analytical studies of the dy-
namic mechanical properties of pneumatic absorbers made from 
LDPE polymer. The tests results of pneumatic impact absorbers 
made of LDPE polymer [21] and the research results of LDPE film 
presented in this article are a continuation of dynamic tests aimed 
at the safety of people exposed to impact loads. 

2. EXPERIMENTAL RESEARCH METHODOLOGY 

LDPE film, precisely cut into strips measuring 210 millimeters 
in length, 25 millimeters in width, and with a thickness ranging from 
0.36 to 0.39 millimeters, was utilized for the experimental proce-
dure. The observed variation in foil thickness is attributable to the 
manufacturing process. Micrometric measurements were con-
ducted at several points on the foil, and the thickness measure-
ments obtained were within the specified dimensional range. The 
initial material used was a sheet of LDPE film, which was fabricated 
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from a polymer blend of recycled materials. Strips were meticu-
lously cut from this film in three distinct orientations relative to the 
manufacturing traces that were visible to the naked eye: parallel to 
the traces, perpendicular, and at a 45-degree angle. As previously 
mentioned in the introduction, the objective was to conduct a diag-
nostic study of the material's mechanical properties in relation to 
these manufacturing traces. To mitigate the risk of damage from 
flat test grips, the gripping sections of the test specimens were for-
tified. The section between grips measured 110 mm in length. The 
LDPE strip specimens, as illustrated in Figures 1-2 and 7, were 
subjected to static loading on a Zwick Z100 testing machine at a 
loading rate of 300 mm/s. Identical belt specimens were also sub-
jected to impact tests using a drop tower. In this experiment, a 3.3-
kilogram steel striker, falling freely under the influence of gravity, 
impacted a steel bumper, thereby generating an impact load on the 
LDPE film specimen. The striker was released from heights of 0.5 
m, 1 m, and 1.5 m, resulting in varying velocities and kinetic ener-
gies at impact. The configuration of the impact test apparatus is 
illustrated in Figure 8. LDPE film specimens were meticulously ex-
tracted from a sheet in three distinct orientations, designated as 0°, 
45°, and 90° relative to the visible structural lines of the film. The 
tested specimens are displayed in Figure 7. During the impact test-
ing procedure, the LDPE film strips underwent tensile loading as 
the striker made contact with the rigid reversing plate. A Chronos 
2.1-HD high-speed camera was employed to record the movement 
of the LDPE strip under dynamic stretching conditions. All tests 
were conducted at ambient temperature (23°C). 

 
Fig. 1. Strip cut from a sheet of tested LDPE film 

 
Fig. 2.   Tested LDPE film. Visible technological straight lines and 

coordinates of cutting directions 

2.1. Static testing of LDPE film  

The findings from the static tensile test of LDPE film strips un-
der uniaxial tension provided the foundation for the subsequent de-
velopment of additional mechanical characteristics. Tensile plots 
for the three angular orientations of the strip specimens are shown 
in Figure 3a, b, and c. Upon examination of both LDPE film samples 
and pneumatic absorbers made of this plastic, some peculiarities 
were noted for some measurement results. The author attributes 
this phenomenon to the internal structure of plastics and the sensi-
tivity of deformation mechanisms to the velocity of loading and other 
factors. The author intentionally left the measurement result labeled 

as specimen No. 6 to indicate that despite providing the same 
boundary conditions, plastics do not necessarily guarantee perfect 
repeatability of results. 
The Young's modulus and the static strain energy density, ex-
pressed as the specific energy of deformation, were determined. 
The strain energy density was calculated using the following for-
mula: 

𝐸𝑐 [
𝑚𝐽

𝑚𝑚3] = ∫
𝐹

𝑉𝑜
𝑑𝑙

𝑙𝑜+∆𝑙

𝑙𝑜
= ∫ 𝜎𝑑𝜀

𝜀

0
                                         (1) 

where F and 𝑉𝑜 are respectively the current value of tension force, 
and the initial value of sample volume. 

 

 

 
 

Fig. 3. Static stress  on relative strain  for angles: 0°, 45° and 90° 
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As demonstrated in Figure 3, the fundamental mechanical char-
acteristics, denoted by σ(ε), derived from tensile testing of LDPE 
film strips, reveal no substantial disparities among the selected an-
gular orientations. However, it is noteworthy that substantial strain 
values for the 90° orientation (where the load is applied perpendic-
ular to the lines visible to the naked eye in the film structure) are 
accompanied by local fluctuations in both load and strain. 

 

 

 
 

Fig. 4. Static Young’s modulus E on relative strain  for angles:  
 0°, 45° and 90° 

 
The estimated value of the instantaneous Young's modulus 

This suggests a degree of dependence on the loading directions of 
the samples. However, the observed differences are of negligible 
practical significance. The total work expended in deforming the 

tested LDPE film specimens was calculated and is denoted as the 
total energy consumed in the deformation work, related to the unit 
volume of the tested material. The total strain energy index pos-
sesses the dimension of specific energy, otherwise known as strain 
energy density, a quantity frequently utilized in materials science. 
A thorough examination of the energy characteristics (Fig. 6) re-
veals that the energy intensity exhibited by the tested LDPE film 
displays a modest dependence on the selected loading directions. 
For the 90° orientation, the range varies from approximately 38 
mJ/mm³ to approximately 65 mJ/mm³, indicating that the film in the 
90° orientation relative to the load exhibits greater variability in spe-
cific energy limits. 

 

 

 
 

Fig. 5.    Static energy density 𝐸𝑐 [
𝑚𝐽

𝑚𝑚3⁄ ] on relative strain  for angles:   

0°, 45° and 90° 
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Fig. 6.  Volumetric Energy change intensity 𝐸𝑐 ’ [
𝑚𝐽

𝑚𝑚3⁄ ] on relative 

strain 𝜀 for angles: 0°, 45° and 90° 

2.2. Dynamicimpact  testing of LDPE film 

The dynamic mechanical properties of the tested foil specimens 
were determined based on the displacement of markers applied to 
the foil specimens (Fig. 7). The schematic of the test stand de-
signed for impact load testing is shown in Fig. 8. 

 
 
Fig. 7. Strip specimen with three displacement markers of the tested  

LDPE film 
 

 
Fig. 8. Schematic of the impact load acting on the LDPE film strip specimen 

 
The test stand employed during the impulse load tests, in con-

junction with the drop tower, comprised two masses: the mass of 
the beater (3.3 kg) descending inertly from heights of 0.5 m, 1 m, 
and 1.5 m, as well as the mass of the bumper (the mass of the 
reverser), incorporating the guide rods and jaws that secure the 
specimen. It was hypothesized that the collision of the steel striker 
with the steel plate of the reversing bumper would be purely elastic. 
The kinetic energy of the beater was hypothesized to be transferred 
to the mass of the reverser, resulting in work done in deforming the 
tested LDPE tape specimens. The displacements of three markers 
along the survey section, labeled sequentially as 0 mm, 25 mm, 
and 50 mm, were recorded with a Chronos 2.1 HD high-speed cam-
era. Subsequent to the aforementioned, a thorough deformation 
analysis was conducted, and mechanical characteristics were de-
termined in relation to the previously mentioned reference points. 

 

 
 

Fig. 9.  LDPE film strip specimen under impact load. Initial and  
final elongation phase for angle 0°and flail drop height 
equal 1m 

 
The characteristics of ∆l(t) (see Figures 10-12) were developed 

for experimental data, and their approximation by a family of modi-
fied sinusoidal functions (2.1) was determined. 

∆𝑙(𝑡) = 𝑎 ∙ sin𝑛(𝑏𝑡)                          (2) 

where a,b,n are approximation coefficients. 
 

The objective of the approximation was twofold: first, to mini-
mize measurement errors, and second, to provide an analytical rep-
resentation of the collected results using a function that met the fol-
lowing conditions: 
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− smoothness, 

− differentiability up to the fourth order, 

− simple analytical form. 
The modified sine function meets these requirements, and the 

graphs resulting from the approximation are superimposed on 
those based on the experimental data. The legends on the graphs 
indicate the measurement segments between the reference points, 
with the subscript "A" denoting results obtained from the approxi-
mation using the modified sine function. 

 

 

 
Fig. 10. Dynamic elongation ∆l [mm] as a function of time for angles: 0°, 

45° and 90° and 0.5m drop height 
 

 

 

 
Fig. 11. Dynamic elongation ∆l [mm] as a function of time for angles: 0°, 

45° and 90° and 1m drop height 
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Fig. 12.  Dynamic elongation ∆l [mm] as a function of time for angles:  

0°, 45° and 90° and 1.5m drop height 

 

 

 
Fig. 13. Impact tension force F [N] as a function of flail drop heights h [m]. 

Results for angles: 0°, 45° and 90° and three measuring sections 
0-25mm, 25-50mm and 0-50mm 

 

 

 
Fig. 14. Relative strain  as a function of flail drop heights h [m]. Results 

for angles: 0°, 45° and 90° and three measuring sections  
0-25mm, 25-50mm and 0-50mm 
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Fig. 15. Work of deformation per unit length W [𝑚𝐽∕𝑚𝑚] as a function of 

flail drop heights h [m] calculated for 𝜀 = 0.15. Results for an-
gles: 0°, 45° and 90° and three measuring sections 0-25mm, 25-
50mm and 0-50mm 

3. CONCLUSIONS 

An investigation was conducted into the static and dynamic 
characteristics of the mechanical properties of LDPE plastic. The 
mechanical properties of the tested LDPE film demonstrate a high 
capacity for deformation and energy absorption, which are used to 
permanently deform the material. During the static tensile testing of 
LDPE strips, a discernible local constriction shifted position as the 
load increased, and multiple zones of plastic flow appeared along 
the gauge length of the specimen. In impulse-loaded tensile tests, 
two to three zones of plastic deformation were also observed along 

the gauge length of the strip specimen. 
In both static and impulse loading cases, the production pro-

cess of the LDPE film influences its mechanical properties, as evi-
denced by the dynamic test results. Tests conducted in different 
orientations revealed differences in deformation mechanisms. 

In summary, the following conclusions were derived: 

− The production processes employed for plastic films have the 
capacity to exert an influence on both their static and dynamic 
properties. 

− Testing the mechanical properties of LDPE film in different ori-
entations, influenced by the production processes, can reveal 
discrepancies in the measured properties. 

− A more precise assessment of the material can be achieved 
through the integration of static tests with impact tests. 

− The dynamic properties of LDPE film are contingent upon ori-
entation and impact velocity. 

− The deformation work per unit length of the LDPE film varies 
based on these factors. 
The impact strength of the tested LDPE film strips was also 

found to be relatively high. The obtained results of the mechanical 
properties of the tested material testify to its advantages and ap-
plicability in the area of protection of human security or transporta-
tion of sensitive goods. The proposed mechanical characteristics 
for static and impact loads can be used as diagnostic tools when 
testing materials and structures. Furthermore, the proposed exper-
imental characterizations can facilitate more precise assessments 
of the suitability of the tested material or structure for specific prac-
tical applications. The author is currently investigating pneumatic 
absorbers, which are made of  LDPE plastic, exhibit exceptional 
impact energy absorption properties. Research is currently under-
way on the use of LDPE pneumatic shock absorbers with controlled 
air flow as inserts for protective helmets. The objective of the pre-
sent study is to develop a methodology that enables quantitative 
assessment of the mechanical response of the protective helmet 
and the human head to impact, with consideration for the mechan-
ical properties of the neck. That is to say, the elements of the sys-
tem that are in a cause-and-effect correlation with each other. Ad-
ditionally, the results of rheological tests on both LDPE plastic in 
the form of films and LDPE pneumatic absorbers are of interest. 
Rheological studies employing LDPE film samples are currently un-
derway. 
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Abstract: A problem of inverse design of a composite material with prescribed (desired) interval effective elastic constants is formulated and 
solved. The identified parameters are the interval parameters of the constituent geometry and material properties on the microscale. Such 
uncertainty falls into the category of epistemic uncertainty, which is frequent in engineering practice and is caused by incomplete knowledge, 
not allowing for the stochastic description of quantities of interest. Commercial finite element code Ansys is applied to the computational 
homogenisation with representative volume element (RVE) analysis. The high-fidelity model is replaced by a finely adjusted polynomial 
response surface to minimise overall computation time. The response surface is used for the interval computations involved in the 
identification problem. Directed interval arithmetic is applied. It includes cancelation laws for addition and multiplication and is the preferred 
method in engineering problems. Objective functions also involve differences between the desired and actual effective interval properties 
and widths of the identified microstructure parameters. The single- and multi-objective evolutionary algorithms are applied to solve the 
optimisation tasks. In the identification problem, the interval variables are represented as pairs of real numbers (components of the directed 
intervals). As numerical examples, two problems concerning a unidirectional fibre-reinforced composite with linear-elastic properties are 
formulated and solved. The first one employs scalarization by combining the objectives with presumed weights. In the second, a more 
extensive Pareto-frontier approach is considered. The proposed approaches provide feasible solutions to identification problems and provide 
perspectives for their extension to efficient solutions of more complex ones with epistemic uncertainty: fuzzy representation of uncertain 
parameters, nonlinear inhomogeneous materials, and others. 

Key words: inverse design, computational homogenisation, directed interval arithmetic, response surface, evolutionary algorithm    

1. INTRODUCTION 

The design of new engineering materials allows for filling holes 
in the macroscopic property-space maps. These new materials in-
clude particulate and fibrous composites, sandwich structures, 
foams, lattice structures and others [1]. The components of these 
new materials are described by their properties and shape on a 
lower (e.g. micro) scale. One can evaluate the macroscopic prop-
erties, mechanical or other, of non-homogeneous materials using 
homogenisation methods. Computational methods, mainly finite 
and boundary element methods, have gained increasing attention 
from engineers and researchers due to their versatility also in the 
problems of multiscale modelling and homogenization [2,3,4,5]. 
The homogenisation problems consist of the evaluation of effective 
properties (e.g. elastic) of non-homogeneous materials on the 
macro scale. The problem involves a solution to the boundary value 
problem (BVP) at the microscale: simulation of a representative vol-
ume element (RVE) with given microstructural topology and param-
eters. On the other hand, one can formulate and solve an inverse 
problem to identify the microstructure topology and parameters, 
based on the macroscopic properties of homogenized material 
[6,7]. Among the crucial factors related to the analysis of heteroge-
neous engineering materials, uncertainties are currently of interest 
due to their impact on the precise design and manufacturing of such 

structures. Therefore, the development of computational ap-
proaches capable of dealing with uncertainties is crucial for the suc-
cessful design and manufacturing of new materials. 

Observed uncertainty falls into one of two categories: aleatoric 
or epistemic [8,9]. Aleatoric uncertainty is natural, random, and ir-
reducible. Epistemic uncertainty is due to incomplete scientific 
knowledge and can be reduced by new insights. From the proba-
bility point of view, the uncertainty of engineering quantities can be 
grouped into stochastic uncertainty (known probability), incertitude 
(unknown probability) or ignorance (fixed values). A very common 
in engineering problems, including up-to-date experimental mate-
rial characterisation methods, e.g. [10], is the second category (in-
certitude) which includes cases of intervals and fuzzy numbers. 
From the point of view of information processing, this representa-
tion of quantities is also known as information granularity 
[11,12,13]. In engineering practice, this representation is useful in 
the situation of insufficient data availability that does not allow the 
engineer to describe the process as stochastic. In the context of 
modelling, another classification of uncertainty can be introduced: 
uncertainty induced by data, component (model uncertainty), and 
structure (structural uncertainty) [9,14].  In general, incertitude un-
certainties in geometry, material properties, loading, and boundary 
conditions significantly affect structural analysis, introducing varia-
bility in performance estimations, leading to potential inaccuracies 
[15]. By including imperfect data in the quantification of uncertainty, 
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more reliable and relevant results can be obtained that better reflect 
the complexity and uncertainty present in real-world conditions. 
Note that in the case of metamodel-based computational homoge-
nization preparation stage, the boundary conditions or loading for 
the RVE with uncertain parameters (geometry, material parameters 
and phase bonding conditions) can be precise as they are driven 
by the homogenization procedure that imposes macro strains (or 
stresses) and their increments for non-linear structures. However, 
at the possible latter stage of analysing a macro-structure, that is 
beyond the scope of the present work, the transferred macro strains 
or stresses to the RVE as boundary conditions can be uncertain 
due to all macro-structure uncertainties under consideration. 

Recently, researchers have considered the incertitude uncer-
tainty to be of practical importance in engineering problems, includ-
ing homogenisation and multi-scale modelling. One of the basic ap-
proaches applied to numerical modelling of mechanical and micro-
mechanical structures with incertitude properties is the interval and 
fuzzy finite element method. Note that its efficiency is deteriorated 
by an amount of conservatism (overestimation of the uncertainty in 
the output) due to the interval matrix assembly phase [16]. In [17], 
2D composite structures were analysed, with the application of Tay-
lor expansions of effective elasticity matrices, with sensitivity anal-
ysis. In [18], stochastic FEM was applied to the analysis of the ran-
dom RVE, to determine the respective limits and evaluate fuzzy 
Young’s modulus of a composite material. The modulus was ap-
plied to the dynamic simulation of multi-body structures to obtain 
fuzzy response curves. In [19], a fuzzy RVE was introduced that 
allows one to consider the spatial variability of the ply level of the 
ply level in laminates. Fuzzy FEM is coupled with the radial basis 
functions metamodel. Global responses in dynamics and stability 
problems were solved. In [20] fuzzy numbers were applied to the 
computational homogenisation of composite materials with fuzzy 
microstructure parameters. 

One can observe that the recent approach to the solution of the 
BVP on a micro scale in complex problems involving homogenisa-
tion and multi-scale modelling, becomes the shift of the RVE nu-
merical modelling to the offline stage, outside the main loop of the 
procedure under consideration: multiscale simulation, optimisation 
or identification. This preliminary stage prepares data and creates 
model for metamodelling or a data-driven approach. Such an ap-
proach employs metamodels (surrogates) built based on observa-
tions computed by high-fidelity numerical models, usually analysed 
by the FEM. The metamodels include polynomial response sur-
faces [20], radial-basis functions [19,21], Kriging [22,23], artificial 
neural networks [24], combined analytical-numerical metamodels 
[25], and possibly others. Such an approach leads to a substantial 
reduction in the overall computation time compared to the tradi-
tional approach based on in-loop time-consuming simulations of the 
RVE. The approach with offline metamodel-based RVE simulations 
also has potential advantages in the inverse problems involving in-
certitude uncertainties, due to the substantial number of calcula-
tions related to the interval arithmetic. 

The goal of the present work is to formulate and solve a novel 
problem of inverse design of composite materials with desired in-
certitude (interval) macroscopic properties and incertitude micro-
structure unknown data. To solve the problem efficiently, the meta-
modelling approach is applied with appropriate design of experi-
ment (DoE) for numerical calculations based on a high-fidelity finite 
element method model built in Ansys software. The DoE takes into 
account the admissible ranges of geometry and material parame-
ters of the microstructure of the composite.  The minimised objec-
tive function is dependent on the desired bounds of the 

macroscopic elastic properties of the designed material. In some 
situations, e.g. manufacturing, it may be more convenient to have 
wider ranges of input microstructure parameters. Therefore, these 
ranges are also incorporated into objectives. For interval analysis, 
directed interval arithmetic is applied, which is considered efficient 
in solving engineering problems due to its feature of including can-
celation laws for both addition and multiplication [26,27,28,29,30]. 
In identification problems, the interval parameters are represented 
as pairs of real numbers (components of the directed intervals). 
Such an approach allows for the application of regular evolutionary 
algorithms for real variables. The inverse problem is solved by both 
approaches of scalarization with presumed weights for objective 
functions, and the Pareto frontier approach as well. A problem con-
cerning unidirectional fibre-reinforced composite is solved and re-
sults are presented. While similar methodologies for computational 
homogenization are documented in the literature, we believe that 
no corresponding solutions of inverse design problems for inhomo-
geneous materials with epistemic incertitude structural parameters, 
including the multi-objective identification (optimization) approach, 
have been reported. 

The paper is organised as follows: Section 2 contains an intro-
duction to computational homogenisation and related inverse prob-
lem as well as the design of the experiment and the description of 
applied metamodels. Section 3 introduces the notation and opera-
tors of interval arithmetic and directed interval arithmetic. In Section 
4 the idea and formulation of the inverse problem involving compu-
tational homogenisation with incertitude input parameters of the mi-
crostructure and desired incertitude of the effective elastic con-
stants are presented. In Section 5, numerical examples are solved 
with the approaches of weighted objective functions and the Pareto 
frontier. Section 6 contains conclusions. 

2. COMPUTATIONAL HOMOGENISATION AND INVERSE DE-
SIGN USING METAMODELS 

Multiscale modelling allows the structure to be modelled at dif-
ferent length scales. One of the elements of multiscale modelling 
that enables the analysis of heterogeneous materials, such as com-
posites or porous materials, at the microscale is homogenisation. 
Among the different homogenisation methods, computational ho-
mogenisation is the most versatile [2].  

Computational homogenisation [31] allows equivalent macro-
scopic material properties to be calculated from microscopic data. 
The basic idea of computational homogenisation is to represent the 
microstructure of a material by a statistically representative piece 
of its geometry, called a representative volume element (RVE). 
Stress analysis for RVE provides detailed information about the 
material's macro-scale behaviour. The analysis can be carried out 
using numerical methods such as the finite element method (FEM) 
[32] or the boundary element method (BEM) [33]. 

The RVE represents the structure of the entire medium (or a 
portion of it in the case of local periodicity) and thus contains all the 
information required to fully describe both the structure and proper-
ties of that medium. The RVE must satisfy the scale separation con-
dition, the Hill Mandel condition, and the imposed boundary condi-
tions [34].  

The separation of scales condition assumes that the RVE ge-
ometry must be of an appropriate size: 

𝑙𝑚𝑖𝑐𝑟𝑜 ≪ 𝑙𝑅𝑉𝐸 ≪ 𝑙𝑚𝑎𝑐𝑟𝑜,   (1) 

where 𝑙𝑚𝑖𝑐𝑟𝑜, 𝑙𝑅𝑉𝐸 and 𝑙𝑚𝑎𝑐𝑟𝑜 are characteristic microscale, RVE 
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scale and macroscale dimensions, respectively. 
The Hill-Mandel condition describes the equality of the average 

energy density at the microscale and the macroscopic energy den-
sity at the macrostructure point corresponding to the RVE location: 

〈𝜎𝑖𝑗𝜀𝑖𝑗〉 = 〈𝜎𝑖𝑗〉〈𝜀𝑖𝑗〉,   (2) 

where: 𝜎𝑖𝑗, 𝜀𝑖𝑗 are the components of the stress and strain tensors 

respectively, 〈∙〉 is the averaged value of the considered field: 

〈∙〉 =
1

|𝑉|
∫ (∙)𝑑𝑉
 

𝑉
,   (3) 

where V is the RVE volume. 
Boundary conditions have to satisfy the Hill-Mandel condition, 

e.g. in the form of periodic, linear displacement, or uniform traction 
boundary conditions. In this paper, the periodic boundary condi-
tions are used:   

𝑢𝑖
+ − 𝑢𝑖

− = 〈𝜀𝑖𝑗〉 ∙ (𝑥𝑖
+ − 𝑥𝑖

−), ∀𝑥 ∈  𝛤: 𝑛𝑖
+ = −𝑛𝑖

−

 𝑡𝑖
+ = −𝑡𝑖

−, ∀𝑥 ∈  𝛤: 𝑛𝑖
+ = −𝑛𝑖

−  ,    (4) 

where 𝑢𝑖
+, 𝑢𝑖

− are displacements of the corresponding points at the 

opposite RVE boundaries, 𝑥𝑖
+, 𝑥𝑖

− represent locations of the corre-

sponding points at the opposite RVE boundaries, 𝑡𝑖
+, 𝑡𝑖

− are trac-

tions on the corresponding points at the opposite RVE boundaries, 
Γ is the external boundary of RVE,  𝑛𝑖

+, 𝑛𝑖
− are normal vectors at 

the opposite RVE boundaries.  
Periodic boundary conditions allow for the determination of 

equivalent material properties with greater accuracy and with fewer 
internal inclusions or voids in the RVE than displacement and trac-
tion boundary conditions [35]. 

A heterogeneous material is usually assumed to consist of two 
or more homogeneous phases that obey the laws of continuum me-
chanics. In this paper, it is assumed that there is an ideal contact 
between the phases. The behaviour of an elastic body made of a 
linear isotropic material (single phase) under external loads is de-
scribed by [36]: 

− geometrical relations: 

𝜀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖),   (5)  

− constitutive law (Hooke’s law): 

𝜎𝑖𝑗 = 𝜆𝛿𝑖𝑗𝜀𝑘𝑘 + 2𝐺𝜀𝑖𝑗 ,  (6) 

− equilibrium equations:  

𝜎𝑖𝑗,𝑗 + 𝑏𝑖 = 0, 𝑖, 𝑗 = 1, 2, 3,   (7) 

where 𝑢𝑖 represents the components of the displacement tensor, 𝜆 

is the Lamé’s parameter, 𝛿𝑖𝑗 is the Kronecker’s delta, 𝐺 is the 

Kirchhoff modulus and 𝑏𝑖 denotes the volume forces. 
Using Equations (5) and (6), the equilibrium equations ex-

pressed by displacements (Navier-Lamé equations) are obtained: 

𝐺𝑢𝑖,𝑗𝑗 + (𝐺 + 𝜆)𝜆𝑢𝑗,𝑗𝑖 + 𝑏𝑖 = 0.   (8) 

For linear elastic materials, there is no need to analyse the RVE 
for each point in the macrostructure, and equivalent material prop-
erties can be calculated prior to analysing the macroscopic model. 
In order to obtain equivalent properties, described by a fourth-order 
material tensor, a series of RVE analyses must be performed with 
specific boundary conditions.  

For a homogenised orthotropic material, 6 analyses allow the 
calculation of 9 stiffness coefficients 𝐶 representing stress-strain 
relationship. In this case, Eq. (6) can be written using the Voigt 

notation as [37]:  

[
 
 
 
 
 
 
〈𝜎11〉

〈𝜎22〉

〈𝜎33〉

〈𝜎23〉

〈𝜎13〉

〈𝜎12〉]
 
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
 𝐶22 𝐶23 0 0 0
  𝐶33 0 0 0
   𝐶44 0 0
 𝑠𝑦𝑚   𝐶55 0
     𝐶66]

 
 
 
 
 

[
 
 
 
 
 
 
〈𝜀11〉

〈𝜀22〉

〈𝜀33〉

2〈𝜀23〉

2〈𝜀13〉

2〈𝜀12〉]
 
 
 
 
 
 

.  (9) 

The problem of determining the values of microscopic proper-
ties for given macroscopic data is known as the inverse design 
[6,7]. The inverse design belongs to a group of ill-posed problems 
as different sets of microscopic parameters can fulfil the assumed 
macroscopic values. One of the techniques for solving common in-
verse design problems is the use of optimisation methods. Due to 
the presence of a large number of local extremes of the objective 
functions, global optimisation methods, such as evolutionary algo-
rithms, artificial immune systems, particle swarm, and ant colony 
algorithms, are recommended [38]. In this paper, evolutionary algo-
rithms (EAs) are applied to solve the inverse design problem [39]. 

The inverse design problem can be described as a constrained 
optimisation task: 

𝑔(𝒑)  = ‖𝐶𝑖𝑗(𝐩) − 𝐶𝑖𝑗
∗ ‖ → min,   (10)  

where 𝐩 is a vector of design variables, 𝑔(𝐩) is an objective func-

tion, 𝐶𝑖𝑗(𝐩) are elastic constants dependent on the design varia-

bles, 𝐶𝑖𝑗
∗  denotes required stiffness coefficients and ‖∙‖ is a matrix 

Euclidean norm. 
Due to manufacturing and material property constraints, optimi-

sation constraints are related to design variables: 

𝑏𝑖
𝐿 ≤ 𝑝𝑖

−,+ ≤ 𝑏𝑖
𝐿, 𝑖 = 1, 2 , …  , 𝑛,  (11) 

where 𝑛 is the number of design variables, 𝐛𝐋and 𝐛𝐔 are vectors 
of lower and upper design variable constrains, respectively: 

𝐛𝐋𝐔 = [𝐛𝐋 𝐛𝐔] =

[
 
 
 
𝑏1
𝐿 𝑏1

𝑈

𝑏2
𝐿 𝑏2

𝑈

⋮ ⋮
𝑏𝑛
𝐿 𝑏𝑛

𝑈]
 
 
 
.  (12) 

Solving an inverse design problem requires multiple calcula-
tions of the objective function(s) value. This is particularly time-con-
suming when FEM is used to solve the boundary value problem. A 
way to reduce computational costs may be to use response sur-
faces (RS) as the metamodel [40].  

The use of RS allows the highly nonlinear behaviour of the 
structure to be modelled, without the need to perform complex 
mathematical operations on the system matrices. RS is generated 
from precomputed sets of output parameters. The RS constitutes 
an approximate parametric model of the original system created 
from a precomputed set of models with different input parameter 
values. The quality of RS strongly depends on the shape of the ex-
act response function being approximated, the number of data 
points, and the volume of the design space in which the model is 
built. To reduce the number of cases required for evaluation, an 
appropriate design of experiment (DoE) based on the type of ex-
pected response and the proposed RS should be used [41].  

Then, the calculated values of the output parameters are used 
to compute RS. 
 This paper adopts the 2nd order polynomial method as RS. This 
method uses an enhanced quadratic form to represent the relation-
ship between inputs and outputs and is suitable for optimisation 
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problems because of the generation of smooth functions with a sin-
gle extremum. 

The work assumes a very exact fit of the metamodel, and the 
uncertainty of its parameters is ignored. As a result, only the uncer-
tainty associated with the design variables is considered. 

Once the RS has been created, an assessment of its quality 
should be carried out to ensure that the values of the output param-
eters are correctly represented. In the paper the coefficient of de-
termination 𝑅2, the predicted residual error sum of squares 
𝑃𝑅𝐸𝑆𝑆 and the standard error of the estimate 𝜎𝑒𝑠𝑡 quality metrics 
are used to assess the quality of RS. 

3. DIRECTED INTERVALS AND DIRECTED INTERVAL 
ARITHMETIC 

If the parameters of the system are not precisely determinable, 
they may be treated as uncertain and modelled as information gran-
ules [13]. In mechanical systems, uncertainties typically arise from 
both design and manufacturing processes. The most widely used 
granularity models for such uncertainties are rough sets, interval 
numbers, fuzzy numbers, and random variables.  

GrC can be introduced into both the numerical homogenisation 
and inverse design procedures considered in the paper. Uncertain-
ties that can be used as model parameters can relate to geometry, 
material properties, loads, or boundary conditions. As a result of the 
analysis, ranges of estimated quantity values can be obtained. 
When a specific range of parameter values is known, the interval 
numbers allow the representation of uncertainty.  

Interval arithmetic is based on the interval representation of a 
single number [42]: 

𝑎̅ = [𝑎−, 𝑎+] = {𝑎 ∈ 𝑎̅:  𝑎− ≤ 𝑎 ≤ 𝑎+},   (13)  

where 𝑎− and 𝑎+ ∈ ℝ are left and right ends of the interval 𝑎̅. 
The central value of the interval is calculated as follows: 

𝑐𝑤(𝑎̅) = mean( 𝑎
−, 𝑎+) .  (14)  

In the case where 𝑎− =  𝑎+, the interval is called degenerate. 
Classical interval arithmetic is based on simple arithmetic for real 
numbers, which is extended to interval numbers. This results in the 
following operations on interval numbers: addition, subtraction, 
multiplication, division, multiplication by a scalar, and the inverse of 
an interval [43].  

 The main drawback of classical interval arithmetic is the lack 
of operations opposite to addition and inverse to multiplication [44]. 
As a result, e.g. when solving interval systems of equations, a wid-
ening of the intervals occurs. This effect can be significantly re-
duced by using directed interval numbers and directed interval 
arithmetic.  

A directed interval number is defined as an ordered pair of real 
numbers: 

𝑎̅ = [𝑎−, 𝑎+] = {𝑎 ∈ 𝔻:  𝑎−, 𝑎+ ∈ ℝ},   (15)  

where 𝔻 = ℙ ∪ 𝕀 is a set of all proper ℙ and all improper 𝕀 interval 
numbers with real ends [27].  

The directed interval numbers are proper if 𝑎− < 𝑎+ and im-
proper if 𝑎− ≥ 𝑎+. Additionally, the set ℤ = ℤℙ ∪ ℤ𝕀 contains all 
directed intervals with element 0: 

ℤℙ = {𝑎̅ ∈ ℙ:  𝑎
− ≤ 0 ≤ 𝑎+}

ℤ𝕀 = {𝑎̅ ∈ 𝕀:  𝑎
+ ≤ 0 ≤ 𝑎−}

.   (16) 

Each interval in set 𝔻 has two functionals [40]:  

− the ‘direction’ functional: 

𝜏(𝑎̅) = {
+, 𝑖𝑓 𝑎− ≤ 𝑎+

−, 𝑖𝑓 𝑎− > 𝑎+
 ,  (17)  

− the ‘sign’ functional:  

∀𝑎̅ ∈ 𝔻\ℤ       𝜎(𝑎̅) = {
+, 𝑖𝑓 𝑎−, 𝑎+ > 0

−, 𝑖𝑓 𝑎−, 𝑎+ < 0
.   (18)  

These functionals determine the result of an arithmetic opera-
tion performed on two directed intervals. Based on these, basic op-
erations in directed interval arithmetic are defined as: 

− addition: 

∀𝑎̅ ∈ 𝔻    𝑎̅ + 𝑏̅ = [𝑎− + 𝑏−, 𝑎+ + 𝑏+],   (19)  

− subtraction: 

∀𝑎̅ ∈ 𝔻     𝑎̅ − 𝑏̅ = [𝑎− − 𝑏+, 𝑎+ − 𝑏−],   (20)  

− multiplication: 

𝑎̅ ∙ 𝑏̅ =

{
 
 
 

 
 
 [𝑎

−𝜎(𝑏̅) ∙ 𝑏−𝜎(𝑎̅), 𝑎𝜎(𝑏̅) ∙ 𝑏𝜎(𝑎̅)],                               𝑎̅, 𝑏̅ ∈ 𝔻\ℤ

[𝑎𝜎(𝑎̅)𝜏(𝑏̅) ∙ 𝑏−𝜎(𝑎̅), 𝑎𝜎(𝑎̅)𝜏(𝑏) ∙ 𝑏𝜎(𝑎̅)],            𝑎̅ ∈ 𝔻\ℤ, 𝑏̅ ∈ ℤ

[𝑎−𝜎(𝑏̅) ∙ 𝑏𝜎(𝑏̅)𝜏(𝑎̅), 𝑎𝜎(𝑏̅) ∙ 𝑏𝜎(𝑏̅)𝜏(𝑎̅)],            𝑎̅ ∈ ℤ, 𝑏̅ ∈ 𝔻\ℤ

[min{𝑎− ∙ 𝑏+, 𝑎+ ∙ 𝑏−} ,max{𝑎− ∙ 𝑏−, 𝑎+ ∙ 𝑏+}],   𝑎̅, 𝑏̅ ∈ ℤℙ
[max{𝑎− ∙ 𝑏−, 𝑎+ ∙ 𝑏+} ,min{𝑎− ∙ 𝑏+, 𝑎+ ∙ 𝑏−}],   𝑎̅, 𝑏̅ ∈ ℤ𝕀 

0̅,                                 (𝑎̅ ∈ ℤℙ , 𝑏̅ ∈ ℤ𝕀) ∪ (𝑎̅ ∈ ℤ𝕀 , 𝑏̅ ∈ ℤℙ)

,  (21)  

− division (0 ∉ [𝑏−, 𝑏+]): 

𝑎̅

𝑏̅
= {

[𝑎−𝜎(𝑏̅)/𝑏𝜎(𝑎̅), 𝑎𝜎(𝑏̅)/𝑏−𝜎(𝑎̅)],                         𝑎̅, 𝑏̅ ∈ 𝔻\ℤ

[𝑎−𝜎(𝑏̅)/𝑏−𝜎(𝑏̅)𝜏(𝑎̅), 𝑎𝜎(𝑏̅)/𝑏−𝜎(𝑏)𝜏(𝑎)], 𝑎̅ ∈ ℤ, 𝑏̅ ∈ 𝔻\ℤ
 .   (22)  

The symbols 𝜎 and  −𝜎  occurring in the superscript determine 
which end of the interval appears in the formula depending on 
whether it is a proper or improper number. Specifically, −𝜎  
changes the particular end from left to right or vice versa. 

The directed interval arithmetic defines two additional opera-
tors: 

− opposite of addition: 

∀𝑎̅ ∈ 𝔻    −𝔻𝑎̅ = [−𝑎
−, −𝑎+],   (23)  

− inverse of multiplication: 

∀𝑎̅ ∈ 𝔻\ℤ    1/𝔻𝑎̅ = [1/𝑎
−, −1/𝑎+],    (24)  

which allow determining two additional directed operations: 

− directed subtraction: 

∀𝑎̅, 𝑏̅ ∈ 𝔻    𝑎̅ −𝔻 𝑏̅ = [𝑎
− − 𝑏−, 𝑎+ − 𝑏+],   (25)  

− directed division: 

𝑎̅/𝔻𝑏̅ = {
[𝑎−𝜎(𝑏̅)/𝑏−𝜎(𝑎̅), 𝑎𝜎(𝑏̅)/𝑏𝜎(𝑎̅)],      𝑎̅, 𝑏̅ ∈ 𝔻\ℤ

[𝑎−𝜎(𝑏̅)/𝑏𝜎(𝑏̅), 𝑎𝜎(𝑏̅)/𝑏𝜎(𝑏)], 𝑎̅ ∈ ℤ, 𝑏̅ ∈ 𝔻\ℤ
 .   (26)  

As a result, the 𝑎̅ −𝔻 𝑎̅ = 0̅ and 𝑎̅/𝔻𝑎̅ = 1̅ operations can 
be obtained. These operations allow the efficient application of 
arithmetic operations of subtraction and division with a significant 
decrease in unwanted interval widening [44]. Moreover, the differ-
ence of the interval numbers appearing in the objective function can 
take a value close to or equal to 0, which is advantageous in opti-
misation problems where the width of this difference can be mini-
mised. 



Witold Beluch, Jacek Ptaszny, Marcin Hatłas                                                                                                                                                                 DOI 10.2478/ama-2025-0033 
Metamodel-Based Inverse Design of a Composite Material with Prescribed Interval Effective Elastic Properties 

272 

4. GRANULAR COMPUTATIONAL INVERSE DESIGN 

In this paper, a granular approach is proposed to perform ho-
mogenisation and inverse design for inhomogeneous materials with 
uncertainties of their microstructure parameters. The Granular 
Computational Homogenisation (GCH) procedure is applied to per-
form the inverse design. The first step of GCH is related to the anal-
ysis of the material structure and available property data. On the 
basis of the microstructure of the material, a geometrical model of 
the structure (RVE) is prepared which is transferred to the FEM 
software. Material property data are used to create a numerical 
model of the microstructure, including the constitutive relationships. 
The decision about the geometry and the treatment of individual 
material properties as certain or uncertain results in input parame-
ters for the GCH procedure. The number of identified parameters 
affects the number of sample calculations in the DoE phase. The 
GCH procedure, together with numerical examples showing ho-
mogenisation results for granular linear and nonlinear heterogene-
ous materials, is described in detail in the previous publication [20]. 

The Granular Computational Inverse Design (GCID) problem is 
related to the search for ranges of properties of the model on the 
micro scale that result in a specific material behaviour on the macro 
scale. The problem is formulated as an optimisation task using 
granular computing and can be described as:  

{
minimise  𝑓𝑔(𝐩̅)

subject to: 𝑏𝑖
𝐿 ≤ 𝑝𝑖

−,+ ≤ 𝑏𝑖
𝑈, 𝑖 = 1, 2, … , 𝑛

    (27)  

To create the objective function for the optimisation algorithm, 
the resulting interval stiffness coefficients are used to assess the 
consistency with the assumed uncertain values of the material 
properties. The measure of mismatch (distance) between two inter-
val numbers is described by the norm: 

𝐷([𝑎−, 𝑎+], [𝑏−, 𝑏+]) = √(𝑎− − 𝑏−)2 + (𝑎+ − 𝑏+)2.   (28)  

 This representation allows for a continuous and smooth objec-
tive function. The objective function for linear-elastic material prop-
erties is described by: 

 𝑓𝑘(𝐩̅) = 𝑓[𝐷(𝐶̅𝑖𝑗 (𝐩̅) −𝔻 𝐶̅𝑖𝑗
∗ )],   (29)  

where 𝐶̅𝑖𝑗(𝐩̅) is an interval function of stiffness coefficient based 

on RS, 𝐶̅𝑖𝑗
∗  is an assumed output interval of stiffness coefficient, 

𝑓𝑘(𝐩̅) is a function describing the 𝑘-th optimisation objective in 
multi-objective problems. 

An additional objective of material optimisation is related to the 
current width of the design variables: 

𝑤(𝑝̅𝑖) = |𝑝𝑖
+ − 𝑝𝑖

−|.  (30)  

A larger uncertainty width of the optimised design variables 
makes it easier to find a material with properties that meet the spec-
ified values. For multiple design variables, the widths of the param-
eters can vary considerably. To provide an equivalent treatment of 
the parameters, width normalisation is introduced. The normalized 
width 𝑤′(𝑝̅𝑖) of interval parameter 𝑝̅𝑖 is described as: 

𝑤′(𝑝̅𝑖) =
𝑤(𝑝̅𝑖)

𝑏𝑖
𝑈−𝑏𝑖

𝐿,  (31)  

In the optimisation process, the minimum normalized width of 
all parameters is maximized: 

𝑓𝑘(𝐩̅) = min
𝑝𝑖
𝑤′(𝑝̅𝑖)  → max, 𝑖 = 1,… , 𝑛,   (32)  

where 𝑛 is a number of design variables. 
To solve optimisation tasks, global optimisation algorithms in 

the form of evolutionary algorithms are employed. For a single-ob-
jective optimisation task, the distributed evolutionary algorithm 
(DEA) is applied [45].  DEA is based on the concept of coevolution-
ary algorithms, where an entire population of individuals is divided 
into two or more subpopulations, usually with an identical number 
of individuals in each. Each subpopulation evolves almost inde-
pendently, exchanging information with other subpopulations dur-
ing the migration phase. DEA has been shown to be highly efficient 
and effective in many optimisation problems [38].  

To solve a multi-objective optimisation problem, the MOOPTIM 
(MultiObjective OPTIMization tool) algorithm [46] is used. The algo-
rithm is based on Pareto concept, and it allows one to obtain a set 
on non-dominated solutions. MOOPTIM is an improved version of 
NSGA-II [47] with different selection and new as well as modified 
mutation and crossover operators. As presented in [48], MOOPTIM 
outperforms NSGA-II in some benchmark and engineering prob-
lems, especially for functions difficult to optimise, that is, strongly 
multimodal, with a non-convex or discontinuous Pareto front. To 
assess the quality of the resulting Pareto front, a weighted hyper-
volume indicator [49] is used.  

 
Fig. 1. Granular Computational Inverse Design scheme 

The concept of GCID is illustrated in Fig. 1. In the first step, the 
optimisation problem is formulated (number of design variables, 
number of stiffness coefficients considered, constraints on the var-
iables, number of criteria). Based on this information, an optimisa-
tion approach (use of a single- or multi-objective algorithm) is se-
lected. The next step involves the Granular Computational Homog-
enisation procedure to calculate the output interval stiffness coeffi-
cients based on the interval variables. The output values are used 
to compute the values of the objective functions. These operations 
are performed until the stopping criterion of the optimisation algo-
rithm is met.  

A multi-criteria optimisation problem can be solved using multi-
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objective algorithms or single-criteria algorithms with additional as-
sumptions, such as the use of a weighting method or changing ob-
jectives into optimisation constraints. The use of a multi-objective 
algorithm may require the use of additional nonlinear constraints 
related to the values of the objective function. As the result of the 
multi-objective algorithm is a Pareto front, the search area can be 
reduced by limiting the maximum distance between the required 
values of the stiffness coefficients and the values given by the op-
timisation algorithm. As a result of the optimisation, it is possible to 
obtain maximum ranges of uncertain microscopic properties of the 
homogeneous materials of which the final material is composed. 

The GCID procedure assumes the use of regular optimisation 
algorithms (based on classic arithmetic) to solve the problem de-
scribed by granular data. An application of EA for problems with 
imprecise data is done by converting the design variables. It is per-
formed by introducing two design variables as 𝑎−and 𝑎+values of 
each proper interval input parameter. In order to ensure the proper 
intervals are maintained, the correct sequence of end values is ver-
ified and adjusted as needed.   

5. NUMERICAL RESULTS 

A fibre-reinforced composite with uniform distribution of unidi-
rectional fibres is considered. RVE contains 9 uniformly distributed 
parallel fibres. The dimensions of the RVE are assumed as 
30×30×30 μm (Fig. 2). The volume fraction of the reinforcement 𝑓 
depends on the diameter of the fibre df. The geometry is discretised 
into 29 484 high-quality hexahedral elements with quadratic shape 
functions (Hex20), resulting in 124 531 nodes and 373 593 DoFs. 

 
a)             b)    

Fig. 2.  The RVE model of the fibre-reinforced composite material: a) unit 
cell geometry, b) FEM mesh 

Since a uniform fibre distribution is assumed, the material can 
be treated as orthotropic with two equivalent perpendicular direc-
tions (𝑥2 and 𝑥3). As a result, the number of independent stiffness 
coefficients in Eq. 9 reduces to six due to the following equalities: 

 𝐶12 = 𝐶13, 𝐶22 = 𝐶33, 𝐶55 = 𝐶66.  

The aim of the inverse design is to optimise the possible ranges 
of input parameters at the microscale in order to obtain the pre-
sumed equivalent macroscopic linear material properties due to 
normal strain loading in one direction. Microscopic material models 
are assumed to be isotropic ones. 

The first objective is to obtain an uncertain value of the 𝐶22 co-

efficient of the stiffness matrix: 𝐶̅22
∗

 = [15.2, 16.8] GPa. This factor 
is related to the stress response to the load in the direction perpen-
dicular to the fibre orientation and is crucial to determining the 

mechanical properties of the laminate. The second objective is to 
obtain the width of the identified parameters’ ranges in assumed 
intervals.  

The interval values of elastic moduli, Poisson’s ratios of fibre 
and matrix materials, as well as the volume fraction of the reinforce-
ment are used as the design variables:  

𝑝̅1 = 𝐸̅𝑚 [GPa], 𝑝̅2 = 𝜈̅̅𝑚  [−], 𝑝̅3 = 𝐸̅f  [GPa], 𝑝̅4 = 𝜈̅̅f  [−], 𝑝̅5 = 𝑓̅ [−].  

It is assumed that reinforcement volume fraction range is 𝑓∈ 
[0.2, 0.4] while assumed linearly-elastic material properties’ ranges 
(variable constrains) are:  

− matrix Young’s modulus 𝐸𝑚 ∈ [2, 8] GPa,  

− matrix Poisson’s ratio 𝜈̅𝑚 ∈ [0.3, 0.4], 

− fibre Young’s modulus 𝐸𝑓 ∈ [50, 450] GPa, 

− fibre Poisson’s ratio 𝜈̅𝑓∈ [0.2, 0.35]. 
As the introduced objectives are potentially contradictory, two 

approaches to the optimisation problem are applied. The first ap-
proach involves a single-objective evolutionary algorithm using a 
weighting method to combine both optimisation goals. In the sec-
ond approach, a multi-objective evolutionary algorithm is used to 
determine the Pareto front for the two objective functions. To solve 
the inverse design problem, computational homogenisation based 
on the material microstructure representation, 2nd order polynomial 
RS for interval variables and evolutionary algorithms are used. 

To solve the optimisation problem, the RS, describing material 
behaviour for a wide range of identified parameters, is created. To 
create the RS in terms of the 2nd order polynomial, the DoE is per-
formed. The CCF variant of Central Composite Design is used, re-
sulting in 43 design points [41]. The output values are calculated 
using periodic boundary conditions. Numerical homogenisation is 
performed for each design point.  

All calculations were performed on a workstation notebook with 
an Intel Core i7-8750H 6-core 2.2GHz processor and 32GB of 
RAM. The computational time for homogenisation for  each design 
point was approximately 60 s, and the total computation time for all 
design points to obtain the response surface was approximately 45 
min. The optimisation algorithms used within the methodology 
(populational algorithms, here the Evolutionary Algorithm) require a 
very large number of calculations of the objective function. The use 
of a response surface, once construct-ed, provides almost instan-
taneous information about the value of the objective function. 

After the design points calculation, the coefficients of 2nd order 
polynomial RS are calculated utilising the least squares method for 
each output parameter. The number of variable input parameters is 
equal to 5, resulting in 21 polynomial coefficients. The RS is de-
scribed by: 

𝐶22
𝑅𝑆 = 𝛽0 + ∑ 𝛽𝑘𝑝𝑘

5
𝑘=1 + ∑ 𝛽𝑘𝑙𝑝𝑘𝑝𝑙𝑘,𝑙 ,   (33)  

where 

𝑘, 𝑙 ∈  {
(1,1), (1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (2,4),
(2,5), (3,3), (3,4), (3,5), (4,4), (4,5), (5,5)

}, 

𝑝𝜉  is the 𝜉-th design variable value (𝑝1 = 𝐸𝑚, 𝑝2 = 𝜈̅𝑚, 𝑝3 =

𝐸𝑓, 𝑝4 = 𝜈̅𝑓, 𝑝5 = 𝑓).  

The values of the polynomial coefficients 𝛽 and quality metrices 
for 𝐶22

𝑅𝑆 are collected in Tab. 1.  
Independent datasets were used to create and test the models. 

An additional 47 sets of combinations of random parameters were 
used to calculate the PRESS metric values. Quality metrics indicate 
very good match between the samples and the RS. 
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Tab. 1. Polynomial coefficients for 𝐶22
𝑅𝑆 and quality metrics 

5.1. Weighted sum approach 

To solve the optimisation problem using a single-objective al-
gorithm, a single objective function describing three optimisation 
goals was proposed: matching the obtained values of the stiffness 
coefficients with the expected ones (minimisation of 𝑔1(𝐩̅)) and 
widening the normalised widths of the design parameters (maximi-
sation of 𝑔2(𝐩̅)). The optimisation problem is formulated as fol-
lows: 

{
 
 
 
 

 
 
 
 

minimise  𝑓𝑔(𝐩) =   𝜑1𝑔1(𝐩) − 𝜑2𝑔2(𝐩)

subject to: 

{
 
 
 
 

 
 
 
 

𝑔1(𝐩) = 𝐷(𝐶̅22(𝐩) −𝔻 𝐶̅22
∗ )

𝑔2(𝐩) = min
𝑝𝑖
𝑤′(𝑝̅𝑖) , 𝑖 = 1, 2, … , 5

𝑏𝐿𝑖 ≤ 𝑝𝑖
−,+ ≤ 𝑏𝑈𝑖 , 𝑖 = 1, 2, … , 5

𝐛𝐋𝐔 =

[
 
 
 
 
2.0 8.0
0.3 0.4
50.0 450.0
0.2 0.35
0.2 0.4]

 
 
 
 

,   (34) 

where 𝑤(𝑝̅
𝑖
) is a width of design parameter 𝑝̅

𝑖
, 𝜑1 and 𝜑2 are 

weighting coefficients. Three sets of weighting coefficients are con-
sidered: A: 𝜑1 = 0.5, 𝜑2 = 0.5; B: 𝜑1 = 0.25, 𝜑2 = 0.75; 
C: 𝜑1 = 0.75, 𝜑2 = 0.25. In order to be able to apply the regular 
(non-interval) optimisation algorithm, both ends of each design pa-
rameter are treated as design variables, resulting in 10 design var-
iables.  

The optimisation is performed by the DEA algorithm. The DEA 
parameters were set on initial DEA runs and the authors' previous 
experience. The parameters of the DEA are: 

− number of subpopulations: sp_n = 2, 

− number of individuals in each subpopulation sp_size = 100, 

− simple crossover and Gaussian mutation probability psG = 1,  

− uniform mutation probability pfm = 0.1, 

− rank selection pressure: ps = 0.8, 

− number of generations (stopping criterion) gen_no = 100. 
The results in the form of the best solution for 30 independent 

runs of DPEA for each set of weighting coefficients with information 
about the average objective function value 𝑎𝑣𝑔[𝑓𝑔(𝐩)] and its 

standard deviation 𝜎[𝑓𝑔(𝐩)], the relative difference δw between 𝐶̅22
∗  

and 𝐶̅22(𝐩̅) widths: 

𝛿𝑤 =
|𝑤(𝐶2̅2(𝐩̅))−𝑤(𝐶2̅2

∗ )|

𝑤(𝐶22
∗ )

,  (35)  

and the relative difference δc between 𝐶̅22
∗  and 𝐶̅22(𝐩̅) central 

values: 

𝛿𝑐 = |
𝑐𝑤(𝐶2̅2(𝐩̅))−𝑐𝑤(𝐶2̅2

∗ ) 

𝑐𝑤(𝐶2̅2
∗ )

|,   (36)  

are collected in Tab. 2.  
The values of the relative differences between 𝐶*22  and 

𝐶̅22(𝐩̅),  summarised in Tab. 2, indicate very good agreement with 
the assumed values  of 𝐶*22.. It can be seen that the weighting co-

efficients affect the 𝑔1(𝐩̅) and 𝑔2(𝐩̅) in such a way that a higher 
𝜑1 value results in lower (better) values of 𝑔1(𝐩̅) and lower 
(worse) values of 𝑔2(𝐩̅) and vice versa. Standard deviation values 

for all combinations of 𝜑1 and 𝜑2 show the high repeatability of 
𝑓𝑔(𝐩̅) results for all 30 DPEA runs in each case. 

Tab. 2.  The best results of the single-objective optimisation for different 
weighting coefficients 

Exemplary optimisation results for the first five best results and 
the worst one for 𝜑1 = 0.75 and 𝜑2 = 0.25 are collected in Tab. 
3. The results indicate that the objective function is multimodal, as 
different sets of design variables result in similar objective function 
values. In particular, the expected proportional effect of the value 
of parameter 𝑝̅3 on 𝐶̅22(𝐩)  is compensated for by the values of the 
other interval parameters. 

The values of δw and δc indicate that there are very low discrep-
ancies between the assumed and obtained widths and central val-
ues of interval stiffness coefficients. 

 
5.2. Pareto approach 

The optimisation problem for the Pareto approach is described 
as: 

𝛽0 2.663E+01 

𝛽𝑘 
𝛽1 = -8.969E-01; 𝛽2 = -1.410E+02; 𝛽3 = -3.450E-04; 

𝛽4 =-3.622E-01; 𝛽5 = -4.214E+01 

𝛽𝑘𝑙  

𝛽11 = 6.144E+00; 𝛽12 = 5.427E-04; 𝛽13 = 1.586E-01; 
𝛽14 = 4.170E+00; 𝛽15 = 6.277E-03; 𝛽22 = 2.490E+00; 
𝛽23 = 5.768E+01; 𝛽24 = 4.311E-03; 𝛽25 = 1.405E-02; 
𝛽33 = 3.669E+00; 𝛽34 = -1.067E-02; 𝛽35 = 2.056E+02; 
𝛽44 = -1.086E-05; 𝛽45 = -8.753E-01; 𝛽55 = 3.672E+01 

𝑅2 0.99586 

PRESS 23.23325 

𝜎𝑒𝑠𝑡 0.35107 

Variant A B C 

Weighting coefficients 
𝜑1 = 0.25, 
𝜑2 = 0.75 

𝜑1 = 0.5, 
𝜑2 = 0.5 

𝜑1 = 0.75, 
𝜑2 = 0.25 

𝑝̅1 = 𝐸𝑚 [GPa] 
[6.05064, 
6.46002] 

[4.91259, 
5.15732] 

[5.29892, 

5.54251] 

𝑝̅2 = 𝑣𝑚 [-] 
[0.37837, 
0.38391] 

[0.34833, 
0.35504] 

[0.36931, 

0.37214] 

𝑝̅3 = 𝐸𝑓 [GPa] [443.933, 
354.949] 

[298.173, 
331.484] 

[303.429, 

370.799] 

𝑝̅4 = 𝑣𝑓 [-] [0.30482, 
0.31628] 

[0.24757, 
0.27883] 

[0.26779, 

0.34706] 

𝑝̅5 = 𝑓 [-] 
[0.20564, 
0.21752] 

[0.37770, 
0.38936] 

[0.29828, 

0.31968] 

𝑔1(𝐩)  [GPa] 1.0987E-02 1.6975E-03 7.7079E-04 

𝑔2(𝐩) [-] 5.5390E-02 4.0799E-02 2.8280E-02 

𝑓𝑔(𝐩) -3.8796E-02 -1.9551E-02 -6.4919E-03 

𝑎𝑣𝑔[𝑓𝑔(𝐩̅)] -1.6084E-02 -5.5497E-03 1.6779E-02 

𝜎[𝑓𝑔(𝐩)] 9.9484E-03 1.1636E-02 5.7618E-02 

𝐶2̅2(𝐩) [GPa] 
[15.210668,  
16.797376] 

[15.200626, 
16.801578] 

[15.200105, 

16.800763] 

𝛿𝑤 [%]  2.5140E-02 6.8900E-03 2.7100E-03 

𝛿𝑐 [%] 8.3075E-01 5.9500E-02 4.1120E-02 
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{
 
 
 
 
 

 
 
 
 
 

minimise 𝑓1(𝐩)

maximise 𝑓2(𝐩)

subject to: 

{
 
 
 
 

 
 
 
 

𝑓1(𝐩) = 𝐷(𝐶̅22(𝐩) −𝔻 𝐶̅22
∗ )

𝑓2(𝐩) = min
𝑝𝑖
𝑤′(𝑝̅𝑖) , 𝑖 = 1, 2, … ,5

𝑏𝐿𝑖 ≤ 𝑝𝑖
−,+ ≤ 𝑏𝑈𝑖 , 𝑖 = 1, … , 5

𝐛𝐋𝐔 =

[
 
 
 
 
2.0 8.0
0.3 0.4
50.0 450.0
0.2 0.35
0.2 0.4]

 
 
 
 

.   (37) 

Nonlinear constraints in the form of are introduced to limit the 
search area of the Pareto front:  𝑓1(𝐩̅) < 2.5 [GPa] and 𝑓2(𝐩̅) < 
0.2. This has been implemented by means of an exterior penalty 
method [50]. 

Optimisation is performed by the MOOPTIM algorithm. The 
MOOPTIM parameters were set on initial MOOPTIM runs and the 
authors' previous experience as: 

− number of individuals pop_size = 100, 

− Gaussian mutation probability pmG = 0.7,  

− Gaussian mutation range rmG = 0.2, 

− uniform mutation probability pmu = 0.1,  

− simple crossover probability psG = 0.1,  

− arithmetic crossover probability psG = 0.1, 

− number of generations (stopping criterion) gen_no = 200. 
The results of the optimisation in the form of Pareto fronts for 

10 executions of MOOPTIM are shown in Fig. 3. To compare the 
results with the weighted sum approach, DPEA results are also pre-
sented. Selected results for the Pareto approach are summarised 
in Tab. 4. 

These include the minimum values of 𝑓1(𝐩̅) the maximum val-

ues of 𝑓2(𝐩̅), the values of the resulting design variables and the 
values of the hyper-volume indicators 𝐼𝐻 for ideal point (0.0, 0.2) 
and nadir point (2.5, 0.0). As negative hypervolume values are gen-
erated by the algorithm described in [49], a lower 𝐼𝐻 value denotes 
a better approximation set. 

The results show that the objective functions are contradictory; 
hence, an increase in the uncertainty of the design variables 
causes a drift beyond the assumed value of the stiffness coefficient. 
However, the Pareto fronts show that there exists an individual with 
𝑓1(𝐩̅) value close to 0 with specific non-zero value of 𝑓2(𝐩̅). The 

best results for the first objective function (𝑓1(𝐩̅) = 6.2008E-04) has 
been obtained for the 5th run of the MOOPTIM algorithm while the 
best results for the second objective function (𝑓2(𝐩̅) =1.8884E-01) 
has been obtained for the 6th run of the algorithm.  

The average value of 𝐼𝐻 is equal to -0.288657, while its standard 
deviation is 0.01291, indicating a high similarity of hypervolume in-
dicators for the different MOOPTIM runs. The best 𝐼𝐻 value has 
been obtained for the 6th run of the algorithm – purple triangles in 
Fig. 3, while the worst 𝐼𝐻 value has been achieved for the 1st run 
(red diamonds). The values of  δw and δc for the Pareto points rep-
resenting the best results for 𝑓1(𝐩̅) show a very low difference be-
tween the assumed and obtained widths and central values of in-
terval stiffness coefficients, not exceeding 0.9% in the worst case. 

The multi-objective algorithm also explores the possible stiff-
ness coefficient matching for large uncertainties of the identified pa-
rameters. The highest values of 𝑓2(𝐩̅) (limited to 0.2 by a non-lin-
ear constraint) are from the range of 0.14-0.19.  

As in the case of the single-objective algorithm, the multi-objec-
tive algorithm calculates similar values of 𝑓1(𝐩̅) and 𝑓2(𝐩̅) for dif-
ferent sets of design parameters. The solved optimisation problem 
is multimodal, indicating that different materials can satisfy the op-
timisation objectives. This may be due to a relatively large number 
of design variables that describe the mechanical properties of the 
structure. 

 

Fig. 3. Pareto fronts and DPEA results 

The presented approach belongs to a-posteriori multi-criteria 
optimisation methods, in which a second phase is necessary to se-
lect a single solution. Since all solutions on the Pareto front are 
equivalent, additional criteria can be used, such as cost, manufac-
turability or material availability. Moreover, additional non-linear 
constraints may limit the search area and should be considered in 
the decision-making proce

 

Tab. 3.  Exemplary results of the single-objective optimisation for 𝜑1 = 0.75, 𝜑2 = 0.25 

Rank 
𝑝̅1 = 𝐸𝑚  

[GPa] 

𝑝̅2 = 𝑣𝑚  
[-] 

𝑝̅3 = 𝐸𝑓  

[GPa] 

𝑝̅4 = 𝑣𝑓  

[-] 

𝑝̅5 = 𝑓  
[-] 

𝑔1(𝐩) 
[GPa] 

𝑔2(𝐩) 
[-] 

𝑓𝑔(𝐩) 
𝐶2̅2(𝐩)  
[GPa] 

𝛿𝑤, 𝛿𝑐   
[%]  

1 
[5.29892, 

5.54251] 

[0.36931, 

0.37214] 

[303.429, 

370.799] 

[0.26779, 

0.34706] 

[0.29828, 

0.31968] 
7.7079E-04 2.8280E-02 -6.4919E-03 

[15.200105, 

16.800763] 

2.7100E-03 
4.1120E-02 

2 
[6.58579, 

6.84576] 

[0.31106, 

0.31661] 

[179.078, 

257.930] 

[0.23188, 

0.34675] 

[0.31161, 

0.32033] 
1.0045E-02 4.3329E-02 -3.2986E-03 

[15.195634, 

16.790953] 

4.1916E-02 
2.9256E-01 

3 
[6.02565, 

6.17328] 

[0.32825, 

0.33579] 

[260.926, 

321.946] 

[0.26363, 
0.25501] 

[0.33863, 

0.31755] 
4.2133E-03 2.4606E-02 -2.9916E-03 

[15.202722, 

16.803215] 

1.8553E-02 
3.0813E-02 

4 
[5.75597,  

6.09119] 

[0.37103, 
0.36848] 

[80.847, 
99.605] 

[0.22293, 

0.29563] 

[0.29018’ 

0.30173] 
4.9521E-03 2.5470E-02 -2.6534E-03 

[15.204895, 
16.800749] 

1.7638E-02 
2.5913E-01 

5 
[5.79374, 

6.38056] 

[0.37613, 

0.37806] 

[317.142,  
421.272] 

[0.33603, 
0.34437] 

[0.23377, 
0.23645] 

2.3205E-03 1.3425E-02 -1.6159E-03 
[15.199783, 
 16.802310] 

6.5406E-03 
1.5794E-01 

30 
[7.34717, 
7.41631] 

[0.34548, 
0.34419] 

[98.303, 
450,000] 

[0.28926, 
0.29484] 

[0.20000, 
0.22936] 

5.8223E-02 1.1523E-02 4.0787E-02 
[15.194355, 
16.857949] 

1.6345E-01 
3.9746E+00 
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Tab. 4. Results of the multi-objective optimisation 

Run 𝐼𝐻 Pareto  
point 

𝑝̅1 = 𝐸𝑚 

[GPa] 
𝑝̅2 = 𝑣𝑚  

[-] 

𝑝̅3 = 𝐸𝑓  

[GPa] 

𝑝̅4 = 𝑣𝑓  

[-] 

𝑝̅5 = 𝑓  

[-] 

𝑓1(𝐩) 

[GPa] 
𝑓2(𝐩) 

[-] 

𝐶2̅2(𝐩)  
[GPa] 

𝛿𝑤, 𝛿𝑐  
[%]  

1 -0.26058 

min 𝑓1(𝐩) 
[6.21597, 
6.45371] 

[0.32362, 
0.32760] 

[149.183, 
180.177] 

[0.21958, 
0.30889] 

[0.32641, 
0.34275] 

2.9865E-03 3.9623E-02 
[15.197072, 

16.799410] 

1.0994E-02 
1.4612E-01 

max 𝑓2(𝐩) 
[5.65513, 
6.52451] 

[0.30761, 
0.32362] 

[377.437, 
450.000] 

[0.31219, 
0.33490] 

[0.30399, 
0.36323] 

2.4308E+00 1.4490E-01 
[13.106417, 

18.035232] 

2.6823E+00 
2.0805E+02 

2 -0.28839 

min 𝑓1(𝐩) 
[6.64138, 
6.87106] 

[0.36113, 
0.36698] 

[71.940, 
162.432] 

[0.26203, 
0.31893] 

[0.22596, 
0.23219] 

2.9716E-03 3.1145E-02 
[15.201644, 

16.802470] 

1.2856E-02 
5.1625E-02 

max 𝑓2(𝐩) 
[5.78269, 
6.87106] 

[0.32687, 
0.34218] 

[334.408, 
450.000] 

[0.29318, 
0.35000] 

[0.25825, 
0.28928] 

2.2397E+00 1.5310E-01 
[13.032410, 

17.363930] 

5.0114E+00 
1.7072E+02 

3 -0.29693 

min 𝑓1(𝐩) 
[6.02157, 

6.24235] 

[0.30924, 
0.32460] 

[313.892, 

323.541] 

[0.20476, 
0.23224] 

[0.34545, 
0.35226] 

9.1474E-04 2.4120E-02 
[15.199641, 

16.799159] 

3.7500E-03 
3.0125E-02 

max 𝑓2(𝐩) 
[5.94323, 
6.93317] 

[0.30700, 
0.32460] 

[357.547, 
450.000] 

[0.28208, 
0.35000] 

[0.27794, 
0.32512] 

2.3664E+00 1.6499E-01 
[13.038762 

17.763848] 

3.7418E+00 
1.9532E+02 

4 -0.28615 

min 𝑓1(𝐩) 
[5.67805, 
5.81318] 

[0.30305, 
0.32223] 

[318.653, 
450.000] 

[0.21592, 
0.30478] 

[0.38134, 

0.38597] 
4.6047E-03 2.2522E-02 

[15.201917, 

16.795817] 

7.0812E-03 
3.8125E-01 

max 𝑓2(𝐩) 
[5.26435, 
6.37166] 

[0.34681, 
0.36387] 

[345.252, 
450.000] 

[0.31243, 
0.35000] 

[0.28161, 
0.31635] 

2.4268E+00 1.7065E-01 
[13.389715, 

18.416232] 

6.0642E-01 
2.1416E+02 

5 -0.27313 

min 𝑓1(𝐩) 
[5.49730, 
5.83237] 

[0.33979, 
0.34532] 

[377.152, 
450.000] 

[0.20000, 

0.24683] 

[0.33794, 
0.34838] 

6.2008E-04 5.2240E-02 
[15.200134, 

16.799395] 

1.4719E-03 
4.6188E-02 

max 𝑓2(𝐩) 
[5.20406, 
6.14267] 

[0.31508, 
0.33451] 

[359.835, 
450.000] 

[0.30955, 
0.33613] 

[0.33212, 
0.37497] 

2.4372E+00 1.5643E-01 
[13.098494, 

18.034225] 

2.7103E+00 
2.0848E+02 

6 -0.30318 
min 𝑓1(𝐩) 

[6.74116, 
7.13123] 

[0.34609, 
0.35073] 

[326.580, 
388.616] 

[0.22717, 
0.31078] 

[0.22181, 
0.23521] 

2.8838E-03 4.6350E-02 
[15.201307, 

16.802570] 

1.2116E-02 
7.8937E-02 

max 𝑓2(𝐩) 
[6.84060, 
8.00000] 

[0.31912, 
0.34471] 

[313.585, 
450.000] 

[0.28905, 
0.35000] 

[0.20547, 
0.24324] 

2.4610E+00 1.8884E-01 
[13.588805, 
18.660209] 

7.7817E-01 
2.1696E+02 

7 -0.29861 

min 𝑓1(𝐩) 
[6.07599, 
6.13976] 

[0.35545,  

0.36251] 

[66.934, 
103.602] 

[0.23487, 

0.27334] 

[0.29319, 

0.31667] 
1.0141E-02 1.0628E-02 

[15.204597, 
16.790961] 

1.3881E-02 
8.5225E-01 

max 𝑓2(𝐩) 
[6.16085, 
7.23273] 

[0.30000, 
0.31959] 

[311.748, 
381.206] 

[0.24644, 
0.27261] 

[0.28919, 
0.33169] 

2.3757E+00 1.7365E-01 
[13.514604, 

18.474349] 

3.4522E-02 
2.0998E+02 

8 -0.28615 

min 𝑓1(𝐩) 
[7.06127, 
7.38220] 

[0.30000, 
0.30279] 

[357.869, 
392.536] 

[0.28429, 
0.32087] 

[0.27701, 
0.29914] 

3.8161E-03 -2.796E-02 
[15.201885, 

16.803318] 

1.6259E-02 
8.9562E-02 

max 𝑓2(𝐩) 
[5.11271, 
6.11818] 

[0.37069, 
0.38602] 

[326.957, 
450.000] 

[0.32087, 
0.35000] 

[0.24097, 
0.27701] 

2.1827E+00 1.5331E-01 
[13.333662, 

17.931799] 

2.2954E+00 
1.8738E+02 

9 -0.29202 

min 𝑓1(𝐩) 
[6.98408, 
7.14029] 

[0.32483, 
0.33341] 

[89.1451, 
110.587] 

[0.27858, 
0.34763] 

[0.27141, 
0.28943] 

2.6195E-03 2.6035E-02 
[15.202586, 

16.799585] 

6.7844E-03 

1.8756E-01 

max 𝑓2(𝐩) 
[5.12698, 
6.16768] 

[0.36979, 
0.38819] 

[293.851 
450.000] 

[0.30270, 
0.33132] 

[0.25029, 
0.28474] 

2.3811E+00 1.7227E-01 
[13.529283, 

18.496622] 

8.0953E-02 
2.1046E+02 

10 -0.29388 

min 𝑓1(𝐩) 
[6.41585, 
6.79624] 

[0.37605, 
0.37959] 

[50.000, 
71.4883] 

[0.20603, 
0.24717] 

[0.21665, 
0.22781] 

2.9710E-03 3.5399E-02 
[15.199480, 

16.802953] 

7.6031E-03 
2.1706E-01 

max 𝑓2(𝐩) 
[6.41585, 
7.39224] 

[0.34290, 
0.36104] 

[346.451, 
450.000] 

[0.30325, 
0.34305] 

[0.22490, 
0.25735] 

2.1655E+00 1.6221E-01 
[14.412384, 

18.817226] 

3.8425E+00 
1.7530E+02 

6. CONCLUSIONS 

The paper presents the Granular Computational Inverse De-
sign procedure as a novel approach to the problems of identification 
of interval microstructure parameters of inhomogeneous materials 
for desired incertitude macroscopic properties. As a result of the 
identification, interval parameters of the constituent geometry and 
the material properties on the microscale are obtained. Directed in-
terval arithmetic is applied instead of the classical one to reduce the 
undesirable effect of interval widening as a result of arithmetical op-
erations. To speed up the calculations, response surfaces has been 
applied to build the metamodel. The Central Composite Design 
method has been used as the Design of Experiment method be-
cause of the high precision of the mesh. The quality of the RS ob-
tained has been using several quality metrics. 

The GCID procedure has been verified on a fibre-reinforced 
composite with a uniform distribution of unidirectional fibres. Two 
approaches to the multi-objective optimisation are presented. A-pri-
ori methods (here the weighted sum approach) combine objectives 
using predefined weights and transform a multi-criteria problem into 
a single-criteria problem, which is solved here using a DEA 

algorithm. This method targets a specific region of the solution 
space, generating fewer candidate solutions. The second approach 
uses the MOOPTIM algorithm to generate Pareto optimal solutions 
without taking preferences into account. The decision maker can 
analyse different post-optimisation scenarios.   

Single-criteria optimisation usually produces specific solutions 
that may not be optimal in different scenarios, whereas multi-criteria 
optimisation reveals a range of viable solutions. Multi-criteria algo-
rithms like MOOPTIM explore a wider design space, resulting in a 
multimodal optimisation problem where different sets of design var-
iables can achieve similar values of the objective function.  The 
choice of approach depends on the researcher. 

The results obtained show the high efficiency of the GCID pro-
cedure in both cases.  

The presented methodology can be applied to parameter iden-
tification problems in material design and manufacturing processes 
with epistemic uncertainties. It is planned to extend the proposed 
attitude to diverse types of information granularity (fuzzy numbers), 
novel hybrid materials including e.g. auxetics, and different material 
models (nonlinear materials), and others. The extension may re-
quire application of more sophisticated and accurate metamodels. 
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Abstract: Methods for modelling of crack growth and prediction of the lifetime of structure operated at creep conditions are presented in the 
paper. Analyses were performed at fracture mechanics (FM) and damage mechanics (DM). In the case of FM, the C*-integral  
and C(t)-integral were used. Two models were considered: without and with damage development in the vicinity of crack tip. For DM models, 
the Kachanov equation was chosen as the basic one. To avoid the strain and damage concentration and thus the mesh-dependence of the 
solution, the non-local integral method was applied. Since the damage model is stress-dependent, strains cannot be used as an averaged 
parameter; nevertheless, damage increment was used. The simulations of creep crack growth were performed for a compact tension  
specimen made of 316 stainless steel at a temperature of 550°C and their results were compared with experimental results. The FM method 
in a damaged environment and the non-local DM method were identified as the most promising. As the results for time to failure were 
ambiguous, the safety margin and critical crack length were recognised as parameters that are useful in safety analysis in the case of creep 
crack growth.  

Keywords: creep crack growth, life prediction, C*-integral, C(t)-integral, non-local damage mechanics method 

1. INTRODUCTION 

Nowadays, there remains a growing demand for greater accu-
racy and reliability of the models used for predicting the lifetime of 
structures working at elevated temperatures. Not only can the ab-
solute lifetime be evaluated, but relative parameters like safety mar-
gins also contain important information. They enable the prediction 
of the remaining time after the first symptoms of damage are no-
ticed. 

In order to assess the safety margin, the lifetime of a compo-
nent working in creep conditions is divided into two stages. The first 
stage is characterised by the development of internal damage. This 
stage, called the pre-cracking process, is terminated when the first 
macroscopically observed damage occurs, this time is denoted by 
ti. In the second stage, the defects spread to form a single crack or 
a field of cracks or voids (cf. [1]). This is called post-cracking. The 
mode of this development depends on the material properties as 
well as on the geometry of the specimen and the environmental 
conditions. At the beginning of this stage, the crack develops in a 
stationary manner. The strain rate is almost constant and the stress 
distribution around the crack tip follows the crack tip position, i.e. it 
is constant in time as a function of position relative to the current 
crack tip. At the end of the process, one can observe the accelera-
tion of the crack growth. In this stage, the length of the crack 
reaches its critical size, i.e. the final fracture occurs. The total time 
to failure is denoted by tf. The safety margin is defined by ratio tf/ti.  

The first stage can be described by damage mechanics (DM) 
methods. The second one is the domain of fracture mechanics 
(FM), but the DM approach can also be involved. The FM methods 
give a much more relevant solution of the problem of crack growth, 

but DM allows for a better understanding of the crack propagation 
process, especially for complex geometrical and material configu-
rations. 

In the current work, the stress-based model of damage devel-
opment originally proposed by Kachanov [2] and then developed by 
Rabotnov [3] was examined. Its description of the crack growth pro-
cess in creep conditions was compared with the results of FM anal-
ysis. As a basic tool, the finite element method (FEM) was used. 
The non-local integral method was applied in order to regularise the 
solution. Many other models of damage development exist, such as 
the stress-based Murakami-Liu model (e.g. [4]), strain-based mod-
els (e.g. [5]), the micromechanical model (e.g. [6]). There are also 
many methods of numerical solution, like XFEM (e.g. [7]), the ei-
konal non-local method (e.g. [8]) and gradient methods of regulari-
sation (e.g. [9]). However, they usually require very specialised 
tools. Additionally some stress-based DM methods, to accurately 
describe the crack growth process introduce several damage pa-
rameters [10,11,12]. This, in turn, requires the identification of many 
material parameters, which is not straightforward due to the time-
consuming nature of damage testing under creep conditions. 

The aim of the current paper is to show the capabilities of the 
application of a relatively simple Kachanov equation in order to 
solve a given problem. The C(t)-integral, as well as the time to fail-
ure were determined for a material with developing damage using 
the numerical method proposed by the author. Additionally, a non-
local method already proposed in [13] has been developed using 
the DM approach, where averaging is performed with a weighting 
function over an area limited by the interaction radius.  

The main goal of the present work is to compare the mentioned 
methods and their applicability to studying various stages of crack 
development under creep conditions. This will allow for the 
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establishment of a safety margin, i.e., a parameter that enables the 
estimation of the lifetime of structural elements based on the ob-
served first signs of damage.  

To illustrate the problem, the cracking of a specimen made of 
316 stainless steel at a temperature of 550°C was analysed. The 
316SS is widely used, e.g. in pressure vessels in nuclear reactors, 
especially at elevated temperatures where creep and creep-fatigue 
resistance are of primary importance. 

There are numerous items of experimental data available in the 
literature for this material, both for the tension of initially undamaged 
specimens and for compact tension (CT) specimens (e.g. 
[14,15,16,17,18]). The typical operating temperature for pressure 
vessels made of 316 steel is about 0.4 Tm, where Tm is the melting 
temperature approximately 1680 K (cf. [19]). Most of the available 
experimental data pertains to the temperature range of 0.5 to 0.6 
Tm, as tests at lower temperatures are more time-consuming. The 
chosen temperature also falls into this range, as 550°C corre-
sponds to 0.49 Tm.. Therefore, the extension of the obtained re-
sults to other temperature ranges should be done with great cau-
tion, taking into account the changes in creep and damage mecha-
nisms observed on the corresponding maps (cf. [19,20]).  

2. THE FRACTURE MECHANICS APPROACH 

2.1. FM models of creep crack growth (CCG) 

The FM approach uses the energy needed for crack develop-
ment as the main source of information about the process. For a 
given crack length, it is possible to calculate the critical loading or 
alternatively the critical crack length for a given loading. 

In the first stage of failure development, there is no observable 
crack, so it is impossible to describe this stage in terms of FM. How-
ever, it is possible to correlate this period with FM parameters and 
determine the time of crack initiation (cf. [21,22]). 

In the second stage, FM is mainly used in the case of a single 
crack. If the stress field around the crack tip is known, the J-integral 
or its creep equivalents C* or C(t) can be calculated. The definition 
of the C* contour integral is similar to the J-integral but strains and 
displacements are replaced by their rates (cf. [22,23]): 

𝐶∗ = ∫ (𝑊𝑠
∗𝑑𝑦 − 𝑇𝑘

𝜕𝑢̇𝑘

𝜕𝑥
𝑑𝑠)

𝛤
, (1) 

where 𝑊𝑠
∗ = ∫ 𝜎𝑖𝑗𝑑𝜀𝑖̇𝑗

𝑐𝜀̇𝑖𝑗
𝑐

0
 is the strain energy rate density, Tk is 

the traction vector, 𝑢̇𝑘 is the displacement rate vector in stationary 

creep state, Г is a contour around the crack tip. The C*-integral is 
path independent if the elastic strain rates are small in comparison 
to creep strain rates. In these conditions, C* describes the stress 
distribution near the crack tip [23]. 

When the stationary creep does not occur, the stress field 
around the crack tip can be described by the C(t) parameter [24]: 

𝐶(𝑡) = ∫ (𝑊𝑠
∗𝑑𝑦 − 𝑇𝑘

𝜕𝑢̇𝑘

𝜕𝑥
𝑑𝑠)

𝛤→0
. (2) 

This integral is not path independent, it has to be evaluated 
near the crack tip. For a large t, when creep becomes stationary, 
C(t) approaches the C*-integral, for any t: C(t) > C*. It was shown 

that in stationary creep conditions, the C*-integral can be correlated 
with the crack growth rate (cf. e.g. [21,25,26]).  

2.2. FM estimation of lifetime 

The time for crack initiation ti is not directly described by FM 
models. There are some estimations, and the proposition of Tan, 
Celard et al. [21] is applied in the current work. They defined a lower 
and upper approximation. The first formula uses the typical relation 
between the C* parameter and crack growth rate: 

𝑎̇ = 𝐷𝐶∗𝜑, (3) 

where a is the current crack length, and D and φ are material pa-
rameters. To calculate the time ti, the initial crack increment da is 
assumed. This increment is assessed as the minimum crack length 
which can be measured. This approach gives the lower approxima-
tion of the crack initiation time: 

𝑡𝑖𝐿 =
𝑑𝑎

𝐷𝐶∗𝜑
. (4) 

The upper approximation tiU is achieved under assumption that 

the initial crack growth rate is (n+1) times smaller than the rate in 
a stationary state, where n is creep index in the Norton creep eq. 
(8): 

𝑡𝑖𝑈 =
(𝑛+1)𝑑𝑎

𝐷𝐶∗𝜑
. (5) 

The comparison of the results of experiments for different steels 
with the approximations defined above indicated that the crack ini-
tiation times fall within the expected range. The lower approxima-
tion was closer to the experimental results in most of the examined 
cases (cf. [21]). 

The next step in the determination of the safety margin is the 
estimation of the crack growth time period tf-ti. This is usually de-
termined though the integration of eq. (3), starting from the initial 
crack length ai=da up to the final crack length af which is equal to 
the total width of the element (cf. [27]). To perform this integration, 
the relationship between the value of the C* parameter and the cur-
rent crack length has to be established. This relationship can either 
be obtained analytically (cf. [22]) or numerically. This approach is 
limited by the assumption that the crack grows in a stationary envi-
ronment, i.e. the stress distribution in the vicinity of the crack tip is 
described by stationary creep equations. This is possible only when 
the rate of stress redistribution is faster than the rate of crack 
growth. If this assumption is not satisfied, the C*-integral cannot be 
used and instead, other parameters, specific to the transition creep 
period, like C(t) or Ct, can be applied (cf. [28]). 

The material parameters D, φ (eq. (3)) can be found experi-
mentally or determined by some analytical formulas (see [22]). 
There is also an approximate solution which describes the creep 
crack growth quite well for most of the cases (cf. [5]): 

𝑎̇ =
3𝐶∗0.85

𝜀𝑓
∗ , (6) 

while 𝜀𝑓
∗ = 𝜀𝑓 in plane stress, where εf is equal to the ductility at 

the uniaxial tension probe, in plane strain, it is assumed that  

𝜀𝑓
∗ = 𝜀𝑓 50⁄  

or  

𝜀𝑓
∗ = 𝜀𝑓 30⁄ , 𝜀𝑓

∗ 

is in a dimensionless unit, 𝑎̇ is in mm/h, and C* is in MPam/h (cf. 
[5,21]). 
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3. THE DAMAGE MECHANICS APPROACH 

3.1. Uniaxial tension creep damage model 

All of the formulas of FM are valid only in situations where an 
initial crack exists. Parameters like C*, C(t) are undefined for 
uncracked specimens. There is no such limitation in the case of 
damage mechanics models. The damage develops in material that 
is initially undamaged, which leads to the initiation of a microcrack. 
Therefore, DM can be used for determination of the time ti. It is also 
possible to model the flaws or microcrack systems in original mate-
rial by setting an appropriate initial damage field. 

When the crack starts to develop, the application of DM is more 
troublesome. However, attempts to describe the crack develop-
ment by growth of the damage field up to its critical value and fur-
ther development are often made (cf. e.g. [5,25,29,30,31]). 

This approach, known as the local approach to fracture (LAF) 
encounters a series of problems [32]. Applications of continuous 
equations in the solving of DM problems (named continuous dam-
age mechanics [33]) are limited by the size of the smallest element 
in which system variables can be considered continuous, called 
representative volume element (RVE). The requirements for RVE 
are contradictory. RVE should be large enough to contain the rep-
resentative number of defects and sufficiently small that the varia-
tions of stress and strain values are relatively small. These require-
ments can be more or less satisfied for a problem with undamaged 
or randomly distributed damage to the material (cf. [34]). The dam-
age distribution is usually corelated with the microstructure of the 
material and the size of RVE is then adopted to the characteristic 
dimensions of this microstructure. 

In the original Kachanov model [2] and in its successors (e.g. 
[4,18,35]), the development of damage is dependent upon the 
stress state. There are also strain-based damage models (e.g. 
[15,36,37]) in which the critical value of the damage parameter is 
achieved when the ductility of material is exhausted. The current 
work is mainly based on the Kachanov proposition of creep damage 
development. Additionally, it is assumed that the creep strains are 
associated with damage (cf. [3]). The uniaxial constitutive equa-
tions are as follows: 

𝜔̇ = 𝐶 (
𝜎

1−𝜔
)
𝑚

, (7) 

𝜀𝑐̇ = 𝐵 (
𝜎

1−𝜔
)
𝑛

, (8) 

where σ is uniaxial stress, 𝜀𝑐̇ is the creep strain rate, ω is the dam-

age parameter, and C, m, B and n are material parameters. The 
time to failure and the stationary creep rate obtained as a solution 
of the Kachanov model show a good agreement with experimental 
results for a very large spectrum of materials. However, the strain 
values and the shape of the creep curve are not well predicted by 
the eqs. (7-8). This is so because the primary creep stage is not 
considered in these equations. To compensate, the effect of pri-
mary creep, the instantaneous strain ε0 which is equal to sum of 
elastic, plastic and the equivalent of primary strain is introduced. 
The total strain is then the sum of instantaneous and creep strain: 

𝜀 = 𝜀0 + 𝜀𝑐. (9) 

3.2. Influence of stress triaxiality 

The equations of the development of creep damage are fitted 
to experimental results in the uniaxial tension creep test. While the 

triaxial stress state is achieved in the vicinity of the crack tip (cf. e.g. 
[15,18,35,38]). Hayhurst, who analysed the growth of damage in 
the multiaxial state, assumed that effective stress σeff is responsible 
for damage development and it takes the form [39]: 

𝜎𝑒𝑓𝑓 = 𝛼𝜎𝑚𝑎𝑥 + 3𝛽𝜎𝑚 + 𝛾𝜎𝑒, 𝛼 + 𝛽 + 𝛾 = 1, (10) 

where α, β, γ are material parameters, σmax is maximum principal 
stress, σm is mean stress and σe is Huber-von Mises-Hencky equiv-

alent stress. The influence of σm is negligible for metallic materials 
as it is responsible for the volumetric growth of voids and creep 
deformation is regarded as incompressible. Then eq. (10) reduces 
to: 

𝜎𝑒𝑓𝑓 = 𝛼𝜎𝑚𝑎𝑥 + (1 − 𝛼)𝜎𝑒, (11) 

and the effect of stress triaxiality is solely described by parameter 
α. This approach is widely used in many stress-based damage 
models (cf. e.g. [4,25,35]). 

In models where the damage parameter is based on strain, the 
ductility is described by the Manjoine equation (cf. e.g. [4,15,40]): 

𝜀𝑓
∗ = 𝜀𝑓2

1−
3𝜎𝑚
𝜎𝑒 . (12) 

Here, the ductility is a function of the triaxiality coefficient de-
fined as ratio σm/σe. In the vicinity of the crack tip, the value of this 
coefficient is large, so the strain at failure is small (cf. [18]). In Fig. 
1 it can be seen that the strain at failure calculated from the Ka-
chanov model (eqs. (7-8, 11)) is close to the Manjoine model in this 
range. 

 
Fig. 1. Comparison of the ductility obtained on the basis of the Kachanov   

and Manjoine models 

3.3. Non-local damage model 

The main problem in the application of continuous DM equa-
tions is strong localised damage and strain occurring in the numer-
ical solution of crack problems. It results in the spurious mesh de-
pendence of the solution (cf. [41]). 

There are many possibilities to prevent excessive damage lo-
calisation, such as the mesh-dependent softening modulus, the lim-
itation of mesh size, artificial viscosity, the Cosserat continuum, the 
gradient method and the non-local integral method (see [42] for re-
view). The non-local damage theory seems to be one of the most 
popular theories. The idea is that the constitutive equation contains 
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not only local values but also some non-local parameters obtained 
by averaging the chosen value in a particular volume. The motiva-
tion for the use of non-local theory is the observation that the growth 
of the crack does not depend on the state at a given point but on 
energy release in its vicinity (cf. [43]). This method is also used in 
the current work. 

The definition of the non-local value of the state variable ξ is: 

𝜉̄(𝑥) =
1

𝑉𝑟
∫ 𝑤(𝑥, 𝑟)𝜉(𝑟)
𝑉(𝑥)

𝑑𝑣,  𝑟 ∈ 𝑉(𝑥),  (13) 

where V(x) is the neighbourhood of point x, w(x,r) is the weighted 
function, and  

𝑉𝑟 = ∫ 𝑤(𝑥, 𝑟)
𝑉(𝑥)

𝑑𝑣,  𝑟 ∈ 𝑉(𝑥),  (14) 

is the characteristic volume (cf. [44]). 
The value of weighted function depends on the relative position 

of points x and r. The most popular version of it is Gaussian distri-
bution: 

𝑤(𝑥, 𝑟) = 𝑒𝑥𝑝 (−(
𝑑(𝑥,𝑟)

𝑑∗
)
2

),  (15) 

where d(x,r) is the distance between points x, r, and d* is the 
characteristic length. The characteristic length becomes a new 
method parameter. Usually, it is a material parameter, depended 
on the internal structure of the material. For crystalline materials, it 
has to be associated with grain size (cf. e.g. [13,45]). According to 
some authors, it is not a pure material parameter as it is also de-
pendent on the used solution method (cf. e.g. [46,47]). 

Theoretically, the size of the neighbourhood V(x) can be un-
limited, but for practical reason, it is limited to some extension of 
characteristic length. The smallest distance between points x and 

r, at which the weighted function vanishes or becomes negligible, 
is called the non-local interaction radius (cf. [43]). There are also 
methods for which the interaction radius is exactly equal to the char-
acteristic length (e.g. grid method [13,48]). 

4. CREEP CRACK GROWTH SIMULATION OF CT SPECIMEN  

4.1. Experiment description 

The analysis was performed for a compact tension (CT) speci-
men made of 316 stainless steel creeping at a temperature of 
550°C. Its results were compared with experimental data [18]. The 
dimensions of the specimen are presented in Fig. 2 and Table 1. 
The CT specimen was prepared according to the standard proce-
dure given in ASTM E-399. The loading was 19,620 N which gives 
a time to rupture of about 40 200 hours at a temperature of 550°C. 
The reference stress level calculated according to [18] is 164 MPa. 
The fracture toughness of 316 stainless steel is about 240 MPam0.5 
at room temperature and it is reduced by about half at 550°C (cf. 
[49]). A similar reduction can also be found in [50]. 

The specimen was modelled in the Abaqus Finite Element sys-
tem in plane strain. Due to symmetry, only half of each specimen 
was modelled. The example of the mesh with symmetric boundary 
conditions is presented in Fig. 3. 

The material parameters were determined on the basis of uni-
axial creep tests at a temperature of 550°C (cf. [14,18]). They are 
as follows: elasticity modulus E=169617 MPa, Poisson ratio ν=0.3, 
creep deformation parameters: B=6.561E-24 (MPa)-n h-1, n=7.778, 

damage development parameters: A=3.983E-23 (MPa)-mh-1, 

m=7.622. Additionally, the dependency of instantaneous strain ε0 

was modelled on the basis of plastic deformation and primary 
creep. 

It can be observed in  Fig. 4 that the Kachanov eqs. (7-8) assure 
a good approximation of strains in the secondary creep period but 
exceed the experimental values for tertiary creep. It affects the 
strain at failure but does not change the time to failure which is the 
main target of the analysis. 

To model the influence of stress triaxiality, equation (11) is 
used. Parameter α was determined by Hayhurst et al. [14] in the 
notched bar tension experiments and the value of α=0.75 was used 
in the current paper.  

Tab. 1. Parameters of CT test [18] 

T [°C] W [cm] B (width) 
[cm] 

a [cm] P [kN] tf [h] 

550 50 25 16.67 19.620 40 200 

 
Fig. 2. Compact tension specimen 

 
Fig. 3. Finite element mesh with symmetric boundary conditions 

 
Fig. 4. Comparison of results of the Kachanov model with chosen 

experimental points of uniaxial tension creep of 316 steel at a 
temperature of 550°C [14] 
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4.2. FM crack growth simulation for stationary creep 

In order to simulate the crack growth, the C*-integral was used. 

The dependency of C* on crack length was found using finite ele-
ment analysis. The built-in procedure of Abaqus system (cf. [51]) 
was used for the determination of the C(t) parameter and then the 

limit value of it in the stationary state was established as the C* 
value. The Norton creep model – eq. (8) – without damage devel-
opment (ω=0) was used as a constitutive equation. The results of 
this analysis are presented in Fig. 5 (blue line). 

 

 
Fig. 5.   C*-integral for stationary creep (blue circles), and C(t) for a 

model with damage (orange squares) as a function of crack 
length 

Next, the value of ti (crack initiation) was established. Eqs. (4-
5) require knowledge of material parameters D and φ. The approx-
imate values of these parameters are defined in eq. (6). The index 
φ is equal to 0.85 and the value of parameter D is equal to 692.3, 
assuming a plane strain state and ductility of εf=0.13 (cf. [14]). Us-
ing these values, the lower estimation of initiation time is 12.6E3 h 
and the upper estimation is 110.8E3 h for da=0.5mm. The upper 
estimation is much larger than the experimental value of the time of 
final failure; therefore, the lower estimation was chosen for future 
analysis. Such an approach also corresponds to the results pre-
sented in [22]. 

 
Fig. 6. Flowchart of numerical simulation of crack growth 

The simulation of crack growth was obtained by the integration 
of eq. (6). The simplified flowchart of the applied procedure is pre-
sented in Fig. 6. The result is presented in Fig. 7 – solid blue line. 
The time to failure tf obtained in this method (sum of the initiation 
time and crack growth time) is 84.7E3 h, which is two times greater 
than the experimental value. The safety margin according to this 
method is tf/ti=84.7/12.6=6.7. 

 
Fig. 7.  Crack growth simulation for stationary creep (solid blue line) and 

for the creep damage model (dashed orange line) obtained on the 
basis of FM equations 

4.3. FM crack growth simulation for the creep damage model 

The method described above can be applied when in the vicin-
ity of the crack tip, the stress distribution reflects the stationary 
state. This is the case when stress redistribution is faster than crack 
growth. The duration of stress redistribution can be calculated from 
the formula (cf. [1]): 

𝑡𝑟𝑒𝑑 =
𝐽

(1+𝑛)𝐶∗
 ,  (16) 

where the J-integral describes the initial plastic distribution. This 
time for the examined case is equal to 124E3 h, so it is much 
greater than the expected time of crack growth. This is the reason 
that the stationary creep model does not describe the case well. 

The second model considers the damage field developing prior 
to the crack formation. As a consequence, the crack growth is faster 
and the time to failure shorter. The full set of eqs. (7-9) is used in 
this case. When the damage parameter reaches its critical value 
(0.99) at an integration point, this point is marked as damaged and 
excluded from the problem domain. The cluster of such points 
forms a crack or a void ahead of the crack tip. 

In these conditions, it is impossible to reach the stationary dis-
tribution and determine the C* parameter. The C(t) defined by eq. 
(2) can be used instead (cf. [1,22]). There are not many works using 
this approach (cf. [52,53]); therefore, a custom procedure based on 
the scheme presented in Fig. 6 was used. The value of C(t) integral 
is determined at the moment just before the damage parameter 
reaches its critical value. The obtained results for different crack 
lengths are presented in Fig. 5 (orange line). These values are 
greater than the corresponding C* values, but for small crack 
lengths, the increment of C(t) is smaller, which generates a more 
stable rate of crack growth of order 1E-3 mm/h. The change of de-
pendency function can be observed when the crack length 

model with initial 
crack a0 

numerical determination 
of C* or C(t) 

determination of the 
increment Δa (eq. 6) 

update of FEM model 
with crack growth 

whether the critical crack 
length is achieved? 

end 

yes 

no 
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achieves about 25 mm, which can be considered as the critical 
length.  

The parameters of eq. (3) are the same as in the previous 
model. The index φ in the damaged environment is often equal to 
(cf. [54]): 

𝜑 =
𝑚

1+𝑛
. (17) 

However, in the examined case, this expression gives a value 
very close to the approximate value given by eq. (6), which was 
finally chosen (0.868 vs. 0.85). 

The curve of crack growth obtained on the basis of the above 
assumptions is presented in Fig. 7 (dashed orange line). The time 
of crack growth up to failure is 10.2E3 h, and total time including 
the initiation time is 22.8E3 h. This value is about two times smaller 
than the experimental time and the safety margin obtained in this 
model is tf/ti=1.8. It is much smaller than predicted by the previous 
analysis and can be used as its lower approximation. 

4.4. DM local model 

In the next step, the local Kachanov model described by eqs. 
(7-9) was used. The material parameters were listed in Section 4.1. 
As the solution is strongly mesh-dependent, the simulations were 
performed for four meshes with a minimum mesh size from 0.5 to 
0.05 mm. The times ti and tf obtained in these simulations are pre-
sented in Fig. 8. Despite the large spread of results, it can be no-
ticed that the safety margin tf/ti is more repetitive and it falls be-
tween 2.0 and 2.6, except for one case (a very rare mesh). The 
lower bound of this range can be used as an appropriate approxi-
mation of the ratio tf/ti. 

For the examined model, the value of time to failure parameter 
tf is within the range of 160 h to 11E3 h, indicating a very large 
spread. All calculated values are smaller than the experimental 
value. The crack was developing in a plane of initial crack, as it was 
expected. Its growth rate is initially stationary at the level of 2E-
2 mm/h (see Fig. 9). From Fig. 9, the approximate value of critical 
crack length can also be determined. Its value depends on the 
mesh density and varies from 20 to 32 mm. 

 
Fig. 8.   Crack initiation time ti and the time to failure tf as a function of  

minimum mesh size for local and non-local damage models 

 
Fig. 9.   Simulation of crack growth by local damage model for different 

mesh sizes (the time scale for mesh size 0.5 mm is ten times 
greater than for the other meshes) 

4.5. DM non-local model  

In the non-local model, the state of point depends not only on 
the previous state of the point but also on the state of neighbouring 
points. This causes the time to rupture of the cracked specimen to 
be greater than that obtained in the local method as the factors in-
fluencing the damage growth are volume averaged.  

Different state variables can be averaged (see [43] for review). 
The most popular formulation assumes that the damage variable 
depends on averaged strains (cf. e.g. [45,55,56,57,58]). In the cur-
rent work, damage development is a function of stress and the dam-
age increment was chosen as the averaged parameter. Such an 
approach was proposed by Chaboche (cf. e.g. [13,44,59]). First, the 
local damage increment is calculated: 

𝜔̇𝑙𝑜𝑐 = 𝐶 (
𝜎

1−𝜔
)
𝑚

. (18) 

In the next stage, the equation of damage growth is formulated 
in terms of the average value of damage growth. It is calculated 
with use a formula derived from eq. (13): 

𝜔̄̇(𝑥) =
1

𝑉𝑟
∫ 𝑤(𝑥, 𝑟)𝜔̇𝑙𝑜𝑐(𝑟)𝑉(𝑥)

𝑑𝑣,  𝑟 ∈ 𝑉(𝑥),  (19) 

where the weighted function w(x,r) and the volume Vr are deter-
mined according to formulas (14-15). In these equations, the char-
acteristic length parameter d* plays the key role. In the present 

work, it is assumed to be equal to parameter da used in FM model, 
i.e. 0.5 mm. The volume V(x) was bounded and the interaction ra-
dius was assumed to be equal to 3d*. 

The application of the non-local method enabled the obtaining 
of the time to crack initiation ti which is much less dependent on 
mesh size than in the local model. Its dispersion was from 1.6E3 to 
2.3E3 h. The value of the tf parameter was much more scattered, 
from 5E3 to 17E3 h, but it was still more stable than in case of the 
local method. According to the performed simulations, the estima-
tion of the safety margin is between 2 and 4, which is slightly more 
than that obtained from previous methods. 
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By comparison of the growth curves for different mesh sizes, 
one can notice that they are close to each other in the initial period. 
Thus, the goal of the application of the non-local method was 
achieved. Further development of the crack follows by step incre-
ments and the differences between individual solutions are ob-
served. This indicates that an unambiguous solution cannot be 
achieved for time tf using the presented method. Despite it can be 
noticed that all solutions give a common starting point for fast crack 
development, this point can be approximated as 25 mm of crack 
length. This result aligns very well with the previously obtained so-
lution using FM in the damaged environment. 

 
Fig. 10. Simulation of crack growth by the non-local damage model for  

different mesh sizes 

5. SUMMARY 

The presented solutions to the crack growth problem under 
creep conditions did not yield fully satisfactory results. The obtained 
times exhibit significant variability. In the case of the FM methods, 
the time to crack initiation depends primarily on the parameter da. 
Its role is similar to the mesh size in the finite element method 
(FEM) or the characteristic length for non-local methods. The short-
est time to failure was achieved in the local model, but it strongly 
depends on the mesh size. The non-local method provides a pre-
diction of crack initiation time independent of mesh size, thus 
achieving the intended goal. However, this approximation is signif-
icantly smaller than the lower bound estimate obtained using the 
method proposed by Tan, Celard et al. [21]. Obtaining larger times 
to failure in simulations is possible by adjusting the parameter α 
(see discussion below). 

A significant spread of results was also obtained for the time to 
failure. FM-based methods yield longer times than the empirical 
ones, while DM-based methods yield shorter times. The longest 
time of crack growth was determined using the C* parameter. How-
ever, this method assumes the stationary stress distribution in the 
vicinity of the crack tip, which is unattainable. Other methods based 
on damage mechanics yield more realistic results, although these 
are lower than the experimental values. Nevertheless, they are on 
the safe side, making them suitable for estimating time to failure in 
situations where initial signs of damage are observed.  

Despite the discrepancy in specific times, the comparison of 
safety margin estimates tf/ti presented in this paper yields very sim-
ilar results. Especially, the local DM method provides a relatively 
constant value of safety margin, meaning that the time to rupture is 

proportional to the time of initiation, regardless of the element size. 
On the other hand, the non-local method exhibits a larger spread in 
safety margin due to the variability in time to rupture, while main-
taining a constant initiation time. The non-local method also clearly 
indicates a critical crack length, which is the value at which a rapid 
increase in crack growth velocity occurs. Its value is also consistent 
with the result obtained using the C(t) integral.  

The key problem of these predictions is also the availability and 
reliability of material parameters. There is large dispersion of mate-
rial data for examined steel (cf. [16]). Additionally, they are mainly 
determined in uniaxial creep tension experiments, but are used in 
situations in which the multiaxial stress state dominates. Only the 
parameters of eq. (10) are responsible for this behaviour, so their 
proper determination is crucial. To solve this problem, Hyde pro-
posed calibration of the value of parameter α by fitting the time to 
rapture in the CT experiment [35]. They obtained value α=0.48 for 
similar material at a temperature of 600°C. The smaller value of 
parameter α gives larger time to failure, so closer to experimental 
value. However, the application of this approach raises many 
doubts. It should be used only when the numerical simulations pro-
duce unambiguous results. Since this is not the case here, applying 
this method is not possible. 

The solutions obtained by the author enables drawing the con-
clusion that the most reliable results are obtained from the C(t) 
method and the non-local DM model, which are very close to each 
other. These methods, despite some limitations, are relatively sim-
ple and they can therefore be used in the estimation of lifetimes to 
fracture and safety margins for structures undergoing cracking in 
creep conditions. 

REFERENCES 

1. Riedel H. Fracture at High Temperatures. Berlin: Springer-Verlag; 
1987. https://doi.org/10.1007/978-3-642-82961-1 

2. Kachanov LM. On the time of the rupture in creep conditions (Rus-
sian). Izv AN SSSR. 1958;8: 26-31.  

3. Rabotnov YuN. Creep Problems of Structural Members. Amsterdam: 
North- Holland; 1969.  

4. Liu Y, Murakami S. Damage localization of conventional creep dam-
age models and proposition of a new model for creep damage analy-
sis. JSME Int J. 1998;41A: 57-65. https://doi.org/10.1299/jsmea.41.57 

5. Nishida K, Nikbin KM, Webster GA. Influence of net section damage 
on creep crack growth. J Strain Anal Eng. 1989;24:75-82. 
https://doi.org/10.1243/03093247V242075 

6. Tvergaard V. Analysis of creep crack growth by grain boundary cavi-
tation. Int J Fract. 1986;31: 183–209. 
https://doi.org/10.1007/BF00018927 

7. Pandey VB, Singh V, Mishra BK, Ahmad S, Rao AV. Creep crack sim-
ulations using continuum damage mechanics and extended finite ele-
ment method. Int J of Damage Mech. 2019;28: 3-34. 
https://doi.org/10.1177/1056789517737593 

8. Rastiello G, Giry C, Gatuingt F, Desmorat R. From diffuse damage to 
strain localization from an Eikonal Non-Local (ENL) Continuum Dam-
age model with evolving internal length. Comput Methods Appl Mech 
Engng. 2018;331: 650-674. https://doi.org/10.1016/j.cma.2017.12.006 

9. Peerlings RHJ, de Borst R, Brekelmans WAM, de Vree JHP. Gradient-
enhanced damage for quasi-brittle materials. Int J Numer Meth Engng. 
1996;39: 3391–3403.  
https://doi.org/10.1002/(SICI)1097-0207(19961015)39:19<3391::AID-
NME7>3.0.CO;2-D 

10. McLean M, Dyson BF. Modeling the Effects of Damage and Micro-
structural Evolution on the Creep Behavior of Engineering Alloys. 
ASME J Eng Mater Tech. 2000;122: 273–278. 
https://doi.org/10.1115/1.482798 

11. Hayhurst DR. CDM mechanisms-based modelling of tertiary creep: 



Krzysztof Nowak                                                                                                                                                                                                              DOI 10.2478/ama-2025-0034 
Modelling of Creep Crack Growth using Fracture Mechanics and Damage Mechanics Methods 

286 

ability to predict the life of engineering components. Arch Mech. 
2005;57: 71-100.  
https://am.ippt.pan.pl/index.php/am/article/view/v57p103 

12. Mustata R, Hayhurst DR. Creep constitutive equations for a 0.5Cr 0.5 
Mo 0.25V ferritic steel in the temperature range 565 C–675 C. Int J 
Pres Ves & Piping. 2005;82: 363-372. 
https://doi.org/10.1016/j.ijpvp.2004.11.002 

13. Hall FR, Hayhurst DR. Modelling of Grain Size Effects in Creep Crack 
Growth Using a Non-Local Continuum Damage Approach. Proc. R. 
Soc. London A. 1991;433: 405-421. 
https://doi.org/10.1098/rspa.1991.0055 

14. Hayhurst DR, Dimmer PR, Morrison CJ. Development of Continuum 
Damage in the Creep Rupture of Notched Bars. Phil Trans R Soc Lond 
A. 1984;311: 103-129. https://doi.org/10.1098/rsta.1984.0021 

15. Wen JF, Tu ST, Gao XL, Reddy JN. Simulations of creep crack growth 
in 316 stainless steel using a novel creep-damage model. Eng Fract 
Mech. 2013;98: 169-184.  
https://doi.org/10.1016/j.engfracmech.2012.12.014 

16. Hayhurst DR, Vakili-Tahami F, Zhou JQ. Constitutive equations for 
time independent plasticity and creep of 316 stainless steel at 550°C. 
Int J Pres Ves & Piping. 2003;80: 97-109. 
https://doi.org/10.1016/S0308-0161(03)00027-9 

17. Kelly DA, Morrison CJ. Creep life of AISI 316 stainless steel loaded at 
constant strain rate. J Strain Anal Eng. 1983; 18:189-193. 
https://doi.org/10.1243/03093247V183189 

18. Hall FR, Hayhurst DR, Brown PR. Prediction of Plane-Strain Creep-
Crack Growth Using Continuum Damage Mechanics. Int J of Damage 
Mech. 1996;5: 353-383. 
https://doi.org/10.1177/105678959600500402 

19. Miller DA, Langdon TG. Creep fracture maps for 316 stainless steel. 
Metall Mater Trans A. 1979;10:1635-1641. 
https://doi.org/10.1007/BF02811696 

20. Petkov MP, Juan PA. Revised creep fracture maps of Type 316 stain-
less steel and their mechanistic perspective. Engineering Failure Anal-
ysis. 2024;159:108094.  
https://doi.org/10.1016/j.engfailanal.2024.108094 

21. Tan M, Celard NJC, Nikbin KM, Webster GA. Comparison of creep 
crack initiation and growth in four steels tested in HIDA. Int J Pres Ves 
& Piping. 2001;78: 737-747.  
http://dx.doi.org/10.1016/S0308-0161(01)00085-0 

22. Webster GA, Ainsworth RA. High temperature component life assess-
ment. London: Chapman and Hall; 1994.  

23. Landes JD, Begley JA. A fracture mechanics approach to creep crack 
growth. In: Rice JR, Paris PC, editors. Mechanics of crack growth. 
STP590: Proc. of the 8th National Symposium on Fracture Mechanics; 
1974 Aug 26-28; ASTM 1976. p. 128-148. 
http://dx.doi.org/10.1520/STP33943S 

24. Riedel H, Rice JR. Tensile cracks in creeping solids. In: Paris PC, ed-
itor. Fracture mechanics. STP700. West Conshohocken: ASTM; 1980. 
p. 112-130. http://dx.doi.org/10.1520/STP36967S 

25. Hayhurst DR, Brown PR, Morrison CJ. The Role of Continuum Dam-
age in Creep Crack Growth. Phil Trans R Soc Lond A. 1984;311: 131-
158. https://doi.org/10.1098/rsta.1984.0022 

26. Harper MP, Ellison EG. The use of the C* parameter in predicting 
creep crack propagation rates. J Strain Anal Eng. 1977;12: 167-179. 
https://doi.org/10.1243/03093247V123167 

27. Hyde TH, Sun W, Hyde CJ. Applied Creep Mechanics. New York: 
McGraw Hill; 2013.  

28. Saxena A. Creep and creep–fatigue crack growth. Int J Fract. 
2015;191: 31–51. https://doi.org/10.1007/s10704-015-9994-4 

29. Hayhurst DR, Dimmer PR, Chernuka MW. Estimates of the creep rup-
ture lifetime of structures using the finite element method. J Mech Phys 
Solids. 1975;23: 335-350.  
https://doi.org/10.1016/0022-5096(75)90032-0 

30. Murakami S, Hirano T, Liu Y. Asymptotic fields of stress and damage 
of a mode I creep crack in steady-state growth. Int J Sol Struct. 
2000;37: 6203–6220.  
https://doi.org/10.1016/S0020-7683(99)00267-X 

31. Bodnar A, Chrzanowski M, Nowak K. Brittle failure lines in creeping 
plates. Int J Pres Ves & Piping. 1996;66: 253-261. 
https://doi.org/10.1016/0308-0161(95)00100-X 

32. Skrzypek J, Ganczarski A. Modeling of Material Damage and Failure 
of Structures. Berlin, Heidelberg: Springer; 1999. 
https://doi.org/10.1007/978-3-540-69637-7 

33. Janson J, Hult J. Fracture mechanics and damage mechanics, a com-
bined approach. J. de Mec. Appliquee. 1977;1: 69–84.  

34. Lemaitre J. A Course on Damage Mechanics. Berlin, Heidelberg: 
Springer; 1996.  

35. Hyde CJ, Hyde TH, Sun W, Becker AA. Damage mechanics based 
predictions of creep crack growth in 316 stainless steel. Eng Fract 
Mech. 2010;77: 2385-2402.  
https://doi.org/10.1016/j.engfracmech.2010.06.011 

36. Spindler MW. The multiaxial creep ductility of austenitic stainless 
steels. Fatigue Fract Engng Mater Struct. 2004;27: 273-281. 
https://doi.org/10.1111/j.1460-2695.2004.00732.x 

37. Oh CS, Kim NH, Kim YJ, Davies C, Nikbin K, Dean D. Creep failure 
simulations of 316H at 550°C: Part I – A method and validation. Eng 
Fract Mech. 2011;78:2966-2977. https://doi.org/10.1016/j.engfrac-
mech.2011.08.015 

38. Wen JF, Tu ST. A multiaxial creep-damage model for creep crack 
growth considering cavity growth and microcrack interaction. Eng 
Fract Mech. 2014;123: 197–210. https://doi.org/10.1016/j.engfrac-
mech.2014.03.001 

39. Hayhurst DR. Creep rupture under multi-axial states of stress. J Mech 
Phys Solids. 1972;20: 381-390.  
https://doi.org/10.1016/0022-5096(72)90015-4 

40. Manjoine MJ. Creep-rupture behavior of weldments. Weld J. 1982;61: 
S50-7.  

41. Pijaudier-Cabot G, Bazant ZP. Nonlocal damage theory. J Eng Mech. 
1987;113: 1512-1533.  
https://doi.org/10.1061/(ASCE)0733-9399(1987)113:10(1512) 

42. Murakami S. Continuum Damage Mechanics. Dordrecht: Springer; 
2012. https://doi.org/10.1007/978-94-007-2666-6 

43. Bazant ZP, Jirasek M. Nonlocal integral formulations of plasticity and 
damage: survey of progress. J Eng Mech. 2002;128: 1119-1149. 
https://doi.org/10.1061/(ASCE)0733-9399(2002)128:11(1119) 

44. Chaboche JL. Phenomenological aspects of continuum damage me-
chanics. In: Germain P, Piau M, Caillerie D, editors. Theoretical and 
Applied Mechanics. Proc. XVII Int. Cong. Theor. Appl. Mech;1988 Aug 
21-27; Grenoble, France. Elsevier; 1989. p. 41–56. 
https://doi.org/10.1016/B978-0-444-87302-6.50011-9 

45. de Vree JHP, Brekelmans WAM, van Gils MAJ. Comparison of non-
local approaches in continuum damage mechanics. Comp and Struct. 
1995;55:581-8. https://doi.org/10.1016/0045-7949(94)00501-S 

46. Bazant ZP. Nonlocal Damage Theory Based on Micromechanics of 
Crack Interactions. J Eng Mech. 1994;120:593-617. 
https://doi.org/10.1061/(ASCE)0733-9399(1994)120:3(593) 

47. Murakami S, Liu Y. Mesh-Dependence in Local Approach to Creep 
Fracture. Int J of Damage Mech. 1995;4:230-250. 
https://doi.org/10.1177/105678959500400303 

48. Nowak K. Application of a nonlocal grid model for analysis of the creep 
damage of metals. Int J of Damage Mech. 2020;29: 780–797. 
https://doi.org/10.1177/1056789519883668 

49. Picker C. The fracture toughness of Type 316 steel and weld metal. 
Report No. IWGFR–49(V.2). 1983;16:915-93. 

50. Gao W, Chen K, Guo X, Zhang L. Fracture toughness of type 316LN 
stainless steel welded joints. Mater Sci Eng A. 2017;685:107-114. 
https://doi.org/10.1016/j.msea.2016.12.128 

51. Abaqus 2021 Documentation. Dassault Systèmes Simulia Corp. 2021.  
52. Webster GA. Fracture Mechanics in the creep range. J Strain Anal 

Eng. 1994;29:215–223.  
http://journals.sagepub.com/doi/10.1243/03093247V293215 

53. Kumar M, Singh IV. Numerical investigation of creep crack growth in 
plastically graded materials using C(t) and XFEM. Eng Fract Mech. 
2020; 226:106820.  
https://doi.org/10.1016/j.engfracmech.2019.106820 



DOI 10.2478/ama-2025-0034                                                                                                                                                          acta mechanica et automatica, vol.19 no.2 (2025)                                                                                                                                                                                                                                                                       

287 

54. Webster GA, Nikbin KM, Chorlton MR, Cellard NJC, Ober M. A com-
parison of high temperature defect assessment methods. J Mater 
High Temp. 1998;15:337-346. 
https://doi.org/10.1080/09603409.1998.11689620 

55. Garcia R, Flórez-López J, Cerrolaza M. A boundary element formula-
tion for a class of non-local damage models. Int J Sol Struct. 
1999;36:3617-3638. https://doi.org/10.1016/S0020-7683(98)00159-0 

56. Broz P. Regularization procedures for damage problems. Transac-
tions on Modelling and Simulation. 2003;35:103-111. 
https://doi.org/10.2495/BE030111 

57. Simone A, Wells GN, Sluys LJ. From continuous to discontinuous fail-
ure in a gradient-enhanced continuum damage model. Comput Meth-
ods Appl Mech Engng. 2003;192:4581-4607. 
https://doi.org/10.1016/S0045-7825(03)00428-6 

58. De-Pouplana I, Onate E. Combination of a non-local damage model 
for quasi-brittle materials with a mesh-adaptive finite element tech-
nique. Finite Elements in Analysis and Design. 2016;112:26-39. 
https://doi.org/10.1016/j.finel.2015.12.011 

59. Duddu R, Waisman H. A nonlocal continuum damage mechanics ap-
proach to simulation of creep fracture in ice sheets. Comput Mech. 
2013;51:961–974. https://doi.org/10.1007/s00466-012-0778-7 

Krzysztof Nowak:  https://orcid.org/0000-0001-8892-3050 

 

 

 

This work is licensed under the Creative  
Commons BY-NC-ND 4.0 license. 

 

 
 
 

 

https://orcid.org/0000-0001-8892-3050
https://orcid.org/0000-0001-8892-3050


Tadeusz Kaczorek                                                                                                                                                                                                           DOI 10.2478/ama-2025-0035 
Pointwise Completeness and Pointwise Degeneracy of Descriptor Linear Discrete-Time Systems with Different Fractional Orders 

288 

POINTWISE COMPLETENESS AND POINTWISE DEGENERACY OF  
DESCRIPTOR LINEAR DISCRETE-TIME SYSTEMS WITH DIFFERENT FRACTIONAL ORDERS 

Tadeusz KACZOREK*  

*Faculty of Electrical Engineering, Bialystok University of Technology, Wiejska 45D, 15-351 Bialystok 

t.kaczorek@pb.edu.pl 

received 13 July 2024, revised 23 May 2025, accepted 06 June 2025 

Abstract: The solution to the system of equations of the descriptor linear discrete-time  with different fractional orders is derived by the use 
of the Drazin inverse of matrices. This solution is applied to analysis of the pointwise completeness and the pointwise degeneracy  
of the descriptor discrete-time linear systems with different fractional orders. Necessary and sufficient conditions for the pointwise  
completeness and the pointwise degeneracy of the descriptor discrete –time linear systems with different fractional orders are established. 
The proposed methods are illustrated by numerical examples. 

Key words: drazin inverse, descriptor, discrete-time, linear, system, pointwise completeness, pointwise degeneracy, fractional, different 
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1. INTRODUCTION 

Descriptor (singular) linear systems have been considered  
in [3,5,7,15,19]. The fundamentals of fractional calculus have been 
given in [22, 23, 13]. The linear systems with fractional orders have 
been analyzed in [4, 6, 9, 10] and with different fractional orders  
in [1, 12, 15, 23, 24]. The analysis of differential algebraic equations  
and its numerical solutions have been analyzed in [20] and the nu-
merical and symbolic computations of generalized inverses in [29]. 
The T-Jordan canonical form and the T-Drazin inverse based on 
the T-product have been  addressed in [23]. In [21] The multilinear 
time-invariant descriptor systems have been analyzed in [21].  
The descriptor and standard positive linear systems by the use of 
Drazin inverse has been addressed in [2, 8, 15]. The pointwise de-
generacy of autonomous control systems have been considered in 
[20] and of linear delay-differential systems with nonnilpotent pas-
sive matrices in [16]. The pointwise completeness and degeneracy 
of fractional descriptor discrete-time linear systems by the use of 
the Drazin inverse matrices have been addressed in [9, 11, 12]  
and of fractional different orders in [14, 15, 26]. Analysis of the dif-
ferential-algebraic equations has been analyzed in [19] and the nu-
merical and symbolic computations of the generalized inverses  
in [27]. The T-Jordan canonical form and T-Drazin inverse based 
on the T-Jordan canonical form and T-Drazin inverse based on the 
T-product has been investigated in [21, 22]. The numerical  
and  symbolic computation of the generalized inverses have been 
analyzed in [27]. 

In this paper the pointwise completeness and the pointwise de-
generacy of descriptor linear discrete-time systems with different 
orders will be analyzed. 

The paper is organized as follows. In Section 2 the Drazin in-
verse of matrices is applied to find the solution to descriptor linear 
discrete-time systems with different fractional orders. Necessary 
and sufficient conditions for the pointwise completeness of the 

systems with fractional orders are established in Section 3 and  
the pointwise degeneracy of the systems in Section 4. Concluding 
remarks are given in Section 5. 

The following notation will be used: ℜ - the set of real numbers, 

ℜ𝑛×𝑚 - the set of 𝑛 × 𝑚 real matrices and ℜ𝑛 = ℜ𝑛×1,  

𝑍+- the set of nonnegative integers, 𝐼𝑛- the 𝑛 × 𝑛 identity matrix, 

𝑖𝑚𝑔𝑃 – the image of the matrix 𝑃. 

2. SOLUTION OF THE STATE EQUATIONS OF FRACTIONAL 
DESCRIPTOR DISCRETE-TIME LINEAR SYSTEMS 

Consider the descriptor fractional discrete-time linear system 
with two different fractional orders 

𝐸 [
𝛥𝛼𝑥1(𝑖 + 1)

𝛥𝛽𝑥2(𝑖 + 1)
] = 𝐴 [

𝑥1(𝑖)
𝑥2(𝑖)

] and 

𝐸 = [
𝐸1 0
0 𝐸2

] , 𝐴 = [
𝐴11 𝐴12

𝐴21 𝐴22
],                                           (1) 

where  

0 < 𝛼, 𝛽 < 2, 𝑖 ∈ 𝑍+ = {0,1,2, . . . }, 𝑥1(𝑖) ∈ ℜ𝑛1  
and  

𝑥2(𝑖) ∈ ℜ𝑛2   

are the state vectors  and  

𝐸𝑘, 𝐴𝑘𝑗 ∈ ℜ𝑛𝑘×𝑛𝑗; k, j = 1,2. 

The fractional difference of α (β) order is defined by [11, 13] 

𝛥𝛼𝑥(𝑖) = ∑ 𝑐𝛼(𝑗)𝑥(𝑖 − 𝑗)

𝑖

𝑗=0

, 

𝑐𝛼(𝑗) = (−1)𝑗 (
𝛼
𝑗 ) = (−1)𝑗 𝛼(𝛼−1)…(𝛼−𝑗+1)

𝑗!
, 𝑐𝛼(0) =

1, 𝑗 = 1,2, . ..                                                                               (2) 
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In descriptor systems it is assumed that 𝑑𝑒𝑡 𝐸 = 0 and the 
pencil is regular, i.e. 

𝑑𝑒𝑡 [[
𝐸1𝑧1 0

0 𝐸2𝑧2
] − [

𝐴11 𝐴12

𝐴21 𝐴22
]] ≠ 0 for some 𝑧1, 𝑧2 ∈ 𝐶     

                                                                                                     (3)                   

where C is the field of complex numbers. 
Premultiplying (1) by the matrix  

[𝐸 diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐴]−1  

we obtain 

𝐸̄ [
𝛥𝛼𝑥1(𝑖 + 1)

𝛥𝛽𝑥2(𝑖 + 1)
] = 𝐴̄ [

𝑥1(𝑖)
𝑥2(𝑖)

], 𝑖 ∈ 𝑍+                                    (4) 

where  

𝐸̄ = [𝐸 diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐴]−1𝐸 = [
𝐸̄11 𝐸̄12

𝐸̄21 𝐸̄22

], 

𝐴̄ = [𝐸 diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐴]−1𝐴 = [
𝐴̄11 𝐴̄12

𝐴̄21 𝐴̄22

].           (5) 

The equation (1) and (4) have the same solution  

𝑥(𝑖) = [
𝑥1(𝑖)
𝑥2(𝑖)

]. 

Lemma 1. If there exist 𝑐1, 𝑐2 ∈ 𝐶 such that  

𝐸̄[diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2)]𝐸̄ = 𝐸̄2[diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2)]               (6) 

then 

𝐸̄𝐴̄ = 𝐴̄𝐸̄.                                                                                   (7) 

Proof. From (5) we have 

𝐸̄diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐴̄ = [𝐸 diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) −

𝐴]−1 × [𝐸 diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐴]−1𝐴 = 𝐼𝑛                        (8) 

and 

𝐴̄ = 𝐸̄diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐼𝑛.                                                (9) 

Using (9) we obtain 

𝐸̄𝐴̄ = 𝐸̄{𝐸̄diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐼𝑛} =

𝐸̄2diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐸̄                                                      (10) 

and 

𝐴̄𝐸̄ = {𝐸̄diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2) − 𝐼𝑛}𝐸̄ =

𝐸̄diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2)𝐸̄ − 𝐸̄.                                                     (11) 

Therefore, if the condition (6) is satisfied then the equation (7) 
holds.  

Remark 1. If 𝑐1 = 𝑐2 ∈ 𝐶 then the equality (6) is always satis-
fied 

𝐸̄[diag(𝐼𝑛1
𝑐1, 𝐼𝑛2

𝑐2)] = 𝐸̄𝑐 = 𝑐𝐸̄.                                       (12) 

Lemma 2. If the condition (7) is satisfied then 

𝐸̄𝐴̄𝐷 = 𝐴̄𝐷𝐸̄,                                                                            (13) 

𝐸̄𝐷𝐴̄ = 𝐴̄𝐸̄𝐷,                                                                            (14) 

𝐸̄𝐷𝐴̄𝐷 = 𝐴̄𝐷𝐸̄𝐷.                                                                       (15) 

Proof is given in [13]. 

Remark 2. If 𝑑𝑒𝑡 𝐴 ≠ 0 and we assume 𝑐1 = 𝑐2 = 0 then  

𝐸̄ = [−𝐴]−1𝐸, 𝐴̄ = −𝐼𝑛                                                         (16) 

in this case the condition (7) is satisfied. 
Substituting (2) into (4) we obtain 

𝐸̄ [
𝛥𝛼𝑥1(𝑖 + 1)

𝛥𝛽𝑥2(𝑖 + 1)
] = [

𝐴̄1𝛼 𝐴̄12

𝐴̄21 𝐴̄2𝛽
] [

𝑥1(𝑖)
𝑥2(𝑖)

] 

+ ∑ [
𝐼𝑛1

𝑐𝛼(𝑗 + 1) 0

0 𝐼𝑛2
𝑐𝛽(𝑗 + 1)

] [
𝑥1(𝑖 − 𝑗 + 1)
𝑥2(𝑖 − 𝑗 + 1)

]𝑖+1
𝑗=2 ,   (17) 

where 𝐴̄1𝛼 = 𝐴̄11 + 𝛼𝐼𝑛1
, 𝐴̄2𝛽 = 𝐴̄22 + 𝛽𝐼𝑛2

. 

In particular case when 𝐸̄ = 𝐼𝑛 we have the following theorem. 
Theorem 1. The fractional discrete-time linear system (4) with 

𝐸̄ = 𝐼𝑛 and initial conditions 

 𝑥(0) = [
𝑥1(0)
𝑥2(0)

]  

has the solution 

𝑥(𝑖) = 𝛷𝑖 [
𝑥1(0)
𝑥2(0)

],                                                                     (18) 

where 

𝛷𝑖 = {
𝐼𝑛 for 𝑖 = 0

𝐴̄𝛷𝑖−1 − 𝐷1𝛷𝑖−2−. . . −𝐷𝑖−1𝛷0 for 𝑖 = 1,2, . . .
     

                                                                                                 (19a) 

𝐴̄ = [
𝐴̄11 𝐴̄12

𝐴̄21 𝐴̄22

] , 𝐷𝑘 = [
𝐼𝑛1

𝑐𝛼(𝑘 + 1) 0

0 𝐼𝑛2
𝑐𝛽(𝑘 + 1)

],   

𝑘 = 1,2, . ..                                                                              (19b) 

Proof is given in [13]. 

If 𝐸̄ ≠ 𝐼𝑛 then the Drazin inverse of matrix 𝐸̄ will be applied  
to find the solution to the equation (4). 

Definition 1. A matrix 𝐸̄𝐷 is called the Drazin inverse  

of 𝐸̄ ∈ ℜ𝑛×𝑛 if it satisfies the conditions 

𝐸̄𝐸̄𝐷 = 𝐸̄𝐷𝐸̄,                                                                          (20a) 

𝐸̄𝐷𝐸̄𝐸̄𝐷 = 𝐸̄𝐷,                                                                       (20b) 

𝐸̄𝐷𝐸̄𝑞+1 = 𝐸̄𝑞,                                                                       (20c) 

where q is the smallest nonnegative integer (called index of 𝐸̄), 

satisfying the condition rank 𝐸̄𝑞 = rank 𝐸̄𝑞+1. 

The Drazin inverse 𝐸̄𝐷 of a square matrix 𝐸̄ always exists  

and is unique. If 𝑑𝑒𝑡 𝐸̄ ≠ 0 then 𝐸̄𝐷 = 𝐸̄−1. The Drazin inverse 

matrix 𝐸̄𝐷 can be computer by the one of known methods [2, 3, 13]. 
Theorem 2. The descriptor fractional discrete-time linear sys-

tem (4) with initial conditions 𝑥(0) = [
𝑥1(𝑖)
𝑥2(𝑖)

] ∈ 𝐼𝑚( 𝐸̄𝐷𝐸̄) =

𝐸̄𝐷𝐸̄𝑣, 𝑥 ∈ ℜ𝑛 has the solution 

𝑥(𝑖) = [
𝑥1(𝑖)
𝑥2(𝑖)

] = 𝛷̂𝑖𝐸̄
𝐷𝐸̄𝑣,                                                   (21) 

where 

𝛷̂𝑖 = {
𝐼𝑛 for 𝑖 = 0

𝐴̂𝛷̂𝑖−1 − 𝐷̂1𝛷̂𝑖−2−. . . −𝐷̂𝑖−1𝛷̂0 for 𝑖 = 1,2, . . .
    (22a)     

𝐴̂ = 𝐸̄𝐷𝐴̄ = [
𝐴̂11 𝐴̂12

𝐴̂21 𝐴̂22

],                                
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𝐷̂𝑘 = 𝐸̄𝐷 [
𝐼𝑛1

𝑐𝛼(𝑘 + 1) 0

0 𝐼𝑛2
𝑐𝛽(𝑘 + 1)

] , 𝑘 = 1,2, . ..     (22b)                                                         

Proof. Taking into account that the equations (1) and (4) have  
the same solution the proof will be accomplisched by showing that 
the solution (21) satisfies the equation (4). 

Using (21) and (22) we obtain 

𝐸̄𝛷̂𝑖+1𝐸̄𝐷𝐸̄𝑣 = 𝐸̄(𝐴̂𝛷̂𝑖 − 𝐷̂1𝛷̂𝑖−1−. . . −𝐷̂1𝛷̂0)𝐸̄𝐷𝐸̄𝑣 =

𝐸̄𝐸̄𝐷𝐴̂(𝐴̂𝛷̂𝑖−1 − 𝐷̂1𝛷̂𝑖−2−. . . −𝐷̂𝑖−1𝛷̂0)𝐸̄𝐷𝐸̄𝑣                   (23) 
= 𝐴̂(𝐴̂𝛷̂𝑖−1 − 𝐷̂1𝛷̂𝑖−2−. . . −𝐷̂𝑖−1𝛷̂0)(𝐸̄𝐷𝐸̄)2𝑣 = 𝐴̂𝛷̂𝑖𝐸̄

𝐷𝐸̄𝑣     

since (14) and (𝐸̄𝐷𝐸̄)2 = 𝐸̄𝐷𝐸̄. Therefore, the solution  
of the equation (1) has the form (21).  

3. THE POINTWISE COMPLETENESS OF DESCRIPTOR 
FRACTIONAL DISCRETE-TIME LINEAR SYSTEMS WITH 
DIFFERENT FRACTIONAL ORDERS 

In this section necessary and sufficient conditions  
for the pointwise completeness  of the descriptor discrete-time lin-
ear systems with different fractional orders will be established. 

Definition 2. The descriptor fractional discrete-time linear sys-
tem (1) is called pointwise complete at the point 𝑖 = 𝑞 if for every 
final state 𝑥𝑓 ∈ ℜ𝑛, there exists an boundary condition 𝑥(0) ∈

𝐼𝑚 𝐸̄ 𝐸̄𝐷 such that  

𝑥(𝑞) = 𝑥𝑓 ∈ 𝐼𝑚 𝐸̄ 𝐸̄𝐷.                                                             (24) 

Theorem 3. The descriptor fractional discrete-time linear 
system (1) is pointwise complete for 𝑖 = 𝑞 and every 𝑥𝑓 ∈ ℜ𝑛 ∈

𝐼𝑚 𝐸̄ 𝐸̄𝐷 if and only if  

𝑑𝑒𝑡𝛷̂𝑞 ≠ 0                                                                             (25a) 

where  

𝛷̂𝑞 = 𝐴̂𝛷̂𝑞−1 − 𝐷̂1𝛷̂𝑞−2−. . . −𝐷̂𝑞−1𝛷̂0                              (25b) 

and 𝐴̂, 𝐷̂𝑘 are defined by (22b). 
Proof. From (21) for 𝑖 = 𝑞

 
we obtain 

𝑥𝑓 = 𝑥(𝑞) = 𝛷̂𝑞𝐸̄𝐷𝐸̄𝑥(0).                                                    (26) 

For given 𝑥𝑓 ∈ ℜ𝑛 ∈ 𝐼𝑚 𝐸̄ 𝐸̄𝐷 we may find 𝑥(0) ∈

𝐼𝑚 𝐸̄ 𝐸̄𝐷 if and only if the condition (25) is satisfed. Therefore, the 
descriptor fractional system (1) is pointwise complete at the point 
𝑖 = 𝑞 if and only if the condition (25) is satisfied.  

Example 1. Consider the descriptor fractional system (1)  
for 𝛼 = 0.6, 𝛽 = 0.8 with the matrices 

𝐸 = [
𝐸1 0
0 𝐸2

] = [
1 0 0
0 0 1
0 0 0

], 𝐴 = [
𝐴11 𝐴12

𝐴21 𝐴22
] =

[
0 1 1
0 0 0
0 1 0

], 

 𝑛1 = 1, 𝑛2 = 2.                                                                     (27) 

We choose 𝑐1 = 𝑐2 = 1 and using (5), (27) we obtain 

𝐸̄ = [𝐸 diag(𝑐1, 𝑐2) − 𝐴]−1𝐸 = [
𝐸̄11 𝐸̄12

𝐸̄21 𝐸̄22

] = [
1 0 1
0 0 0
0 0 1

], 

 𝐴̄ = [𝐸 diag(𝑐1, 𝑐2) − 𝐴]−1𝐴 = [
𝐴̄11 𝐴̄12

𝐴̄21 𝐴̄22

] = 

[
0 0 1
0 −1 0
0 0 0

]                                                                           (28) 

The Drazin inverse matrix of 𝐸̄ has the form 

𝐸̄𝐷 = [
1 0 −1
0 0 0
0 0 1

] and 𝐸̄𝐸̄𝐷 = [
1 0 0
0 0 0
0 0 1

].                      (29) 

In this case  

𝛷̂1 = 𝐴̂ = 𝐸̄𝐷𝐴̄ = [
1 0 −1
0 0 0
0 0 1

] [
0 0 1
0 −1 0
0 0 0

] =

[
0 0 1
0 0 0
0 0 0

].                                                                              (30) 

And 𝑥(0) ∈ 𝐼𝑚 𝐸̄ 𝐸̄𝐷 = [
𝑥11(0)

0
𝑥21(0)

] and 𝑥11(0), 𝑥21(0)  

are arbitrary. 

Note that the matrix 𝛷̂1 is singular and by Theorem 2  
the descriptor fractional system with (27) is not pointwise complete 

for 𝑞 = 1 and every 𝑥𝑓 ∈ ℜ3 of the form 𝑥𝑓 = [

𝑥11(𝑡𝑓)

0
𝑥21(𝑡𝑓)

]  

and 𝑥11(𝑡𝑓), 𝑥21(𝑡𝑓) are arbitrary. 

Using (25b) for 𝑞 = 2
 
we obtain 

𝛷̂2 = 𝐴̂2 − 𝐷̂1 = [
0 0 1
0 −1 0
0 0 0

]

2

− [
𝐼2𝑐𝛼(2) 0

0 𝑐𝛽(2)
] =

[
0.12 0 0

0 0.88 0
0 0 0.08

]                                                              (31) 

and 

𝑑𝑒𝑡 𝛷̂2 = 8.448 ∗ 10−3 ≠ 0.                                                (32) 

Therefore, by Theorem 2 the descriptor fractional system with 
(27) is pointwise complete for 𝑞 = 2. 

4. THE POINTWISE DEGENERACY OF FRACTIONAL 
DESCRIPTOR LINEAR DISCRETE-TIME SYSTEMS 

In this section necessary and sufficient conditions  
for the pointwise degeneracy of the descriptor discrete-time linear 
systems with different fractional orders will be established. 

Definition 4.1. The descriptor fractional discrete-time linear sys-
tem (1) is called pointwise degenerated in the direction v for 𝑞 =
𝑞𝑓 if there exists a vector 𝑣 ∈ ℜ𝑛 such that for all initial conditions 

𝑥(0) ∈ 𝐼𝑚 𝐸̄ 𝐸̄𝐷 the solution of (1) for 𝑞 = 𝑞𝑓 satisfy  

the condition  

𝑣𝑇𝑥𝑓 = 0.                                                                                 (33) 

Theorem 3. The descriptor fractional continuous-time linear 
system (1) is pointwise degenerated in the direction 𝑣 ∈ ℜ𝑛 for 
𝑞 = 𝑞𝑓 if and only if  

𝑑𝑒𝑡𝛷̂𝑞 = 0,                                                                              (34) 

where 𝛷̂𝑞 is defined by (25b). 

Proof. From (4.1) and (26) for 𝑞 = 𝑞𝑓 we have 
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𝑣𝑇𝛷̂𝑞𝑥(0) = 0.                                                                       (35) 

There exists a nonzero vector 𝑣 ∈ ℜ𝑛 such that (35) holds for 

all 𝑥(0) ∈ 𝐼𝑚 𝐸̄ 𝐸̄𝐷

 
if and only if the condition (34) is satisfied. 

Therefore, the descriptor fractional system (1) is pointwise 
degenerated in the direction 𝑣 ∈ ℜ𝑛 for 𝑞 = 𝑞𝑓 if the condition 

(34) is satisfied. □ 
Remark 2. The vector 𝑣 ∈ ℜ𝑛

 
in which the descriptor fractional 

discrete-time linear system (1) is pointwise degenerated can be 
computed from the equation 

𝑣𝑇𝛷̂𝑞 = 0.                                                                                (36) 

Example 2. (Continuation of Example 1) Consider the system 
(1) for 𝛼 = 0.6, 𝛽 = 0.8 with the matrices (27). In Example 1 it 

was shown that the matrix 𝛷̂𝑞 for 𝑞 = 1 is nonsingular. Therefore,  

the descriptor fractional system (1) with (27) is pointwise 
degenerated for 𝑞 = 1 and any direction v. 

From (31) and Theorem 3 it follows that the matrix 𝛷̂2 is 
nonsingular. Therefore, by Theorem 3 the system (1) with (27)  
is not pointwise degenerated for 𝑖 = 𝑞 = 2.                

5. CONCLUDING REMARKS 

The Drazin inverse of matrices has been applied to investiga-
tion of the pointwise completeness and the pointwise degeneracy 
of the descriptor linear discrete-time systems with different frac-
tional orders. Necessary and  sufficient conditions for the pointwise 
completeness (Theorem 2) and for the pointwise degeneracy (The-
orem 3) of the fractional linear discrete–time systems have been 
established. The considerations have been illustrated by numerical 
examples. The presented methods can be extended to the de-
scriptor  linear systems with many different fractional orders.  
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Abstract: The use of 3D printing for the manufacture of functional components has led to a demand for research into the mechanical 
properties, including rheological properties, of additive  manufactured models.  In this article, the results of a study to evaluate the relaxation 
of tensile stress of samples made by selective laser sintering (SLS) of PA2200 material are presented. The evaluation of tensile stress 
relaxation was performed using the five-parameter Maxwell-Wiechert model. With the model used, elastic moduli and dynamic viscosity 
coefficients were calculated. The samples were made in three print orientations (0°, 45°, 90°) and two types of energy density  

(𝐸𝑑 = 0.056 𝐽/𝑚𝑚2, 𝐸𝑑 = 0.076 𝐽/𝑚𝑚2). The results indicate that increasing the applied energy density leads to higher values  
of elastic moduli and dynamic viscosity coefficients. A strong fit of the model to the experimental curves was obtained, as confirmed  

by the obtained coefficients 𝐶ℎ𝑖2 and 𝑅2. This research comprehensively addresses the evaluation of the applicability of selective laser 
sintering technology, which is increasingly used in various areas of industry, as well as the influence of the process on the relaxation  
of tensile stress. 

Key words: 3D printing, stress relaxation, Maxwell-Wiechert model, SLS 

1. INTRODUCTION 

Additive technology is one of the elements of Industry 4.0 [1].  
Industry 4.0 also includes the process of testing technological and 
functional prototypes using 3D printing [1]. The testing of prototypes 
helps speed up the process of preparing the technological process 
for mass production [1]. In turn, testing of functional prototypes with 
properties similar to those of finished products enables a rapid and 
almost simultaneous refinement of the product at the prototype 
stage [1,2]. Testing involves, among other things, geometric analy-
sis of the object through, for example, 3D scanning, and testing the 
mechanical properties (including rheological properties) of the func-
tional prototype [3,4].  

Studying the rheological properties of 3D printed parts is very 
important, if only because these parts can be subjected to long-
term deformation or stress [5]. In the case of parts subjected to 
long-term deformation, one can speak of the phenomenon of stress 
relaxation [5,6]. Stress relaxation can be described using Maxwell's 
model as presented in several articles [7–14]. Maxwell models have 
different forms: simple and complex models, for example, models 
based on Prony series or models described by fractional calculus 
[13,14]. The stress relaxation of additively manufactured parts can 
vary depending on the print material used or the technological pa-
rameters of 3D printing, as confirmed in the articles [15,16].    

In the article [7], the author conducted a study of stress 

relaxation of samples made by selective powder sintering (SLS) 
technology from PA 2200 material. Samples were produced setting 
values for two technological parameters: layer height (0.1 mm – 0.4 
mm) and print orientation (0°, 90°). Stress relaxation was deter-
mined during uniaxial compression testing. The Maxwell-Wiechert 
model was used to describe the stress relaxation curves. The re-
sults showed a clear influence of layer height on stress relaxation. 
Additionally, it was shown that the orientation of the print affects 
stress relaxation.   

In [17], the authors conducted stress relaxation tests on PLA 
material using fused deposition technology (FDM). The samples 
were produced using two technological parameters of the print: the 
orientation of the print (0°,45°, 90°) and the presence of a contour. 
In addition, the samples were subjected to different values of defor-
mation and exposure to different temperatures during the tensile 
stress relaxation tests. To describe the stress-relaxation curves, 3 
models were used: Maxwell, Findley and Linear solid. The results 
showed that Findley's law was the most appropriate empirical ex-
pression to predict the PLA tested. Stress distributions ranging from 
11% to 14% were obtained. Both cooled and heated samples pro-
vided degradation of the quasistatic and long-term material proper-
ties. The presented results show the importance of stress relaxation 
effects in AM PLA structures. 

In the article [11], the authors investigated, among other things, 
the stress relaxations of samples made of G6-Impact 

https://orcid.org/0000-0001-9512-9680
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nanocomposite using MEX material extrusion technology. The 
samples were made using the parameter of variable printing direc-
tion (0/45/-45/90/90/-45/45/0). The following were carried out: ten-
sile stress relaxations, bending stress relaxations and compressive 
stress relaxations. On the basis of the results, it was found that the 
bending mode had the lowest relaxation, while the highest relaxa-
tion was observed for the tensile mode. 

The viscoelastic behaviour of the materials strongly influences 
their application area [18,19]. The literature review presented 
above shows that the viscoelastic behaviour of 3D printed polymers 
depends on factors such as material type, 3D printing process, and 
type of load [2,10,20,21]. However, due to the limited number of 
studies in the field of stress relaxation of 3D printed materials, there 
is a need for continuous expansion to better understand this phe-
nomenon. 

Consequently, the purpose of the article was to determine the 
elastic moduli and dynamic viscosity coefficients of the PA 2200 
polymer material. This material is well suited for medical devices 
such as orthoses or biomodels. The calculations used the five-pa-
rameter Maxwell-Wiechert model to determine the stress relaxation 
in the material. This research is very important because the calcu-
lated coefficients and modulus can be used in engineering calcula-
tions. 

2. MATERIAL AND METHODS 

2.1. Material PA2200 

The test samples were made from PA 2200, This material is a 
powdered whitish fine polyamide. Prints made from polyamide pow-
der have good mechanical properties, stiffness, and chemical re-
sistance, similar to those of other materials used in industrial appli-
cations [20,22]. Table 1 focusses on the properties of PA 2200 as 
given by the manufacturer (EOS GmbH, Krailling, Germany) [23]. 

Tab. 1. Properties of PA 2200 powder [23] 

Powder properties Value Unit 
Test 

Standard 

Medium grain size 60 μm - 

Density of ubound powder 
0.435 – 
0.445 

g/cm3 DIN 53466 

Density of sintered powder 0.9 – 0.95 g/cm3 
EOS - 

Method 

Mechanical Properties Value Unit 
Test 

Standard 

Flexural modulus, 23℃ 1500 
MPa 

ISO 178 

Flexural strength 58 ISO 178 

Izod impact notched, 23℃ 4.4 

kJ/m2 

ISO 180/1A 

Izod impact unnotched, 
23℃ 

32.8 ISO 180/1U 

Shore D hardness  
(15 s) 

75 ------ ISO 868 

Ball indentation hardness 78 MPa ISO 2039-1 

3D Data Value Unit 
Test 

Standard 

Tensile 
modulus 

X-direction 700 

MPa 
ISO 527-1/-

2 

Y-direction 1700 

Z-direction 1650 

X-direction 48 

Tensile 
strength 

Y-direction 48 

Z-direction 47 

Strain at 
break 

X-direction 24 % 
ISO 527-1/-

2 

Charpy 
impact 

strength 
(+23℃) 

X-direction 53 

kJ/m2 

ISO 
179/1eU 

Charpy 
notched 
impact 

strength 
(+23℃) 

X-direction 4.8 
ISO 

179/1eA 

Thermal 
conductivity 

X-direction 0.144 

W/(mK) DIN 52616 Y-direction 0.144 

Z-direction 0.127 

The PA 2200 material is biocompatible according to EN ISO 
10993-1 and is USP / level VI / 121°C and approved for food con-
tact according to the European Directive 2002/72/EC (except for 
alcoholic products) [23]. This polyamide can be used to manufac-
ture consumer parts, medical devices, and functional plastic  
parts [2].   

2.2. SLS technology 

In the presented research, the well-known Formiga P100 ma-
chine (EOS GmbH, Krailling, Germany), which realises selective 
laser sintering - SLS technology, was used to build models. This 
machine makes it possible to produce physical plastic-based mod-
els with dimensions that do not exceed the dimensions of the work-
ing chamber of 250 mm x 200 mm x 330 mm. In the mentioned 
technology, a 𝐶𝑂2 laser is very often used to sinter the input mate-
rial in the form of powder. The entire technological process is per-
formed in an inert gas. The production scheme using SLS technol-
ogy is shown in Figure 1 [2,24,25]. 

 

Fig. 1. Principle of SLS technology [2] 

Fig. 1 also provides an explanation of the technological 
parameters  in SLS technology such as layer thickness 𝐿𝑡, hatch 
spacing, laserpower and laser speed. 

 

𝐿𝑡 

Powder bed 

Sinternig powder 

Unbound powder 

Laser speed 

 

Heat 
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atmosphere 

Laser 
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Laser  
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X 
Y 
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2.3.  Samples Preparation 

The test samples were designed in SolidWorks according to 
ISO 527. The shape of the samples are paddles with the 
dimensions in millimeters shown in Figure 2(a). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Fig. 2. Test specimens: a) dimensions, b) STL saving, c) print orientation 

The STL files of the samples were saved with the following 
approximation parameters: linear tolerance of 0.007 mm and 
angular tolerance of 5°. The appearance of the sample in the STL 
record is shown in Figure 2(b). Six types of samples were produced 
with different 3D printing technological parameters, each variant 
was parted 10 times to account for statistical calculations.   

The analysed technological parameters of 3D printing were 
energy density 𝐸𝑑, print orientation 𝑃𝑑 and layer height 𝐿𝑡 whose 
values are shown in Table 2.  Interpretations of the positioning of 
the samples on the work platform are shown in Figure 2(c). 

Tab. 2. Values of technological parameters 

𝐄𝐝 𝐏𝐝 𝐋𝐭 

0.056 J/mm2 0.076 J/mm2 

0°, 45°, 90° 0.1 mm P = 21 W P = 22 W 

v = 2500 mm/s v = 1970 mm/s 

The energy density Ed transferred to the sintered layer was cal-
culated using Equation 1 [5,24]: 

𝐸𝑑 =
𝑃

𝑣ℎ
𝜒                                                                                   (1) 

where:  𝑃 – laser power, 𝑊; 𝑣 – laser beam speed, mm/s.;  ℎ = 
0.25 mm (distance between successive laser beams); 𝑑 = 0.42 mm 

(diameter of focused beam); 𝑥 = 1.68 (overlap factor). 
Each individual sample was labelled according to the formula: 

𝐸𝑑
56 − 𝑃𝑑

0 − 1, which means 𝐸𝑑
56 – energy density, 𝑃𝑑

0 – print ori-

entations, 1 – sample number. 

2.4. The Maxwell-Wiechert model 

A complex five-parameter Maxwell-Wiechert model was used 
to describe the stress relaxation curves obtained from the stress 
relaxation tests. Approximations of this model to experimental 
curves were carried out with the OriginPro software using the 
Levenberg-Marquardt algorithm. The mechanical analogy of the 
Maxwell-Wiechert five-parameter model is shown in Figure 3 [5,13].   
 

 

Fig. 3. Mechanical analogy of the Maxwell-Wiechert model [5,13] 

 
The equation describing the Maxwell-Wiechert model consist-

ing of five parameters is as follows [5,13]: 

𝜎(𝑡) = 𝜎0 + 𝜎1𝑒
−𝑡

𝑡1 + 𝜎2𝑒
−𝑡

𝑡2                                                     (2) 

where 𝑡1, 𝑡2 are there relaxation times (s) of each model: 

𝑡1 =
𝜇1

𝐸1
,  𝑡2 =

𝜇2

𝐸2
                                                                       (3) 

After transforming equations (2) and (3), an equation was ob-
tained describing the five-parameter Maxwell-Wiechert model, in-
cluding all the parameters of this model [5,13]. 

 𝜎(𝑡) = 𝜀0 (𝐸0 + 𝐸1𝑒
−𝐸1𝑡

𝜇1 + 𝐸2𝑒
−𝐸2𝑡

𝜇2 )                                   (4) 

where:  𝜀0 – unit initial strain; 𝐸0, 𝐸1, 𝐸2 – moduli of elasticity, MPa; 
𝜇1, 𝜇2 – coefficients of dynamic viscosity, MPa; 𝑡 – time, s. 

The equivalent modulus was also calculated using the following 
formula [5,13]: 

𝐸𝑠 = 𝐸0 + 𝐸1 + 𝐸2                                                                   (5) 

where: 𝐸0, 𝐸1, 𝐸2 – moduli of elasticity, MPa. 
The decrease in stress after time t was calculated using the 

formula [5,13]: 

E0 

E1 E2 

μ1 μ2 

σ 

σ 

a) 

b) 

c) 
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𝑅𝜎 =
𝜎0−𝜎𝑡

𝜎0
∙ 100%                                                                   (6) 

where: 𝜎0 – initial stress, MPa; 𝜎𝑡 – stress after time t, MPa. 

2.5.  Measurement technologies 

Stress relaxation tests were conducted using a Hegewald & 
Peschke Inspekt 3kN testing machine. The test parameters used to 
conduct the stress relaxation tests were: preload 𝐹𝑝 = 100 𝑁, 

speed of displacement of the machine crossbar to achieve the set 
strain 𝑣𝑚𝑚 = 10 𝑚𝑚/𝑠, permanent strain 𝜀0 = 0.02, test 

duration 𝑡 = 600 𝑠. The test specimens were subjected to tensile 
stress, as can be seen in Figure 4. 

 

Fig. 4. Appearance of samples during stress relaxation tests 

The test samples were exposed to tensile stresses. 

3. RESULTS 

Stress relaxation tests were performed, resulting in stress 
relaxation curves. These curves are shown in Figures 5 and 6. 

 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5.   Stress relaxation curves for PA2200 material; Ed
56: a) 𝐸𝑑

56 − 𝑃𝑑
0,  

b) 𝐸𝑑
56 − 𝑃𝑑

45, c) 𝐸𝑑
56 − 𝑃𝑑

90 

 

 

Fig. 6.  Stress relaxation curves for PA2200 material: d) 𝐸𝑑
76 − 𝑃𝑑

0,  

e) 𝐸𝑑
76 − 𝑃𝑑

45, f) 𝐸𝑑
76 − 𝑃𝑑

90 

a) 

b) 

d) 

e) 

f) 
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For each individual curve, a five-parameter Maxwell-Wiechert 
model was approximated using the Levenberg-Marquardt 
algorithm. An example of the appearance of these fits for selected 
relaxation curves is shown in Figure 7. 

 

Fig. 7.   Example of a Maxwell-Wiechert model fit to experimental curves: 

a) 𝐸𝑑
56 − 𝑃𝑑

0 − 1, b) 𝐸𝑑
76 − 𝑃𝑑

0 − 1 

As a result of fitting of the five-parameter Maxwell-Wiechert 
model with five parameters to the stress relaxation curves, the val-
ues of model parameters 𝜎0, 𝜎1, 𝜎2, 𝑡1, 𝑡2 and fitting coefficients 

𝐶ℎ𝑖2, 𝑅2 were obtained.  The values of these parameters and 
welding coefficients were separated into two tables 3, 4 due to the 
energy density of the technological 3D printing parameter energy 
density occurring in two values 𝐸𝑑 = 0.056 𝐽/𝑚𝑚2 and  𝐸𝑑 =
0.076 𝐽/𝑚𝑚2.  

Tab. 3. Maxwell-Wichert model parameters and fit coefficients; Ed
56 

Lp. 
𝝈𝟎, 
MPa 

𝝈𝟏, 
MPa 

𝝈𝟐, 
MPa 

𝒕𝟏, 
s 

𝒕𝟐, 
s 

𝑪𝒉𝒊𝟐 𝑹𝟐 

𝐏𝐝
𝟎 

1 7.8 0.9 0.8 11 232 
0.00039

0 
0.994

2 

2 8.4 0.7 0.8 10 252 
0.00029

9 
0.994

5 

3 8.4 0.7 0.8 10 239 
0.00031

4 
0.994

7 

4 7.9 0.9 0.9 11 233 
0.00040

3 
0.994

7 

5 7.8 0.8 0.9 11 241 
0.00036

9 
0.994

8 

6 8.7 0.8 0.8 11 252 
0.00034

8 
0.994

2 

7 8.5 0.8 0.7 11 247 
0.00033

7 
0.993

7 

8 8.2 0.7 0.7 11 251 
0.00026

7 
0.994

1 

9 8.3 0.7 0.8 11 255 
0.00029

9 
0.994

9 

10 8.0 0.7 0.7 11 240 
0.00030

9 
0.993

8 

𝒙̅ 8.2 0.8 0.8 11 244 
0.00033

4 
0.994

4 

𝑺𝑫 0.3 0.1 0.1 0.3 8 
0.00004

4 
0.000

4 

𝐏𝐝
𝟒𝟓 

1 8.6 0.9 1.0 12 243 
0.00044

5 
0.995

1 

2 7.9 0.9 0.9 11 241 
0.00041

0 
0.994

4 

3 6.3 1.0 1.2 12 263 
0.00054

4 
0.995

8 

4 5.8 1.0 1.0 12 249 
0.00051

2 
0.994

4 

5 8.1 0.7 0.7 11 267 
0.00027

9 
0.994

3 

6 7.6 0.7 0.7 11 259 
0.00030

4 
0.994

1 

7 7.7 0.7 0.7 11 252 
0.00033

2 
0.993

6 

8 7.0 0.7 0.7 10 264 
0.00032

6 
0.993

0 

9 7.9 0.7 0.8 11 258 
0.00029

2 
0.994

7 

10 7.4 0.7 0.7 10 249 
0.00026

4 
0.994

3 

𝒙̅ 7.4 0.8 0.8 11 255 
0.00037

1 
0.994

4 

𝑺𝑫 0.8 0.1 0.2 1 9 
0.00010

1 
0.000

8 

𝐏𝐝
𝟗𝟎 

1 8.4 0.9 0.9 12 257 
0.00042

1 
0.994

8 

2 8.0 0.9 0.9 11 245 
0.00042

4 
0.994

5 

3 7.9 0.9 0.9 11 245 
0.00043

3 
0.994

5 

4 8.3 0.9 0.9 12 242 
0.00039

3 
0.994

7 

5 8.3 0.9 0.9 11 245 
0.00040

8 
0.994

4 

6 7.7 0.8 0.9 12 262 
0.00036

7 
0.995

2 

7 7.9 0.8 0.9 12 253 
0.00036

9 
0.995

4 

8 7.7 0.8 0.8 11 260 
0.00036

4 
0.994

4 

9 7.7 0.8 0.9 12 262 
0.00035

3 
0.995

4 

10 8.0 0.8 0.9 12 268 
0.00039

1 
0.995

2 

𝒙̅ 8.0 0.8 0.9 12 254 
0.00039

2 
0.994

8 

𝑺𝑫 0.3 0.04 0.03 0.3 9 
0.00002

8 
0.000

4 

Based on Table 3, high standard deviation values of standard 
deviations can be seen for  𝑡2 relaxation times. Low standard 

a) 

b) 
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deviation values were obtained for the other parameters of the Max-
well-Wiechert model and the fit coefficients 𝐶ℎ𝑖2,  𝑅2. 

Tab. 4. Maxwell-Wichert model parameters and fit coefficients; Ed
76 

Lp. 
𝝈𝟎, 
MPa 

𝝈𝟏, 
MPa 

𝝈𝟐, 
MPa 

𝒕𝟏, 
s 

𝒕𝟐, 
s 

𝑪𝒉𝒊𝟐 𝑹𝟐 

𝐏𝐝
𝟎 

1 7.9 0.9 1.1 13 255 
0.00046

4 
0.996

0 

2 6.7 0.8 0.8 12 251 
0.00037

7 
0.994

5 

3 7.6 0.9 1.0 12 249 
0.00040

4 
0.995

4 

4 7.0 0.8 0.9 11 242 
0.00038

2 
0.995

0 

5 7.4 0.9 0.9 12 243 
0.00042

5 
0.994

7 

6 7.5 0.9 1.0 12 248 
0.00041

2 
0.995

6 

7 7.5 0.9 1.0 12 251 
0.00043

9 
0.995

2 

8 7.7 0.9 1.0 12 245 
0.00043

4 
0.995

3 

9 7.4 0.9 1.0 11 244 
0.00040

2 
0.995

2 

10 7.7 0.9 1.0 13 246 
0.00043

4 
0.995

3 

𝒙̅ 7.4 0.9 1.0 12 247 
0.00041

8 
0.995

2 

𝑺𝑫 0.4 0.03 0.1 1 4 
0.00002

7 
0.000

4 

𝐏𝐝
𝟒𝟓 

1 7.8 0.9 1.0 9 209 
0.00026

4 
0.997

1 

2 7.1 0.8 0.9 14 337 
0.00055

8 
0.991

7 

3 8.1 0.9 1.0 8 193 
0.00022

6 
0.997

4 

4 7.7 0.9 0.9 14 314 
0.00057

9 
0.992

5 

5 7.9 0.9 1.0 9 224 
0.00025

2 
0.997

0 

6 7.1 0.8 0.8 9 182 
0.00030

3 
0.995

3 

7 6.7 0.8 0.9 13 330 
0.00034

3 
0.994

5 

8 7.1 0.8 1.0 17 464 
0.00063

5 
0.990

8 

9 7.4 0.8 1.0 12 264 
0.00039

5 
0.995

3 

10 7.2 0.8 1.0 12 257 
0.00039

4 
0.995

2 

𝒙̅ 7.4 0.8 0.9 12 277 
0.00039

5 
0.994

7 

𝑺𝑫 0.4 0.04 0.1 3 86 
0.00014

7 
0.002

3 

𝐏𝐝
𝟗𝟎 

1 7.2 0.8 0.9 12 258 
0.00037

3 
0.994

9 

2 7.9 0.9 1.0 11 252 
0.00041

5 
0.995

3 

3 7.9 0.9 1.0 12 253 
0.00044

6 
0.995

2 

4 7.9 0.9 1.0 12 253 
0.00043

0 
0.995

4 

5 7.5 0.9 1.0 12 244 
0.00041

5 
0.995

3 

6 7.4 0.9 1.0 13 239 
0.00044

4 
0.995

1 

7 8.1 0.9 1.0 12 250 
0.00045

8 
0.995

3 

8 7.6 0.9 0.9 11 251 
0.00041

4 
0.994

9 

9 7.6 0.9 1.0 12 253 
0.00043

0 
0.995

1 

10 7.9 1.0 1.0 12 248 
0.00048

2 
0.995

1 

𝒙̅ 7.7 0.9 1.0 12 250 
0.00043

1 
0.995

2 

𝑺𝑫 0.3 0.04 0.04 0.4 5 
0.00002

9 
0.000

1 

 
Analysing the data collected in Table 4, high values of standard 

deviations can be observed for the 𝑡2 relaxation times. Low stand-
ard deviation values were obtained for the other parameters of the 
Maxwell-Wiechert model and fit coefficients 𝐶ℎ𝑖2,  𝑅2. 

Based on the average values of the Maxwell-Wiechert model 
parameters 𝜎̅0, 𝜎̅1, 𝜎̅2, 𝑡1̅, 𝑡2̅ and the values of the constant strain 
𝜀0 = 1 𝑚𝑚, using formulas (2), (3) and (4), the elastic moduli 𝐸0, 

𝐸1, 𝐸2 and the dynamic viscosity coefficients 𝜇1, 𝜇2 were calcu-
lated. The values of these moduli and coefficients are shown in Fig-
ures 8, 9. Furthermore, using formula (5), the equivalent modulus 
𝐸𝑠 was calculated, which is also shown in Figure 8. 

 

 

Fig. 8. Moduli of elasticity for PA 2200 material 
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Fig. 9. Dynamic viscosity coefficients for PA 2200 material 

The stress relaxation curves obtained from the tests were used 
to calculate, according to Equation (6), the percentage decrease in 
stress 𝑅𝜎 after time t. The values of the percentage decrease in 

stress 𝑅𝜎 are shown in Table 5. 
In the data in the table above, it is evident that the highest de-

crease in stress occurred for Ed
56 and Pd

45. While the lowest  

decrease in stress was for Ed
56 and Pd

0. 

Tab. 5. Percentage of stress drop in PA2200 material 

𝐑𝛔, % 

𝐄𝐝
𝟓𝟔 

𝐏𝐝 0° 45° 90° 

𝐱̅ 20.98 23.85 22.61 

𝐒𝐃 1.86 4.86 0.56 

𝐄𝐝
𝟕𝟔 

𝐱̅ 24.5 23.6 24.1 

𝐒𝐃 0.4 0.5 0.4 

In the data in the table above, it is evident that the highest de-

crease in stress occurred for Ed
56 and Pd

45. While the lowest de-

crease in stress was for Ed
56 and Pd

0. 

4. DISCUSSION  

The translation of stress relaxation curves seen in Figures 5 
and 6, and particularly noticeable for samples printed according to 

technological parameters  Ed
56 − Pd

45 may be due to the difficulty 

of realising a unit stress stroke. The unit stress stroke is performed 
at the highest possible speed, which is difficult to perform under 
laboratory conditions. Also, the difficulty of setting a pre-stress for 
each individual specimen, can cause an apparent translation of test 
results. Too high values of pre-stress will cause the specimen to 
begin relaxing stresses even before the test begins, while too low 
values will lead to a stress stroke that is not correct to achieve the 
set strain. 

Based on Figure 7, the Maxwell-Wiechert fit of the five-param-
eter model to the stress relaxation curves is strong. This can be 
concluded not only from a visual assessment of Figure 7 (the red 
line overlaps with the black line), but also by turning our attention 
to the values of the Chi2 fit test coefficients and R2 determination 
coefficients shown in Tables 3 and 4. It should be mentioned here 
that the R2 determination coefficient always varies between ‘0’ and 

“1” and is a measure of the fit of the regression equation R2 values 

close to “1”, i.e. those shown in Tables 3 and 4, indicate that the 
regression equation is very useful to predict the value of the de-
pendent variable Y with the independent variable X. For the Chi2 
concordance test, values close to ‘0’ indicate a strong model fit.  

The high standard deviation values for the stress relaxation 
time t2 (Table 3 and 4) may be related to dynamic viscosity. The 
dynamic viscosity, on the other hand, depends on the structure at 
the molecular level of the material in this case PA 2200, which is a 
polymer. Polymers are made up of long polymer chains that form 
numerous intermolecular interactions. 

When analysing the data in Figures 8 and 9, that is, the elastic 
moduli  E0, E1, E2 and the dynamic viscosity coefficients 𝜇1, 𝜇2, 
one can see a slight anisotropy of the stress relaxation properties 
due to the orientations of the print.   

Analysing the elastic moduli E0, E1, E2 p shown in Figure 8, it 
can be concluded that, there are differences within the same direc-
tion, e.g. the modulus of E0 is many times greater than the moduli 

of E1, E2. This regularity informs that in terms of viscoelastic prop-
erties the material produced by selective laser sintering technology 
can be quasi-isotropic. 

Analysing the different print orientations 0°, 45°, 90° for the 

equivalent moduli Es and dynamic viscosity coefficients 𝜇1, 𝜇2 
shown in Figures 8 and 9, it can be seen that there is a difference 
in values between the applied energy densities Ed = 0.056 J/
mm2 and  Ed = 0.076 J/mm2. The equivalent moduli of Es for 

print orientations 0°, 90°  and energy density Ed
56 are 5% and 2% 

larger, respectively, than the same equivalent moduli and print ori-

entation, but for energy density Ed
76. The value of the equivalent 

modulus Es with print orientation 45° and Ed
56 was 1% smaller than 

the same modulus for the same print orientation but energy  

density Ed
76. For dynamic viscosity coefficient 𝜇1 the differences 

between the energy densities for print orientations 0°, 45°, 90° 

were 20%, 6%, 7%, respectively, in favor of energy density Ed
76 or 

dynamic viscosity coefficient 0°, 45°, 90° the differences between 

energy densities for print orientations Ed
76.  

However, for energy density Ed
76 and print orientations 0°, 90° 

the values of percentage stress drop values are higher by 14%, 6%, 
respectively, compared to the same orientations but for lower en-

ergy density Ed
56. In contrast, for print orientation 45°, the value of 

percentage stress drop for energy density Ed
56 was 1% higher than 

the same value but for energy density Ed
76.  

5. CONCLUSSIONS 

On the basis of the results of the stress relaxation tests, the 
following general conclusions can be drawn: 

− A strong fit of the Maxwell-Wiechert model to the stress relaxa-
tion curves, confirmed by the values of the Chi2 consistency 

and  R2 determination test coefficients. 

− A small anisotropy of rheological properties was detected due 
to the orientation of the print. 

− Increasing the energy density from 0.056 𝐽/𝑚𝑚2 to 

0.076 𝐽/𝑚𝑚2, or the equivalent modulus Es,  it increases in 

0°, 90°orientations.  The opposite is true for this modulus in the 

case of 45°print orientation. 

− Increasing the energy densities from 0.056 𝐽/𝑚𝑚2 to 

0.076 𝐽/𝑚𝑚2 also increases the values of dynamic viscosity 

coefficients 𝜇1, 𝜇2 in the 0°(9727 MPa ∙ s ↑ 12029 MPa ∙
s) ,45°(10759 MPa ∙ s ↑ 13078 MPa ∙
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s) ,90° (11539 MPa ∙ s ↑ 12275 MPa ∙ s)  print orienta-
tions. 

− Increasing the energy densities from 0.056 𝐽/𝑚𝑚2 to 

0.076 𝐽/𝑚𝑚2 also increases the values of the percentage 

stress drop Rσ in the 0° (20.98% ↑ 24.5%), 

90°(22.61% ↑ 24.1%) print orientations. In the case of 

45° (23.85% ↓ 23.6%) print orientation, the trend is re-
versed. 
The calculated values of the elastic moduli E0, E1, E2 and dy-

namic viscosity coefficients 𝜇1, 𝜇2 can be used to model compo-
nents produced by selective powder sintering (SLS) technology 
from PA2200 material. In particular, the application of these moduli 
and dynamic viscosity coefficients can be found in engineering cal-
culations.    

REFERENCES 

1.    Oleksy M, Budzik G, Sanocka-Zajdel A, Paszkiewicz A, Bolanowski M, 
Oliwa R, et al. Industry 4.0 Part I. Selected applications in processing 
of polymer materials. Polimery/Polymers. 2018;63(7–8):531–5.  

2. Dincă (Shamieh) LL, Popa NM, Milodin NL, Stanca C, Gheorghiu D. 
Influence of the process parameters on mechanical properties of the 
final parts obtained by selective laser sintering from PA2200 powder. 
MATEC Web of Conferences. 2019;299:01001.  

3. Malashin I, Martysyuk D, Tynchenko V, Nelyub V, Borodulin A, Gali-
novsky A. Mechanical Testing of Selective-Laser-Sintered Polyamide 
PA2200 Details: Analysis of Tensile Properties via Finite Element 
Method and Machine Learning Approaches. Polymers (Basel). 2024 
Mar 1;16(6).  

4. Eftekhari M, Fatemi A. On the strengthening effect of increasing cy-
cling frequency on fatigue behavior of some polymers and their com-
posites: Experiments and modeling. Int J Fatigue. 2016 Jun 1;87:153–
66.  

5. Szot W, Bochnia J, Zmarzły P. Effect of selective laser sintering on 
stress relaxation in PA12. In: Polimery/Polymers. Industrial Chemistry 
Research Institute; 2024. p. 179–85.  

6. Szot W, Rudnik M. Effect of the Number of Shells on Selected Me-
chanical Properties of Parts Manufactured by FDM/FFF Technology. 
Advances in Materials Science. 2024 Mar 1;24(1):86–103.  

7. Kozior T. Rheological properties of polyamide pa 2200 in sls technol-
ogy. Tehnicki Vjesnik. 2020 Aug 1;27(4):1092–100.  

8. Nam TH, Petríková I, Marvalová B. Stress relaxation behavior of iso-
tropic and anisotropic magnetorheological elastomers. Continuum Me-
chanics and Thermodynamics. 2024 Mar 1;36(2):299–315.  

9. Obaid N, Kortschot MT, Sain M. Understanding the stress relaxation 
behavior of polymers reinforced with short elastic fibers. Materials. 
2017;10(5).  

10. Ye J, Yao T, Deng Z, Zhang K, Dai S, Liu X. A modified creep model 
of polylactic acid (PLA-max) materials with different printing angles 
processed by fused filament fabrication. J Appl Polym Sci. 2021 May 
5;138(17).  

11. Reis PNB, Valvez S, Ferreira JAM. Creep and stress relaxation be-
haviour of 3D printed nanocomposites. In: Procedia Structural Integ-
rity. Elsevier B.V.; 2022. p. 934–40.  

12. Kozior T, Kundera C. Rheological properties of cellular structures man-
ufactured by additive PJM technology. Tehnicki Vjesnik. 
2021;28(1):82–7.  

13. Bochnia J. Evaluation of relaxation properties of digital materials ob-
tained by means of PolyJet Matrix technology. Bulletin of the Polish 
Academy of Sciences: Technical Sciences. 2018;66(6):891–7.  

14. Bochnia J, Blasiak S. Stress relaxation and creep of a polymer-alumi-
num composite produced through selective laser sintering. Polymers 
(Basel). 2020 Apr 1;12(4).  

15. Aberoumand M, Rahmatabadi D, Soltanmohammadi K, Soleyman E, 
Ghasemi I, Baniassadi M, et al. Stress recovery and stress relaxation 
behaviors of PVC 4D printed by FDM technology for high-performance 
actuation applications. Sens Actuators A Phys. 2023 Oct 16;361.  

16. Jang JW, Min KE, Kim C, Wern C, Yi S. Rheological Properties and 
3D Printing Behavior of PCL and DMSO2 Composites for Bio-Scaffold. 
Materials. 2024 May 1;17(10).  

17. Bertocco A, Bruno M, Armentani E, Esposito L, Perrella M. Stress Re-
laxation Behavior of Additively Manufactured Polylactic Acid (PLA). 
Materials. 2022 May 1;15(10).  

18. Wang X, Zhou M, Bai J, Liao Y, Li D, Zhang B. Research on the Rhe-
ological Properties and Diffusion Law of Coal-Based Solid Waste Ge-
opolymer Grouting Material. Materials [Internet]. 2024 Nov 
7;17(22):5433. Available from: https://www.mdpi.com/1996-
1944/17/22/5433 

19. Tüfekci K, Çakan BG, Küçükakarsu VM. Stress relaxation of 3D 
printed PLA of various infill orientations under tensile and bending 
loadings. J Appl Polym Sci. 2023 Oct 15;140(39).  

20. Singh S, Kaur D, Singh M, Balu R, Mehta A, Vasudev H. Challenges 
and issues in manufacturing of components using polymer-based se-
lective laser sintering (SLS): a review. International Journal on Inter-
active Design and Manufacturing. 2024;  

21. Chen J, Kong Y, Lu K, Huang Q. A Computational Solid Mechanics 
analysis on the supportability of 3D 2 printing surimi depended on 
creep and stress relaxation [Internet]. Available from: 
https://ssrn.com/abstract=4956847 

22. Jabri FE, Ouballouch A, Lasri L, Alaiji R El. A comprehensive review 
of polymer materials and selective laser sintering technology for 3D 
printing. Vol. 118, Journal of Achievements in Materials and Manufac-
turing Engineering. International OCSCO World Press; 2023. p. 5–17.  

23. EOS GmbH. Material data sheet PA 2200 [Internet]. Krailling: EOS 
GmbH Electro Optical Systems; [cited 2025 May 14]. Available from: 
https://www.eos.info/polymer-solutions/polymer-materials/data-
sheets/mds-pa-2200-balance 

24. Liu K. Effect of process parameters on the temperature field of laser 
sintering of nylon PA2200 powder. In: Journal of Physics: Conference 
Series. Institute of Physics; 2024.  

25. Faes M, Wang Y, Lava P, Moens D. Variability, heterogeneity, and 
anisotropy in the quasi-static response of laser sintered PA12 compo-
nents. Strain. 2017 Apr 1;53(2).  

Wiktor Szot:  https://orcid.org/0000-0001-9512-9680 

Mateusz Rudnik:  https://orcid.org/0000-0001-5096-608X 

Paweł Szczygieł:  https://orcid.org/0000-0002-3113-3557 

Natalia Kowalska:  https://orcid.org/0000-0003-3043-7812 

 

 
This work is licensed under the Creative  
Commons BY-NC-ND 4.0 license. 

 

 

 

https://orcid.org/0000-0001-9512-9680
https://orcid.org/0000-0001-5096-608X
https://orcid.org/0000-0002-3113-3557
https://orcid.org/0000-0003-3043-7812
https://orcid.org/0000-0001-9512-9680
https://orcid.org/0000-0001-5096-608X
https://orcid.org/0000-0002-3113-3557
https://orcid.org/0000-0003-3043-7812


Jarosław Korpysa, Magdalena Zawada-Michałowska, Paweł Pieśko, Witold Habrat, Joanna Lisowicz                                                                         DOI 10.2478/ama-2025-0037 
Machinability Assessment Of Aluminium Alloy En Aw-7075 T651 Under Varying Machining Conditions 

300 

MACHINABILITY ASSESSMENT OF ALUMINIUM ALLOY EN AW-7075 T651  
UNDER VARYING MACHINING CONDITIONS 

Jarosław KORPYSA* , Magdalena ZAWADA-MICHAŁOWSKA* , Paweł PIEŚKO* ,  
Witold HABRAT** , Joanna LISOWICZ**   

* Faculty of Mechanical Engineering, Department of Production Engineering,  
Lublin University of Technology, Nadbystrzycka 36, 20-618 Lublin, Poland 

** Faculty of Mechanical Engineering and Aeronautics, Department of Manufacturing Techniques and Automation,  
Rzeszów University of Technology, Powstanców Warszawy 12, 35-959 Rzeszow, Poland 

j.korpysa@pollub.pl, m.michalowska@pollub.pl, p.piesko@pollub.pl, witekhab@prz.edu.pl, j.lisowicz@prz.edu.pl 

received 07 February 2025, revised 22 April 2025, accepted 02 May 2025 

Abstract: This paper presents the experimental results of a study investigating the milling process of aluminium alloy EN AW-7075 T651. 
The main objective of the study was to establish the relationship between machining conditions, such as cutting parameters and cutting tool 
type, and selected machinability indicators, i.e. cutting force components and surface roughness parameters. The milling process was  
conducted using two different tools: a solid carbide cutter and a cutter with PCD (polycrystalline diamond) inserts. Obtained results showed 
that the use of the PCD tool led to a significant improvement of surface quality. In particular, the surface roughness parameter  
Ra was reduced, but changes are also visible for the other roughness parameters. Despite a similar trend of variations in surface roughness 
parameters observed for both tools, the values of these parameters obtained with the PCD tool were significantly lower. Similar values  
of the cutting force components were obtained with both cutting tools, these values being lower only in some cases for the carbide cutter. 
The effect of varying the cutting speed and feed per tooth on these indicators was also determined. The obtained results indicate that the 
selection of cutting parameters depends primarily on the expected results. Considering the surface roughness, it is better to use high cutting 
speeds, while in terms of cutting force, low speeds are more beneficial. In both cases, it is recommended to use the lowest possible feed. 

Key words: milling, aluminium alloy, surface roughness, cutting force, cutting tools 

1. INTRODUCTION 

Aluminium alloys are widely used in the aerospace and auto-
motive industries, among others [1,2]. This is primarily owing to 
their low density, high corrosion resistance and good strength prop-
erties. However, the peculiarities of these industries require high 
quality of manufactured components, which implies a need for con-
tinuous improvement of machining processes. The selection of ap-
propriate cutting conditions is therefore crucial for ensuring opti-
mum machining results, and hence research must be conducted in 
this area [3–5]. 

The machining result depends on numerous factors such as the 
machine tool, cutting tool and cutting parameters. The dynamics of 
this process, which is significantly related to the cutting force, is of 
importance, too. The selection of optimum machining conditions 
has been of interest to researchers from all over the world. By var-
ying technological parameters, it is possible to exert a significant 
impact on the cutting process and its effects. The machining of alloy 
EN-AW 7075 conducted with variable cutting parameters was in-
vestigated in [6]. The study showed that the spindle speed and feed 
rate had the primary impact on surface roughness. Increasing the 
values of these parameters resulted in improved surface quality. 
The depth of cut, on the other hand, showed no specific effect on 
surface condition. Similar conclusions were included in the paper 
[7], also concerning EN-AW 7075 alloy. It was shown that cutting 
speed had an approx. 85% effect on surface roughness and chip 

segmentation. However, this applied to high speed machining, be-
cause when standard cutting speeds were used, the significance of 
cutting speed decreased, while the influence of feed and depth of 
cut increased. A study [8] investigated the milling process of pure 
EN-AW 7075 alloy, EN-AW 7075 alloy with Sc and Li additives, as 
well as of EN-AW 7075 after different heat treatments. The applied 
feed rate was found to have the greatest effect on cutting forces. A 
reduction in the feed value had a positive effect on the cutting force. 
This observation was especially important when machining high-
hardness alloys, for which it was recommended using a cutting fluid 
in order to reduce the cutting force. It was also more advantageous 
to use higher cutting speeds. A study investigating the machining 
of EN-AW 7050 conducted by Ping et al. [9] showed that the cutting 
force components remained constant despite an increase in the 
cutting speed and a higher cutting temperature. The depth of cut 
was found to have the greatest effect on the cutting force, as in-
creasing the depth of cut value resulted in a several-fold increase 
in the components of this force. The effect of tool geometry was 
also investigated. It was observed that as the rake angle was in-
creased, the cutting force components and the cutting temperature 
decreased. In contrast, an increase in the tool tip radius produced 
the opposite effect. This implies that the cutting tool geometry, too, 
has impact on the machining process. 

The effect of rake angle and clearance angle was investigated 
in [10] for the EN-AW 7075 alloy. It was shown that the “sharper” 
cutting edge caused the cutting temperature to decrease and the 
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cutting force to increase at the same time. Other tools caused the 
cutting temperature to increase, which probably led to plasticization 
of the material and a decrease in the cutting force. The study [11] 
focused on rake angle and nose radius. Choosing the right rake 
angle proved to be a difficult task, as increasing the rake angle re-
sults in a reduction of the infeed force, while at the same time the 
crossfeed and thrust forces increase intensively. However, by in-
creasing the nose radius, the cutting forces were reduced by up to 
several times. A study [12] showed that the cutting tool’s helix angle 
had a significant impact on the cutting process. The cutting temper-
ature was reduced when using a small helix angle tool. This angle 
had a greater effect on the cutting temperature than the spindle 
speed and feed. The use of a large helix angle, on the other hand, 
had a positive effect on surface roughness and was more signifi-
cant than a variable feed. Ikhries et al. [13] compared the results of 
a machining process conducted with a flat and a ball tool. The use 
of the flat tool resulted in enhanced surface quality and a higher 
material removal rate. In the machining process conducted with the 
flat tool, the feed rate had the dominant effect on surface rough-
ness, while for the ball tool – the depth of cut had the greatest effect 
on surface roughness. 

Not only does the overall geometry of the tool matter, but the 
cutting edge microgeometry is of significance too, as demonstrated 
in [14]. The results showed the margin width to be of the greatest 
significance, as any increase in this parameter led to reduced sur-
face quality. The corner radius was found to have a nonlinear im-
pact, as the best effect was obtained using intermediate radius val-
ues. In contrast, the relief angle did not have any significant effect 
on surface roughness. Schönecker et al. [15] developed HSS end 
mills with structure elements on the flank face. The research 
showed that the proposed tool geometry reduced the cutting force 
and the susceptibility to chatter vibration, which, in turn, allowed the 
depth of cut to be increased. This effect became more powerful with 
increasing the size of structure elements. 

The material of a cutting tool is of vital importance, too. Kucz-
maszewski et al. [16] conducted a comparative analysis of the re-
sults of an HSM (High Speed Milling) process for EN-AW 2024 that 
was conducted using a carbide and a PCD tool. Lower values of 
the roughness parameter Ra over the entire length of the machined 
surface were obtained with the PCD tool, regardless of the rolling 
direction. However, the differences were relatively small. The use 
of the diamond tool resulted in lower deflection along the longitudi-
nal rolling direction. A comparison of carbide and PCD tools was 
also undertaken in [17]. The use of the PCD tool for milling EN-AW 
5754 and EN-AW 6082 alloys resulted in several-fold lower values 
of the surface roughness parameter Ra. The tool was also found to 
be less sensitive to changes in cutting parameters. The depend-
ence of high surface quality on the use of diamond tools was also 
confirmed in [18]. The best results were obtained using low cutting 
speeds, feeds and cutting depths. The diamond tool also had a pos-
itive effect on the shape of formed chips, which promoted improved 
surface quality. O'Toole et al. [19] compared the use of a PCD tool 
and a CBN (Cubic Boron Nitride) tool in the micromilling of pure 
aluminium. The PCD tool produced better surface quality and sev-
eral-fold lower cutting force components. The tool also exhibited 
lower wear. Similar results were obtained in the simulation of a mill-
ing process for the EN-AW 7075-0 alloy [20]. The use of the PCD 
tool resulted in lower cutting forces and feed forces than those ob-
tained in the milling process conducted with a tool made of carbide 
K10. This also meant lower cutting temperatures. The favourable 
properties of polycrystalline diamond were also found to promote 
reduced burr formation [21]. The benefits of using diamond tools 

were confirmed not only by research on milling, but also by studies 
devoted to turning [22–26]. 

The machining effect can also be enhanced via tool coatings. 
The benefits of using coatings in micromilling were confirmed in a 
study [27]. It was demonstrated that compared to an uncoated tool, 
the use of DLC (Diamond-Like Carbon) and NCD (Nano-Crystalline 
Diamond) coatings reduced the cutting forces by up to 20-30%. The 
use of the DLC-coated tool also produced the best surface quality. 
Similar observations were made in a study [28] which investigated 
the machining process of EN-AW 6082-T6. The use of the DLC-
coated tool produced significantly better results than when using 
uncoated and AlCrN-coated tools. The obtained surfaces had 
higher quality and better properties. The DLC-coated tool also gen-
erated lower vibration. It should be emphasized that the coating 
material selection depends on the specific application, as the use 
of a wrong coating can even deteriorate the machining process and 
its results [29]. 

The selection of a suitable machining strategy is also important. 
In [30], conventional and plunge milling strategies were considered. 
Plunge milling was shown to improve productivity and reduce tool 
wear, but at the same time generated more vibration and poorer 
surface quality. This machining strategy can therefore be an inter-
esting option for rough machining. The type of milling can also af-
fect the machining effect. Burhanudin et al. [31] compared climb 
and conventional milling using an HSS end mill. The results showed 
that climb milling produced better surface quality, with significantly 
greater differences obtained for EW-AW 5052 than for EN-AW 
7075. The study also demonstrated that increasing the cutting al-
lowance promoted improved surface roughness. A similar investi-
gation of the EN-AW 7075-T6 alloy was made in [32]. In this study, 
however, no clear differences were observed between the two 
types of treatment. This could be due to the fact that the carbide 
tool had a different  geometry or that the aluminium alloy was sub-
jected to a different heat treatment condition. 

Sivalingam et al. [33] showed that the machining effects for al-
uminium alloy EN-AW 7075 can also be improved by using lubri-
cants. They investigated several cooling methods: MQL (Minimum 
Quantity Lubrication), cryogenic, and a combination of MQL and 
cryogenic. The use of lubrication led to reduced friction, which re-
sulted in lower cutting forces and tool wear. Surface quality was 
also improved, with fewer defects occurring. The most benefits 
were achieved using a combination of MQL and cryogenic. The 
positive effect of cooling on surface roughness was also confirmed 
in a study [34]. The use of cooling led to a more than half reduction 
in the surface roughness parameter Ra. Nevertheless, the spindle 
speed was found to have a much greater effect on surface rough-
ness. Yapan et al. [35] conducted a study on EN-AW 6082 using 
MQL with graphene nanoparticles. The use of nanofluid resulted in 
significant improvements in cutting force, surface roughness, tem-
perature and carbon emission. A study [36] compared dry machin-
ing and SQL (Small Quantity Lubrication) with sunflower oil. The 
application of SQL reduced the cutting force by up to 35% and the 
surface roughness by even up to 45%. The effect of using SQL in 
milling was much better than that achieved in turning. Innovative 
solutions were also proposed for cutting force reduction, such as 
vibration assisted milling [37,38], which could additionally be imple-
mented over helical paths [39]. 

Based on the literature review, it can be seen that the milling 
process depends on many factors. In order to obtain an optimal 
machining effect, it is necessary to determine the influence of indi-
vidual machining conditions. The objective of this study is to deter-
mine the effect of variable cutting parameters and different cutting 
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tool types on surface quality and cutting force. For improving sur-
face quality, one of the first steps to be taken is to change the cut-
ting parameters, as this does not require additional tooling and 
equipment. Therefore, an attempt is made to determine the extent 
to which varying the machining conditions will affect the milling ef-
fect. The impact of the cutting tool is also considered, since the end 
mills used in this study are made of different materials and have 
different geometries. 

The novelty of the research consists in a comprehensive anal-
ysis of the influence of various cutting parameters on the machina-
bility of the EN AW-7075 T651 aluminum alloy, considering two dif-
ferent cutting tools. This provides new information on the optimiza-
tion of the milling process of this aluminum alloy, which can contrib-
ute to improving the quality and efficiency of manufactured parts. A 
wide range of cutting parameters corresponding to conventional 
and High Speed Cutting allows for better representation of real 
manufacturing conditions. 

2. MATERIALS AND METHODS 

The study involved investigating the stability and effects of a 
milling process for aluminium alloy EN AW-7075 T651. Owing to its 
high strength and corrosion resistance combined with low specific 
weight, this material is widely used in the aerospace and automo-
tive industries. Test specimens came in the form of cuboids with the 
dimensions of 160x70x33 mm. The milling process was performed 
on an AVIA VMC 800HS milling centre – Figure 1. 
 
a) 

 
b) 

 
Fig. 1.   Experimental setup: a) schematic diagram; b) experimental 

procedure 

The milling process was conducted using variable cutting pa-
rameters, as shown in Table 1. The variable parameters were the 
cutting speed vc and the feed per tooth fz, while the constant pa-
rameters were the depth of cut equal to 1 mm and the width of cut 
equal to 12 mm. 

Tab. 1. Parameters of milling process 

vc 

(m/min) 

fz 

(mm/tooth) 

n 

(rpm) 

vf 

(mm/min) 

100 

0.100 

2 654 796 

300 7 962 2 389 

500 13 270 3 981 

700 18 577 5 573 

900 23 885 7 166 

300 

0.050 

7 962 

1 194 

0.075 1 791 

0.100 2 389 

0.125 2 986 

0.150 3 583 

900 

0.050 

23 885 

3 583 

0.075 5 374 

0.100 7 166 

0.125 8 957 

0.150 10 748 

The selection of technological parameters was based on the 
recommendations of the cutting tool manufacturers, as well as the 
authors' experience in machining aluminium alloys. The tests were 
carried out on the basis of one pass for one configuration of tech-
nological parameters for two tools.The milling process was carried 
out using two 12 mm diameter milling cutters: 

− a cutter with three PCD inserts (Bryk D10.1210), each having a 
length of 25 mm, with an overall length of 82 mm and a tooth 
angle of 0°; 

− a four-teeth solid carbide cutter (Engram 4HCEG 120 260 S12), 
with a tooth length of 26 mm, having an overall length of 75 mm 
and a tooth angle of 35°, provided with Nano-X coating. 
During the tests, no significant wear on the cutting tools was 

found to affect the results. 
Cutting forces were measured during the milling process using 

a Kistler 9257B piezoelectric force gauge connected to a 5070A 
amplifier, from which the signal was sent to a DAQ 5697A module. 
The maximum values of the cutting force components Fx, Fy and Fz 
were analysed. 

The study also included an evaluation of surface roughness pa-
rameters Ra, Rz and RSm. The measurements were made using a 
Hommel Tester T1000 contact profilometer in accordance with the 
PN-EN ISO 4287 standard. 

3. RESULTS 

3.1. Surface roughness 

Results of the investigated surface roughness parameters are 
given in Figures 2-4. 
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Regardless of the cutting tool type, a similar trend of changes 
in the values of all surface roughness parameters can be observed 
for the milling process conducted with a variable cutting speed. 
However, significantly lower values of all parameters were 
obtained for the PCD tool. The differences are as high as 0.79 µm 
for the Ra parameter, 1.3 µm for Rz and 0.045 mm for RSm. 
Comparing the results obtained for both tools, the greatest 
differences in the values of the surface roughness parameters can 
be observed for the milling process conducted with the lowest 
cutting speed. These differences decrease as the cutting speed is 
increased. 

Similar relationships can also observed for the milling process 
conducted with variable feed per tooth. Lower values of the surface 
roughness parameters were again obtained for the tool with PCD 
inserts, and the trend of changes is similar for all roughness 
parameters regardless of the tool; this time, however, the values 
increase with increasing the feed per tooth. At the same time, the 
tool with PCD inserts was more sensitive to the variations in feed, 
because the values of the roughness parameters increase faster 
with increasing the feed value. This is particularly true for the 
parameters Rz and RSm, for which the differences between the 
results obtained with both tools gradually decrease as the feed is 
increased. On the other hand, for the lowest feed value, the 
differences in the values of Ra, Rz and RSm obtained with the two 
tools are 1.16 µm, 2.1 µm and 0.09 mm, respectively.

a) 

 
b) 

 
c) 

 
Fig. 2.   Cutting speed vs surface roughness parameters:  

a) Ra; b) Rz; c) RSm (fz = 0.1 mm/tooth) 

Tab. 2. Regression equations for surface roughness parameters 

Parameter PCD Carbide 

vc 

Ra 
y = -2.2396 × 10-9x3 + 3.7195 × 10-6x2 - 0.0022461x + 1.6193 y = 1.1458 × 10-9x3 - 2.0223 × 10-6x2 + 0.00014211x + 2.1396 

R2 = 0.99992 R2 = 0.99358 

Rz 
y = -5.2083 × 10-10x3 + 5.1339 × 10-7x2 - 0.00072693x + 5.555 y = 3.125 × 10-9x3 - 3.9732× 10-6x2 - 0.00049554x + 6.8933 

R2 = 0.93879 R2 = 0.99697 

RSm 
y = -7.5521 × 10-10x3 + 1.0158 × 10-6x2 - 0.00042798x + 0.22112 y = -1.0417 × 10-10x3 + 9.1964 × 10-8x2 - 0.00010467x + 0.24011 

R2 = 0.96237 R2 = 0.99545 

fz (vc = 300 m/min) 

Ra 
y = 8.8889x3 - 43.2381x2 + 16.6754x + 0.001 y = 1493.3333x3 - 416x2 + 44.2667x + 0.39 

R2 = 0.99686 R2 = 1 

Rz 
y = -4800x3 + 1228.5714x2 - 73.7143x + 5.23 y = 533.3333x3 - 148.5714x2 + 23.381x + 5.24 

R2 = 0.99256 R2 = 0.99824 

RSm 
y = -57.7778x3 + 9.1619x2 + 1.4737x + 0.0045667 y = 5.3333x3 - 2.0571x2 + 0.8481x + 0.15 

R2 = 0.97841 R2 = 0.99985 

fz (vc = 900 m/min) 

Ra 
y = -1395.5556x3 + 396.381x2 - 23.104x + 0.88433 y = -320x3 + 137.1429x2 - 8.8286x + 1.42 

R2 = 0.93968 R2 = 0.97975 

Rz 
y = -1244.4444x3 + 161.9048x2 + 38.0635x + 0.73333 y = 1.1446 × 10-11x3 + 11.4286x2 + 11.7143x + 4.4 

R2 = 0.99764 R2 = 0.98848 

RSm 
y = -268.4444x3 + 88.0571x2 - 7.6403x + 0.28237 y = 21.3333x3 - 5.8286x2 + 1.1324x + 0.077 

R2 = 0.9568 R2 = 0.99786 
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a) 

 
b) 

 
c) 

 
Fig. 3.   Feed per tooth vs surface roughness parameters:  

a) Ra; b) Rz; c) RSm (vc = 300 m/min) 

a) 

 
b) 

 
c) 

 
Fig. 4.   Variable feed per tooth vs surface roughness parameters:  

a) Ra; b) Rz; c) RSm (vc = 900 m/min) 

In a milling process conducted with the cutting speed vc = 900 
m/min similar relationships can be observed as in that conducted 
with vc = 300 m/min. The surface roughness parameters  increase 
with increasing the feed per tooth and they are lower by as much 
as 0.75 µm for Ra, 2.1 µm for Rz and 0.038 mm for RSm for the 
milling process performed using the tool with PCD inserts. The use 
of the highest feed values, however, resulted in a significant 
increase in the RSm value, exceeding that obtained with the 
carbide tool. 

In addition, the use of higher cutting speeds resulted in lower 
values of the surface roughness parameters than those obtained 
with vc = 300 m/min. For the tool with PCD inserts, the differences 
are 0.24 µm for Ra, 1.1 µm for Rz and 0.084 mm for RSm. At the 
highest feed per tooth, however, the parameters are comparable 
for both cutting speeds. For the carbide tool, an increase in the 
cutting speed is beneficial over the entire tested feed per tooth 
range as the differences are as high as 0.62 µm for Ra, 1.1 µm for 
Rz and 0.067 mm for RSm. 

Regression equations were also determined for the obtained 
surface roughness parameters – Table 2. 

3.2. Cutting force 

The study also involved measuring the cutting force 
components during machining. Figures 5-7 give examples of 
signals of the cutting force component Fx for the extreme values of 
the analysed cutting parameters. The signals are characterized by 
high stability, with no sudden jumps in their values, which indicates 
that the milling process proceeded in a stable manner. On the other 
hand, their characteristics change with varying the machining 
parameters. 

 
Fig. 5.  Variations in the cutting force component Fx during a milling 

process conducted with variable vc 

Based on the obtained signals, the maximum values of the 
cutting force components were determined and analysed. A similar 
trend of changes in the values of these components can be 
observed in the milling process conducted with a variable cutting 
speed, for both cutting tools – Figures 8-10. The Fz component 
values increase with the cutting speed, while the values of Fx and 
Fy decrease first and then begin to increase again when the 
process is conducted with the high cutting speed values. The 
exception is  milling conducted using the diamond tool and vc = 300 
m/min where all cutting force components increase. The highest 
values were obtained for the Fx, Fy and Fz components, 
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respectively for both tools. Significantly higher values were 
obtained using a diamond tool, which is due to its geometry. No 
correlation is observed between the changes in the values of the 
cutting force components and the surface roughness parameters, 
as the latter decrease steadily with increasing the cutting speed. 

 
Fig. 6.  Variations in the cutting force component Fx during a milling 

process conducted with variable fz (vc = 300 m/min) 

 
Fig. 7.  Variations in the cutting force component Fx during a milling 

process conducted with variable fz (vc = 900 m/min) 

a) 

 
b) 

 
Fig. 8.   Variable cutting speed vs cutting force for: a) PCD; b) carbide 

tool (fz = 0.1 mm/tooth) 

The relationship between a variable feed and the cutting force 
components is rather unambiguous for the milling process 
conducted using the diamond tool. All components successively 
increase their value over the entire feed range. The highest values 
are observed for the Fx component. The Fy component values are 
lower, with an increasing difference between them. In contrast, the 
values of the Fz component are about half lower than those of the 
Fx component. This trend of changes in the cutting force 
components corresponds to the changes observed for the surface 
texture, where the values of the surface roughness parameters 
would gradually increase with increasing the feed per tooth. 

a) 

 
b) 

 
Fig. 9.   Feed per tooth vs cutting force for: a) PCD; b) carbide tool  

(vc = 300 m/min) 

Regarding the carbide tool, each cutting force component 
shows a different trend. The Fx component increases over the 
entire tested feed range, while the Fy component decreases. The 
Fz component decreases first and then increases starting from fz = 
0.75 mm/tooth. The distribution of the cutting force components is 
similar to that obtained for the diamond tool, i.e. the highest values 
are achieved by the Fx component whereas the lowest by the Fz 
component. 

Significant differences can be observed in the values of the 
cutting force components depending on the type of tool. In addition, 
these differences increase with increasing the feed per tooth. In a 
milling process conducted with the carbide tool, the values are 
lower by as much as 271 N  for the Fx component, by 316 N for the 
Fy component and by 143 N for the Fz component. These 
significant differences may be due to a larger helix angle, leading 
to a reduction in the generated cutting force. The increase in the 
cutting force components is accompanied by higher surface 
roughness parameters.  
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a) 

 
b) 

 
Fig. 10. Feed per tooth vs cutting force for: a) PCD; b) carbide tool  

(vc = 900 m/min) 

 

Completely different results were  obtained from a milling pro-
cess conducted with a variable feed per tooth and the cutting speed 
vc = 900 m/min. When using the diamond tool, the values of the Fx 
and Fz components increase with increasing the feed per tooth, 
which – to some extent – is due to changes in the surface texture 
and reduced surface quality with the feed increase. In contrast, the 
value of the Fy component begins to decrease starting from fz = 
0.75 mm/tooth. For the carbide tool, on the other hand, the values 
of the cutting force components vary in a non-linear manner, as 
they fluctuate when the feed per tooth is changed. The values of 
the cutting force components are again lower for the carbide tool. 
The highest values are again achieved by the Fx component, while 
the values of Fy and Fz are about half as high. 

The milling process conducted using the diamond tool and the 
cutting speed vc = 900 m/min had no clear impact on the cutting 
force components when compared to the milling process conducted 
with vc = 300 m/min. Mainly higher values of the Fx and Fz compo-
nents were obtained, while the values for the Fy component were 
lower. The values differ by 121 N for Fx, 190 N for Fy and 79 N for 
Fz. As for the carbide tool, the high cutting speed has proved to be 
undesirable because the cutting force increases with the cutting 
speed. The obtained maximum values are higher by 134 N for Fx, 
by 34 N for Fy and by 117 N for Fz compared to the machining 
process conducted with vc = 300 m/min. 

Regression equations were also determined for the obtained 
results – Table 3. 

Tab. 3. Regression equations for the cutting force components 

Component PCD Carbide 

vc 

Fx 
y = 2.1734 × 10-6x3 - 0.0031486x2 + 1.3387x – 181.5044 y = 6.8696 × 10-7x3 - 0.00046211x2 - 0.022684x + 194.5068 

R2 = 0.92574 R2 = 0.99967 

Fy 
y = 2.6357 × 10-6x3 - 0.0040011x2 + 1.6079x – 134.8438 y = 9.7847 × 10-7x3 - 0.0012124x2 + 0.31351x + 103.4101 

R2 = 0.80254 R2 = 0.97897 

Fz 
y = 2.3882 × 10-7x3 - 0.00033649x2 + 0.19507x – 160.758 y = -4.3391 × 10-8x3 + 0.00019882x2 - 0.053533x + 44.2173 

R2 = 0.92635 R2 = 0.9991 

fz (vc = 300 m/min) 

Fx 
y = -96682.6667x3 + 25468.1943x2 + 496.6658x + 165.8101 y = 97571.7333x3 - 26474.3086x2 + 3036.7114x + 25.412 

R2 = 0.99988 R2 = 0.99437 

Fy 
y = 109699.2x3 - 42818.3886x2 + 6999.1857x - 33.956 y = -58838.9333x3 + 19257.8057x2 - 2257.4428x + 210.1391 

R2 = 0.99976 R2 = 0.99969 

Fz 
y = 15057.0667x3 - 12366.2514x2 + 2759.5016x + 25.1968 y = -275146.5067x3 + 96013.5394x2 - 10386.9419x + 395.9015 

R2 = 0.96265 R2 = 0.99571 

fz (vc = 900 m/min) 

Fx 
y = 170491.7333x3 - 52457.1543x2 + 5869.7915x + 178.4637 y = 413898.1333x3 - 141383.1543x2 + 15794.7885x - 288.4818 

R2 = 0.98706 R2 = 0.9745 

Fy 
y = 232014.1333x3 - 79230.3303x2 + 8143.1002x + 12.1011 y = 29947.2x3 - 15807.84x2 + 2755.607x - 17.3301 

R2 = 0.87723 R2 = 0.84802 

Fz 
y = 57291.3067x3 - 17403.6217x2 + 2089.9487x + 147.4216 y = 947917.8133x3 - 281117.8789x2 + 26232.8967x - 631.465 

R2 = 0.98346 R2 = 0.99651 

4. CONCLUSIONS 

Based on the obtained results, the following conclusions were 
drawn: 

− The use of a diamond tool led to a significant improvement in 
surface quality. Although the greatest differences were ob-
served for the roughness parameter Ra, the results of the pa-
rameters Rz and RSm clearly differed as well. 

− For both tested tools, the use of variable cutting parameters 
had a similar effect on the surface roughness results yet with 
different intensity. Although the diamond tool was more 

susceptible to changes in the machining conditions, its use al-
lowed to control the machining effect to a greater extent. 

− Regardless of the cutting tool type, lower surface rough-
ness parameters were obtained when the milling process 
was conducted with the highest cutting speed and the low-
est feed per tooth. 

− The use of variable cutting speed had a similar effect on the 
changes in the cutting force components for both tested 
cutting tools. The exception was the milling process con-
ducted with the diamond tool and vc = 300 m/min where an 
increase in the values of these components was observed. 
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− The impact of variable feed per tooth depended significantly on 
the cutting speed. When the milling process was conducted 
with a cutting speed of 300 m/min, the cutting force components 
increased linearly as a result of the feed per tooth increase, 
while the use of a cutting speed of 900 m/min caused the 
changes to occur in a non-linear manner. Nevertheless, regard-
less of the cutting tool and cutting speed applied, the lowest 
values of the cutting force components were obtained when the 
milling process was conducted with low feed values. 

− Regardless of the machining conditions, the highest values 
were obtained for the Fx component, i.e. in the direction per-
pendicular to the movement of the cutting tool. While the values 
of Fy and Fz depended on the cutting parameters. 

− No clear relationship was observed between the obtained sur-
face roughness parameters and the cutting force. This makes 
it difficult to optimize machining both in terms of process stabil-
ity and workpiece quality. The correlation between the two indi-
cators became evident mainly when the milling process was 
conducted with the cutting speed vc = 300 m/min, where the 
cutting force components and the surface roughness parame-
ters increased linearly with increasing the feed per tooth. 
In future works, it is planned to extend the research conducted 

so far with additional indicators, such as: tool wear (especially at 
high speed cutting), vibrations, cutting temperature or tool deflec-
tion. These are phenomena that also have a significant impact on 
the course of machining and its effects. Analysis of additional pa-
rameters will allow for a better understanding of the processes oc-
curring during milling of this group of materials. The research will 
also be continued for other aluminum alloys. 
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Abstract: The study of technical textiles and their composites is crucial for material selection in performance-driven applications.  
This research investigates the mechanical and abrasion behavior of plain-woven Kevlar and carbon fiber fabrics and their epoxy-based 
composites under various environmental conditions. Tensile tests and Martindale abrasion tests were performed in warp and weft directions, 
following ASTM D3039, ISO 105-E04:2013, and ISO 12947-3:1998 standards. Samples were tested in dry conditions, after immersion  
in water, and in a salt solution simulating human sweat. Dry fabrics exhibited the highest tensile strength, with Kevlar fabric outperforming 
carbon fabric due to its denser weave and resistance to moisture-induced degradation. However, carbon/epoxy composites showed superior 
mechanical properties, owing to better fiber–matrix adhesion and stiffness. Hybrid Kevlar-carbon composites offered a balanced mechanical 
response, particularly in the warp direction. Abrasion tests revealed lower mass loss in Kevlar fabrics compared to carbon, with damage 
intensifying under wet conditions especially in sweat simulations due to salt-induced weakening. This behavior is linked to fiber structure, 
fiber–matrix bonding, and abrasive wear mechanisms. Sweat simulation testing reflects realistic service conditions found in protective  
clothing and aerospace applications. The results support the development of durable, lightweight composites for environments involving 
moisture or salt exposure. While statistical consistency was ensured using sample averaging, future studies will include detailed statistical 
analyses. To mitigate wet-condition degradation, future work will explore the use of surface treatments or coatings. This study contributes to 
sustainable material design by enabling longer service life, reduced material waste, and optimized hybrid fiber configurations. Further  
research will explore bio-based matrices and nano-enhanced hybrids to expand eco-friendly performance solutions. 

Key words: tensile testing, martindale test, abrasion resistance, sustainable, kevlar textiles, carbon textiles

1. INTRODUCTION 

Fabrics have become an integral part of everyday life and are 
used for clothing, upholstered furniture and technical textiles. Kev-
lar and carbon fabrics are particularly important. Kevlar, a synthetic 
para-aramid fiber, is known for its high strength, tensile strength-to-
weight ratio, stiffness, heat resistance and abrasion resistance. 
Carbon fibers, which consist of thin, strong crystalline carbon fila-
ments, are characterized by a high strength-to-weight ratio, stiff-
ness and resistance to temperature and corrosion. Composites of 
Kevlar and carbon fibers combined with resins such as epoxy offer 
exceptional strength, stiffness and light weight, making them ideal 
for applications in the automotive, aerospace and protective cloth-
ing industries. Analyzing the mechanical properties of these mate-
rials, such as strength, stiffness and elongation, provides insight 
into how composition affects mechanical behavior. Many research-
ers have studied the mechanical properties of Kevlar and carbon 
composites and their hybrids.  Rajesh et al. [1] investigated the ten-
sile strength of a four-ply Kevlar composite produced by hand lay-
up and found it to have high tensile strength, making it suitable for 
various engineering applications. Suthan et al. [2] studied Kevlar 
fiber-epoxy composites, focusing on their tensile and flexural prop-
erties, and found them to be superior to aluminum composites. 

Yeung et al. [3] examined Kevlar-49 reinforced composites with dif-
ferent thermoplastic matrices and found that composites with a 
SAN matrix exhibited higher tensile strength than those with ABS, 
polyester, and polyethylene matrices. Agarwal et al. [4] compared 
the mechanical, wear, and thermomechanical properties of epoxy 
composites reinforced with glass, Kevlar, and carbon fabrics. They 
found that increasing the fabric content initially improved the prop-
erties, but excessive loading reduced them. Carbon fabric compo-
sites performed better overall than glass and Kevlar composites. 
Al-Qrimli et al. [5] investigated carbon/epoxy fabric composites pro-
duced by hand lay-up and found that they exhibited good elastic 
properties, with similar behavior in both warp and weft directions, 
and comparable shear and Poisson’s ratios. Channabasavaraju et 
al. [6] studied the tensile and flexural properties of polymer compo-
sites reinforced with glass, graphite, and Kevlar fibers and con-
cluded that both the type and thickness of the fiber affect these 
properties, with greater thickness leading to improved performance. 
Hybrid composites are materials made by combining different types 
of fibers or materials to achieve improved properties. They can be 
developed using synthetic, natural, and metallic fibers, resulting in 
enhanced strength, stiffness, and a high strength-to-weight ratio [6]. 
Furthermore, Kumar et al. [7] investigated the effects of hybridiza-
tion on the properties of synthetic fibers using 3 mm thick laminates: 

mailto:s44280569@uqu.edu.sa
mailto:sufyan441@yahoo.com
mailto:somia.alfatih@alasala.edu.sa
https://orcid.org/0000-0002-5353-3578
https://orcid.org/0000-0001-8084-0955
https://orcid.org/0009-0009-0032-2265
https://orcid.org/0000-0003-2538-3207


Mohamed K. Hassan, Muneef H. Alameri, Sufyan Azam, Somia Alfatih M.S.,  Mohammed Y. Abdellah                                             DOI 10.2478/ama-2025-0038 

Sustainable Innovations: Mechanical and Tribological Advancements in Carbon and Kevlar Reinforced Epoxy Composites 
 

310 

Kevlar49-E-glass, pure Kevlar49, and Kevlar49-carbon. The Kev-
lar-E-glass hybrid retained 90% of the strength of Kevlar, the car-
bon-Kevlar hybrid exhibited higher strength, and Kevlar showed 
higher impact strength. In another study, Hashim et al. [8] examined 
the tensile properties of carbon/Kevlar hybrids with different fiber 
orientations (0°, 45°, and 90°). The highest tensile strength was 
observed when the fibers were oriented in the direction of the car-
bon fibers (0°). Recently, Khaddour et al. [9] studied carbon, glass, 
and Kevlar fabrics, as well as epoxy hybrid composite laminates. 
Increasing the number of carbon layers increased the modulus of 
elasticity and tensile stress while reducing the elongation at break. 
The stacking sequence had no significant effect, except for a cen-
tral Kevlar layer, which reduced the tensile properties. Priyanka et 
al. [10] also found that the hybridization pattern and the orientation 
of the carbon yarn in the carbon-Kevlar hybrid fabric significantly 
affected the modulus and strength, while the weaving pattern had 
no effect on mechanical performance. Plain woven fabrics resulted 
in stiffer laminates under loading. In addition, Hossain et al. [11] 
showed that CK/epoxy composites exhibited better mechanical 
properties compared to other matrices. Furthermore, Karthik et al. 
[12] investigated the tensile properties of hybrid composites with 
different stacking sequences and found that the carbon-Kevlar-car-
bon-Kevlar-carbon (C-K-C-C-C-C) sequence exhibited the highest 
tensile strength. Recent advancements in composite materials 
have emphasized sustainability, durability, and performance opti-
mization under variable environmental conditions. Studies have ex-
plored the development of eco-friendly and high-strength polymer 
composites using bio-fillers, hybrid reinforcements, and water treat-
ment applications to enhance material performance and longevity 
[13-16]. Innovations in textile-reinforced composites, including the 
integration of carbon and Kevlar fibers, have shown promising re-
sults in mechanical and tribological improvements [17-20]. Moreo-
ver, the role of surface treatments, hybrid stacking, and environ-
mental resistance has been critically examined to address durability 
challenges in aggressive environments [20]. 

This study focuses specifically on plain-woven technical tex-
tiles, as woven fabrics are commonly used in structural composite 
applications due to their predictable mechanical behavior. The 
study hypothesizes that the mechanical and abrasion properties of 
Kevlar and carbon fiber fabrics, as well as their composites, are 
significantly influenced by environmental conditions, fiber type, and 
fabric orientation. It is expected that dry conditions will enhance ten-
sile strength and reduce material loss during abrasion testing, while 
wet conditions, including exposure to water and salt solutions, will 
negatively affect performance. Additionally, hybrid composites 
combining Kevlar and carbon fibers are anticipated to provide bal-
anced mechanical behavior by utilizing the strengths of both mate-
rials. The main objective of this research is to investigate the me-
chanical response of these fabrics and their composites under var-
ying environmental conditions. The study includes tensile and abra-
sion testing of the materials in both dry and wet states, and com-
pares the performance of Kevlar, carbon, and hybrid composites 
considering fiber orientation and stacking sequence. The findings 
aim to inform material selection for sustainable, high-performance 
applications in fields such as aerospace, automotive, and protective 
equipment. 

2. MATERIALS AND METHODS 

In this research, two types of fabrics were used: plain weave 
Kevlar fabric (0.24 mm thickness, 200 g/m² surface density) and 

plain weave carbon fabric (0.28 mm thickness, 200 g/m² surface 
density). In this experimental study, the fabrics and their compo-
sites were tested under various conditions using tensile and abra-
sion tests. Tensile tests were carried out on a Universal Testing 
Machine for both the fabrics and the composites, while abrasion 
tests were conducted using a Martindale Abrasion Tester. 

2.1. Tensile Test on Fabrics 

The most common mechanical test performed on textiles is the 
tensile strength test. It measures how a fabric responds when sub-
jected to a stretching force along its length. The test works on the 
basic principle of holding the sample at two or more points and pull-
ing it until it breaks [21]. In this study, tensile tests were carried out 
on fabric samples under different conditions: dry, after being 
soaked in water for 24 hours, and after being soaked in a saltwater 
solution for 24 hours to simulate human sweat. According to ISO 
105-E04:2013 [22], the artificial sweat solution consists of 5 grams 
of sodium chloride (NaCl) dissolved in 1 liter of distilled water. All 
tests were conducted in both the warp and weft directions to exam-
ine any differences in performance under each condition. The sam-
ples, made of Kevlar and Carbon fabrics, measured 25 mm × 250 
mm and were cut using a laser cutting machine. Aluminum plates 
(25 × 50 mm) were attached to the ends of each sample and 
bonded with epoxy to ensure smooth tensile loading and to prevent 
slipping from the jaws of the testing machine.  The tensile strength 
tests were performed using a Zwick Roell Z600 tester with hydraulic 
grips, operating at a speed of 2 mm/min. 

2.2. Tensile Test on Composite Fabrics 

A tensile test is a widely used method for evaluating the me-
chanical properties of materials, including composite fabrics. These 
fabrics consist of two or more components—typically reinforcing fi-
bers and a matrix material. In this study, three types of composite 
materials were prepared: Kevlar/epoxy, Carbon/epoxy, and a hy-
brid Kevlar-Carbon/epoxy composite. The Kevlar and Carbon spec-
imens each contained six layers of fabric (referred to as 6K and 6C, 
respectively), while the hybrid composite was made by alternating 
three layers of Kevlar and three layers of Carbon in a KCKCKC 
sequence. The epoxy resin and hardener were mixed in a recom-
mended weight ratio of 10:6. The composites were then fabricated 
using the hand layup method, by layering fabric and resin alter-
nately in an open mold. The samples were left to cure at room tem-
perature for at least 24 to 48 hours to ensure the resin dried com-
pletely. Tensile tests were carried out using a Zwick Roell Z600 ma-
terial testing machine in accordance with the ASTM D3039 stand-
ard [23], at a test speed of 2 mm/min for all composite samples. 
Three specimens were prepared for each fabric type in both the 
warp and weft directions, with dimensions of 250 mm × 25 mm, a 
thickness between 2.0 and 2.5 mm, and a gauge length of 150 mm. 
The average values of the results were recorded. Samples were 
cut using an abrasive water jet machine. To ensure a smooth ten-
sile process and prevent slippage from the grips of the testing ma-
chine, aluminum tabs (25 mm × 50 mm) were securely bonded to 
the ends of each specimen using epoxy. Tensile loading was ap-
plied in both the warp and weft directions. Mechanical properties 
such as tensile strength, tensile modulus, elongation at break, and 
maximum force were evaluated. 
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2.3.  Abrasion test on Fabrics 

The wear behavior of fabrics involves examining how different 
materials respond to mechanical stress and environmental condi-
tions over time. This includes evaluating their resistance to abra-
sion, pilling, tearing, and other types of wear. Abrasion testing is 
one of the key methods used to assess the durability and wear re-
sistance of fabrics. Abrasion refers to the mechanical damage 
caused by rubbing the fabric against another surface. Over time, 
this can lead to the loss of performance properties—especially 
strength—and negatively affect the fabric’s appearance [24]. Abra-
sion resistance is evaluated by measuring changes such as loss of 
mass, reduction in strength, increased air or light permeability, de-
crease in thickness, and alterations in surface structure (e.g., bro-
ken yarns or holes). These surface changes often reflect modifica-
tions in the fabric's physical properties and internal structure [25].  
Several techniques are used to test abrasion resistance. All of them 
involve rubbing the sample fabric against an abrasive surface, an-
other fabric, or emery paper, either for a set duration or a certain 
number of strokes, often following a Lissajous pattern of movement 
[18]. The Martindale abrasion test is the most commonly used 
method. In this test, circular fabric samples are rubbed against a 
standard abradant under a specific load. One advantage of the 
Martindale test is that it exposes the sample to wear from multiple 
directions. Common abrasives used in the test include silicon car-
bide paper or woven worsted wool [26]. 

In the current study, abrasion tests were conducted on 100% 
Kevlar and 100% Carbon fabrics using a Martindale abrasion tester 
(Fig. 1). Three types of sandpaper with different grit levels were 
used: Silicon Carbide Paper P1000 and P500 from STRUERS, and 
Micro Cloth Paper P1200 from BUEHLER. Tests were carried out 
for 25, 50, and 75 cycles. The abrasion resistance was evaluated 
based on ISO 12947-3:1998, which outlines the procedure for de-
termining fabric mass loss using the Martindale method [27] . While 
this standard served as a reference, the testing conditions were 
adapted to suit different scenarios, but all procedures were con-
ducted in a consistent and controlled manner. Experiments were 
performed under both dry and wet conditions for each cycle count 
and sandpaper type. Three fabric samples were tested for each 
case, and the average mass loss was recorded. Samples were cut 
into 80 mm diameter circles using a laser cutting machine, ensuring 
each circular piece included both warp and weft yarns. All samples 
were labeled and coded for clarity, with “S” referring to Kevlar and 
“C” to Carbon samples. Figure 2: Kevlar and Carbon fabric samples 
cut into 80 mm diameter circles using a laser cutter, shown placed 
in holders prior to abrasion testing using the Martindale abrasion 
tester. Each sample includes both warp and weft yarns to ensure 
uniform exposure to abrasion during testing. The wet condition 
tests were conducted using two methods: immersion in pure water 
and immersion in a simulated sweat solution. The sweat solution, 
based on ISO 105-E04:2013 [22] contained 5 grams of sodium 
chloride (NaCl) dissolved in 1 liter of water. Samples were soaked 
in each solution for 24 hours before testing and were weighed on a 
precision scale both before and after abrasion testing. In all test 
cases, the samples were abraded against sandpaper using the 
Martindale abrasion tester. The process began under dry condi-
tions, with tests conducted using P500 sandpaper for 25, 50, and 
75 cycles. After each cycle set, the samples were carefully removed 
from the holder to prevent damage or displacement of the yarns, 
then weighed to calculate mass loss. This procedure was repeated 
for the 50- and 75-cycle tests. The same sequence was followed 
for the tests conducted under pure water and simulated sweat 

conditions. 
All tests were carried out under consistent conditions, with the 

sandpaper replaced at each stage—whether in dry or wet testing. 
Abrasion resistance was determined by calculating the mass loss 
of each sample before and after each test cycle (25, 50, and 75), 
and the results were expressed as percentages for comparison.  

 
Fig. 1.  Martindale abrasion tester 

3. RESULTS AND DISCUSSIONS 

3.1. Fabric Tensile Test Results and Discussions: 

Tensile strength is a key mechanical property of woven materi-
als, representing the force required to break multiple yarns simulta-
neously in either the warp or weft direction. It measures the fabric’s 
ability to withstand tension or pull forces without breaking or tearing. 
Table 1 presents the average tensile strength and maximum force 
for two fabrics—Kevlar and Carbon—in both warp and weft orien-
tations, tested under three conditions: dry, immersion in water, and 
immersion in a water-and-salt solution to simulate human sweat. 
“K” refers to Kevlar fabric samples, while “C” refers to Carbon fabric 
samples.  

It is well known that woven fabrics exhibit different mechanical 
properties depending on direction and environmental conditions. As 
shown in Figures 2a and 2b, the tensile strength in the warp direc-
tion is greater than in the weft direction. This is because warp 
threads are typically under higher tension during the weaving pro-
cess, which tightens and aligns the yarns, making them more re-
sistant to stretching or breaking in the longitudinal direction. In con-
trast, weft threads, which interlace with the warp yarns, experience 
less tension during weaving and generally exhibit lower tensile 
strength in the transverse direction. When comparing tensile 
strength across different conditions, the dry samples consistently 
showed higher strength than those immersed in water or the sweat 
solution. For Kevlar fabric (Figure 3a), the ultimate tensile strength 
(UTS) in the warp direction reached approximately 548.21 MPa, 
546.44 MPa, and 527.45 MPa for the dry, water-immersed, and 
sweat-immersed samples, respectively—each surpassing their cor-
responding weft-direction values. A similar trend was observed for 
the Carbon fabric, where the warp direction generally exhibited 
higher UTS than the weft direction. However, an exception was 
noted in the C3 warp-direction sample, which reached 359.68 
MPa—higher than the dry and sweat-condition samples. Further in-
spection revealed that this sample had more burned edges due to 
laser cutting, which may have increased its resistance compared to 
the other samples. It was also observed that tensile strength is 
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influenced by multiple factors beyond yarn strength. These include 
the type of fiber or fiber blend, the degree and direction of twist, the 
number of yarns, the spinning system, the yarn’s bending behavior, 
its frictional properties, as well as the fabric’s geometry, thread den-
sity, and weave pattern. Additionally, testing conditions—such as 
temperature, humidity, loading duration, applied force, jaw spacing, 
and the specific testing procedures—can significantly affect fabric 
strength [28]. 

 
Tab. 1.  Average results of Tensile test for Kevlar and Carbon fabric on 

different conditions 

 
It has been observed that fabric strength is highest in the dry 

state compared to wet conditions. Furthermore, fabric submerged 
in water retains more strength than when submerged in a saltwater 
solution. In the dry state, fiber remains tightly packed and well-
aligned, allowing them to bear loads and resist deformation more 
effectively. In wet conditions, fibers absorb moisture, which causes 
swelling and reduces their mechanical performance. When im-
mersed in a saltwater solution, the presence of salt ions causes 
additional swelling and interacts with the fiber surface, disrupting 
intermolecular forces. These ionic interactions weaken the bonding 
between fibers, resulting in decreased overall textile strength. Salt 
ions interact with the fibre surface and interfere with intermolecular 
bonding, increasing the degree of fiber swelling and reducing struc-
tural cohesion. This leads to a greater reduction in tensile strength 
compared to pure water exposure. Due to differences in composi-
tion and structure, Kevlar fabric demonstrates more durable and 
consistent performance than Carbon fabric. Kevlar threads are 
more tightly interwoven, while the threads in Carbon fabric may not 
bind as effectively, leading to fiber separation or release. This con-
tributes to greater variability and fluctuations in the performance of 
Carbon fabric, making it less reliable as a structural textile com-
pared to Kevlar. Sweat simulation led to greater fabric mass loss 
than pure water immersion, indicating that salt content accelerates 
degradation. 

3.2. Composites Fabric Tensile Test Results and 
Discussions: 

The tensile test is a vital evaluation method for composite mate-
rials, offering critical insights into their mechanical performance 

under stress. It measures key properties such as strength, stiffness, 
and elongation by applying an axial load to a specimen until failure 
occurs. These data are essential for informed material selection 
and sustainable technical design in sectors such as aerospace, au-
tomo-tive, construction, and advanced manufacturing, where dura-
bility, performance, and resource efficiency are priorities. In this 
study, tensile tests were performed on three types of composite 
materi-als—Kevlar/Epoxy, Carbon/Epoxy, and a Kevlar-Carbon hy-
brid/Epoxy composite. Mechanical properties including tensile 
strength, Young’s modulus (tensile modulus), elongation at break, 
and maximum force were determined to assess the structural integ-
rity and performance potential of each material configuration. 

 
Fig. 2.    Kevlar and Carbon fabrics samples after cutting in 80mm diameter 

from fabrics and in holders before test 

 

 

 
 

Fig. 3.  Average results of Tensile strength in dry and wet cases for:  
a) Kevlar fabric , b) Carbon  

 
Table 2 and Figures 4a and 4b present the average mechanical 

results for the different composite types in both warp and weft ori-
entations. The data reveal that Kevlar/Epoxy composites exhibit 

Average Results in Dry Conditions 

Fabric Code Thickness 
(mm) 

Tensile strength 
(MPa) 

Fmax (N) 

K1 (Warp) 0.24 548.21 3289.25 

K2 (Weft) 0.24 512.19 3073.14 

C1 (Warp) 0.28 340.33 2382.33 

C2 (Weft) 0.28 149.38 1045.69 

Average Results with Water Conditions 

K3 (Warp) 0.24 546.44 3278.64 

K4 (Weft) 0.24 510.57 3063.43 

C3 (Warp) 0.28 359.68 2517.74 

C4 (Weft) 0.28 29.78 208.48 

Average Results with Sweat Conditions 

K5 (Warp) 0.24 527.45 3164.71 

K6 (Weft) 0.24 507.50 3045.01 

C5 (Warp) 0.28 326.22 2283.51 

C6 (Weft) 0.28 116.14 812.95 
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high tensile strength and strain in both directions, with notably 
higher Young’s modulus and tensile strength in the warp direction. 
Similarly, Carbon/Epoxy composites demonstrate superior tensile 
strength and modulus in the warp direction, although with reduced 
strain compared to Kevlar/Epoxy. This indicates that Carbon com-
posites offer higher stiffness and load-bearing capacity, while Kev-
lar composites provide more flexibility. The hybrid Kevlar-Car-
bon/Epoxy composites combine the mechanical advantages of 
both fiber types. In the warp direction, these hybrid materials show 
a balanced performance, with tensile strength and modulus values 
between those of pure Kevlar and Carbon composites. In the weft 
direction, however, the hybrid composites exhibit a compromise-
lower tensile strength than either of the individual fiber composites, 
but a higher modulus than Kevlar/Epoxy, suggesting improved stiff-
ness with some trade-off in strength. 
 
Tab. 2. Average results of Tensile test for Kevlar and Carbon fabric on 

different conditions 

 
As illustrated in Figure 4a, Kevlar/Epoxy composites in the warp 

direction achieve a tensile strength of 358.63 MPa, slightly lower 
than Carbon/Epoxy composites, which reach 391.85 MPa. This in-
dicates that Carbon-based composites offer enhanced tensile 
strength compared to Kevlar-based ones. In the weft direction, the 
tensile strengths of Kevlar/Epoxy (341.28 MPa) and Carbon/Epoxy 
(333.68 MPa) are closely matched, suggesting that both materials 
perform comparably in the transverse orientation [29-31]. The Kev-
lar-Carbon hybrid composite in the warp direction achieves a ten-
sile strength of 372.04 MPa—higher than Kevlar/Epoxy but still 
lower than Carbon/Epoxy. This demonstrates that the inclusion of 
Carbon fibers enhances the tensile properties of the hybrid com-
pared to Kevlar alone, though not to the level of pure Car-
bon/Epoxy. In the weft direction, the hybrid composite shows a ten-
sile strength of 238.97 MPa, which is lower than both Kevlar/Epoxy 
(341.28 MPa) and Carbon/Epoxy (333.68 MPa). This suggests that 
hybridization in the weft direction may lead to weaker fiber interac-
tions and reduced load transfer efficiency, which impacts tensile 
strength. The hybrid composite achieved 372.04 MPa in warp di-
rection, compared to 358.63 MPa for Kevlar/Epoxy, indicating im-
proved tensile strength due to the reinforcing contribution of carbon 
layers. Overall, the results provide valuable data for the develop-
ment of high-performance, fiber-reinforced composites with appli-
cations in sustainable design and lightweight structural compo-
nents. Hybrid composites may offer a strategic balance between 

performance and material efficiency, contributing to the broader 
goals of sustainability through optimized resource use and ex-
tended material life cycles. Figure 4b illustrates that Carbon/Epoxy 
composites exhibit significantly higher Young’s moduli in both the 
warp (21.64 GPa) and weft (22.20 GPa) directions compared to 
Kevlar/Epoxy composites, which recorded values of 8.39 GPa and 
6.77 GPa in the warp and weft directions, respectively. These find-
ings confirm that Carbon fibers impart superior stiffness and rigidity 
to composite materials. However, the hybrid Kevlar-Carbon com-
posites demonstrate intermediate Young’s moduli—16.07 GPa in 
the warp direction and 11.96 GPa in the weft direction—indicating 
a reduction in stiffness relative to pure Carbon/Epoxy composites, 
yet an improvement over Kevlar/Epoxy composites. This highlights 
the trade-off introduced by blending fibers: while Kevlar fibers en-
hance other properties such as flexibility, they reduce the overall 
stiffness of the hybrid composite. In terms of strain behavior, Kev-
lar/Epoxy composites display greater ductility compared to Carbon-
based composites. Specifically, Kevlar/Epoxy composites exhibit 
strain values of 4.03% in the warp direction and 4.56% in the weft 
direction, compared to Carbon/Epoxy composites, which show 
2.09% and 1.65% strain in the warp and weft directions, respec-
tively. These results suggest that Kevlar-based composites can en-
dure higher deformation under tensile loading, making them more 
suitable for applications where flexibility and impact resistance are 
critical. For the hybrid Kevlar-Carbon composites, strain in the warp 
direction is 2.31%, and in the weft direction, 1.84%. These values 
lie between those of the Kevlar and Carbon composites, indicating 
a synergistic behavior that combines some flexibility from Kevlar 
with the rigidity of Carbon. This behavior suggests the hybrid struc-
ture could offer a balanced mechanical response, which is advan-
tageous for applications requiring a compromise between stiffness 
and flexibility. 

As summarized in Table 2, the comparative performance of the 
composite types shows that Carbon/Epoxy composites consistently 
demonstrate higher tensile strength and stiffness, but lower strain, 
compared to Kevlar/Epoxy and hybrid composites. These charac-
teristics may result from stronger interfacial bonding between the 
Carbon fibers and the epoxy matrix, which contributes to more effi-
cient load transfer and improved mechanical performance. In con-
trast, Kevlar/Epoxy composites exhibit lower tensile strength and 
stiffness, likely due to weaker adhesion between the Kevlar fibers 
and the resin, but benefit from greater strain capacity. The hybrid 
Kevlar-Carbon composites exhibit a combination of the properties 
found in the individual materials, offering a viable compromise for 
multifunctional applications. From a sustainability perspective, such 
hybridization can contribute to material efficiency by optimizing me-
chanical performance while reducing dependency on high-cost or 
resource-intensive components like pure Carbon fibers. 

 

for (Kevlar/Epoxy, Carbon/Epoxy, and K-C hybrid/Epoxy)  
in warp and weft directions 

Code Thick-
ness 
(mm) 

Max 
Strain % 

Tensile 
strength 
(MPa) 

Fmax (kN) E-Mod 
(GPa) 

K (warp) 2.25 4.03 358.63 19.72 8.39 

K 
(weft) 

2.13 4.56 341.28 18.20 6.77 

C 
(warp) 

2.30 2.09 391.85 23.13 21.64 

C 
(weft) 

2.37 1.65 333.68 19.13 22.20 

KC 
(warp) 

2.17 2.31 372.04 20.06 16.07 

KC 
(weft) 

2.30 1.84 238.97 13.73 11.96 

for both directions (warp & weft) for each composite (Kevlar/Epoxy, Car-
bon/Epoxy, and K-C hybrid/Epoxy) 

K 2.19 4.30 349.95 18.96 7.58 

C 2.33 1.87 362.77 21.13 21.92 

KC 2.23 2.08 305.51 16.89 14.01 
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Fig. 4.   Average mechanical properties for (Kevlar/Epoxy, Carbon/Epoxy, 

and K-C hybrid/Epoxy) in warp and weft directions for; a) Tensile 
strength, b) Young’s modulus 

 

These findings also reinforce the well-documented anisotropic 
nature of fiber-reinforced composites, in which mechanical proper-
ties vary depending on the direction of applied stress relative to fi-
ber alignment. This directional dependence is a fundamental de-
sign parameter in sustainable composite engineering. By carefully 
selecting fiber types, orientations, and matrix combinations, design-
ers and engineers can tailor composite materials to meet perfor-
mance requirements while optimizing resource use and minimizing 
environmental impact. In summary, the results underscore the crit-
ical role of fiber selection, orientation, and material hybridization in 
achieving desirable mechanical performance and advancing sus-
tainable material development for structural and engineering appli-
cations. The stress–strain curves of the composite materials, eval-
uated in both the warp and weft directions, exhibit an initial linear 
response up to the point of ultimate failure, which occurs suddenly 
and without significant plastic deformation. However, slight nonlin-
ear behavior is observed prior to fracture, primarily due to matrix 
cracking and micro-damage accumulation, which introduces minor 
fluctuations in the curves, as illustrated in Figures 5a, 5b, and 5c. It 
is important to note that several factors influence the mechanical 
performance of composite materials. These include the fabrication 
technique, the type and quality of the matrix, fiber grade, thermal 
processing conditions, chemical treatments related to performance 
enhancement, and the degree of fiber–matrix interfacial adhesion. 
Optimizing these factors is essential not only for improving mechan-
ical properties but also for advancing the development of more du-
rable, resource-efficient, and sustainable composite systems [32-
34]. 

 

 

 

 
Fig. 5. Stress-Strain curve composites in warp and weft directions of:  
             a) Kevlar/epoxy, b) Carbon/epoxy and c) Kevlar – Carbon /epoxy 

Figure 6a illustrates the failure modes of the composite materi-
als in both the warp and weft directions. As observed, the failures 
occur at the length of the specimens. The failure strength of a com-
posite typically falls between the failure strengths of its fibers and 
matrix, with some fibers breaking at various points and others pull-
ing out at regions where matrix-fiber adhesion fails [35, 36]. In Kev-
lar/epoxy composites, failure initiates with matrix cracking, where 
the epoxy resin matrix begins to crack under stress. This is followed 
by fiber/matrix interface debonding and fiber pull-out, indicating that 
the epoxy matrix is unable to effectively distribute and absorb the 
applied load, leading to localized failure. This failure mode is a crit-
ical consideration when designing composites for sustainability, as 
improving matrix-fiber bonding could enhance the longevity and du-
rability of materials, reducing the need for frequent replacements 
and minimizing waste. For Carbon/epoxy composites, a simultane-
ous and complete cutting of both the matrix and Carbon fibers was 
observed. This suggests a strong interaction and bonding between 
the matrix and Carbon fibers, enhancing the material’s stiffness and 
strength. The failure near the grips may be attributed to stress con-
centration at these points, but the efficient load transfer between 
matrix and fibers contributes to improved overall mechanical per-
formance. The strong fiber-matrix bonding in Carbon composites 
also has sustainability implications, as it potentially leads to longer-
lasting materials with lower environmental impact over their lifecy-
cle. This anisotropy is attributed to the weaving process, where 
warp threads are subjected to higher tension, resulting in better 
alignment, tighter packing, and enhanced load transfer capabilities. 
In hybrid composites, consisting of both Kevlar and Carbon fibers 
in an epoxy matrix, a combination of failure modes is observed. 
Carbon layers exhibit complete cutting or failure, whereas Kevlar 
layers initially fail in the matrix, followed by fiber failure. Additionally, 
delamination between the Kevlar and Carbon layers occurs. This 
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delamination suggests mismatched properties or interactions be-
tween the two materials, implying imperfect adhesion or bonding. 
Such issues are important in the context of sustainability, as delam-
ination can reduce the overall strength and lifespan of the compo-
site, leading to more frequent material replacement. Future efforts 
to optimize the adhesion and compatibility of hybrid materials could 
improve their performance and sustainability, contributing to the de-
velopment of more efficient and environmentally friendly composite 
materials. While Kevlar fabric exhibits higher tensile strength than 
carbon fabric in isolation, the superior fiber–matrix adhesion and 
stiffness of carbon fibers enable carbon/epoxy composites to out-
perform Kevlar/epoxy composites overall.  

 

 

 
  Fig. 6.  The failures of the composite; a) (Kevlar/Epoxy, Carbon/Epoxy, 

and K-C hybrid/Epoxy), b) Kevlar fabric against sandpapers,  
c) Carbon fabric against sandpapers in warp and weft directions 

3.3. Fabric Abrasion Test Results and Discussion 

Fabric abrasion resistance was evaluated using the Martindale 
test, a widely recognized method for assessing textile durability. 
The results of abrasion resistance for the fabrics, tested against 

three types of sandpaper (P500, P1000, and P1200), are presented 
in Table 3 and expressed as a percentage of mass loss. Figures 6b 
and 6c illustrate the percentage of mass loss for all fabric speci-
mens based on the number of abrasion cycles and different test 
conditions (dry and wet). These figures represent the average re-
sults of three samples evaluated for each abrasion cycle, where 
each sample was tested for each cycle against a sandpaper, and 
the average was computed. The abrasion testing results at 25, 50, 
and 75 cycles revealed varying levels of mass loss among the fab-
ric samples under different sandpaper grits and test conditions (dry 
and wet). In dry conditions, Kevlar fabric exhibited less mass loss 
at all testing cycles against all sandpapers when compared to Car-
bon fabric, as shown in Figures 6b and 6c. For instance, under dry 
conditions with an abrasion cycle of 25 and sandpaper P500, Kev-
lar fabric experienced a mass loss of 0.2333%, whereas Carbon 
fabric exhibited a mass loss of 0.333%. As the number of abrasion 
cycles increased, the mass loss intensified, reaching 0.366% and 
0.433% for Kevlar fabric at 50 and 75 cycles, respectively. Similarly, 
Carbon fabric demonstrated a mass loss of 0.5% at 50 cycles and 
0.5667% at 75 cycles, as shown in Table 3. This trend persisted 
when testing with sandpapers P1000 and P1200, although the 
magnitude of mass loss varied depending on the sandpaper grit. 
The superior strength and endurance of Kevlar allow it to better 
withstand abrasion and wear than Carbon fabric. Moreover, the mo-
lecular structure of Kevlar provides remarkable tensile strength and 
toughness, making it highly resistant to abrasion and friction dam-
age. In contrast, Carbon fabric, despite its strength, is less resistant 
to abrasion compared to Kevlar. The increased mass loss in carbon 
fabric is likely due to lower resistance to fiber breakage under me-
chanical abrasion, as well as differences in yarn bonding. Kevlar's 
high crystallinity and hydrogen bonding provide better abrasion re-
sistance. 

 
Tab. 3. Average results for Abrasion test samples in different conditions 

 
The observations indicate that the fabric’s mass loss is greater 

in wet conditions (both pure water and sweat simulation) than in dry 
conditions for both Kevlar and Carbon textiles. As seen in the 

 1 

in Dry case for Kevlar and Carbon fabrics 

Cy-

cles 

P500 P1000 P1200 

Fabric 

code 

Mass be-

fore (g) 

Mass af-

ter (g) 

% Fabric 

code 

Mass be-

fore (g) 

Mass af-

ter (g) 

% Fabric 

code 

Mass be-

fore (g) 

Mass af-

ter (g) 

% 

25 S1 1 0.997 0.23 S4 1 0.998 0.16 S7 1 0.999 0.03 

50 S2 1 0.996 0.36 S5 1 0.997 0.26 S8 1 0.998 0.13 

75 S3 1 0.995 0.43 S6 1 0.996 0.33 S9 1 0.997 0.23 

25 C1 1 0.996 0.33 C4 1 0.998 0.20 C7 1 0.998 0.16 

50 C2 1 0.995 0.50 C5 1 0.9970 0.30 C8 1 0.9980 0.20 

75 C3 1 0.994 0.56 C6 1 0.9963 0.36 C9 1 0.9967 0.33 

with pure water case for Kevlar and Carbon fabrics 

25 S10 1.829 1.82 0.60 S13 1.83 1.82 0.38 S16 1.828 1.826 0.1094 

50 S11 1.829 1.82 0.77 S14 1.83 1.82 0.55 S17 1.828 1.824 0.22 

75 S12 1.828 1.81 0.88 S15 1.83 1.82 0.66 S18 1.828 1.821 0.38 

25 C10 1.682 1.67 0.77 C13 1.68 1.67 0.54 C16 1.682 1.679 0.18 

50 C11 1.682 1.67 0.95 C14 1.68 1.67 0.71 C17 1.682 1.675 0.42 

75 C12 1.682 1.66 1.07 C15 1.68 1.67 0.89 C18 1.682 1.672 0.59 

sweat simulation case for Kevlar and Carbon fabrics 

25 S19 1.841 1.829 0.6518 S22 1.841 1.833 0.4346 S25 1.841 1.837 0.2173 

50 S20 1.839 1.824 0.8157 S23 1.841 1.829 0.6518 S26 1.840 1.834 0.3261 

75 S21 1.841 1.823 0.9777 S24 1.841 1.827 0.7605 S27 1.841 1.832 0.4889 

25 C19 1.698 1.683 0.8834 C22 1.698 1.688 0.5890 C25 1.698 1.693 0.2945 

50 C20 1.698 1.681 1.0012 C23 1.697 1.684 0.7661 C26 1.698 1.689 0.5300 

75 C21 1.698 1.679 1.1190 C24 1.698 1.682 0.9423 C27 1.698 1.686 0.7067 
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figures, the percentage of mass loss during water tests, using sand-
paper P500 and an abrasion cycle of 25, was 0.6014% for Kevlar 
fabric and 0.7729% for Carbon fabric. Notably, as the number of 
cycles increased, a significant divergence between the two fabrics 
became apparent under identical water test conditions, as shown 
in Table 3. Furthermore, the mass loss percentage in the sweat 
simulation cases exceeded that observed in the water test. For in-
stance, with sandpaper P500 and an abrasion cycle of 25, the mass 
loss for Kevlar fabric was recorded as 0.6518%, while Carbon fabric 
exhibited a higher mass loss of 0.8834%, as shown in Table 3. Ad-
ditionally, the degree of mass loss increased with the number of 
abrasion cycles. Comparing the two wet test conditions, it is clear 
that the pure water test resulted in lower mass loss than the sweat 
simulation in all samples tested, including Kevlar and Carbon fab-
rics. This difference is attributed to the presence of particles such 
as salt in sweat, which can act as abrasive agents, increasing fric-
tion and accelerating the wear on the fabric surface. As a result, 
fibers exposed to the sweat solution experience more abrasion-in-
duced mass loss than those exposed to pure water. 

The difference in mass loss between wet and dry conditions 
can be attributed to the weaker and more brittle connections be-
tween the fabric’s threads when exposed to moisture or immersed 
in water or sweat solutions, compared to their stronger bonds in dry 
conditions. In the dry state, the fibers and threads are typically 
tightly bound, creating resilient connections that provide structural 
integrity and strength. However, when exposed to wet or damp con-
ditions, these connections weaken, making textiles more prone to 
breakage and distortion. Consequently, the threads and fibers be-
come more susceptible to separation, breakage, or pull-out from 
the fabric surface, resulting in increased mass loss. Additionally, 
moisture absorbed by the fabric contributes to its weight, further 
increasing the overall mass loss. Visual comparisons of the fabric’s 
appearance before and after testing reveal significant differences 
in mass loss, as shown in Figures 7(a, b, c, d, e, and f). These 
images display the fabric’s state before and after 75 cycles of abra-
sion testing under various conditions, including dry and wet states, 
using different grades of sandpaper. Based on the images, it is ev-
ident that Carbon fabric experiences greater mass loss compared 
to Kevlar fabric. The images also illustrate the extent of damage 
and deterioration on the surface of the Carbon fabric in contrast to 
the Kevlar fabric. Furthermore, it is worth noting that mass loss is 
larger in the wet state compared to the dry state, with sweat testing 
resulting in higher mass loss than water testing. It should be em-
phasized that the abrasion resistance of textile materials is a com-
plex phenomenon influenced by various factors, including fiber, 
yarn, fabric features, and finishing techniques. Some of these fac-
tors impact the fabric’s surface, while others affect its internal struc-
ture [37]. 

 
Fig. 7.   The failure modes before and after 75 abrasion cycles for  

a) Kevlar dry, b) Kevlar pure water, c) Kevlar sweat, b) carbon 
dry, e) carbon pure water, f) carbon sweat 

It has been observed that fabric samples tested with P500 
sandpaper exhibited higher mass loss compared to those tested 
with P1000 and P1200, indicating increased abrasion damage. The 
higher mass loss observed with P500 sandpaper can be attributed 
to its coarser grit size. Coarser grits contain larger abrasive parti-
cles, which cause more fiber damage and material loss during the 
abrasion cycle. Conversely, finer grits (P1000 and P1200) have 
smaller abrasive particles, resulting in a gentler abrasion process 
with less fiber breakage and material loss. When comparing the dif-
ferences in mass loss with the number of abrasion cycles, it is evi-
dent that the samples experience greater mass loss as the cycles 
increase. Cycles 50 and 75 show more mass loss than cycle 25, 
with cycle 75 showing the highest mass loss. 

4. CONCLUSION 

This study emphasizes the importance of understanding mate-
rial behavior for advancing sustainability in industries such as aer-
ospace, automotive, and protective clothing, where high-perfor-
mance textiles are crucial. The results from tensile tests revealed 
that material orientation and environmental conditions significantly 
influence tensile strength. Specifically, dry conditions consistently 
yielded better results than wet conditions. For composite materials, 
Carbon/Epoxy exhibited superior strength and stiffness, with a ten-
sile strength of 391.85 MPa in the warp direction, compared to Kev-
lar/Epoxy, which showed a tensile strength of 358.63 MPa in the 
same direction. Hybrid Kevlar-Carbon composites demonstrated a 
balanced performance, with a tensile strength of 372.04 MPa in the 
warp direction, combining the strengths of both Kevlar and Carbon 
fibers, making them suitable for applications requiring both strength 
and flexibility. Sweat simulation reflects realistic operational envi-
ronments in applications such as military uniforms, firefighting suits, 
and aerospace seat structures, where body perspiration or saline 
air can degrade fabric integrity. 

Furthermore, abrasion tests indicated that wet conditions led to 
increased mass loss for both fabric types. Under pure water condi-
tions, Kevlar fabric showed a mass loss of 0.6014% at 25 abrasion 
cycles with P500 sandpaper, while Carbon fabric exhibited a higher 
mass loss of 0.7729% under the same conditions. In sweat simula-
tion tests, the mass loss increased further, with Kevlar fabric show-
ing a loss of 0.6518% and Carbon fabric 0.8834%. Kevlar consist-
ently outperformed Carbon in terms of abrasion resistance, partic-
ularly in wet conditions, due to its superior strength and durability. 

These findings highlight the importance of careful material se-
lection and the consideration of environmental conditions in opti-
mizing performance characteristics such as strength, stiffness, flex-
ibility, and durability. Future research should focus on further ex-
ploring the impact of different environments, fabric structures, and 
textile treatments to enhance the sustainability and performance of 
materials across various applications, aiming to improve long-term 
material lifespan and reduce the environmental footprint of textile 
production and use. While triplicate samples were used to ensure 
consistency, further statistical analysis (e.g., ANOVA) will be ap-
plied in future studies to validate differences across environmental 
conditions. Future work should explore the use of hydrophobic 
coatings, fibre sizing agents, or nano-fillers to enhance moisture 
resistance and reduce the performance drop observed under wet 
conditions. 
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Abstract: In this study, the article uses a finite element method based on Chebyshev polynomials to calculate the natural frequencies  
of functionally graded sandwich (FGS) plates with hard-core (HC) or soft-core (SC) resting on an elastic foundation. Chebyshev polynomials 
are a series of orthogonal polynomials defined recursively, and the value of them belongs to the range [-1, 1] as well as vanishes at Gauss 
points. More clearly, the novelty of this article is to use the high-order shape functions that satisfy the interpolation condition at the points 
based on Chebyshev polynomials to build the flat quadrilateral element for analysis of FGS plates. On the other hand, these plates are 
composed of two functionally graded skins and a hard or soft core. The elastic foundation with a two-parameter as a spring stiffness (𝟏) 

and a shear layer stiffness (𝟐) are used. Comparative examples are presented to validate the effectiveness of the current approach. 

Key words: functionally graded sandwich plate, frequency, Chebyshev polynomial, finite element method, elastic foundation

1. INTRODUCTION 

Nowadays, sandwich plates are common and important com-
ponents of engineering structures consisting of two skins integrated 
with a core. These structures stand out for their outstanding bend-
ing stiffness, low mass density, efficient noise cancellation, and 
thermal insulation. They could be widely applied in many fields of 
engineering and defense technology. However, they also exhibit 
shortcomings, such as susceptibility to damage due to stress con-
centration or material discontinuities. Therefore, studying their me-
chanical behavior is necessary and has practical significance in en-
gineering. Some typical deformation theories proposed and applied 
to analyze sandwich structures are the first-order shear defor-
mation theory [1-3], the higher-order shear deformation theory [4-
7], or the quasi-3D theory [8, 9], and many refined theories [10-17]. 
Furthermore, readers can find some results on sandwich structure 
analysis as well as composite structures in available documents 
[15-24]. For example, in the document [1], the authors presented 
analytical solutions for free vibration analysis of moderately thick 
rectangular plates, which were composed of functionally graded 
materials and supported by either Winkler or Pasternak elastic 
foundations. Based on the first-order shear deformation plate the-
ory, the analysis procedure solved the exact equations of motion 
and captured the fundamental frequencies of the functionally 
graded rectangular plates resting on an elastic foundation. Theo-
retical formulation, Navier's solutions of rectangular plates, and fi-
nite element models based on the third-order shear deformation 
plate theory were presented in [2] for the analysis of through-thick-
ness functionally graded plates. A refined trigonometric higher-or-
der plate theory as in [3] was presented for bending analysis of 
simply supported functionally graded ceramic-metal sandwich 
plates. The effects of transverse shear strains as well as the 

transverse normal strain were taken into account. The number of 
unknown functions was only four, as opposed to six or more in the 
case of other shear and normal deformation theories. A general 
third-order plate theory that accounts for geometric nonlinearity and 
two constituent material variations through the plate thickness (i.e., 
functionally graded plates) was presented using the dynamic ver-
sion of the principle of virtual displacements. The formulation was 
based on power-law variation of the material through the thickness 
and the von Kármán nonlinear strains. The governing equations of 
motion derived herein for a general third-order theory with geomet-
ric nonlinearity and material gradation through the thickness were 
specialized to the existing classical and shear deformation plate 
theories in the literature. Analysis of functionally graded material 
plates was studied using higher-order shear deformation theory 
with some special modifications in conjunction with finite element 
models [4-7]. Furthermore, the vibrational or thermomechanical 
bending behaviors of functionally graded sandwich plates were also 
presented in the documents [8-10]. Quasi-3D plate theories consid-
ering shear and normal deformations were incorporated to estimate 
the final results. In the papers [11, 12], the bending and the free 
flexural vibration behavior of sandwich functionally graded material 
plates were investigated based on higher-order structural theory. 
This theory accounted for the realistic variation of the displace-
ments through the thickness. A multi-layered shell formulation was 
developed in the paper [13] based on a layerwise deformation the-
ory within the framework of isogeometric analysis. The high-order 
smoothness of non-uniform rational B-splines offered the oppor-
tunity to capture the structural deformation efficiently in a rotation-
free manner. The derivation also followed a layerwise theory, which 
assumed a separate displacement field expansion within each layer 
and considered the transverse displacement component as C0-
continuous at layer interfaces, thus resulting in a layerwise 

https://orcid.org/0000-0002-3544-917X
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continuous transverse strain state. In the paper [14], the authors 
derived a higher-order shear deformation theory for modeling func-
tionally graded plates accounting for extensibility in the thickness 
direction. The explicit governing equations and boundary conditions 
were obtained using the principle of virtual displacements under 
Carrera’s Unified Formulation. The static and eigenproblems were 
solved by collocation with radial basis functions.  

In recent years, the study of structures embedded in founda-
tions has drawn a lot of attention amongst researchers. To express 
the interaction between foundation and plate, various hypotheses 
of foundation models have been introduced [15]. The oldest and 
simplest hypothesis of elastic medium models, which has only one 
coefficient substrate reaction, is known as Winkler elastic founda-
tion [16]. Despite its ease of implementation, the Winkler model is 
defective in providing continuity in the foundation due to separate 
springs [17]. This hypothesis was improved by the Pasternak model 
[18] via adding a shear layer over springs. The Pasternak model, 
including two-parameter substrate (spring and shear layer), is 
widely used to explain the mechanical interactions of soft plates 
with different distributions of material properties. In the Kerr foun-
dation [19], nonconcentrated reactions do not occur due to an up-
per spring layer. It means that, in the Kerr model, a shear layer is 
surrounded by upper and lower spring layers. From there one can 
see more related documents. The thermodynamic behavior of func-
tionally graded sandwich plates resting on Winkler/Pasternak/Kerr 
foundations with various boundary conditions was studied in [20] by 
using a refined 2D plate theory. The displacement field contained 
undetermined integral forms and involved only four unknowns to 
derive. The plate was considered to be subject to a time-harmonic 
sinusoidal temperature field across its thickness. Three types of 
foundations were studied. Each was described by a mathematical 
model. Different boundary conditions were used to study the ther-
modynamic behavior of sandwich plates on elastic foundations. 
These models gave an incredible concurrence with the accessible 
literature. The research [21] investigated the free vibration analysis 
of advanced composite plates, such as functionally graded plates 
resting on two-parameter elastic foundations, using a hybrid quasi-
3D (trigonometric as well as polynomial) higher-order shear defor-
mation theory. The theory, which did not require a shear correction 
factor, accounted for shear deformation and thickness stretching 
effects by a sinusoidal and parabolic variation of all displacements 
across the thickness. The governing equations of motion for the 
plates were derived from Hamilton's principle. The closed-form so-
lutions were obtained by using the Navier technique, and natural 
frequencies were found for simply supported plates by solving the 
results of eigenvalue problems. The research [22] analyzed the nat-
ural frequencies of the imperfect functionally graded sandwich plate 
comprised of porous face sheets made of functionally graded ma-
terials and an isotropic homogeneous core resting on the elastic 
foundation. To accomplish this, the material characteristics were 
taken to be changed incessantly along the thickness direction 
based on the volume fraction of constituents expressed by the mod-
ified rule of the mixture, which included porosity volume fraction 
with three diverse kinds of porosity distribution models. Further-
more, to describe the two-parameter elastic foundation's response 
on the imperfect plates, the medium was supposed to be linear, 
homogenous, and isotropic, and it had been modeled using the 
Winkler-Pasternak model. Moreover, in the kinematic relationship 
of the imperfect plate resting on the Winkler-Pasternak foundation, 
third-order shear deformation theory was used, and the motion 
equations were set up employing Hamilton's principle. A buckling 
analysis of functionally graded plates of a complex form resting on 

an elastic foundation and subjected to an in-plane nonuniform load-
ing was performed by the R-functions method as in [23]. The math-
ematical formulation of the problem was presented within the 
framework of the classical laminate plate theory. The approach pro-
posed and the software developed consider the heterogeneous 
subcritical state of the plates. To solve the problems, the Ritz 
method combined with the R-functions theory was used, etc. 

Another aspect: the finite element method was first introduced 
in 1960 with the basic idea of dividing the entire problem domain 
into discrete components with simple geometry. Within each ele-
ment, the representation of dependent variables is accomplished 
through shape functions. Structural analysis using the finite ele-
ment method will be more accurate with higher-order shape func-
tions. Nowadays, applying the finite element method to structural 
analysis has become popular and shows outstanding benefits com-
pared to analytical methods, especially for structures with complex 
shapes and arbitrary boundary conditions. The study [24] focused 
on establishing the finite element model based on a new hyperbolic 
shear deformation theory to investigate the static bending, free vi-
bration, and buckling of the functionally graded sandwich plates 
with porosity. The novel sandwich plate consisted of one homoge-
nous ceramic core and two different functionally graded face 
sheets, which could be widely applied in many fields of engineering 
and defense technology. The discrete governing equations of mo-
tion were carried out via Hamilton’s principle and the finite element 
method. Besides, Chebyshev polynomials play a significant role in 
approximation theory. They constitute a sequence of orthogonal 
polynomials defined recursively. Their absolute value in the interval 
[-1, 1] is bounded by 1. Based on this ideal, the authors [25, 26] 
proposed a finite element method associated with Chebyshev pol-
ynomials of the first kind for the analysis of plate/shell structures. In 
this approach, Gauss points were employed to formulate the shape 
functions grounded in Chebyshev polynomials. Consequently, the 
code was introduced to overcome shear locking and eliminate spu-
rious zero energy modes. 

There are different approaches to analyzing this type of struc-
ture, and in this article, the finite element method based on Cheby-
shev polynomials is first used to study the free vibration of FGS 
plates with HC or SC resting on an elastic foundation. The reliability 
of this method is verified through numerical examples related to the 
effects of geometrical parameters, materials, and foundation. Fur-
thermore, increasing the degree of the Chebyshev polynomial will 
increase the total number of degrees of freedom of the structure, 
leading to increased computational costs. However, the survey in 
this paper shows that it is possible to control the degree of the pol-
ynomial sufficiently to obtain the required approximate results. 
Some other advantages of the proposed method, although not ex-
plicitly verified in this article, are that the obtained results are not 
affected by mesh distortion or, although the Chebyshev interpola-
tion polynomial is established in the form of the Lagrange interpo-
lation, Runge’s phenomenon [27] does not occur; therefore, it can 
be used as an original finite element method for solving PDEs with 
high accuracy. 

This article is organized as follows. The formulation is pre-
sented in Sect. 2. To highlight the reliability of the element, some 
numerical examples are thoroughly studied in Sect. 3. Finally, con-
clusions are drawn in Sect. 4. 

2. FORMULATION 

Considering rectangular FGS plates with HC or SC resting on 
an elastic foundation as shown in Fig. 1. A group of h1 – h2 – h3 
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represents the ratio of thicknesses. 
 

functionally graded skin

hard core / soft core x

z

y

h1

h2

h3

z1

z 2

z 3

z 4

h

b

a

shear layer stiffness
spring stiffness

 
Fig. 1. The model of an FGS plate resting on an elastic foundation 

 

The volume fraction 𝑉𝑐
(𝑖)

 of the ceramic phase of each layer 

is formulated by [3]  
+ For FGS plate with HC (FGS-HC): 

{
 
 

 
 𝑉𝑐

(1)
= (

𝑧−𝑧1

𝑧2−𝑧1
)
𝑛

𝑧 ∈ [𝑧1, 𝑧2]

𝑉𝑐
(2)
= 1 𝑧 ∈ [𝑧2, 𝑧3]

𝑉𝑐
(3)
= (

𝑧−𝑧4

𝑧3−𝑧4
)
𝑛

𝑧 ∈ [𝑧3, 𝑧4]

                                         (1) 

+ For FGS plate with SC (FGS-SC): 

{
 
 

 
 𝑉𝑐

(1)
= 1 − (

𝑧−𝑧1

𝑧2−𝑧1
)
𝑛

𝑧 ∈ [𝑧1, 𝑧2]

𝑉𝑐
(2)
= 0 𝑧 ∈ [𝑧2, 𝑧3]

𝑉𝑐
(3)
= 1 − (

𝑧−𝑧4

𝑧3−𝑧4
)
𝑛

𝑧 ∈ [𝑧3, 𝑧4]

                              (2) 

The effective material properties of FGS plates are determined 
by 

𝑀(𝑖)(𝑧) = 𝑀𝑐𝑉𝑐
(𝑖)
+𝑀𝑚(1 − 𝑉𝑐

(𝑖)
), 𝑖 = 1,2,3                      (3) 

Here 𝑀(𝑖)(𝑧) stands for the material characteristics of each 

layer. 

a) FGS-HC 

 
 
 
 

b) FGS-SC 

 
Fig. 2.   The effective elastic modulus against the thickness of 

(Al/Al2O3)_FGS_(1-2-1) plates 

 
The mechanical characteristics of the ceramic and metal are 

used in this article as Al2O3 (E = 380 GPa,  = 3800 kg/m3,  = 0.3); 

Al (E = 70 GPa,  = 2707 kg/m3,  = 0.3); and ZrO2 (E = 151 GPa, 

 = 3000 kg/m3,  = 0.3). In addition, Fig. 2 plots the effective elastic 
modulus versus the thickness of (Al/Al2O3)_FGS_(1-2-1). 

The elastic foundation is modeled with two parameters (α1, α2). 
The foundation reaction is given as a function of the deflection and 
its Laplacian. The reaction-deflection relation of this foundation is 
defined by 

ℜ = 𝛼1𝑤 − 𝛼2 (
𝜕2𝑤

𝜕𝑥2
+
𝜕2𝑤

𝜕𝑦2
)                                                      (4) 

The Chebyshev polynomials as in [25, 26] is given 

𝐶𝑝(𝑥) = 𝐶𝑝(𝑐𝑜𝑠 𝜑) = 𝑐𝑜𝑠 𝑝𝜑, 𝑥 = 𝑐𝑜𝑠 𝜑 ∈ [−1,1]  (5) 

𝑐𝑜𝑠(𝑝 + 1)𝜑 = 2 𝑐𝑜𝑠 𝜑 𝑐𝑜𝑠 𝑝𝜑 − 𝑐𝑜𝑠(𝑝 − 1)𝜑             (6) 

or 

𝐶𝑝+1(𝑥) = 2𝑥𝐶𝑝(𝑥) − 𝐶𝑝−1(𝑥), 𝑝 = 0,1,2. . .                    (7) 

The Chebyshev polynomial 𝐶𝑝(𝑥)with 𝑝 ≥ 2will equals 0 at 

the Gauss points 𝑥𝑖 

𝑥𝑖 = −𝑐𝑜𝑠[(2𝑖 − 1)𝜋/2𝑝] , 𝑖 = 1,2,3, . . .                           (8) 

The most important of ideas involves the approximation pro-
cess of an unknown function 𝑓(𝑥) by Lagrangian interpolation pol-

ynomial ℵ(𝑥) through these known points (𝑥𝑘, 𝑓(𝑥𝑘)) based on 

Chebyshev polynomials as described 

𝑓(𝑥) ≈ ℵ(𝑥) = ∑ 𝑎𝑖𝐶𝑖(𝑥) 𝑎𝑛𝑑 𝑓(𝑥𝑘) = ℵ(𝑥𝑘)
𝑝−1
𝑖=0  (9) 

On the interval [-1, 1], Chebyshev polynomials have the orthog-
onal property so the unknown coefficient 𝑎𝑖may be calculated by 

𝑎𝑖 = ∑ 𝑓(𝑥𝑘)𝐶𝑖(𝑥𝑘)/∑ 𝐶𝑖
2(𝑥𝑘)

𝑝
𝑘=1

𝑝
𝑘=1                                  (10) 

Hence 

ℵ(𝑥) = ∑ ∑ [(𝐶𝑖(𝑥𝑘)𝐶𝑖(𝑥))/∑ 𝐶𝑖
2(𝑥𝑗)

𝑝
𝑗=1 ]

𝑝−1
𝑖=0

𝑝
𝑘=1 𝑓(𝑥𝑘) (11) 

with 𝑥 = 𝑐𝑜𝑠(𝜋/2𝑝) 𝜉  

ℵ(𝜉) = ∑ 𝑁𝑘(𝜉)
𝑝
𝑘=1 𝑓(𝜉𝑘)                                                        (12) 
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𝑁1(𝜉) 

 
𝑁2(𝜉) 

 

𝑁̃1(𝜉, 𝜂) 

 

𝑁2(𝜉, 𝜂) 
Fig. 3. The third-order shape functions in 1D & 2D 

 
where 𝑁𝑘(𝜉) are called the 1D shape functions defined as 

𝑁𝑘(𝜉) = ∑ [
(𝐶𝑖(𝑐𝑜𝑠(𝜋/2𝑝) 𝜉𝑘)𝐶𝑖(𝑐𝑜𝑠(𝜋/2𝑝) 𝜉))/

/∑ 𝐶𝑖
2(𝑐𝑜𝑠(𝜋/2𝑝) 𝜉𝑗)

𝑝
𝑗=1

]
𝑝−1
𝑖=0  (13) 

𝜉𝑖 = −𝑐𝑜𝑠[(2𝑖 − 1)𝜋/2𝑝] / 𝑐𝑜𝑠(𝜋/2𝑝) 
𝑖 = 1,2, . . . , 𝑝                                                                      (14) 

In 2D problems, (𝜉, 𝜂) ∈ [−1,1] × [−1,1], the shape func-

tions associated with node 𝐾(𝜉𝑖 , 𝜂𝑗) 

𝑁̃𝐾(𝜉, 𝜂) = 𝑁𝑖(𝜉)𝑁𝑗(𝜂)                                                            (15) 

with 𝑁𝑖(𝜉) or 𝑁𝑗(𝜂)
 
is 1D p-order shape functions related to the 

set 𝜉 ∈ [−1,1] or the set 𝜂 ∈ [−1,1] respectively. Fig. 3 gives 
some third-order shapes functions related to the Chebyshev poly-
nomials in 1D space and 2D space. 

The finite element formulation related to Chebyshev polyno-
mials is established as in [25, 26]. The plate is divided by the qu-
adrilateral elements with five degrees of freedom in each node of 
an element. These components can be approximated through the 
displacement components at node K 

𝑢 = {𝑢𝑜 𝑣𝑜 𝑤𝑜 𝛽𝑥 𝛽𝑦}𝑇 = 

= ∑ 𝑁̃𝐾(𝜉, 𝜂)

(𝑝+1)(𝑞+1)

𝐾=1

{𝑢𝑜𝐾 𝑣𝑜𝐾 𝑤𝑜𝐾 𝛽𝑥𝐾 𝛽𝑦𝐾}𝑇 = 

= 𝑁𝐾𝑑𝐾                                                                                       (16) 

with  

𝑁𝐾 = 𝑁̃𝐾𝑑𝑖𝑎𝑔(1,1,1,1,1),  

𝑑𝐾 = {𝑢𝑜𝐾 𝑣𝑜𝐾 𝑤𝑜𝐾 𝛽𝑥𝐾 𝛽𝑦𝐾}𝑇 

are nodal displacement vector associated node K. Based on the 
first-order shear deformation theory, the kinematics of the plate is 
calculated through five displacement components  𝑢𝑜, 𝑣𝑜, 𝑤𝑜, 𝛽𝑥 

and 𝛽𝑦
 
in the mid-surface 

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) + 𝑧𝛽𝑥 

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) + 𝑧𝛽𝑦                                                      (17) 

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦) 

with 𝑢𝑜, 𝑣𝑜, 𝑤𝑜 are three displacement components, and 𝛽𝑥 𝛽𝑦
 

are the rotations related to the x- and y- axes. The in-plane strain 
vector and the transverse shear strain vector are shown 

𝜀 = [

𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
] = [

𝑢0,𝑥
𝑣0,𝑦

𝑢0,𝑦 + 𝑣0,𝑥
]

⏟        
𝜀𝑚

+ 𝑧 [

𝛽𝑥,𝑥
𝛽𝑦,𝑦

𝛽𝑥,𝑦 + 𝛽𝑦,𝑥

]

⏟        
𝜀𝑏

 (18) 

= 𝜀𝑚 + 𝑧𝜀𝑏 

𝜀𝑠 = [
𝛾𝑥𝑧
𝛾𝑦𝑧
] = [

𝛽𝑥 + 𝑤0,𝑥
𝛽𝑦 + 𝑤0,𝑦

]                                                        (19) 

The constitutive relation for functionally graded plate can be 
defined as below 

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜏𝑥𝑦
𝜏𝑥𝑧
𝜏𝑦𝑧}
 
 

 
 

=

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄21 𝑄22 0 0 0
0 0 𝑄66 0 0
0 0 0 𝑄55 0
0 0 0 0 𝑄44]

 
 
 
 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
𝛾𝑥𝑧
𝛾𝑦𝑧}
 
 

 
 

              (20) 

with the material constants are given by 
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𝑄11 = 𝑄22 = 𝐸(𝑧)/[1 − 𝜈
2(𝑧)],   

𝑄12 = 𝑄21 = 𝜈(𝑧)𝐸(𝑧)/[1 − 𝜈
2(𝑧)],                                 (21) 

𝑄44 = 𝑄55 = 𝑄66 = 𝐸(𝑧)/2[1 + 𝜈(𝑧)] 

By applying the Hamilton’s principle, the weak-form for free vi-
bration analysis can be presented by 

∫ 𝛿𝜀̄𝑇𝐷𝑏
∗

𝛺
𝜀̄𝑑𝛺 + ∫ 𝛿𝛾̄𝑇𝐷𝑠

∗
𝛺

𝛾̄𝑑𝛺 + ∫ ℜ𝑤
𝛺

𝑑𝛺   

= ∫ 𝛿𝑢𝑇𝑚𝑢̈
𝛺

𝑑𝛺                                                                       (22) 

where   

𝜀̄ = {𝜀𝑚, 𝜀𝑏}𝑇, 𝛾̄ = {𝜀𝑠}𝑇                                           (23) 

and 𝑚 = [
𝐼1 𝐼2
𝐼2 𝐼3

] with the mass inertia terms 𝐼𝑖(𝑖 = 1,2,3) are 

given by  

(𝐼1, 𝐼2, 𝐼3) = ∫ 𝜌(𝑧)
ℎ/2

−ℎ/2
(1, 𝑧, 𝑧2) [

1 0 0
0 1 0
0 0 1

] 𝑑𝑧                (24) 

Besides, 𝐷𝑏
∗ and 𝐷𝑠

∗, the material matrices, are written by 

𝐷𝑏
∗ = [

𝐴 𝐵
𝐵 𝐷

] , 𝐷𝑠
∗ = 𝐴𝑠                                                       (25) 

with 

(𝐴, 𝐵, 𝐷) = ∫ (1, 𝑧, 𝑧2) [

𝑄11 𝑄12 0
𝑄21 𝑄22 0
0 0 𝑄66

]
ℎ/2

−ℎ/2
𝑑𝑧,  

𝐴𝑠 =
5

6
∫ [

𝑄55 0
0 𝑄44

]
ℎ/2

−ℎ/2
𝑑𝑧                                                  (26) 

The discretized systems for free vibration analysis may be 
given as 

(𝐾 − 𝜔2𝑀)𝑑 = 0                                                                   (27) 

where 𝐾is the global stiffness matrix including the plate and elastic 
foundation, 𝑀 is the global mass matrix, respectively. Furthermore, 
the Gauss quadrature rule is taken on the integration through a set 
of (p+1)(q+1) Gauss points, in which p and q are the orders of 
𝑁𝑖(𝜉)and 𝑁𝑗(𝜂). The total numbers of Gauss points and degrees 

of freedom per each element are (p+1)(q+1) and 5(p+1)(q+1). The 
values of p and q are set to 3 for all numerical examples by following 
[16]. The BCs are given by  

Clamped (C): u0 = v0 = w0 = βx = βy = 0 at all edges.  
Simply supported (S): u0 = w0 = βx = 0 at y = 0 & y = b and v0 

= w0 = βy = 0 at x = 0 & x = a. 
In order to clarify how the proposed technique is incorporated 

into a finite element code, a numerical implementation is briefly pre-
sented as follows. 

− Discretize the domain into quadrilateral elements and form the 
matrices of node coordinates (coord) and element connections 
(nodes). 

− Declare the order p, q of the Chebyshev polynomials. The 
Gauss quadrature rule is taken on the integration through a set 
of (p+1)(q+1) Gauss points. 

− Calculate and assemble element matrices to build the system 
matrices. 

− Assign boundary conditions. 

− Solve the system of equations to obtain results. 
 
 
 

3. NUMERICAL RESULTS AND DISCUSSIONS 

The normalized parameters in this study are expressed by 

𝑘1 = 𝛼1𝑎
4/𝐷𝑚, 𝑘2 = 𝛼2𝑎

2/𝐷𝑚,   
𝐷𝑚 = 𝐸𝑚ℎ

3/12/(1 − 𝜈𝑚
2 ),  

𝜔̄ = (
𝜔𝑎2

ℎ
)√

𝜌𝑜

𝐸𝑜
,                                                              (28) 

𝜌𝑜 = 1𝑘𝑔/𝑚
3, 𝐸𝑜 = 1𝐺𝑃𝑎  

Firstly, the free vibration analysis of thin (h = a/200) and thick 
(h = a/10) square plates with two boundary conditions, SSSS and 
CCCC, is considered. The Young’s modulus E = 200 GPa, Poisson 
ratio ν = 0.3, and mass density ρ = 8000 kg/m3 are the material 
properties. The first four normalized frequencies of these structures 

𝜔∗ = [12𝜔𝜌𝑎4(1 − 𝜈2)/(𝐸ℎ2)]1/4are presented in Table 1 
and Fig. 4. These results are also compared with other results of 
MITC4 element [28] and exact solutions [29].  

Tab. 1.  The first four normalized frequencies of square plate  
(h = a/10, a/200) 

Mode 
a/h = 10, (SSSS) 

[28] Article [29] 

1 4.403 4.366 4.37 

2 6.940 6.744 6.74 

3 6.940 6.744 6.74 

4 8.608 8.354 8.35 

Mode 
a/h = 10, (CCCC) 

[28] Article [29] 

1 5.808 5.703 5.71 

2 8.226 7.876 7.88 

3 8.226 7.876 7.88 

4 9.731 9.325 9.33 

Mode 
a/h = 200, (SSSS) 

[28] Article [29] 

1 4.481 4.443 4.443 

2 7.252 7.025 7.025 

3 7.252 7.025 7.025 

4 9.200 8.885 8.886 

Mode 
a/h = 200, (CCCC) 

[28] Article [29] 

1 6.124 5.998 5.999 

2 9.060 8.567 8.568 

3 9.060 8.567 8.568 

4 11.019 10.403 10.407 

 
Tab. 2.  The first frequency of FGM plates resting on the elastic  

foundation with n = 1 and h = a/20 

(k1, k2) 
Metho

d 
p=q 

Meshing 

4 x 4 6 x 6 8 x 8 

(100,100) 

Article 

1 0.0662 0.0510 0.0474 

2 0.0398 0.0397 0.0396 

3 0.0396 0.0396 0.0396 

4 0.0396 0.0396 0.0396 

[30]                        0.0388 

[31]                        0.0386 
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Tab. 3. The dimensionless frequencies of the FGS-HC plate resting on the elastic foundation. 

a/h n (k1, k2) 
(2-1-2) (1-1-1) (2-2-1) 

Article [32] Article [32] Article [32] 

10 

0 

(0,0) 1.29918 1.29692 1.29918 1.29692 1.29918 1.29692 

(10,10) 1.61828 1.61603 1.61828 1.61603 1.61828 1.61603 

(100,100) 3.32217 3.31161 3.32217 3.31161 3.32217 3.31161 

10 

(0,0) 0.93921 0.93742 0.95419 0.95372 0.98414 0.98239 

(10,10) 1.37299 1.37067 1.38093 1.37733 1.40154 1.39522 

(100,100) 3.30716 3.29462 3.30545 3.2805 3.30531 3.28023 

100 

0 

(0,0) 1.34067 1.34038 1.34067 1.34038 1.34067 1.34038 

(10,10) 1.65962 1.65899 1.65962 1.65899 1.65962 1.65899 

(100,100) 3.36947 3.36942 3.36947 3.36942 3.36947 3.36942 

10 

(0,0) 0.96026 0.96023 0.97591 0.97582 1.00790 1.00620 

(10,10) 1.39691 1.39670 1.40294 1.40285 1.42311 1.42192 

(100,100) 3.34844 3.34801 3.33422 3.33315 3.33346 3.33266 

 
a) Thin plate
 

 
b) Think plate 

 
Fig. 4.   The comparison of the first four normalized frequencies of  

square plate 
 
 

Secondly, consider the SSSS square (Al/Al2O3) FGM plate re-
sting on an elastic foundation. The dimensionless frequency is nor-
malized by 

𝜔∗∗ = (𝜔ℎ)√𝜌𝑏/𝐸𝑏.  

Observing that the obtained results converge at a mesh size of 
4 × 4 with the order of shape functions p = q = 3 and are in good 
agreement with those of solutions using quasi-3D theory [30] and 
third-order shear deformation theory [31], as given in Table 2. An 
error of about 2% compared to the results from quasi-3D theory is 
acceptable when using only coarse meshes. 

Next, the SSSS square (Al/ZrO2) FGS-HC plate is considered. 
The first normalized frequencies 𝜔̄ are provided in Table 3. It can 
be observed that the obtained results are completely consistent 
with the results of [32], employing a closed-form solution based on 
the hyperbolic shear deformation theory. Moreover, it is clear from 
the table that the natural frequencies are increasing with the exi-
stence of the elastic foundation. Clearly, the natural frequencies are 
increasing with the increasing values of two parameters: spring 
stiffness and shear layer stiffness. Table 3 also shows that, as the 
volume ratio of ceramic in the sandwich plate increases, the natural 
frequencies of the plate increase. 

Continuously, the dimensionless frequencies of the square 
(Al/ZrO2) FGS plates with different values of the power-law index, 
ratio of thicknesses, and BCs are listed in Table 4 and Table 5. 
From these tables, it can be seen that when the power-law index n 
increases, the frequencies of the FGS-HC plates decrease while 
the frequencies of the FGS-SC increase. The reason is that as n 
increases, the volume fraction of ceramic decreases for the FGS-
HC plate, leading to a decrease in the FGS-HC plate stiffness; so 
the frequency of the FGS plate decreases. The frequency of FGS-
HC plates with n = 0 is highest, because when n = 0, FGS-HC plates 
become homogeneous ceramic plates. On the other hand, when n 
increases, the frequencies of the FGS-SC plates increase, because 
when n increases, the volume fraction of the ceramic components 
increases, and the FGS plate stiffness increases. Besides, when n 
= 0, the FGS-SC plates become homogeneous metal plates, so the 
frequency of FGS plates is the smallest. In addition, the thicker ce-
ramic core results in a stiffer FGS-HC plate, causing the frequency 
of the FGS plate to increase. This is in contrast to the FGS-SC 
plate, when the thicker metal core leads to a softer FGS-SC plate, 
so the frequency of the FGS plates reduces. 
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Tab. 4. The dimensionless frequencies of square FGS plates with  
a/h = 15, k1 = 10, k2 = 10 

BCs Plate n 
Ratio of thicknesses 

(1-0-1) (1-1-1) (1-2-2) (1-6-1) 

SSSS 

FGS-
HC 

0 1.9543 1.9543 1.9543 1.9543 

0.5 1.5924 1.6596 1.6907 1.8175 

1 1.4114 1.5053 1.5556 1.7477 

2 1.2580 1.3579 1.4278 1.6794 

5 1.1721 1.2350 1.3213 1.6209 

10 1.1662 1.1949 1.2819 1.6067 

FGS-
SC 

0 1.1769 1.1769 1.1769 1.1769 

0.5 1.7605 1.6906 1.6537 1.4641 

1 1.8992 1.8417 1.7978 1.5740 

2 1.9714 1.9446 1.8989 1.6657 

5 1.9852 2.0037 1.9611 1.7343 

10 1.9733 2.0155 1.9776 1.7504 

SSCC 

FGS-
HC 

0 2.5957 2.5957 2.5957 2.5957 

0.5 2.0944 2.1903 2.2334 2.4092 

1 1.8388 1.9751 2.0455 2.3131 

2 1.6161 1.7658 1.8655 2.2194 

5 1.4846 1.5889 1.7125 2.1385 

10 1.4699 1.5283 1.6548 2.1181 

FGS-
SC 

0 1.4774 1.4774 1.4774 1.4774 

0.5 2.3060 2.2035 2.1516 1.8838 

1 2.5018 2.4142 2.3537 2.0374 

2 2.6067 2.5587 2.4952 2.1638 

5 2.6317 2.6435 2.5834 2.2584 

10 2.6188 2.6624 2.6087 2.2805 

SCSC 

FGS-
HC 

0 2.7507 2.7507 2.7507 2.7507 

0.5 2.2165 2.3197 2.3655 2.5530 

1 1.9420 2.0896 2.1641 2.4509 

2 1.7015 1.8651 1.9717 2.3510 

5 1.5573 1.6737 1.8071 2.2649 

10 1.5398 1.6082 1.7447 2.2430 

FGS-
SC 

0 1.5457 1.5457 1.5457 1.5457 

0.5 2.4340 2.3225 2.2671 1.9804 

1 2.6444 2.5476 2.4825 2.1437 

2 2.7581 2.7025 2.6345 2.2782 

5 2.7871 2.7944 2.7302 2.3788 

10 2.7747 2.8154 2.7575 2.4024 

CCCC 

FGS-
HC 

0 3.3663 3.3663 3.3663 3.3663 

0.5 2.7033 2.8327 2.8898 3.1229 

1 2.3590 2.5461 2.6399 2.9967 

2 2.0540 2.2641 2.3985 2.8727 

5 1.8669 2.0222 2.1906 2.7658 

10 1.8407 1.9381 2.1113 2.7389 

FGS-
SC 

0 1.8436 1.8436 1.8436 1.8436 

0.5 2.9587 2.8163 2.7473 2.3877 

1 3.2223 3.0967 3.0158 2.5904 

2 3.3669 3.2904 3.2055 2.7581 

5 3.4070 3.4069 3.3268 2.8827 

10 3.3937 3.4346 3.3620 2.9119 

 

Tab. 5. The first four frequencies of square FGS plates (1-4-1) with  
a/h = 45, k1 = 50, k2 = 15 

BCs Plate n 
Normalized frequencies 

𝜔̄1 𝜔̄2 𝜔̄3 𝜔̄4 

SSSS 

FGS-
HC 

0 2.0351 4.8527 4.8527 7.6586 

0.5 1.8611 4.3877 4.3877 6.9055 

1 1.7707 4.1436 4.1436 6.5090 

2 1.6811 3.8982 3.8982 6.1097 

5 1.5964 3.6633 3.6633 5.7257 

10 1.5643 3.5740 3.5740 5.5797 

FGS-
SC 

0 1.3185 2.7594 2.7594 4.1886 

0.5 1.6503 3.7252 3.7252 5.7897 

1 1.7741 4.0725 4.0725 6.3581 

2 1.8764 4.3540 4.3540 6.8179 

5 1.9566 4.5755 4.5755 7.1788 

10 1.9831 4.6487 4.6487 7.2979 

SSCC 

FGS-
HC 

0 2.7052 5.9047 5.9266 8.9704 

0.5 2.4566 5.3292 5.3484 8.0838 

1 2.3269 5.0266 5.0448 7.6161 

2 2.1970 4.7216 4.7382 7.1440 

5 2.0732 4.4288 4.4437 6.6894 

10 2.0261 4.3177 4.3323 6.5166 

FGS-
SC 

0 1.6225 3.2659 3.2746 4.8327 

0.5 2.1214 4.4804 4.4956 6.7338 

1 2.3039 4.9129 4.9301 7.4055 

2 2.4527 5.2635 5.2827 7.9484 

5 2.5692 5.5387 5.5590 8.3744 

10 2.6083 5.6297 5.6504 8.5155 

SCSC 

FGS-
HC 

0 2.8756 5.3557 6.7353 9.1380 

0.5 2.6076 4.8374 6.0736 8.2344 

1 2.4671 4.5654 5.7249 7.7575 

2 2.3264 4.2913 5.3733 7.2769 

5 2.1921 4.0284 5.0346 6.8132 

10 2.1416 3.9287 4.9057 6.6368 

FGS-
SC 

0 1.6935 2.9985 3.6657 4.9129 

0.5 2.2376 4.0841 5.0755 6.8517 

1 2.4353 4.4723 5.5750 7.5362 

2 2.5967 4.7870 5.9794 8.0896 

5 2.7231 5.0344 6.2970 8.5240 

10 2.7652 5.1161 6.4020 8.6677 

CCCC 

FGS-
HC 

0 3.5315 7.1179 7.1179 10.4331 

0.5 3.1928 6.4172 6.4172 9.3997 

1 3.0152 6.0476 6.0476 8.8533 

2 2.8367 5.6747 5.6747 8.3016 

5 2.6652 5.3157 5.3157 7.7691 

10 2.6004 5.1788 5.1788 7.5661 

FGS-
SC 

0 2.0033 3.8544 3.8544 5.5549 

0.5 2.7066 5.3520 5.3520 7.7846 

1 2.9595 5.8820 5.8820 8.5694 

2 3.1644 6.3109 6.3109 9.2038 

5 3.3258 6.6474 6.6474 9.7021 

10 3.3789 6.7588 6.7588 9.8669 
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Fig. 5. The first four mode shapes of (SSSS) FGS-HC plate with a/b = 1, a/h = 20, k1 = 10, k2 = 5, n = 1, ratio of thicknesses (1-1-1) 

 

 
Fig. 6. The first four mode shapes of (CCCC) FGS-SC plate with a/b = 1, a/h = 25, k1 = 15, k2 = 10, n = 2, ratio of thicknesses (1-2-1)

Figs. 5 and 6 present the first four modeshapes of FGS plates. 
Observing that the 2nd and 3rd eigenmodes are the same as each 
other, owing to the FGS plates under the same “S” or “C” boundary 
conditions at the edges. 

4. CONCLUSIONS 

The article aims to conduct the frequency analysis of FGS 
plates resting on an elastic foundation by using a finite element 
method based on Chebyshev polynomials. The idea of this element 
is to use the high-order shape functions that satisfy the interpolation 
condition at the points based on Chebyshev polynomials as well as 
to use the full Gauss quadrature rule for the establishment of the 
stiffness matrix and mass matrix. Numerical examples and com-
ments are made to illustrate in detail the influence of geometric pa-
rameters and material properties on the free vibrations of the FGS 
plates. According to the numerical outcomes, some important ob-
servations are summarized as follows: i. The effectiveness of using 
the finite element method based on Chebyshev polynomials in the 
analysis of free vibrations of FGS plates on the elastic foundation. 
ii. Elastic foundation increases the frequency of FGS plates, as ex-
pected. More specifically, the natural frequencies are increasing 
with the existence of an elastic foundation. The natural frequencies 
are increasing with the increasing values of two parameters: spring 
stiffness and shear layer stiffness. iii. While increasing the value of 
the power-law index leads to the decreasing value of the natural 
frequency for hardcore sandwich plates, the natural frequency in-
creases with increasing value of the power-law index for softcore 
sandwich plates. In conclusion, it is evident that the elastic founda-
tion has a significant effect on the mechanical behavior of sandwich 
plates. 

The obtained results can be useful for extended calculation, de-
sign, and fabrication of FGS plates working under various condi-
tions. In the near future, the proposed method will continue to 
demonstrate the stability of the results when meshing distortion. In 
addition, although the Chebyshev interpolation polynomial is estab-
lished in the form of Lagrange interpolation, the Runge phenome-
non does not occur, so it can be used as an original finite element 

method to solve PDEs with high accuracy. Besides, the task of non-
linear analysis of plate/shell structures will be developed. Last but 
not least, the computational cost for complex structures will also be 
considered to help readers have a specific view of the advantages 
and disadvantages of this proposed method. 
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Abstract: The subject under consideration finds manifold applications across various disciplines, including biological, industrial,  
and environmental sectors. Therefore, this study aims to analytically investigate the onset of convective instability in a dusty ferromagnetic 
fluid layer, influenced by magnetic field-dependent viscosity and fluid-permeable magnetically active boundaries, when subjected to a uniform 
transverse magnetic field. The eigenvalue problem is formulated through the utilization of linear stability theory followed by normal mode 
analysis. To address this problem, a single-term Galerkin method is employed, followed by a numerical calculation of the critical magnetic 
Rayleigh number. It is investigated numerically and graphically that (𝑁𝑐)𝐹𝑟𝑒𝑒 ≤ (𝑁𝑐)𝑃𝑒𝑟𝑚𝑒𝑎𝑏𝑙𝑒 ≤ (𝑁𝑐)𝑅𝑖𝑔𝑖𝑑.  It has been observed that 

as the dust particle parameter ℎ1 increase, the critical Rayleigh number decreases, indicating the destabilizing nature of ℎ1 On the other 

hand, the viscosity parameter 𝛿 and magnetic susceptibility 𝜒 and permeability parameter 𝐷𝑎𝑠 demonstrate a stabilizing effect  

on the system. Initially, measure of nonlinearity of magnetization 𝑀3 exhibits a destabilizing effect, but beyond a certain threshold, it switches 
to a stabilizing effect within the system. 

Key words: magnetic field-dependent viscosity, dust particles, ferrofluid, thermal convection, fluid-permeable magnetic boundaries

1. INTRODUCTION 

Ferrofluids are unique types of fluids that exhibit both fluidic and 
magnetic properties. They are composed of stable colloidal sus-
pensions of single-domain ferromagnetic or ferrimagnetic nanopar-
ticles dispersed in a suitable liquid medium. The magnetic particles 
typically consist of ferromagnetic metals such as iron, nickel, and 
cobalt, or ferrimagnetic oxides like magnetite (𝐹𝑒3𝑂4) and spinel-
type ferrites. Common carrier liquids include water, ethylene glycol, 
and various oils. The specific combination of magnetic particles and 
carrier fluid is chosen based on the intended application of the fer-
rofluid. Ferrofluids are widely used in sealing, damping, heat trans-
fer, bearings, and sensors. They act as coolants in systems like 
loudspeakers and transformers, and enhance heat transfer in de-
vices such as heat exchangers. Their use in exclusion seals helps 
protect sensitive components, making them valuable in robotics, 
textiles, electronics, and machinery [1, 2].  

 Due to their vast practical applications, researchers have con-
ducted numerous experimental and theoretical studies on ferroflu-
ids. These studies cover areas such as synthesis and characteri-
zation, heat transfer and thermal properties, theoretical modelling 
and simulation, and industrial applications [3, 4, 5]. Discussing the 
thermal stability of ferrofluids is equally important as examining 
their other properties. Understanding thermal stability ensures that 
ferrofluids can be effectively and safely utilized in current and future 
technologies. 

 Thermal stability of ferrofluid in the existence of a vertical mag-
netic field has been investigated by Finlayson [6]. Schwab et al. 
examined experimentally the Finlayson's problem [7]. Thermal 

stability of ferrofluid depends upon many factors such as density of 
ferrofluid, gravity acting on ferrofluid, medium of ferrofluid, Coriolis 
force on ferrofluid and hydrodynamic boundary conditions of fer-
rofluid. The influence of viscosity variation with magnetic field on 
thermal convection of ferrofluid has been explored by Sunil et al. 
[8]. whereas the viscosity variation with temperature field on ther-
mal convection of ferrofluid for general boundary conditions has 
been investigated by Dhiman and Sharma [9, 10]. The porous me-
dium plays a crucial role in directing geophysically detectable liq-
uids into specific zones for imaging, controlled placement, or chem-
ical treatment. Hence, analyzing the thermal stability of ferrofluids 
within a saturated porous layer is equally important. Vaidyanathan 
et al. [11] explored thermoconvective instability in a ferromagnetic 
fluid saturating a porous medium under the influence of a vertical 
magnetic field. Since rotation can significantly affect the thermal 
stability of a fluid layer, Venkatasubramanian and Kaloni [12] ex-
amined the impact of rotation on thermo-convective instability in a 
ferrofluid layer. Many authors have made remarkable contributions 
to exploring the impact of various parameters on ferrofluid convec-
tion (see references [13, 14, 15, 16, 17]). 

 There are many practical situations where ferrofluids may con-
tain suspended particles. For instance, in industrial settings, fer-
rofluids are sometimes used as lubricants for machinery, particu-
larly in high-precision equipment like bearings, seals, and pumps. 
However, in such environments, it is common for the ferrofluid to 
become contaminated with suspended particles. Therefore, study-
ing ferrofluids with dust particles is equally important. Thermal sta-
bility of ferrofluid in the existence of dust particles is studied by Sunil 
et al. [18]. Sunil et al. [19] explored the impact of viscosity variation 
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with magnetic field on the thermal convection of dusty ferrofluids for 
the case of free-free boundaries. Sunil et al. [20] conducted a the-
oretical study on how magnetic field-dependent (MFD) viscosity in-
fluences thermal convection in a ferromagnetic fluid saturated po-
rous medium containing dust particles. Sharma and Kumar [21] car-
ried out a theoretical analysis of the combined influence of MFD 
viscosity and rotation on ferroconvection in a dusty fluid exposed to 
a uniform transverse magnetic field, whereas Kumar et al. [22] ex-
plored the impact of viscosity variation with temperature on the ther-
mal convection of dusty ferrofluids of permeable boundaries. For a 
detailed understanding of thermal convection in dusty ferrofluids 
under various effects, one may refer to references [23, 24, 25, 26]. 
For further insights into related studies involving fluid systems con-
taining dust particles and their significant effects, readers are re-
ferred to references [27, 28, 29, 30, 31]. 

 The thermal stability of the liquid is determined by the thermal 
and hydrodynamic conditions at the surfaces that border it. In past 
works, fluid boundaries have been mainly either free-free or rigid-
rigid. However, in many cases boundaries are neither purely free-
free nor purely rigid-rigid. For instance, porous structures are used 
in cooling systems of electronic devices so as to facilitate ferrofluid 
movement and controlled heat transfer. Magnetic seals in rotating 
machinery consist of field-permeable membranes that maintain 
fluid position while allowing for fluid exchange and pressure fluctu-
ations. For example, targeted drug delivery and hyperthermia treat-
ment require ferrofluids to pass through semi-permeable biological 
membranes. Also heat exchangers, magnetic field-controlled filtra-
tion systems, ferrofluid-based microfluidic devices and aerospace 
thermal management all rely on boundary permeability for effective 
thermal convection. Siddheshwar [32] has documented the convec-
tive instability of ferromagnetic fluids confined by fluid-permeable 
and magnetically active boundaries. More recently, Nanjundappa 
et al. [26] explored penetrative ferro-thermal convection (FTC) 
driven by internal heating in a porous layer saturated with ferrofluid, 
considering various temperature, velocity, and magnetic potential 
boundary conditions. Additionally, Surya [33] examined convective 
instability of a liquid layer with permeable boundaries under the in-
fluence of variable gravitational force.  

 To the best of our knowledge, no prior studies have examined 
the combined effects of viscosity variation with magnetic fields and 
fluid-permeable magnetic boundary surfaces on the thermal con-
vection of ferrofluids containing dust particles. This research is mo-
tivated by this gap in the literature. The study will provide different 
insights on how thermal convection can be optimized for various 
engineering applications such as electronics cooling, aerospace 
systems, biomedical technologies and environmental engineering 
through dust particles effects on it and variation of viscosity with 
magnetic field and fluid – permeable magnetic boundaries. 

2. RESEARCH METHODOLOGY 

The analytical investigation of convective instability in a dusty 
ferromagnetic fluid layer considering magnetic field-dependent vi-
scosity and fluid-permeable, magnetically active boundaries under 
a uniform transverse magnetic field follows a structured approach 
aligned with the objectives of the study. A brief overview of the met-
hodology is presented below as per the defined sections.  

2.1. Fundamental Equations of the Problem  

This phase includes recognizing and developing the core 

equations that govern the problem. These equations may be based 
on physical laws or derived from mathematical models.  

2.2. Basic State  

After establishing the fundamental equations, the system's ba-
sic state is identified. The system is considered to be in this basic 
state when there is no fluid motion in its initial condition. 

2.3. Perturbation                                                                                                                  

Perturbations refer to small disturbances or deviations from the 
basic state that are introduced into the system. These disturbances 
enable the examination of the system's stability and behavior under 
different conditions [34].                                                                                                     

2.4. Linear Analysis                                                                                           

To identify the instability threshold for an dusty ferromagnetic 
fluid during thermal convection, linear analysis specifically using 
normal mode analysis as described by Chandrasekhar [34] to 
create an eigenvalue problem offers valuable insights into the 
fundamental physics of thermal convection. 

2.5. Normal Mode Analysis                                                                                      

Normal mode analysis is utilized to reduce the system of partial 
differential equations into an eigenvalue problem, which allows for 
a systematic examination of the stability of the system.  

2.6. Non-dimensionalize the System of Equations                                               

The governing equations of the system are non-dimensional-
ized to simplify the analysis and eliminate any reliance on specific 
units of measurement. Scaling factors are used to non-dimension-
alize the perturbed equations. 

2.7.  Method of solution 

The Galerkin method is employed to solve the eigenvalue prob-
lem, transforming it into a solvable system of algebraic equations. 
This method approximates the solution by selecting trial functions 
that satisfy the boundary conditions. 

2.8. Result and discussion 

Identify the effects of different parameters on the systems for 
different bounding surfaces, and interpret the results graphically. 

3. MATHEMATICAL MODELLING 

Consider a static layer of ferromagnetic fluid with a finite vertical 
thickness 𝑑 and an infinite horizontal extent, heated from below, 
and containing dust particles. This fluid layer is subjected to a uni-
form vertical magnetic field 𝑯 and experiences a gravitational force 
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represented by 𝘨 and this system is confined between two horizon-
tal fluid-permeable magnetic boundaries (as depicted in  
Fig. 1)  

 
Fig. 1. Geometrical Configuration 

We assume the fluid is incompressible, electrically non-conduc-
tive, and has a viscosity depend upon the magnetic field, expressed 
as 𝜇 = 𝜇1( 𝛿. 𝑩 + 1) [35]. The fluid's viscosity when the mag-
netic field is zero is 𝜇1, the isotropic coefficient of viscosity change 

is 𝛿, and the magnetic induction is represented by 𝑩. For the model 
described, the governing equations under the Boussinesq approxi-
mation are provided by [6, 19]:  

∇ ⋅ 𝒒 = 0 ,                         (1) 

𝜌0 (𝒒 ⋅ 𝛻 +
𝜕

𝜕𝑡
) 𝒒 − 𝜌𝘨 + 𝛻𝑝 = 𝜇𝛻2𝒒 + 𝛻 ⋅ (𝑯𝑩) −

                                                           𝐾𝑁𝑑(𝒒 − 𝒒𝒅) ,  (2) 

𝑚𝑁𝑑𝐶𝑝𝑡 (
𝜕

𝜕𝑡
+ 𝒒𝒅 ⋅ 𝛻) 𝑇 − [𝜇0𝑯 ⋅ (

𝜕𝑴

𝜕𝑇
)

𝐻,𝑉
− 𝜌0𝐶𝐻,𝑉]

𝐷𝑇

𝐷𝑡
+

𝜇0𝑇 (
𝜕𝑴

𝜕𝑇
)

𝐻,𝑉
⋅

𝐷𝑯

𝐷𝑡
= 𝐾1𝛻2𝑇.  (3) 

The equation of state for density is 

𝜌 = 𝜌0[1 + 𝛼(𝑇0 − 𝑇)] , (4) 

In the aforementioned equations: 𝒒 represents the ferrofluid's 
velocity, 𝒒𝑑 indicates the dust particles' velocity, 𝑝 pertains to pres-
sure, 𝜌 corresponds to density, 𝑁𝑑 signifies the number density of 

the dust particles, 𝑀 stands for magnetization, 𝐵 represents mag-
netic induction,  𝑇 is the temperature,  𝐶𝐻,𝑉 characterizes the spe-

cific heat at constant magnetic field and volume, 𝐶𝑝𝑡 indicates the 

specific heat of dust particles, 𝐾1 designates the thermal conduc-
tivity, 𝛼 represents the coefficient of thermal expansion, and 𝐾 =
6𝜋𝜇𝑟 signifies the Stokes drag coefficient, where 𝑟 represents the 
radius of the dust particle. Additionally, 𝜌0 and 𝜇0 correspond to 
the density and magnetic permeability at the reference tempera-
ture. 

 The buoyant force acting on the dust particles is neglected [18, 
23, 26]. It is further assumed that the spacing between the particles 
is much larger than their diameters, allowing inter-particle interac-
tions to be disregarded. The influence of gravity, pressure, and vis-
cous forces on the particles is assumed to be negligibly small and 
is thus omitted from consideration. An additional force term with this 
opposite direction must be included in the particles' equation of mo-
tion, because the force applied by the ferrofluid on the dust particles 
is equal in magnitude but opposite in direction to the force exerted 
by the dust particles on the ferrofluid. Let 𝑚𝑁𝑑 denote the mass of 
dust particles per unit volume; the motion and continuity equations 
for the dust particles, under these assumptions, are given as follows 

[19, 22]: 

𝑚𝑁𝑑 (𝒒𝒅 ⋅ 𝛻 +
𝜕

𝜕𝑡
) 𝒒𝒅 = −𝑁𝑑𝐾(𝒒𝒅 − 𝒒), (5) 

𝛻 ⋅ (𝑁𝑑𝒒𝒅) +
𝜕𝑁𝑑

𝜕𝑡
= 0. (6) 

Due to assumption that fluid is electrically non-conductive, the 
equations of Maxwell in the case where displacement current is ab-
sent for a non-conductive fluid can be stated as follows [6]: 

𝛻 × 𝑯 = 0,   𝛻 ⋅ 𝑩 = 0,  (7) 

and  

𝑩 = 𝜇0(𝑴 + 𝑯).                       (8) 

Thus, from equations (7) and (8), we get  

∇ ⋅ (𝑴 + 𝑯) = 0.   (9) 

The alignment of magnetization is governed by both the mag-
netic field's strength and temperature, resulting in the following re-
lationship 

𝑴 = (
𝑯

𝐻
) 𝑀(𝐻, 𝑇),                     (10) 

and 

𝑀 = 𝑀0 + 𝐾2(𝑇0 − 𝑇) − 𝜒(𝐻0 − 𝐻),                                (11) 

Where 𝑀0 is the magnetization when temperature is 𝑇0 and 
magnetic field is 𝐻0, while  

𝐾2 = − (
𝜕𝑴

𝜕𝑇
)

𝑇0,   𝐻0

, 𝜒 = (
𝜕𝑴

𝜕𝐻
)

𝑇0,   𝐻0

    

represents the pyromagnetic coefficient and magnetic susceptibility 
respectively. 

Equations (1) to (11) are solved for zero flow at base state and 
thus the basic state solutions are given by 

𝜌 = 𝜌𝑏(𝑧), 𝑝 = 𝑝{𝑏}(𝑧),  𝒒𝒅 = (𝒒𝒅)𝑏 = 𝟎 ,  𝒒 = 𝒒𝑏 = 𝟎, 

𝑇 = 𝑇0 − 𝛽𝑧 = 𝑇𝑏(𝑧),  𝛽 =
𝑇0−𝑇1

𝑑
,    (𝑁𝑑)𝑏 = 𝑁𝑑 = 𝑁0,        

𝐻0 + 𝑀0 = 𝐻0
𝑒𝑥𝑡, 𝑯𝑏 = (𝐻0 −

𝛽𝐾2

𝜒+1
𝑧) 𝒌̂,  𝑴𝑏 = (𝑀0 +

𝛽𝐾2

𝜒+1
𝑧) 𝒌̂.                                                                                   (12)   

Further following Finlayson [6] perturbations are added to initial 
basic state as:    

𝜌 = 𝜌𝑏(𝑧) + 𝜌′, 𝑝 = 𝑝𝑏(𝑧) + 𝑝′,  𝒒𝒅 = (𝒒𝒅)𝑏 + 𝒒𝒅
′,  𝒒 =

𝒒𝑏 + 𝒒′ ,  𝑇 = 𝑇𝑏(𝑧) + 𝜃′,   𝑁𝑑 = (𝑁𝑑)𝑏 + 𝑁′,  𝑴 =
𝑴𝑏(𝑧) + 𝑴′,   𝑯 = 𝑯𝑏(𝑧) + 𝑯′.                                          (13)  

Where the variables 

 𝜌′, 𝑝′, 𝒒′ = (𝑢′ , 𝑣′ , 𝑤′ ), 𝒒𝒅
′ = (𝑙′ , 𝑟′ , 𝑠′ ),  𝜃′, 𝑴′ and 𝑯′  

represent infinitesimal disturbances in density, pressure, velocity of 
ferrofluid, velocity of dust particles, magnetic field intensity, mag-
netization and temperature, respectively. 

 On introducing equation (13) into equations (1) to (11) and ap-
plying the basic state solutions, we derive the linearized perturba-
tion equations in the form. 

𝜕𝑢′

𝜕𝑥
+

𝜕𝑣′

𝜕𝑦
+

𝜕𝑤′

𝜕𝑧
= 0,                                         (14) 

[𝐿0𝜌0  + 𝑚𝑁0] 
𝜕𝑢′

𝜕𝑡
=  𝐿0  [𝜇0(𝑀0 + 𝐻0) 

𝜕𝐻1
′

𝜕𝑧
  +  𝜇1 [1 +

𝛿𝜇0(𝑀0 + 𝐻0)]𝛻2 𝑢′  −
𝜕𝑝′

𝜕𝑥
],                       (15) 
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 [𝐿0𝜌0  + 𝑚𝑁0] 
𝜕𝑣′

𝜕𝑡
=  𝐿0  [μ0(M0 + H0) 

∂H2
′

∂z
  +  μ1 [1 +

δμ0(M0 + H0)]∇2 v′  −
∂p′

∂y
],                       (16) 

 [𝐿0𝜌0  + 𝑚𝑁0] 
𝜕𝑤′

𝜕𝑡
=  𝐿0  [μ0(M0 + H0) 

∂H3
′

∂z
  +  μ1 [1 +

δμ0(M0 + H0)]∇2 w′  −
∂p′

∂z
+ ρ0gαθ′ − μ0K2βH3

′ +

μ0K2
2β

(χ+1)
θ′],                                                                 (17) 

𝐿0 [(𝜌𝐶1 + 𝑁0𝑚𝐶𝑝𝑡)
𝜕𝜃′

𝜕𝑡
− 𝐾1𝛻2𝜃′ − 𝜇0𝑇0𝐾2

𝜕

𝜕𝑡
(

𝜕𝜙′

𝜕𝑧
)] =

𝐿0 [𝛽 (𝜌𝐶1 −
𝜇0𝑇0𝐾2

2

𝜒+1
) 𝑤′] + 𝑁0𝑚𝛽𝐶𝑝𝑡𝑤′,                    (18) 

Here    𝜌𝐶1 = 𝜇0𝐻0𝐾2 + 𝜌0𝐶𝐻,𝑉 , 𝐿0 = (
𝑚

𝐾

𝜕

𝜕𝑡
+ 1) ,   

also,  

𝜕

𝜕𝑥
(𝑀1

′ + 𝐻1
′) +

𝜕

𝜕𝑦
(𝑀2

′ + 𝐻2
′ ) +

𝜕

𝜕𝑧
(𝑀3

′ + 𝐻3
′ ) =

0,   𝛻𝜙′ = 𝑯′,                                           (19) 

where 𝜙′ is the perturbed magnetic potential, and  

𝑀3
′ + 𝐻3

′ = 𝐻3
′ (𝜒 + 1) − 𝐾2 𝜃′, 𝑀𝑖

′ + 𝐻𝑖
′ = (1 +

𝑀0

𝐻0
) 𝐻𝑖

′(𝑖 = 1,2). 

Here we have considered that β𝑑𝐾2 << (χ + 1)𝐻0. (Finlay-
son [6]). 

Now, eliminating 𝑝′, 𝑢′ , 𝑣′  between equations (15) -(17) using 
equation (14), we get 

[𝐿0𝜌0  + 𝑚𝑁0] 
𝜕

𝜕𝑡
(𝛻2𝑤′) − 𝐿0𝜇1 [1 + 𝛿𝜇0(𝑀0 +

𝐻0)]𝛻4 𝑤′ = 𝐿0 (𝜌0𝑔𝛼 +
𝜇0𝐾2

2𝛽

(𝜒+1)
) (𝛻1

2𝜃′) −

𝐿0𝜇0𝐾2𝛽𝛻1
2 𝜕𝜙′

𝜕𝑧
,                      (21) 

where 

𝛻1
2 =

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
, 𝛻2 =  𝛻1

2 + 
𝜕2

𝜕𝑧2
. 

Also, from equations (19) and (20), we have  

(𝜒 + 1)
𝜕2𝜙′

𝜕𝑧2 + (
𝑀0

𝐻0
+ 1) 𝛻1

2𝜙′ −
𝜕𝜃′

𝜕𝑧
𝐾2 = 0.                   (22) 

Now, following normal mode analysis assuming that all quanti-
ties characterizing the perturbation depend on 𝑡, 𝑥, 𝑦,  and 𝑧 in the 
form 

(𝑤′, 𝜙′, 𝜃′)(𝑡, 𝑥, 𝑦, 𝑧) =

𝑒[𝑛𝑡+𝜄(𝑥𝑘𝑥1+𝑦𝑘𝑦1)][𝑤⋆(𝑧), 𝜙⋆(𝑧), 𝜃⋆(𝑧)].                     (23) 

In this context, we have wave numbers represented as 𝑘𝑥1 and 

𝑘𝑦1 for the 𝑥 and 𝑦 directions, respectively. Additionally, 𝑛 denotes 

the growth rate, and 𝑘 is defined as the magnitude of the resultant 
wave number, calculated as the square root of the sum of the 
squares of 𝑘𝑥1 and 𝑘𝑦1 and using non dimensional parameters: 

𝑧⋆ =
𝑧

𝑑
, 𝐷⋆ =

∂

∂𝑧⋆
, 𝑎 = 𝑘𝑑,  ω =

𝑛𝑑2

ν
,  𝑤⋆ =

𝑑

ν
𝑤⋆, 𝑡⋆ =

ν

𝑑2 𝑡, 

θ⋆ =
𝐾1𝑎√𝑅

ρ𝐶1β𝑑ν
θ⋆, ϕ⋆ =

(χ+1)𝐾1𝑎√𝑅

𝑘2ρ𝐶1βν𝑑2 ϕ⋆, 𝑘1⋆
=

𝑘1

𝑑2 , 𝛿⋆ =

𝛿𝜇0𝐻(𝜒 + 1),   ν =
μ1

ρ0
,  𝑃𝑟 =

νρ𝐶1

𝐾1
,  τ =

𝑚ν

𝐾𝑑2 , 𝑅 =
𝑔αβ𝑑4ρ𝐶1

𝐾1ν
 , 

𝑀1 =
μ0𝐾2

2β

(χ+1)αρ0𝑔
,  𝑀2 =

μ0𝑇0𝐾2
2

(χ+1)ρ𝐶1
,  𝑀3 =

1+
𝑀0
𝐻0

(χ+1)
, 𝑓 =

𝑚𝑁0

ρ0
, 

𝐿0⋆
= (τ

∂

∂𝑡⋆
+ 1) , ℎ =

𝑚𝑁0𝐶𝑝𝑡

ρ𝐶1
 ,  

in equations (18), (21) and (22), we obtained the non-dimensional 
linearised equations as  

(𝐷2 − 𝑎2)[(𝜔𝜏 + 1){(𝑀3𝛿 + 1)(𝐷2 − 𝑎2) − 𝜔} −

𝑓𝜔]𝑤 = (𝜔𝜏 + 1)[(𝑀1 + 1)𝜃 − 𝑀1𝐷𝜙]𝑎√𝑅,                  (24) 

(𝜔𝜏 + 1){𝑃𝑟𝑀2𝜔𝐷𝜙 + (𝐷2 − 𝑎2 − (1 + ℎ)𝜔𝑃𝑟)𝜃} =

−[ℎ + (𝜔𝜏 + 1)(1 − 𝑀2)]𝑎√𝑅𝑤,                    (25) 

(𝐷2 − 𝑎2𝑀3)𝜙 = 𝐷𝜃.                      (26) 

A real independent variable 𝑧 in the range 0 ≤  𝑧 ≤ 1 is 
used in the aforementioned equations. Here, the square of the 
wave number is represented by 𝑎2, while differentiation with re-

spect to 𝑧 is shown by 𝐷 =
𝑑

𝑑𝑧
. The variables 𝑃𝑟 , 𝑅, 𝑀1, 𝑀2 and 

𝑀3  correspond to the Prandtl number, Rayleigh number, magnetic 
number, a non-dimensional parameter, and measure of nonlinearity 
of the magnetization parameter, respectively. The parameters ℎ 
and 𝑓 are related to dust particles. The complex constant  𝜔 =
𝜔𝑟 + 𝜄𝜔𝑖 signifies the complex growth rate, where 𝜔𝑖 and 𝜔𝑟 are 
real constants. The variables, 𝑤(𝑧) = 𝑤𝑖(𝑧)𝜄 + 𝑤𝑟(𝑧) , 
𝜙 (𝑧) =  𝜙𝑖(𝑧)𝜄 + 𝜙𝑟(𝑧), and 𝜃 (𝑧) =  𝜃𝑖(𝑧)𝜄 + 𝜃𝑟(𝑧) , are 

all complex functions of the real variable 𝑧, while 𝑤𝑟, 𝑤𝑖, ϕ𝑟, ϕ𝑖 ,  
θr, θ𝑖,  are the real components of these functions. 

From a physical standpoint, equations (24) to (26) define an 
eigenvalue problem for 𝑅, which governs ferromagnetic convection 
within a ferrofluid layer containing dust particles. In these equa-
tions, 𝑤 represents the vertical velocity, 𝜃 indicates the tempera-

ture, and 𝜙 denotes the amplitude of the magnetic potential. Since 

𝑀2 is of a very small magnitude (on the order of 10−6) [6], its in-
fluence is negligible for further analysis, allowing equation (25) to 
be simplified as. 

(𝜔𝜏 + 1)(𝐷2 − 𝑎2 − 𝜔𝑃𝑟(1 + ℎ))𝜃 = −[1 + 𝜔𝜏 +

ℎ]𝑎√𝑅𝑤.                         (27) 

For the scenario of stationary convection, setting 𝜔 = 0  sim-
plifies the eigenvalue problem into the following form: 

(1 + 𝑀3𝛿)(𝐷4 − 2𝑎2𝐷2 + 𝑎4)𝑤 = [(𝑀1 + 1)𝜃 −

𝑀1𝐷𝜙]𝑎√𝑅,                          (28)           

(−𝑎2 + 𝐷2)𝜃 = −[ℎ + 1]𝑎√𝑅𝑤,                     (29) 

(𝐷2 − 𝑎2𝑀3)𝜙 = 𝐷𝜃.                      (30) 

Since the ferrofluid layer is confined between two thermally 
conducting and fluid- permeable magnetic surfaces. Hence, we use 
the following fluid-permeable magnetic boundaries condition as 
proposed by ([6, 32, 36, 37]): 

−(𝐷𝑎𝑠)𝐷𝑤 + 𝐷2𝑤 = 𝑤 = 0, at 𝑧 = 0 and (𝐷𝑎𝑠)𝐷𝑤 +
𝐷2𝑤 = 𝑤 = 0, at 𝑧 = 1, 

−𝑎𝜙 + (1 + 𝜒)𝐷𝜙 at 𝑧 = 0 and 𝑎𝜙 + (1 + 𝜒)𝐷𝜙 at 𝑧 = 1, 

𝜃 = 0 at 𝑧 = 0 and 𝑧 = 1,                                                     (31) 

where 𝐷𝑎𝑠 is the slip-D'Arcy number and 𝜒 is the magnetic sus-
ceptibility.   
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4. MATHEMATICAL ANALYSIS 

The non-dimensionalized linear ODEs (28) to (30) along with 
boundary conditions (31) form the eigen value problem with 𝑅 as 
Rayleigh number. To determine the Rayleigh number for the given 
boundary conditions (31), we will employ a single-term Galerkin 
method. Let's consider a single term in the expansions of 𝑤, 𝜃, and 

𝜙 as follows:  

𝑤 = 𝐴11𝑤1(𝑧),  𝜃 = 𝐵11 𝜃1(𝑧), 𝜙 =  𝐶11𝜙1(𝑧) ,            (32) 

Here, 𝐴11, 𝐵11, and 𝐶11 are constants, and 𝑤1(𝑧),   𝜃1(𝑧),  
and 𝜙1(𝑧) are appropriately selected trial functions that satisfy the 
necessary boundary conditions (31). By replacing 𝑤, 𝜃, and 𝜙 with 
their respective expressions in equations (28) to (30), then multiply-
ing each resulting equation by 𝑤1(𝑧),   𝜃1(𝑧),  and 𝜙1(𝑧) accord-
ingly, and integrating by parts the necessary number of times while 
applying the boundary conditions, we derive three homogeneous 
equations in 𝐴11, 𝐵11, and 𝐶11 . The coefficients of these equa-
tions are expressed as definite integrals. This system can be ex-
pressed in matrix form as follows: 

(

(𝑀3𝛿 + 1)𝐴2 −𝑎√𝑅(1 + 𝑀1)𝐴3 𝑎√𝑅𝑀1𝐴5

(1 + ℎ1)𝑎√𝑅𝐴3 −𝐴1 0
0 𝐴4 𝐴6

) (
𝐴11

𝐵11

𝐶11

) =

(
0
0
0

)   

were,  

𝐴1 = ∫ [(𝐷θ)2 + 𝑎2θ2]
1

0
 𝑑𝑧,  

𝐴2 = ∫ [(𝐷2𝑤)2 + 2𝑎2(𝐷𝑤)2 + 𝑎4(𝑤)2]
1

0
 𝑑𝑧 +

(𝐷𝑎𝑠) [(𝐷𝑤(0))
2

+ (𝐷𝑤(1))
2

],  

𝐴3 = ∫ 𝑤
1

0
𝜃 𝑑𝑧,  

𝐴4 = ∫ 𝜙𝐷𝜃 
1

0
𝑑𝑧,  

𝐴5 = ∫ 𝑤𝐷𝜙 
1

0
𝑑𝑧,  

𝐴6 = ∫ [(𝐷𝜙)2 + 𝑎2𝑀3𝜙2]
1

0
 𝑑𝑧 +

𝑎

𝜒+1
[𝜙(0)2 + 𝜙(1)2].  

 For simplicity, the subscript 1 is omitted, and the functions 

𝑤1(𝑧),   𝜃1(𝑧),  and 𝜙1(𝑧) are henceforth denoted as 𝑤, 𝜃, and 
𝜙 respectively. 

For a non-trivial solution to occur, the determinant of the coeffi-
cient matrix must be zero. This results in the following expression, 
which establishes a first-order relationship between the Rayleigh 
number 𝑅 and the wave number 𝑎. 

𝑅 =
(𝑀3𝛿+1)𝐴1𝐴2

𝑎2(1+ℎ)𝐴3{(𝑀1+1)𝐴3+
𝑀1𝐴4𝐴5

𝐴6
}
.                    (33) 

Let us now select the following trial functions that satisfy the 
specified boundary conditions. 

𝑤 =
2

2+𝐷𝑎𝑠
𝑧 +

𝐷𝑎𝑠

2+𝐷𝑎𝑠
𝑧2 − 2𝑧3 + 𝑧4, 𝜃 = 𝑧 − 𝑧2, 𝜙 = −

1

2
+

𝑧.                      (34) 

The initially proposed trial function for the magnetic potential, 
denoted by 𝜙, does not meet the boundary conditions given in 
equation (31). To resolve this inconsistency, the boundary residual 
method, as described by Finlayson [6], is applied to the function 𝜙. 

By applying these trial functions to the integrals 𝐴1 through 𝐴6, 
we derive the following formula for Rayleigh number as 
 

𝑅 =

5880(𝑀3𝛿+1)(x+10)[
6√𝑥

1+𝜒
+12+𝑥𝑀3]

[(
4

5
+4𝑃)+(

𝑃2

30
+

𝑃

70
+

1

630
)𝑥2+2(

𝑃2

3
+

2𝑃

15
+

2

105
)𝑥]

ℎ1𝑥(3+14𝑃)

{(𝑀1+1)(3+14𝑃)(
6√𝑥

1+𝜒
+12+𝑥𝑀3) −28(1+5𝑃)𝑀1}

                    (35) 

                       

where 𝑃 =
2

2+𝐷𝑎𝑠
, ℎ1 = ℎ + 1 and  𝑥 = 𝑎2.  

Using MATLAB R2023a software, the square of the critical 
wave number  𝑥𝑐  is determined by finding the positive roots of the 

equation 
𝑑𝑅

𝑑𝑥
 =  0 . Additionally, the associated critical Rayleigh 

number 𝑅𝑐 is numerically calculated. 
Also, we have the following formula for the magnetic Rayleigh 

number 𝑁 for significantly large values of 𝑀1 derived from expres-
sion (35) utilizing Finlayson [6] analysis. 
 

𝑁 =

5880(𝑀3𝛿+1)(x+10)[
6√𝑥

1+𝜒
+12+𝑥𝑀3]

[(
4

5
+4𝑃)+(

𝑃2

30
+

𝑃

70
+

1

630
)𝑥2+2(

𝑃2

3
+

2𝑃

15
+

2

105
)𝑥]

ℎ1𝑥(3+14𝑃)

{(𝑀1+1)(3+14𝑃)(
6√𝑥

1+𝜒
+12+𝑥𝑀3) −28(1+5𝑃)𝑀1}

                   (36)

                       
which stand for the magnetic mechanism that functions when 
buoyancy effects are not present. 

5. RESULTS AND DISCUSSION 

This study explores the convective instability of a dusty ferro-
magnetic fluid, incorporating the effects of viscosity that depend on 
the magnetic field. The system is analyzed within a Rayleigh- 
Bènard configuration, where the fluid is contained between perme-
able boundaries that are also magnetically active. Additionally,the 
setup is subject to a uniform transverse magnetic field. Given the 
complexity of the boundary conditions, the Galerkin method was 
employed to calculate the critical eigenvalue. These findings can 
contribute to better control of instability in engineering systems and 
enhance the efficiency of applications where stability and precise 
thermal regulation are essential. 

 In the present analysis, the nonlinearity of the magnetization 
parameter 𝑀3 is considered to vary from 0 to 25, as suggested by 
Finlayson [6]. The MFD viscosity parameter 𝛿 ranges from 0 to 

0.09, as per the work of Prakash et al. [14]. The dust particle pa-
rameter ℎ1 is taken to vary between 1 and 9, following the sugges-
tion of Sunil et al. [18]. Furthermore, the magnetic susceptibility of 
boundaries 𝜒 and the permeability parameter of boundaries 𝐷𝑎𝑠 

are assumed to range from 100 to 106 and from 0 to ∞, respec-
tively, as suggested by Siddheshwar [32]. 

First, we discuss the accuracy of the results presented in this 
study. For the case of ordinary fluid, in the absence of a magnetic 
parameter (𝑀1 = 0 and 𝑀3 = 0),  𝜒 → ∞ and without dust par-

ticles (ℎ1 = 1), the critical Rayleigh number (𝑅𝑐) and wave num-

ber (𝑎𝑐
2) are found to be 𝑅𝑐 = 664.5251 at 𝑎𝑐

2  =  4.9594 for 
free boundaries. This closely matches to 𝑅𝑐  =  657.551 at 

𝑎𝑐
2  =  4.9328 as obtained by Surya [33]. Additionally, for rigid 

boundaries, we have 𝑅𝑐  =  1750.0  at 𝑎𝑐
2  =  9.7127, which 

closely matches 𝑅𝑐  =  1715.070 at 𝑎𝑐
2  =  9.6969, as reported 

by Surya [33]. 
Also, Tab. 1 provide a qualitative comparison of the numerical 

results computed at 𝜒 → ∞, without dust particle (ℎ1 = 1), 𝑀3 =
10, 𝑀1 = 1,5 for the case of free-free and rigid-rigid boundaries 
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with Dhiman [10].  The table clearly shows that our results align 
exceptionally well with previously published data, confirming the ac-
curacy of our numerical procedure. 
 
Tab. 1.  Comparison of Values from the Present Study with Existing 

Studies 

 
Free-Free 

 

                Rigid-Rigid 

Present 
Study 

Dhiman 
[10] 

Present 
Study 

Dhiman [10] 

𝑅𝑐(𝑎𝑐
2) 𝑅𝑐(𝑎𝑐

2) 𝑅𝑐(𝑎𝑐
2) 𝑅𝑐(𝑎𝑐

2) 

𝑀1

= 1 
360.0088 
(5.4644) 

 

342.52 
(5.174) 

913.1268 
(10.2291) 

889.15 
(9.921) 

𝑀1

= 5 

126.5677 
(5.8260) 

116.49 
(5.319) 

313.1211 
(10.5816) 

299.56 
(10.06) 

 

Tab. 2.  Variation of critical magnetic Rayleigh numbers 𝑁𝑐 with 𝑀3 , 𝜒   

              and 𝛿 at fixed ℎ1 = 3 and 𝐷𝑎𝑠 = 1 

 

𝒉𝟏 = 𝟑 Critical Magnetic Rayleigh Number   𝑵𝒄(𝒂𝒄
𝟐) at 

𝜒 𝑀3 𝛿
=  0.01 

𝛿 
=  0.03 

𝛿 
=  0.05 

𝛿 
=  0.07 

𝛿 
=  0.09 

 

 

 

 

 

 

 

1 

1 
412.4400 
(7.7909) 

420.6071 
(7.7909) 

428.7742 
(7.7909) 

436.9413 
(7.7909) 

445.1085 
(7.7909) 

5 
333.0876 
(7.0576) 

364.8102 
(7.0576) 

396.5328 
(7.0576) 

428.2554 
(7.0576) 

459.9781 
(7.0576) 

10 
321.2218 
(6.6092) 

379.6257 
(6.6092) 

438.0297 
(6.6092) 

496.4336 
(6.6092) 

554.8376 
(6.6092) 

15 
323.9978 
(6.3847) 

408.5190 
(6.3847) 

493.0402 
(6.3847) 

577.5614 
(6.3847) 

662.0825 
(6.3847) 

20 
331.3287 
(6.2498) 

441.7716 
(6.2498) 

552.2144 
(6.2498) 

662.6573 
(6.2498) 

773.1002 
(6.2498) 

 

 

 

 

 

 

 

10 

1 
494.4820 
(8.9375) 

504.2737 
(8.9375) 

514.0654 
(8.9375) 

523.8572 
(8.9375) 

533.6489 
(8.9375) 

5 
342.8150 
(7.3292) 

375.4640 
(7.3292) 

408.1130 
(7.3292) 

440.7621 
(7.3292) 

473.4111 
(7.3292) 

10 
324.5245 
(6.7147) 

383.5290 
(6.7147) 

442.5334 
(6.7147) 

501.5379 
(6.7147) 

560.5423 
(6.7147) 

15 
325.7133 
(6.4415) 

410.6820 
(6.4415) 

495.6507 
(6.4415) 

580.6194 
(6.4415) 

665.5881 
(6.4415) 

20 
332.4015 
(6.2855) 

443.2020 
(6.2855) 

554.0025 
(6.2855) 

664.8030 
(6.2855) 

775.6035 
(6.2855) 

 

 

 

 

103 

1 
525.1702 
(9.3988) 

535.5696 
(9.3988) 

545.9690 
(9.3988) 

556.3685 
(9.3988) 

566.7679 
(9.3988) 

5 
345.3312 
(7.4019) 

378.2199 
(7.4019) 

411.1086 
(7.4019) 

443.9972 
(7.4019) 

476.8859 
(7.4019) 

10 
325.3216 
(6.7407) 

384.4710 
(6.7407) 

443.6204 
(6.7407) 

502.7697 
(6.7407) 

561.9191 
(6.7407) 

15 
326.1164 
(6.4551) 

411.1902 
(6.4551) 

496.2641 
(6.4551) 

581.3379 
(6.4551) 

666.4118 
(6.4551) 

20 
332.6499 
(6.2938) 

443.5332 
(6.2938) 

554.4166 
(6.2938) 

665.2999 
(6.2938) 

776.1832 
(6.2938) 

 

 

 

 

 

105 

1 
525.5497 
(9.4046) 

535.9567 
(9.4046) 

546.3636 
(9.4046) 

556.7705 
(9.4046) 

567.1774 
(9.4046) 

5 
345.3597 
(7.4027) 

378.2512 
(7.4027) 

411.1426 
(7.4027) 

444.0340 
(7.4027) 

476.9254 
(7.4027) 

10 
325.3305 
(6.7410) 

384.4815 
(6.7410) 

443.6325 
(6.7410) 

502.7835 
(6.7410) 

561.9345 
(6.7410) 

15 
326.1209 
(6.4552) 

411.1959 
(6.4552) 

496.2709 
(6.4552) 

581.3459 
(6.4552) 

666.4209 
(6.4552) 

20 
332.6527 
(6.2939) 

443.5369 
(6.2939) 

554.4212 
(6.2939) 

665.3054 
(6.2939) 

776.1896 
(6.2939) 

 

Tab. 2 presented the numerical values of critical magnetic Ray-
leigh number (𝑁𝑐) and square of critical wave number (𝑎𝑐

2) for dif-
ferent combination of 𝛿, 𝑀3, 𝜒 at fixed ℎ1=3 and 𝐷𝑎𝑠 = 1. Tab. 4 
presented the numerical values of critical magnetic Rayleigh num-
ber (𝑁𝑐) and square of critical wave number (𝑎𝑐

2) for different com-
bination of ℎ1, 𝐷𝑎𝑠 and 𝑀3 at fixed 𝛿=0.03 and 𝜒 = 10. 

Fig. 2 depict the variation of critical magnetic Rayleigh numbers 
𝑁𝑐  versus 𝜒 with different values of 𝑀3 and fixed values of 𝛿, ℎ1 
and 𝐷𝑎𝑠. From Fig. 2  and numerical values of  critical magnetic 

Rayleigh numbers 𝑁𝑐 presented in Tab. 3 we can observe that  crit-
ical magnetic Rayleigh numbers increases for increasing values of 
𝜒, which yields that 𝜒 has stabilizing effect on the system. This sta-

bilizing effect of 𝜒 directly depend upon 𝑀3, 𝜒 has strong stabiliz-
ing effect for smaller values of 𝑀3 as compare to larger values of 

𝑀3 . Also from Tab.3  we can observe that the critical wave number 
increases as 𝜒 increases which indicate that 𝜒 reduces the size of 
convection cell. 

Fig.3 depict the variation of critical magnetic Rayleigh numbers 
𝑁𝑐 versus 𝐷𝑎𝑠 with different values of 𝛿 and fixed values of 𝑀3, 
ℎ1 and 𝜒. From Fig. 3 and numerical values of  critical magnetic 

Rayleigh numbers 𝑁𝑐 presented in Tab. 4 we can observe that  crit-
ical magnetic Rayleigh numbers increases for increasing values of 
𝐷𝑎𝑠, which yields that 𝐷𝑎𝑠 has stabilizing effect on the system. 

Also we can conclude that  (𝑁𝑐)𝑭𝒓𝒆𝒆 ≤ (𝑁𝑐)𝑷𝒆𝒓𝒎𝒆𝒂𝒃𝒍𝒆 ≤
(𝑁𝑐)𝑹𝒊𝒈𝒊𝒅. Because  (𝑁𝑐)𝑭𝒓𝒆𝒆 and  (𝑁𝑐)𝑹𝒊𝒈𝒊𝒅 can be acquired 

from  (𝑁𝑐)𝑷𝒆𝒓𝒎𝒆𝒂𝒃𝒍𝒆 in the limit 𝐷𝑎𝑠 → 0 and ∞ respectively. 
Therefore the equality sign in   (𝑁𝑐)𝑭𝒓𝒆𝒆 ≤ (𝑁𝑐)𝑷𝒆𝒓𝒎𝒆𝒂𝒃𝒍𝒆 ≤
(𝑁𝑐)𝑹𝒊𝒈𝒊𝒅 is understandable. This analysis effectively demon-

strates the connection between the results for free-free and rigid-
rigid boundary conditions. This behavior arises because free 
boundaries impose minimal resistance to fluid motion near the sur-
faces, allowing the temperature gradient to drive convection more 
easily. As a result, the fluid becomes more responsive to instabili-
ties, leading to a lower critical magnetic Rayleigh number and an 
earlier onset of convection compared to the case with rigid bound-
aries. Further, it is evident from Tab.4 that the critical wave number 
increases as 𝐷𝑎𝑠increases which indicate that 𝐷𝑎𝑠 reduces the 
size of convection cell. 

Fig. 4 depict the variation of critical magnetic Rayleigh numbers 
𝑁𝑐 versus 𝛿 with different values of 𝑀3  and fixed values of 𝜒, ℎ1 
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and 𝐷𝑎𝑠. From Fig. 3, Fig. 4, Fig. 5, Fig.7  and numerical values of  
critical magnetic Rayleigh numbers 𝑁𝑐 presented in Tab.3  we can 
observe that  critical magnetic Rayleigh numbers increases for in-
creasing values of 𝛿, which yields that 𝛿 has stabilizing effect on 
the system. This is consistent with the physical understanding that 
higher viscosity suppresses disturbances and restricts fluid move-
ment, resulting in a delayed onset of convection. Also, it is noted 
from table Tab.3  that the critical wave number has no influence of 
MFD viscosity 𝛿, i.e. size of convection cell is independent of MFD 

viscosity 𝛿. 
 

Tab. 3.  Variation of critical magnetic Rayleigh numbers 𝑁𝑐 with ℎ1,  
𝑀3  and 𝐷𝑎ₛ at fixed 𝜒 = 10 and 𝛿 = 0.03 

 

𝝌 = 𝟏𝟎 Critical Magnetic Rayleigh Number   𝑵𝒄(𝒂𝒄
𝟐) at 

𝑀3 ℎ1 𝐷𝑎ₛ = 0 𝐷𝑎ₛ
= 10 

𝐷𝑎ₛ
= 102 

𝐷𝑎ₛ
= 103 

𝐷𝑎ₛ
= 105 

 

3 

1 1058.2 
(7.1019) 

1713.5 
(10.3132) 

2257.1 
(11.8650) 

2371.8 
(12.1002) 

2385.8 
(12.1272) 

3 352.7195 
(7.1019) 

571.1730 
(10.3132) 

752.3706 
(11.8650) 

790.5888 
(12.1002) 

795.2814 
(12.1272) 

5 211.6317 
(7.1019) 

342.7038 
(10.3132) 

451.4224 
(11.8650) 

474.3533 
(12.1002) 

477.1689 
(12.1272) 

7 151.1655 
(7.1019) 

244.7884 
(10.3132) 

322.4445 
(11.8650) 

338.8238 
(12.1002) 

340.8349 
(12.1272) 

9 117.5732 
(7.1019) 

190.3910 
(10.3132) 

250.7902 
(11.8650) 

263.5296 
(12.1002) 

265.0938 
(12.1272) 

 

5 

1 998.5998 
(6.5835) 

1660.7 
(9.6886) 

2210.0 
(11.1916) 

2325.7 
(11.4193) 

2339.9 
(11.4454) 

3 332.8666 
(6.5835) 

553.5690 
(9.6886) 

736.6527 
(11.1916) 

775.2371 
(11.4193) 

779.9737 
(11.4454) 

5 199.7200 
(6.5835) 

332.1414 
(9.6886) 

441.9916 
(11.1916) 

465.1422 
(11.4193) 

467.9842 
(11.4454) 

7 142.6571 
(6.5835) 

237.2439 
(9.6886) 

315.7083 
(11.1916) 

332.2445 
(11.4193) 

334.2744 
(11.4454) 

9 110.9555 
(6.5835) 

184.5230 
(9.6886) 

245.5509 
(11.1916) 

258.4124 
(11.4193) 

259.9912 
(11.4454) 

 

10 

1 1010.8 
(5.9857) 

1734.0 
(9.0216) 

2332.5 
(10.4899) 

2458.4 
(10.7120) 

2473.8 
(10.7375) 

3 336.9392 
(5.9857) 

578.0082 
(9.0216) 

777.4880 
(10.4899) 

819.4643 
(10.7120) 

824.6157 
(10.7375) 

5 202.1635 
(5.9857) 

346.8049 
(9.0216) 

466.4928 
(10.4899) 

491.6786 
(10.7120) 

494.7694 
(10.7375) 

7 144.4025 
(5.9857) 

247.7178 
(9.0216) 

333.2092 
(10.4899) 

351.1990 
(10.7120) 

353.4067 
(10.7375) 

9 112.3131 
(5.9857) 

192.6694 
(9.0216) 

259.1627 
(10.4899) 

273.1548 
(10.7120) 

274.8719 
(10.7375) 

15 

1 1077.7 
(5.7151) 

1875.3 
(8.7376) 

2534.0 
(10.1969) 

2672.5 
(10.4175) 

2689.5 
(10.4428) 

3 359.2290 
(5.7151) 

625.0951 
(8.7376) 

844.6717 
(10.1969) 

890.8388 
(10.4175) 

896.5038 
(10.4428) 

5 215.5374 
(5.7151) 

375.0570 
(8.7376) 

506.8030 
(10.1969) 

534.5033 
(10.4175) 

537.9023 
(10.4428) 

7 153.9553 
(5.7151) 

267.8979 
(8.7376) 

362.0022 
(10.1969) 

381.7881 
(10.4175) 

384.2159 
(10.4428) 

9 119.7430 
(5.7151) 

208.3650 
(8.7376) 

281.5572 
(10.1969) 

296.9463 
(10.4175) 

298.8346 
(10.4428) 

The behavior of the critical magnetic Rayleigh number 𝑁𝑐 as a 
function of 𝑀3  is illustrated in Fig. 6 for several values of 𝜒, while 

keeping 𝑀3, ℎ1 and 𝛿 constant. Similarly, Fig. 7 depicts the rela-
tionship between 𝑁𝑐 and 𝑀3  for different values of 𝛿, with ℎ1,  𝑀3, 

and 𝜒 held fixed. The critical magnetic Rayleigh number 𝑁𝑐 initially 
decreases for increasing values of 𝑀3, but after a certain value of 
𝑀3, it increases for increasing values of 𝑀3, as shown by Fig. 2, 

Fig. 4, Fig. 6, Fig. 7 and Tab. 2 as well as Tab. 3. This destabilizing 
or stabilizing effect of 𝑀3  varies upon the value of 𝛿. The destabi-
lizing effect range of 𝑀3  is larger for small values of 𝛿  than it is at 

large values of 𝛿. From Tab. 2 and Tab. 3  it is observed that critical 
wave number reduces with raise in 𝑀3 which means that 𝑀3  in-
creases the size of convection cell.  

 

Fig. 2. Graph between 𝑁𝑐vs 𝜒 at 𝛿 = 0.05, ℎ1 = 3 and 𝐷𝑎𝑠 = 1 

 

Fig. 3. Graph between 𝑁𝑐 vs 𝐷𝑎𝑠 at ℎ1=3, 𝜒 = 10 and 𝑀3 = 5 

 

Fig. 4. Graph between 𝑁𝑐 vs 𝛿 at 𝜒 = 10, 𝐷𝑎𝑠 = 1 and ℎ1 = 3 

The behavior of the critical magnetic Rayleigh number 𝑁𝑐 as a 
function of dust particles parameter ℎ1 is illustrated in Fig. 5 for 
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several values of 𝛿, while keeping  ℎ1, 𝑀3,  and 𝜒 constant. From 
Fig. 2 and numerical values of  critical magnetic Rayleigh numbers 
𝑁𝑐 presented in table Tab. 2  we can observe that  critical magnetic 

Rayleigh numbers decreases for increasing values of ℎ1, which 
shows that ℎ1 has destabilizing effect on the system as the overall 
heat capacity of the fluid increases due to the additional contribu-
tion from the dust particles. Moreover Tab. 2 demonstrates that the 
critical wave number does not depend on the parameter ℎ1 of dust 
particles, meaning that the size of the convection cell is not affected 
by dust particles parameter ℎ1. 

 

Fig. 5. Graph between 𝑁𝑐 vs ℎ1 at 𝐷𝑎𝑠 = 10, 𝜒 = 10 and 𝑀3 = 5 

 

Fig. 6. Graph between 𝑁𝑐 vs 𝑀3 at 𝛿 = 0.03, 𝐷𝑎𝑠 = 1 and ℎ1 = 3 

 

Fig. 7. Graph between 𝑁𝑐 vs 𝑀3 at 𝜒 = 1, 𝐷𝑎𝑠 = 1 and ℎ1 = 3 

6. CONCLUSION 

For a Rayleigh-Bénard  situation between fluid-permeable, 
magnetic boundaries, we investigate the impact of dust particles 
and viscosity variation with magnetic field on the convective insta-
bility of a ferro magnetic fluid layer using the single term Galerkin 
technique for stationary mode of convection. The main conclusion 
from our research can be summarized as follows: 

− The parameters of fluid permeable, magnetic boundaries and 
MFD viscosity parameter delay the initiation of onset of convec-
tion which indicate their stabilizing effect. 

− Dust particles parameter ℎ1 initiate the initiation of onset of con-
vection which indicate their destabilizing effect. 

− Measure of nonlinearity of magnetization 𝑀3 exhibits a desta-
bilizing effect, but beyond a certain threshold, it switches to a 
stabilizing effect within the system. 

− The size of cells formed at the initiation of convection narrows 
with a raise in the parameter of permeable magnetic bounda-
ries. 

− The size of cells formed at the initiation of convection widens 
with a raise in the measure of nonlinearity of magnetization 𝑀3. 

− The dust particles parameter and  MFD viscosity has no effect 
on the size of cell formed at the initiation of convection. 
These discoveries advance our knowledge of the variables af-

fecting convection of ferrofluid and offer useful data for a number of 
disciplines, including fluid dynamics and geophysics. Additional in-
vestigation in this field may clarify our understanding of convection 
phenomena and examine the practical consequences of these re-
sults. 

Nomenclature  

Symbol Explanation 

𝑑 Depth of the ferromagnetic fluid layer (𝑚) 

𝑡 Time variable (𝑠) 

𝑇 Temperature (𝐾) 

𝑇₀, 𝑇₁ Reference temperatures at 𝑧 =  0 and 

𝑧 =  𝑑 respectively (𝐾) 

𝑟 Radius of a dust particle (𝑚) 

𝑚 Mass of a dust particle (𝑘𝑔) 

𝑁𝑑 Number density of dust particles 

(particles/𝑚³) 

𝑁ʼ Disturbance to number density of dust 

particles (particles/𝑚³) 

𝐶𝑝𝑡 Heat capacity of dust particles (𝑘𝐽/𝑚³𝐾) 

𝐶𝐻,𝑉 Specific heat at constant magnetic field and 

volume (𝑘𝐽/𝑚³𝐾) 

𝐾1 Thermal conductivity (
𝑊

𝑚𝐾
) 

𝐾2 Pyromagnetic coefficient = −𝜕𝑀/
𝜕𝑇 𝑎𝑡 (𝑇₀, 𝐻₀) (𝐴/𝑚𝐾) 

𝐾 Stokes drag coefficient (𝑘𝑔/𝑠) 

𝐷𝑎𝑠 Darcy number accounting for velocity slip 

𝑝 Fluid pressure (𝑝𝑠𝑖) 

𝑝′ Pressure perturbation (𝑝𝑠𝑖) 

𝒒 Velocity of the ferrofluid (𝑚/𝑠) 

𝒒′ =  (𝑢′ , 𝑣′ , 𝑤′) Velocity perturbation of the fluid (𝑚/𝑠) 

𝒒𝒅 Dust particle velocity (𝑚/𝑠) 

𝒒𝒅
′ = (𝑙′ , 𝑟′ , 𝑠′ ),   Dust velocity disturbance (𝑚/𝑠) 
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𝘨 Gravitational acceleration,  

𝘨 =  (0, 0, −𝑔) (𝑚/𝑠²) 

𝐷/𝐷𝑡 Convective (material) derivative (𝑠⁻¹) 

𝑘𝑥1, 𝑘𝑦1 Horizontal wave numbers in 𝑥 and 𝑦 

directions (𝑚⁻¹) 

𝑘 Overall wave number, 𝑘 =  √(𝑘𝑥1² +
 𝑘𝑦1²) (𝑚⁻¹) 

𝒌̂ Unit vector in the vertical (𝑧) direction 

𝑯 Magnetic field vector (𝐴/𝑚) 

𝐻, 𝐻0, 𝐻𝑒𝑥𝑡 Magnitude of field, reference field, and 
external magnetic field (𝐴/𝑚) 

𝑯′ Magnetic field perturbation (𝐴/𝑚) 

𝑩 Magnetic flux density (𝑇) 

𝐵 Magnitude of magnetic induction (𝑇) 

𝑴 Magnetization (𝐴/𝑚) 

𝑴′ Magnetization disturbance (𝐴/𝑚) 

𝑀₀ Magnetization at (𝐻₀, 𝑇₀) (𝐴/𝑚) 

𝑏 Subscript indicating base (equilibrium) state 

Greek Symbols 

𝛼 Thermal expansion coefficient (𝐾⁻¹) 

𝛽 Constant thermal gradient |𝑑𝑇/𝑑𝑧| (𝐾/𝑚) 

𝜈 Kinematic viscosity (𝑚²/𝑠) 

𝜇 Dynamic viscosity (𝑘𝑔/𝑚 · 𝑠) 

𝜇₁ Dynamic viscosity under ambient magnetic 
field (𝑘𝑔/𝑚 · 𝑠) 

𝜇₀ Magnetic permeability of vacuum (𝐻/𝑚) 

𝜌 Fluid density (𝑘𝑔/𝑚³) 

𝜌₀ Reference density at 𝑇₀ (𝑘𝑔/𝑚³) 

𝜌′ Density perturbation (𝑘𝑔/𝑚³) 

𝜃′ Temperature fluctuation (𝐾) 

𝜔 Rate of growth of disturbances (𝑠⁻¹) 

𝜒 Magnetic susceptibility =  𝜕𝑀/𝜕𝐻 at 

(𝑇₀, 𝐻₀) 

𝛻 Gradient (del) operator (𝑚⁻¹) 

𝜙′ Perturbation in magnetic scalar potential (𝐴) 
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